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Abstract

This thesis presents an overview of recent developments in the applications of
twistor theory to the study of the gravitational S-matrix in flat as well as curved
space-times. We begin by introducing the novel geometric tool of twistor sigma
models. These are two-dimensional chiral sigma models governing holomorphic
maps from the Riemann sphere into twistor spaces of self-dual vacuum space-
times. What follows is a concise list of their main highlights, in the order that

the reader will encounter them:

e Solutions to the equations of motion of our sigma models provide the inci-

dence relations of the twistor correspondence.

e On-shell actions of our models compute Kéhler potentials for hyperkahler
metrics on the associated space-times.

e Connected, tree-level correlators of our models give rise to tree-level, max-
imally helicity violating (MHV) graviton amplitudes of general relativity
in flat space.

e The chiral algebra of operators in our models enjoys an action of the loop
algebra of the wedge subalgebra of wi4s. This is associated with the soft
sector of celestial holography.

e By coupling them to background twistor spaces of self-dual, vacuum space-
times, our models can be used to derive tree-level MHV graviton amplitudes

in self-dual, radiative space-times.

The self-dual space-times mentioned in the last point provide an ideal laboratory
for studying amplitudes in curved backgrounds. The corresponding formulae for
MHYV graviton amplitudes are built out of Hodges’ determinants familiar from

flat space, but also exhibit exciting new structures like gravitational wave tails.
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Chapter 1

Introduction

Dualities abound at the frontiers of physics. They help us relate aspects of one physical
theory to another, often leading to giant leaps in conceptual understanding as well as
calculational prowess. The most famous example of these are the holographic dualities in
string theory that relate gravitational theories on one space to non-gravitational theories on
another space of lower dimension [7]. Weak coupling observables like scattering amplitudes
on the gravitational side map to strong coupling correlation functions in the holographic
dual. Most examples of this nature belong to the class of AdS/CFT dualities, where the
bulk gravitational theory naturally lives in asymptotically anti-de Sitter space-times. They
provide a concrete definition of quantum gravity in AdS in terms of non-gravitational CFTs
on its boundary.

To date, similar searches for holographic duals of quantum gravity in asymptotically
flat space-times have met with little success. Instead, the second half of the twentieth
century saw the rise of a different class of dualities that relate weak coupling physics on 4-
dimensional flat space to weak coupling physics on a complex 3-fold known as twistor space
[8]. They reorganize the physics of massless particles into the extremely efficient machinery
of complex structure deformation theory. Over the years, twistor theory has grown into a
highly successful paradigm for describing the classical and perturbative regimes of gauge
theory and gravity [9]. Ever since Witten’s discovery of the twistor string [10], it has
revolutionized the study of scattering amplitudes. This has given rise to a multitude of
remarkable all-multiplicity formulae for amplitudes of gluons, gravitons, and other massless

particles (see for example [11] for a modern review).



Meanwhile, the hunt for flat space holography has been picking up again. Recent work on
asymptotic symmetries, dubbed celestial holography [12, 13], has taught us that holographic
duals of gauge theory and quantum gravity in 4d Minkowski space might find a natural home
on the 2d celestial sphere. A promising direction toward discovering such a 2d dual arises
in the study of holography applied to twistor strings [14]. At their core, twistor strings
are examples of topological strings on complex 3-folds, and holographic duals of the latter
indeed tend to be the worldvolume theories of D1-branes wrapped on Riemann spheres
[15, 16].

Motivated by the search for such a dual 2d description of flat space gravity, in this thesis
we will pursue a general class of 2d chiral (defect) CFTs referred to as twistor sigma models.

Their actions roughly take the form

1 dzdz / i
S—% o 2 (m ozm +h(m)> (1.1)

where m!

, m? form a system of symplectic bosons, and h encodes coupling to positive helicity
gravitons. They govern deformations of holomorphically embedded Riemann spheres in
twistor space under deformations of the ambient complex structure. The measure has
second order poles at z = 0,00 which act as defects in twistor space. Using these models,
we will find dual incarnations of graviton scattering amplitudes as 2d correlators, leading to
a new derivation of maximally helicity violating (MHV) graviton tree-amplitudes. They also
yield new insights into flat space holography, unraveling an infinite dimensional holographic
symmetry algebra that potentially underlies the remarkable simplicity of MHV amplitudes.

Our twistor sigma models originally emerged in the study of graviton scattering in
curved space-times. In flat space, twistor string theory has given rise to a multitude of all-
multiplicity worldsheet formulae for amplitudes of gluons [17] and gravitons [18, 19]. In an
MHYV configuration involving negative helicity gravitons 1,2 and positive helicity gravitons

3,...,n, the tree-level graviton amplitude is captured by an extremely elegant formula due

to Andrew Hodges [20],

(12)°
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Here, | - | denotes the determinant, and H is the (n — 3) X (n — 3) matrix obtained by



removing the row and column corresponding to the r** graviton from “Hodges’ matrix” H:

N ) R WU ol ) K ) A3 )]
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where i,j = 3,4,...,n. The objects [i j] and (i j) are certain Lorentz invariant contractions
built out of the graviton momenta that will be introduced in due course. Hodges’ formula
seems ever the more ingenious when one realizes that it sums millions of Feynman diagrams
generated by the perturbative expansion of general relativity even for the scattering of
relatively few gravitons.

Nonetheless, almost all of the progress in finding such formulae has been made in flat
space. In contrast, recent decades have seen the rise of perturbative calculations in quantum
field theories on numerous curved backgrounds. These range from those of purely theoretical
interest like anti-de-Sitter spaces, to those spanning real-world applications like in cosmol-
ogy, black holes, and gravitational wave physics. Amplitudes in curved backgrounds are
also interesting from a mathematical standpoint, as they display many novel functional and
geometrical features that are absent in trivial backgrounds.

This brings us to one of the overarching questions of this thesis:

Is the simplicity of the S-matriz in flat space

an intrinsic feature of perturbative quantum gravity?

There is a very good argument for why the answer to this question could be “no”. Flat
backgrounds are maximally symmetric, so it is possible that scattering in flat space is max-
imally nice because it is maximally constrained by global and gauge symmetries, along
with locality and unitarity. In curved backgrounds, one generically has little to no global
symmetries. And the effects of locality and unitarity are poorly understood since ampli-
tudes in curved backgrounds are no longer rational functions of momenta even at tree-level.
This means that many modern “on-shell methods” of computing amplitudes [21, 22] like
BCFW recursion, generalized unitarity, double copy, etc. are very hard to extend to curved
backgrounds as they stand.

In this work, we will analyze these questions by computing amplitudes in self-dual curved

space-times. Self-duality provides a perfect laboratory to study how turning on curvature



affects various observables, since we can use the integrability of self-dual gravity to our ad-
vantage. In such backgrounds, twistor strings can in principle overcome the aforementioned
hurdles. But the resulting worldsheet formulae for the amplitudes would remain conjec-
tural, as they cannot be verified using BCFW recursion as is usually done in flat space
[23]. At this stage, our twistor sigma models come to the rescue. Starting directly from the
Finstein-Hilbert action, we will prove from first principles that semi-classical correlators of
our models compute tree-level graviton MHV amplitudes in both flat and self-dual curved
backgrounds. This will bypass the need for a separate proof via on-shell recursion.

To be completely explicit, we will study graviton amplitudes on self-dual radiative space-
times. Appropriate notions of momentum eigenstates, null infinity and the S-matrix con-
tinue to persist in such backgrounds. The resulting formulae for MHV amplitudes show
many new structures like gravitational wave tails, but also continue to display remarkable
simplicity much as in the flat space case. In fact, we can extend our sigma models to even
conjecture formulae for the non-MHYV tree-amplitudes on such backgrounds, though a di-
rect proof of these as in the MHV case remains out of reach. As this is a subject of active
investigation, we will not discuss it here; see [6] for more details.

Chapter 2 provides a comprehensive review of the twistor theory for flat space. Chapter
3 starts with a review of the tools of curved twistor theory for self-dual Ricci flat 4-manifolds.
With these in hand, the twistor sigma models are introduced in section 3.3. In chapter 4,
we review a generating functional for tree-level graviton MHV amplitudes that was derived
directly from the space-time perturbation theory of GR in [24]. Next, we recast this gener-
ating functional in terms of connected, tree-level correlators of certain vertex operators in
our sigma models, leading to a first-principles proof of Hodges’ formula in flat space.

The connections of our sigma models with celestial holography are explored in chapter
5. Soft graviton vertex operators are shown to give rise to symmetry currents generating the
loop algebra of the wedge subalgebra of wy~. Following this, we finally come to the study
of amplitudes in self-dual backgrounds. In chapter 6, we review the notion of a self-dual
radiative space-time and set up the associated twistor spaces. Chapter 7 describes how to
couple our sigma models to such background twistor spaces. It ends with the discovery of the

all-multiplicity formula (7.64) for MHV graviton tree-amplitudes on all such backgrounds.



Chapter 2

Twistors for flat space

We begin with a short review of the construction of twistor space for complexified four-
dimensional Minkowski space. Following this, we specialize to the twistor geometry of
Fuclidean signature flat space. We will utilize a judicious combination of both viewpoints

in this thesis

2.1 Twistor correspondence

Let 2% = (20, 2!, 22, 2%) be complex coordinates on C*. We work with a “Minkowski metric”

on C*, by which we mean the holomorphic quadratic differential
ds? = (dz%)? — (dz!)? — (dz?)? — (dz?)?. (2.1)

Although this is not an actual metric on C*, it generically gives rise to flat metrics of various
signatures on real slices R* C C*. Directly working on C* allows us to treat all signatures
simultaneously, while any specific signature can be picked out by imposing certain “reality
conditions” that we discuss below.

We introduce spinors via the decomposition SO(4,C) ~ (SL(2,C) x SL(2,C))/Zs of the
structure group of the tangent bundle of C*. Concretely, we construct spinorial coordinates

on C* as

V2

. 1 20+ 23zl —iz? ..
o , a=1,2,a=1,2. (2.2)
b +iz? 20— g3

Spinor components of any tensor on C* are then defined as its components in the bases

{Bas = 0/02%%}, {dz®@} of the tangent and cotangent bundles [25]. The 2-spinor indices



a, & transform in the fundamental representations of the two SL(2, C) factors. They can be

raised or lowered using Levi-Civita symbols €3, € &b We will work with the conventions

0 1 . .
€ap = €43 = ( Lo ) , €Tegy = 03, ey = 5%. (2.3)

The indices of any 2-spinors A, Mg will be raised as \* = e*# A8, \& = B} i We will also
use the associated antisymmetric brackets: (A &) 1= A% kg, [NR] = A Rq.

Let S¢ and S(C be the trivial rank-2 complex vector bundles on C* We call them
the bundles of undotted and dotted spinors and use /\a,j\d respectively as holomorphic
coordinates on their C? fibers. Denoting complex projective n-space by P", the projective
(undotted) spinor bundle PS¢ = C* x P! is obtained by projectivizing the fibers of S.

Taking P3 with homogeneous coordinates Z4 = (1%, A\a), the twistor correspondence is

then summarized by a double fibration

C* x P!
2N
P3 ct
with the maps p, ¢ being given by

pi (2, A) = Z4 = (2PN, \a) s
(2.4)

q: (x,\)—z.
The image PT := p(PSc) C P? is known as the twistor space of complexified Minkowski
space [26, 27]. The map u® = 2%\, is called an incidence relation. The image of p at fixed
x is a rationally embedded copy of P! that we will denote by X. This gives us Penrose’s

twistor correspondence
reCt = X oP:op® =22, (2.5)

between points in space-time and projective lines in twistor space.

The above correspondence can be specialized to the three real slices R*, R3 and R?? of
varying signatures. To obtain Minkowski space R'3 as a real slice of C*, we impose that z¢
are real, or equivalently that ¢ is a hermitian matrix. This leads to a real slice on which

(2.1) restricts as a real Minkowski metric. Its twistor space is then defined to be the image



of the real projective spinor bundle R"3 x P! under the incidence relations map p. For a

given real point z € RY3, any twistor Z4 on the corresponding projective line X satisfies
Im %Ag = 2i (z — 27N\ A = 0, (2.6)

where Im stands for imaginary part, and A4 is the hermitian conjugate of \,. The set
of all twistors satisfying (2.6) constitutes the twistor space of real Minkowski space. But
unfortunately this is one condition and its solution set is a 5-real-dimensional manifold. As
a result, we lose many of the powerful tools of complex analytic geometry when working
directly on this 5d twistor space of R3.

The situation is improved by working in Euclidean signature. This case will be the main
setting of the earlier chapters of this thesis and will be discussed in the next section. The
real slice R%?2 of split signature also finds numerous applications in older studies of scattering
amplitudes. We will only use it occasionally in examples like plane wave space-times, but

the interested reader can find a detailed review of the associated twistor geometry in [28].

2.2 Euclidean twistor theory

The twistor theory of Riemannian 4-manifolds was developed in [29]; we follow the treatment
reviewed in [30-32]. To obtain R* with the Euclidean metric, we Wick rotate the spatial
coordinates z* — iz’, i = 1,2, 3, and subsequently demand that all ¢ be real. This converts

(2.1) into the Euclidean metric ds? = (da?)?+ (dz!)?+(dz?)?+ (d2?)?. The resulting spinor
e 1 < 20 4+izd 2 +ix! > 2.7)
= — , :
V2 —z? +izt 2% —ia3

in terms of which ds? = dz®® dz,g = 2 det(dz?).

coordinates read

The associated twistor space is the image of the real projective spinor bundle PS =
R* x P! under the incidence relations map p : (z,\q) — Z4 = (z°%\g, \,). This is top-
dimensional in P? and can be checked to equal the full twistor space PT of complexified

Minkowski space. It is explicitly given by

PT = {Z* = (4% Xa) € P*| Aq # 0} . (2.8)



Here, we have noted that the A\, cannot be zero simultaneously since they were homogeneous
coordinates on P! before applying p. As a complex manifold, PT can also be identified with
the total space of the rank 2 holomorphic vector bundle &(1) @ €(1) — P!, with )\, and
u® acting as holomorphic coordinates along the base and up the fibers respectively.

The map p is a diffeomorphism from R* x P! to PT. Indeed, complex conjugating

@ = z2%)\, and using the reality of the 2% occurring in (2.7) shows that g& = z%%\,.

I

Here, we have introduced the “quaternionic conjugates”

5‘04 = (_)‘727)‘707 ﬂd = (_M27:ui)v 74 = (ﬂd75‘a) (29)
satisfying the useful properties (AX) = |A1|? + |X2|? = ||A||? and [ p] = [|p]|?. Since giving

two points Z4 and Z4 on a projective line X determines it uniquely, we can invert p to find

p i Zh = (1 M) 2 = M (2.10)
(AX)

As a result, we can work with either holomorphic coordinates (u%, \y), or simply identify

PT with PS and work with non-holomorphic coordinates (2%, A,). We will prefer to do the

latter as it makes the relation with space-time manifest.

In the complex structure on PT, the (0, 1)-vector fields are spanned by

P _

5 = 5\)\ )\af7 8d:>\aaaa, 2.11
o= {AA) o (2.11)

where Onq = 0/0x%Y. Tt is easily verified using u® = x%*)\, that these are in the span
of {0/0Aa,8/0p%}. Just like (2.11), all other vector fields and differential forms in what
follows will be normalized so as to have homogeneity 0 in 5\a. To be precise, 9y and 0, are
not vector fields on PT per se. Rather, they provide useful global presentations of the (0, 1)-
vector fields as sections of T*'PT ® €'(2) and T»'PT ® &(1) respectively. Here, &(n) — PT
is the pullback of the line bundle €'(n) — P! by the projection map PT ~ R* x P! — P!
Smooth sections of &'(n) are functions of x, A,, Ao with homogeneity n in A, and 0 in Ao

The (1,0)-vector fields are found by complex conjugation of (2.11) and are spanned by

~

Ao O A O

Co P gy = S0
(AN) OXa (AN

9 = — (2.12)

These are valued in €(—2) and €(—1) respectively. In particular, d; = 0/0u® in the



(1%, \y) coordinates. Some useful identities involving these vector fields are

Aozdc

8ad = Acu ao'z - )
A)

[00, 0] = Oa [0, 0] = O - (2.13)

=

We will also need the dual basis of (0, 1)-forms,

DA . Ao dzod
=, e=-te (2.14)
(AN (AN

where DA := (Ad)\), as well as the dual basis of (1,0)-forms,
=DA% =\, da??, (2.15)

where DA := (Ad)). The 1-form DA trivializes the canonical bundle over P! and identifies
it with the line bundle & (—2). In the same vein, the bundle of spinors over P! is given
by its square root, the tautological bundle &(—1), an object that will often crop up in the

study of sigma models.

Calculus on PT. The set of smooth (p, g)-forms on PT valued in a complex vector bundle
E — PT will be denoted by QP4(PT, E). Also set QX(PT, E) = ®p44-£2"(PT, E) as usual.

We will primarily encounter the case E = &'(n). Letting

0 N « 0
T=x-2 T=i, -2 2.1
W W (2.16)

be the holomorphic and anti-holomorphic Euler vector fields on €2, any differential form
w € QPUPT,O0(n)) can be viewed as a form on the real non-projective spinor bundle

S = R* x C? satisfying the homogeneity requirements

A

Lyw=nw, Liw =0, Tow=0, Tiow=0, (2.17)

where _ signifies interior product, and £ is the ordinary Lie derivative along R* x C?. Eg.,
the (0,1)- and (1,0)-forms &°, &%, €, e* are valued in 0(—2), &(—1), 0(2), O(1) respectively.
Smooth & (n)-valued vector fields on PT are analogously identified with vector fields V' on
S taken modulo T, T and satisfying LyV = [T,V] =nV along with L4V = 0.

Operations like the exterior and Lie derivatives along R* x P! do not trivially coincide

with their non-projective counterparts on R* x C? even in homogeneous coordinates. This



is because they typically do not map &'(n)-valued forms to &'(n)-valued forms. The remedy
is to recall that &(n) — P! is isomorphic to (T°P)"/2. The Levi-Civita connection of the
stereographic metric on P! then lifts to a Chern connection on @ (n):

(AdA)
(AN)

d=ds—n A (2.18)

Here dg = dA\, 0y, + dj\a 85\a + dz®® 9, is the exterior derivative on S. And we are
continuing to denote the exterior derivative of &'(n)-valued forms by d for ease of notation.
The salient feature of (2.18) is that if w satisfies (2.17), then dw also satisfies (2.17). Eg.,
acting with d on &'(n)-valued functions f is the same as replacing d\, dy, f + dAa 85\a f by
eV f + e dof.

Similarly, we will define Lie derivatives of &(m)-valued forms w along € (1)-valued vector
fields V' by using (2.18) for the cases n = m,l + m as the exterior derivative in Cartan’s
homotopy formula Lyw = Vidw + d(Viw). The fact that V_w and V_.dw are valued in
O(l + m) follows from the Leibniz rule for £y on S. So Lyw is also valued in &(1 + m).

Since twistor space is a complex manifold, we can also decompose d into holomorphic
and anti-holomorphic exterior derivatives: d = 9 + 9. Let mr,s be the map that projects a

differential form w onto the space of (r, s)-forms. Then 9 and O are defined by setting

Ow = mp41,4(dw), Ow = mp g11(dw) VweQha. (2.19)

This prescription straightforwardly extends to &'(n)-valued forms by extending d via (2.18).
The operator 0 is called a Dolbeault operator and will occur ubiquitously in building holo-
morphic theories on twistor space.

To evaluate & and 0 in our bases (2.14) and (2.15), we need the structure equations:
de® =de® =0, de*=e"Ae&¥,  de*=evnel. (2.20)

These are found by direct computation using (2.18). In particular, since de and de® have
no (0,2)-form parts, we find that e = 9% = 0, whereas 9’ = 0, 9e% = e* Ae’. As an

application that we will frequently encounter, suppose w is an &' (n)-valued (0, 1)-form

w = wp & +ws e, (2.21)

10



where wg € Q°(PT, &(n + 2)) and wg € QU(PT, &(n + 1)). Its anti-holomorphic derivative
is found to be

Ow = 0,2 (dw) = (50wd — 7@(,«}0) e’ A e + 5@(,«}6 e A e’ (2.22)
Similarly, we can also compute the holomorphic derivative
Ow = 7r1,1(dw) =l A (800.!0 e + Oowa, éd) +eY A [((%Mo + wq) e + 8@3 éﬁ] . (2.23)

Among Lie derivatives, we will come across derivatives along 9, in various Penrose integral

formulae. Remembering dw = 0w + 0w, we can use Cartan’s homotopy formula to find

Lo, w = (0awo + wa) e + 6@(4}5 éB . (2.24)

(o1

Notice that the e’-component contains an extra term wg that can be traced back to the

last equation in (2.20).

2.3 Penrose transform for linear fields

Twistor theory can be used to find solutions to linearized massless field equations on flat
space [33]. A classic example of this is the Penrose contour integral formula. Let € C* and
let X ~ P! be its corresponding twistor line u® = z**)\,. For any meromorphic function

f € Q°PT, 0(-2)), its contour integral around one of its poles,

p(x) = L j{DA flxs (2.25)

©2mi
solves the Klein-Gordon equation Oy = 0 on complexified Minkowski space. Similar formu-
lae also exist for higher spin massless free fields. We now review more convenient versions
of such integral formulae which trade contour integrals for integrals over the entire twistor
line X [30]. We will find it quickest to prove them on a Euclidean real slice R* ¢ C%.
Generalizing the scalar field, a massless negative helicity field of helicity £ < 0 is repre-
sented by a field strength ¢, az--ay, (¢) symmetrized in its spinor indices. It is on-shell if

it satisfies the linearized field equation [34]

O™ Doy gy = 0- (2.26)

11



The conjugate positive helicity fields with helicity ¢ > 0 are given by field strengths

Dévr dia---drgy () With symmetrized dotted spinor indices. They satisfy the field equations
MM D gy = 0 (2.27)

According to the twistor correspondence, massless free fields of helicity ¢ correspond to

elements of the first Dolbeault cohomology groups H%!(PT, &(2¢ — 2)) on twistor space.
The case of negative helicity ¢ < 0 is relatively simpler. Let w € H*(PT, &(2¢ —2)), so

that it satisfies dw = 0. A representative of the cohomology class of w will be referred to as

a twistor representative. Define a negative helicity space-time field by the integral formula

Parag-ay (T) = /X DAA Aay Aas * " Aayyy w‘X . (2.28)

The integrand on the right has zero homogeneity in )., so that the integral over X ~ P!
is well-defined. Since A\, and DA = (Ad\) are holomorphic, the integral is invariant under
shifts w — w + dx for x € QU(PT, 0(2¢ — 2)). Writing w = wp e’ + wg % in our basis of

(0,1)-forms, we see that w|x = wo(x, A, A) €. To show that this satisfies (2.26), we compute
O™ M Py aneagy = — /X DA A Mgy ++ Ay 0 wolx €, (2.29)

having used 5 = A* Jag. Since dw = 0, it follows from (2.22) that dows = Oawo and

5dw5 = (%-wd. We can use the first of these to rewrite (2.29) as

aaldlwalaz---az\el - _/ DAA Aag -+ Aa?\fl Dow™ [x e’

X (2.30)

_ _/ D)\/\3|X()\a2"’)‘042\4| wd1|X> =0,
X

written in terms of the Dolbeault operator 0|y = €°dy of P'. The final vanishing followed
from Stokes’ theorem.

For a scalar field ¢(z), we simply write a surface integral analogue of (2.25):

o(x) = /X DAAwW|y (2.31)

where w € H%(PT, 6(—2)). Acting with the Laplacian O = 09%0,,, yields

Dgp(m) = / DAA 6“d8adwo\x e’ = 2/ DAA Gdédwolx e’ , (2.32)
X X
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having used the first identity in (2.13). Further simplifying using dgwo = Opws then gives
D(p(x) = 2/ DA A 8d50wd\x e’ = 2/ DAA (508‘5‘wd\x — 5dwd’)() e =0. (2.33)
X X

To get the second equality, we used [0, 4] = 0. For the final equality, we again used
Stokes’ theorem and O-closure 0%wg = Pe 5[dw51 = 0.
The integral formulae for ¢ > 0 are slightly more involved. For w € H®'(PT, ¢(2¢ —2)),
the corresponding positive helicity field strength can be expressed as
Dby dg--ugy (T) = / DAA Eadl [’3@2 x -Ead%w |X . (2.34)
X
The Lie derivatives of w are to be evaluated before restricting to X. They can be evaluated

inductively using (2.24),

,Cao.q Eadz - Ly (8@18d2 o Oagpwo + 2004, - 8151213(")021))‘ . (2.35)

auw‘x = X

To verify the field equation (2.27), we compute

8a1d1 (adlaééz o 8@25w0 + 2€ a(dz U 8(.)528('0‘541))

= )\aladlac‘m te 3a2ewd1 — {\7 [(% 6@2 o '6d2£5d1wU + 2/ 5’“6(@2 tee adzewéq)]
(AA)
= )\mam aéQ c Qg Wey — é‘\/\) [3d aO.Q .. '3@2550(»@1 + (Qg _ 1) 8a15(d28d3 ... adu)wo'a]
) A FoRaNG, o) (2.36)
= — o * Oy Way | - .
”(<A Ny T )

The second line follows by applying the first of (2.13) and dropping terms containing
0104, = 0 due to antisymmetry. The third line is a consequence of the J-closure con-
ditions 0% wy = Jyw®* and 5d1wdk = (%kw‘j‘l. Equality of the third and fourth lines can be
checked by direct computation using the commutator [Jp, 0] = 4. Stokes’ theorem finally

allows us to conclude that

80‘1@190021022---(5!215 (LU) — / DMA 5|X< /A\ adladz Ce 80'424(")@1 ’X> = 0, (237)
X (AX)

giving us a solution to the positive helicity field equations.

With these formulae, we can explicitly construct on-shell massless fields on R* from 0-
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closed (0, 1)-forms on PT. In many situations, one would like to invert this procedure. This
can also be done fairly explicitly. Up to addition of d-exact terms, the Euclidean signature

twistor representative for a scalar or negative helicity field ¢a, ...y (z) can be taken to be

AL \Q2m 0 AT L. N2+

w = (2/€] + 1) Pay--ayy G € + 0, gPasas S e (238

A direct calculation using (2.22) establishes that dw = 0 if and only if 80‘16‘1@&1...&2‘ 0 =0

On the other hand, twistor representatives for positive helicity fields are generally written
in terms of potentials for the field strengths ©g,ay.cq, () [34]. SUPPOSE Yoy ag--agy 169 (X)
locally acts as such a potential, in the sense that it is symmetric in its undotted indices and

gives rise to the field strength

X ¢a1az~--a2271|d2z) : (2.39)

L. =AY goz |
Pérdg-dop = 94,95 Qap_1|

(Ozl a2

The field equations (2.27) for the field strengths emerge from repeated differentiation of

field equations for the potential:

Grog o
(aggwo‘laQ"'aQZ—l)aQZ =0.

(2.40)

The associated gauge symmetry is Yo, ay-ag_1dgp ~ Varas-as_1620 T Oay|doe X|az--ase_1)-
For any w € H%!(PT, &(2¢—2)) and a choice of constant “reference spinor” &,, the field

equations (2.40) are solved by Penrose integral formulae of the form

DA
¢a1042“‘042[710.42£ (:C) = /X W N 5011 5042 e fozzg,l ﬁad%w }X (2'41)

as long as w vanishes to the (2¢ — 1) order at (A\¢) = 0. The choice of &, acts as a “light-
cone gauge” wherein we take the potential to satisfy {'%q,...ap, 1ay, = 0. Substituting
(2.41) into (2.39) and simplifying using dw = 0 gives rise to the integral formulae (2.34) for

the field strengths. Conversely, if we start with a potential and write

8 (2.42)

;€
arag-age_ 18 0

W= \M N2 ..\ ¢

one sees that dw = 0 if and only if the potential satisfies its field equation (2.40). If the

potential is in light-cone gauge, (2.42) clearly vanishes to the required order at (A&) = 0.
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Chapter 3

Sigma models and hyperkahler
geometry

The Penrose integral formulae sure seem like an awful amount of work to solve something as
innocuous as the Laplace equation on R?. In this chapter, we will see that solutions to even
non-linear, integrable field equations can be built from holomorphic data on twistor space.
We first review Penrose’s non-linear graviton construction that relates complex structure
deformations of PT to self-dual Ricci-flat space-times. The metrics on these space-times are
necessarily hyperkahler. We then explain how the associated Kahler and Plebanski scalar
potentials can be encoded into certain two-dimensional sigma models governing holomorphic

curves in deformed twistor spaces.

3.1 Self-duality and hyperkahler manifolds

For simplicity, we start with working in Fuclidean signature; but our results will easily
generalize to complexified space-times. To this end, let M be an oriented Riemannian 4-
manifold with metric g. Let 8% = (00,01,02,93) be a tetrad for the metric, i.e., a frame
for the cotangent bundle that diagonalizes the metric: g = d,,0%60°. We can define a

null-tetrad for g by using the same construction as we did for (2.7),

9= €ap ey 0°° 07 =2 det(0°) (3.1)

- 1 <0°+103 02+101>
V2 \ _g21i9! g0_ig?
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We will generically assume that M has a spin structure, so that the indices « = 1,2, & = 1,2
can be treated as spinor indices of SU(2) and be raised or lowered with €%, €98 as before.
Let e,q denote the dual tetrad, i.e., a frame of the tangent bundle of M that satisfies
enq _10*33 = (5@ (55 Spinor components of any tensor are then defined as its components
in the frames {8°% e,q}. Similarly, we will denote the Levi-Civita connection of g in this
frame by Vaa.

Let * denote Hodge star with respect to g. Recall that it maps 2-forms to 2-forms in
four dimensions. Since %% = 1, it splits the space of 2-forms on M into two 3-dimensional
eigenspaces with eigenvalues £1. A 2-form F on M is said to be self-dual (SD) if it satisfies
«F' = F and anti-self-dual (ASD) if «F' = —F. Bases of ASD and SD 2-forms are respectively
given by

sof = 5(ef) — god A gh, 598 = 5(68) — god p g, 8 (3.3)

Similarly, we can also introduce the ASD and SD spin connection 1-forms o5 = I'(o5) and

r af = f‘( o) respectively. These are defined by Cartan’s first structure equation,
d6°% = T3 N 9% + 1%, 7 0% (3.4)
which is equivalent to the following structure equations for the 2-forms:
dnef = ar( Anfr as@h) = 7@, A ST (3.5)

The associated (linearized) gauge transformations are given by 0l'ag = dxas + 217 X3)4
and 5fa5 =dx,s +2 f‘(d& X3)4 for symmetric scalars xap5 = X(a8)> Xap = X(ap)"
The curvatures of I'yg, f‘dﬁ- give rise to ASD and SD parts of the Riemann curvature

2-form,

Rag :dl“a5+1“a7/\1“75, RQB de‘dﬁ'—l-f‘dﬁ/\f,w‘, (3.6)

with the full Riemann tensor being encoded in R_, 85 = €ap R.og+eap Ra,{%' The curvature

2-forms admit well-known decompositions into ASD and SD parts:

.+ R
1 &
Rag = Vapy s 577 + @ 5,52 P+ ﬁzaﬁv (3.7)
5 N L R -
. — .Y . yaf .
Rap = W5 570 4 @5 B0 4 -8 (3.8)
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Here, R is the Ricci scalar, and ® 54 Are spinor components of the Ricci tensor’s trace-free
part. The remaining fields ¥,g.5 and o s Are the ASD and SD parts of the Weyl tensor
and are known as Weyl spinors.

The 4-manifold (M, g) is said to be [35]

e self-dual if the ASD Weyl spinor vanishes: ¥,g,5 = 0,

e vacuum, i.e., Ricci-flat if the Ricci tensor vanishes: @ Bap = R =0, and
e self-dual vacuum if R,z = 0.

An SD vacuum 4-manifold is also colloquially known as being “half-flat”. Unlike the Einstein
vacuum equations, the self-duality equation ¥,g.5 = 0 or the SD vacuum equation R,z = 0
are classically integrable and admit beautiful twistorial descriptions. Moreover, in four
dimensions, the condition of being self-dual as well as Ricci-flat happens to be equivalent
to M being hyperkéahler. In the rest of this section, we provide a brief review of this fact

and establish our conventions.

Hyperkidhler geometry in four dimensions. When M is self-dual vacuum, the Rie-
mann curvature 2-form R ;55 = €qg R &5 has holonomy SU(2). Such a manifold is said to
be hyperkéhler. It comes equipped with a triplet of complex structures and Kéhler forms
that are simultaneously compatible with the metric g. In terms of the ASD 2-forms 27,
the three Kéhler forms can be taken to be 2 and X' +i%?2. They are closed by virtue
of the first of (3.5) because the ASD spin connection is flat and can be set to I'yg = 0 up
to gauge transformations.

Using d¥*? = 0, one can find local complex coordinates (y%,§%) on M so that
SU=dyt Adys,  BP=-Quudytadg’, B2 =dgt Adi, (3.9)

where the form of ' and ©?? follows from Darboux’s theorem and their rank. Depending
on our spin frames, §% will generally be a linear combination of y* = (yi,yj) and its
conjugate §* = (—E, ;) The closure of X!? implies that
0%Q
L (3.10)
Oy*oyP
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by the usual argument for the existence of a symplectic potential.

In what follows, we will abbreviate functions f(y,7) of y% 4% as f(y). The Kihler
potential Q(y) is often referred to as Plebanski’s first fundamental form for the hyperkéhler
metric on M,

=20 dy* dj’. (3.11)
Up to local SL(2, C)-valued rotations of the dotted indices, the simplest choice of frame 0
for the cotangent bundle is

ol =dyt, 6% =045’ (3.12)

in terms of which the metric reads g = eqg €, ! 0°% 998 Tt is a Ricci-flat metric if Q satisfies

0’0 9%Q

1
det(Q.,) = = . =
Ras) =3 dy*oyP 0yadyy

1, (3.13)

i.e., the metric determinant is 1. This condition is known as Plebanski’s first heavenly
equation [36].! Tt follows from equating the last of (3.9) with its definition %22 = 2% A 92,
in this frame.

The frame e,q of the tangent bundle can be taken to be

e1a=i-, e = Q° ?
oy 0P

(3.14)

It is dual to 8% when €y - 6% = Qs Qo = 5;, i.e., when (3.13) is satisfied. The heavenly

equation arises as the integrability condition [Lg, L B] = 0 of the Lax pair

Ed = )\aead :)\2i —)\19@5£

: - 3.15
oy~ oyb (3.15)

Hence, it is a classical integrable system. Since they form an involutive distribution, the
L, provide (0,1)-vectors of a new complex structure on M for every value of the spectral
parameter A\, € P'. In total, one finds that there are not just three but a continuous family

of complex structures on M parametrized by points on P'. This provides a natural segway

into the twistor correspondence for hyperkahler manifolds.

LA broader treatment including the second heavenly equation as well as the more general case of quater-
nionic geometry can be found in [1, 37, 38].
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3.2 The non-linear graviton

Twistor space from space-time. Let (M, g) be a given self-dual space-time. Just as
for flat space, the twistor space of M is given by the undotted spinor bundle P.7 = M x P!,

It is made into an almost complex manifold by taking the (1,0)-forms to be the span of
T =AM +TaPAg),  Aa 079, (3.16)

This provides the so-called Atiyah-Hitchin-Singer almost complex structure on P.7 for vac-
uum as well as non-vacuum self-dual space-times. It becomes an integrable almost complex
structure if these (1,0)-forms span a differential ideal of the exterior algebra over M x P!
It is a classic calculation in twistor theory that this happens if and only if ¥,g.5 = 0 (see
[30] for a review). That is, P.7 is a complex manifold if and only if M is self-dual [29, 39).

We will focus on the SD vacuum case. A short computation shows that?
T/\dT:—T/\)\a/\BRaﬁzo. (3.17)

A holomorphic analogue of Frobenius’ theorem then implies that the (1,0)-vector fields
in the kernel of 7 form an integrable distribution. This endows P.Z with a holomorphic
fibration P.7 — P!, with the fibers being the integral surfaces of this distribution. Taking
the flat ASD spin connection to be I',g = 0, we see from dX*# = 0 that the fiber over every

point A\, € P! comes equipped with a holomorphic symplectic structure
Y= A8 =\, 094 AN 607 (3.18)

Indeed, d¥ = 0 modulo terms containing d\, which drop at fixed A\, € P*.

Space-time from twistor space. Conversely, twistor theory allows one to construct
SD vacuum space-times from ‘curved’ twistor spaces P.7. A large class of curved twistor
spaces can be explicitly obtained by deforming the complex structure of ‘flat’ twistor space
PT = 0(1) @ 0(1) — PL. With such a deformation in hand, the key result we use for the

reconstruction of space-time is Penrose’s non-linear graviton theorem:

It is easiest to find this by treating 7 as a 1-form on non-projective twistor space 7 = M x C? and
computing its standard exterior derivative.
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Theorem 3.1 (Penrose [40, 41]) There is a one-to-one correspondence between:
e suitably convex regions of SD vacuum 4-manifolds (M, g), and

o Complex 3-folds PT that are complex deformations of a neighbourhood of a projective

line in PT and admit

1. a holomorphic fibration P.7 — P!,
2. a 4-complex parameter family of sections each with normal bundle 0(1) & O(1),
3. an O(2)-valued holomorphic symplectic form ¥ on each fiber, and

4. an anti-holomorphic involution j : P7 — P that induces the antipodal map on

P! and picks a 4-real parameter family of sections invariant under it.

Here, 0(n) — P.7 is defined by pullback along the fibration P.7 — P!,

We continue to use both non-holomorphic coordinates (z%, \,) as well as holomorphic
coordinates (u% = 29\, A ) on flat twistor space PT. The coordinates on space-time
M will henceforth be denoted y*® to avoid confusion. The almost complex structure

of P.7 can be represented by expressing its (1,0)-forms as deformations of those of PT:

0" =DX-V", Ve Q% (PT, 02),
. . . . (3.19)

0% =e* Ve, Vie QUYPT, 0(1)),
where DA = (AdA) and % = )\, dz®* were introduced in (2.15). In analogy with 2d CFT,
the vector field V = V0 9y + V9, € QUL(PT, THOPT) will be called a Beltrami differential.

Remembering the twisted exterior derivative (2.18) of &'(n)-valued forms on PT, a little

work allows us to determine the structure equations associated to 69, 6%:

A0 = —0° A Lo, VO — 0% A Lo, VO — NO
. . _ 7 _ . (3.20)
do% = 0% A (8% — Lo, V) — 6° A Ly,VE =N,

where
NO = V0 + VO Lo VO + VO ALy VO,

. (3.21)
NE=0VE 4+ VON(LayV = &%) + VI N Ly, VE

20



are components of the Nijenhuis tensor N = N° 9y + N%94.% In these expressions, 0 is the
Dolbeault operator on PT defined in (2.19). The almost complex structure is integrable if
and only if N = 0, for then the deformed (1,0)-forms (3.19) span a differential ideal.
Following theorem 3.1, we assume N = 0. The holomorphic fibration P.7 — P! can be
modeled upon the fibration PT — P! by setting V% = 0. In this case, #° reduces to DX and
the flat twistor coordinate A\, continues to be a holomorphic coordinate along the base of

P.7 — P! On each fiber, the required symplectic (2,0)-form can be taken to be
2 =0%A b, (3.22)
Computing its exterior derivative using (3.20) yields
AL =207 A (€% = LayVE) ANOa+ 06 ANOs ALy VE— NNy - (3.23)
Setting V? = 0 and N® = 0, we see that d¥ = 0 modulo terms containing D) if and only if
LV — LyVP =0. (3.24)

This is equivalent to saying that V is vertically divergence free: Ly, V< = 0.

Motivated by this, we introduce a holomorphic Poisson bracket on the fibers of PT — P!:
{w,n} = eP Low N Layn (3.25)

on (0, 8)-forms w,n on PT. We can locally solve the constraints V° = 0 and (3.24) in terms

of a hamiltonian h € Q%! (PT, €(2)) by setting
V=1{h -} = Loh0,, (3.26)

with A now encoding the data of the complex structure deformation. It is defined up to
gauge transformations generated by Poisson diffeomorphisms. For instance, linearized gauge

transformations take the form

§h = dx + {h,x}, x € Q°(PT, 6(2)). (3.27)

3Strictly speaking, this is a perturbative analogue of the actual Nijenhuis tensor that nevertheless captures
all its non-linearities.
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Using (3.26), the Nijenhuis tensor can be expressed in terms of a “torsion” T (unrelated to
space-time torsion):

N={T, -}, T::5h+%{h,h}. (3.28)

In what follows, we will demand 7" = 0 as our criterion of integrability. Although this
is mildly stronger than the minimal requirement Ls,7" = 0, it will be needed to generate
solutions of the heavenly equation (3.13) from twistor sigma models in the next section.
To construct an SD vacuum space-time M from this data, we begin by constructing
holomorphic rational curves in P.7. Let Y ~ P! be such a curve. It is given by rational
maps (1%(0), \o(0)) : P! = P.7, where 0, € P! are homogeneous coordinates parametrizing
Y. For Y to embed holomorphically in P.7, it needs to satisfy the defining equation of a

(pseudo-)holomorphic curve in a (almost) complex manifold [42]
TP |y ~ TP, (3.29)

Concretely, this says that the standard (0, 1)-vector field (6 o) o - 95 on P! must be in the

kernel of the (1,0)-forms on P.7, resulting in the PDEs

(60) SAANY) =0, {60) 00 —— L (6%]y) = 0. (3.30)

0
Oo —— v
064 06,
Up to GL(2, C) rotations, the first of these is solved by A\, (o) = 04, whence we can use A,
itself as the curve parameter.

Thus, Y gives a global holomorphic section of the fibration P.7 — P!,
(1% = p®\), Ao) : P! - P77, (3.31)

where p%()) is a rational function homogeneous of degree 1 in \,. By assumption, each
section of P.7 — P! has normal bundle &(1) © &(1). Since H°(P!, 0(1)® €(1)) = C*, Ko-
daira theory allows us to construct a complex space-time M¢ as the 4-complex-dimensional
moduli space of such sections. For every y € Mc, the curve is given by a degree 1 rational
function F(y, \),

Y : pf\) = Fe(y,\). (3.32)

It must satisfy the remaining equation in (3.30) but with (6 o) o - 95 replaced by our old
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friend Jy = (AA) X - 95,
Ao (0%y) =0 = GoF“ + o (Loahly) =0. (3.33)

Remember that in this PDE, Jp is evaluated at fixed y (instead of fixed z).

Lastly, we can obtain a real hyperkahler slice M C M¢ as the space of those sections
that are left invariant by the involution j mentioned in the last point of theorem 3.1. If Z4
and j(Z A) both lie on a curve Y, then they uniquely determine the curve and it corresponds
to a real point y € M. For example, for R?, such an involution was given by quaternionic
conjugation j(Z4) = Z4 in (2.9). In practice, we will never need to actually find such a
j, because our calculations will always be analytic in y € M¢. As such, the final results of

most of our calculations will be signature-agnostic.

Reconstruction of the hyperkahler metric on M. The map
p:MxPL S PT,  (y,\) e Z4=(F% \) (3.34)

is a diffeomorphism that realizes P.7 as the spinor bundle of M C Mc. Since 0 is in the

kernel of the 1-forms on M x P! that point along M, we can trivially rewrite (3.33) as
Doap* 0¥ =0 = OoFY + 9y 1p*Lyah =0. (3.35)
Using this, we can show that the 2-form 3 = 6% A 6, satisfies

,Cgop*z =0y up dE + d(éo Jp*Y)
(3.36)
=0 mod DA,

where the first term vanished because d¥ = 0 modulo terms containing DA (i.e., X is closed
at constant A, ) and the second term vanished by virtue of (3.35).
Thus, ¥ is a holomorphic 2-form of homogeneity 2 in \,. By Liouville’s theorem applied

to every curve Y ~ P!, there exists a triplet of 2-forms X% = £(@5) on M such that
PE =X A2 (y)  mod DA. (3.37)

It follows by construction that the 2-forms 7 obey d¥* = 0. Since ¥ A ¥ = 0, they are
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constrained by 2(@% A 7)) = 0. This is known as a ‘simplicity’ constraint. It implies the

existence of a frame 8 on M for which [43]:
n = g NG5, . (3.38)

With this frame, the hyperkihler metric on M is recovered to be ds? = 0% 0,4; the
holonomy reduction to SU(2) follows as a consequence of d¥*? = 0.

Modulo DA, it follows from (3.37) and (3.38) that p*0% A p*s = Ao 0% A X3 0°,. This
determines #% in terms of space-time data up to a rotation HdB(y, A, A) € SL(2,C) of the
dotted indices [24],

pr0* =g H* ;6% mod DA. (3.39)

For each y € M, the matrix H® i has homogeneity 0 in A,, Ao and can be interpreted as
a spin frame on the bundle of dotted spinors ¢(0) & €¢(0) — Y over the curve Y. Its

unimodularity can be reexpressed as
ey HY HY s = e, (3.40)

which ensures that it drops out of p*6% A p*f.

Further acting with L5, on (3.39), we can find a PDE for the spin frame:
As DoH® 0% = L p*0* = o 2 p*do* = — (o 1P Lo, Loch) p 0% mod DX
— O0H" 5+ 0o ap*LosLogh H 5 =0, (3.41)
having applied the second structure equation in (3.20) with data V9 = 0, V¢ = —Lzah and

N = 0. We remark that in deriving this, N = 0 can be replaced by the weaker condition

Jo ap*N% =0 [2], though we will ignore this subtlety for the purposes of this thesis.

3.3 Twistor sigma models

We can use the 2-forms 2% generated by the non-linear graviton construction to produce
explicit hyperkéhler metrics of the form (3.11) on M. Much like the case of linear fields in
chapter 2, this will entail finding explicit integral formulae for solutions 2 to Plebanski’s

heavenly equation (3.13), leading us to the namesake sigma models of this thesis.
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Curves and boundary conditions. Let us work on a complexified coordinate patch
y*Y € Mc. Our calculations in this section will be analytic in y*%, but it is useful to keep a
Euclidean real slice M C Mg at the back of one’s mind. Let k1., k2o be a basis of undotted

spinors, normalized with the convention (12) = (k1 ko) = —1. In this basis, we set

&

Aa = M Kla + A2 K2q , Y =y K1q, J% = Yk - (3.42)

Using a general spin frame k1, ko will prove extremely helpful in the study of amplitudes
in the next chapter, where the basis spinors will get identified with spinor-helicity variables
of negative helicity gravitons. Later on, factors of (12) will also be reinstated by invoking
standard scaling properties of amplitudes.

In the previous section, we introduced holomorphic curves (3.32) in deformed twistor
spaces P.7 by realizing them as global sections of the holomorphic fibration P.7 — P!. The
coordinates y®, §* acted as moduli for their associated curve Y. Henceforth, the fundamen-
tal question that will inspire much of our investigation is the following: can we find a sigma
model governing the holomorphic embeddings Y ~ P! < P.7? That is, can we find a field
theory living on Y whose equations of motion give the PDE (3.33)7

To study this question, first decompose the curved incidence relations as
pe = Fy, ) = My® 4+ de g% +m(y, A) (3.43)

where ¥\, = A\ y® + X2 §% acts as a ‘zero-mode’, and m%(y, \) encodes perturbations
generated by turning on the complex structure deformation h. Substituting (3.43) into

(3.33) yields the PDE satisfied by the perturbations,
50md + 5[) | ([,aah|y) =0. (3.44)

Using the Cauchy kernel of the Dolbeault operator of P! acting on sections of &(1), we can

turn this into an integral equation:

1 DN (1)) (2))
27y (AN) (TXN) 2X)

m(y,\) = A Laahly, (3.45)

where Y’ denotes the same curve as Y but with curve coordinates A,

and (i \) = (k; A),

etc. As with any Green’s function, the Cauchy kernel requires a set of boundary conditions
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that are here represented by a pair of ‘reference spinors’ k1, ko at which m® is deemed to
vanish. With hindsight, we have identified these with our choice of spin frame.

With these boundary conditions, we can factorize m® = A Ao m%, with m®(y, \) being
O(—1)-valued rational functions that are regular at A = k1,k2. They are determined by

the integral equation

mé‘(y, )\) o 1 D)\/ A ﬁadh|yl

& A) = - =
w5 A = 0 ot Jyr Ny TN

(3.46)
obtained from dividing (3.45) by AjA2 = — (1 A) (2 A). Thus, our curves take the form
p = Fy, \) = My + A g® + Mdam®(y, \), (3.47)
and satisfy the boundary conditions
F(y.k1) =y*,  F(y.re) =7 (3.48)

These fix the moduli of the curve so that m*(y, \) contain no newer moduli.

Sigma model and equations of motion. We now construct a second order action
governing the perturbations m®.* The fields of our theory will be the complex symplectic
bosons m® and their quaternionic conjugates m®. In terms of these, we introduce a twistor
sigma model as the field theory given by the action

Spml(y) = % /Y /\?i\\% A <; m® dlyme + h|y> , (3.49)
where 5|y = €% 9y denotes the standard anti-holomorphic exterior derivative on P'. This
action is a functional of the fields m® as well as an ordinary function of the curve moduli
y. It is coupled to the complex structure deformation h simply by pullback to Y.

Notable is the presence of poles in the integration measure D)\/)\%/\g, which act as
defects coupled to our sigma models. These are necessitated for reasons of homogeneity.
The ingredients DA, m® d|ymg and h all have weight 2 in \,, so we need to introduce
poles in the measure to cancel the weight and give a genuine integrand on P'. The natural

choice of double poles at A\; = 0 and Ay = 0 arises from our boundary conditions on the

4This is distinct from twistor strings, where one usually constructs a first order sigma model governing
the full map F“(y, \) but requires the introduction of dual twistor fields.
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fields. Since m® = A\ Ap m%, the kinetic term secretly has no poles and the P'-integral can
converge. By the same logic, the interaction term containing hly can only be convergent in

a gauge where h vanishes to second order at both poles, i.e.,
h=M\Nw, weQ"Y(PT,0(-2)). (3.50)

Recalling the linear Penrose transform discussed in section 2.3, this indicates that h contains
the degree of freedom w of a single scalar field on space-time. We are on the right track to
find the Kéhler scalar!

Next, we compute the equations of motion of (3.49). To do this, set h = hg&® + hg 2.
Notice that our model depends on h only through DA A hly = DAAE° 0y 1 (h]y). Using the

incidence relations map

3 S\aFo'z(y’ >‘) - Aaﬁd(yv >‘)
: JA) = | 2% = - A 3.51
P (y,\) < o) (3.51)
we find
- Ao Golyz® < . 50Fd>
8o 5 (hly) = holy — haly 22220 Y  — holy + haly [ FS — 25—, 3.52
o2 (hly) = holy ly ey oly ly %Y (3.52)

where we have clarified that 50\y denotes Jy evaluated at fixed y. Since 6F% = §m® and

§F% = §m® under variations of m®, m®, varying the action (3.49) with respect to m® gives

aofw3>

1 DAAEY |5 ;
omSh = =—— | Tigm— 0m® [Jome + (Daho + ha dahyly | FP — =
h 27ri/y Az o lom + Baho +ha)ly + BY( AN

1 DAAE - .
271'1/3/)\%)\% 60(771 (5md). (3.53)

In the last term, we can use the boundary conditions to substitute me = A\ A m® with m®

regular at the two poles. It then vanishes by Stokes’ theorem:

1 Daned - . 1 ~
oo “omg) = — [ DAAE “omy) =0. 54
2m/y S do(mama) 2m/y A &0 Bp(momg) = 0 (3.54)

Recycling the calculation in (3.52) with h replaced by Lg,h = (Osho + ha) €° + Osh 5 &b , we

reduce the remaining variation to

1 [ DAAe 4z _
6mSh = % /Y W om [8(]md + 80_1 (Eadh‘y)] . (355)

Demanding that this vanish shows that the equation of motion of m® is precisely (3.44),
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the PDE for holomorphic perturbations.

The equations of motion of the complex conjugates of m® can be similarly deduced by
varying Sj, with respect to m® (but keeping m® formally fixed as is standard for actions
involving complex scalars). In the first instance, this leads to

1 DAAE - _ N L _
SaSp = — [ 22N C O 5 holy — Bahly (FP - 2 ha
S 2m/y N3 (/\/\)[ Gaholy =& 5|Y< <>\)\>)+80( ‘Y)]

1 DAAE ~ [ hgly 6m®
_ d ! . (3.56
27ri/y Y °< G ) (3:56)

Using the boundary conditions (3.50) on h, we again see that the last term drops out

due to Stokes’ theorem. The remaining variation can be simplified using the chain rule

do(haly) = Oohaly + 8hd/8x55\y éolyarﬁfg to yield the equation of motion

_ _ _ _ _ N A
.. . B he — Db s _ Y0 _
(80ha 8ah0) ‘y + 85ha|y Jom” + (Qgha aahﬂ) ’y <F <5\ )\> ) =0. (3.57)

Substituting for éomB using the m® equation of motion (3.44), this can be recast as

(Boha — Baho + {ho, he} — hP03ha) |y
_ _ N
+ (Dshe — Oahy + {hs, hg <FB— - ):0, 3.58
¥ g+ {hg hal)ly G (3.58)

written in terms of the Poisson bracket (3.25). It gives a constraint on the ambient complex

structure h, but how do we interpret it?

Recall the “torsion” T = Oh + 5 {h, h} introduced in (3.28). Writing it in components,
T—Toa ped+ 2T, P ped (3.59)
— 40a 9 Bé ’ .
we can easily determine the explicit expressions

Toa = Oohe — Oaho + {ho, ha} — hﬁaﬁhd ’

(3.60)
T,Bc'v = thd — 8dh/3 + {hﬁ’ hd} .
It follows that (3.58) is encoding the vanishing of the projection of T" along Y:
Ooup*T =0, (3.61)

with p : M x PL — P given in (3.51). At the end of the day, we want to work in the
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category of complex structure deformations satisfying 7' = 0. So we conclude that the m®
equation of motion does not give any further constraints on the curves beyond (3.44).
Thus, up to a choice of boundary conditions, our sigma model governs the required

holomorphic curves in P.7.

Solutions of the heavenly equation. The prime utility of our twistor sigma model is
that its on-shell action gives rise to a Kéhler scalar on space-time. This is captured by the

following result which forms the backbone of the chapters to follow.

Theorem 3.2 Let P.T be a curved twistor space described by a hamiltonian complex struc-
ture deformation h € Q%Y (PT, 0(2)) satisfying T = 0 and vanishing to second order at
K1, ka. In complex coordinates y& = y*“kia, §* = y**Koa, the Kihler scalar solving Ple-

banski’s heavenly equation (3.13) on the associated hyperkdihler 4-manifold M is given by

Q(y) = €48 ydgﬂ — Sh [m} (y)|on-shell . (362)
The proof of this theorem follows by direct computation of the Kéhler form. This can

be shown in two steps.

Lemma 3.1 First derivatives of the twistor sigma model’s on-shell action yield

0 0
Tyd‘ Splm](y) ’on—shell = —mgu(y, K1), ng Splm](y) ‘on—shell = mg(y, K2) - (3.63)

Proof: Much of the computation in deriving these is a repeat of that involved in getting
the equations of motion. To outline our methods, let’s obtain the y®-derivative. Even before

assuming that the action is on-shell or that T' = 0, one can massage it into

(;Zd Sulml(y)

1 [ DAAE [1omP - 1 .. 0m; 9Ff _
= - . B B
27Ti/y YDV [ dom g + = m” dp—5— d

1 0 5 ~( 0
+ dJaon*(E+2T)+8o<

3 3y 5y P h)} . (3.64)

where recall that ¥ = 0% A 6. As usual, we can drop the last term using Stokes’ theorem
and the boundary conditions (3.48), (3.50) on F'“ and h. Using integrability T' = 0 as well

as the m% equation of motion dp Jp*0% = 0 (see (3.35)), we can also set Jp Jp* (X +27T) = 0.
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This leaves us with just the first line of (3.64). Substituting F'& = A\jy® + Aog® + m®

along with m® = A\ Ay m® then yields

P DAAE [1 omP 1 - 0my /5% amf\ -
fsh[m](y)’on-shell :/Y . [ > 80m6~+7m58 y? - ( = —|—> 801116'

Dy omi |2 Oy® 2 Poyd T\ " oyl
:/ D) /\.éO [1 80<m5 5%‘) B aomd]
y 27 2 oy~ A2
_ / DA A 5(Aa) ma(y, A) = —ma(y, k1) - (3.65)
Y

In getting from the second to the third line, we have dropped the total derivative term,
integrated by parts in the second term, and recalled the definition € 9y(1/\2) = 2mi d(\2)
of a holomorphic delta function. The final integral can be done by going to the affine chart
A1 = 1,\ = z on P!, in which DX\ = Aad\; — A\; d\2 = —dz. This establishes the first of

(3.63). The j%-derivative can be computed in an analogous manner. O

Lemma 3.2 Second derivatives of the twistor sigma model’s on-shell action yield

&Sy [m] (¥)
Oy*oyP

= s+ Ha (y, k1) Hys (y, o) (3.66)

on-shell

where Hdﬁ-(y,)\) € SL(2,C) is the spin frame defined in (3.39).

Proof: Using the integral equation (3.46), we can make the y®-derivative more explicit:

0 1 DA
8yd Sh [m} (y)|on—shell - _2771-1 v A\ )\% A ﬁadhh/
1 [ DAAE N o
= daho + he, Oahsly | FP — =2 3.67
21 Jy A1 A3 [( o+ hallv + ,3’Y< <)\)\>> (3:67)

Turning the crank, its g}B—derivative can be massaged to yield a beautifully simple answer,

&Sy [m] (¥)
Oy*oyP

Y

1 Dxne' [ o - (0
—% Y}\l)\%[a.Ja()Jp d@a—&)(

Jp*ﬁad h)} . (3.68)
gﬁ

on-shell
This has been simplified by means of d§% = §7 A Lo, Loah + LoaT mod DA, which follows
from putting together equations (3.20), (3.26) and (3.28) of the previous section. Once
again, the second term in (3.68) is killed by Stokes’ theorem on remembering the boundary
conditions on h and the regularity of F at k1, Ko.

Now assume T = 0. At the end of the previous section, we used this to discover an
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SL(2, C)-valued dotted spin frame Hd‘ﬁ-(y, A). Its defining property (3.39) leads to

2 1 . [ Dane’

9" Snlml(y) _.-‘a._Jevvh/ﬁf,xyébfydﬁ, (3.69)
ayaagﬁ on-shell 2mi 8?]5 Y A1 )\2

where 8% is the space-time tetrad.

Using the equation of motion dy up*8% = 0, we can show that

%0y & . xad dyﬁﬁ
P =dyF* —p 0%y ey mod DA. (3.70)

From this, we can read off boundary values of the (1,0)-forms:
POy, ) =y, ROy ke) = dg, (3.71)

having applied (3.48), coupled with the fact that 8‘%5 = 0 at K1, k2. Equating these to the

right hand side of (3.39) at k1, k2 allows us to extract components of the tetrad,

0'% = k10 0°% = —H,%(y, 11) dy |

g . (3.72)
0% = K, 0% = —H;%(y, K2) g’
where the spin frame was inverted using H® 3 HyY = —52. In particular, 9/ OQB only has a

non-zero contraction with 8%7. Continuing with the computation of (3.69) finally yields

8 Sp[m](y) Hy'(y,k2) [ DAAE -
T4 sa~8 = - : aoHd;y
Oy©0y®  lon-shell 2mi y  Athe
j 3.73
— HIB-’Y<y7/<;2) (Hd:y(y,,k@) —Hd,-y(y7/§1)) ( )
having integrated by parts to localize the A\, integral at the two simple poles. O

Proof of theorem 3.2: Second derivatives of the scalar €2 given in (3.62) now become

0?Q

W = Ha&(yv "fl) Hgﬁ(ya /‘52) . (3‘74)

Hence, € satisfies the heavenly equation (3.13) because the spin frame is unimodular:

1 9’0 0%Q 1 : , .
- : = — Hu(y, k1) HY(y, k1) H: (y, ko) H (y, &
2 9ye0yP 8yd8y5 9 5y, k1) H5(y, k1) 8 (y, k2) (y, k2) (3.75)
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Lastly, we can compute the space-time metric

g=0"0,4 =20 0", =2 He(y, k1) Hy (y, ko) dy® dﬂﬁ

B
2Q) g (3.76)
=2 L dy® dg” .
OyaoyPs
Hence, €2 gives the Kéhler scalar of space-time. O

Our expression (3.62) can be thought of as a Penrose integral formula for solutions of
the fully non-linear heavenly equation. By treating y®,§® as coordinates on complexified
space-time Mg, it gives rise to complexified hyperkahler metrics. A choice of involution j
as in theorem 3.1 allows one to pick a real slice, i.e., a relation between §% and the complex
conjugates of y, yielding a Riemannian hyperkihler metric. Eg., on R* one would set
gt = g% = (—;, ;) Alternatively, we can continue to (2,2) signature and find “real”
hyperkahler metrics.

This shows the broader scope of twistor methods beyond linear field equations. Similar
formulae can also be built for other descriptions of hyperkédhler metrics like Plebanski’s
second heavenly equation, as well as for quaternionic metrics on 4-manifolds. A more
complete discussion of the associated twistor sigma models can be found in [1]. For our
purposes, we will continue to focus on the model (3.49). Its main practical application
will be to the computation of graviton scattering amplitudes. We come to this in the next

chapter.
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Chapter 4

Graviton scattering in flat space

The main applications of our models is to the computation of gravitational scattering am-
plitudes. In four dimensions, gravitational perturbations are classified by whether their
linearized Weyl curvatures are self-dual (SD) or anti-self-dual (ASD). These are the posi-
tive and negative helicity gravitons. The tree-level gravitational scattering amplitudes are
therefore classified by the number of negative (versus positive) helicity external gravitons
[21]. Integrability of the purely SD sector means that amplitudes with all positive or all
but one positive external gravitons vanish.

The first non-vanishing configuration as one moves away from self-duality is the mazimal
helicity violating (MHV) amplitude: two negative helicity and arbitrarily many positive
helicity external gravitons. Explicit, all-multiplicity formulae for tree-level gravitational
MHV amplitudes in flat space have been known for decades [44-46], with the optimal
formula (in terms of compactness and explicit permutation symmetry) due to Hodges [20].
While the veracity of these formulae is easily established through unitarity techniques (e.g.,
Berends-Giele or BCFW recursion), a direct first-principles derivation of Hodges’ formula
from classical general relativity has proven elusive. In this chapter, we show how twistor
sigma models together with a new generating functional leads to such a first-principles

derivation.

4.1 MHYV generating functional

The main tool that facilitates our computation of amplitudes is the perturbation theory

associated to a first order chiral formulation of general relativity in Euclidean signature.
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On a general 4-manifold M, such a chiral formulation is expressed in terms of three ASD
2-forms constructed from the tetrad, *? = 8% A %4, and an ASD spin connection | e

which is a priori independent of the tetrad [43, 47-51]. The classical action functional is:
5[0, I = / S A (AT ap + 62T ATg,) | (4.1)
M
where k = v/ 167G is the gravitational coupling constant. The field equations become

dne? = 2k210 ALY (4.2)

0° A(dTap + k2T ATg,) =0 (4.3)

which provide a first order formulation of Einstein’s vacuum equations.

The first equation of motion (4.2) is just the first structure equation given in (3.5).
Hence, it sets k> I'yp to equal the ASD spin connection of g. Recalling the decomposition
(3.7), the second equation of motion (4.3) then becomes

0°% A Ry = aadA(cb .~S*S+Rzaﬂ> =0
e 12 (4.4)

— & R=0,

aﬁ"y(i =

(o]

where we have used the identity 8*1% AX179) = 0 to drop a term containing the Weyl spinor.
This is equivalent to Ricci flatness Ry, = 0. Thus, we land on the vacuum equations of GR.
Similarly, one can also check that off-shell, after integrating out its quadratic dependence
on I'yg, (4.1) equals the Einstein-Hilbert action up to a topological term. Hence, it is

equivalent to the Einstein-Hilbert action in perturbation theory.

As k — 0, an integration by parts reduces the chiral action to

lim S[6, r]:/ Top AdS*P. (4.5)
M

r—0

In this case, the field I',3 stops being a spin connection. Instead, it acts as a Lagrange
multiplier imposing d¥* = 0, i.e., flatness of the ASD spin connection. Hence, k — 0 is
the limit in which we obtain an action for self-dual GR [52]. At non-zero k, (4.1) expands
the non-self-dual theory perturbatively around its self-dual subsector. The O(k?) term in

(4.1) encodes graviton interaction vertices and scattering amplitudes [53].
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Linearized gravity around SD backgrounds. Graviton perturbations (§6“%, 0lap) =
(994 v45) around an SD vacuum background M with tetrad 85% and closed ASD 2-forms

Egﬁ satisfy the linearized Einstein vacuum equations

do®® = 2.2y ASD? 05% A dyes =0, (4.6)

where 0% = §2F = 2 0(()&|d AUIP) 4. The identity Géa‘d A Elow) = 0 implies that the second

of these field equations is equivalent to linearized Ricci flatness,
5(I)aﬁd,8 =0R=0 = dvag = Yaps 235, (4.7)

where 1,5 is the perturbation to the ASD Weyl spinor.

On SD backgrounds, we can classify such perturbations as having positive or negative
helicity. Perturbations preserving self-duality satisfy 13,5 = 0 and are referred to as
positive helicity gravitons. Up to linearized gauge transformations dv,3 = dpng, we can
take the corresponding solutions of (4.6), (4.7) to have 7,5 = 0 and satisfy do®® = 0.
On the other hand, negative helicity gravitons are defined by quotienting the space of all
solutions of the linearized Einstein equations by the space of such SD solutions [24]. Beyond
flat space, they are no longer strictly anti-self-dual and can lead to non-trivial perturbations

of \id 346 Nevertheless, they will be explicitly computable in the examples we study.

Generating functional for MHV amplitudes. In this thesis, we will illustrate our
techniques with a focus on tree-level maximally helicity violating (MHV) amplitudes. These
are the amplitudes for scattering two negative helicity gravitons off an arbitrary number
of positive helicity gravitons. On SD backgrounds, tree amplitudes with less than two
negative helicity gravitons necessarily vanish due to the integrability of SD GR, so the
MHYV configuration is the first non-trivial case of interest.

Let us consider an n-graviton MHV amplitude A(1~ 27 3" --.n™) involving negative
helicity gravitons (¢;,;), @« = 1,2, and positive helicity gravitons (9¥;,v; = 0), ¢ = 3,...,n.
In [24], it was shown that this can be generated from a two-point function of the negative
helicity gravitons on a deformed SD vacuum background M. As a smooth manifold, M is

the same as M. But the metric on M is constructed as a deformation of the metric on M
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by a superposition of the positive helicity gravitons. Explicitly, the tetrad and ASD 2-forms
on M take the form
n
0% = 5% + > ait?® + O(asa;9,9;), %0 =0°C 767, (4.8)
i=3
where the higher order corrections are to be determined by solving the fully non-linear SD
vacuum equations dX*? = 0 perturbatively in the linear solutions a;0;. The a; are formal
parameters that act as classical analogues of ‘creation operators’ and always accompany the
corresponding ;.
The two-point function of negative helicity gravitons 1,2 on SD vacuum space-times was

determined directly from the action (4.1) in [24]:!

G(1,2) 5/ 2P AV 0% Ayass - (4.9)
M

Intuitively, it arises from the interaction term of (4.1) evaluated on-shell in our scattering
configuration. So it provides the leading correction about the SD sector. The n-point MHV
amplitude is then given by the term in G(1,2) that is linear in each a;,

n—2
A(17 273" 0t = <8a38---6a 9(1,2)>

(4.10)
a;=0V1

This way of computing amplitudes is closely related to perturbiner methods [54]. Intuitively,
the 0/0a; in this expression act as classical analogues of ‘annihilation operators’. In par-
ticular, picking this multi-linear piece ensures that the resulting amplitude acts as a linear

functional on the graviton Hilbert space (after Wick rotation to Lorenztian signature).

4.2 Uplift to twistor space

To begin our foray into perturbative gravity, we wish to compute graviton MHV ampli-
tudes on a flat background M = R* by treating it as a self-dual background. Sadly, even
on R* computing (4.8) and (4.9) using space-time perturbation theory quickly becomes
untenable due to an exponential proliferation of Feynman diagrams. To overcome this, we

will automate the perturbative expansion in (4.8) using our twistor sigma models.

!Their analysis was originally performed in Lorentzian signature. The final generating functional (4.9)
can nevertheless be calculated in Euclidean signature and then analytically continued to other signatures.
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Momentum eigenstates. We will study the scattering of graviton momentum eigen-
states labeled by null momenta kf‘d = Ky f%f‘ The variables k;, k; are known as spinor-

helicity variables in the literature. They are defined up to little group scalings

1R, s eCr. (4.11)

(Kiy Ri) ~ (Siki, 8;

Of course, there are no real null momenta in Kuclidean signature. Thankfully, we can easily
Wick rotate the resulting amplitudes to Lorentzian signature by setting 7% = £

As described in the last section, we will refine our scattering problem by helicity. Let
1 denote the flat metric (irrespective of signature). On flat space, positive and negative
helicity metric perturbations g = n + h* associated to momentum eigenstates have the
well-known expressions (the factors of —2 are a useful convention)

25045&’%‘0’:/%-’ : 2/&1'0[/{',35@5' .

+ _ _Thesp g ik - _ ¢ B ik;-x
iadﬁﬁ'(gc) = €0)? et hiadﬁﬁ($) = —[51]2 et (4.12)
where &, éd are arbitrary ‘reference spinors’ that describe the linearized gauge freedom

in the perturbations; and (£i) = (£ k), [éz] = [éfﬁl], etc. Amplitudes A(12---n) of such

momentum and helicity eigenstates transform as
A(Si,‘ii, Si_lfﬁ) = S;QJi A(IQZ', /?LZ) (4.13)

under little group scalings of the i*"-graviton with helicity .J; € {#2}. This is inherited from
little group scalings of the perturbations (4.12), as the amplitudes are linear functionals of
these wavefunctions.

On perturbing 7 — g = 1 + h, the perturbations 9*® of the tetrad can be found by
linearizing ¢ = 0““ 6,4 around flat space: 9% = %ho‘dﬁﬂ- dz?8. By linearizing (3.4), we
can derive the ASD spin connection perturbations generated by the momentum eigenstates

of (4.12),

'Y;raﬁ =0, Viozﬁ = —1Kjq K3 elkZ z W R (414)

where we have introduced the notation (a|p|b] = aap“®bs for the contraction of a vector

p*Y with a pair of spinors a,, bg. Using (4.7), we find the curvature perturbations
Ufagys =05 Vinpys = Fia Kig iy g €77 (4.15)
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As expected, the + helicity states are self-dual; and the — helicity states are anti-self-dual

by the parity symmetry of flat space.

From generating functional to twistor sigma model. Consider the MHV ampli-
tude A(17 27 3% --.n™") of momentum eigenstates (4.12). It is computed by the generating
functional (4.9). The relevant deformed manifold M is topologically R*, but now comes
equipped with a deformed metric
n
g=n+ Z aihy + O(aia;hh) (4.16)
i=3
that solves the self-dual vacuum equations dX®* = 0.
For ease of notation, suppose (12) = (k1 k) = —1; factors of (12) will be reinstated
in the final amplitudes using little group scaling. Choosing k14, k24 as a basis of undotted

spinors, we can define complex coordinates on M,

yd‘ = 2%, , gjd = 2%%9, , (4.17)

as we did on a generic SD vacuum space-time in (3.42). Recall from (3.9) that since M is
hyperkahler, we can take its basis of ASD 2-forms to be

20) . . .
0 _dy* A dg?, =2 =d® Adya, (4.18)

Ellzdy’j‘/\dy, PO p—
“ ytayP

such that the Kéhler scalar €2 satisfies Plebanski’s heavenly equation (3.13).
In the y%, ¢ coordinates, the negative helicity spin connection perturbations (4.14)

become

gy "
The MHV generating functional (4.9) can then be expressed as:
2 Fa £
/‘d%“pg LI S
M oy*oyP [€1][€2]
_ / A2y d2y O U+, (4.20)
M

o8 _ ;o gl £ aﬁ__~ﬂaﬁgeﬂ@m[i;§]. (4.19)

7= =1kg

)

/ P AY10° A Y268
M

upon integration by parts in y and g. Quite satisfyingly, this generating functional is now

manifestly independent of the reference spinor éd. Reexpressing it in the original coordinates
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z®* € R* gives

G(1,2) = — /R4 diz Q eilkithe)e (4.21)

Hence, the generating functional of momentum space MHV amplitudes is simply a Fourier
transform of the K&hler scalar of M.
It is now straightforward to lift the entire MHV generating functional to twistor space,

using theorem 3.2. Applying (3.62), the result is

6(1,2) = [ |y eV IS, ] )], g (122)

where Sp[m](y) is the twistor sigma model of the first kind given by (3.49). So, the last step
in lifting G(1,2) to twistor space is determining a twistor representative h for the deformed
space-time M. This can be constructed as a superposition of momentum eigenstate twistor

representatives.

Twistor representatives. For a spin-2 momentum eigenstate with null momentum k:f“j‘ =
K& B, the twistor representative h; € H*(PT, &(2)) in complex coordinates Z4 = (u, \,)
is given by

ds

hi(Z) = / O A B (i — s N, (4.23)
C*

In this expression, the holomorphic delta function is defined as

P21 — 5 \) = (2;)2 A (@1 + d505) (1> .

a=1.2 Ria — S )\oc

Using the flat space incidence relations X : u& = 2%\, h;(Z) pulls back to
ds =< ik
hi(z,\) = — A O% (K —sA) e, (4.24)
C* S

Its Weyl spinor perturbation 6\ild Bis = (08 446 O space-time can be found from the Penrose

integral formula (2.34) for ¢ = 42:

. B .

'Lﬁi dﬂ"yS(x) = /X DAA Eadﬁaﬁ.ﬁaﬁﬁashz‘x (4 25)

= /X . DAAds A 52(’% — S)\) 6a858785(e1’“”") = Kia '%z,B /%Z'A/ ’%ié eikiw
>< *

where the integrals were localized against the holomorphic delta functions.
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We now take a linear superposition of such representatives,
n
h = Z aihi . (4.26)
i=3

Since Oh = 0 (by linearity), it acts as a representative for the linearized graviton b, 8s =
Yo aihjad 55 O space-time. Moreover, since each h; o €% (due to dp1 = &” Jy) we observe
that {h,h} oc € A&’ = 0. Thus, h also satisfies T' = Oh + 3 {h,h} = 0 and gives a fully
non-linear representative for an integrable complex structure deformation of PT. Applying
the non-linear graviton theorem 3.1 to this representative, we can construct the hyperkahler
space-time M whose metric is asymptotically described by (4.16).

This is the beauty of the non-linear graviton construction. On space-time, it appears like
a nigh impossible task to find the higher order corrections in (4.16) that ensure dX®% = 0.
But on twistor space, (4.26) solves both the ‘linear field equation’ dh = 0 as well as its

non-linear counterpart 7' = 0. A non-linear superposition of positive helicity gravitons on

space-time reduces to a linear superposition on twistor space!

4.3 MHYV amplitudes from sigma model

Sigma model correlators. To extract the amplitude, we need to extract the part of the
generating functional which is multi-linear in the positive helicity gravitons. This problem
is easily translated into extracting a connected, tree-level correlation function from the field

theory on P! defined by the twistor sigma model:

Lemma 4.1 Let h =" ;a;h;. When m®(y, \) is a solution to its equation of motion and

vanishes at k1, ke, there is an equivalence

0 Dane’ /1, -
<H 8(&') /]pl 2mi A2 \3 <2 [maom] + hY)

where A\p = —(A2), Ao = (A1); Y 1 u% = Ay + Maf® +m%(y, \) are the perturbed holomor-

= (Vi Vi -+ Vi, )Y (4.27)

tree

a;=0

phic curves; and the ‘vertex operators’ Vj,, are defined as

1 [ hily DA

Viy = | =20
Mo Jp AZA2

(4.28)

and (...)Y . denotes the correlation function obtained using connected, tree-level Feynman
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diagrams of the twistor sigma model with trivial background h = 0.

Proof: Let h be a formal parameter. The generating functional of connected correlation

functions of such vertex operators is the effective action

. 1 Dane o 1
W(a;) = —2mih log/Dm exp <_47Tih /]P’l N2 [m dom| — 7 zi:aivhi> . (4.29)

as can be inductively confirmed by differentiation with respect to the a;. Contributions of

the connected tree-level graphs can be extracted through the 4 — 0 limit. Using the saddle

point approximation, this reduces to the corresponding on-shell action

oo ' 1 [ Dane
W (o) = Jim W(a) = 5 [ P ] + 2. oith,

on-shell

(4.30)
DAAEY /1

= [ 565 (5 maw] i)

where now h =), a;h;. O

;
on-shell

To compute the correlators, we substitute m® = A\; A\ m® to get the free theory action:

1 Daxned . 1 _
— [ =2h = DA 4.31
i Jo iz Mo = / A€ [m o) (4:31)

with the only boundary conditions on the ¢'(—1)-valued functions m® being that they be
regular at s1, k2. This is the action we use to compute OPEs of the vertex operators V},.
At this point, the computation of this connected tree correlator follows straightforwardly

by an application of the weighted matrix-tree theorem.

Lemma 4.2 The connected tree-level correlators are given by

i) DA
<Vh3Vh4 . th>tree _/ (‘/"‘]‘ H )\ 1m >

where: m¢ = m%(y, \;); Vi, are as defined in (4.28); the (n — 2) x (n — 2) matriz L has

, (4.32)
mé=0

entries
1 o) o) . .
™A [mmj] ) iF ],

Eij:
1 ) .
_Zk;éi ™) [Tmi 8mk} ’ =17,

(4.33)

and |£;] is the determinant of H with one row and column removed, corresponding to any

je{3,...,n}.

41



Proof: Viewing the {V},} as insertions at n points on P!, each labeled by homogeneous

coordinate \¢

&, we must extract the sum of connected tree-level Feynman diagrams in the

theory defined by the background twistor sigma model with A = 0. The relevant kinetic
term in the twistor sigma model is [m dym|, which means that the OPE of a pair of m’s

inserted at \;, \; is determined by inverting the d-operator on sections of &(—1) — PL:

mé m'é? N 27l e‘j‘B ‘
R OYRY):

(4.34)

The OPE between any two vertex operator insertions are then determined by acting with

m%derivatives in the appropriate way:

2mi ahz(m,) th(mj)
<)\i )\j> om; 8mj

hz(mz) hj(mj) ~ s (4.35)

having dropped terms with multiple Wick contractions as they do not contribute to tree
diagrams. The factors of 27i in such OPEs always cancel factors of 1/27i in the vertex

operator normalizations at tree-level, so can be freely dropped.

Figure 4.1: A typical tree diagram contributing to the sigma model correlator. The vertices
denote + helicity graviton vertex operators, and edges denote sigma model propagators.

The weighted matrix tree theorem of algebraic combinatorics (cf., [55-57]) states that
the sum of all connected tree-level Feyman diagrams is given by the determinant of the
weighted Laplacian matrix for the configuration of vertex operators with a row and col-
umn corresponding to any one of the vertex operators, say j € {3,...,n} removed. The
theorem guarantees that the sum is independent of this choice. From (4.34), it follows
that the weighted Laplacian matrix is given by £ with entries as in (4.33), meaning that
the connected tree correlator takes the claimed form. Lastly, having performed all Wick

contractions, we set the perturbations m® = 0 as they have no zero-modes. O
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When momentum eigenstates are used, (4.35) yields a factor of [ij]/(ij), where [i j] =
[Ri Rj], etc. This was the propagator for the tree-diagram formalism of [45, 46]. The vertices
similarly provide simple weight factors that can be identified with those of [45, 46]. See

[58-60] for analogous usages of the matrix tree theorem to sum these tree diagrams.

Hodges’ formula. On inserting momentum eigenstates as wave functions into our general
formulae (4.27), our sum of tree diagrams reduces to those of [45, 46]. Its sum via a matrix
tree argument (4.32) reduces to Hodges’ determinant formula [20] following [58].

Lemma 4.2 combined with (4.22) provides an explicit twistorial formula for the n-point,
tree-level graviton MHV amplitude in flat space:

<1 2>6 / d4$ ei(k1+k2)'x (lﬁg‘ H hz D>\’L>

Mx (P1)n—2 =3

, (4.36)

me=0

where an extra factor of (12)% has been reinstated by demanding little group scaling. Each
of the twistor wavefunctions is a momentum eigenstate of the form (4.23). Consequently,

(4.36) is equal to

<1 2>6 / d4$ ei(k1+k2)-1‘

M><(IF*’1)"—2
dS . q L .
£‘7 / as; — 5 )\z) elsi()\i\rh]—&—lsi()\i 1) (A 2)[m; Z]} 7 (437)
A e L
when evaluated on momentum eigenstates. Now, using the fact that
0 1) (A 2) e (4.38)
8m? - 7 (2 1 1y .
when acting on eisihi D 2mid it follows that
12 TT w2 n2) 2 = 1], (4.39)
k#1,2,5
where H is the (n — 2) X (n — 2) matrix whose entries are
5i8j <)\[2])\}>7 P F
Hij = o (4.40)

ik
—8i D poti Sk </\[1- /\]k> A1)
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and |7-l§] is the determinant with the row and column corresponding to graviton j removed.

The n—2 integrations over \$* € P! can be performed against holomorphic delta functions
in the momentum eigenstate representatives, which set s; A\; = k;. The remaining scale
integrals over the s; parameters are also trivially performed against the holomorphic delta

functions in the representatives. The final result is:

o2y 4 4
REIECEE ]‘ / d*z exp Zk x| =0 Zk EIEICEE ‘H] (4.41)
where the (n — 2) x (n — 2) matrix H—called the Hodges matrix—has entries
H'L] <[]]> i 7& .7 € {3 } ’
2 ) (4.42)

Zi) ,>, i€ {3, ,n},
G#i

and |H§| is the determinant of the matrix obtained by removing the j* row and j** column
from it. This is precisely Hodges’ formula for the n-point graviton MHV amplitude [20],
where gravitons 1 and 2 are negative helicity and all others are positive helicity. The fact

that the combination

LT (4.43)
(1)%(24)? ‘
is independent of the choice of positive helicity graviton j follows from the identity
S Hy(17)(25) =0 Vi (4.44)

and properties of determinants.

This provides a first-principles derivation of Hodges’ formula by systematically lift-
ing space-time perturbation theory to twistor space. Calculating the Hodges determinant
reduces the computational complexity of MHV graviton amplitudes from factorial time
(afforded by Feynman diagrams or double copy techniques) to polynomial time. Such re-
markable simplifications typically signify the presence of deep symmetries in our description
of physics. True to such promise, in the next chapter we will uncover an infinite dimensional
symmetry algebra that hides within the dynamics of our twistor sigma models. This will

require us to put on the lens of flat space holography.
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Chapter 5

w11~ and celestial holography

In recent years, there has been a resurgence in the search for holographic dualities in asymp-
totically flat space-times (cf., [12, 61-63] for recent reviews). This program goes by the name
of “celestial holography”. Much of the recent work in this direction has focused on the in-
terplay between asymptotic symmetries and soft particles [64, 65]. For example, at leading
order in the soft momentum, soft gravitons are related to BMS supertranslations via a Ward
identity [66], with many generalizations to subleading orders and other theories (cf., [12]
and references therein). In the past, these have been understood to arise from an interplay
between asymptotic symmetries and twistor /ambitwistor strings [67-69].

In an exciting turn of events, recent studies of soft and collinear limits of flat space
amplitudes [70, 71] have revealed an infinite tower of such soft graviton theorems arising by
working to all orders in the soft expansion [72-75]. For a positive helicity soft graviton, this
infinite tower of soft theorems can be organized into the algebra wii (or more precisely,
the loop algebra of the wedge algebra of wi4+) [76-79]. It is generated by chiral currents

wlp, g](2), with z € CP! and p, q € Z>o, obeying the operator product expansions

pbs —qr

w(p, q)(2) wlr, s](z") ~ p wp+r—1,¢+s—1](%). (5.1)

z—z
It has long been known that the algebra wi o classically describes canonical transforma-
tions of a plane [80, 81]. Over the years, a number of authors have linked the corresponding
loop algebra (5.1) to self-dual gravity via the non-linear graviton construction [82-85] of
deformed twistor spaces for self-dual space-times. As a result, it finds natural links with

flat space holography through the work of Newman and Penrose [39, 40, 86].
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In this chapter, we begin by reviewing the program of celestial holography and the
appearance of wjy o, symmetries. This is followed by a review of how the same symmetries
also govern self-dual GR. Finally, we explain how the celestial realization of wi o arises as

a consequence of the SD GR realization by means of our twistor sigma models.

5.1 Symmetries of celestial CFT

Celestial holography proposes the existence of a 2-dimensional conformal field theory living
on a Riemann sphere that is holographically dual to quantum gravity in asymptotically flat
space-times. In Lorentzian signature, it can be thought of as living on the celestial sphere
at null infinity .# . Hence, it is dubbed a celestial conformal field theory, or CCFT for
short.

According to its conjectural holographic dictionary, a graviton momentum eigenstate in

4d flat space is dual to a local operator in CCFT [12, 87, 88]:
|k, Ry 0)  +—  Op(w,z,2). (5.2)

The subscript ¢ = +2 denotes graviton helicity, and k, = w (1,2), ke = Vw (1,2) are
spinor-helicity variables (defined up to little group scaling as before). In Lorentzian signa-
ture, Z is the complex conjugate of z, and z € C can be identified as a complex coordinate
on the celestial sphere. More generally, it is useful to complexify space-time (or work in
Euclidean signature as in the previous chapters). In this case, we can think of z and Z as
independent complex variables,! and w as a complex scaling that intuitively encodes the
graviton’s “energy”. Such a complexification is helpful in studying the analytic structure
of scattering amplitudes.

Celestial holography posits that graviton amplitudes can be reconstructed as CCFT

correlators of the dual operators,

A(wi,zi,fi) = <H (’)gi(wi,zi,zi)> . (5.3)
=1

This is particularly natural since Lorentz transformations in the bulk act as 2d conformal

LCCFT then lives on an abstract CP! with coordinate z.
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transformations on the celestial coordinates z;, z; and as scalings on w;:

o= ZIZ o= ZIZ W = wi (czi + d)(E + d) (5.4)
for i = 1,...,n and ad — bc = ad — b¢ = 1. The amplitude is Lorentz covariant and
transforms as

A(wi, 2, Z1) ﬁ(czj +d)% (ez 4+ d) A(wi, 2, %) - (5.5)
j=1

This resembles the transformation law of a conformal correlator, up to the non-trivial trans-
formations of the w;’s.?

As in any CFT, the dynamics of celestial CFT are expected to be governed by its
operator product expansions. The OPE limits z;; = z; —2; — 0 or z;; = z; —z; — 0
when two operators Oy, (w;, 2i, 2i), Og;(wj, 25, 2;) approach each other get reflected in the

collinear limits of the corresponding amplitudes [89, 90]. In the limit when two positive

helicity gravitons become collinear, tree amplitudes of general relativity factorize as [45]

A(w1,2’1,21,+; WQ,ZQ,EQ,-F; o )

N (w1 + w2)2 212
wiw 212

w121 + waZo

Al wy + wa, 22,
w1 + wa

+ ) LO() (5.6)

(neglecting factors of the gravitational coupling for brevity’s sake). We can make this

resemble an OPE expansion by Taylor expanding the amplitude on the right in small z;9,

Awi, 21,21, +; wa, 22, Z2,+5 -+ +)

(W1 —|—LL)2 212 wf _ ) 0
~ o Zk.mma Afwn +wy, 29,2, 43 )+ O(y) . (5.7)

Thus, we expect the so-called “celestial OPE” of two positive helicity graviton operators to
be given by (abbreviating O42 by O )
k 1

o0
O+(w1,z1,z1)0+(w2,z2,22 Z w1 +w )k 3 ZfQ _lilo_,_(wl -I-WQ,ZQ,ZQ) (58)
k::

at the leading singular order in z19, where L_; = 05 is a 2d conformal generator.

20On fixing signatures, it is also possible to work with an alternate basis of states where one trades the
energy w for a scaling dimension A that is invariant under conformal transformations [71]. This is called a
conformal basis. To keep our treatment general, we continue to use the momentum eigenbasis in this work.
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Soft gravitons in CCFT. A graviton with non-zero energy |w| > 0 is colloquially known
as a hard graviton. Similarly, one can define soft gravitons by taking residues of hard

gravitons at various orders in the soft limit w — 0 [76],
wp(z,2) = Re(s], WP Oy(w, 2, 2), pE ZL>o. (5.9)
w=

Taking the first graviton in (5.8) soft of order p shows that the OPE between w)(21, Z1) and
an arbitrary hard graviton O (ws, 22, Z2) is a polynomial of degree p in z;. Hence, assuming
that the hard gravitons generate the spectrum of CCFT as an algebra, we can take w)(z, 2)
to be a finite polynomial in z (the notation below follows [14]),
wp(2,2) = Y lel[jlf](z) . (5.10)
k-Hl=p
This gives rise to p + 1 chiral currents w[k,{](z). Taking both gravitons soft in (5.8), one

can derive the OPE between these:

wlk, l](z1) wim,n|(z2) ~ knz;lm wlk+m—1,14+n—1](22). (5.11)

In [77], Strominger recognized this as the loop algebra of the algebra wi .
To be explicit, assume that w(k,[](z) is meromorphic at z = 0 and perform a Laurent

expansion

wlk, () =Y wz[’f;ll]q" . (5.12)

rEL
From the OPE (5.11), it follows that the modes wlk, (], of this current obey the commutation

relations

[wk, 1], wim, n]s] = (kn — Im)w[k + m — 1,1+ n — 1],4,, (5.13)

where the commutator is to be understood in the sense of a 2d CFT. The zero-modes
wlk, l]o form the algebra w4, the algebra of canonical transformations of a 2-plane (to be
discussed shortly). The extra parameter z € P! forms a loop parameter (when restricted to
the equator |z| = 1), so the algebra (5.13) is known as the loop algebra Lwjts. The “1”
in 1+ oo stands for the single current w|0, 0] which is a central element of the algebra.
Since gravity is a key part of holographic dualities, we may expect similar symmetry

algebras to constrain any celestial CF'T. They are commonly referred to as soft graviton sym-
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metries. To really understand why such a hidden symmetry algebra exists in the collinear

behavior of graviton scattering, we once again turn to self-dual GR.

5.2 Symmetries of self-dual GR

Canonical transformations and Lw; ... Let u® = (,u,i, ué) be complex coordinates on

C?, and let {-, -} be the familiar holomorphic Poisson structure

of g 9f @
{f.9} = /‘jg?—f-gi. (5.14)

Elements of the Lie algebra w4+ of holomorphic canonical transformations can be decom-

posed into polynomial Hamiltonians on the u®-plane,
HIk 1) = (u)F (1), ke Zsg. (5.15)
The Poisson bracket acting on these elements gives
{H[k,1],Hlm,n]} = (kn —im) Hk+m — 1,1 +n —1]. (5.16)

This defines the commutation relations of the basis elements H[k,[] of wqieo. Strictly
speaking, since k,[ > 0, this is the wedge subalgebra of w1y .

The loop algebra Lwi s of wiio can be represented by introducing a complex coor-
dinate A € C, where the loop is parametrized by |A\| = 1. Alternatively, A can be viewed
as an affine coordinate on the Riemann sphere S? ~ P!: if A, = (A1, \2) are homogeneous
coordinates on P!, then on the patch where \; # 0 we can identify A = A\y/)\;. With this,

the generators of Lwii~ can be written as

HI[k,1] .
Hlk, Uy = ey g = = A HIk ), (5.17)
1 2

where in the second equality we have chosen a scaling for the homogeneous coordinates in

which A, = (1, ). The Poisson bracket (5.14) gives
{H[k,1],,H[m,n]s} = (kn —im)H[k + m — 1,1 + n — 1],4, (5.18)

which define the Lie bracket of the loop algebra Lwiyoo.
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Realization on twistor space. In section 3.2, we described the non-linear graviton
construction of deformed twistor spaces for self-dual, Ricci-flat 4-manifolds. It provided a
correspondence between SD vacuum metrics and hamiltonians h € Q%! (PT, &(2)) satisfying
the integrability condition 7'= dh + 3 {h, h} = 0.

It is easiest to study the symmetries of this construction in holomorphic coordinates
on the deformed twistor space P.7 generated by h. Due to the presence of a holomorphic
fibration P.7 — P!, the base coordinates A\, = (A1, A2) continue to be holomorphic. Cover

P = Uy U Uy by open sets
Uy = {\ # 0}, Us = { X2 # 0}. (5.19)

Let w® = w*(Z) and &* = ©@%(Z) denote holomorphic coordinates on the fibers of P.7 — P!
contained in U; and Us respectively. They are determined by solving

U : 0w + {h,w*} =0,

o . (5.20)

Uy : 0w +{h,0%} =0,
subject to the requirements that w® be holomorphic in Ao /A1 and &% in \p /A2. Alternatively,
the data contained in h can be repackaged into holomorphic patching functions relating w®
with ©*. This was the original approach taken by Penrose in [39].

Any patching functions between w® and @ also need to be constrained by further
given data on P.7. Recall from the discussion in section 3.2 that the data of a (2,0)-form
¥ = 0% A g satisfying d¥ = 0 mod DX on P.7 encodes the data of SD vacuum metrics on
space-time. By Darboux’s theorem (by refining our cover if needed), we can choose w® and

&% such that ¥ is in standard form on both patches,

U - Y = dw® A dwg ,
(5.21)
U, Y =do* Addy .

On the overlap Uy NUs, equality of the two expressions demands that the patching function

be a canonical transformation on each fiber. Infinitesimally, such a canonical transformation

is given by
Ix
80)@

0% = w4+ +0(x?), (5.22)
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where x(Z) € Q%(Uy N Us, €0(2)) is a Hamiltonian that is holomorphic in w®, A, on the
overlap.
Holomorphicity on U; N Uy implies that y can be Taylor expanded in w® and Laurent

expanded in A,:

(wh)¥ (w?)!
X, A) =D D ek =t (5.23)
k,I>0reZ 1 2

Here, N27F=1=m )1 (wi)k (wé)l are just the generators (5.17) of Lwiyoo with p® replaced
by the holomorphic coordinates w®. Thus, the patching function x is an element of the
Lie algebra Lwiyo of canonical transformations parametrized by A\, and preserving the
symplectic form dw® A dwg on each fiber. This description of SD GR admits a natural

adjoint action of Lwqyoo:
x={x,.H}, H e Luiieo - (5.24)

On space-time, this action maps SD vacuum metrics to new SD vacuum metrics and de-
scends to the famous infinite dimensional Lwi o, symmetry of self-dual GR.

In linear theory around PPT, it is standard to view x as an element of the Cech coholomogy
group H'(PT, ¢(2)) [91]. On Uy N Uy, any such y can be expanded on the basis of Lw
generators H[k, ], given in (5.17) in the background holomorphic coordinates p®. Using
the Cech-Dolbeault isomorphism, we can associate every x € H'(PT,£(2)) to a linear
perturbation h € H%'(PT, 0(2)) of the complex structure. In general, this is done by
choosing a partition of unity p; + p2 = 1 subordinate to the cover {U;,Us} and defining
a pair of smooth functions x2 = p1x € QY(Usz, 0(2)) and x1 = —p2x € Q°(U, O(2)).
Assuming that p1, po are supported within Uy, Us respectively, these are well-defined even
though x is only defined on U; N Us. Since x = x2 — X1 is holomorphic, we observe
that dx1 = Ox2 on the overlap. Hence, the Jy; patch together to give a smooth element
h € HOY(PT, 0(2)),

h=p1 5)(1 + p2 5){2 . (5.25)

(Around a non-trivial background h, one would replace dx; by dx; + {h,x:}.) Note that
this is not necessarily globally exact. In this way, we can express elements of Lwi4oo in our

Dolbeault framework. This allows us to make direct contact with soft graviton symmetries.
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Soft gravitons in SD GR. In section 5.1, we saw that soft graviton currents wy(z, )
act as generating functions for the basis wl[k, {], of the celestial realization of Lwi.. Here,
we repeat a similar analysis for soft graviton representatives on twistor space.

We start with the momentum eigenstate twistor representative

h(Z):/C 0 52(io ¢ — s ) eVt

83
(5.26)
Z wp 2 [P ba—p((XC))

0

where koq = w (o CNQ with ¢, = (1, 2), ¢4 = (1, 2), and we have introduced the notation

s - m—+1 B
Sm((AK)) ::/SSH 6% (k—s\) = <A1> S((\K)) (5.27)

K1
for a delta function of weight m in A\, and —m — 2 in K.
An order p soft graviton is defined to be the coefficient of wP~2 in this Taylor expansion.
This is picked by the same residue prescription (5.9) that we used for celestial operators,

o(2) = Reg & 7 1(Z) = (17 By (AC)). (5.28)

w=0
Substituting [u (] = ,ui + Zug, we can expand this as a polynomial in Zz,

hp(Z) =) Zhlk0(Z) (5.29)

k!
k-+l=p

hik, 1)(Z) = i Hk, 1] 62-k-1((XC)) (5.30)

where HIk,l] = (ui)k (,u,g)l are the w14~ Hamiltonians introduced before.

Working in the patch A; # 0, we can use 9|p1 (A () ™! = 2w §((A¢)) to express (5.30) as

jk+l
k. 1(7) = 5 0 (W ngé;]) (5.31)

This expresses the soft graviton hlk, 1] = Ox|k, ] as an Lwy  transformation generated by

the Hamiltonian
1 i HIk
27‘(‘1 )\k+l 3 )\2 Z)\l ’

X[k, [)(Z) =

(5.32)

having used (A() = A2 — zA;. It is useful to reiterate that h[k,[] is not globally exact, as

this Hamiltonian is singular at (A () = 0. Strictly speaking, we are working with the sheaf
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of distributional (0, 1)-forms. Next, we can expand x[k,[] in z,

7)1 jk+l , L=l ’ 2|,
R I(Z) = (271) 7 3 T HR 1] A2/ A1| > |2 (5.33)

—(2m) 7 Yo i HE, Uy 27 A2/ M| < |zl
with coefficients being the loop algebra generators (5.17). We conclude that the soft graviton
twistor representative acts as a generating function of the Lwio, Hamiltonians Hk,I],.
Soft gravitons seem to be playing similar roles in the celestial and twistorial stories. Are

these stories related to each other? Yes!

5.3 From twistorial to celestial w,

We will now use twistor sigma models to make precise contact between the celestial and
twistorial incarnations of Lwii.. To do this, recall the vertex operator (4.28) associated

to a momentum eigenstate with twistor representative (5.26),

) 1 [ hlyDx
14 =V, = 5.34
(UJ, 2 Z) h omih /I[Dl )\% )\% ) ( )

whose connected, tree-level correlators gave rise to MHV graviton amplitudes in lemma
4.2. Here, we have introduced a formal loop counting parameter i that will be useful when
truncating to ‘tree-level” sigma model OPEs. Since the soft graviton representatives hlk, (]

only depend on the parameter z € P!, we denote the soft graviton vertex operators by

L[ hlk, Dy DA
VIR = Vigen = 57 | [ Xf”;”% (5.35)

We now postulate the dictionary

V(w,z,2) +— 0Oi(w,z,2),
(5.36)
VIk, 1) (z) <+— wlk,l](z)

between operators in twistor sigma models and operators in CCFT. In lemma 4.1, we ex-
plained how connected, tree-level correlators of n—2 vertex operators V (wj, z;, Z;) computed
the n-graviton MHV tree-amplitude. Below, we show that the (tree-level) sigma model OPE

of the operators on the left will reproduce the celestial OPE of those on the right. In this
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sense, twistor sigma models can potentially capture the self-dual (positive helicity) subsector

of CCFT.

OPE of soft gravitons. Let us work in the affine patch (A1, A\2) = (1, ). To streamline
our OPE computations, we define new fields z%(\) in our sigma models by the natural

expressions

¥\ = y* +FAGE+mE(N), (5.37)

where we are suppressing the space-time dependence of the fields. These are governed by

the free theory given by the h = 0 sigma model,

1 [ dAAd
Sheolm] = — o /P LD g, (5.38)

now written in our affine chart using DA = AodA; — A1dAo = —dA. As a result, they obey

the free-field OPE _
) R AN aB
PN @B () ~ 2rik ﬁ , (5.39)

with the factor of A X' arising from the boundary conditions m®(\) = 0 at A = 0, cc.

The soft graviton vertex operators can be explicitly evaluated to yield

VIR UG =~ [ 53 A0 2 4l ()F k2

1 ik+l—2

= omih 22

(5.40)

HIk,1)(2),

where the w1+, Hamiltonian H[k,[] = (,ui)k (ué)l is now viewed as a composite field in our
sigma model. Remarkably, the charges have turned into local operators in the sigma model.
Since the delta function has set A = z, one says that the sigma model Riemann sphere has
been “pinned” to the celestial sphere.

Computing the OPE of two soft graviton vertex operators using (5.39), and retaining

only the single contraction (i.e., tree-level) term, we find

1 iktman=d Lk 1), Hm,n)}H(w)

VIR, (2) Vim,nl(w) ~ 5 — —

+ O(RY), (5.41)

having approximated zw ~ w?. Applying the Poisson bracket relations (5.16) yields

Vi, 1(2) Vim, nl(w) ~ = Ul om — 1,040 — 1)(w) + O(R0). (5.42)

Z—w
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As anticipated, to leading order in A, this soft graviton sigma model OPE is isomorphic to
the corresponding celestial OPE (5.11). Inserting this in tree-level sigma model correlators
yields the corresponding collinear limits of positive helicity soft gravitons. This brings us
full circle, proving that the Lwiioo symmetries observed in gravitational collinear limits

and their dual celestial OPEs originate from the symmetries of SD GR.

OPE of hard gravitons. We can also derive the hard graviton celestial OPE (5.8) from
the OPE of momentum eigenstate vertex operators.
Just as for a soft graviton, the integrals in the hard graviton vertex operator can be

explicitly evaluated:

1 d\ ds - - ~ 7
V(w2 5) = —— / A ds s o = 8) Bz — 5 A) eVl
27T1h Pl xC* )\2 33 (5 43)
11 - - '
=57 T3 P [lwp! (2) +iwzp?(2)],
where (; = (1, 2) as before. Computing the OPE by applying (5.39) gives us
V(wt, 21, 21) V(w2, 22, 22)
1 1 1 : 1y, 5,2 . i, . - 3
~ oy m o {exp[lwl,u + w1 Z1 } , exp[lwgu + iwe Zo ]}(22) (5.44)

1 1 212 . i o s
2mih wi wo 22 212 exp[i(wr + wa)p' (22) + i(wiz1 + waZza)p’(22))

~

to leading order in h and z12. The right hand side is recognized to be another momentum

eigenstate vertex operator,

2 —
w1 +w2)” Z12
(w1t wa)” 212 V| wy 4 wa, 29,
wiws 212

V(wt, 21, 21) V(wa, 22, 22) ~

wiz1 + w2§2> (5.45)

w1 + w2
Expanding this in small Z15 reproduces (5.8). Equivalently, plugging (5.45) into sigma model

correlators reproduces the collinear expansion (5.6) of graviton scattering.

With these calculations, we hope to have given the reader a flavor of the emerging
connections between twistor theory and celestial holography. Admittedly, the investigations
of this chapter are in early stages, leading to many possible avenues of future work. Some

of the most pressing questions are the following;:

e Can we use the ingredients of twistor sigma models to build a concrete example of
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celestial CFT for self-dual gravity?

e How do we move beyond self-duality and take negative helicity graviton operators

into account?

e Does Lwi oo survive as a symmetry of full celestial CFT on going beyond the self-dual

sector?

The current expectation is that an answer to the first question will emerge from studying
holographic dualities for twistor string theories, wherein our twistor sigma models could act
as building blocks of D1-brane worldvolume theories on PT. A partial answer to the second
question was provided in [1] in the form of a prescription to construct NFMHV graviton
amplitudes from sigma models governing higher degree rational curves in PT. Similarly, a
preliminary investigation of the third question was performed in [78] on the CCFT side,

and in [4] on the twistor theory side.
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Chapter 6

Twistors for SD radiative
space-times

Despite the perturbative non-linearity of the Einstein-Hilbert action [92-95], the scattering
amplitudes of general relativity (GR) and supergravity (SUGRA) in Minkowski space-time
are surprisingly simple. At tree-level, this is beautifully reflected in our running example
of MHV amplitudes. In fact, there are now remarkably compact formulae for the entire
tree-level S-matrix of GR in flat space which are totally divorced from the usual perspective
of space-time Feynman rules [18, 96].

Given these remarkable achievements, it is natural to ask if analogous results can be
found for gravitational scattering amplitudes in curved space-times. Of course, in a generic
space-time the S-matrix will not exist due to particle creation effects by event horizons or
singularities (cf., [97, 98]) or because the space-time is not asymptotically flat. But one
can always consider scattering at large distances (i.e., probing weakly curved regions far
from horizons) or the natural analogues of scattering amplitudes in asymptotically (anti-)de
Sitter space-times (i.e., boundary correlation functions [99] or in-in correlators [100, 101]).

There are two broad reasons for being interested in such observables. The first is practi-
cal: they capture non-linear strong field effects which are invisible in Minkowski space and
physically relevant (e.g., time-delay, the memory effect, tails, pair production). Their im-
portance ranges from gravitational non-gaussianities in early universe cosmology [102, 103]
to encoding infinite resummations of small momentum-transfer scattering in flat space [104—
106]. The second reason is conceptual: scattering amplitudes in curved backgrounds are a

theoretical playground where perturbative and non-perturbative physics meet. They test
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the robustness of on-shell techniques developed in Minkowski space, many of which simply
break down in the presence of space-time curvature. For instance, in a generic space-time,
momentum space Feynman rules and unitarity techniques fail, as Fourier transforms are
obstructed by the background curvature and even tree-level scattering amplitudes are not
rational functions of the kinematic data.

This tension between the importance and difficulty of computing scattering amplitudes
in curved space-times means that, although they are often studied, nothing close to the
all-multiplicity formulae available at tree-level in Minkowski space exists in even the sim-
plest cases. For instance, state-of-the-art for tree-level graviton scattering in plane wave
space-times is 3-points [107], while in AdS backgrounds—where CFT methods in the dual
boundary theory can be used—it is 4-points (cf., [L08-112]), with the exception of a partic-
ular R-symmetry sector of supergravity in AdSs x S°, where it is 5-points [113]'. The gap
between these low-point examples and the entire tree-level graviton S-matrix is profound
and begs the question: is graviton scattering in curved space-time so complicated that we

simply cannot hope to recover all-multiplicity results?

Over the course of this chapter and the next, we study tree-level graviton scattering in
a large class of four-dimensional, (almost everywhere) asymptotically flat self-dual vacuum
space-times. These space-times have a self-dual Weyl tensor determined by characteristic
data which is a free function of three variables; as such, we refer to them as self-dual
radiative space-times. The functional degrees of freedom in the curvature of such space-
times means that there is no hope of obtaining high-multiplicity scattering amplitudes
using standard space-time perturbation theory. But as we saw in chapter 4, self-duality
allows us to reformulate the perturbative expansion using twistor theory. Using twistor
sigma models, we will derive an all-multiplicity expression for the tree-level MHV graviton
amplitude on any self-dual radiative space-time. As an extension to the discussion in this
thesis, we have also provided a conjecture for the tree-level graviton S-matrix in non-MHV

helicity configurations on self-dual radiative space-times in [6].

!There are some results in AdS which are not generic graviton boundary correlators but are nevertheless
all-multiplicity. These include ‘maximal U(1)-violating’ correlators of components of the graviton multiplet
in type IIB string theory on AdSs [114, 115], and integral kernels for the bulk dynamics of gravity in
AdS4 [1, 60, 116]. The latter do not explicitly encode boundary contributions to the AdS amplitudes and
their relationship to position or momentum space expressions is obscure.
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6.1 SD radiative space-times

A four-dimensional Lorentzian, vacuum space-time (M, g) is purely radiative if it is asymp-
totically flat with a smooth, topologically R x S? past or future null infinity (.~ or #71),
and is completely determined by characteristic free data on .#* which obeys suitable reg-
ularity assumptions [117-119]. In other words, .#¥ is a good final/initial data surface for
the Cauchy problem of radiative space-times. This characteristic data is composed of two
functions at .#*, encoded by the leading piece of the Weyl tensor in the asymptotic peeling
expansion, which correspond to the self-dual and anti-self-dual degrees of freedom in the
radiative gravitational field.

In this section, we review the definition of self-dual radiative space-times. They are
obtained by complexifying the data and .#* and setting one of the characteristic functions
to zero while keeping the other non-zero. Their twistor spaces can be constructed directly

from the non-zero half of such characteristic data [86].

Homogeneous description of .#: An asymptotically flat space-time can be described
in terms of retarded Bondi coordinates (u,7,(,(), where u is retarded Bondi time, r is
a parameter along the outgoing null geodesics of constant-u hypersurfaces and (¢,() are
stereographic coordinates on the celestial sphere. These coordinates are not global on the
celestial sphere, so do not manifest Lorentz-invariance; this is remedied by instead working

with homogeneous Bondi coordinates defined modulo the rescalings [67-69, 120-122]:
(U, 7, Ay Aa) ~ (|b]%u, |b] 727, bAg, BA), Vbe C*. (6.1)

Here «, & are spinor indices of s[(2,C), and the affine coordinates on the celestial sphere

are simply recovered by going to a patch:

91/4
Ao = \/TW (1,Q). (6.2)
Choosing a time-like unit vector t*¢ so that
Yo = TL)\T; + A2 tNara = [ = M? + [A2)?, (6.3)
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packages the Bondi coordinates in terms of spinorial coordinates y®* on M. The choice of
%% is equivalent to a choice of conformal factor [|A||? on the unit sphere (see also section
2.1 of [123] for further discussion).

One advantage of this homogeneous formalism is that notions like spin- and conformal-
weight can be formulated simply in terms of homogeneity under the projective rescalings

(6.1) of the coordinates. There are natural C* line bundles &(p,q) over space-time (or

subsets thereof), whose sections transform as f(|b|?u, |b|=2r, bA,bA) = P09 f(u,r, A, \), and

the usual notions of spin weight (s) and conformal weight (w) correspond to s = 252 and
w = Z’Qﬂ. In other words, spin/conformally-weighted functions correspond to functions

valued in the line bundles &'(p, ¢) in this formalism.

An asymptotically flat metric in Bondi-Sachs gauge admits a large-r expansion in these

coordinates [124-127]:

1 _ —
ds? = (—— — 278 ) qu? + 2dudr — du (56° DA + 50" D))
Al r

2 N ST —2

where DX := (AdA), DX := [Ad)] = D), and 9, 0 are the spin-weighted covariant derivatives

on the sphere [121, 128],

p

o O Ao O

0= el 62—7f,
[IAII> OAa IRSIOW

(6.5)

with 5\(1 = t,%\g = (—)\72, )Tl) being the antipodal map that was previously referred to as

. . . . oy . 0 _0
quaternionic conjugation. The quantities mpg, o°, &

are spin- and conformally-weighted
functions of (u, A, \). In particular, for the line element to be homogeneous of degree zero,
mp must be valued in &(—3,—3), so is a spin-weight 0, conformal-weight —3 quantity; this
is the Bondi mass aspect, which generalizes the Schwarzschild mass parameter for generic
asymptotically flat space-times. Similarly, 6 and &° are valued in €(—3,1) and €(1, —3),
so both have conformal weight —1 and spin-weights —2 and 2, respectively. These are the
asymptotic shear optical scalars of the null hypersurfaces of constant u [124, 129, 130].

The (retarded) time evolution of the mass aspect mp is controlled by ¢ (and its complex

conjugate) through the asymptotic Bianchi identities (cf., [130, 131]).
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Performing a conformal rescaling with conformal factor R = r~! gives
ds?> = —2dudR — DADA+ Ro’DX2 + Ra°DN? + O(RY). (6.6)

The future null conformal boundary .#7 is defined by R — 0, and it is easy to see that

F+ ~ R x S? with degenerate conformal metric (cf., [34, 132-134])
ds? =0 x du? + DADA. (6.7)

The (u, Ao, Ag) provide homogeneous coordinates on .#* viewed as the total space of the
line bundle Ogr(1,1) — P!, whose sections are real-valued functions obeying f(b\,b)\) =
|b]2 f(A, X). The BMS asymptotic symmetry group [125, 135] acts via Mobius transforma-
tions on the P! base and supertranslations v — u + f for any f in Og(1,1), so there is no

preferred choice of origin for the retarded time coordinate.?

Self-dual radiative metrics: The 2-spinor formalism decomposes the Weyl tensor Cpeq

on M into self-dual (SD) and anti-self-dual (ASD) parts as [25]

Cadﬁ/j’»y»‘y&é = \de/o""yt; €af €v6 T Yapys €ap3 €460 (6.8)

with \i/d/g% and W,g,s being its SD and ASD Weyl spinors as seen in (3.7), (3.8). Near

# T, the Weyl spinors exhibit the fall-offs

W = 00.050,05 240G ), W5 = 055050 0+ 00, (69)

where 0,04 = €qqu, the outgoing null vector along constant w.
The coefficient functions t4(u, A, A), ¥4(u, A\, A) of this leading fall-off are known as the

radiation data. They are explicitly given by (cf., [27, 130, 139]):

Py =00, Py =-06", (6.10)

u u

with 14 valued in &(—5,—1) and 14 valued in &(—1,—-5). Thus, the complex shear o

serves as a key ingredient in any definition of the radiative phase space of asymptotically

2This homogeneous framework is closely tied to descriptions of null infinity in terms of Carrollian geom-
etry [136-138].
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flat space-times [125, 140-146]. For instance, the news function
N(u, A\, A) == —9,6° (u, \, ), (6.11)

which takes values in (0, —4) on £, encodes the energy-momentum radiated through
any interval of retarded time on .# through the Bondi mass-loss theorem [125, 141].

To understand why o defines the radiation data through 1y, it is instructive to first
consider the case of a linear perturbation of complexified Minkowski space, M = C*. The
whole of M is easily reconstructed from .# T in terms of light cone cuts: a point x € M is
described at .#* by the cut

U= 2NN, (6.12)

which is the spherical cross section corresponding to the intersection between .# T and the
light cone with apex at x. This means that with suitable globality assumptions, it is easy to
see that a linear gravitational perturbation on M is determined by the radiation data at .+
by means of the Kirchoff-d’Adhémar integral formulae adapted to null infinity [25, 27, 147].

In particular, to linear order, the ASD Weyl spinor is given by the spin-2 field

Vapys(T) = / Aa Ag Ay As DA A DA O (6.13)
Pl

U y=(A|z|N] '
By differentiating under the integral sign, it is easily checked that this solves the linearized
field equation 80‘0"1%575 = 0 on flat space. In this formula, the integral is taken over
the spherical cut of .#* corresponding to z € M defined by (6.12). Conversely, the field
defined by (6.13) is shown to give rise to the radiation data 14 when the field is defined and
differentiable over .# 1 including the vertex i* (i.e., future time-like infinity) [25].

For a generic asymptotically flat solution to the Einstein equations, the outgoing radia-
tion field ¥4 does not specify the full non-linear solution. Indeed, although the evolution of
the mass aspect mp in u is determined by the asymptotic Bianchi identities at .+, there is
a constant of integration as u — oo which encodes source contributions to the metric, such
as a Schwarzschild mass. However, when such source terms are absent, 1»4—and thus *—
does provide good Cauchy data for the Einstein equations with .# T as the characteristic

(final) data surface [117-119].
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Such radiative space-times are therefore singled out by:

Definition 6.1 A radiative four-dimensional space-time is almost everywhere asymptoti-
cally flat and completely characterized by a°, so that mp — 0 at i, the future time-like

mfinity.

By ‘almost everywhere asymptotically flat,” we mean space-times which are singular on
isolated generators of # " but otherwise admit a conformal compactification as usual. This
allows important examples such as (multi-)plane wave space-times to fit into the radiative

class.

In Lorentzian-real signature the SD and ASD parts of the Weyl tensor are related by
complex conjugation; but for complexified metrics, or in Euclidean/split signature, they are

0 — &% which is independent

independent. Thus, for a complexified radiative space-time, &
free data no longer related to ¢ by complex conjugation. The complexified data is viewed
as living on a (partial) complexification of future null infinity, ,/8‘ ~ C x S2, for which
Bondi time u is complex.

A complex vacuum space-time Mc is self-dual (SD) if ¥, = 0 and anti-self-dual

(ASD) if \ija[j’w = 0, and we can now define

Definition 6.2 A self-dual (SD) radiative space-time is a complex radiative space-time?

determined by its radiative data 6°, with o = 0.

Such a space-time is also referred to as an H-space or “Heaven” (the space where good cones
go!) [86, 149, 150]. They are tautologically holographic, with the ‘bulk’ metric determined

‘ =0 +
entirely by the free data " on # .

Example: Self-dual plane wave metrics Several explicit SD radiative space-times
have been constructed in the literature (e.g., [151, 152]), but a key example is provided
by self-dual plane wave (SDPW) metrics. These are SD metrics with a five-dimensional
Heisenberg algebra of Killing vectors, with centre given by a covariantly constant null vec-

tor n®. Due to the necessary presence of such a null vector, such plane wave space-times do

3For precise definitions of asymptotic flatness for complex radiative spacetimes, see [148].

63



not admit Euclidean real slices. Fortunately, our computation of tree level scattering am-
plitudes will be agnostic to signature and these space-times will provide a running example
throughout what follows.

An SDPW metric in spinorial coordinates y®® takes the form
ds® = dy®® dyas + f(y~)dZ?, (6.14)

where we have abbreviated y?® = (Z,y~). In Lorentzian signature, y~ acts as a lightfront
coordinate and f(y~) is a free function thereof. Let us also set y'® = (y*,2). Then
yT,y~, 2,2 provide Einstein-Rosen coordinates on our plane wave space-time.* In these
coordinates, the null vector n*0, = 04 is easily seen to be a covariantly constant Killing
vector.

At this stage, we introduce a spinor dyad o, = 04 = (1,0), tq = g = (0, 1), normalized
so that (o) =1 = [¢d]. In terms of these, introduce a tetrad of 1-forms (i.e., a frame of the
cotangent bundle):

0% = dy®Y + f(y~) o i%dz. (6.15)
The dual tetrad (i.e., frame of the tangent bundle) is given by

0
B ayad

+f(y7) 0ala 9 (6.16)

Cad 0z’
satisfying eBBJOO‘d = 53‘ (52 Dotted and undotted (equivalently, SD and ASD) spinor
bundles can now be set up with respect to this tetrad.

To see that the metric (6.14) is indeed SD, one may compute the ASD and SD spin
connections, finding

Tip=—fiaizdz, Tap=0, (6.17)

respectively, with f := f (y~—). Thus the ASD part of the Riemann curvature 2-form is
Rop = dl'og + 147 ATyg = 0, while the SD part is

Ryp=dl s+ Ta AT s = —fiaizdy” AdZ, (6.18)

4While Einstein-Rosen coordinates are not generally global due to null geodesic focusing in plane wave
space-times [153], these SD examples do not suffer from this issue.
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so that the Weyl curvature of the metric is given by

Uipes = —Flalslsly,  Wagys =0. (6.19)
From now on, we also assume the sandwich condition on our SDPW metrics, meaning
that f, and hence the curvature, is compactly supported in y~. This ensures that the
SDPW metric is asymptotically flat except in the n-direction and admits a well-defined
S-matrix [107, 154].

As the SDPW metric is Kerr-Schild, its SD Weyl curvature tensor is essentially a linear
field on the Minkowski background so the complex conjugate of (6.13) can be used to identify
the radiation data giving rise to (6.19). The corresponding asymptotic data is distributional

in nature:

5001\ —:<0)\>2 u 5 (1L
(u, A, A) DA 5 f<<>\0> [Aé]) 0 ((tA)), (6.20)

with F(y~) = [¥ f(s)ds being an indefinite integral of f. This &° has distributional
support along the generator of . corresponding to (A, ) = (1,7), and the associated news

function is easily seen to be

Nu 3 = L0 f<<)\0 _ ) SN, (6.21)

6.2 Twistors from heaven

For SD radiative space-times, we can build twistor representatives h € Q%! (PT, £'(2)) sat-

isfying the integrability condition
- 1
Tzah—i—i{h,h}:o (6.22)

directly in terms of the asymptotic radiative data [86, 121, 149]. To do so, we define a
projection from the deformed twistor space to ,ﬂg :
p: P — j+7 (Mda /\a) = (u = Maj\én Ay j\éz) . (623)

Then we can solve (6.22) by taking:

h=S(u,\,\)DX, &"=9,5, so  Lo.h=Xs6°DX. (6.24)



Integrability (6.22) follows because h is holomorphic in u® and proportional to DA. This
allows us to define a deformed Dolbeault operator representing the complex structure de-

formation generated by h:
Vi=0+1{h, -} =0-6"DAN*0,. (6.25)

It satisfies ¥V = {T, -} = 0 and maps (0, p)-forms of PT into (0, p)-forms, thus providing a
deformed differential on the complexes Q%*(PT, &'(n)).
Let Y be a rational curve in P.7 with equation u® = F%(y,\). Using the relations

DX =DX = (AN2&° and dp s&° = 1, the PDE (3.33) for holomorphic curves becomes
AHFY+ AN2X6% =0, (6.26)

Y can also be projected to fg by (6.23) to give a curved space analogue of a light cone cut
(6.12), described by the cut function u = Z(y, \) := F¥(y, A\) As. The equation (6.26) can

then be written entirely in terms of data at . and the “edth” operators (6.5),
0’2 =¢6", (6.27)

which is Newman’s good cut equation written [86, 121, 149].

The moduli space of solutions of (6.26) or (6.27) has coordinates y®® and acts as our
complexified SD radiative space-time Mc¢. If available, we can restrict to Euclidean real
slices M C Mg by finding an involution on P.7 as in the last point of theorem 3.1. This
imposes reality conditions on y®®. But as we are working perturbatively around flat space
and complex analytically in y®%, we will be able to stay agnostic about these and work on

any real slice M. This will be useful in our running example of (2,2) signature SD plane

wave backgrounds.

Reconstruction of the half-flat metric on M: Under our assumptions, standard theo-
rems of Kodaira [155, 156] guarantee the existence of solutions F% of (6.26) — or equivalently,
of solutions Z to (6.27) — parametrized by y € M. For the benefit of the reader, we now

summarize the construction of the space-time metric from h.
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To reconstruct the SD radiative metric on M from P.7, observe that the vector field
o — (ANZX 600, , (6.28)

is anti-holomorphic in the deformed complex structure associated to V. This vector field
annihilates the differential forms e + &° DAY, so these two 1-forms along with D\ span

QLOY(P.7). This allows us to construct a holomorphic 2-form ¥ € Q?>9(P.7, 0(2)) as
Y= (e¥4+ " ADN) A (eq + 6% A D). (6.29)

As seen in the more general context of (3.23), d¥ = 0 mod DA because the complex
structure deformation is hamiltonian. Following (3.36), we also see that such a closed 2-
form is holomorphic along the curves Y for every y € M. Liouville’s theorem then implies
that it gives rise to a basis of ASD 2-forms X%%(y) over M.

Setting u% = F%(y, \) and using (3.33), we obtain the pullback of ¥ to M x P!

Py =d,F*Ad,Fs  mod DA
' (6.30)
=X g X% (y)  mod DX,

where d, = dy® Jyaa denotes the exterior derivative on M x P! along M. By construction,

»(@# A 379 = 0. This implies the existence of a tetrad 8% on M for which [43]
o — 9 p 65, . (6.31)

The SD radiative metric on M is recovered as ds? = 8% 0,4. Self-duality and Ricci-flatness

follow as a consequence of d¥*# = 0. To solve (6.30), the 1-form d,F% must be of the form
dyF (5, ) = HY 55, ) 07 (1)) Ao (6.32)

with Hé‘B(y, A) € SL(2,C). The latter provides a holomorphic trivialization of the dotted

spinor bundle over the curve Y. The computation in (3.41) shows that it satisfies the PDE
OoHY 5 — N(Z, A\, ) A* A HT 5 = 0 (6.33)

on SD radiative backgrounds, where N(Z, \,)) is the (complexified) news tensor (6.11)

evaluated on the good cut u = Z(y, A\, \).
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Due to (6.32), the SD vacuum equations admit a particularly clean Lax description on

such space-times. Let eqq be the dual tetrad to 8%, Then (6.32) is equivalent to

Mo HY = e 5 0d,F* = e sF*, (6.34)

which gives the Lax description

A eqaF? = 0. (6.35)

Integrability [A* eqq, B eﬁﬁ-] = 0 of the Lax pair A% e,q is equivalent to the vacuum self-

duality equations on M.

6.3 Gravitational perturbations

We saw in section 4.1 that metric perturbations hg,(y) on SD vacuum space-times M are
called positive helicity if their ASD Weyl spinor perturbation vanishes: ¢,g,5 = 0. On the
other hand, there is no invariant definition of negative helicity perturbations: these were
defined by quotienting out the positive helicity perturbations from the space of all solutions
of the linearized field equations.

As a consequence of the field equations and Bianchi identity, a negative helicity graviton
can be characterized by eo‘dwamg = 0. This is the generalization of the free-field equation
(2.26) to helicity —2 fields on space-times with zero ASD spin connection. The Penrose

transform encodes such linearized fields on M through cohomology on P.7 [91, 157]:
H" (PT,0(—6)) =~ {hay on M |e*pag,5 =0} . (6.36)

When P.7 is modeled by a deformation d +— V = 9+ {h, -} of the complex structure of PT,
this cohomology can be computed as the V-cohomology of the complex Q%*(PT, &(—6)).

Given some h € H¥'(P.7,0(—6)), the field on M is recovered from the integral formula

Yaprs(y) = /YDA AXaAg Ay As hly - (6.37)

Such Penrose transforms are natural generalizations of their flat space cousins discussed in
section 2.3, developed in the general setting of arbitrary self-dual 4-manifolds in [30, 157].

On SD radiative space-times, we will be concerned with the special case when h has
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no & components: h = hoe". In particular, we can set hly = hgly & in (6.37). Since the

background h given by (6.24) has no % component either, one can easily compute
Vh = 85ho e N&® =0 = dahg = 0. (6.38)

In complex coordinates, 95 = (A 5\> d/0f%; so ho depends holomorphically on p®. Then the

Lax description (6.35) tells us that
A eqa(holy) = A% eacF” (9350)ly = 0. (6.39)

It follows that (6.37) solves the linear field equation €*%t,5,5 = 0. The further requirement
that tag5 arises from an on-shell metric perturbation imposes extra conditions which

generically obstruct setting @E ;5 = 0 due to the SD background curvature. That is,

&by
setting the linearized SD Weyl spinor to zero is inconsistent with diffeomorphism invariance
(cf., [24]). We also remark that for Dolbeault representatives of the form h = hg&°, (6.37)
reduces to the Kirchoff-d’Adhémar formula (6.13) on flat space [158]. This is achieved with
the identification 9,14 DA = h.

For positive helicity, the corresponding massless fields can only be constructed through
a potential-modulo-gauge description. In particular, at spin 2 we can simply perturb the

nonlinear graviton construction. The Penrose transform [91, 157] for a positive helicity

graviton (with suitable analyticity) is
HOYPT,0(2)) ~ {hay on M |ap5 =0} . (6.40)

This can similarly be modeled by the ¥V cohomology of Q¥*(PT, &(2)).

For our purposes, again consider a representative h = hge? € Q®Y(PT, 0(2)). It is
V-closed if and only if hg is holomorphic in p®. On restriction to a rational curve Y,
hly € H%(PL, 0(2)) because |yhly = do(holy)e® A & = 0. But this cohomology group

vanishes, so hly must be J]y-exact:
h‘Y = 5|Yj(y7 )‘) , lLe., hO|Y = 50](?/’ )‘) ’ (641)

for some function j(y, \) homogeneous of degree 2 in \,. Since hg was holomorphic in p?, it

follows that A“eqa(holy) = 0 using (6.35). Substituting for hg|y from (6.41), this condition
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leads to |y (A\“eqsj) = 0. That is, A%e,qj is globally holomorphic in Ay, so
)\aeadj (ya )‘) = i)‘a)‘ﬁ)"y Paapy (y) ) (642)

for some function ¢4q8, on M which is symmetric in its undotted indices. This is a potential

for a metric perturbation hgp, [34]:

haass = V7 (§Pa)asy » (6.43)

where V = e 4 T is the Levi-Civita connection on M. It is straightforward to confirm that
the linearized ASD Weyl spinor 1,35 associated to the metric perturbation (6.43) vanishes,

and thus hgy, defines a positive helicity graviton.

Momentum eigenstates: By virtue of their asymptotic flatness, we can consider gravi-
ton perturbations on SD radiative metrics which have asymptotic on-shell momentum kq<g
at - . Although there is no notion of translation symmetry on a generic SD radiative
background, we will continue to refer to such states as “momentum eigenstates”. Explicit
representatives for these can be built using twistor representatives that are functionally
identical to those on Minkowski space, thanks to the form of the twistor complex structure

for SD radiative space-times. For a positive helicity graviton, the representative

h= / d—; 5%(k — s \) eIl (6.44)
(C* S

is V-closed as it is a multiple of €® and holomorphic in u®. Restricting to a twistor curve

Y C PT gives

—~

CEN? . eid)_L* €exn? ol
iy = (s SO ¢ = 50 (it ) (6:45)

—~

where £, is an arbitrary fixed reference spinor used to integrate out s in (6.44) against one

of the delta functions, setting s = (£ k)/(£ A). The function ¢(y) is defined by

o(y) == [F(y, k) ] = F*(y, k) a , (6.46)
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and it follows from (6.34) that this solves the Hamilton-Jacobi equation:
9" Dt Doy = 0, (6.47)

with g? the inverse metric on M defined by the dual tetrad.

Comparing (6.45) with (6.41) yields

3 .
i \) = % m it | (6.48)

To descend to space-time via (6.42), define the background-dressed momentum Ky,4 =

€aa®, for which

Kaoa(y) = eadFﬂ(y, K) /%B = ko K& (y), where f(a(y) = F{B HBd(y, K), (6.49)

having used (6.34). In other words, the holomorphic frame H® ; serves to dress the dotted
components of the graviton momentum as it traverses the SD radiative background. The

potential on M associated with (6.48) is easily seen to be

« kd i
PaaBy = i Effﬁi;:g € ¢ ) (650)

from which the positive helicity graviton perturbation follows via (6.43):

h(+) ~"Y(

acss = € @Phapy ~ T (@7 g) Piasy (6.51)

where fd = fa By 0”7 is the background SD spin connection

For a negative helicity graviton, the representative

h= ds s° 62(k — s \) SlLFL (6.52)
(C*

is V-closed and valued in &(—6). Feeding this into (6.37) immediately gives

¢a,3’y§ = Ra kg Ky K§ ei¢ ) (653)

which is easily seen to obey eo‘d‘waﬁws = (0. Note that this differs from the expression for
the linearized Weyl curvature of a negative helicity graviton on Minkowski space only by
the substitution e*¥ — ¢¢); this is an expected consequence of the self-duality of the

background.
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Example: SDPWs The twistor construction of SDPW metrics was one of the first
examples of the non-linear graviton construction [159-161]; our presentation differs from
those in the literature by making use of a Dolbeault (rather than Cech) framework. The

complex structure V = d + {h, -} is defined by

h— 2mi /C gﬁ(b—sx)y(s[uq), where F(y~) = /y Fe)dt,  (654)

and F(y~) = [Y f(t)dt is the first antiderivative of f(y~). Observing that

(oN)?
N

Lohly =9y ( i f(y)) : (6.55)

it follows from (3.33) that the holomorphic curves in P.7 are given by

& & ac (O)‘>2 ~O -
Y: p*=F(y,\) =y )\a+<b)\>L]-"(y). (6.56)

With the SDPW tetrad (6.15), equation (6.32) produces the associated holomorphic frame
He 3 for the SD spin bundle:

(o)
(L)

H5(y,A) = 65 — =5 fly™) %5 (6.57)

It is easy to confirm that this H% ; satisfies (6.34).

The solution to the Hamilton-Jacobi equations on a SDPW metric associated with in-

coming asymptotic momentum kqkg is thus
2

oly) =k-y+ L F(y~) = (slylr] +

iy Fly™), (6.58)

with the momenta parametrized in lightfront coordinates k, = (k_, k, l;’, k+). In fact, this is
the SD truncation of the solution to the Hamilton-Jacobi equation on a general plane wave
space-time [162, 163]. The null Killing vector n®® = 127 of the SDPW metric enables us
to impose lightfront gauge on graviton perturbations of both helicities. Applying (6.57) to
(6.51) gives the positive helicity graviton

h((;;)ﬁﬂ. = éa/i@ (i{d K, if<[i:]>zd zB) e'? (6.59)

where choosing the reference spinor £, = t, imposes lightfront gauge, and the dressed
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graviton momentum is

Kaa(y™) =ka Ka(y™),  Ka=Fa— W Ia - (6.60)

The explicit ‘tail’ term in h((lz), proportional to f , is a result of the failure of Huygens’

principle in the non-linear SD background [164].
For negative helicity gravitons, the lightfront gauge condition is precisely what is re-
quired to consistently set the associated linearized SD Weyl spinor 1[1 s 1O Zero. In par-

ticular, the negative helicity graviton associated with (6.53) is given by

(<) _ FRakp

— L. el?
0iBf = A lalze'?. (6.61)

The combined de Donder-lightfront gauge is the only one in which it is possible to make
this identification of the negative helicity graviton at metric level.

Having computed the twistor spaces of SD radiative space-times and twistor represen-
tatives of graviton states thereon, we finally come to computing some amplitudes on curved

space-times!
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Chapter 7

Graviton scattering in SD radiative
space-times

Our description of the non-linear graviton construction in theorem 3.1 was perturbative in
nature. We computed the curved twistor space P.7 associated to an SD vacuum space-time
M as a deformation of ‘flat’ twistor space PT = &(1) @ €&(1). In this sense, PT acted
as our background twistor space. We could instead decide to use a given curved twistor
space P.7 with representative h as our background. This will allow us to study SD vacuum
space-times M obtained from perturbing the metric of M as perturbations h — h+ h, with

h € Q%Y(PT, 0(2)) satisfying the background-coupled integrability equation
— 1
T:Vh+§{h,h}20. (7.1)

This is obtained by perturbing the integrability condition T = dh + % {h,h} = 0 for the
background, and expressing anti-holomorphic derivatives in terms of the deformed Dolbeault
operator Vh = Oh + {h, h}.

In this chapter, we will construct hyperkahler metrics on perturbations M of SD radia-
tive space-times, starting from data h satisfying 7" = 0. To do this, we will explain how
to expand our twistor sigma models around the background twistor representative h of an
SD radiative space-time. Equations of motion of the resulting models govern deformations
of holomorphic curves in the associated background twistor space P.7. In this sense, we
will call them background-coupled twistor sigma models. Subsequently, these will be used
to compute tree-level graviton MHV amplitudes on SD radiative space-times. We will also

illustrate the resulting formulae in the example of SD plane wave space-times.
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7.1 Background-coupled sigma models

Let M possess an SD vacuum metric gg with tetrad 98@ Let P.7 denote the corresponding
twistor space. As usual, we will stay agnostic about space-time signature. To simplify calcu-
lations, we will restrict attention to the class of backgrounds whose twistor representatives

h only have an €° o« DA component,
h=hoe € QUYPT, 0(2)). (7.2)

In particular, this covers the twistor representatives (6.24) of all SD radiative space-times.

Integrability T = 0h + % {h,h} = 0 then reduces to holomorphicity in u%,
daho =0 = ho = ho(i, A, \). (7.3)

Note that hg is still allowed to have antiholomorphic dependence in A.

Now perturb gy to g = go + dg such that g also satisfies the fully non-linear SD vacuum
equations. Denote the corresponding space-time by M (of course, we have only deformed
the metric; the underlying smooth manifold of M is the same as that of M). Its twistor
representative is a linear perturbation h + h for some €'(2)-valued h satisfying (7.1). The

(1,0)-forms of the deformed twistor complex structure read
0% = 05 + Lyah, (7.4)

where 0§ = e® + Lyah are now the background (1,0)-forms.
Let y®® denote coordinates on M, which we continue to use over M. Denote the

background holomorphic curves by Y : u® = F¥(y, ). Recall from (3.33) that they satisfy
OoF% + 8o 5 Loah|y, = 0. (7.5)
Turning on h deforms the background curves Y to new curves
Yoo pt=FYy,N) = FyA) +mf(y,A). (7.6)
Demanding dy 1 (9%|y) = 0 shows that these satisfy a perturbed version of (3.44),
D F% + 8y Lys(h+h)|y =0 (7.7)
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Substituted for F® from (7.6) and 9pF% from (7.5) gives us a PDE for the perturbation m?®,
50md+50_|(£aa'h‘y+ﬁaah‘y—ﬁaah‘Y) =0. (7.8)

We can also make this more explicit by substituting Lg. h = dzhg €°.
Pick a spinor basis x{', £§ with normalization (12) = —1. Use it to define homogeneous

coordinates on P! and complex coordinates on M by
Ao =Mk +Xakna, Y =Fy k), Y=y R). (7.9)

Let D be the divisor {A\;A2 = 0} C PT. To solve (7.8), we will again impose the boundary
conditions

m(y, \) = Mm% (y, \) € Q¥Y(PT, 6(1)(-D)) (7.10)

&

for some smooth &(—1)-valued functions m®. That is, F%(y, k1) = y%, F%(y, ko) = §%.

We can easily write a sigma model governing such holomorphic rational maps,

1 DA (1. - .
Sh,h[m](y) = 27_[_1/IP>1 W AN <2[ 8m] +h‘Y + h‘Y — h‘Y —ﬁ@dh‘Ym ) N (711)

where 0 = O|p1 as usual in such actions. As h — 0, this reduces to the original twistor

sigma model action (3.49). A calculation analogous to the derivation of (3.55) shows that

the equation of motion of m® reproduces (7.8) as long as h satisfies the boundary conditions
h e QYY(PT, 0(2)(-2D)). (7.12)

Meanwhile, the term h|y seems superfluous as it does not depend on the field m®. But a
Taylor expansion around the background curves shows that

hly — hly — La,hly, m® = (holy — holy — dahol, m®) &°

1. _ o (7.13)
— Z = m® e em® 9, - a, holy & ~ O(m®m?),

— P
ensuring that the Lagrangian is non-singular at A\ = k1, k2. Finally, just as in (3.61), the
equation of motion of 7m® imposes that the projection of T' = tht% {h,h} along Y vanishes.

We will now relate the on-shell action of this background-coupled sigma model with the

space-time metric g = go + dg on M.
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Proposition 7.1 Let h € Q%Y(PT, 0(2)(—2D)) satisfy T = Vh+ 1 {h,h} = 0 as above.
Then it gives rise to an SD vacuum metric
2

PR o
g=go—2— dy*dg”® 7.14
0= 2 o (7.14)

on the deformed space-time M, with the scalar potential ®(y) given by the on-shell action

of our background-coupled twistor sigma model:

(I)(y) = Sh,h[m} (y)’on—shell' (7'15)

Proof: The proof goes through the same steps as theorem 3.2, so we will be brief. In
what follows, let p* and p* denote pullbacks by the maps p : (y,\) — Z4 = (F% \,) and
p:(y,\) = Z4 = (F% \,). A straightforward if tedious calculation shows that the y®

derivative of the on-shell action reduces to

5 1 DA amB _ OFP _ _ OFF
5 Shr (W) | o ahen o /11»1 N2 A2 A <8y0‘ omg oy Omg —mg0 3y°‘) » (716)

having used the equation of motion (7.8) and the integrability conditions 7" = 0, and having

dropped a total derivative term

1 DA =(1 om 0
2mi /IP’l g (2 {m (93/“] "oyt ) (47
by virtue of the boundary conditions (7.10) and (7.12).

Expanding FP =FP4mf and mP = A1 m? shows that (7.16) is also a boundary term,

but one that contributes non-trivially:

o 1 DA - OFf
Tyd Sh:h[me)‘on—sheH = % /]Pl W AN (mﬁ 8y0¢>

1 DA . oFF
= — —— AOQ 5 —— 7.18
2mi P! )\1)\2 (m’B 6y°‘> ( )
o oFP . oFf
g 8yd A=kK2 p ayd A=K1

Recalling from (7.9) the definitions of ¥ and 7%, we see that only the second term survives.

This leaves us with

0

aiyd Sh7h[m](y) }on—shell = _md(y’ ’%1) (719)
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Similarly, one can show that

0
ng Sh,h[m] (y) ‘on—shell = Mg (ya '%2) ’ (7'20)

just as we found for a flat background h = 0 in (3.63).
Next, we substitute m? = A; Ay m? into (7.8) and use the Cauchy kernel of the Dolbeault

operator J|p1 : QO(P, O(—1)) — QYL(P!, &(—1)) to find an integral equation

1 DA A Eaah’y + Eaah|y — ﬁaah|y

& no_ -
w N = =0 L v Ao

(7.21)

This is a perturbed version of (3.46). We can evaluate it at \' = k1 to make (7.19) more

explicit,
0 1 DA
— 5 = —— —— A (Lyah Lashly — Laah 7.22
s S0 o = =5 [ 5oy A (Conhly + Lonhly = Louhly) . (7.22)
having remembered (1) = —\9. Staying steadfast on the course, we can compute its ng

derivative (or carefully recycle the result (3.68)) to find the simple final expression

1 DAAEY [ O - 0 -
= - | — 1) *d0s, — — 10, *dBpg, 7.23
27Ti/y YD [agﬂJ 0P agBJ 0P ( )

9 Sh,n[m](y)
Oy*oyP

on-shell
where the deformed and undeformed (1,0)-forms 6%, 65 are related by equation (7.4). In
finding this, we have again dropped a boundary term containing h.

In section 3.2, we proved that if the complex structure deformations are integrable, then
the (1,0)-forms on twistor space descend to the tetrad on space-time, up to an SL(2,C)-
valued spin frame defined by (3.39). In our case, we denote the background spin frame by
He i and the perturbed one by H® i Then we find the undeformed and deformed versions
of (3.39),

P05 = H; 036007 mod DA,
. (7.24)
p*0* = H%; 256"  mod DA.
Here, 03 = e+ Lyah = Ao dz®® + 0% &". Since we demand 9y 1 p*65 = 0 as the definition
of p*, the & components in p*f get cancelled and we are left with only a space-time
component in p*98‘,

P03 = Ao dyz®® = d, F4(y, \). (7.25)
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Evaluating this at A = k1, k2 and comparing with the first equation in (7.24) shows that

0" = —Ha’(y,r) dy®, 637 = —Ha"(y, r2) dj*, (7.26)

having set 0'% = k1,0%?, etc., and inverted the spin frames using €4 H‘j@ Hgs = €4 An

analogous analysis works for 8% owing to the fact that h vanishes at A = k1, k2, leading to
0% = —H:P(y, k1) dy®, 0% = —H:P(y, ko) di®. (7.27)

Having determined the tetrad, the undeformed and deformed space-time metrics read
g0 = 2Has (v, s) Hy (v, m2) dy® di” . g = 2 Has(y, 1) Hy (y, ko) dy® 4. (7.28)

The last step is to use fix the spin frames in terms of the twistor sigma model action.
Substituting (7.24) into (7.23), we can simply recycle the computation in (3.73), once
for M and then for M. This yields

P Sualm](v)
Oy*oyP

= <€a,3' + Ha(y, k1) Hy, (y, H2)> - (%5 +Ha " (y, k1) Hg (v, /'%2))

on-shell

= Hea'(y, m1) Hy: (y, 52) — Ha" (y, 1) Hys (y, 52) - (7.29)

Using this, equation (7.28) determines the deformed metric in terms of the metric on M,

. 9%Sh nlm Y5
g=2 (H(w(y, k1) Hy (y, k2) — M >dya dg’
3ya3yf8 on-shell
(7.30)
o 2P 4 dd~5
g0 ayaagﬁ Yy v,

having expressed this in terms of a scalar potential ®(y) = Sh 4[m](y)|on-shen. If the metric
go can be written as a Kihler metric in the coordinates y®,§%, then this scalar potential
can be thought of as the corresponding Kéahler scalar perturbation. O

To compute amplitudes, we will also need expressions for the ASD 2-forms. Just like
the metric, the deformed 2-form X!2 = 0'% A 624 can be related to the background 2-form

Y2 = 0% A 0% by applying (7.26), (7.27) and (7.29):

S = Ha(y, m1) Hys (y, k) dy® A dg”
825 . . (731)
3ya3y6 on-shell
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This will help us relate the generating functional for MHV amplitudes on SD radiative

space-times to semi-classical correlators of the background-coupled sigma models.

7.2 MHYV amplitudes

In equation (4.9), we described a generating functional that computes tree-level MHV gravi-

ton amplitudes around SD backgrounds M [24]. We repeat this here for convenience:

G(1,2) :/ S A Y100 Aass (7.32)
M

Here, the positive helicity gravitons have been encoded into the geometry of a deformed
SD vacuum space-time M = M @ {+ helicity gravitons}. Their information is contained
in the deformed ASD 2-forms £*?. On the other hand, the negative helicity gravitons 1,2
are separately captured by the factors v1,7v2 denoting spin connection perturbations. Let

us now put this to use to finally compute some new amplitudes!

Lift to twistor space. As discussed in section 6.3, SD and ASD perturbations to the

SD radiative background M can be represented as momentum eigenstates with momenta

kw = K{' Rj %%. The ASD spin connection perturbations can be taken to be
af 2 lg i .
V() = il KO K] €9 dyFaly,mi),  dily) = [Fly,mi)il, (7.33)

for ¢+ = 1,2. The constant spinor fa encodes residual gauge (diffeomorphism) freedom in
the representation of the spin connection perturbations and drop out of invariant quantities
like Weyl curvature perturbations. Applying (6.30), the wavefunctions (7.33) are seen to

satisfy the required linearized field equations dv;" A= (s A 7520%:

2
d af _ Lﬁ K Ii'B el dde(y, Ki) A dng'(ya Ki)

' [€ 4] (7.34)
= K§ K b et q JF(y, ki) A dyFaly, ki) = KS /{iﬁ K] KD el Yoys

with curvatures of the form (6.53) as predicted by the Penrose transform.
The expressions for the ASD perturbations are simplified by using the complex coor-

dinates (y%,7%) of (7.9); these are adapted to the ASD perturbations by identifying the
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spinor basis k1, ko with the undotted momentum spinors of the negative helicity gravitons.

In these coordinates (7.33) become

o €dyl o 8o of €47 o 5 i
— i yll — 98 2 7.35
7 i a1l kY K] e Y5 &2 K Ky € ( )

which take on a form that closely resembles negative helicity gravitons in flat space.

Just as in our flat space calculation (4.20), inserting these into the MHV generating

functional (7.32) and using (7.31) leads to

0(1.2) = Gapn(1.2) + [ ycg 402 5, ) (7.36)
M

on-shell ’

Here, the first term on the right computes a 2-point amplitude of negative helicity graviton

states on the SD background M,

gQ-Pt(lﬂ 2) = / 235 A 045 N353 - (737)
M

On self-dual backgrounds, the linearized field equations (4.6), (4.7) and the linearization
Eéaﬂ A 035) =0, i=1,2, of the simplicity constraint X(®% A £79) = 0 can be used to reduce

this to a boundary term,

1 a
g2—pt(172) = 2/ d (O—lﬂ /\72045) - 07 (738)
M

which vanishes by Stokes’ theorem (see [24] for a more careful boundary analysis in Lorentzian
signature). This is a feature reflecting the integrability underlying self-dual backgrounds.
Thus, the MHV generating functional and its perturbative expansion are entirely controlled

by the on-shell action of the twistor sigma model.

MHYV amplitudes on SD radiative backgrounds. Armed with the generating func-
tional (7.36), we are now in a position to perturbatively expand the SD space-time M
around the background M. In particular, to recover the n-point tree-level MHV amplitude
on the SD radiative background M, G(1,2) must be expanded to order n — 2 in h. This
corresponds to extracting the (n — 2)-linear piece of the on-shell twistor sigma model action
Sh,n- Since on-shell actions are computed by tree-level Feynman graphs, this multi-linear

contribution can be expressed in terms of a connected, tree-level correlation function in the
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QFT on P! defined by the twistor sigma model.
To bring the background-coupled sigma model (7.11) to a form amenable to perturbation

theory around M, we first Taylor expand h|y around the background curves Y as in (7.13),

1 DA 1 -
S =— | 5 ~—=5/N|=[mo h
0 1 . .
+ E ] m - -m O, - - - g, holy éo) , (7.39)
having recalled A\; = —(A2), Ay = (A1). Letting h = >} 5 a; h;, the MHV amplitude is

defined as in equation (4.10). The piece of the on-shell action that is multi-linear in each

h; is extracted by the a; derivatives

1 DA 1, - -
2(H )/[MMVWAQ[ ol ol

=3

0
8(11-

o0

n 0
1 . .
+Z'm"“-"ma”ao'q”'aapho!yeo) — <HVZ> . (7.40)
p=2 P ai=0 1=3 tree

where the expectation value in the final line denotes a sum of connected tree diagrams (i.e.,

diagrams of O(AY)) in the “background” P* theory

1 DA A é° 1, - O m& .. b
Sholm](y) = orih /]Pl )2 (12)2 (2 [m doym] +pz_;;9!a°"1 -"3a,,ho!v> , (7.41)

with vertex operators

1 DAA hi‘y
V; = 7.42
omih /]P N2 (A 2)2 (742)

encoding the positive helicity gravitons. It will be assumed that each individual graviton is

represented by a momentum eigenstate:

hi(Z) = /«: * % (1 — 5 ) el (7.43)

with on-shell momentum k;m‘ = /’i?fﬁ? Evaluating V; on such a state results in the momen-
tum eigenstate vertex operator

1 eilF(wri) i gilm(y,ri) ] 1 i) ellm(y.mi)d]

iz o maz@a? amh (2@ (7.44)

having pulled back to the curve Y : pu® = F¥ 4+ m% and performed all integrals against
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the delta functions in the h;. Also, we have abbreviated [F(y, k;)i] = ¢i(y) as in previous
sections.

The h = 0 sigma model action (7.41) depends only on the fixed SD radiative background
M through h. However, there are infinitely many terms of higher and higher valence in m®
appearing in this action, as curves Y corresponding to points y € M are expanded around
curves Y corresponding to points y € M. The quadratic term in this expansion simply
defines the kinetic term of the action, while the contribution of all higher-order terms to the

correlator (7.40) can be accounted for by absorbing them into background vertex operators:

1 1 DA A &Y . .
P = _—_ = - O4 O a1 |
Up‘_2mhpL41QD2Q2p&h Daholy m® -+ -m p=3. (7.45)

Taking into account the relationship (6.24) between h and the characteristic radiative data

of M, these background vertex operators can be written equivalently as:

1 1 DA A DA .
U = = / o NP, AN [m AP 7.46
omih pl Jpr (N1)2(12)2 (w, A A) [m A, (7.46)
where u = [uA] = [FA] and N®) := 9FN = —9k+150 is the k" u-derivative of the news

function of M.

Since these background vertex operators do not introduce any new powers of the h;,
arbitrarily many of them can be brought down into the correlation function (7.40). Thus,
the problem of computing the MHV amplitudes of n — 2 positive helicity gravitons on M is
reduced to computing the connected tree-level correlation function

00 n t 0
> ¥ (T o) (1)
t=0 p1,...,pt \i=3 m=1 tree

in the free QFT on P! defined by

1 DAAel . _ ;
S[m] = [ a( > 8-8-h> /3} . 7.48
[m] 4mh/ﬂn A2 (ag)e [\t T Gadho)m (748)
In (7.47), the second sum is over all p1,...,ps > 3; that is, over all possible ‘valences’ of

the background vertex operators. Physically, the role of these background vertex operators
is clear: the ¢t > 0 terms in (7.47) correspond to tail terms in the MHV amplitude which

arise because of the failure of Huygens’ principle for graviton scattering in any curved
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background [164, 165].

The computation of (7.47) now proceeds making use of the OPE of the m® fields defined

by the quadratic action (7.48):

He (y, \) HAY (y, V)

mE(\)mP(\) ~ 2wih o)

(V1) (A2) (V1) (X' 2). (7.49)

This is obtained from dressing the OPE of the h = 0 free theory with factors of dotted spin

frames. Specializing the PDE (3.41) to representatives h = hg &%, we find that Hé‘B satisfies
JoH 5+ 0%95ho HY 5 = 0. (7.50)

As a result, the dressed OPE (7.49) satisfies the equation of motion that follows from
varying (7.48). The right-hand-side of this OPE acts as a Green’s function for the Dolbeault
operator on the dotted spinor bundles over background curves Y, and the appearance of
the momentum spinors «{, x5 in the OPE represents a gauge choice for the inverse of the
O-operator acting on sections of O(1) — PL. While m® is valued in O(1), the boundary
conditions (7.10) ensure that it has no zero modes, so all insertions of m® in the correlator
must be Wick contracted away using (7.49) to obtain non-vanishing contributions.
As a warm-up, it is illustrative to first consider the ¢ = 0 term in (7.47), which contains
only external graviton vertex operators. This is given by
" 0 o . el (y)
<]1:1,VJ> - <££ el[m(ymm> ,1]3 (102212 (7.51)

tree tree

having inserted the explicit vertex operators (7.44). In this case, the computation boils
down to summing all connected tree graphs on n — 2 vertices, with the weights assigned to
each edge given by the OPE (7.49) acting between two vertex operators, say ¢ and j:

[i;]

) (i1)(i2) (1) (52), (7.52)

where [i j](y) = [Ki K;](y) = Fia HY (y, i) &5 H5 (y, 5)
This arises from (7.49) on computing the tree OPE of two exponentials ellm(yri) il gllm(y.r;) 5]

i.e, on keeping the term with just a single Wick contraction. As in (7.49), each such OPE

also comes with a factor of 27ih. All such factors cancel against the 1/27ih prefactors in the
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vertex operators precisely for tree diagrams, so that loop diagrams drop out in the classical
h — 0 limit as required. So we will drop such factors in all our subsequent expressions.

As with the flat space calculation in lemma 4.2, the sum of these tree-level Feynman
diagrams is accomplished using the weighted matrix-tree theorem (cf., [55-57]):

. ‘ L &% ()
<£[3VJ> = ‘£z|£[3<1]>2<2j>27 (7.53)

tree

where L is the weighted Laplacian matrix whose off-diagonal entries are given by (7.52) and
diagonal entries are
- N ETNEY (7.54)
i (1)
and |£!| denotes the minor of £ obtained by removing the row and column corresponding
to some external graviton i. The weighted matrix-tree theorem ensures that the equality
(7.53) is independent of the choice of i € {3,...,n}.
To make the connection to known formulae for graviton scattering in vacuum transpar-

ent, it is useful to rewrite (7.53) by taking out a factor of (\; 1) (\;2) from each row and

column of the determinant to give

n 0 . n
Hi N
<I£V]> - <1z>|2<|2z>2 [T, (7.55)

tree

where H is the (n — 2) x (n — 2) matrix with entries

I ) L [ij] (14)(25)
H; = 7 i F 7, Hu—_;mw, (7.56)

—~

which is a background-dressed analogue of the n x n matrix (4.42) appearing in Hodges’

formula for MHV graviton scattering in flat space.

Now consider a generic term with fixed ¢ > 0 and py,...,p; > 3in (7.47). Each insertion
of a background vertex operator U®m) comes with at least 3 insertions of m®, all of which
must be Wick contracted for the correlator to be non-vanishing. These m®-insertions can
contract against the other background vertex operators or the n—2 positive helicity graviton
vertex operators. It is easy to see that such Wick contractions cannot saturate the m®-

insertions via tree diagrams unless ¢t < (n — 2) — 2 = n — 4, providing an upper bound on
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the number of background vertex insertions.

Returning to the full MHV amplitude (7.47), to compute a correlator like

<HV IT vl >O (7.57)

m=1 tree

we must now sum over all connected tree diagrams on n — 2 4t vertices where the valence
of the t background vertices is fixed to be p1,--- , pm. This can be reduced to summing over
tree diagrams without any restriction on the valence by the following trick. We can represent

the background vertex operator (7.46) as a “soft mode” of a momentum eigenstate,

1 DA A DA R R
(r) — N(P—z) ie[m A

The dummy variable € acts as a fictitious “energy” of the background vertex, and the valence

p now becomes the “order” of a “soft limit” ¢ — 0. With the representation (7.58) of the

background vertices, the tree correlator (7.57) reduces to

i —Pm 8pm

o 1¢a DAy /\DA
o N(pm72) -
H (15)2(25)2 H /]P Ap)2 ™ P! O

J:3

<Hel[myﬂj i Hewm[mwm Aml> . (7.59)

tree lepm=0Ym
where Ny, == N([F(¥, Am) Am], Am, Am) denotes copies of the news function of the SD ra-
diative background M pulled back to the twistor curve. This can now be evaluated in the
same manner as (7.51).

Recycling the result (7.55) by including such “soft graviton” tails yields

n 0
<H m(y, H])J] H lem (4,Am) >\m]>
=3 m=1

tree e, =0

HI Qt 2
SRITLICTE ST @i [T A Am)* . (7.60)

7=3 m=1

Here, we have introduced the (n +¢ —2) x (n + ¢ — 2) matrix X with block decomposition

(o)
H= , (7.61)
pT T
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and entries

Hy= oy % (7.62)
B3 00 - mgm o) e
oy T meaGIR mER
Tam = e 22 (5 150 a3 o ) ey

with the [ ] brackets all evaluated at y € M. H! as usual is the reduced determinant ob-
tained after removing the row and column corresponding to the i*" positive helicity graviton.

Due to the identities

ZHz‘j <1J> <2]> + Z Him <1)‘m> <2 /\m> =0,

~ " (7.63)
ZHnj <1]> <2J> + Z Hom <1 )‘m> (2 )‘m> =0,

j=3 m=1

and properties of determinants, one can again verify that the choice of positive helicity
graviton i € {3,...,n} that we singled out is completely arbitrary.
Collecting all the pieces gives an all-multiplicity formula for the MHV amplitude:

n—4 6 t .
MHV __ <]_ 2) 1 Pm apm 7,
AV =30 S [ vol <H ol 0 )

t=0 p1,....pt m=1

e1=-=£:=0

n t
X exp <i > F(y, k) fgjd> [ DA ADAL NP2 (7.64)
j=1 m=1

having replaced d?yd?j in the generating functional (7.36) by a generic volume form voly,
on M (since 4/|g| = 1 in complex coordinates by virtue of the heavenly equation (3.13)).
Remembering (7.9), we have also reverted to ‘generic’ coordinates y®® from the complex
coordinates (y%, %), allowing us to uniformly incorporate the plane wave exponentials elly1]
and €'l72] into the exponential factor on the second line. Lastly, the factor of (12)® has been
reinstated using little group scaling (this scaling property survives turning on curvature in

both our momentum eigenstate wavefunctions and our amplitudes).

In this formula, the structure of the SD radiative background space-time M appears
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through: the diffeomorphism-invariant integration measure; the function F%(y, \) describ-
ing the holomorphic curves in the associated twistor space — which appears as the argument
of the exponential factor; the dressed momenta in the entries of H; and finally the insertions
of (derivatives of) the background news function N arising from tail contributions to the
amplitude. The absence of any overall momentum conserving delta functions is an expected
feature of scattering in a curved space-time, as the background gravitational field breaks
Poincaré invariance. However, a striking feature of the formula is that there is only a single
residual space-time integral, regardless of the number of external positive helicity gravitons.
Perturbatively, general relativity behaves as a cubic field theory (higher-point contact inter-
actions can be re-absorbed into exchange diagrams built from cubic interactions, c.f. [166]),
so the naive expectation is that an n-point tree amplitude in a curved background should
entail n — 2 space-time integrals.

While this simplicity is remarkable from the perspective of perturbation theory based
upon the Einstein-Hilbert or Plebanski actions, it is an expected feature of an MHV formal-
ism [167] for general relativity, where all vertices are given by MHV interactions, linked by
scalar propagators. While the most basic definition of such a formalism (based on all-line
shifts) fails [168, 169], there are several indications that an MHV formalism for gravity
should exist. At least formally, MHV rules for GR can be defined indirectly by first iden-
tifying them in conformal gravity then restricting to Einstein degrees of freedom [60], a
truncation which is consistent at tree level [170]. More recently, an off-shell description of
general relativity in terms of an action functional on twistor space was found which has a
structure compatible with an MHV vertex expansion [2]. The formula (7.64) can be viewed
as another smoking gun for gravitational MHV rules, and using the twistor action it should

be possible to give a them a precise formulation.

Evaluation on SDPWs: The MHV amplitude (7.64) simplifies considerably when the
SD radiative background is a self-dual plane wave (SDPW), where the metric (6.14) is

controlled by a single function of lightfront time, f(y~). The background vertex operators
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are given on such an SDPW by

g _ L 1P m() 1P

27ih p! (11)2 (12)2 ) (7.65)

where f*) = 9% f(y~) and 3y~ := y*®1,i4. Here, the P! integral in the background vertex
operator on a general background (7.46) has been performed against the holomorphic delta
function in h which localises A = (. One immediate consequence of the simplicity of (7.65) is
that Wick contractions between background vertex operators in an SDPW vanish, dramat-
ically simplifying the structure of the tail contributions. Each insertion of a background
vertex operator in the correlator (7.47) must be saturated by contractions with external
graviton vertex operators. This places a tighter bound on the number of tail contributions
to the amplitude for fixed n, with t < "Tf?’

Using the expression for the twistor curves of an SDPW metric (6.56), it is now straight-
forward to evaluate (7.64) on this particular class of background. All but one of the four
position space integrals can now be done analytically to obtain momentum conserving delta

functions in the y*, z and z-directions, leaving

2] ¢
(12)6 = iPm QPm ~
MHV _ § : § : E : )
An _6 < kj ) 1’L 22 T1\2 /94\2 « / dy ( 3 pm! aefnm> ’Hz|

t=0 p1,. m= e=0

el (v H FPm=2) (7). (7.66)

The three momentum conserving delta functions allow the universal exponent appearing in

the second line to be written in the form of a gravitational Volkov exponent [5, 163]

F.(y7):= /y ds gab(s) w , (7.67)

for Koa(y™) given by the sum of any (distinct) n — 1 of the n dressed graviton momenta;

for instance

The block structure (7.61) of the matrix H remains the same, but with the individual entries
simplified:
my =0 (7.68)



i m=1
~] n ~ .
i te) (La) (21
himzemua Twn = 5mn5m 7]< >< >
(1e — (vi) (1 L) (2¢)
The [ij] = f(f‘f(jd are now simply contractions of the dressed spinors f(f‘ defined as

n (6.60). The formula (7.66) is manifestly diffeomorphism invariant, and is separately
symmetric in the positive and the negative helicity gravitons.
We can easily write down some low point examples that bring out the structure of our

formulae. The 3-graviton MHV amplitude is found to be

A1 273%) =462 <Zk> 2)° >2/dy etfs | (7.69)

which is almost identical to what one finds in flat space. At 4 points, background dressed

momenta enter the game,

_ _am (12)°[34)(y7)
A1 273 4t =42 (Zk) /dy etf” 3 14y (23) (24) 51) (7.70)

At 5 points and higher, one starts observing tail terms and explicit expressions become
more involved. Nonetheless, it is possible to compute all the ey, derivatives in (7.66). This

results in a cumbersome but explicit formula and was described in [5] and in appendix B of

[6].

7.3 Consistency checks

While the unitarity methods which can be used to prove tree-level amplitude formulae in
vacuum no longer apply in the presence of a strong background, there are still some basic
consistency checks which can be run on formula (7.64). The first of these is comparison
with explicit Feynman diagram calculations using the background-coupled Einstein-Hilbert
Lagrangian; of course, such computations are only tractable at low numbers of points and in
highly symmetric SD radiative space-times where the Feynman rules in the background can
be determined explicitly. Nevertheless, in appendix A of [6], we have explicitly demonstrated

that for an SDPW background, the formula (7.66) matches the amplitude computed with
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Feynman rules at 3- and 4-points.

Beyond this, the most straightforward all-multiplicity consistency check is the flat space
limit, where the SD radiative background becomes (complexified) Minkowski space. In this
case, the background news function N (u, /\,5\) becomes trivial so only the ¢ = 0, no-tail

term in (7.64) contributes. For Minkowski space, the twistor curves become twistor lines:
Fd(y7 )‘)‘ﬂat = yad Ao - (771)

This enables all of the remaining integrals in (7.64) to be performed immediately, with the

result

(7.72)

6
&t (Z ki > TR |Hi|
where the entries of H are now

Hij:<.]:, i %37, Z—j ‘7 2‘7> (7.73)
) 2 gy Uiy (2i)

defined in terms of un-dressed on-shell momenta. The expression (7.72) is precisely Hodges’
formula (4.41) for graviton scattering in flat space, so we do indeed produce the correct flat
space limit.

A more non-trivial consistency check is the behaviour of (7.64) in the perturbative limit,
where the SD radiative background becomes weak and is treated like a single positive
helicity graviton in flat space. In the perturbative limit, any SD radiative space-time will
be well-approximated by a SDPW| so it suffices to work directly with (7.66) and isolate
all contributions to the MHV amplitude which are linear in the background profile f(y™).
This background-dependence enters (7.66) in three ways: through the matrix H, whose
entries include dressed momentum spinors; through the Volkov exponent (7.67); or through
explicit tail factors when ¢ > 0. Clearly, only the t = 0,1 terms can provide such linear
contributions.

In the t = 0 term, linear dependence on f(y~) arises only from the Volkov exponent
or dressed momentum spinors. This is easily determined explicitly using (6.60), and repre-

senting the perturbative background by the Fourier mode
fly7) =re Y =k ®, s =Wiala, (7.74)
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the contributions to the perturbative limit of the ¢ = 0 term are

6 n n ) i
wimme (o ih) | 5 co - m s
=1 ,l=3

j7 =
7L, 5l

L] 1 (11)(21)
Sy S AR o
J=3 l#ﬂ
JF#i
where H is now understood to be the ‘flat’ matrix given by (7.73), and szl denotes the

submatrix obtained by removing rows i,...,j and columns k,...,[. Using the Schouten

identity and 4-momentum conservation, these terms can be re-written as

_(12)° ; LJ ' 1y [£4][2]]
w07 (20 (‘-’*Z"‘> 20 e Xy

JiLJ#l

DI ” 1;23% . (7.76)

J Z#J
where the precise ranges of the various summations are implied by the structure of the
summands.
The t = 1 term only contributes to the perturbative limit through the explicit tail
insertion itself; all other background-dependence (in the matrix H and Volkov exponent) is

set to zero when extracting those terms linear in f(y~). The resulting contribution is
ﬁ [Egm] (1) (20)  [EA][E]]
ooy (CIm) (Ljm) (2gm) ) (k) (1)

T [Liw] (1020 [0 (11 (21)
<H (L jm) <2;m>> ;<l><1><2>] . (1)
7

22 >R g

b= 1]17 7]13 kzl

i1y
1J1"Jp

m=1
where the momentum conserving delta functions (same as those appearing in (7.76)) have
been omitted and H is once again understood as the matrix with ‘flat’ entries.
The ¢ = 0 and ¢t = 1 contributions combine auspiciously if we define an (n — 1) x
(n—1) matrix H whose entries are equivalent to those of H, with the extra row and column

corresponding to the background graviton with momentum g,¢s. Now, the minor \H | differs
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from |H]| only by the diagonal entries of the two matrices, so

By - S Y | (I 6000} o

p= 1]1, 7]1) =1 <L.7m> <1]m> <2.]Hl>

Applying this identity to further reduced minors of H, it follows that the ¢ = 0,1 contribu-

tions to the perturbative limit combine to give

o)

which is the Hodges formula for MHV graviton scattering in flat space with (n — 1) positive

(7.79)

helicity gravitons whose momenta are (ks,...,ky,q). This confirms that (7.64) has the
correct perturbative limit, emerging only after a somewhat subtle collaboration between

‘pure scattering’ (i.e., t = 0) and tail (i.e., t = 1) contributions to the amplitude.
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Chapter 8

Outlook

Over the course of this thesis, twistor sigma models have provided us with many new
insights into classical and perturbative gravity. Through theorem 3.2, they provided a
concrete formula to translate hamiltonian complex structure deformations of twistor space
into hyperkéahler metrics on SD vacuum space-times. Over the course of chapters 4-7, we
saw the applications of theorem 3.2 to the computation of MHV graviton amplitudes as
well as their holographic symmetries. Using semi-classical correlators of our models, we
derived the well-established Hodges’ formula (4.41) in flat space. Since our proof directly
linked space-time perturbation theory to sigma model correlators, we were able to extend
this calculation to interesting classes of self-dual space-times. This resulted in the formula
(7.64) for MHV graviton scattering on SD radiative space-times, which we made much more

explicit in formula (7.66) for our running example of SD plane wave backgrounds.

Amplitudes in curved backgrounds. The SD radiative backgrounds we dealt with are
toy models for backgrounds encountered in the real world. But nevertheless, they allow
us to see past the maximal symmetries of flat space and extract universal mathematical
structures governing perturbative QFT. There may be next to no global symmetries in
these backgrounds, but the magic of twistor theory still prevails and generates miraculously
simple expressions for amplitudes. Similar expressions for N°MHV amplitudes can be con-
jectured (though not yet proven) using generalizations of our sigma models that govern
higher degree rational curves [6]. Combined with similar formulae for gluon scattering de-

rived in [123], our results provide the first steps toward developing on-shell methods for
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perturbative computations in the presence of strong background fields.

While the structure of graviton scattering in a curved SD radiative space-time has many
interesting features, the structure of tail contributions to the amplitude (encoded by the
background news function) seems particularly noteworthy. Analogous ‘tail effects’ also arise
in the classical limit of gravitational scattering [171-175], and have been the subject of study
recently in the context of black hole scattering (e.g., [176-178]). It would be interesting to
establish what—if any—relationship there is between these notions of gravitational ‘tails’,
and if our all-multiplicity results can be of any use in the context of early-inspiral black
hole physics.

Our results provide a variety of avenues for future work. They act as a proof of con-
cept that twistor theory underlies the simplicity in scattering amplitudes even when other
methods to compute amplitudes may not apply. More optimistically, they give us hope that
other tools of the on-shell amplitudologist like BCEFW recursion, generalized unitarity, etc.
might also extend to curved backgrounds. Self-dual backgrounds provide a perfect setting
to test how far these tools stretch, as our twistor sigma models already provide us with at
least one means of computing the tree amplitudes exactly (at least in the MHV case). In
more practical directions, the results of our work pave the way for efficient computations of
amplitudes in more commonly encountered strong backgrounds like cosmology, AdS/CFT,
strong field QED/QCD, black holes, etc. For example, it is already possible to system-
atically treat scattering on Gibbons-Hawking instanton space-times by treating them as
radiative space-times in (2, 2) signature [6, 151], and in principle our calculations could also
be extended to compute amplitudes in self-dual black hole backgrounds.

Moving beyond self-duality brings its own set of hurdles. Generic non-self-dual back-
grounds are not hyperkahler, so our twistor sigma models can no longer capture their
dynamics. Nonetheless, in recent years the tools to tackle such backgrounds have been pro-
vided by more general string theories [179] in ambitwistor space: the space of null geodesics
in space-time. At tree-level, these ambitwistor strings can be consistently coupled to gen-
eral on-shell backgrounds in supergravity theories [180, 181]. Worldsheet correlators of
these models then compute amplitudes around such backgrounds. The feasibility of using

ambitwistor strings to compute amplitudes has been demonstrated on plane wave back-
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grounds at three points [182], and somewhat formally in (A)dS backgrounds at general
multiplicity for certain theories [183-186]. It would be interesting to pursue this approach
to build scattering equations and worldsheet formulae for amplitudes on other space-times

of interest.

Flat space holography. The study of celestial holography is still in a nascent stage.
Apart from their practical applications to the study of scattering amplitudes, our twistor
sigma models also played an important role in connecting celestial holography to twistor
theory. Using them, we proved in chapter 5 that the loop algebra of w4, observed in the
positive helicity subsector of soft graviton collinear limits originated in the symmetries of
self-dual GR. These then translated to symmetries of the OPE algebra of celestial CFT.
Since celestial holography is constrained by such an infinite dimensional symmetry algebra,
it is natural to wonder if the symmetries can be used to bootstrap its CF'T data even in the
absence of concrete realizations of CCFT.

In recent years, the search for explicit constructions of CCFT through string theoretic
means has also begun to yield interesting insights. Preliminary investigations [14] based on
holography applied to topological strings on twistor space display signs of deep connections
between twistor theory and stringy realizations of celestial CF'Ts. For example, if one studies
the type I topological B model [187] with twistor space PT = &/(1) @ 0(1) as target space,
one can obtain toy models of celestial holography [188] via D1 brane back-reaction effects
much as when twisted holography is applied to the resolved conifold (—1) & €(—1) [15].
The resulting dual (defect) CFTs are given by chiral symplectic boson systems of the same
nature as our sigma models. On the back-reacted space-time, this example gives rise to a
theory of gravity that is not GR but instead governs self-dual Kéhler (but not necessarily
Ricci-flat) metrics. It is hoped that our twistor sigma models will act as building blocks for

future generalizations of twisted holography to self-dual GR (and beyond).

Towards quantization: The twistor sigma model (3.49) gives rise to gravitational am-
plitudes via its classical action and the corresponding tree expansion; by contrast twistor

strings or ambitwistor strings produce amplitudes as fully quantum correlations functions
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in the worldsheet CF'T. This distinction leaves room for one to ask what the twistor sigma
model could correspond to if treated quantum mechanically. In particular, there is scope
for this to give rise to some theory of self-dual quantum gravity, for instance as envisaged
by [189, 190] for the N' = 2 string. For instance, the ‘quantum’ (i.e., at finite h as well as
containing contributions from disconnected diagrams) MHV graviton amplitude produced

by the twistor sigma model can be computed [1]:

i(s o TT L o | iR L) (1)%(25)
5<Zlk> (12) g<1¢>2<2i>z p SW%;(M) 127 | (8.1)

although its physical properties and interpretation remain to be explored. It would also
be intriguing to make contact with the x-algebra definition of the quantum Wi, .-algebra
as described in [191] and the Moyal deformations of the Poisson structure associated to
self-dual gravity proposed by [192] which are closely connected also to Penrose’s Palatial
twistor ideas [193]. It would be interesting to track the the twistor-theoretic component of

the other appearances of W-infinity algebras in the literature.
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