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Abstract

High-dimensional quantum systems greatly outperform their two-dimensional counterparts in
channel capacity, quantum complexity and efficiency, quantum communication security, etc.
Bell-state analyzer (BSA) is a crucial prerequisite for a number of quantum communication pro-
tocols. We propose an approach for completely and deterministically distinguishing a set of arbit
rary d-dimensional (d > 3) Bell states via indefinite causal order (ICO). In previous schemes, bit
and phase information are discriminated in succession. Exploiting the gravitational ICO as the
sole resource, we propose some high-dimensional BSA schemes. Independent of the dimensions,
a set of generalized Bell states are completely and deterministically discriminated by adjusting
the form of the embedded local single-qudit gates within ICO switch and measuring each qudit
in the {|0),|1),---,|d — 1) } basis. Notably, in our high-dimensional BSA process, the indefinite
causal structure is not consumed. Hence a completely nondestructive high-dimensional BSA can
be achieved by iterating the indefinite causal structure process for two rounds.

1. Introduction

Quantum entanglement is essential for many quantum information processing (QIP) tasks, such as
quantum key distribution [1, 2], quantum dense coding [3, 4], quantum teleportation [5, 6], quantum
secret sharing [7, 8], quantum entanglement swapping [9, 10], and quantum secure direct communica-
tion. An essential step in these protocols is the Bell-state analyzer (BSA) [11, 12], which is defined as an
approach to distinguish all four of the Bell states. Complete and deterministic BSA is a significant pre-
requisite for many quantum communication tasks. Nowadays, BSA protocols have been proposed in a
number of two-dimensional physical systems [13-15].

Implementing a complete and deterministic BSA still faces fundamental challenges when restricted
to local operations and classical communication (LOCC). The LOCC-based protocols can perfectly dis-
criminate any two orthogonal multipartite pure states [16, 17]. Unfortunately, this LOCC-based perfect
discriminating capability is fundamentally limited when focused on a set of three (or more) entangled
states. The presence of entanglement poses the key obstacle, and research confirms that the number of
locally distinguishable states is constrained by the total dimension of the system over the average entan-
glement of the state [18, 19].

BSA was first proposed by Kwiat and Weinfurter [11] in 1998, and it relies only on linear optical ele-
ments. Subsequently, tremendous progress has been made both in theory and experiment. Polarization
BSA has been experimentally demonstrated using local linear optics [13, 20, 21], and the optimal effi-
ciency of these approaches is 50%. One strategy adopted to overcome this inherent probabilistic nature
is to employ ‘buses) ranging from atoms [14], cross-Kerr media [22], and artificial atoms [23] to super-
impose different operations [24]. The second strategy is to introduce additional hyper-entangled Bell
pairs [25]. The third strategy is to exploit additional degrees of freedom [26, 27], utilize conditioned
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detection [28], or enlarge the Hilbert space [29]. The existing BSAs are mainly focused on 2-dimensional
systems, while their high-dimensional scenarios remain largely unexplored.

In traditional QIP models, quantum operations are applied in a fixed sequential order. However,
quantum mechanics also permits the scenarios in which two or more events take place in an indefin-
ite order [30]. This ‘superimpose different operations’ is called indefinite causal order (ICO), and such
quantum-controlled order of events has been experimentally confirmed [31-34]. It has been demon-
strated that ICO can offer notable operational advantages over their classical fixed scenarios in various
specific QIP tasks, including quantum channel discrimination [35], promise problems [36], communic-
ation complexity tasks [37, 38], quantum communication [39], quantum metrology [40, 41], quantum
thermodynamics [42, 43], quantum algorithms [44], noise mitigation [45], quantum key distribution
[46], and entanglement generation [47] and distillation [48].

In this work, we propose a more elegant complete and deterministic BSA in an arbitrary high-
dimensional system. Exploiting ICO as the sole resource, we first propose an unambiguous BSA scheme
in 3-dimensional quantum system. Then, we extend our ICO-based approach to a 4-dimensional scen-
ario and further extend it to arbitrary d-dimensional scenarios. Subsequently, by leveraging the quantum
superposition of different space-time geometries, we design a set of high-dimensional ICO gravitational
switches to perfectly distinguish the corresponding set of high-dimensional generalized Bell states.

The scheme we designed for the high-dimensional BSA has the following characteristics. First, single-
partite unitary operations are essential for our protocol. A perfect high-dimensional BSA is completed
by adjusting the forms of the single-partite operations. Therefore, our scheme bypasses the need for
nonlocal operations, material platforms, or additional entangled pairs, which are necessary for exist-
ing BSA protocols. Second, only local shift gates involved in the ICO switch are introduced, and these
simple single-qudit gates are experimentally feasible. Third, non-destructive high-dimensional BSA can
be achieved by iterating the ICO switch for two rounds, as the ICO is not consumed. Fourth, after one
switch process and a projection measurement of the Bell state, the high-dimensional Bell states can be
completely distinguished. In previous two-step schemes, bit and phase information are distinguished in
succession.

The organization of this paper is as follows. In section 2, we first present the limitations of high-
dimensional BSA within LOCC framework. Subsequently, we propose a scheme to completely distinguish
the nine qutrit Bell states via ICO quantum 3-switch. Finally, we generalize our method to arbitrary 4-
dimensional and further to arbitrary d-dimensional scenarios. In section 3, we first propose an architec-
ture to implement space-time ICO quantum 3-switch, where the space-time ICO arises from the spatial
superposition of a massive gravitating body. Subsequently, we extend our approach to the gravitational
ICO quantum 4-switch and further to gravitational ICO quantum d-switch scenarios. We provide a dis-
cussion and summarize our results in section 4.

2. Complete and deterministic BSA in d-dimensional system via ICO

2.1. The limitation of the traditional LOCC-based BSA

We consider the two agents Alice and Bob who share a bipartite quantum system. Each spatially sep-
arated party can locally perform quantum operations on their own subsystem and communicates their
respective classical information with each other. This LOCC is denoted by Oy. Obviously, set Oy, forms
a strict subset of the set of all quantum operations (denoted by O) performed on the arbitrary bipartite
quantum state, i.e. O C O. Operations which cannot be implemented by solely using LOCC are called
nonlocal operations (denoted by Oxy).

In bipartite d-dimensional system, there are d* generalized Bell states, and the aim of this paper is to
distinguish this set of the orthogonal generalized Bell states completely and deterministically. It is known
that it is impossible to perfectly distinguish all d* generalized Bell states by using only standard LOCC.
Early in 2006, Hayashi et al [18] provided a strict quantitative upper bound on the number N of pure
states that can be perfectly distinguished by LOCC, i.e.

Here the N pure states have the same entanglement (Bi). d; and d, are the dimensions of the two sub-
systems, respectively. «; is the Schmidt coefficient for each pure states contained in the set.
Substituting dy = d, =d and (}_; o;)* = d into equation (1), we can obtain

N<(d-d)/d=d. (2)
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This indicates that it is impossible to distinguish more than d generalized Bell states in d-dimensional
system by two spatially separated parties using standard LOCC. It is thus desirable to seek alternative
efficient scheme for completely implementing high-dimensional BSA in a deterministic way. In the fol-
lowing, we will access perfect BSA with assistance of ICO.

2.2. Deterministic BSA in 3-dimensional system via ICO 3-switch

The ICO quantum switch S, the simplest and most common form of ICO, applies two or more events
to the target system in a temporal order coherently controlled by an additional control system [49].
Now, let us detail the ICO quantum 3-switch operation.

The ICO quantum 3-switch S? serves as a universal resource to map the different orthogonal basis
states |k). of the additional control system to different local qutrit (i.e. three-state or three-level quantum
system) operations U; ® V3 on the target system. Here the subscript , and the superscript 3 denotes the
3-dimensional system. For clarity and concise exposition of the working principles of S*, the control
system of & is initially prepared in the superposition state |Fy). Here

1
V3

The two target subsystems Alice and Bob are initially prepared in the product state, |¥), ® |¥)} €
C3 ® C>. The operation of S° is given by

1Fo) = —= (10 + [1)° +12)). (3)

1
/3
+2) @ U3|0)y @ V3| 0)})

SUFo) )4 W) = — (10)° @ Ui ®); @ Vi[W); + 1)@ U | W)} @ V3| D)

1

=3 [(Ue V) + (U@ V) + (U; @ V3) | [9)4] W)} @)
1 s4T s 27

+3IF) (o) + e (e V) +eF (e 1)) [0)4v);

l 221 s4m
+5IEF (R +éF (Le )+ (Bo V)] |v)y);

3
where
173} = = (00 17+ 12)9) 5)
7= =5 (I +e )7 ¥ 2y ©
17 = =5 (107 + 7 e ¥ 2ye). )

Based on equation (4), we can see that depending on the output states {|F), |F1), |F2)}, the out-
put target state is an entangled state by suitable choice of local qutrit operations U; and V; (k=1,2,3).
Hence, the ICO switch S* described by equation (4) serves as a sole resource and has the potential to
completely discriminate nine qutrit generalized Bell states {|¥;;)} with 7,j € {0,1,2}. Here

1

[Wo,0)a8 = \*@(|OO>+|11>+|22>)A37 (8)
W01} ap = 7 (101) +12) +[20)) . ©)
[W0a)ap = 7 (102) +10) + [21)) . (10)
Wroban = (100) 4¢P 1) 4P 2)) ()
W) ap = \% (lon) + ¥ 12) +¢F120)) (12)
|\I/1,2>AB:% (|02>+e%"‘|10>+e"7’“\21>)AB, (13)
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1 4i 2mi

|Ws.0)a8 = 7 (|00> +e3 1) e \22>)AB, (14)
1 4mi 2mi

| W5 1)a8 = % (|01> +es [12) +e \20>)AB, (15)
1 4mi 2mi

|Ws2) a8 = 7 (|02> +e'T[10) + e \21>)AB. (16)

The embedded local operations Ui and Vi (k=1,2,3) within S’ given in equation (4) are adjusted as
the following exponentiation functions

U = (Ughift)07 U; = (Ughift)l, U; = (Ughift)za (17)
V?=(U§hifr)l7 Vg:(Ughift)zv Vg:(Ughift)3' (18)
Here
0 0 1
Ur=|1 0 0]. (19)
01 0

The exponentiation function (U3;)? is a 3 x 3 identity matrix, (U} )* = Us - Ui and (U)° =
Ui U 3.
shift shift shift*
Based on equations (17)—(19), we can see that the conversions of {|¥; )45} induced by S3 are given

by
S| Fo) | Wo,0) a8 = |Fo) | Wo,1) a8, (20)
83| Fo0)1Wo.1)a8 = [Fo)|o,2) a5, (21)
83| F0)1Wo.2)a8 = [Fo0)|o,0) a8, (22)
S| Fo) |1 0) a8 = |F2) |1 1) aBs (23)
S| Fo) |1 1) ap = |F2) |1 2) ans (24)
S3|-7:0>C|\III,Z>AB = |F2)"|¥1,0)a8, (25)
S| Fo) 1 W20)a8 = | F1)|W21) a5, (26)
S| Fo) W2 1) ap = |F1)|W22) an, (27)
S| F0)|W22) a8 = | F1)[¥2,0) a5- (28)

Based on equations (20)—(28), we can see that according to the information of the control system,
the nine Bell states {|¥; )4} can be divided into three groups: {|Wo0)as, |Vo,1)as> |Wo,2)a8} cor-
responding to |Fo)% {|W1.0)a8> |¥1,1)a8> |V1,2)a8} corresponding to | F,)% and {|W2.0) a8, |¥2,1) 48
| W, 5)ap} corresponding to |Fj)C.

The next task is only to distinguish the different relative value in each group and it can be accom-
plished by the projection measurement of each agent in the basis {|0),]1),]2)}, see table 1. Therefore,
the nine 2-qutrit Bell states can be completely and deterministically distinguished by using the ICO
quantum 3-switch S°.
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Table 1. The correspondences between the outcome of the quantum 3-switch S?, qutrit information, and the state transition for
discriminating nine Bell states.

Outcome of Output Input Bell
3-switch &* Qutrit information of (ja,jB) Bell state state
|Fo) jB=(j,+1) mod3 |Wo,1)4B |Wo,0)a8
js=(j, +2) mod 3 |Wo,2)aB |Wo,1) a8
JB=Ja [o,0)a8 |Wo,2) a8
|F2)¢ j=(j,+1) mod3 |W1,1)a8 |W1,0) a8
jg = (j, +2) mod 3 |W1,2)aB | W1 1)aB
JB=Ja |U1,0)aB |1 2) a8
|F1)¢ jB=(j,+1) mod3 |¥2,1)48 |¥2,0) a8
js=(j, +2) mod 3 |¥22) a8 |W2,1)a8
JB=Ja |U2.0)aB |¥2,2) a8

2.3. Deterministic BSA in 4-dimensional system via ICO 4-switch
The operation of the quantum ICO quantum 4-switch S* is given by

S*Ho) W) D)y = —= (10)° @ U0y @ Vi[D)j + (1) ® Uy | T) @ V3 [ T)

f (29)
+[2)¢ @ U§|0)) @ V5| 0)§ + [3)° @ U [¥)y @ Vi ¥)g) .
Here and afterwards,
(o) = 3 (10) + 1) +12) + 3)), (30)
[Hi) = 5(I0> i) —2) —i[3)), (31)
I’Hz>c=5(|0>—\1>+\2> 13)) (32)
I’Hs>c—5(|0>—1\1> 2) +i3)). (33)

The local ququart (i.e. 4-level or 4-state quantum system) operations U} and V! with k=1,2,3,4
given in equation (29) are set as

Ut = (Ude)", Ut=(Ud)', Ui=(Us)’, Ut=(Ukn), (34)
V{l:(UShlft>1’ sz(Us}nﬁ)a V;l:(Ushlft>3’ Vf:(Ushlﬁ)47 (35)
where
000 1
T R
0010

The sixteen generalized 2-ququart Bell states {|¢;;)} with i,j =0,1,2,3 can be expressed as

[Yoo)an = 5 (100) + 1) +122) +[33)) 5, (37)
[Yo.)an =5 (101) +112) +123) +130)) 5, (38)
[Yoahan = 5 (102) +113) + 20) +131)) 5, (9)
[Yos)an =5 (103) +110) +121) +132)) 5, (40)
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[roban = 5 (00) +i11) = [22) ~133)) 5,
[Yradan = 5 (101) +i112) — [23) =30)) 5,
[r.2han = 5 (102) +i113) — 20} ~31)) 5,
[rhan = 5 (03) +i[10) = [21) ~132))
[$20)an = 3 (100) — [11) +]22) = [33)) 15,
[Yaadan = 5 (101) = 12) + [23) ~ 30)) 5,
[$22)an =5 (102) = [13) +120) ~[31)) 5,
[Yashan = 5 (03) = [10)+[21) = 32)) 5,
[Y0han = 5 (100) = il11) = [22) +1133))
[Yaadan = 5 (101) —i112) — [23) +130)) 5,
[Yaahan = 5 (02) = i[13) = 20) +1131)

1 . .
|v3,3) a8 = 5 (103) —i[10) — |21) +i|32)) 45
Then, S* transforms the generalized Bell states {|1); )45} into

S Ho)|%0,0)a8 = [Ho)* ® [tho,1) an,
S*HHo)|v0,1) a8 = [Ho)* © [1h0,2) as,
S*[Ho)%0,2) a8 = [Ho)* @ |th0,3) a8,
S*HHo)|%0,3)a8 = [Ho)* © [1h0,0) B,
S*Ho)|¥1,0)a8 = [H3)° @ [1h1,1) az,
SHHo) 1,10 a8 = [H3)° ® [1h1,2) ap,
S*HHo)|¥1,2)a8 = [H3)° @ [1h1,3) am,
S*Ho)|t13)a8 = [H3) @ [1,0) a8,
SHHo)|¥2,0)a8 = [H2)° & [1h2,1) an,
S*[Ho)|th2,1) a8 = [H2)" @ [1h22) a8

54|Ho>c|¢2,2>A3 = |H,) ® |¥2,3) a8,
6
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Table 2. The correspondences between the outcome of the quantum 4-switch S*, ququart information, and the state transition for
discriminating sixteen Bell states.

Outcome of Output Input Bell
4-switch S* Ququart information of (ja, ja) Bell state state
[Ho)* jp=(ja+1) mod 4 [1bo,1)AB [10,0) B
jB = (ja+2) mod 4 [10,2) B [tb0,1)AB
jB = (ja+3) mod 4 [t00,3)AB [tb0,2)AB
ja =JB [100,0) AB [t00,3)AB
[#H3)* jp=(ja+1) mod 4 [4h1,1) a8 [1h1,0)aB
jB = (ja+2) mod 4 [th1,2) B [th1,1)AB
jB = (ja+3) mod 4 [th1,3) B [th1,2)AB
ja=7jB [41,0)AB [41,3) a8
[H2)* jo = (ja+1) mod 4 [902,1) B [42,0)AB
jB = (ja+2) mod 4 [t2,2)AB [th2,1)AB
jB = (ja+3) mod 4 [12,3) B [12,2) B
ja=7jB [42,0)AB [42,3)AB
[H1)¢ jB=(ja+1) mod 4 |1)3,1) a8 |1)3,0) B
jB = (ja+2) mod 4 [1)3,2) aB [03,1)AB
jb = (ja+3) mod 4 |93,3) AB [1)3,2) B
ja =JB [403,0)AB [403,3)AB
S*[Ho)|th2,3)a8 = [H2)" @ [1h2,0) a8 (64)
S*Ho) |3,00a8 = [H1) @ [13,1) a8, (65)
SHHo)[W3.1) a8 = |H1) @ |132) s, (66)
SHHo) |3 2) a8 = [H1) @ [133) a, (67)
S4|H0>C|¢3,3>AB = |H1) @ [103,0) aB- (68)

Based on equations (37)—(68), one can see that the sixteen generalized Bell states can be completely
heralded by the outcomes of the quantum 4-switch S*, Alice, and Bob, see table 2.

2.4. Deterministic BSA in d-dimensional system via ICO d-switch
Our approach can also be extended to arbitrary d-dimensional (qudit, i.e. d >4 system) scenario. The
ICO d-switch S? operation can be written as

% (10)° ® Do)y © Vi)l + 1) ® Ullon)y @ Ve oo’ )

+o A |d— 1) @ Udln)hy ® Vilea)p) -

SUDo) 1)y l2)s =

Here and henceforth,

D)) = L (wo'i|0>f+w1'i|1>f+~~+w(d*1>'i|d— 1>f) L i=0,1,---,(d—1). (70)

Vd

If the embedded local qudit operations Uf and VZ with k=1,2,---,d within S? are adjusted as

Ui = (Ughift)k_l , Vi= (Ujhift)k7 (71)
where
0 0 0 1
1 0 0 0
Ui = | 0 1 (72)
"0 0
0 0 1 0 dxd
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Then, the evolutions of a set of generalized Bell states {|¢;;)} in d-dimensional system induced by S¢
can be written as

S Do) |1 a8 = [D(d—i) mod d)° @ |4, (j+1) mod d)AB; (73)
where
d—1
1 ik . .. 2mi
|ij)a = —Zw |K)a| (k+7) mod d)g, i,j€{0,1,...,(d—1)} andw=¢e"7 . (74)
Va5
Based on equation (73), one can see that regardless of the system dimension d, the d* generalized
Bell states can be divided into d distinguishable groups, {|;o)as,[i1)a8, " ,|¢id—1))as} correspond-
ing to |D(4—i) mod d) i =0,1,---,(d —1). Subsequently, the particles held by Alice and Bob are meas-
ured in the basis {]0),|1),---,|d— 1)}, respectively. Based on the measured results, the states in each

group can be distinguished from each other perfectly.

We further find that, after the d-switch process, the indefinite causal structure of the quantum switch
does not get consumed. Hence the nondestructive BSA can be achieved by iterating the d-switch process
for two rounds.

3. Physical implementation of BSA in d-dimensional system via gravitational ICO
switch

The ICO switch S? is the key element of our high-dimensional BSA protocols. It is known that space-
time physics [50], causal modeling [35], time-delocalization [51], and time-direction [32] are the viable
candidates for quantum switch. Inspired by the gravitational ICO quantum 2-switch proposed in [24],
we will introduce the working principle of gravitational (space-time) ICO quantum d-switch S¢ for
implementing our high-dimensional BSA protocols.

3.1. The gravitational ICO 3-switch S* for BSA in 3-dimensional system
We now detail how the ICO 3-switch S? mechanism (shown in section 2.2) can be implemented utiliz-
ing the gravitational effects induced by the matter-energy distribution.

Consider two initially synchronized clocks (agents), Alice and Bob, placed in the gravitational field
of a massive object M. r4 (rg) is the spatial distance between the mass and Alice (Bob). Consider three
events: Event A, defined by Alice’s clock at her local time 7. Events By and B,, defined by Bob’s clock at
his local times 7 and 7, respectively. Here 7; > 7, that is, B; and B, are always in the fixed order, i.e. B
is always in the causal past of B, (B; — B,).

In general relativity, time passes more slowly closer to the massive object due to gravitational time
dilation. Note that a physical system can only be transferred from the past to the future, but not the
other way around.

As shown in table 3, depending on the geometry of the mass object, there are three types of causal
orders (after local operation is completed, the agent will send the light signals to each other):

(1) Configuration Mp, _,5,_,4. As shown in figure 1(a), Alice’s clock is located near the mass object
(ra =Ry, r5 = Ry + h). The gravitational time dilation results in the causal order By — B, — A.
Consequently, event A lies in the future light cone of event B,. The corresponding unitary
operations performed at the space-time events By, B,, and A are U%l, U%z, and UZ‘ By respectively.

(2) Configuration Mg, _,4—,p,. For this configuration, shown in figure 1(b), the clocks are positioned
such that r4 = R, > R, and rg = R, + h. This arrangement leads to the causal order B; — A — B,.
Therefore, event A lies in the future light cone of event By, and event B, lies in the future light cone
of event A. The unitary operations performed at the spacetime events B;, A, and B, are U1331’ UZ‘ B>
and Ufm > Tespectively.

(3) Configuration Ms_,5,—p,. In the third configuration, shown in figure 1(c), Bob’s clock is closer to
the mass object (rg = Ry, 74 = R; + h), resulting in the causal order A — B; — B,. This means both
events By and B, lie in the future light cone of event A. The corresponding unitary operations
performed at the spacetime events A, By, and B, are Ufp U1331| 41> and U%2| 1> respectively.

Note that the causal structure of the space-time, as shown in figure 1, is definite. Fortunately, the
quantum superposition of three distinct locations

1
|Fo)" = 7 (M, —B,—4) + [Mp, a-58,) + [Ma—5,8,)) (75)

8
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Table 3. The correspondence between the signal and operation in each configuration in 3-dimensional quantum system.

Agent Configuration Scenario Operation
Alice |Mp, —sB,—4) Alice receives Bob’s signals b; and b, before t4 = 7 Uzl B,
| Mg, —sa—B,) Alice receives Bob’s signal b; only before t4 =7 U134| B,
|Ma—B,—B,) No signal received before t4 = 7 U3
Bob |Mp, —B,—4) No signal received before tg = 7 U, Ug,
|Mp, —a—8,) Bob only receives Alice’s signal a received before tg = 71 Uf;z‘ A U%]
|Ma—B,—B,) Bob receives Alice’s signals a before i5 = 7 U%Z‘ AU%I A
t t t
(@) 3 (%) 2 (©)
o ey ey
! L o e — o &1 i
2 A 2 LA E| BT
&= B gy = Ll e B Ln
1 L PP
Biomy | ] Brear 1 7 LA
LTy LTE NN
OO @—r OO @r @O ——r
Bob  Alice space Bob  Alice space Bob  Alice  space
Figure 1. Quantum control of temporal order for constructing gravitational ICO 3-switch S°. (a) Alice’s clock is located near
the mass object with r4 = R; and rg = R; + h. Events By, B,, and A will occur in succession, i.e. Mp, s, 4. (b) Alice’s clock is
located near the mass object with r4 = R, > R; and rg = R, + h. Events By, A, and B, will occur in succession, i.e. M —sA—B, .
(c) Bob’s clock is located near the mass object with rg = R; and r4 = Ry + h. Events A, B;, and B, will occur in succession, i.e.
My B, —sB,. 74 (rp) is the spatial distance between the mass and Alice (Bob).

U3

AlB,’

U3

B,|A’

Figure 2. The gravitational ICO 3-switch S°. UZ, Uis, N Ufsz’ v

3 3 . :
B la> Uy, e and UBZ\ , are the local single-qutrit

unitary operations.

is the result of a process wherein the order of operation performed on the target system is determined
by the position of the mass object. The operation of this gravitational ICO 3-switch S> depicted in
figure 2 can be written as

. 1
SN = = (1Mo oma) (Vi) 1905 @ (UR,UR) 190
1M, a) (Vin, ) 1904 @ (UaaUs, ) 1904 (76)

HMa) (UR) 1905 ® (U Uy ) 1905)

The state | Fy)¢, given in equations (5)—(7), can be identified as the control qutrit of the gravitational
ICO 3-switch as it coherently governs the order of operations acting on the target system.
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Table 4. The correspondence between the signal and operation in each configuration in 4-dimensional quantum system.

Agent Configuration Scenario Operation
Alice |Mp, —B,—+B,—A) Received Bob’s by, by and bs signals before t4 = 7* Uﬁl B,
|Mp, —B,—A—B;) Received Bob’s by, b, signals before t4 = 7* Uﬁl B,
| M, A—B,—B;) Received Bob’s by signal before 14 = 7* UﬁlB1
|MA—B,—B,—B;) No signal received before t4 = 7* Ui
Bob |MB, —B,—B,—A) No signal received before tp = 75 U[é3 ng §l
|Mp, B, —sA—B;) No signal received before tg = 77", Us, A Us, Uz,
but Alice’s signals received before t3 = 75°
|MB, —A—B,—B;) No signal received before 13 = 77, Us, 1A Us, A Us,
but Alice’s signals received before tg = 7"
|Ma—B,—B,—B5) Alice’s signals received before tg = 7* Us, A Us, A Ug, A

The correspondences between equations (4) and (76) are

|Mg, —p,—a) = 10), |Mp,asp,) = 1), [Masp —8,) = [2)°, (77)
Uip, = U5, Ui, =03, Uy = U3, (78)
U%Z UBl = V?’ UEZ\AU%I = ng U]332|AU1331\A = Vg? (79)
where
2
Udp, = Unie Ua = U, = Up, = (Uhin) > Ugjja = Up,ja = Usjp, = b5 (80)

3.2. The gravitational ICO 4-switch S* for BSA in 4-dimensional system

As shown in figure 3, we consider four events: Event A, defined by Alice’s clock at time 7*. Events By,
B,, and Bs, defined by Bob’s clock at times 7%, 77", and 75, respectively. Here 7, > 7" > 7*. As shown in
table 4, the four types of causal orders are:

(1) Configuration Mg, _p,_,p,—+4. As shown in figure 3(a), the corresponding order of unitary
operations performed by two agents is Uy, Ug,, U,, and Uy ..

(2) Configuration Mg, 5, —,a—p5,- As shown in figure 3(b), the corresponding order of unitary
operations performed by two agents is Uy, Ug,, Uy, and Up, ;.

(3) Configuration Mg, _,4_,p,—,p,. As shown in figure 3(c), the corresponding order of unitary
operations performed by two agents is Uy, Uy s> Ug, s> and Uy ;.

(4) Configuration Ms_,p,_p,—,p,. As shown in figure 3(d), the corresponding order of unitary
operations performed by two agents is Uy, Uy " ngl 4 and Ugsl "

Therefore, the operation of the gravitational ICO 4-switch S*, depicted in figure 4, can be
expressed as

1
SUA5IH) = 5 (1Ms,-5,8,54) (Uds, ) 1905 ® (U, UA UB, ) 1)

+ |Mp, B,~54-B,) (Uﬁ\&) [9)a® (U§3|AU§2 Uél) )5

(81)

1My, acsmon) (Ul ) 190 @ (UR Ul UR, ) 1005

+|Massp s8,—8,) (UR) [90)y ® (Uga\AUgﬂAUgl\A) W’)E) .

The correspondences between equations (29) and (81) are
[Mp,—B,—8,—4) = [0)°, [Mp,—5,4-5) = [1)°, (82)
IMB, s a—B,—B;) = [2), |Ma—B,—B,—B,) = |3)",

Uﬁ\m = Uy, Uﬁ\Bz =0, Uﬁ\Bl =Us, Uy =Uy, (83)
U§3 ng Up, = Vi, U§3|AU§2 Up, = Vs, U§3|A ng\AUgl =V, U§3|AU§Z\A U§1|A =V, (84)
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Figure 3. Quantum control of temporal order for gravitational ICO 4-switch S*. (a) The space-time geometry is Mg, —s5,—B,—s4-
(b) The space-time geometry is Mp, s, —sa—sB,. (c) The space-time geometry is Mp, —s4—sB,—B,. (d) The space-time geometry is
M4—B,—B,—Bs>

UEl(UBﬂA) UA\B:I
UpUp) Uy, §

U, ¢

. o : 4 774 774 774 774 74 4 4 4 4 4
Figure 4. The gravitational ICO 4-switch S*. U}, Ug,» Up,» Ug,» UBI‘A, UBZ‘A, UB3|A’ UAIBI) UA‘BZ, and UA‘B3 are the embed-
ded local single-ququart unitary operations.
where
4 _ 174 4 _ (174 2
Uiip, = Uit Ui, = (Ushir) > (85)
4 _rrd _rré 74 _ (174 3
UBI - UBz - UBZ - UA - (Ushift) ) (86)
4 _ 4 774 _ 4 _
Ugp,ja = Up,ja = Up,ja = Uypjp, = I (87)

3.3. The gravitational ICO d-switch S? for BSA in d-dimensional system
As shown in figure 5, consider there are d (d >4) events A, By, By, ---, By—1. There are d types of causal
orders:

(1) Configuration Mg, _p,—...s5,_,—4. The order of unitary operations performed by the two agents is
d d d d
us, Ug, -, Us _,and UA\BLH'
(2) Configuration Mg, ,p,—....;ao—B,_,- The order of unitary operations performed by the two agents is
d d d d
Ug, - Us UAIBQH’ and UB,HIA'

11
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! & B, | (@) ! +l?d—1 (0)

N B

[] B3 : .I 2 :
L I
= B, | = | i

*B | L4

Y e
Bob  Alice space Bob  Alice space

(b) Bob’s clock is located near the mass object.

Figure 5. Quantum control of temporal order for gravitational ICO d-switch S%. (a) Alice’s clock is located near the mass object.

(d) Configuration M, —,B,—s...+B,_,- The order of unitary operations performed by the two agents is

d 77d d d
Uas UBI\A’ UBZ|A’ R UBd,l\A'

The physically allowed mass configuration of gravitational ICO d-switch S? can be given by
c 1
|D0> = ﬁ (|M31—>Bz—>"'—>3d—1—>A> + |MBl—>Bz—>'~~—>A—>Bd_1>

B |MA—>B|—>Bz—>"‘_>Bd*1>) :

Hence the transformation of the d-switch S depicted in figure 6 can be written as

S )| )5IDo)* :% <|MBI—>BZ—>~~—>B,1_1—>A> (UZ|Bd,1) o)y ® (Uf;d_lUfgd_z e U%l) lp)s

+ |MBl_>BZ_)"'_>A_>Bd—l> (Ui\Bd,z) |80>f4 ® (Ugd,ﬂAUdBdfz”'UIdil) |50>1ts
+|Ma—sB, By By, (fo) |<P>f4 ® (Ugd_lm Ugd_z\A e Uﬁl\A) |<P>%) .

The correspondences between equations (69) and (89) are

|Mp, -8, .. B, —a4) = |0)°,
|MBI~>BZ~>~~-~>A~>BA,1> = |1>Ca
IMA—sB,—B, B,y ) = |[d — 1),

U,

Uf‘;|Bd_] = Upliv Uf\|Bd_z = Ug7 L) Uf\

[]gd—l Ug o Ugl = V!f’ UgdfdAUld?dfz o Ugl = Vg’ Ugd—llA[]gd—zlA. a Ugl A= VZ’

d—2

where

d— d—2 d—1—k
Uz = (Ughift) 17 UZ|BI = (Ufhift) y T Ui|Bk = (U:lhift) L) UZ|B,1_1 =1Ig,

(88)

(89)

(90)

(91)

(92)

(93)

(94)

(95)

(96)

12
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Figure 6. The gravitational ICO d-switch S, Uf‘, ng’ ng, ey ngﬂ’ U?

d .. 1H d M
B, |A UBZ|A’ > UBd_,\A’ UA\B,’ Uajpy> > UA|Bd_,

are the inherent local single-qudit unitary operations.

4, Discussion and conclusion

ICO serves as a universal resource for locally implementing various QIP tasks on spatially distributed
quantum systems, and ICO has mainly focused on 2-dimensional quantum systems. By exploiting solely
single-qubit operations in superposition of causal orders, the task can be completed without entangled
gates or direct interaction between qubits. While this resource has been applied to high-dimensional
tasks such as quantum teleportation [24], a complete and deterministic high-dimensional Bell-state ana-
lysis (BSA) has remained a largely open problem.

In this paper, we proposed complete and deterministic BSA protocols beyond qubit systems via ICO.
We first proposed a ICO quantum 3-switch S?, and a perfect S°-based BSA protocol in 3-dimensional
quantum system is proposed. Subsequently, our approach is extended to 4-dimensional and arbitrary
d-dimensional scenarios. Furthermore, the gravitational ICO 3-switch, ICO 4-switch, and even ICO d-
switch are designed to complete our BSA schemes. The results indicate that, independent of the dimen-
sion, perfect one-shot qudit BSA can be achieved via ICO quantum d-switch S¢ with d > 3). Maximally
entangled states or controlled-unitary gates, which are necessary for previous BSA protocols, are not
required in our scheme. In standard two-step BSA protocols, the bit and phase information of the Bell
states are distinguished sequentially. Importantly, in our schemes, the nondestructive BSAs can also be
achieved by iterating the d-switch process for two rounds. Additionally, the intrinsic local unitary opera-
tions involved in the gravitational ICO switch are remarkably simple, consisting solely of shift gates.
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