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Abstract

This thesis presents an overview of recent developments in the applications of

twistor theory to the study of the gravitational S-matrix in flat as well as curved

space-times. We begin by introducing the novel geometric tool of twistor sigma

models. These are two-dimensional chiral sigma models governing holomorphic

maps from the Riemann sphere into twistor spaces of self-dual vacuum space-

times. What follows is a concise list of their main highlights, in the order that

the reader will encounter them:

• Solutions to the equations of motion of our sigma models provide the inci-

dence relations of the twistor correspondence.

• On-shell actions of our models compute Kähler potentials for hyperkähler

metrics on the associated space-times.

• Connected, tree-level correlators of our models give rise to tree-level, max-

imally helicity violating (MHV) graviton amplitudes of general relativity

in flat space.

• The chiral algebra of operators in our models enjoys an action of the loop

algebra of the wedge subalgebra of w1+∞. This is associated with the soft

sector of celestial holography.

• By coupling them to background twistor spaces of self-dual, vacuum space-

times, our models can be used to derive tree-level MHV graviton amplitudes

in self-dual, radiative space-times.

The self-dual space-times mentioned in the last point provide an ideal laboratory

for studying amplitudes in curved backgrounds. The corresponding formulae for

MHV graviton amplitudes are built out of Hodges’ determinants familiar from

flat space, but also exhibit exciting new structures like gravitational wave tails.
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Chapter 1

Introduction

Dualities abound at the frontiers of physics. They help us relate aspects of one physical

theory to another, often leading to giant leaps in conceptual understanding as well as

calculational prowess. The most famous example of these are the holographic dualities in

string theory that relate gravitational theories on one space to non-gravitational theories on

another space of lower dimension [7]. Weak coupling observables like scattering amplitudes

on the gravitational side map to strong coupling correlation functions in the holographic

dual. Most examples of this nature belong to the class of AdS/CFT dualities, where the

bulk gravitational theory naturally lives in asymptotically anti-de Sitter space-times. They

provide a concrete definition of quantum gravity in AdS in terms of non-gravitational CFTs

on its boundary.

To date, similar searches for holographic duals of quantum gravity in asymptotically

flat space-times have met with little success. Instead, the second half of the twentieth

century saw the rise of a different class of dualities that relate weak coupling physics on 4-

dimensional flat space to weak coupling physics on a complex 3-fold known as twistor space

[8]. They reorganize the physics of massless particles into the extremely efficient machinery

of complex structure deformation theory. Over the years, twistor theory has grown into a

highly successful paradigm for describing the classical and perturbative regimes of gauge

theory and gravity [9]. Ever since Witten’s discovery of the twistor string [10], it has

revolutionized the study of scattering amplitudes. This has given rise to a multitude of

remarkable all-multiplicity formulae for amplitudes of gluons, gravitons, and other massless

particles (see for example [11] for a modern review).
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Meanwhile, the hunt for flat space holography has been picking up again. Recent work on

asymptotic symmetries, dubbed celestial holography [12, 13], has taught us that holographic

duals of gauge theory and quantum gravity in 4d Minkowski space might find a natural home

on the 2d celestial sphere. A promising direction toward discovering such a 2d dual arises

in the study of holography applied to twistor strings [14]. At their core, twistor strings

are examples of topological strings on complex 3-folds, and holographic duals of the latter

indeed tend to be the worldvolume theories of D1-branes wrapped on Riemann spheres

[15, 16].

Motivated by the search for such a dual 2d description of flat space gravity, in this thesis

we will pursue a general class of 2d chiral (defect) CFTs referred to as twistor sigma models.

Their actions roughly take the form

S =
1

2πi

∫
CP1

dz dz̄

z2

(
m2̇∂z̄m

1̇ + h(m)
)

(1.1)

wherem1̇,m2̇ form a system of symplectic bosons, and h encodes coupling to positive helicity

gravitons. They govern deformations of holomorphically embedded Riemann spheres in

twistor space under deformations of the ambient complex structure. The measure has

second order poles at z = 0,∞ which act as defects in twistor space. Using these models,

we will find dual incarnations of graviton scattering amplitudes as 2d correlators, leading to

a new derivation of maximally helicity violating (MHV) graviton tree-amplitudes. They also

yield new insights into flat space holography, unraveling an infinite dimensional holographic

symmetry algebra that potentially underlies the remarkable simplicity of MHV amplitudes.

Our twistor sigma models originally emerged in the study of graviton scattering in

curved space-times. In flat space, twistor string theory has given rise to a multitude of all-

multiplicity worldsheet formulae for amplitudes of gluons [17] and gravitons [18, 19]. In an

MHV configuration involving negative helicity gravitons 1, 2 and positive helicity gravitons

3, . . . , n, the tree-level graviton amplitude is captured by an extremely elegant formula due

to Andrew Hodges [20],

⟨1 2⟩6

⟨1 r⟩2 ⟨2 r⟩2
|Hr

r| . (1.2)

Here, | · | denotes the determinant, and Hr
r is the (n − 3) × (n − 3) matrix obtained by
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removing the row and column corresponding to the rth graviton from “Hodges’ matrix” H:

Hij =
[i j]

⟨i j⟩
, i ̸= j ; Hii = −

∑
j ̸=i

[i j]

⟨i j⟩
⟨1 j⟩ ⟨2 j⟩
⟨1 i⟩ ⟨2 i⟩

, (1.3)

where i, j = 3, 4, . . . , n. The objects [i j] and ⟨i j⟩ are certain Lorentz invariant contractions

built out of the graviton momenta that will be introduced in due course. Hodges’ formula

seems ever the more ingenious when one realizes that it sums millions of Feynman diagrams

generated by the perturbative expansion of general relativity even for the scattering of

relatively few gravitons.

Nonetheless, almost all of the progress in finding such formulae has been made in flat

space. In contrast, recent decades have seen the rise of perturbative calculations in quantum

field theories on numerous curved backgrounds. These range from those of purely theoretical

interest like anti-de-Sitter spaces, to those spanning real-world applications like in cosmol-

ogy, black holes, and gravitational wave physics. Amplitudes in curved backgrounds are

also interesting from a mathematical standpoint, as they display many novel functional and

geometrical features that are absent in trivial backgrounds.

This brings us to one of the overarching questions of this thesis:

Is the simplicity of the S-matrix in flat space

an intrinsic feature of perturbative quantum gravity?

There is a very good argument for why the answer to this question could be “no”. Flat

backgrounds are maximally symmetric, so it is possible that scattering in flat space is max-

imally nice because it is maximally constrained by global and gauge symmetries, along

with locality and unitarity. In curved backgrounds, one generically has little to no global

symmetries. And the effects of locality and unitarity are poorly understood since ampli-

tudes in curved backgrounds are no longer rational functions of momenta even at tree-level.

This means that many modern “on-shell methods” of computing amplitudes [21, 22] like

BCFW recursion, generalized unitarity, double copy, etc. are very hard to extend to curved

backgrounds as they stand.

In this work, we will analyze these questions by computing amplitudes in self-dual curved

space-times. Self-duality provides a perfect laboratory to study how turning on curvature
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affects various observables, since we can use the integrability of self-dual gravity to our ad-

vantage. In such backgrounds, twistor strings can in principle overcome the aforementioned

hurdles. But the resulting worldsheet formulae for the amplitudes would remain conjec-

tural, as they cannot be verified using BCFW recursion as is usually done in flat space

[23]. At this stage, our twistor sigma models come to the rescue. Starting directly from the

Einstein-Hilbert action, we will prove from first principles that semi-classical correlators of

our models compute tree-level graviton MHV amplitudes in both flat and self-dual curved

backgrounds. This will bypass the need for a separate proof via on-shell recursion.

To be completely explicit, we will study graviton amplitudes on self-dual radiative space-

times. Appropriate notions of momentum eigenstates, null infinity and the S-matrix con-

tinue to persist in such backgrounds. The resulting formulae for MHV amplitudes show

many new structures like gravitational wave tails, but also continue to display remarkable

simplicity much as in the flat space case. In fact, we can extend our sigma models to even

conjecture formulae for the non-MHV tree-amplitudes on such backgrounds, though a di-

rect proof of these as in the MHV case remains out of reach. As this is a subject of active

investigation, we will not discuss it here; see [6] for more details.

Chapter 2 provides a comprehensive review of the twistor theory for flat space. Chapter

3 starts with a review of the tools of curved twistor theory for self-dual Ricci flat 4-manifolds.

With these in hand, the twistor sigma models are introduced in section 3.3. In chapter 4,

we review a generating functional for tree-level graviton MHV amplitudes that was derived

directly from the space-time perturbation theory of GR in [24]. Next, we recast this gener-

ating functional in terms of connected, tree-level correlators of certain vertex operators in

our sigma models, leading to a first-principles proof of Hodges’ formula in flat space.

The connections of our sigma models with celestial holography are explored in chapter

5. Soft graviton vertex operators are shown to give rise to symmetry currents generating the

loop algebra of the wedge subalgebra of w1+∞. Following this, we finally come to the study

of amplitudes in self-dual backgrounds. In chapter 6, we review the notion of a self-dual

radiative space-time and set up the associated twistor spaces. Chapter 7 describes how to

couple our sigma models to such background twistor spaces. It ends with the discovery of the

all-multiplicity formula (7.64) for MHV graviton tree-amplitudes on all such backgrounds.
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Chapter 2

Twistors for flat space

We begin with a short review of the construction of twistor space for complexified four-

dimensional Minkowski space. Following this, we specialize to the twistor geometry of

Euclidean signature flat space. We will utilize a judicious combination of both viewpoints

in this thesis

2.1 Twistor correspondence

Let xa = (x0, x1, x2, x3) be complex coordinates on C4. We work with a “Minkowski metric”

on C4, by which we mean the holomorphic quadratic differential

ds2 = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 . (2.1)

Although this is not an actual metric on C4, it generically gives rise to flat metrics of various

signatures on real slices R4 ⊂ C4. Directly working on C4 allows us to treat all signatures

simultaneously, while any specific signature can be picked out by imposing certain “reality

conditions” that we discuss below.

We introduce spinors via the decomposition SO(4,C) ≃ (SL(2,C)× SL(2,C))/Z2 of the

structure group of the tangent bundle of C4. Concretely, we construct spinorial coordinates

on C4 as

xαα̇ =
1√
2

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
, α = 1, 2 , α̇ = 1̇, 2̇ . (2.2)

Spinor components of any tensor on C4 are then defined as its components in the bases

{∂αα̇ ≡ ∂/∂xαα̇}, {dxαα̇} of the tangent and cotangent bundles [25]. The 2-spinor indices
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α, α̇ transform in the fundamental representations of the two SL(2,C) factors. They can be

raised or lowered using Levi-Civita symbols ϵαβ, ϵα̇β̇. We will work with the conventions

ϵαβ = ϵα̇β̇ =

(
0 1

−1 0

)
, ϵαγϵβγ = δαβ , ϵα̇γ̇ϵβ̇γ̇ = δα̇

β̇
. (2.3)

The indices of any 2-spinors λα, λ̃α̇ will be raised as λα = ϵαβλβ, λ̃
α̇ = ϵα̇β̇λ̃β̇. We will also

use the associated antisymmetric brackets: ⟨λκ⟩ := λα κα, [λ̃ κ̃] := λ̃α̇ κ̃α̇.

Let SC and S̃C be the trivial rank-2 complex vector bundles on C4. We call them

the bundles of undotted and dotted spinors and use λα, λ̃α̇ respectively as holomorphic

coordinates on their C2 fibers. Denoting complex projective n-space by Pn, the projective

(undotted) spinor bundle PSC = C4 × P1 is obtained by projectivizing the fibers of S.

Taking P3 with homogeneous coordinates ZA = (µα̇, λα), the twistor correspondence is

then summarized by a double fibration

C4 × P1

P3 C4

p q

with the maps p, q being given by

p : (x, λ) 7→ ZA = (xβα̇λβ, λα) ,

q : (x, λ) 7→ x .

(2.4)

The image PT := p(PSC) ⊂ P3 is known as the twistor space of complexified Minkowski

space [26, 27]. The map µα̇ = xαα̇λα is called an incidence relation. The image of p at fixed

x is a rationally embedded copy of P1 that we will denote by X. This gives us Penrose’s

twistor correspondence

x ∈ C4 ←→ X ≃ P1 : µα̇ = xαα̇λα (2.5)

between points in space-time and projective lines in twistor space.

The above correspondence can be specialized to the three real slices R4, R1,3 and R2,2 of

varying signatures. To obtain Minkowski space R1,3 as a real slice of C4, we impose that xa

are real, or equivalently that xαα̇ is a hermitian matrix. This leads to a real slice on which

(2.1) restricts as a real Minkowski metric. Its twistor space is then defined to be the image
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of the real projective spinor bundle R1,3 × P1 under the incidence relations map p. For a

given real point x ∈ R1,3, any twistor ZA on the corresponding projective line X satisfies

Imµα̇λ̄α̇ = 2 i (x− x†)αα̇λαλ̄α̇ = 0 , (2.6)

where Im stands for imaginary part, and λ̄α̇ is the hermitian conjugate of λα. The set

of all twistors satisfying (2.6) constitutes the twistor space of real Minkowski space. But

unfortunately this is one condition and its solution set is a 5-real-dimensional manifold. As

a result, we lose many of the powerful tools of complex analytic geometry when working

directly on this 5d twistor space of R1,3.

The situation is improved by working in Euclidean signature. This case will be the main

setting of the earlier chapters of this thesis and will be discussed in the next section. The

real slice R2,2 of split signature also finds numerous applications in older studies of scattering

amplitudes. We will only use it occasionally in examples like plane wave space-times, but

the interested reader can find a detailed review of the associated twistor geometry in [28].

2.2 Euclidean twistor theory

The twistor theory of Riemannian 4-manifolds was developed in [29]; we follow the treatment

reviewed in [30–32]. To obtain R4 with the Euclidean metric, we Wick rotate the spatial

coordinates xi 7→ ixi, i = 1, 2, 3, and subsequently demand that all xa be real. This converts

(2.1) into the Euclidean metric ds2 = (dx0)2+(dx1)2+(dx2)2+(dx3)2. The resulting spinor

coordinates read

xαα̇ =
1√
2

(
x0 + ix3 x2 + ix1

−x2 + ix1 x0 − ix3

)
, (2.7)

in terms of which ds2 = dxαα̇ dxαα̇ ≡ 2 det(dxαα̇).

The associated twistor space is the image of the real projective spinor bundle PS =

R4 × P1 under the incidence relations map p : (x, λα) 7→ ZA = (xβα̇λβ, λα). This is top-

dimensional in P3 and can be checked to equal the full twistor space PT of complexified

Minkowski space. It is explicitly given by

PT = {ZA = (µα̇, λα) ∈ P3 |λα ̸= 0} . (2.8)
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Here, we have noted that the λα cannot be zero simultaneously since they were homogeneous

coordinates on P1 before applying p. As a complex manifold, PT can also be identified with

the total space of the rank 2 holomorphic vector bundle O(1) ⊕ O(1) → P1, with λα and

µα̇ acting as holomorphic coordinates along the base and up the fibers respectively.

The map p is a diffeomorphism from R4 × P1 to PT. Indeed, complex conjugating

µα̇ = xαα̇λα and using the reality of the xa occurring in (2.7) shows that µ̂α̇ = xαα̇λ̂α.

Here, we have introduced the “quaternionic conjugates”

λ̂α = (−λ2, λ1) , µ̂α̇ = (−µ2̇, µ1̇) , ẐA = (µ̂α̇, λ̂α) (2.9)

satisfying the useful properties ⟨λ̂ λ⟩ = |λ1|2 + |λ2|2 ≡ ||λ||2 and [µ̂ µ] = ||µ||2. Since giving

two points ZA and ẐA on a projective line X determines it uniquely, we can invert p to find

p−1 : ZA = (µα̇, λα) 7→ xαα̇ =
λ̂α µα̇ − λα µ̂α̇

⟨λ̂ λ⟩
. (2.10)

As a result, we can work with either holomorphic coordinates (µα̇, λα), or simply identify

PT with PS and work with non-holomorphic coordinates (xαα̇, λα). We will prefer to do the

latter as it makes the relation with space-time manifest.

In the complex structure on PT, the (0, 1)-vector fields are spanned by

∂̄0 = ⟨λ̂ λ⟩λα
∂

∂λ̂α
, ∂̄α̇ = λα ∂αα̇ , (2.11)

where ∂αα̇ ≡ ∂/∂xαα̇. It is easily verified using µα̇ = xαα̇λα that these are in the span

of {∂/∂λ̂α, ∂/∂µ̂α̇}. Just like (2.11), all other vector fields and differential forms in what

follows will be normalized so as to have homogeneity 0 in λ̂α. To be precise, ∂̄0 and ∂̄α̇ are

not vector fields on PT per se. Rather, they provide useful global presentations of the (0, 1)-

vector fields as sections of T 0,1PT⊗O(2) and T 0,1PT⊗O(1) respectively. Here, O(n)→ PT

is the pullback of the line bundle O(n) → P1 by the projection map PT ≃ R4 × P1 → P1.

Smooth sections of O(n) are functions of x, λα, λ̂α with homogeneity n in λα and 0 in λ̂α.

The (1, 0)-vector fields are found by complex conjugation of (2.11) and are spanned by

∂0 = −
λ̂α

⟨λ̂ λ⟩
∂

∂λα
, ∂α̇ =

λ̂α ∂αα̇

⟨λ̂ λ⟩
. (2.12)

These are valued in O(−2) and O(−1) respectively. In particular, ∂α̇ = ∂/∂µα̇ in the
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(µα̇, λα) coordinates. Some useful identities involving these vector fields are

∂αα̇ = λα ∂α̇ −
λ̂α ∂̄α̇

⟨λ̂ λ⟩
, [∂̄0, ∂α̇] = ∂̄α̇ , [∂̄α̇, ∂0] = ∂α̇ . (2.13)

We will also need the dual basis of (0, 1)-forms,

ē0 =
Dλ̂

⟨λ̂ λ⟩2
, ēα̇ = − λ̂α dx

αα̇

⟨λ̂ λ⟩
, (2.14)

where Dλ̂ := ⟨λ̂dλ̂⟩, as well as the dual basis of (1, 0)-forms,

e0 = Dλ eα̇ = λα dx
αα̇ , (2.15)

where Dλ := ⟨λ dλ⟩. The 1-form Dλ trivializes the canonical bundle over P1 and identifies

it with the line bundle O(−2). In the same vein, the bundle of spinors over P1 is given

by its square root, the tautological bundle O(−1), an object that will often crop up in the

study of sigma models.

Calculus on PT. The set of smooth (p, q)-forms on PT valued in a complex vector bundle

E → PT will be denoted by Ωp,q(PT, E). Also set Ωk(PT, E) = ⊕p+q=kΩ
p,q(PT, E) as usual.

We will primarily encounter the case E = O(n). Letting

Υ = λα
∂

∂λα
, Υ̂ = λ̂α

∂

∂λ̂α
(2.16)

be the holomorphic and anti-holomorphic Euler vector fields on C2, any differential form

ω ∈ Ωp,q(PT,O(n)) can be viewed as a form on the real non-projective spinor bundle

S = R4 × C2 satisfying the homogeneity requirements

LΥω = nω , LΥ̂ω = 0 , Υ⌟ω = 0 , Υ̂⌟ω = 0 , (2.17)

where ⌟ signifies interior product, and L is the ordinary Lie derivative along R4 ×C2. Eg.,

the (0, 1)- and (1, 0)-forms ē0, ēα̇, e0, eα̇ are valued in O(−2),O(−1),O(2),O(1) respectively.

Smooth O(n)-valued vector fields on PT are analogously identified with vector fields V on

S taken modulo Υ, Υ̂ and satisfying LΥV = [Υ, V ] = nV along with LΥ̂V = 0.

Operations like the exterior and Lie derivatives along R4 × P1 do not trivially coincide

with their non-projective counterparts on R4 × C2 even in homogeneous coordinates. This
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is because they typically do not map O(n)-valued forms to O(n)-valued forms. The remedy

is to recall that O(n)→ P1 is isomorphic to (T 1,0P1)n/2. The Levi-Civita connection of the

stereographic metric on P1 then lifts to a Chern connection on O(n):

d = dS − n
⟨λ̂ dλ⟩
⟨λ̂ λ⟩

∧ . (2.18)

Here dS = dλα ∂λα + dλ̂α ∂λ̂α
+ dxαα̇ ∂αα̇ is the exterior derivative on S. And we are

continuing to denote the exterior derivative of O(n)-valued forms by d for ease of notation.

The salient feature of (2.18) is that if ω satisfies (2.17), then dω also satisfies (2.17). Eg.,

acting with d on O(n)-valued functions f is the same as replacing dλα ∂λαf + dλ̂α ∂λ̂α
f by

e0 ∂0f + ē0 ∂̄0f .

Similarly, we will define Lie derivatives of O(m)-valued forms ω along O(l)-valued vector

fields V by using (2.18) for the cases n = m, l +m as the exterior derivative in Cartan’s

homotopy formula LV ω = V ⌟dω + d(V ⌟ω). The fact that V ⌟ω and V ⌟ dω are valued in

O(l +m) follows from the Leibniz rule for LΥ on S. So LV ω is also valued in O(l +m).

Since twistor space is a complex manifold, we can also decompose d into holomorphic

and anti-holomorphic exterior derivatives: d = ∂ + ∂̄. Let πr,s be the map that projects a

differential form ω onto the space of (r, s)-forms. Then ∂ and ∂̄ are defined by setting

∂ω := πp+1,q(dω) , ∂̄ω := πp,q+1(dω) ∀ ω ∈ Ωp,q . (2.19)

This prescription straightforwardly extends to O(n)-valued forms by extending d via (2.18).

The operator ∂̄ is called a Dolbeault operator and will occur ubiquitously in building holo-

morphic theories on twistor space.

To evaluate ∂ and ∂̄ in our bases (2.14) and (2.15), we need the structure equations:

de0 = dē0 = 0 , deα̇ = e0 ∧ ēα̇ , dēα̇ = eα̇ ∧ ē0 . (2.20)

These are found by direct computation using (2.18). In particular, since dē0 and dēα̇ have

no (0, 2)-form parts, we find that ∂̄ē0 = ∂̄ēα̇ = 0, whereas ∂ē0 = 0, ∂ēα̇ = eα̇ ∧ ē0. As an

application that we will frequently encounter, suppose ω is an O(n)-valued (0, 1)-form

ω = ω0 ē
0 + ωα̇ ē

α̇ , (2.21)
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where ω0 ∈ Ω0(PT,O(n + 2)) and ωα̇ ∈ Ω0(PT,O(n + 1)). Its anti-holomorphic derivative

is found to be

∂̄ω = π0,2(dω) = (∂̄0ωα̇ − ∂̄α̇ω0) ē
0 ∧ ēα̇ + ∂̄α̇ωβ̇ ē

α̇ ∧ ēβ̇ . (2.22)

Similarly, we can also compute the holomorphic derivative

∂ω = π1,1(dω) = e0 ∧
(
∂0ω0 ē

0 + ∂0ωα̇ ē
α̇
)
+ eα̇ ∧

[
(∂α̇ω0 + ωα̇) ē

0 + ∂α̇ωβ̇ ē
β̇
]
. (2.23)

Among Lie derivatives, we will come across derivatives along ∂α̇ in various Penrose integral

formulae. Remembering dω = ∂ω + ∂̄ω, we can use Cartan’s homotopy formula to find

L∂α̇ω = (∂α̇ω0 + ωα̇) ē
0 + ∂α̇ωβ̇ ē

β̇ . (2.24)

Notice that the ē0-component contains an extra term ωα̇ that can be traced back to the

last equation in (2.20).

2.3 Penrose transform for linear fields

Twistor theory can be used to find solutions to linearized massless field equations on flat

space [33]. A classic example of this is the Penrose contour integral formula. Let x ∈ C4 and

let X ≃ P1 be its corresponding twistor line µα̇ = xαα̇λα. For any meromorphic function

f ∈ Ω0(PT,O(−2)), its contour integral around one of its poles,

φ(x) =
1

2πi

∮
Dλ f

∣∣
X
, (2.25)

solves the Klein-Gordon equation 2φ = 0 on complexified Minkowski space. Similar formu-

lae also exist for higher spin massless free fields. We now review more convenient versions

of such integral formulae which trade contour integrals for integrals over the entire twistor

line X [30]. We will find it quickest to prove them on a Euclidean real slice R4 ⊂ C4.

Generalizing the scalar field, a massless negative helicity field of helicity ℓ < 0 is repre-

sented by a field strength φα1α2···α2|ℓ|(x) symmetrized in its spinor indices. It is on-shell if

it satisfies the linearized field equation [34]

∂α1α̇1φα1α2···α2|ℓ| = 0 . (2.26)

11



The conjugate positive helicity fields with helicity ℓ > 0 are given by field strengths

φα̇1α̇2···α̇2ℓ
(x) with symmetrized dotted spinor indices. They satisfy the field equations

∂α1α̇1φα̇1α̇2···α̇2ℓ
= 0 . (2.27)

According to the twistor correspondence, massless free fields of helicity ℓ correspond to

elements of the first Dolbeault cohomology groups H0,1(PT,O(2ℓ− 2)) on twistor space.

The case of negative helicity ℓ < 0 is relatively simpler. Let ω ∈ H0,1(PT,O(2ℓ− 2)), so

that it satisfies ∂̄ω = 0. A representative of the cohomology class of ω will be referred to as

a twistor representative. Define a negative helicity space-time field by the integral formula

φα1α2···α2|ℓ|(x) =

∫
X
Dλ ∧ λα1 λα2 · · ·λα2|ℓ| ω

∣∣
X
. (2.28)

The integrand on the right has zero homogeneity in λα, so that the integral over X ≃ P1

is well-defined. Since λα and Dλ = ⟨λ dλ⟩ are holomorphic, the integral is invariant under

shifts ω 7→ ω + ∂̄χ for χ ∈ Ω0(PT,O(2ℓ − 2)). Writing ω = ω0 ē
0 + ωα̇ ē

α̇ in our basis of

(0, 1)-forms, we see that ω|X = ω0(x, λ, λ̂) ē
0. To show that this satisfies (2.26), we compute

∂α1α̇1φα1α2···α2|ℓ| = −
∫
X
Dλ ∧ λα2 · · ·λα2|ℓ| ∂̄

α̇1ω0|X ē0 , (2.29)

having used ∂̄α̇ = λα ∂αα̇. Since ∂̄ω = 0, it follows from (2.22) that ∂̄0ωα̇ = ∂̄α̇ω0 and

∂̄α̇ωβ̇ = ∂̄β̇ωα̇. We can use the first of these to rewrite (2.29) as

∂α1α̇1φα1α2···α2|ℓ| = −
∫
X
Dλ ∧ λα2 · · ·λα2|ℓ| ∂̄0ω

α̇1 |X ē0

= −
∫
X
Dλ ∧ ∂̄|X

(
λα2 · · ·λα2|ℓ| ω

α̇1 |X
)
= 0 ,

(2.30)

written in terms of the Dolbeault operator ∂̄|X ≡ ē0 ∂̄0 of P1. The final vanishing followed

from Stokes’ theorem.

For a scalar field φ(x), we simply write a surface integral analogue of (2.25):

φ(x) =

∫
X
Dλ ∧ ω

∣∣
X
, (2.31)

where ω ∈ H0,1(PT,O(−2)). Acting with the Laplacian 2 = ∂αα̇∂αα̇ yields

2φ(x) =

∫
X
Dλ ∧ ∂αα̇∂αα̇ω0|X ē0 = 2

∫
X
Dλ ∧ ∂α̇∂̄α̇ω0|X ē0 , (2.32)
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having used the first identity in (2.13). Further simplifying using ∂̄α̇ω0 = ∂̄0ωα̇ then gives

2φ(x) = 2

∫
X
Dλ ∧ ∂α̇∂̄0ωα̇|X ē0 = 2

∫
X
Dλ ∧

(
∂̄0∂

α̇ωα̇|X − ∂̄α̇ωα̇|X
)
ē0 = 0 . (2.33)

To get the second equality, we used [∂̄0, ∂α̇] = ∂̄α̇. For the final equality, we again used

Stokes’ theorem and ∂̄-closure ∂̄α̇ωα̇ = ϵβ̇α̇ ∂̄[α̇ωβ̇] = 0.

The integral formulae for ℓ > 0 are slightly more involved. For ω ∈ H0,1(PT,O(2ℓ−2)),

the corresponding positive helicity field strength can be expressed as

φα̇1α̇2···α̇2ℓ
(x) =

∫
X
Dλ ∧ L∂α̇1

L∂α̇2
· · · L∂α̇2ℓ

ω
∣∣
X
. (2.34)

The Lie derivatives of ω are to be evaluated before restricting to X. They can be evaluated

inductively using (2.24),

L∂α̇1
L∂α̇2

· · · L∂α̇2ℓ
ω
∣∣
X

=
(
∂α̇1∂α̇2 · · · ∂α̇2ℓ

ω0 + 2ℓ ∂(α̇2
· · · ∂α̇2ℓ

ωα̇1)

)∣∣
X
ē0 . (2.35)

To verify the field equation (2.27), we compute

∂α1α̇1
(
∂α̇1∂α̇2 · · · ∂α̇2ℓ

ω0 + 2ℓ ∂(α̇2
· · · ∂α̇2ℓ

ωα̇1)

)
= λα1∂α̇1∂α̇2 · · · ∂α̇2ℓ

ωα̇1 −
λ̂α1

⟨λ̂ λ⟩
[
∂α̇1∂α̇2 · · · ∂α̇2ℓ

∂̄α̇1ω0 + 2ℓ ∂̄α̇1∂(α̇2
· · · ∂α̇2ℓ

ωα̇1)

]
= λα1∂α̇1∂α̇2 · · · ∂α̇2ℓ

ωα̇1 −
λ̂α1

⟨λ̂ λ⟩
[
∂α̇1∂α̇2 · · · ∂α̇2ℓ

∂̄0ω
α̇1 + (2ℓ− 1) ∂α̇1 ∂̄(α̇2

∂α̇3 · · · ∂α̇2ℓ)ω
α̇1
]

= ∂̄0

(
λ̂α1

⟨λ̂ λ⟩
∂α̇1∂α̇2 · · · ∂α̇2ℓ

ωα̇1

)
. (2.36)

The second line follows by applying the first of (2.13) and dropping terms containing

∂α̇1∂α̇1 = 0 due to antisymmetry. The third line is a consequence of the ∂̄-closure con-

ditions ∂̄α̇1ω0 = ∂̄0ω
α̇1 and ∂̄α̇1ωα̇k

= ∂̄α̇k
ωα̇1 . Equality of the third and fourth lines can be

checked by direct computation using the commutator [∂̄0, ∂α̇] = ∂̄α̇. Stokes’ theorem finally

allows us to conclude that

∂α1α̇1φα̇1α̇2···α̇2ℓ
(x) =

∫
X
Dλ ∧ ∂̄|X

(
λ̂α1

⟨λ̂ λ⟩
∂α̇1∂α̇2 · · · ∂α̇2ℓ

ωα̇1

∣∣
X

)
= 0 , (2.37)

giving us a solution to the positive helicity field equations.

With these formulae, we can explicitly construct on-shell massless fields on R4 from ∂̄-
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closed (0, 1)-forms on PT. In many situations, one would like to invert this procedure. This

can also be done fairly explicitly. Up to addition of ∂̄-exact terms, the Euclidean signature

twistor representative for a scalar or negative helicity field φα1···α2|ℓ|(x) can be taken to be

ω = (2|ℓ|+ 1)φα1···α2|ℓ|

λ̂α1 · · · λ̂α2|ℓ|

⟨λ̂ λ⟩2|ℓ|
ē0 + ∂α1β̇

φα2···α2|ℓ|+1

λ̂α1 · · · λ̂α2|ℓ|+1

⟨λ̂ λ⟩2|ℓ|+1
ēβ̇ . (2.38)

A direct calculation using (2.22) establishes that ∂̄ω = 0 if and only if ∂α1α̇1φα1···α2|ℓ| = 0.

On the other hand, twistor representatives for positive helicity fields are generally written

in terms of potentials for the field strengths φα̇1α̇2···α̇2ℓ
(x) [34]. Suppose ψα1α2···α2ℓ−1α̇2ℓ

(x)

locally acts as such a potential, in the sense that it is symmetric in its undotted indices and

gives rise to the field strength

φα̇1α̇2···α̇2ℓ
= ∂α1

(α̇1
∂α2
α̇2
· · · ∂α2ℓ−1

α̇2ℓ−1|ψα1α2···α2ℓ−1|α̇2ℓ) . (2.39)

The field equations (2.27) for the field strengths emerge from repeated differentiation of

field equations for the potential:

∂α̇2ℓ

(α2ℓ
ψα1α2···α2ℓ−1)α̇2ℓ

= 0 . (2.40)

The associated gauge symmetry is ψα1α2···α2ℓ−1α̇2ℓ
∼ ψα1α2···α2ℓ−1α̇2ℓ

+ ∂(α1|α̇2ℓ
χ|α2···α2ℓ−1).

For any ω ∈ H0,1(PT,O(2ℓ−2)) and a choice of constant “reference spinor” ξα, the field

equations (2.40) are solved by Penrose integral formulae of the form

ψα1α2···α2ℓ−1α̇2ℓ
(x) =

∫
X

Dλ

⟨λ ξ⟩2ℓ−1
∧ ξα1 ξα2 · · · ξα2ℓ−1

L∂α̇2ℓ
ω
∣∣
X

(2.41)

as long as ω vanishes to the (2ℓ− 1)th order at ⟨λ ξ⟩ = 0. The choice of ξα acts as a “light-

cone gauge” wherein we take the potential to satisfy ξα1ψα1···α2ℓ−1α̇2ℓ
= 0. Substituting

(2.41) into (2.39) and simplifying using ∂̄ω = 0 gives rise to the integral formulae (2.34) for

the field strengths. Conversely, if we start with a potential and write

ω = λα1 λα2 · · ·λα2ℓ−1 ψα1α2···α2ℓ−1β̇
ēβ̇ , (2.42)

one sees that ∂̄ω = 0 if and only if the potential satisfies its field equation (2.40). If the

potential is in light-cone gauge, (2.42) clearly vanishes to the required order at ⟨λ ξ⟩ = 0.
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Chapter 3

Sigma models and hyperkähler
geometry

The Penrose integral formulae sure seem like an awful amount of work to solve something as

innocuous as the Laplace equation on R4. In this chapter, we will see that solutions to even

non-linear, integrable field equations can be built from holomorphic data on twistor space.

We first review Penrose’s non-linear graviton construction that relates complex structure

deformations of PT to self-dual Ricci-flat space-times. The metrics on these space-times are

necessarily hyperkähler. We then explain how the associated Kähler and Plebanski scalar

potentials can be encoded into certain two-dimensional sigma models governing holomorphic

curves in deformed twistor spaces.

3.1 Self-duality and hyperkähler manifolds

For simplicity, we start with working in Euclidean signature; but our results will easily

generalize to complexified space-times. To this end, let M be an oriented Riemannian 4-

manifold with metric g. Let θa = (θ0,θ1,θ2,θ3) be a tetrad for the metric, i.e., a frame

for the cotangent bundle that diagonalizes the metric: g = δab θ
a θb. We can define a

null-tetrad for g by using the same construction as we did for (2.7),

g = ϵαβ ϵα̇β̇ θ
αα̇ θββ̇ = 2 det(θαα̇) , (3.1)

θαα̇ :=
1√
2

(
θ0 + iθ3 θ2 + iθ1

−θ2 + iθ1 θ0 − iθ3

)
. (3.2)
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We will generically assume thatM has a spin structure, so that the indices α = 1, 2, α̇ = 1̇, 2̇

can be treated as spinor indices of SU(2) and be raised or lowered with ϵαβ, ϵα̇β̇ as before.

Let eαα̇ denote the dual tetrad, i.e., a frame of the tangent bundle of M that satisfies

eαα̇ ⌟θ
ββ̇ = δβα δ

β̇
α̇. Spinor components of any tensor are then defined as its components

in the frames {θαα̇, eαα̇}. Similarly, we will denote the Levi-Civita connection of g in this

frame by ∇αα̇.

Let ∗ denote Hodge star with respect to g. Recall that it maps 2-forms to 2-forms in

four dimensions. Since ∗2 = 1, it splits the space of 2-forms on M into two 3-dimensional

eigenspaces with eigenvalues ±1. A 2-form F on M is said to be self-dual (SD) if it satisfies

∗F = F and anti-self-dual (ASD) if ∗F = −F . Bases of ASD and SD 2-forms are respectively

given by

Σαβ ≡ Σ(αβ) = θαα̇ ∧ θβ
α̇ , Σ̃α̇β̇ ≡ Σ̃(α̇β̇) = θαα̇ ∧ θα

β̇ . (3.3)

Similarly, we can also introduce the ASD and SD spin connection 1-forms Γαβ ≡ Γ(αβ) and

Γ̃α̇β̇ ≡ Γ̃(α̇β̇) respectively. These are defined by Cartan’s first structure equation,

dθαα̇ = Γα
β ∧ θβα̇ + Γ̃α̇

β̇ ∧ θαβ̇ , (3.4)

which is equivalent to the following structure equations for the 2-forms:

dΣαβ = 2Γ(α
γ ∧ Σβ)γ , dΣ̃(α̇β̇) = 2 Γ̃(α̇

γ̇ ∧ Σ̃β̇)γ̇ . (3.5)

The associated (linearized) gauge transformations are given by δΓαβ = dχαβ + 2Γ(α
γ χβ)γ

and δΓ̃α̇β̇ = dχα̇β̇ + 2 Γ̃(α̇
γ̇ χβ̇)γ̇ for symmetric scalars χαβ = χ(αβ), χα̇β̇ = χ(α̇β̇).

The curvatures of Γαβ, Γ̃α̇β̇ give rise to ASD and SD parts of the Riemann curvature

2-form,

Rαβ = dΓαβ + Γα
γ ∧ Γγβ , R̃α̇β̇ = dΓ̃α̇β̇ + Γ̃α̇

γ̇ ∧ Γ̃γ̇β̇ , (3.6)

with the full Riemann tensor being encoded in Rαα̇ββ̇ = ϵα̇β̇ Rαβ + ϵαβ R̃α̇β̇. The curvature

2-forms admit well-known decompositions into ASD and SD parts:

Rαβ = Ψαβγδ Σ
γδ +Φαβα̇β̇ Σ̃

α̇β̇ +
R

12
Σαβ , (3.7)

R̃α̇β̇ = Ψ̃α̇β̇γ̇δ̇ Σ̃
γ̇δ̇ +Φαβα̇β̇ Σ

αβ +
R

12
Σ̃α̇β̇ . (3.8)
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Here, R is the Ricci scalar, and Φαβα̇β̇ are spinor components of the Ricci tensor’s trace-free

part. The remaining fields Ψαβγδ and Ψ̃α̇β̇γ̇δ̇ are the ASD and SD parts of the Weyl tensor

and are known as Weyl spinors.

The 4-manifold (M, g) is said to be [35]

• self-dual if the ASD Weyl spinor vanishes: Ψαβγδ = 0,

• vacuum, i.e., Ricci-flat if the Ricci tensor vanishes: Φαβα̇β̇ = R = 0, and

• self-dual vacuum if Rαβ = 0.

An SD vacuum 4-manifold is also colloquially known as being “half-flat”. Unlike the Einstein

vacuum equations, the self-duality equation Ψαβγδ = 0 or the SD vacuum equation Rαβ = 0

are classically integrable and admit beautiful twistorial descriptions. Moreover, in four

dimensions, the condition of being self-dual as well as Ricci-flat happens to be equivalent

to M being hyperkähler. In the rest of this section, we provide a brief review of this fact

and establish our conventions.

Hyperkähler geometry in four dimensions. When M is self-dual vacuum, the Rie-

mann curvature 2-form Rαα̇ββ̇ = ϵαβ R̃α̇β̇ has holonomy SU(2). Such a manifold is said to

be hyperkähler. It comes equipped with a triplet of complex structures and Kähler forms

that are simultaneously compatible with the metric g. In terms of the ASD 2-forms Σαβ,

the three Kähler forms can be taken to be Σ12 and Σ11 ± i Σ22. They are closed by virtue

of the first of (3.5) because the ASD spin connection is flat and can be set to Γαβ = 0 up

to gauge transformations.

Using dΣαβ = 0, one can find local complex coordinates (yα̇, ỹα̇) on M so that

Σ11 = dyα̇ ∧ dyα̇ , Σ12 = −Ωα̇β̇ dy
α̇ ∧ dỹβ̇ , Σ22 = dỹα̇ ∧ dỹα̇ , (3.9)

where the form of Σ11 and Σ22 follows from Darboux’s theorem and their rank. Depending

on our spin frames, ỹα̇ will generally be a linear combination of yα̇ = (y1̇, y2̇) and its

conjugate ŷα̇ = (−y2̇, y1̇). The closure of Σ12 implies that

Ωα̇β̇ =
∂2Ω

∂yα̇∂ỹβ̇
, (3.10)
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by the usual argument for the existence of a symplectic potential.

In what follows, we will abbreviate functions f(y, ỹ) of yα̇, ỹα̇ as f(y). The Kähler

potential Ω(y) is often referred to as Plebanski’s first fundamental form for the hyperkähler

metric on M ,

g = 2Ωα̇β̇ dy
α̇ dỹβ̇ . (3.11)

Up to local SL(2,C)-valued rotations of the dotted indices, the simplest choice of frame θαα̇

for the cotangent bundle is

θ1α̇ = dyα̇ , θ2α̇ = −Ωα̇
β̇ dỹ

β̇ , (3.12)

in terms of which the metric reads g = ϵαβ ϵα̇β̇ θ
αα̇ θββ̇. It is a Ricci-flat metric if Ω satisfies

det(Ωα̇β̇) ≡
1

2

∂2Ω

∂yα̇∂ỹβ̇
∂2Ω

∂yα̇∂ỹβ̇
= 1 , (3.13)

i.e., the metric determinant is 1. This condition is known as Plebanski’s first heavenly

equation [36].1 It follows from equating the last of (3.9) with its definition Σ22 = θ2α̇ ∧ θ2α̇

in this frame.

The frame eαα̇ of the tangent bundle can be taken to be

e1α̇ =
∂

∂yα̇
, e2α̇ = Ωα̇

β̇ ∂

∂ỹβ̇
. (3.14)

It is dual to θαα̇ when e2β̇ ⌟θ
2α̇ = Ωβ̇γ̇ Ω

α̇γ̇ !
= δα̇

β̇
, i.e., when (3.13) is satisfied. The heavenly

equation arises as the integrability condition [L̄α̇, L̄β̇] = 0 of the Lax pair

L̄α̇ := λα eαα̇ = λ2
∂

∂yα̇
− λ1Ωα̇

β̇ ∂

∂ỹβ̇
. (3.15)

Hence, it is a classical integrable system. Since they form an involutive distribution, the

L̄α̇ provide (0, 1)-vectors of a new complex structure on M for every value of the spectral

parameter λα ∈ P1. In total, one finds that there are not just three but a continuous family

of complex structures on M parametrized by points on P1. This provides a natural segway

into the twistor correspondence for hyperkähler manifolds.

1A broader treatment including the second heavenly equation as well as the more general case of quater-
nionic geometry can be found in [1, 37, 38].
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3.2 The non-linear graviton

Twistor space from space-time. Let (M, g) be a given self-dual space-time. Just as

for flat space, the twistor space ofM is given by the undotted spinor bundle PT =M ×P1.

It is made into an almost complex manifold by taking the (1, 0)-forms to be the span of

τ = λα(dλα + Γα
βλβ) , λα θ

αα̇ . (3.16)

This provides the so-called Atiyah-Hitchin-Singer almost complex structure on PT for vac-

uum as well as non-vacuum self-dual space-times. It becomes an integrable almost complex

structure if these (1, 0)-forms span a differential ideal of the exterior algebra over M × P1.

It is a classic calculation in twistor theory that this happens if and only if Ψαβγδ = 0 (see

[30] for a review). That is, PT is a complex manifold if and only if M is self-dual [29, 39].

We will focus on the SD vacuum case. A short computation shows that2

τ ∧ dτ = −τ ∧ λα λβ Rαβ = 0 . (3.17)

A holomorphic analogue of Frobenius’ theorem then implies that the (1, 0)-vector fields

in the kernel of τ form an integrable distribution. This endows PT with a holomorphic

fibration PT → P1, with the fibers being the integral surfaces of this distribution. Taking

the flat ASD spin connection to be Γαβ = 0, we see from dΣαβ = 0 that the fiber over every

point λα ∈ P1 comes equipped with a holomorphic symplectic structure

Σ = λα λβ Σ
αβ = λα θ

αα̇ ∧ λβ θβ
α̇ . (3.18)

Indeed, dΣ = 0 modulo terms containing dλα which drop at fixed λα ∈ P1.

Space-time from twistor space. Conversely, twistor theory allows one to construct

SD vacuum space-times from ‘curved’ twistor spaces PT . A large class of curved twistor

spaces can be explicitly obtained by deforming the complex structure of ‘flat’ twistor space

PT = O(1) ⊕ O(1) → P1. With such a deformation in hand, the key result we use for the

reconstruction of space-time is Penrose’s non-linear graviton theorem:

2It is easiest to find this by treating τ as a 1-form on non-projective twistor space T = M × C2 and
computing its standard exterior derivative.
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Theorem 3.1 (Penrose [40, 41]) There is a one-to-one correspondence between:

• suitably convex regions of SD vacuum 4-manifolds (M, g), and

• Complex 3-folds PT that are complex deformations of a neighbourhood of a projective

line in PT and admit

1. a holomorphic fibration PT → P1,

2. a 4-complex parameter family of sections each with normal bundle O(1)⊕O(1),

3. an O(2)-valued holomorphic symplectic form Σ on each fiber, and

4. an anti-holomorphic involution j : PT → PT that induces the antipodal map on

P1 and picks a 4-real parameter family of sections invariant under it.

Here, O(n)→ PT is defined by pullback along the fibration PT → P1.

We continue to use both non-holomorphic coordinates (xαα̇, λα) as well as holomorphic

coordinates (µα̇ = xαα̇λα, λα) on flat twistor space PT. The coordinates on space-time

M will henceforth be denoted yαα̇ to avoid confusion. The almost complex structure

of PT can be represented by expressing its (1, 0)-forms as deformations of those of PT:

θ0 = Dλ− V 0 , V 0 ∈ Ω0,1(PT,O(2)) ,

θα̇ = eα̇ − V α̇ , V α̇ ∈ Ω0,1(PT,O(1)) ,

(3.19)

where Dλ ≡ ⟨λ dλ⟩ and eα̇ = λα dx
αα̇ were introduced in (2.15). In analogy with 2d CFT,

the vector field V ≡ V 0 ∂0+V
α̇ ∂α̇ ∈ Ω0,1(PT, T 1,0PT) will be called a Beltrami differential.

Remembering the twisted exterior derivative (2.18) of O(n)-valued forms on PT, a little

work allows us to determine the structure equations associated to θ0, θα̇:

dθ0 = −θ0 ∧ L∂0V 0 − θβ̇ ∧ L∂β̇V
0 −N0 ,

dθα̇ = θ0 ∧ (ēα̇ − L∂0V α̇)− θβ̇ ∧ L∂β̇V
α̇ −N α̇ ,

(3.20)

where

N0 = ∂̄V 0 + V 0 ∧ L∂0V 0 + V β̇ ∧ L∂β̇V
0 ,

N α̇ = ∂̄V α̇ + V 0 ∧ (L∂0V α̇ − ēα̇) + V β̇ ∧ L∂β̇V
α̇

(3.21)
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are components of the Nijenhuis tensor N = N0 ∂0 +N α̇ ∂α̇.
3 In these expressions, ∂̄ is the

Dolbeault operator on PT defined in (2.19). The almost complex structure is integrable if

and only if N = 0, for then the deformed (1, 0)-forms (3.19) span a differential ideal.

Following theorem 3.1, we assume N = 0. The holomorphic fibration PT → P1 can be

modeled upon the fibration PT→ P1 by setting V 0 = 0. In this case, θ0 reduces to Dλ and

the flat twistor coordinate λα continues to be a holomorphic coordinate along the base of

PT → P1. On each fiber, the required symplectic (2, 0)-form can be taken to be

Σ = θα̇ ∧ θα̇ . (3.22)

Computing its exterior derivative using (3.20) yields

dΣ = 2
[
θ0 ∧ (ēα̇ − L∂0V α̇) ∧ θα̇ + θα̇ ∧ θβ̇ ∧ L∂β̇V

α̇ −N α̇ ∧ θα̇
]
. (3.23)

Setting V 0 = 0 and N α̇ = 0, we see that dΣ = 0 modulo terms containing Dλ if and only if

L
∂β̇V

α̇ − L∂α̇V β̇ = 0 . (3.24)

This is equivalent to saying that V is vertically divergence free: L∂α̇V α̇ = 0.

Motivated by this, we introduce a holomorphic Poisson bracket on the fibers of PT→ P1:

{ω, η} := ϵα̇β̇ L∂α̇ω ∧ L∂β̇η (3.25)

on (0, •)-forms ω, η on PT. We can locally solve the constraints V 0 = 0 and (3.24) in terms

of a hamiltonian h ∈ Ω0,1(PT,O(2)) by setting

V = {h, · } = ϵα̇β̇ L∂α̇h ∂β̇ , (3.26)

with h now encoding the data of the complex structure deformation. It is defined up to

gauge transformations generated by Poisson diffeomorphisms. For instance, linearized gauge

transformations take the form

δh = ∂̄χ+ {h, χ} , χ ∈ Ω0(PT,O(2)) . (3.27)

3Strictly speaking, this is a perturbative analogue of the actual Nijenhuis tensor that nevertheless captures
all its non-linearities.
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Using (3.26), the Nijenhuis tensor can be expressed in terms of a “torsion” T (unrelated to

space-time torsion):

N = {T, · } , T := ∂̄h+
1

2
{h, h} . (3.28)

In what follows, we will demand T = 0 as our criterion of integrability. Although this

is mildly stronger than the minimal requirement L∂α̇T = 0, it will be needed to generate

solutions of the heavenly equation (3.13) from twistor sigma models in the next section.

To construct an SD vacuum space-time M from this data, we begin by constructing

holomorphic rational curves in PT . Let Y ≃ P1 be such a curve. It is given by rational

maps (µα̇(σ), λα(σ)) : P1 → PT , where σα ∈ P1 are homogeneous coordinates parametrizing

Y . For Y to embed holomorphically in PT , it needs to satisfy the defining equation of a

(pseudo-)holomorphic curve in a (almost) complex manifold [42]

T 0,1PT |Y ≃ T 0,1P1 . (3.29)

Concretely, this says that the standard (0, 1)-vector field ⟨σ̂ σ⟩σ · ∂σ̂ on P1 must be in the

kernel of the (1, 0)-forms on PT , resulting in the PDEs

⟨σ̂ σ⟩σα
∂

∂σ̂α
⌟ (⟨λ dλ⟩|Y ) = 0 , ⟨σ̂ σ⟩σα

∂

∂σ̂α
⌟ (θα̇|Y ) = 0 . (3.30)

Up to GL(2,C) rotations, the first of these is solved by λα(σ) = σα, whence we can use λα

itself as the curve parameter.

Thus, Y gives a global holomorphic section of the fibration PT → P1,

(µα̇ = µα̇(λ), λα) : P1 → PT , (3.31)

where µα̇(λ) is a rational function homogeneous of degree 1 in λα. By assumption, each

section of PT → P1 has normal bundle O(1)⊕O(1). Since H0(P1,O(1)⊕O(1)) = C4, Ko-

daira theory allows us to construct a complex space-time MC as the 4-complex-dimensional

moduli space of such sections. For every y ∈MC, the curve is given by a degree 1 rational

function F α̇(y, λ),

Y : µα̇(λ) = F α̇(y, λ) . (3.32)

It must satisfy the remaining equation in (3.30) but with ⟨σ̂ σ⟩σ · ∂σ̂ replaced by our old
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friend ∂̄0 = ⟨λ̂ λ⟩λ · ∂λ̂,

∂̄0 ⌟
(
θα̇|Y

)
= 0 =⇒ ∂̄0F

α̇ + ∂̄0 ⌟ (L∂α̇h|Y ) = 0 . (3.33)

Remember that in this PDE, ∂̄0 is evaluated at fixed y (instead of fixed x).

Lastly, we can obtain a real hyperkähler slice M ⊂ MC as the space of those sections

that are left invariant by the involution j mentioned in the last point of theorem 3.1. If ZA

and j(ZA) both lie on a curve Y , then they uniquely determine the curve and it corresponds

to a real point y ∈ M . For example, for R4, such an involution was given by quaternionic

conjugation j(ZA) = ẐA in (2.9). In practice, we will never need to actually find such a

j, because our calculations will always be analytic in y ∈ MC. As such, the final results of

most of our calculations will be signature-agnostic.

Reconstruction of the hyperkähler metric on M . The map

p :M × P1 → PT , (y, λ) 7→ ZA = (F α̇, λα) (3.34)

is a diffeomorphism that realizes PT as the spinor bundle of M ⊂ MC. Since ∂̄0 is in the

kernel of the 1-forms on M × P1 that point along M , we can trivially rewrite (3.33) as

∂̄0 ⌟ p
∗θα̇ = 0 =⇒ ∂̄0F

α̇ + ∂̄0 ⌟ p
∗L∂α̇h = 0 . (3.35)

Using this, we can show that the 2-form Σ = θα̇ ∧ θα̇ satisfies

L∂̄0p
∗Σ = ∂̄0 ⌟ p

∗dΣ + d(∂̄0 ⌟ p
∗Σ)

= 0 mod Dλ ,

(3.36)

where the first term vanished because dΣ = 0 modulo terms containing Dλ (i.e., Σ is closed

at constant λα) and the second term vanished by virtue of (3.35).

Thus, Σ is a holomorphic 2-form of homogeneity 2 in λα. By Liouville’s theorem applied

to every curve Y ≃ P1, there exists a triplet of 2-forms Σαβ = Σ(αβ) on M such that

p∗Σ = λα λβ Σ
αβ(y) mod Dλ . (3.37)

It follows by construction that the 2-forms Σαβ obey dΣαβ = 0. Since Σ ∧ Σ = 0, they are
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constrained by Σ(αβ ∧ Σγδ) = 0. This is known as a ‘simplicity’ constraint. It implies the

existence of a frame θαα̇ on M for which [43]:

Σαβ = θαα̇ ∧ θβ
α̇ . (3.38)

With this frame, the hyperkähler metric on M is recovered to be ds2 = θαα̇ θαα̇; the

holonomy reduction to SU(2) follows as a consequence of dΣαβ = 0.

Modulo Dλ, it follows from (3.37) and (3.38) that p∗θα̇ ∧ p∗θα̇ = λα θ
αα̇ ∧ λβ θβ

α̇. This

determines θα̇ in terms of space-time data up to a rotation H α̇
β̇(y, λ, λ̂) ∈ SL(2,C) of the

dotted indices [24],

p∗θα̇ = λβ H
α̇
β̇ θ

ββ̇ mod Dλ . (3.39)

For each y ∈ M , the matrix H α̇
β̇ has homogeneity 0 in λα, λ̂α and can be interpreted as

a spin frame on the bundle of dotted spinors O(0) ⊕ O(0) → Y over the curve Y . Its

unimodularity can be reexpressed as

ϵα̇β̇ H
α̇
γ̇ H

β̇
δ̇ = ϵγ̇δ̇ , (3.40)

which ensures that it drops out of p∗θα̇ ∧ p∗θα̇.

Further acting with L∂̄0 on (3.39), we can find a PDE for the spin frame:

λβ ∂̄0H
α̇
β̇ θ

ββ̇ = L∂̄0p
∗θα̇ = ∂̄0 ⌟ p

∗dθα̇ = −
(
∂̄0 ⌟ p

∗L∂β̇L∂α̇h
)
p∗θβ̇ mod Dλ

=⇒ ∂̄0H
α̇
β̇ + ∂̄0 ⌟ p

∗L∂α̇L∂γ̇h H
γ̇
β̇ = 0 , (3.41)

having applied the second structure equation in (3.20) with data V 0 = 0, V α̇ = −L∂α̇h and

N = 0. We remark that in deriving this, N = 0 can be replaced by the weaker condition

∂̄0 ⌟ p∗N α̇ = 0 [2], though we will ignore this subtlety for the purposes of this thesis.

3.3 Twistor sigma models

We can use the 2-forms Σαβ generated by the non-linear graviton construction to produce

explicit hyperkähler metrics of the form (3.11) on M . Much like the case of linear fields in

chapter 2, this will entail finding explicit integral formulae for solutions Ω to Plebanski’s

heavenly equation (3.13), leading us to the namesake sigma models of this thesis.
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Curves and boundary conditions. Let us work on a complexified coordinate patch

yαα̇ ∈MC. Our calculations in this section will be analytic in yαα̇, but it is useful to keep a

Euclidean real slice M ⊂MC at the back of one’s mind. Let κ1α, κ2α be a basis of undotted

spinors, normalized with the convention ⟨1 2⟩ ≡ ⟨κ1 κ2⟩ = −1. In this basis, we set

λα = λ1 κ1α + λ2 κ2α , yα̇ = yαα̇κ1α , ỹα̇ = yαα̇κ2α . (3.42)

Using a general spin frame κ1, κ2 will prove extremely helpful in the study of amplitudes

in the next chapter, where the basis spinors will get identified with spinor-helicity variables

of negative helicity gravitons. Later on, factors of ⟨1 2⟩ will also be reinstated by invoking

standard scaling properties of amplitudes.

In the previous section, we introduced holomorphic curves (3.32) in deformed twistor

spaces PT by realizing them as global sections of the holomorphic fibration PT → P1. The

coordinates yα̇, ỹα̇ acted as moduli for their associated curve Y . Henceforth, the fundamen-

tal question that will inspire much of our investigation is the following: can we find a sigma

model governing the holomorphic embeddings Y ≃ P1 ↪→ PT ? That is, can we find a field

theory living on Y whose equations of motion give the PDE (3.33)?

To study this question, first decompose the curved incidence relations as

µα̇ = F α̇(y, λ) = λ1 y
α̇ + λ2 ỹ

α̇ +mα̇(y, λ) (3.43)

where yαα̇λα = λ1 y
α̇ + λ2 ỹ

α̇ acts as a ‘zero-mode’, and mα̇(y, λ) encodes perturbations

generated by turning on the complex structure deformation h. Substituting (3.43) into

(3.33) yields the PDE satisfied by the perturbations,

∂̄0m
α̇ + ∂̄0 ⌟ (L∂α̇h|Y ) = 0 . (3.44)

Using the Cauchy kernel of the Dolbeault operator of P1 acting on sections of O(1), we can

turn this into an integral equation:

mα̇(y, λ) = − 1

2πi

∫
Y ′

Dλ′

⟨λλ′⟩
⟨1λ⟩
⟨1λ′⟩

⟨2λ⟩
⟨2λ′⟩

∧ L∂α̇h|Y ′ , (3.45)

where Y ′ denotes the same curve as Y but with curve coordinates λ′α, and ⟨i λ⟩ ≡ ⟨κi λ⟩,

etc. As with any Green’s function, the Cauchy kernel requires a set of boundary conditions
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that are here represented by a pair of ‘reference spinors’ κ1, κ2 at which mα̇ is deemed to

vanish. With hindsight, we have identified these with our choice of spin frame.

With these boundary conditions, we can factorize mα̇ = λ1λ2m
α̇, with mα̇(y, λ) being

O(−1)-valued rational functions that are regular at λ = κ1, κ2. They are determined by

the integral equation

mα̇(y, λ) =
mα̇(y, λ)

λ1λ2
= − 1

2πi

∫
Y ′

Dλ′

⟨λλ′⟩
∧ L∂α̇h|Y ′

λ′1λ
′
2

(3.46)

obtained from dividing (3.45) by λ1λ2 = −⟨1λ⟩ ⟨2λ⟩. Thus, our curves take the form

µα̇ = F α̇(y, λ) = λ1 y
α̇ + λ2 ỹ

α̇ + λ1λ2m
α̇(y, λ) , (3.47)

and satisfy the boundary conditions

F α̇(y, κ1) = yα̇ , F α̇(y, κ2) = ỹα̇ . (3.48)

These fix the moduli of the curve so that mα̇(y, λ) contain no newer moduli.

Sigma model and equations of motion. We now construct a second order action

governing the perturbations mα̇.4 The fields of our theory will be the complex symplectic

bosons mα̇ and their quaternionic conjugates m̂α̇. In terms of these, we introduce a twistor

sigma model as the field theory given by the action

Sh[m](y) =
1

2πi

∫
Y

Dλ

λ21 λ
2
2

∧
(
1

2
mα̇ ∂̄|Ymα̇ + h|Y

)
, (3.49)

where ∂̄|Y = ē0 ∂̄0 denotes the standard anti-holomorphic exterior derivative on P1. This

action is a functional of the fields mα̇ as well as an ordinary function of the curve moduli

y. It is coupled to the complex structure deformation h simply by pullback to Y .

Notable is the presence of poles in the integration measure Dλ/λ21λ
2
2, which act as

defects coupled to our sigma models. These are necessitated for reasons of homogeneity.

The ingredients Dλ, mα̇ ∂̄|Ymα̇ and h all have weight 2 in λα, so we need to introduce

poles in the measure to cancel the weight and give a genuine integrand on P1. The natural

choice of double poles at λ1 = 0 and λ2 = 0 arises from our boundary conditions on the

4This is distinct from twistor strings, where one usually constructs a first order sigma model governing
the full map F α̇(y, λ) but requires the introduction of dual twistor fields.
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fields. Since mα̇ = λ1λ2m
α̇, the kinetic term secretly has no poles and the P1-integral can

converge. By the same logic, the interaction term containing h|Y can only be convergent in

a gauge where h vanishes to second order at both poles, i.e.,

h = λ21 λ
2
2 ω , ω ∈ Ω0,1(PT,O(−2)) . (3.50)

Recalling the linear Penrose transform discussed in section 2.3, this indicates that h contains

the degree of freedom ω of a single scalar field on space-time. We are on the right track to

find the Kähler scalar!

Next, we compute the equations of motion of (3.49). To do this, set h = h0 ē
0 + hα̇ ē

α̇.

Notice that our model depends on h only through Dλ∧h|Y = Dλ∧ ē0 ∂̄0 ⌟ (h|Y ). Using the

incidence relations map

p : (y, λ) 7→

(
xαα̇ =

λ̂αF α̇(y, λ)− λαF̂ α̇(y, λ)

⟨λ̂ λ⟩
, λ

)
(3.51)

we find

∂̄0 ⌟ (h|Y ) = h0|Y − hα̇|Y
λ̂α ∂̄0|yxαα̇

⟨λ̂ λ⟩
= h0|Y + hα̇|Y

(
F α̇ − ∂̄0F̂

α̇

⟨λ̂ λ⟩

)
, (3.52)

where we have clarified that ∂̄0|y denotes ∂̄0 evaluated at fixed y. Since δF α̇ = δmα̇ and

δF̂ α̇ = δm̂α̇ under variations of mα̇, m̂α̇, varying the action (3.49) with respect to mα̇ gives

δmSh =
1

2πi

∫
Y

Dλ ∧ ē0

λ21 λ
2
2

δmα̇

[
∂̄0mα̇ + (∂α̇h0 + hα̇)|Y + ∂α̇hβ̇|Y

(
F β̇ − ∂̄0F̂

β̇

⟨λ̂ λ⟩

)]

+
1

2πi

∫
Y

Dλ ∧ ē0

λ21 λ
2
2

∂̄0(m
α̇δmα̇) . (3.53)

In the last term, we can use the boundary conditions to substitute mα̇ = λ1λ2m
α̇ with mα̇

regular at the two poles. It then vanishes by Stokes’ theorem:

1

2πi

∫
Y

Dλ ∧ ē0

λ21 λ
2
2

∂̄0(m
α̇δmα̇) =

1

2πi

∫
Y
Dλ ∧ ē0 ∂̄0(mα̇δmα̇) = 0 . (3.54)

Recycling the calculation in (3.52) with h replaced by L∂α̇h = (∂α̇h0 + hα̇) ē
0 + ∂α̇hβ̇ ē

β̇, we

reduce the remaining variation to

δmSh =
1

2πi

∫
Y

Dλ ∧ ē0

λ21 λ
2
2

δmα̇
[
∂̄0mα̇ + ∂̄0 ⌟ (L∂α̇h|Y )

]
. (3.55)

Demanding that this vanish shows that the equation of motion of mα̇ is precisely (3.44),
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the PDE for holomorphic perturbations.

The equations of motion of the complex conjugates of mα̇ can be similarly deduced by

varying Sh with respect to m̂α̇ (but keeping mα̇ formally fixed as is standard for actions

involving complex scalars). In the first instance, this leads to

δm̂Sh =
1

2πi

∫
Y

Dλ ∧ ē0

λ21 λ
2
2

δm̂α̇

⟨λ̂ λ⟩

[
− ∂̄α̇h0|Y − ∂̄α̇hβ̇|Y

(
F β̇ − ∂̄0F̂

β̇

⟨λ̂ λ⟩

)
+ ∂̄0(hα̇|Y )

]

− 1

2πi

∫
Y

Dλ ∧ ē0

λ21 λ
2
2

∂̄0

(
hα̇|Y δm̂α̇

⟨λ̂ λ⟩

)
. (3.56)

Using the boundary conditions (3.50) on h, we again see that the last term drops out

due to Stokes’ theorem. The remaining variation can be simplified using the chain rule

∂̄0(hα̇|Y ) = ∂̄0hα̇|Y + ∂hα̇/∂x
ββ̇|Y ∂̄0|yxββ̇ to yield the equation of motion

(
∂̄0hα̇ − ∂̄α̇h0

)
|Y + ∂β̇hα̇|Y ∂̄0m

β̇ +
(
∂̄β̇hα̇ − ∂̄α̇hβ̇

)
|Y
(
F β̇ − ∂̄0F̂

β̇

⟨λ̂ λ⟩

)
= 0 . (3.57)

Substituting for ∂̄0m
β̇ using the mα̇ equation of motion (3.44), this can be recast as

(
∂̄0hα̇ − ∂̄α̇h0 + {h0, hα̇} − hβ̇∂β̇hα̇

)
|Y

+
(
∂̄β̇hα̇ − ∂̄α̇hβ̇ + {hβ̇, hα̇}

)
|Y
(
F β̇ − ∂̄0F̂

β̇

⟨λ̂ λ⟩

)
= 0 , (3.58)

written in terms of the Poisson bracket (3.25). It gives a constraint on the ambient complex

structure h, but how do we interpret it?

Recall the “torsion” T = ∂̄h+ 1
2 {h, h} introduced in (3.28). Writing it in components,

T = T0α̇ ē
0 ∧ ēα̇ +

1

2
Tβ̇α̇ ē

β̇ ∧ ēα̇ , (3.59)

we can easily determine the explicit expressions

T0α̇ = ∂̄0hα̇ − ∂̄α̇h0 + {h0, hα̇} − hβ̇∂β̇hα̇ ,

Tβ̇α̇ = ∂̄β̇hα̇ − ∂̄α̇hβ̇ + {hβ̇, hα̇} .
(3.60)

It follows that (3.58) is encoding the vanishing of the projection of T along Y :

∂̄0 ⌟ p
∗T = 0 , (3.61)

with p : M × P1 → PT given in (3.51). At the end of the day, we want to work in the
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category of complex structure deformations satisfying T = 0. So we conclude that the m̂α̇

equation of motion does not give any further constraints on the curves beyond (3.44).

Thus, up to a choice of boundary conditions, our sigma model governs the required

holomorphic curves in PT .

Solutions of the heavenly equation. The prime utility of our twistor sigma model is

that its on-shell action gives rise to a Kähler scalar on space-time. This is captured by the

following result which forms the backbone of the chapters to follow.

Theorem 3.2 Let PT be a curved twistor space described by a hamiltonian complex struc-

ture deformation h ∈ Ω0,1(PT,O(2)) satisfying T = 0 and vanishing to second order at

κ1, κ2. In complex coordinates yα̇ = yαα̇κ1α, ỹ
α̇ = yαα̇κ2α, the Kähler scalar solving Ple-

banski’s heavenly equation (3.13) on the associated hyperkähler 4-manifold M is given by

Ω(y) = ϵα̇β̇ y
α̇ỹβ̇ − Sh[m](y)

∣∣
on-shell

. (3.62)

The proof of this theorem follows by direct computation of the Kähler form. This can

be shown in two steps.

Lemma 3.1 First derivatives of the twistor sigma model’s on-shell action yield

∂

∂yα̇
Sh[m](y)

∣∣
on-shell

= −mα̇(y, κ1) ,
∂

∂ỹα̇
Sh[m](y)

∣∣
on-shell

= mα̇(y, κ2) . (3.63)

Proof: Much of the computation in deriving these is a repeat of that involved in getting

the equations of motion. To outline our methods, let’s obtain the yα̇-derivative. Even before

assuming that the action is on-shell or that T = 0, one can massage it into

∂

∂yα̇
Sh[m](y) =

1

2πi

∫
Y

Dλ ∧ ē0

λ21 λ
2
2

[
1

2

∂mβ̇

∂yα̇
∂̄0mβ̇ +

1

2
mβ̇ ∂̄0

∂mβ̇

∂yα̇
− ∂F β̇

∂yα̇
∂̄0mβ̇

+
1

2

∂

∂yα̇
⌟ ∂̄0 ⌟ p

∗(Σ + 2T ) + ∂̄0

(
∂

∂yα̇
⌟ p∗h

)]
, (3.64)

where recall that Σ = θα̇ ∧ θα̇. As usual, we can drop the last term using Stokes’ theorem

and the boundary conditions (3.48), (3.50) on F α̇ and h. Using integrability T = 0 as well

as the mα̇ equation of motion ∂̄0 ⌟ p∗θα̇ = 0 (see (3.35)), we can also set ∂̄0 ⌟ p∗(Σ+2T ) = 0.
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This leaves us with just the first line of (3.64). Substituting F α̇ = λ1y
α̇ + λ2ỹ

α̇ +mα̇

along with mα̇ = λ1λ2m
α̇ then yields

∂

∂yα̇
Sh[m](y)

∣∣
on-shell

=

∫
Y

Dλ ∧ ē0

2πi

[
1

2

∂mβ̇

∂yα̇
∂̄0mβ̇ +

1

2
mβ̇ ∂̄0

∂mβ̇

∂yα̇
−
(
δβ̇α̇
λ2

+
∂mβ̇

∂yα̇

)
∂̄0mβ̇

]

=

∫
Y

Dλ ∧ ē0

2πi

[
1

2
∂̄0

(
mβ̇

∂mβ̇

∂yα̇

)
− ∂̄0mα̇

λ2

]
=

∫
Y
Dλ ∧ δ̄(λ2) mα̇(y, λ) = −mα̇(y, κ1) . (3.65)

In getting from the second to the third line, we have dropped the total derivative term,

integrated by parts in the second term, and recalled the definition ē0 ∂̄0(1/λ2) = 2πi δ̄(λ2)

of a holomorphic delta function. The final integral can be done by going to the affine chart

λ1 = 1, λ2 = z on P1, in which Dλ = λ2 dλ1 − λ1 dλ2 = −dz. This establishes the first of

(3.63). The ỹα̇-derivative can be computed in an analogous manner. 2

Lemma 3.2 Second derivatives of the twistor sigma model’s on-shell action yield

∂2Sh[m](y)

∂yα̇∂ỹβ̇

∣∣∣∣
on-shell

= ϵα̇β̇ +Hα̇
γ̇(y, κ1)Hβ̇γ̇(y, κ2) . (3.66)

where H α̇
β̇(y, λ) ∈ SL(2,C) is the spin frame defined in (3.39).

Proof: Using the integral equation (3.46), we can make the yα̇-derivative more explicit:

∂

∂yα̇
Sh[m](y)

∣∣
on-shell

= − 1

2πi

∫
Y

Dλ

λ1 λ22
∧ L∂α̇h|Y

= − 1

2πi

∫
Y

Dλ ∧ ē0

λ1 λ22

[
(∂α̇h0 + hα̇)|Y + ∂α̇hβ̇|Y

(
F β̇ − ∂̄0F̂

β̇

⟨λ̂ λ⟩

)]
. (3.67)

Turning the crank, its ỹβ̇-derivative can be massaged to yield a beautifully simple answer,

∂2Sh[m](y)

∂yα̇∂ỹβ̇

∣∣∣∣
on-shell

=
1

2πi

∫
Y

Dλ ∧ ē0

λ1 λ22

[
∂

∂ỹβ̇
⌟ ∂̄0 ⌟ p

∗dθα̇ − ∂̄0
(

∂

∂ỹβ̇
⌟ p∗L∂α̇h

)]
. (3.68)

This has been simplified by means of dθα̇ = θγ̇ ∧ L∂γ̇L∂α̇h+ L∂α̇T mod Dλ, which follows

from putting together equations (3.20), (3.26) and (3.28) of the previous section. Once

again, the second term in (3.68) is killed by Stokes’ theorem on remembering the boundary

conditions on h and the regularity of F α̇ at κ1, κ2.

Now assume T = 0. At the end of the previous section, we used this to discover an
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SL(2,C)-valued dotted spin frame H α̇
β̇(y, λ). Its defining property (3.39) leads to

∂2Sh[m](y)

∂yα̇∂ỹβ̇

∣∣∣∣
on-shell

=
1

2πi

∂

∂ỹβ̇
⌟θγγ̇

∫
Y

Dλ ∧ ē0

λ1 λ22
λγ ∂̄0Hα̇γ̇ , (3.69)

where θδδ̇ is the space-time tetrad.

Using the equation of motion ∂̄0 ⌟ p∗θα̇ = 0, we can show that

p∗θα̇ = dyF
α̇ − p∗∂α̇hβ̇

dyF̂
β̇

⟨λ̂ λ⟩
mod Dλ . (3.70)

From this, we can read off boundary values of the (1, 0)-forms:

p∗θα̇(y, κ1) = dyα̇ , p∗θα̇(y, κ2) = dỹα̇ , (3.71)

having applied (3.48), coupled with the fact that ∂α̇hβ̇ = 0 at κ1, κ2. Equating these to the

right hand side of (3.39) at κ1, κ2 allows us to extract components of the tetrad,

θ1α̇ ≡ κ1α θαα̇ = −Hβ̇
α̇(y, κ1) dy

β̇ ,

θ2α̇ ≡ κ2α θαα̇ = −Hβ̇
α̇(y, κ2) dỹ

β̇ ,

(3.72)

where the spin frame was inverted using H α̇
β̇ Hα̇

γ̇ = −δγ̇
β̇
. In particular, ∂/∂ỹβ̇ only has a

non-zero contraction with θ2γ̇ . Continuing with the computation of (3.69) finally yields

∂2Sh[m](y)

∂yα̇∂ỹβ̇

∣∣∣∣
on-shell

= −
Hβ̇

γ̇(y, κ2)

2πi

∫
Y

Dλ ∧ ē0

λ1λ2
∂̄0Hα̇γ̇

= Hβ̇
γ̇(y, κ2) (Hα̇γ̇(y, κ2)−Hα̇γ̇(y, κ1))

= ϵα̇β̇ +Hα̇
γ̇(y, κ1)Hβ̇γ̇(y, κ2) ,

(3.73)

having integrated by parts to localize the λα integral at the two simple poles. 2

Proof of theorem 3.2: Second derivatives of the scalar Ω given in (3.62) now become

∂2Ω

∂yα̇∂ỹβ̇
= Hα̇γ̇(y, κ1)Hβ̇

γ̇(y, κ2) . (3.74)

Hence, Ω satisfies the heavenly equation (3.13) because the spin frame is unimodular:

1

2

∂2Ω

∂yα̇∂ỹβ̇
∂2Ω

∂yα̇∂ỹβ̇
=

1

2
Hα̇γ̇(y, κ1)H

α̇
δ̇(y, κ1)Hβ̇

γ̇(y, κ2)H
β̇δ̇(y, κ2)

=
1

2
ϵγ̇δ̇ ϵ

γ̇δ̇ = 1 .

(3.75)
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Lastly, we can compute the space-time metric

g = θαα̇ θαα̇ = 2θ2α̇ θ1
α̇ = 2Hα̇γ̇(y, κ1)Hβ̇

γ̇(y, κ2) dy
α̇ dỹβ̇

= 2
∂2Ω

∂yα̇∂ỹβ̇
dyα̇ dỹβ̇ .

(3.76)

Hence, Ω gives the Kähler scalar of space-time. 2

Our expression (3.62) can be thought of as a Penrose integral formula for solutions of

the fully non-linear heavenly equation. By treating yα̇, ỹα̇ as coordinates on complexified

space-time MC, it gives rise to complexified hyperkähler metrics. A choice of involution j

as in theorem 3.1 allows one to pick a real slice, i.e., a relation between ỹα̇ and the complex

conjugates of yα̇, yielding a Riemannian hyperkähler metric. Eg., on R4 one would set

ỹα̇ = ŷα̇ = (−y2̇, y1̇). Alternatively, we can continue to (2, 2) signature and find “real”

hyperkähler metrics.

This shows the broader scope of twistor methods beyond linear field equations. Similar

formulae can also be built for other descriptions of hyperkähler metrics like Plebanski’s

second heavenly equation, as well as for quaternionic metrics on 4-manifolds. A more

complete discussion of the associated twistor sigma models can be found in [1]. For our

purposes, we will continue to focus on the model (3.49). Its main practical application

will be to the computation of graviton scattering amplitudes. We come to this in the next

chapter.
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Chapter 4

Graviton scattering in flat space

The main applications of our models is to the computation of gravitational scattering am-

plitudes. In four dimensions, gravitational perturbations are classified by whether their

linearized Weyl curvatures are self-dual (SD) or anti-self-dual (ASD). These are the posi-

tive and negative helicity gravitons. The tree-level gravitational scattering amplitudes are

therefore classified by the number of negative (versus positive) helicity external gravitons

[21]. Integrability of the purely SD sector means that amplitudes with all positive or all

but one positive external gravitons vanish.

The first non-vanishing configuration as one moves away from self-duality is the maximal

helicity violating (MHV) amplitude: two negative helicity and arbitrarily many positive

helicity external gravitons. Explicit, all-multiplicity formulae for tree-level gravitational

MHV amplitudes in flat space have been known for decades [44–46], with the optimal

formula (in terms of compactness and explicit permutation symmetry) due to Hodges [20].

While the veracity of these formulae is easily established through unitarity techniques (e.g.,

Berends-Giele or BCFW recursion), a direct first-principles derivation of Hodges’ formula

from classical general relativity has proven elusive. In this chapter, we show how twistor

sigma models together with a new generating functional leads to such a first-principles

derivation.

4.1 MHV generating functional

The main tool that facilitates our computation of amplitudes is the perturbation theory

associated to a first order chiral formulation of general relativity in Euclidean signature.

33



On a general 4-manifold M , such a chiral formulation is expressed in terms of three ASD

2-forms constructed from the tetrad, Σαβ = θαα̇ ∧ θβ
α̇, and an ASD spin connection Γαβ

which is a priori independent of the tetrad [43, 47–51]. The classical action functional is:

S[θ, Γ] =

∫
M

Σαβ ∧
(
dΓαβ + κ2 Γα

γ ∧ Γβγ

)
, (4.1)

where κ =
√
16πG is the gravitational coupling constant. The field equations become

dΣαβ = 2κ2 Γ(α
γ ∧ Σβ)γ , (4.2)

θαα̇ ∧
(
dΓαβ + κ2 Γα

γ ∧ Γβγ

)
= 0 (4.3)

which provide a first order formulation of Einstein’s vacuum equations.

The first equation of motion (4.2) is just the first structure equation given in (3.5).

Hence, it sets κ2 Γαβ to equal the ASD spin connection of g. Recalling the decomposition

(3.7), the second equation of motion (4.3) then becomes

θαα̇ ∧Rαβ = θαα̇ ∧
(
Φαβγ̇δ̇ Σ̃

γ̇δ̇ +
R

12
Σαβ

)
= 0

=⇒ Φαβγ̇δ̇ = R = 0 ,

(4.4)

where we have used the identity θ(α|α̇∧Σ|γδ) = 0 to drop a term containing the Weyl spinor.

This is equivalent to Ricci flatness Rab = 0. Thus, we land on the vacuum equations of GR.

Similarly, one can also check that off-shell, after integrating out its quadratic dependence

on Γαβ, (4.1) equals the Einstein-Hilbert action up to a topological term. Hence, it is

equivalent to the Einstein-Hilbert action in perturbation theory.

As κ→ 0, an integration by parts reduces the chiral action to

lim
κ→0

S[θ, Γ] =

∫
M

Γαβ ∧ dΣαβ . (4.5)

In this case, the field Γαβ stops being a spin connection. Instead, it acts as a Lagrange

multiplier imposing dΣαβ = 0, i.e., flatness of the ASD spin connection. Hence, κ → 0 is

the limit in which we obtain an action for self-dual GR [52]. At non-zero κ, (4.1) expands

the non-self-dual theory perturbatively around its self-dual subsector. The O(κ2) term in

(4.1) encodes graviton interaction vertices and scattering amplitudes [53].
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Linearized gravity around SD backgrounds. Graviton perturbations (δθαα̇, δΓαβ) =

(ϑαα̇, γαβ) around an SD vacuum background M with tetrad θαα̇
0 and closed ASD 2-forms

Σαβ
0 satisfy the linearized Einstein vacuum equations

dσαβ = 2κ2 γ(αδ ∧ Σ
β)δ
0 , θαα̇

0 ∧ dγαβ = 0 , (4.6)

where σαβ ≡ δΣαβ = 2θ
(α|α̇
0 ∧ ϑ|β)α̇. The identity θ

(α|α̇
0 ∧Σ

|γδ)
0 = 0 implies that the second

of these field equations is equivalent to linearized Ricci flatness,

δΦαβα̇β̇ = δR = 0 =⇒ dγαβ = ψαβγδ Σ
γδ
0 , (4.7)

where ψαβγδ is the perturbation to the ASD Weyl spinor.

On SD backgrounds, we can classify such perturbations as having positive or negative

helicity. Perturbations preserving self-duality satisfy ψαβγδ = 0 and are referred to as

positive helicity gravitons. Up to linearized gauge transformations δγαβ = dραβ, we can

take the corresponding solutions of (4.6), (4.7) to have γαβ = 0 and satisfy dσαβ = 0.

On the other hand, negative helicity gravitons are defined by quotienting the space of all

solutions of the linearized Einstein equations by the space of such SD solutions [24]. Beyond

flat space, they are no longer strictly anti-self-dual and can lead to non-trivial perturbations

of Ψ̃α̇β̇γ̇δ̇. Nevertheless, they will be explicitly computable in the examples we study.

Generating functional for MHV amplitudes. In this thesis, we will illustrate our

techniques with a focus on tree-level maximally helicity violating (MHV) amplitudes. These

are the amplitudes for scattering two negative helicity gravitons off an arbitrary number

of positive helicity gravitons. On SD backgrounds, tree amplitudes with less than two

negative helicity gravitons necessarily vanish due to the integrability of SD GR, so the

MHV configuration is the first non-trivial case of interest.

Let us consider an n-graviton MHV amplitude A(1− 2− 3+ · · ·n+) involving negative

helicity gravitons (ϑi, γi), i = 1, 2, and positive helicity gravitons (ϑi, γi = 0), i = 3, . . . , n.

In [24], it was shown that this can be generated from a two-point function of the negative

helicity gravitons on a deformed SD vacuum backgroundM. As a smooth manifold,M is

the same as M . But the metric onM is constructed as a deformation of the metric on M
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by a superposition of the positive helicity gravitons. Explicitly, the tetrad and ASD 2-forms

onM take the form

θαα̇ = θαα̇
0 +

n∑
i=3

aiϑ
αα̇
i +O(aiajϑiϑj) , Σαβ = θαα̇ ∧ θβ

α̇ , (4.8)

where the higher order corrections are to be determined by solving the fully non-linear SD

vacuum equations dΣαβ = 0 perturbatively in the linear solutions aiϑi. The ai are formal

parameters that act as classical analogues of ‘creation operators’ and always accompany the

corresponding ϑi.

The two-point function of negative helicity gravitons 1, 2 on SD vacuum space-times was

determined directly from the action (4.1) in [24]:1

G(1, 2) ≡
∫
M

Σαβ ∧ γ1αδ ∧ γ2 δβ . (4.9)

Intuitively, it arises from the interaction term of (4.1) evaluated on-shell in our scattering

configuration. So it provides the leading correction about the SD sector. The n-point MHV

amplitude is then given by the term in G(1, 2) that is linear in each ai,

A(1− 2− 3+ · · ·n+) =
(

∂n−2

∂a3 · · · ∂an
G(1, 2)

)∣∣∣∣
ai=0 ∀ i

. (4.10)

This way of computing amplitudes is closely related to perturbiner methods [54]. Intuitively,

the ∂/∂ai in this expression act as classical analogues of ‘annihilation operators’. In par-

ticular, picking this multi-linear piece ensures that the resulting amplitude acts as a linear

functional on the graviton Hilbert space (after Wick rotation to Lorenztian signature).

4.2 Uplift to twistor space

To begin our foray into perturbative gravity, we wish to compute graviton MHV ampli-

tudes on a flat background M = R4 by treating it as a self-dual background. Sadly, even

on R4, computing (4.8) and (4.9) using space-time perturbation theory quickly becomes

untenable due to an exponential proliferation of Feynman diagrams. To overcome this, we

will automate the perturbative expansion in (4.8) using our twistor sigma models.

1Their analysis was originally performed in Lorentzian signature. The final generating functional (4.9)
can nevertheless be calculated in Euclidean signature and then analytically continued to other signatures.
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Momentum eigenstates. We will study the scattering of graviton momentum eigen-

states labeled by null momenta kαα̇i = καi κ̃
α̇
i . The variables κi, κ̃i are known as spinor-

helicity variables in the literature. They are defined up to little group scalings

(κi, κ̃i) ∼ (siκi, s
−1
i κ̃i) , si ∈ C∗ . (4.11)

Of course, there are no real null momenta in Euclidean signature. Thankfully, we can easily

Wick rotate the resulting amplitudes to Lorentzian signature by setting κ̃α̇i = κ̄α̇i .

As described in the last section, we will refine our scattering problem by helicity. Let

η denote the flat metric (irrespective of signature). On flat space, positive and negative

helicity metric perturbations g = η + h± associated to momentum eigenstates have the

well-known expressions (the factors of −2 are a useful convention)

h+
i αα̇ββ̇

(x) = −
2 ξα ξβ κ̃iα̇ κ̃iβ̇
⟨ξ i⟩2

eiki·x , h−
i αα̇ββ̇

(x) = −
2κiα κiβ ξ̃α̇ ξ̃β̇

[ξ̃ i]2
eiki·x , (4.12)

where ξα, ξ̃α̇ are arbitrary ‘reference spinors’ that describe the linearized gauge freedom

in the perturbations; and ⟨ξ i⟩ ≡ ⟨ξ κi⟩, [ξ̃ i] = [ξ̃ κ̃i], etc. Amplitudes A(1 2 · · ·n) of such

momentum and helicity eigenstates transform as

A(siκi, s
−1
i κ̃i) = s−2Ji

i A(κi, κ̃i) (4.13)

under little group scalings of the ith-graviton with helicity Ji ∈ {±2}. This is inherited from

little group scalings of the perturbations (4.12), as the amplitudes are linear functionals of

these wavefunctions.

On perturbing η 7→ g = η + h, the perturbations ϑαα̇ of the tetrad can be found by

linearizing g = θαα̇ θαα̇ around flat space: ϑαα̇ = 1
2 h

αα̇
ββ̇ dx

ββ̇. By linearizing (3.4), we

can derive the ASD spin connection perturbations generated by the momentum eigenstates

of (4.12),

γ+i αβ = 0 , γ−i αβ = −iκiα κiβ eiki·x
⟨i|dx|ξ̃]
[ξ̃ i]

, (4.14)

where we have introduced the notation ⟨a|p|b] ≡ aαp
αα̇bα̇ for the contraction of a vector

pαα̇ with a pair of spinors aα, bα̇. Using (4.7), we find the curvature perturbations

ψ+
i αβγδ = 0 , ψ−

i αβγδ = κiα κiβ κiγ κiδ e
iki·x . (4.15)
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As expected, the + helicity states are self-dual; and the − helicity states are anti-self-dual

by the parity symmetry of flat space.

From generating functional to twistor sigma model. Consider the MHV ampli-

tude A(1− 2− 3+ · · ·n+) of momentum eigenstates (4.12). It is computed by the generating

functional (4.9). The relevant deformed manifold M is topologically R4, but now comes

equipped with a deformed metric

g = η +
n∑

i=3

aih
+
i +O(aiajh

+
i h

+
j ) (4.16)

that solves the self-dual vacuum equations dΣαβ = 0.

For ease of notation, suppose ⟨1 2⟩ ≡ ⟨κ1 κ2⟩ = −1; factors of ⟨1 2⟩ will be reinstated

in the final amplitudes using little group scaling. Choosing κ1α, κ2α as a basis of undotted

spinors, we can define complex coordinates onM,

yα̇ = xαα̇κ1α , ỹα̇ = xαα̇κ2α , (4.17)

as we did on a generic SD vacuum space-time in (3.42). Recall from (3.9) that sinceM is

hyperkähler, we can take its basis of ASD 2-forms to be

Σ11 = dyα̇ ∧ dyα̇ , Σ12 = − ∂2Ω

∂yα̇∂ỹβ̇
dyα̇ ∧ dỹβ̇ , Σ22 = dỹα̇ ∧ dỹα̇ , (4.18)

such that the Kähler scalar Ω satisfies Plebanski’s heavenly equation (3.13).

In the yα̇, ỹα̇ coordinates, the negative helicity spin connection perturbations (4.14)

become

γαβ1 = iκα1 κ
β
1 e

i[y 1] [ξ̃ dy]

[ξ̃ 1]
, γαβ2 = iκα2 κ

β
2 e

i[ỹ 2] [ξ̃ dỹ]

[ξ̃ 2]
. (4.19)

The MHV generating functional (4.9) can then be expressed as:∫
M

Σαβ ∧ γ1αδ ∧ γ2 δβ =

∫
M

d2y d2ỹ
∂2Ω

∂yα̇∂ỹβ̇
ξ̃α̇ ξ̃β̇

[ξ̃ 1] [ξ̃ 2]
ei[y 1]+i[ỹ 2],

= −
∫
M

d2y d2ỹ Ω ei[y 1]+i[ỹ 2], (4.20)

upon integration by parts in y and ỹ. Quite satisfyingly, this generating functional is now

manifestly independent of the reference spinor ξ̃α̇. Reexpressing it in the original coordinates
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xαα̇ ∈ R4 gives

G(1, 2) = −
∫
R4

d4x Ω ei(k1+k2)·x . (4.21)

Hence, the generating functional of momentum space MHV amplitudes is simply a Fourier

transform of the Kähler scalar ofM.

It is now straightforward to lift the entire MHV generating functional to twistor space,

using theorem 3.2. Applying (3.62), the result is

G(1, 2) =
∫
R4

d2y d2ỹ ei[y 1]+i[ỹ 2] Sh[m](y)
∣∣
on-shell

, (4.22)

where Sh[m](y) is the twistor sigma model of the first kind given by (3.49). So, the last step

in lifting G(1, 2) to twistor space is determining a twistor representative h for the deformed

space-timeM. This can be constructed as a superposition of momentum eigenstate twistor

representatives.

Twistor representatives. For a spin-2 momentum eigenstate with null momentum kαα̇i =

καi κ̃
α̇
i , the twistor representative hi ∈ H0,1(PT,O(2)) in complex coordinates ZA = (µα̇, λα)

is given by

hi(Z) =

∫
C∗

ds

s3
∧ δ̄2(κi − s λ) eis[µ i] . (4.23)

In this expression, the holomorphic delta function is defined as

δ̄2(κi − s λ) :=
1

(2πi)2

∧
α=1,2

(∂̄P1 + ds̄ ∂s̄)

(
1

κiα − s λα

)
.

Using the flat space incidence relations X : µα̇ = xαα̇λα, hi(Z) pulls back to

hi(x, λ) =

∫
C∗

ds

s3
∧ δ̄2(κi − s λ) eiki·x . (4.24)

Its Weyl spinor perturbation δΨ̃α̇β̇γ̇δ̇ ≡ ψ̃α̇β̇γ̇δ̇ on space-time can be found from the Penrose

integral formula (2.34) for ℓ = +2:

ψ̃+

i α̇β̇γ̇δ̇
(x) =

∫
X
Dλ ∧ L∂α̇L∂β̇L∂γ̇L∂δ̇hi

∣∣
X

=

∫
X×C∗

Dλ ∧ ds ∧ δ̄2(κi − sλ) ∂α̇∂β̇∂γ̇∂δ̇(e
iki·x) = κ̃iα̇ κ̃iβ̇ κ̃iγ̇ κ̃iδ̇ e

iki·x
(4.25)

where the integrals were localized against the holomorphic delta functions.
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We now take a linear superposition of such representatives,

h =
n∑

i=3

aihi . (4.26)

Since ∂̄h = 0 (by linearity), it acts as a representative for the linearized graviton hαα̇ββ̇ =∑n
i=3 aih

+

i αα̇ββ̇
on space-time. Moreover, since each hi ∝ ē0 (due to ∂̄P1 = ē0 ∂̄0) we observe

that {h, h} ∝ ē0 ∧ ē0 = 0. Thus, h also satisfies T = ∂̄h + 1
2 {h, h} = 0 and gives a fully

non-linear representative for an integrable complex structure deformation of PT. Applying

the non-linear graviton theorem 3.1 to this representative, we can construct the hyperkähler

space-timeM whose metric is asymptotically described by (4.16).

This is the beauty of the non-linear graviton construction. On space-time, it appears like

a nigh impossible task to find the higher order corrections in (4.16) that ensure dΣαβ = 0.

But on twistor space, (4.26) solves both the ‘linear field equation’ ∂̄h = 0 as well as its

non-linear counterpart T = 0. A non-linear superposition of positive helicity gravitons on

space-time reduces to a linear superposition on twistor space!

4.3 MHV amplitudes from sigma model

Sigma model correlators. To extract the amplitude, we need to extract the part of the

generating functional which is multi-linear in the positive helicity gravitons. This problem

is easily translated into extracting a connected, tree-level correlation function from the field

theory on P1 defined by the twistor sigma model:

Lemma 4.1 Let h =
∑n

i=3 aihi. When mα̇(y, λ) is a solution to its equation of motion and

vanishes at κ1, κ2, there is an equivalence(∏
i

∂

∂ai

)∫
P1

Dλ ∧ ē0

2πiλ21 λ
2
2

(
1

2

[
m∂̄0m

]
+ h|Y

)∣∣∣∣
ai=0

= ⟨Vh3Vh4 . . . Vhn⟩
0
tree , (4.27)

where λ1 = −⟨λ 2⟩, λ2 = ⟨λ 1⟩; Y : µα̇ = λ1y
α̇+λ2ỹ

α̇+mα̇(y, λ) are the perturbed holomor-

phic curves; and the ‘vertex operators’ Vhi
are defined as

Vhi
=

1

2πi

∫
P1

hi|Y Dλ

λ21 λ
2
2

, (4.28)

and ⟨. . .⟩0tree denotes the correlation function obtained using connected, tree-level Feynman
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diagrams of the twistor sigma model with trivial background h = 0.

Proof: Let ℏ be a formal parameter. The generating functional of connected correlation

functions of such vertex operators is the effective action

W (ai) = −2πiℏ log

∫
Dm exp

(
− 1

4πiℏ

∫
P1

Dλ ∧ ē0

λ21 λ
2
2

[
m∂̄0m

]
− 1

ℏ
∑
i

aiVhi

)
, (4.29)

as can be inductively confirmed by differentiation with respect to the ai. Contributions of

the connected tree-level graphs can be extracted through the ℏ→ 0 limit. Using the saddle

point approximation, this reduces to the corresponding on-shell action

W tree(ai) = lim
ℏ→0

W (ai) =
1

2

∫
P1

Dλ ∧ ē0

λ21 λ
2
2

[
m∂̄0m

]
+
∑
i

aiVhi

∣∣∣∣
on-shell

=

∫
P1

Dλ ∧ ē0

λ21 λ
2
2

(
1

2

[
m∂̄0m

]
+ h|Y

)∣∣∣∣
on-shell

,

(4.30)

where now h =
∑

i aihi. 2

To compute the correlators, we substitute mα̇ = λ1 λ2m
α̇ to get the free theory action:

1

4πi

∫
P1

Dλ ∧ ē0

λ21 λ
2
2

[
m∂̄0m

]
=

1

4πi

∫
P1

Dλ ∧ ē0
[
m ∂̄0m

]
(4.31)

with the only boundary conditions on the O(−1)-valued functions mα̇ being that they be

regular at κ1, κ2. This is the action we use to compute OPEs of the vertex operators Vhi
.

At this point, the computation of this connected tree correlator follows straightforwardly

by an application of the weighted matrix-tree theorem.

Lemma 4.2 The connected tree-level correlators are given by

⟨Vh3Vh4 . . . Vhn⟩
0
tree =

∫
(P1)n−2

(∣∣Ljj∣∣ n∏
i=3

hi(mi)Dλi
⟨λi 1⟩2 ⟨λi 2⟩2

)∣∣∣∣
mα̇=0

, (4.32)

where: mα̇
i = mα̇(y, λi); Vhi

are as defined in (4.28); the (n − 2) × (n − 2) matrix L has

entries

Lij =


1

⟨λi λj⟩

[
∂

∂mi

∂
∂mj

]
, i ̸= j ,

−
∑

k ̸=i
1

⟨λi λk⟩

[
∂

∂mi

∂
∂mk

]
, i = j ,

(4.33)

and |Ljj | is the determinant of H with one row and column removed, corresponding to any

j ∈ {3, . . . , n}.
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Proof: Viewing the {Vhi
} as insertions at n points on P1, each labeled by homogeneous

coordinate λαi , we must extract the sum of connected tree-level Feynman diagrams in the

theory defined by the background twistor sigma model with h = 0. The relevant kinetic

term in the twistor sigma model is [m ∂̄0m], which means that the OPE of a pair of m’s

inserted at λi, λj is determined by inverting the ∂̄-operator on sections of O(−1)→ P1:

mα̇
i m

β̇
j ∼

2πi ϵα̇β̇

⟨λi λj⟩
. (4.34)

The OPE between any two vertex operator insertions are then determined by acting with

mα̇-derivatives in the appropriate way:

hi(mi)hj(mj) ∼
2πi

⟨λi λj⟩

[
∂hi(mi)

∂mi

∂hj(mj)

∂mj

]
, (4.35)

having dropped terms with multiple Wick contractions as they do not contribute to tree

diagrams. The factors of 2πi in such OPEs always cancel factors of 1/2πi in the vertex

operator normalizations at tree-level, so can be freely dropped.

Figure 4.1: A typical tree diagram contributing to the sigma model correlator. The vertices
denote + helicity graviton vertex operators, and edges denote sigma model propagators.

The weighted matrix tree theorem of algebraic combinatorics (cf., [55–57]) states that

the sum of all connected tree-level Feyman diagrams is given by the determinant of the

weighted Laplacian matrix for the configuration of vertex operators with a row and col-

umn corresponding to any one of the vertex operators, say j ∈ {3, . . . , n} removed. The

theorem guarantees that the sum is independent of this choice. From (4.34), it follows

that the weighted Laplacian matrix is given by L with entries as in (4.33), meaning that

the connected tree correlator takes the claimed form. Lastly, having performed all Wick

contractions, we set the perturbations mα̇ = 0 as they have no zero-modes. 2
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When momentum eigenstates are used, (4.35) yields a factor of [ij]/⟨ij⟩, where [i j] =

[κ̃i κ̃j ], etc. This was the propagator for the tree-diagram formalism of [45, 46]. The vertices

similarly provide simple weight factors that can be identified with those of [45, 46]. See

[58–60] for analogous usages of the matrix tree theorem to sum these tree diagrams.

Hodges’ formula. On inserting momentum eigenstates as wave functions into our general

formulae (4.27), our sum of tree diagrams reduces to those of [45, 46]. Its sum via a matrix

tree argument (4.32) reduces to Hodges’ determinant formula [20] following [58].

Lemma 4.2 combined with (4.22) provides an explicit twistorial formula for the n-point,

tree-level graviton MHV amplitude in flat space:

⟨1 2⟩6
∫

M×(P1)n−2

d4x ei(k1+k2)·x

(∣∣Ljj∣∣ n∏
i=3

hiDλi

)∣∣∣∣
mα̇=0

, (4.36)

where an extra factor of ⟨1 2⟩6 has been reinstated by demanding little group scaling. Each

of the twistor wavefunctions is a momentum eigenstate of the form (4.23). Consequently,

(4.36) is equal to

⟨1 2⟩6
∫

M×(P1)n−2

d4x ei(k1+k2)·x

×
{∣∣Ljj∣∣ n∏

i=3

Dλi
⟨λi 1⟩2 ⟨λi 2⟩2

∫
C∗

dsi
s3i

δ̄2(κi − si λi) eisi⟨λi|x|i]+isi⟨λi 1⟩⟨λi 2⟩[mi i]

}∣∣∣∣
mα̇=0

, (4.37)

when evaluated on momentum eigenstates. Now, using the fact that

∂

∂mα̇
i

= i si ⟨λi 1⟩⟨λi 2⟩ κ̃iα̇ , (4.38)

when acting on eisi⟨λi 1⟩⟨λi 2⟩[mi i], it follows that

∣∣Ljj∣∣ ∏
k ̸=1,2,j

⟨λk 1⟩−2 ⟨λk 2⟩−2 =
∣∣Hj

j

∣∣ , (4.39)

where H is the (n− 2)× (n− 2) matrix whose entries are

Hij =


sisj

[i j]
⟨λi λj⟩ , i ̸= j ,

−si
∑

k ̸=i sk
[i k]

⟨λi λk⟩
⟨λk 1⟩ ⟨λk 2⟩
⟨λi 1⟩ ⟨λi 2⟩ , i = j ,

(4.40)
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and |Hj
j | is the determinant with the row and column corresponding to graviton j removed.

The n−2 integrations over λαi ∈ P1 can be performed against holomorphic delta functions

in the momentum eigenstate representatives, which set si λi = κi. The remaining scale

integrals over the si parameters are also trivially performed against the holomorphic delta

functions in the representatives. The final result is:

⟨1 2⟩6

⟨1 j⟩2 ⟨2 j⟩2
∣∣Hj

j

∣∣ ∫
R4

d4x exp

[
i

n∑
i=1

ki · x

]
= δ4

( n∑
i=1

ki

)
⟨1 2⟩6

⟨1 j⟩2 ⟨2 j⟩2
∣∣Hj

j

∣∣ , (4.41)

where the (n− 2)× (n− 2) matrix H—called the Hodges matrix—has entries

Hij =
[i j]

⟨i j⟩
, i ̸= j ∈ {3, · · · , n} ,

Hii = −
∑
j ̸=i

[i j]

⟨i j⟩
⟨1 j⟩ ⟨2 j⟩
⟨1 i⟩ ⟨2 i⟩

, i ∈ {3, · · · , n} ,
(4.42)

and |Hj
j | is the determinant of the matrix obtained by removing the jth row and jth column

from it. This is precisely Hodges’ formula for the n-point graviton MHV amplitude [20],

where gravitons 1 and 2 are negative helicity and all others are positive helicity. The fact

that the combination
|Hj

j |
⟨1 j⟩2 ⟨2 j⟩2

(4.43)

is independent of the choice of positive helicity graviton j follows from the identity

n∑
j=3

Hij ⟨1 j⟩ ⟨2 j⟩ = 0 ∀ i (4.44)

and properties of determinants.

This provides a first-principles derivation of Hodges’ formula by systematically lift-

ing space-time perturbation theory to twistor space. Calculating the Hodges determinant

reduces the computational complexity of MHV graviton amplitudes from factorial time

(afforded by Feynman diagrams or double copy techniques) to polynomial time. Such re-

markable simplifications typically signify the presence of deep symmetries in our description

of physics. True to such promise, in the next chapter we will uncover an infinite dimensional

symmetry algebra that hides within the dynamics of our twistor sigma models. This will

require us to put on the lens of flat space holography.
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Chapter 5

w1+∞ and celestial holography

In recent years, there has been a resurgence in the search for holographic dualities in asymp-

totically flat space-times (cf., [12, 61–63] for recent reviews). This program goes by the name

of “celestial holography”. Much of the recent work in this direction has focused on the in-

terplay between asymptotic symmetries and soft particles [64, 65]. For example, at leading

order in the soft momentum, soft gravitons are related to BMS supertranslations via a Ward

identity [66], with many generalizations to subleading orders and other theories (cf., [12]

and references therein). In the past, these have been understood to arise from an interplay

between asymptotic symmetries and twistor/ambitwistor strings [67–69].

In an exciting turn of events, recent studies of soft and collinear limits of flat space

amplitudes [70, 71] have revealed an infinite tower of such soft graviton theorems arising by

working to all orders in the soft expansion [72–75]. For a positive helicity soft graviton, this

infinite tower of soft theorems can be organized into the algebra w1+∞ (or more precisely,

the loop algebra of the wedge algebra of w1+∞) [76–79]. It is generated by chiral currents

w[p, q](z), with z ∈ CP1 and p, q ∈ Z≥0, obeying the operator product expansions

w[p, q](z)w[r, s](z′) ∼ ps− qr
z − z′

w[p+ r − 1, q + s− 1](z′) . (5.1)

It has long been known that the algebra w1+∞ classically describes canonical transforma-

tions of a plane [80, 81]. Over the years, a number of authors have linked the corresponding

loop algebra (5.1) to self-dual gravity via the non-linear graviton construction [82–85] of

deformed twistor spaces for self-dual space-times. As a result, it finds natural links with

flat space holography through the work of Newman and Penrose [39, 40, 86].
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In this chapter, we begin by reviewing the program of celestial holography and the

appearance of w1+∞ symmetries. This is followed by a review of how the same symmetries

also govern self-dual GR. Finally, we explain how the celestial realization of w1+∞ arises as

a consequence of the SD GR realization by means of our twistor sigma models.

5.1 Symmetries of celestial CFT

Celestial holography proposes the existence of a 2-dimensional conformal field theory living

on a Riemann sphere that is holographically dual to quantum gravity in asymptotically flat

space-times. In Lorentzian signature, it can be thought of as living on the celestial sphere

at null infinity I +. Hence, it is dubbed a celestial conformal field theory, or CCFT for

short.

According to its conjectural holographic dictionary, a graviton momentum eigenstate in

4d flat space is dual to a local operator in CCFT [12, 87, 88]:

|κ, κ̃, ℓ⟩ ←→ Oℓ(ω, z, z̄) . (5.2)

The subscript ℓ = ±2 denotes graviton helicity, and κα =
√
ω (1, z), κ̃α̇ =

√
ω (1, z̄) are

spinor-helicity variables (defined up to little group scaling as before). In Lorentzian signa-

ture, z̄ is the complex conjugate of z, and z ∈ C can be identified as a complex coordinate

on the celestial sphere. More generally, it is useful to complexify space-time (or work in

Euclidean signature as in the previous chapters). In this case, we can think of z and z̄ as

independent complex variables,1 and ω as a complex scaling that intuitively encodes the

graviton’s “energy”. Such a complexification is helpful in studying the analytic structure

of scattering amplitudes.

Celestial holography posits that graviton amplitudes can be reconstructed as CCFT

correlators of the dual operators,

A(ωi, zi, z̄i) =

〈
n∏

i=1

Oℓi(ωi, zi, z̄i)

〉
. (5.3)

This is particularly natural since Lorentz transformations in the bulk act as 2d conformal

1CCFT then lives on an abstract CP1 with coordinate z.
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transformations on the celestial coordinates zi, z̄i and as scalings on ωi:

z′i =
azi + b

czi + d
, z̄′i =

āz̄i + b̄

c̄z̄i + d̄
, ω′

i = ωi (czi + d)(c̄z̄i + d̄) (5.4)

for i = 1, . . . , n and ad − bc = ād̄ − b̄c̄ = 1. The amplitude is Lorentz covariant and

transforms as

A(ω′
i, z

′
i, z̄

′
i) =

n∏
j=1

(czj + d)ℓj (c̄z̄j + d̄)−ℓj A(ωi, zi, z̄i) . (5.5)

This resembles the transformation law of a conformal correlator, up to the non-trivial trans-

formations of the ωi’s.
2

As in any CFT, the dynamics of celestial CFT are expected to be governed by its

operator product expansions. The OPE limits zij ≡ zi − zj → 0 or z̄ij ≡ z̄i − z̄j → 0

when two operators Oℓi(ωi, zi, z̄i), Oℓj (ωj , zj , z̄j) approach each other get reflected in the

collinear limits of the corresponding amplitudes [89, 90]. In the limit when two positive

helicity gravitons become collinear, tree amplitudes of general relativity factorize as [45]

A(ω1, z1, z̄1,+ ; ω2, z2, z̄2,+ ; · · · )

∼ (ω1 + ω2)
2

ω1 ω2

z̄12
z12

A

(
ω1 + ω2, z2,

ω1z̄1 + ω2z̄2
ω1 + ω2

,+ ; · · ·
)
+O(z012) (5.6)

(neglecting factors of the gravitational coupling for brevity’s sake). We can make this

resemble an OPE expansion by Taylor expanding the amplitude on the right in small z̄12,

A(ω1, z1, z̄1,+ ; ω2, z2, z̄2,+ ; · · · )

∼ (ω1 + ω2)
2

ω1 ω2

z̄12
z12

∞∑
k=0

1

k!

ωk
1

(ω1 + ω2)k
z̄k12 ∂

k
z̄2A(ω1 + ω2, z2, z̄2,+ ; · · · ) +O(z012) . (5.7)

Thus, we expect the so-called “celestial OPE” of two positive helicity graviton operators to

be given by (abbreviating O+2 by O+)

O+(ω1, z1, z̄1)O+(ω2, z2, z̄2) ∼
z̄12
z12

∞∑
k=0

1

k!

ωk−1
1

ω2 (ω1 + ω2)k−2
z̄k12 L̄

k
−1O+(ω1 + ω2, z2, z̄2) (5.8)

at the leading singular order in z12, where L̄−1 ≡ ∂z̄ is a 2d conformal generator.

2On fixing signatures, it is also possible to work with an alternate basis of states where one trades the
energy ω for a scaling dimension ∆ that is invariant under conformal transformations [71]. This is called a
conformal basis. To keep our treatment general, we continue to use the momentum eigenbasis in this work.
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Soft gravitons in CCFT. A graviton with non-zero energy |ω| > 0 is colloquially known

as a hard graviton. Similarly, one can define soft gravitons by taking residues of hard

gravitons at various orders in the soft limit ω → 0 [76],

wp(z, z̄) := Res
ω=0

ω1−pOℓ(ω, z, z̄) , p ∈ Z≥0 . (5.9)

Taking the first graviton in (5.8) soft of order p shows that the OPE between wp(z1, z̄1) and

an arbitrary hard graviton O+(ω2, z2, z̄2) is a polynomial of degree p in z̄1. Hence, assuming

that the hard gravitons generate the spectrum of CCFT as an algebra, we can take wp(z, z̄)

to be a finite polynomial in z̄ (the notation below follows [14]),

wp(z, z̄) =
∑

k+l=p

z̄l w[k, l](z)

k! l!
. (5.10)

This gives rise to p + 1 chiral currents w[k, l](z). Taking both gravitons soft in (5.8), one

can derive the OPE between these:

w[k, l](z1)w[m,n](z2) ∼
kn− lm
z12

w[k +m− 1, l + n− 1](z2) . (5.11)

In [77], Strominger recognized this as the loop algebra of the algebra w1+∞.

To be explicit, assume that w[k, l](z) is meromorphic at z = 0 and perform a Laurent

expansion

w[k, l](z) =
∑
r∈Z

w[k, l]r
zr+1

. (5.12)

From the OPE (5.11), it follows that the modes w[k, l]r of this current obey the commutation

relations [
w[k, l]r, w[m,n]s

]
= (kn− lm)w[k +m− 1, l + n− 1]r+s , (5.13)

where the commutator is to be understood in the sense of a 2d CFT. The zero-modes

w[k, l]0 form the algebra w1+∞, the algebra of canonical transformations of a 2-plane (to be

discussed shortly). The extra parameter z ∈ P1 forms a loop parameter (when restricted to

the equator |z| = 1), so the algebra (5.13) is known as the loop algebra Lw1+∞. The “1”

in 1 +∞ stands for the single current w[0, 0] which is a central element of the algebra.

Since gravity is a key part of holographic dualities, we may expect similar symmetry

algebras to constrain any celestial CFT. They are commonly referred to as soft graviton sym-
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metries. To really understand why such a hidden symmetry algebra exists in the collinear

behavior of graviton scattering, we once again turn to self-dual GR.

5.2 Symmetries of self-dual GR

Canonical transformations and Lw1+∞. Let µα̇ = (µ1̇, µ2̇) be complex coordinates on

C2, and let { · , · } be the familiar holomorphic Poisson structure

{f, g} = ∂f

∂µ1̇
∂g

∂µ2̇
− ∂f

∂µ2̇
∂g

∂µ1̇
. (5.14)

Elements of the Lie algebra w1+∞ of holomorphic canonical transformations can be decom-

posed into polynomial Hamiltonians on the µα̇-plane,

H[k, l] := (µ1̇)k (µ2̇)l , k, l ∈ Z≥0 . (5.15)

The Poisson bracket acting on these elements gives

{H[k, l], H[m,n]} =
(
kn− lm

)
H[k +m− 1, l + n− 1] . (5.16)

This defines the commutation relations of the basis elements H[k, l] of w1+∞. Strictly

speaking, since k, l ≥ 0, this is the wedge subalgebra of w1+∞.

The loop algebra Lw1+∞ of w1+∞ can be represented by introducing a complex coor-

dinate λ ∈ C, where the loop is parametrized by |λ| = 1. Alternatively, λ can be viewed

as an affine coordinate on the Riemann sphere S2 ≃ P1: if λα = (λ1, λ2) are homogeneous

coordinates on P1, then on the patch where λ1 ̸= 0 we can identify λ ≡ λ2/λ1. With this,

the generators of Lw1+∞ can be written as

H[k, l]r :=
H[k, l]

λk+l+r−2
1 λ−r

2

= λrH[k, l] , (5.17)

where in the second equality we have chosen a scaling for the homogeneous coordinates in

which λα = (1, λ). The Poisson bracket (5.14) gives

{H[k, l]r, H[m,n]s} =
(
kn− lm)H[k +m− 1, l + n− 1]r+s , (5.18)

which define the Lie bracket of the loop algebra Lw1+∞.
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Realization on twistor space. In section 3.2, we described the non-linear graviton

construction of deformed twistor spaces for self-dual, Ricci-flat 4-manifolds. It provided a

correspondence between SD vacuum metrics and hamiltonians h ∈ Ω0,1(PT,O(2)) satisfying

the integrability condition T ≡ ∂̄h+ 1
2 {h, h} = 0.

It is easiest to study the symmetries of this construction in holomorphic coordinates

on the deformed twistor space PT generated by h. Due to the presence of a holomorphic

fibration PT → P1, the base coordinates λα = (λ1, λ2) continue to be holomorphic. Cover

PT = U1 ∪ U2 by open sets

U1 = {λ1 ̸= 0} , U2 = {λ2 ̸= 0} . (5.19)

Let ωα̇ ≡ ωα̇(Z) and ω̃α̇ ≡ ω̃α̇(Z) denote holomorphic coordinates on the fibers of PT → P1

contained in U1 and U2 respectively. They are determined by solving

U1 : ∂̄ωα̇ + {h, ωα̇} = 0 ,

U2 : ∂̄ω̃α̇ + {h, ω̃α̇} = 0 ,

(5.20)

subject to the requirements that ωα̇ be holomorphic in λ2/λ1 and ω̃
α̇ in λ1/λ2. Alternatively,

the data contained in h can be repackaged into holomorphic patching functions relating ωα̇

with ω̃α̇. This was the original approach taken by Penrose in [39].

Any patching functions between ωα̇ and ω̃α̇ also need to be constrained by further

given data on PT . Recall from the discussion in section 3.2 that the data of a (2, 0)-form

Σ = θα̇ ∧ θα̇ satisfying dΣ = 0 mod Dλ on PT encodes the data of SD vacuum metrics on

space-time. By Darboux’s theorem (by refining our cover if needed), we can choose ωα̇ and

ω̃α̇ such that Σ is in standard form on both patches,

U1 : Σ = dωα̇ ∧ dωα̇ ,

U2 : Σ = dω̃α̇ ∧ dω̃α̇ .

(5.21)

On the overlap U1∩U2, equality of the two expressions demands that the patching function

be a canonical transformation on each fiber. Infinitesimally, such a canonical transformation

is given by

ω̃α̇ = ωα̇ +
∂χ

∂ωα̇
+O(χ2) , (5.22)
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where χ(Z) ∈ Ω0(U1 ∩ U2,O(2)) is a Hamiltonian that is holomorphic in ωα̇, λα on the

overlap.

Holomorphicity on U1 ∩ U2 implies that χ can be Taylor expanded in ωα̇ and Laurent

expanded in λα:

χ(ω, λ) =
∑
k,l≥0

∑
r∈Z

ck,l,r
(ω1̇)k (ω2̇)l

λk+l+r−2
1 λ−r

2

. (5.23)

Here, λ2−k−l−r
1 λr2 (ω

1̇)k (ω2̇)l are just the generators (5.17) of Lw1+∞ with µα̇ replaced

by the holomorphic coordinates ωα̇. Thus, the patching function χ is an element of the

Lie algebra Lw1+∞ of canonical transformations parametrized by λα and preserving the

symplectic form dωα̇ ∧ dωα̇ on each fiber. This description of SD GR admits a natural

adjoint action of Lw1+∞:

δχ = {χ,H} , H ∈ Lw1+∞ . (5.24)

On space-time, this action maps SD vacuum metrics to new SD vacuum metrics and de-

scends to the famous infinite dimensional Lw1+∞ symmetry of self-dual GR.

In linear theory around PT, it is standard to view χ as an element of the Čech coholomogy

group Ȟ1(PT,O(2)) [91]. On U1 ∩ U2, any such χ can be expanded on the basis of Lw1+∞

generators H[k, l]r given in (5.17) in the background holomorphic coordinates µα̇. Using

the Čech-Dolbeault isomorphism, we can associate every χ ∈ Ȟ1(PT,O(2)) to a linear

perturbation h ∈ H0,1(PT,O(2)) of the complex structure. In general, this is done by

choosing a partition of unity ρ1 + ρ2 = 1 subordinate to the cover {U1, U2} and defining

a pair of smooth functions χ2 = ρ1 χ ∈ Ω0(U2,O(2)) and χ1 = −ρ2 χ ∈ Ω0(U1,O(2)).

Assuming that ρ1, ρ2 are supported within U1, U2 respectively, these are well-defined even

though χ is only defined on U1 ∩ U2. Since χ = χ2 − χ1 is holomorphic, we observe

that ∂̄χ1 = ∂̄χ2 on the overlap. Hence, the ∂̄χi patch together to give a smooth element

h ∈ H0,1(PT,O(2)),

h = ρ1 ∂̄χ1 + ρ2 ∂̄χ2 . (5.25)

(Around a non-trivial background h, one would replace ∂̄χi by ∂̄χi + {h, χi}.) Note that

this is not necessarily globally exact. In this way, we can express elements of Lw1+∞ in our

Dolbeault framework. This allows us to make direct contact with soft graviton symmetries.
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Soft gravitons in SD GR. In section 5.1, we saw that soft graviton currents wp(z, z̄)

act as generating functions for the basis w[k, l]r of the celestial realization of Lw1+∞. Here,

we repeat a similar analysis for soft graviton representatives on twistor space.

We start with the momentum eigenstate twistor representative

h(Z) =

∫
C∗

ds

s3
δ̄2(
√
ω ζ − s λ) eis

√
ω[µ ζ̃]

=

∞∑
p=0

ip

p!
ωp−2 [µ ζ̃]p δ̄2−p(⟨λ ζ⟩) ,

(5.26)

where kαα̇ = ω ζα ζ̃α̇ with ζα = (1, z), ζ̃α̇ = (1, z̄), and we have introduced the notation

δ̄m(⟨λκ⟩) :=
∫

ds

sm+1
δ̄2(κ− s λ) =

(
λ1
κ1

)m+1

δ̄(⟨λκ⟩) (5.27)

for a delta function of weight m in λα and −m− 2 in κα.

An order p soft graviton is defined to be the coefficient of ωp−2 in this Taylor expansion.

This is picked by the same residue prescription (5.9) that we used for celestial operators,

hp(Z) = Res
ω=0

ω1−p h(Z) =
ip

p!
[µ ζ̃]p δ̄2−p(⟨λ ζ⟩) . (5.28)

Substituting [µ ζ̃] = µ1̇ + z̄ µ2̇, we can expand this as a polynomial in z̄,

hp(Z) =
∑

k+l=p

z̄l h[k, l](Z)

k! l!
, (5.29)

h[k, l](Z) = ik+lH[k, l] δ̄2−k−l(⟨λ ζ⟩) , (5.30)

where H[k, l] = (µ1̇)k (µ2̇)l are the w1+∞ Hamiltonians introduced before.

Working in the patch λ1 ̸= 0, we can use ∂̄|P1⟨λ ζ⟩−1 = 2πi δ̄(⟨λ ζ⟩) to express (5.30) as

h[k, l](Z) =
1

2πi
∂̄

(
ik+l

λk+l−3
1

H[k, l]

⟨λ ζ⟩

)
(5.31)

This expresses the soft graviton h[k, l] = ∂̄χ[k, l] as an Lw1+∞ transformation generated by

the Hamiltonian

χ[k, l](Z) =
1

2πi

ik+l

λk+l−3
1

H[k, l]

λ2 − zλ1
, (5.32)

having used ⟨λ ζ⟩ = λ2 − zλ1. It is useful to reiterate that h[k, l] is not globally exact, as

this Hamiltonian is singular at ⟨λ ζ⟩ = 0. Strictly speaking, we are working with the sheaf
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of distributional (0, 1)-forms. Next, we can expand χ[k, l] in z,

χ[k, l](Z) =


(2πi)−1

∑
r≤−1 i

k+lH[k, l]r z
−r−1 , |λ2/λ1| > |z| ,

−(2πi)−1
∑

r≥0 i
k+lH[k, l]r z

−r−1 , |λ2/λ1| < |z| ,
(5.33)

with coefficients being the loop algebra generators (5.17). We conclude that the soft graviton

twistor representative acts as a generating function of the Lw1+∞ Hamiltonians H[k, l]r.

Soft gravitons seem to be playing similar roles in the celestial and twistorial stories. Are

these stories related to each other? Yes!

5.3 From twistorial to celestial w1+∞

We will now use twistor sigma models to make precise contact between the celestial and

twistorial incarnations of Lw1+∞. To do this, recall the vertex operator (4.28) associated

to a momentum eigenstate with twistor representative (5.26),

V (ω, z, z̄) ≡ Vh =
1

2πiℏ

∫
P1

h|Y Dλ

λ21 λ
2
2

, (5.34)

whose connected, tree-level correlators gave rise to MHV graviton amplitudes in lemma

4.2. Here, we have introduced a formal loop counting parameter ℏ that will be useful when

truncating to ‘tree-level’ sigma model OPEs. Since the soft graviton representatives h[k, l]

only depend on the parameter z ∈ P1, we denote the soft graviton vertex operators by

V [k, l](z) ≡ Vh[k,l] =
1

2πiℏ

∫
P1

h[k, l]|Y Dλ

λ21 λ
2
2

(5.35)

We now postulate the dictionary

V (ω, z, z̄) ←→ O+(ω, z, z̄) ,

V [k, l](z) ←→ w[k, l](z)

(5.36)

between operators in twistor sigma models and operators in CCFT. In lemma 4.1, we ex-

plained how connected, tree-level correlators of n−2 vertex operators V (ωi, zi, z̄i) computed

the n-graviton MHV tree-amplitude. Below, we show that the (tree-level) sigma model OPE

of the operators on the left will reproduce the celestial OPE of those on the right. In this
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sense, twistor sigma models can potentially capture the self-dual (positive helicity) subsector

of CCFT.

OPE of soft gravitons. Let us work in the affine patch (λ1, λ2) = (1, λ). To streamline

our OPE computations, we define new fields µα̇(λ) in our sigma models by the natural

expressions

µα̇(λ) = yα̇ + λ ỹα̇ +mα̇(λ) , (5.37)

where we are suppressing the space-time dependence of the fields. These are governed by

the free theory given by the h = 0 sigma model,

Sh=0[m] = − 1

4πiℏ

∫
P1

dλ ∧ dλ̄

λ2
[m∂λ̄m] , (5.38)

now written in our affine chart using Dλ = λ2dλ1 − λ1dλ2 = −dλ. As a result, they obey

the free-field OPE

µα̇(λ)µβ̇(λ′) ∼ 2πiℏ
λλ′ ϵα̇β̇

λ− λ′
, (5.39)

with the factor of λλ′ arising from the boundary conditions mα̇(λ) = 0 at λ = 0,∞.

The soft graviton vertex operators can be explicitly evaluated to yield

V [k, l](z) = − 1

2πiℏ

∫
P1

dλ

λ2
∧ δ̄(λ− z) ik+l µ1̇(λ)k µ2̇(λ)l

=
1

2πiℏ
ik+l−2

z2
H[k, l](z) ,

(5.40)

where the w1+∞ Hamiltonian H[k, l] = (µ1̇)k (µ2̇)l is now viewed as a composite field in our

sigma model. Remarkably, the charges have turned into local operators in the sigma model.

Since the delta function has set λ = z, one says that the sigma model Riemann sphere has

been “pinned” to the celestial sphere.

Computing the OPE of two soft graviton vertex operators using (5.39), and retaining

only the single contraction (i.e., tree-level) term, we find

V [k, l](z)V [m,n](w) ∼ 1

2πiℏ
ik+l+m+n−4

w2

{H[k, l], H[m,n]}(w)
z − w

+O(ℏ0) , (5.41)

having approximated zw ∼ w2. Applying the Poisson bracket relations (5.16) yields

V [k, l](z)V [m,n](w) ∼ kn− lm
z − w

V [k +m− 1, l + n− 1](w) +O(ℏ0) . (5.42)
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As anticipated, to leading order in ℏ, this soft graviton sigma model OPE is isomorphic to

the corresponding celestial OPE (5.11). Inserting this in tree-level sigma model correlators

yields the corresponding collinear limits of positive helicity soft gravitons. This brings us

full circle, proving that the Lw1+∞ symmetries observed in gravitational collinear limits

and their dual celestial OPEs originate from the symmetries of SD GR.

OPE of hard gravitons. We can also derive the hard graviton celestial OPE (5.8) from

the OPE of momentum eigenstate vertex operators.

Just as for a soft graviton, the integrals in the hard graviton vertex operator can be

explicitly evaluated:

V (ω, z, z̄) = − 1

2πiℏ

∫
P1×C∗

dλ

λ2
ds

s3
δ̄(
√
ω − s) δ̄(

√
ω z − s λ) eis

√
ω[µ(λ) ζ̃]

= − 1

2πiℏ
1

ω2z2
exp
[
iωµ1̇(z) + iωz̄µ2̇(z)

]
,

(5.43)

where ζ̃α̇ = (1, z̄) as before. Computing the OPE by applying (5.39) gives us

V (ω1, z1, z̄1)V (ω2, z2, z̄2)

∼ 1

2πiℏ
1

ω2
1 ω

2
2 z

2
2

1

z12

{
exp
[
iω1µ

1̇ + iω1z̄1µ
2̇
]
, exp

[
iω2µ

1̇ + iω2z̄2µ
2̇
]}
(z2)

∼ − 1

2πiℏ
1

ω1 ω2 z22

z̄12
z12

exp
[
i(ω1 + ω2)µ

1̇(z2) + i(ω1z̄1 + ω2z̄2)µ
2̇(z2)

] (5.44)

to leading order in ℏ and z12. The right hand side is recognized to be another momentum

eigenstate vertex operator,

V (ω1, z1, z̄1)V (ω2, z2, z̄2) ∼
(ω1 + ω2)

2

ω1 ω2

z̄12
z12

V

(
ω1 + ω2, z2,

ω1z̄1 + ω2z̄2
ω1 + ω2

)
. (5.45)

Expanding this in small z̄12 reproduces (5.8). Equivalently, plugging (5.45) into sigma model

correlators reproduces the collinear expansion (5.6) of graviton scattering.

With these calculations, we hope to have given the reader a flavor of the emerging

connections between twistor theory and celestial holography. Admittedly, the investigations

of this chapter are in early stages, leading to many possible avenues of future work. Some

of the most pressing questions are the following:

• Can we use the ingredients of twistor sigma models to build a concrete example of
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celestial CFT for self-dual gravity?

• How do we move beyond self-duality and take negative helicity graviton operators

into account?

• Does Lw1+∞ survive as a symmetry of full celestial CFT on going beyond the self-dual

sector?

The current expectation is that an answer to the first question will emerge from studying

holographic dualities for twistor string theories, wherein our twistor sigma models could act

as building blocks of D1-brane worldvolume theories on PT. A partial answer to the second

question was provided in [1] in the form of a prescription to construct NkMHV graviton

amplitudes from sigma models governing higher degree rational curves in PT. Similarly, a

preliminary investigation of the third question was performed in [78] on the CCFT side,

and in [4] on the twistor theory side.
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Chapter 6

Twistors for SD radiative
space-times

Despite the perturbative non-linearity of the Einstein-Hilbert action [92–95], the scattering

amplitudes of general relativity (GR) and supergravity (SUGRA) in Minkowski space-time

are surprisingly simple. At tree-level, this is beautifully reflected in our running example

of MHV amplitudes. In fact, there are now remarkably compact formulae for the entire

tree-level S-matrix of GR in flat space which are totally divorced from the usual perspective

of space-time Feynman rules [18, 96].

Given these remarkable achievements, it is natural to ask if analogous results can be

found for gravitational scattering amplitudes in curved space-times. Of course, in a generic

space-time the S-matrix will not exist due to particle creation effects by event horizons or

singularities (cf., [97, 98]) or because the space-time is not asymptotically flat. But one

can always consider scattering at large distances (i.e., probing weakly curved regions far

from horizons) or the natural analogues of scattering amplitudes in asymptotically (anti-)de

Sitter space-times (i.e., boundary correlation functions [99] or in-in correlators [100, 101]).

There are two broad reasons for being interested in such observables. The first is practi-

cal: they capture non-linear strong field effects which are invisible in Minkowski space and

physically relevant (e.g., time-delay, the memory effect, tails, pair production). Their im-

portance ranges from gravitational non-gaussianities in early universe cosmology [102, 103]

to encoding infinite resummations of small momentum-transfer scattering in flat space [104–

106]. The second reason is conceptual: scattering amplitudes in curved backgrounds are a

theoretical playground where perturbative and non-perturbative physics meet. They test
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the robustness of on-shell techniques developed in Minkowski space, many of which simply

break down in the presence of space-time curvature. For instance, in a generic space-time,

momentum space Feynman rules and unitarity techniques fail, as Fourier transforms are

obstructed by the background curvature and even tree-level scattering amplitudes are not

rational functions of the kinematic data.

This tension between the importance and difficulty of computing scattering amplitudes

in curved space-times means that, although they are often studied, nothing close to the

all-multiplicity formulae available at tree-level in Minkowski space exists in even the sim-

plest cases. For instance, state-of-the-art for tree-level graviton scattering in plane wave

space-times is 3-points [107], while in AdS backgrounds—where CFT methods in the dual

boundary theory can be used—it is 4-points (cf., [108–112]), with the exception of a partic-

ular R-symmetry sector of supergravity in AdS5 × S5, where it is 5-points [113]1. The gap

between these low-point examples and the entire tree-level graviton S-matrix is profound

and begs the question: is graviton scattering in curved space-time so complicated that we

simply cannot hope to recover all-multiplicity results?

Over the course of this chapter and the next, we study tree-level graviton scattering in

a large class of four-dimensional, (almost everywhere) asymptotically flat self-dual vacuum

space-times. These space-times have a self-dual Weyl tensor determined by characteristic

data which is a free function of three variables; as such, we refer to them as self-dual

radiative space-times. The functional degrees of freedom in the curvature of such space-

times means that there is no hope of obtaining high-multiplicity scattering amplitudes

using standard space-time perturbation theory. But as we saw in chapter 4, self-duality

allows us to reformulate the perturbative expansion using twistor theory. Using twistor

sigma models, we will derive an all-multiplicity expression for the tree-level MHV graviton

amplitude on any self-dual radiative space-time. As an extension to the discussion in this

thesis, we have also provided a conjecture for the tree-level graviton S-matrix in non-MHV

helicity configurations on self-dual radiative space-times in [6].

1There are some results in AdS which are not generic graviton boundary correlators but are nevertheless
all-multiplicity. These include ‘maximal U(1)-violating’ correlators of components of the graviton multiplet
in type IIB string theory on AdS5 [114, 115], and integral kernels for the bulk dynamics of gravity in
AdS4 [1, 60, 116]. The latter do not explicitly encode boundary contributions to the AdS amplitudes and
their relationship to position or momentum space expressions is obscure.
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6.1 SD radiative space-times

A four-dimensional Lorentzian, vacuum space-time (M, g) is purely radiative if it is asymp-

totically flat with a smooth, topologically R× S2 past or future null infinity (I − or I +),

and is completely determined by characteristic free data on I ± which obeys suitable reg-

ularity assumptions [117–119]. In other words, I ± is a good final/initial data surface for

the Cauchy problem of radiative space-times. This characteristic data is composed of two

functions at I ±, encoded by the leading piece of the Weyl tensor in the asymptotic peeling

expansion, which correspond to the self-dual and anti-self-dual degrees of freedom in the

radiative gravitational field.

In this section, we review the definition of self-dual radiative space-times. They are

obtained by complexifying the data and I ± and setting one of the characteristic functions

to zero while keeping the other non-zero. Their twistor spaces can be constructed directly

from the non-zero half of such characteristic data [86].

Homogeneous description of I +: An asymptotically flat space-time can be described

in terms of retarded Bondi coordinates (u, r, ζ, ζ̄), where u is retarded Bondi time, r is

a parameter along the outgoing null geodesics of constant-u hypersurfaces and (ζ, ζ̄) are

stereographic coordinates on the celestial sphere. These coordinates are not global on the

celestial sphere, so do not manifest Lorentz-invariance; this is remedied by instead working

with homogeneous Bondi coordinates defined modulo the rescalings [67–69, 120–122]:

(u, r, λα, λ̄α̇) ∼ (|b|2u, |b|−2r, bλα, b̄λ̄α̇) , ∀ b ∈ C∗ . (6.1)

Here α, α̇ are spinor indices of sl(2,C), and the affine coordinates on the celestial sphere

are simply recovered by going to a patch:

λα =
21/4√
1 + |ζ|2

(1, ζ) . (6.2)

Choosing a time-like unit vector tαα̇ so that

yαα̇ =
u tαα̇

||λ||2
+ r λα λ̄α̇ , tαα̇λαλ̄α̇ = ||λ||2 ≡ |λ1|2 + |λ2|2 , (6.3)
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packages the Bondi coordinates in terms of spinorial coordinates yαα̇ on M . The choice of

tαα̇ is equivalent to a choice of conformal factor ||λ||2 on the unit sphere (see also section

2.1 of [123] for further discussion).

One advantage of this homogeneous formalism is that notions like spin- and conformal-

weight can be formulated simply in terms of homogeneity under the projective rescalings

(6.1) of the coordinates. There are natural C∞ line bundles O(p, q) over space-time (or

subsets thereof), whose sections transform as f(|b|2u, |b|−2r, bλ, b̄λ̄) = bpb̄q f(u, r, λ, λ̄), and

the usual notions of spin weight (s) and conformal weight (w) correspond to s = p−q
2 and

w = p+q
2 . In other words, spin/conformally-weighted functions correspond to functions

valued in the line bundles O(p, q) in this formalism.

An asymptotically flat metric in Bondi-Sachs gauge admits a large-r expansion in these

coordinates [124–127]:

ds2 =

(
1

||λ||4
− 2

mB

r

)
du2 + 2dudr − du

(
ðσ̄0Dλ̄+ ð̄σ0Dλ

)
− r2

(
DλDλ̄− σ0

r
Dλ2 − σ̄0

r
Dλ̄2

)
+O(r−2) , (6.4)

where Dλ := ⟨λ dλ⟩, Dλ̄ := [λ̄ dλ̄] = Dλ, and ð, ð̄ are the spin-weighted covariant derivatives

on the sphere [121, 128],

ð =
λ̂α
||λ||2

∂

∂λα
, ð̄ = − λα

||λ||2
∂

∂λ̂α
, (6.5)

with λ̂α = tα
α̇λ̄α̇ = (−λ2, λ1) being the antipodal map that was previously referred to as

quaternionic conjugation. The quantities mB, σ
0, σ̄0 are spin- and conformally-weighted

functions of (u, λ, λ̄). In particular, for the line element to be homogeneous of degree zero,

mB must be valued in O(−3,−3), so is a spin-weight 0, conformal-weight −3 quantity; this

is the Bondi mass aspect, which generalizes the Schwarzschild mass parameter for generic

asymptotically flat space-times. Similarly, σ0 and σ̄0 are valued in O(−3, 1) and O(1,−3),

so both have conformal weight −1 and spin-weights −2 and 2, respectively. These are the

asymptotic shear optical scalars of the null hypersurfaces of constant u [124, 129, 130].

The (retarded) time evolution of the mass aspect mB is controlled by σ0 (and its complex

conjugate) through the asymptotic Bianchi identities (cf., [130, 131]).
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Performing a conformal rescaling with conformal factor R = r−1 gives

dŝ2 = −2 dudR−DλDλ̄+Rσ0Dλ2 +R σ̄0Dλ̄2 +O(R4) . (6.6)

The future null conformal boundary I + is defined by R → 0, and it is easy to see that

I + ≃ R× S2 with degenerate conformal metric (cf., [34, 132–134])

ds2I + = 0× du2 +DλDλ̄ . (6.7)

The (u, λα, λ̄α̇) provide homogeneous coordinates on I + viewed as the total space of the

line bundle OR(1, 1) → P1, whose sections are real-valued functions obeying f(bλ, b̄λ̄) =

|b|2 f(λ, λ̄). The BMS asymptotic symmetry group [125, 135] acts via Möbius transforma-

tions on the P1 base and supertranslations u → u+ f for any f in OR(1, 1), so there is no

preferred choice of origin for the retarded time coordinate.2

Self-dual radiative metrics: The 2-spinor formalism decomposes the Weyl tensor Cabcd

on M into self-dual (SD) and anti-self-dual (ASD) parts as [25]

Cαα̇ββ̇γγ̇δδ̇ = Ψ̃α̇β̇γ̇δ̇ ϵαβ ϵγδ +Ψαβγδ ϵα̇β̇ ϵγ̇δ̇ , (6.8)

with Ψ̃α̇β̇γ̇δ̇ and Ψαβγδ being its SD and ASD Weyl spinors as seen in (3.7), (3.8). Near

I +, the Weyl spinors exhibit the fall-offs

Ψαβγδ = oα oβ oγ oδ
ψ4

r
+O(r−2) , Ψ̃α̇β̇γ̇δ̇ = ōα̇ ōβ̇ ōγ̇ ōδ̇

ψ̄4

r
+O(r−2) , (6.9)

where oαōα̇ = eαα̇u, the outgoing null vector along constant u.

The coefficient functions ψ4(u, λ, λ̄), ψ̄4(u, λ, λ̄) of this leading fall-off are known as the

radiation data. They are explicitly given by (cf., [27, 130, 139]):

ψ4 = −∂2uσ0 , ψ̄4 = −∂2uσ̄0 , (6.10)

with ψ4 valued in O(−5,−1) and ψ̄4 valued in O(−1,−5). Thus, the complex shear σ0

serves as a key ingredient in any definition of the radiative phase space of asymptotically

2This homogeneous framework is closely tied to descriptions of null infinity in terms of Carrollian geom-
etry [136–138].
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flat space-times [125, 140–146]. For instance, the news function

N(u, λ, λ̄) := −∂uσ̄0(u, λ, λ̄) , (6.11)

which takes values in O(0,−4) on I +, encodes the energy-momentum radiated through

any interval of retarded time on I + through the Bondi mass-loss theorem [125, 141].

To understand why σ0 defines the radiation data through ψ4, it is instructive to first

consider the case of a linear perturbation of complexified Minkowski space, M ≡ C4. The

whole of M is easily reconstructed from I + in terms of light cone cuts: a point x ∈ M is

described at I + by the cut

u = xαα̇λαλ̄α̇ , (6.12)

which is the spherical cross section corresponding to the intersection between I + and the

light cone with apex at x. This means that with suitable globality assumptions, it is easy to

see that a linear gravitational perturbation on M is determined by the radiation data at I +

by means of the Kirchoff-d’Adhémar integral formulae adapted to null infinity [25, 27, 147].

In particular, to linear order, the ASD Weyl spinor is given by the spin-2 field

ψαβγδ(x) =

∫
P1

λα λβ λγ λδ Dλ ∧Dλ̄
∂ψ4

∂u

∣∣∣∣
u=⟨λ|x|λ̄]

. (6.13)

By differentiating under the integral sign, it is easily checked that this solves the linearized

field equation ∂αα̇ψαβγδ = 0 on flat space. In this formula, the integral is taken over

the spherical cut of I + corresponding to x ∈ M defined by (6.12). Conversely, the field

defined by (6.13) is shown to give rise to the radiation data ψ4 when the field is defined and

differentiable over I + including the vertex i+ (i.e., future time-like infinity) [25].

For a generic asymptotically flat solution to the Einstein equations, the outgoing radia-

tion field ψ4 does not specify the full non-linear solution. Indeed, although the evolution of

the mass aspect mB in u is determined by the asymptotic Bianchi identities at I +, there is

a constant of integration as u→∞ which encodes source contributions to the metric, such

as a Schwarzschild mass. However, when such source terms are absent, ψ4—and thus σ0—

does provide good Cauchy data for the Einstein equations with I + as the characteristic

(final) data surface [117–119].
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Such radiative space-times are therefore singled out by:

Definition 6.1 A radiative four-dimensional space-time is almost everywhere asymptoti-

cally flat and completely characterized by σ0, so that mB → 0 at i+, the future time-like

infinity.

By ‘almost everywhere asymptotically flat,’ we mean space-times which are singular on

isolated generators of I + but otherwise admit a conformal compactification as usual. This

allows important examples such as (multi-)plane wave space-times to fit into the radiative

class.

In Lorentzian-real signature the SD and ASD parts of the Weyl tensor are related by

complex conjugation; but for complexified metrics, or in Euclidean/split signature, they are

independent. Thus, for a complexified radiative space-time, σ̄0 → σ̃0 which is independent

free data no longer related to σ0 by complex conjugation. The complexified data is viewed

as living on a (partial) complexification of future null infinity, I +
C ≃ C × S2, for which

Bondi time u is complex.

A complex vacuum space-time MC is self-dual (SD) if Ψαβγδ = 0 and anti-self-dual

(ASD) if Ψ̃α̇β̇γ̇δ̇ = 0, and we can now define

Definition 6.2 A self-dual (SD) radiative space-time is a complex radiative space-time3

determined by its radiative data σ̃0, with σ0 = 0.

Such a space-time is also referred to as an H-space or “Heaven” (the space where good cones

go!) [86, 149, 150]. They are tautologically holographic, with the ‘bulk’ metric determined

entirely by the free data σ̃0 on I +
C .

Example: Self-dual plane wave metrics Several explicit SD radiative space-times

have been constructed in the literature (e.g., [151, 152]), but a key example is provided

by self-dual plane wave (SDPW) metrics. These are SD metrics with a five-dimensional

Heisenberg algebra of Killing vectors, with centre given by a covariantly constant null vec-

tor na. Due to the necessary presence of such a null vector, such plane wave space-times do

3For precise definitions of asymptotic flatness for complex radiative spacetimes, see [148].
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not admit Euclidean real slices. Fortunately, our computation of tree level scattering am-

plitudes will be agnostic to signature and these space-times will provide a running example

throughout what follows.

An SDPW metric in spinorial coordinates yαα̇ takes the form

ds2 = dyαα̇ dyαα̇ + f(y−) dz̃2 , (6.14)

where we have abbreviated y2α̇ ≡ (z̃, y−). In Lorentzian signature, y− acts as a lightfront

coordinate and f(y−) is a free function thereof. Let us also set y1α̇ ≡ (y+, z). Then

y+, y−, z, z̃ provide Einstein-Rosen coordinates on our plane wave space-time.4 In these

coordinates, the null vector na∂a = ∂+ is easily seen to be a covariantly constant Killing

vector.

At this stage, we introduce a spinor dyad oα = õα̇ = (1, 0), ια = ι̃α̇ = (0, 1), normalized

so that ⟨ι o⟩ = 1 = [ι̃ õ]. In terms of these, introduce a tetrad of 1-forms (i.e., a frame of the

cotangent bundle):

θαα̇ = dyαα̇ + f(y−) oα ι̃α̇ dz̃ . (6.15)

The dual tetrad (i.e., frame of the tangent bundle) is given by

eαα̇ =
∂

∂yαα̇
+ f(y−) oα ι̃α̇

∂

∂z
, (6.16)

satisfying eββ̇ ⌟θ
αα̇ = δαβ δ

α̇
β̇
. Dotted and undotted (equivalently, SD and ASD) spinor

bundles can now be set up with respect to this tetrad.

To see that the metric (6.14) is indeed SD, one may compute the ASD and SD spin

connections, finding

Γ̃α̇β̇ = −ḟ ι̃α̇ ι̃β̇ dz̃ , Γαβ = 0 , (6.17)

respectively, with ḟ := f ′(y−). Thus the ASD part of the Riemann curvature 2-form is

Rαβ = dΓαβ + Γα
γ ∧ Γγβ = 0, while the SD part is

R̃α̇β̇ = dΓ̃α̇β̇ + Γ̃α̇
γ̇ ∧ Γ̃γ̇β̇ = −f̈ ι̃α̇ ι̃β̇ dy

− ∧ dz̃ , (6.18)

4While Einstein-Rosen coordinates are not generally global due to null geodesic focusing in plane wave
space-times [153], these SD examples do not suffer from this issue.
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so that the Weyl curvature of the metric is given by

Ψ̃α̇β̇γ̇δ̇ = −f̈ ι̃α̇ ι̃β̇ ι̃γ̇ ι̃δ̇ , Ψαβγδ = 0 . (6.19)

From now on, we also assume the sandwich condition on our SDPW metrics, meaning

that f̈ , and hence the curvature, is compactly supported in y−. This ensures that the

SDPW metric is asymptotically flat except in the n-direction and admits a well-defined

S-matrix [107, 154].

As the SDPW metric is Kerr-Schild, its SD Weyl curvature tensor is essentially a linear

field on the Minkowski background so the complex conjugate of (6.13) can be used to identify

the radiation data giving rise to (6.19). The corresponding asymptotic data is distributional

in nature:

σ̃0(u, λ, λ̄)Dλ̄ =
⟨o λ⟩2

[õ λ̄]
F
(

u

⟨λ o⟩ [λ̄ õ]

)
δ̄ (⟨ι λ⟩) , (6.20)

with F(y−) =
∫ y−

f(s) ds being an indefinite integral of f . This σ̃0 has distributional

support along the generator of I + corresponding to (λ, λ̄) = (ι, ι̃), and the associated news

function is easily seen to be

N(u, λ, λ̄) =
⟨o λ⟩
[õ λ̄]2

f

(
u

⟨λ o⟩ [λ̄ õ]

)
δ̄(⟨ι λ⟩) . (6.21)

6.2 Twistors from heaven

For SD radiative space-times, we can build twistor representatives h ∈ Ω0,1(PT,O(2)) sat-

isfying the integrability condition

T ≡ ∂̄h+ 1

2
{h, h} = 0 (6.22)

directly in terms of the asymptotic radiative data [86, 121, 149]. To do so, we define a

projection from the deformed twistor space to I +
C :

p : PT → I +
C , (µα̇, λα) 7→ (u = µα̇λ̄α̇, λα, λ̄α̇) . (6.23)

Then we can solve (6.22) by taking:

h = S̃(u, λ, λ̄)Dλ̄ , σ̃0 = ∂uS̃ , so L∂α̇h = λ̄α̇ σ̃
0Dλ̄ . (6.24)
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Integrability (6.22) follows because h is holomorphic in µα̇ and proportional to Dλ̄. This

allows us to define a deformed Dolbeault operator representing the complex structure de-

formation generated by h:

∇ := ∂̄ + {h , · } = ∂̄ − σ̃0Dλ̄ λ̄α̇ ∂α̇ . (6.25)

It satisfies ∇2
= {T, · } = 0 and maps (0, p)-forms of PT into (0, p)-forms, thus providing a

deformed differential on the complexes Ω0,•(PT,O(n)).

Let Y be a rational curve in PT with equation µα̇ = Fα̇(y, λ). Using the relations

Dλ̄ = Dλ̂ = ⟨λ̂ λ⟩2 ē0 and ∂̄0 ⌟ ē0 = 1, the PDE (3.33) for holomorphic curves becomes

∂̄0F
α̇ + ⟨λ̂ λ⟩2 λ̄α̇ σ̃0 = 0 , (6.26)

Y can also be projected to I +
C by (6.23) to give a curved space analogue of a light cone cut

(6.12), described by the cut function u = Z(y, λ) := Fα̇(y, λ) λ̄α̇. The equation (6.26) can

then be written entirely in terms of data at I +
C and the “edth” operators (6.5),

ð̄2Z = σ̃0 , (6.27)

which is Newman’s good cut equation written [86, 121, 149].

The moduli space of solutions of (6.26) or (6.27) has coordinates yαα̇ and acts as our

complexified SD radiative space-time MC. If available, we can restrict to Euclidean real

slices M ⊂ MC by finding an involution on PT as in the last point of theorem 3.1. This

imposes reality conditions on yαα̇. But as we are working perturbatively around flat space

and complex analytically in yαα̇, we will be able to stay agnostic about these and work on

any real slice M . This will be useful in our running example of (2, 2) signature SD plane

wave backgrounds.

Reconstruction of the half-flat metric on M : Under our assumptions, standard theo-

rems of Kodaira [155, 156] guarantee the existence of solutions Fα̇ of (6.26) – or equivalently,

of solutions Z to (6.27) – parametrized by y ∈ M . For the benefit of the reader, we now

summarize the construction of the space-time metric from h.
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To reconstruct the SD radiative metric on M from PT , observe that the vector field

∂̄0 − ⟨λ̂ λ⟩2 λ̄α̇ σ̃0 ∂α̇ , (6.28)

is anti-holomorphic in the deformed complex structure associated to ∇. This vector field

annihilates the differential forms eα̇ + σ̃0Dλ̄ λ̄α̇, so these two 1-forms along with Dλ span

Ω1,0(PT ). This allows us to construct a holomorphic 2-form Σ ∈ Ω2,0(PT ,O(2)) as

Σ = (eα̇ + σ̃0 λ̄α̇Dλ̄) ∧ (eα̇ + σ̃0 λ̄α̇Dλ̄) . (6.29)

As seen in the more general context of (3.23), dΣ = 0 mod Dλ because the complex

structure deformation is hamiltonian. Following (3.36), we also see that such a closed 2-

form is holomorphic along the curves Y for every y ∈ M . Liouville’s theorem then implies

that it gives rise to a basis of ASD 2-forms Σαβ(y) over M .

Setting µα̇ = Fα̇(y, λ) and using (3.33), we obtain the pullback of Σ to M × P1:

p∗Σ = dyF
α̇ ∧ dyFα̇ mod Dλ

!
= λα λβ Σ

αβ(y) mod Dλ ,

(6.30)

where dy = dyαα̇ ∂yαα̇ denotes the exterior derivative on M ×P1 along M . By construction,

Σ(αβ ∧ Σγδ) = 0. This implies the existence of a tetrad θαα̇ on M for which [43]

Σαβ = θαα̇ ∧ θβ
α̇ . (6.31)

The SD radiative metric onM is recovered as ds2 = θαα̇ θαα̇. Self-duality and Ricci-flatness

follow as a consequence of dΣαβ = 0. To solve (6.30), the 1-form dyF
α̇ must be of the form

dyF
α̇(y, λ) = Hα̇

β̇(y, λ)θ
αβ̇(y)λα (6.32)

with Hα̇
β̇(y, λ) ∈ SL(2,C). The latter provides a holomorphic trivialization of the dotted

spinor bundle over the curve Y. The computation in (3.41) shows that it satisfies the PDE

∂̄0H
α̇
β̇ −N(Z, λ, λ̄) λ̄α̇ λ̄γ̇ H

γ̇
β̇ = 0 (6.33)

on SD radiative backgrounds, where N(Z, λ, λ̄) is the (complexified) news tensor (6.11)

evaluated on the good cut u = Z(y, λ, λ̄).
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Due to (6.32), the SD vacuum equations admit a particularly clean Lax description on

such space-times. Let eαα̇ be the dual tetrad to θαα̇. Then (6.32) is equivalent to

λαH
α̇
β̇ = eαβ̇ ⌟ dyF

α̇ = eαβ̇F
α̇ , (6.34)

which gives the Lax description

λα eαα̇F
β̇ = 0 . (6.35)

Integrability [λα eαα̇, λ
β eββ̇] = 0 of the Lax pair λα eαα̇ is equivalent to the vacuum self-

duality equations on M .

6.3 Gravitational perturbations

We saw in section 4.1 that metric perturbations hab(y) on SD vacuum space-times M are

called positive helicity if their ASD Weyl spinor perturbation vanishes: ψαβγδ = 0. On the

other hand, there is no invariant definition of negative helicity perturbations: these were

defined by quotienting out the positive helicity perturbations from the space of all solutions

of the linearized field equations.

As a consequence of the field equations and Bianchi identity, a negative helicity graviton

can be characterized by eαα̇ψαβγδ = 0. This is the generalization of the free-field equation

(2.26) to helicity −2 fields on space-times with zero ASD spin connection. The Penrose

transform encodes such linearized fields on M through cohomology on PT [91, 157]:

H0,1(PT ,O(−6)) ≃
{
hab on M | eαα̇ψαβγδ = 0

}
. (6.36)

When PT is modeled by a deformation ∂̄ 7→ ∇ = ∂̄+ {h, ·} of the complex structure of PT,

this cohomology can be computed as the ∇-cohomology of the complex Ω0,•(PT,O(−6)).

Given some h̃ ∈ H0,1(PT ,O(−6)), the field on M is recovered from the integral formula

ψαβγδ(y) =

∫
Y
Dλ ∧ λα λβ λγ λδ h̃|Y . (6.37)

Such Penrose transforms are natural generalizations of their flat space cousins discussed in

section 2.3, developed in the general setting of arbitrary self-dual 4-manifolds in [30, 157].

On SD radiative space-times, we will be concerned with the special case when h̃ has
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no ēα̇ components: h̃ = h̃0 ē
0. In particular, we can set h̃|Y = h̃0|Y ē0 in (6.37). Since the

background h given by (6.24) has no ēα̇ component either, one can easily compute

∇h̃ = ∂̄α̇h̃0 ē
α̇ ∧ ē0 !

= 0 =⇒ ∂̄α̇h̃0 = 0 . (6.38)

In complex coordinates, ∂̄α̇ = ⟨λ λ̂⟩ ∂/∂µ̂α̇; so h̃0 depends holomorphically on µα̇. Then the

Lax description (6.35) tells us that

λα eαα̇(h̃0|Y) = λα eαα̇F
β̇ (∂β̇h̃0)|Y = 0 . (6.39)

It follows that (6.37) solves the linear field equation eαα̇ψαβγδ = 0. The further requirement

that ψαβγδ arises from an on-shell metric perturbation imposes extra conditions which

generically obstruct setting ψ̃α̇β̇γ̇δ̇ = 0 due to the SD background curvature. That is,

setting the linearized SD Weyl spinor to zero is inconsistent with diffeomorphism invariance

(cf., [24]). We also remark that for Dolbeault representatives of the form h̃ = h̃0 ē
0, (6.37)

reduces to the Kirchoff-d’Adhémar formula (6.13) on flat space [158]. This is achieved with

the identification ∂uψ4Dλ̄ = h̃.

For positive helicity, the corresponding massless fields can only be constructed through

a potential-modulo-gauge description. In particular, at spin 2 we can simply perturb the

nonlinear graviton construction. The Penrose transform [91, 157] for a positive helicity

graviton (with suitable analyticity) is

H0,1(PT ,O(2)) ≃ {hab on M |ψαβγδ = 0} . (6.40)

This can similarly be modeled by the ∇ cohomology of Ω0,•(PT,O(2)).

For our purposes, again consider a representative h = h0 ē
0 ∈ Ω0,1(PT,O(2)). It is

∇-closed if and only if h0 is holomorphic in µα̇. On restriction to a rational curve Y,

h|Y ∈ H0,1(P1,O(2)) because ∂̄|Yh|Y = ∂̄0(h0|Y) ē0 ∧ ē0 = 0. But this cohomology group

vanishes, so h|Y must be ∂̄|Y-exact:

h|Y = ∂̄|Yj(y, λ) , i.e. , h0|Y = ∂̄0j(y, λ) , (6.41)

for some function j(y, λ) homogeneous of degree 2 in λα. Since h0 was holomorphic in µα̇, it

follows that λαeαα̇(h0|Y) = 0 using (6.35). Substituting for h0|Y from (6.41), this condition
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leads to ∂̄|Y(λαeαα̇j) = 0. That is, λαeαα̇j is globally holomorphic in λα, so

λαeαα̇j(y, λ) = iλαλβλγ φα̇αβγ(y) , (6.42)

for some function φα̇αβγ onM which is symmetric in its undotted indices. This is a potential

for a metric perturbation hab [34]:

hαα̇ββ̇ = ∇γ
(β̇φα̇)αβγ , (6.43)

where ∇ = e+ Γ̃ is the Levi-Civita connection on M . It is straightforward to confirm that

the linearized ASD Weyl spinor ψαβγδ associated to the metric perturbation (6.43) vanishes,

and thus hab defines a positive helicity graviton.

Momentum eigenstates: By virtue of their asymptotic flatness, we can consider gravi-

ton perturbations on SD radiative metrics which have asymptotic on-shell momentum κακ̃α̇

at I −
C . Although there is no notion of translation symmetry on a generic SD radiative

background, we will continue to refer to such states as “momentum eigenstates”. Explicit

representatives for these can be built using twistor representatives that are functionally

identical to those on Minkowski space, thanks to the form of the twistor complex structure

for SD radiative space-times. For a positive helicity graviton, the representative

h =

∫
C∗

ds

s3
δ̄2(κ− s λ) eis[µ κ̃] , (6.44)

is ∇-closed as it is a multiple of ē0 and holomorphic in µα̇. Restricting to a twistor curve

Y ⊂ PT gives

h|Y =
⟨ξ λ⟩3

⟨ξ κ⟩3
δ̄
(
⟨λκ⟩

)
eiϕ =

1

2πi
∂̄|Y

(
⟨ξ λ⟩3

⟨ξ κ⟩3 ⟨λκ⟩
eiϕ
)
, (6.45)

where ξα is an arbitrary fixed reference spinor used to integrate out s in (6.44) against one

of the delta functions, setting s = ⟨ξ κ⟩/⟨ξ λ⟩. The function ϕ(y) is defined by

ϕ(y) := [F(y, κ) κ̃] = Fα̇(y, κ) κ̃α̇ , (6.46)
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and it follows from (6.34) that this solves the Hamilton-Jacobi equation:

gab ∂aϕ∂bϕ = 0 , (6.47)

with gab the inverse metric on M defined by the dual tetrad.

Comparing (6.45) with (6.41) yields

j(y, λ) =
1

2πi

⟨ξ λ⟩3

⟨ξ κ⟩3 ⟨λκ⟩
eiϕ . (6.48)

To descend to space-time via (6.42), define the background-dressed momentum Kαα̇ :=

eαα̇ϕ, for which

Kαα̇(y) = eαα̇F
β̇(y, κ) κ̃β̇ = κα K̃α̇(y) , where K̃α̇(y) := κ̃β̇ H

β̇
α̇(y, κ) , (6.49)

having used (6.34). In other words, the holomorphic frame Hα̇
β̇ serves to dress the dotted

components of the graviton momentum as it traverses the SD radiative background. The

potential on M associated with (6.48) is easily seen to be

φα̇αβγ = i
ξα ξβ ξγ K̃α̇

⟨ξ κ⟩3
eiϕ , (6.50)

from which the positive helicity graviton perturbation follows via (6.43):

h
(+)

αα̇ββ̇
= eγ(α̇φβ̇)αβγ − Γ̃γ̇

(α̇
γ
β̇) φγ̇αβγ , (6.51)

where Γ̃α̇β̇ ≡ Γ̃α̇β̇γγ̇ θ
γγ̇ is the background SD spin connection

For a negative helicity graviton, the representative

h̃ =

∫
C∗

ds s5 δ̄2(κ− s λ) eis[µ κ̃] , (6.52)

is ∇-closed and valued in O(−6). Feeding this into (6.37) immediately gives

ψαβγδ = κα κβ κγ κδ e
iϕ , (6.53)

which is easily seen to obey eαα̇ψαβγδ = 0. Note that this differs from the expression for

the linearized Weyl curvature of a negative helicity graviton on Minkowski space only by

the substitution eik·y → eiϕ(y); this is an expected consequence of the self-duality of the

background.
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Example: SDPWs The twistor construction of SDPW metrics was one of the first

examples of the non-linear graviton construction [159–161]; our presentation differs from

those in the literature by making use of a Dolbeault (rather than Čech) framework. The

complex structure ∇ = ∂̄ + {h, ·} is defined by

h = 2πi

∫
C∗

ds

s3
δ̄2(ι− s λ)F (s[µ ι̃]) , where F (y−) :=

∫ y−

F(t) dt , (6.54)

and F(y−) =
∫ y−

f(t) dt is the first antiderivative of f(y−). Observing that

L∂α̇h|Y = ∂̄|Y
(
⟨o λ⟩2

⟨ι λ⟩
ι̃α̇F(y−)

)
, (6.55)

it follows from (3.33) that the holomorphic curves in PT are given by

Y : µα̇ = Fα̇(y, λ) = yαα̇λα +
⟨o λ⟩2

⟨ι λ⟩
ι̃α̇F(y−) . (6.56)

With the SDPW tetrad (6.15), equation (6.32) produces the associated holomorphic frame

Hα̇
β̇ for the SD spin bundle:

Hα̇
β̇(y, λ) = δα̇

β̇
− ⟨o λ⟩
⟨ι λ⟩

f(y−) ι̃α̇ ι̃β̇ . (6.57)

It is easy to confirm that this Hα̇
β̇ satisfies (6.34).

The solution to the Hamilton-Jacobi equations on a SDPW metric associated with in-

coming asymptotic momentum κακ̃α̇ is thus

ϕ(y) = k · y + k2

k+
F(y−) = ⟨κ|y|κ̃] + ⟨o κ⟩

2 [ι̃ κ̃]

⟨ι κ⟩
F(y−) , (6.58)

with the momenta parametrized in lightfront coordinates kµ = (k−, k, k̃, k+). In fact, this is

the SD truncation of the solution to the Hamilton-Jacobi equation on a general plane wave

space-time [162, 163]. The null Killing vector nαα̇ = ιαι̃α̇ of the SDPW metric enables us

to impose lightfront gauge on graviton perturbations of both helicities. Applying (6.57) to

(6.51) gives the positive helicity graviton

h
(+)

αα̇ββ̇
=

ξα ξβ
⟨ξ κ⟩2

(
K̃α̇ K̃β̇ − i ḟ

[ι̃ κ̃]

⟨ι κ⟩
ι̃α̇ ι̃β̇

)
eiϕ , (6.59)

where choosing the reference spinor ξα = ια imposes lightfront gauge, and the dressed
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graviton momentum is

Kαα̇(y
−) = κα K̃α̇(y

−) , K̃α̇ = κ̃α̇ −
⟨o κ⟩ [ι̃ κ̃] f(y−)

⟨ι κ⟩
ι̃α̇ . (6.60)

The explicit ‘tail’ term in h
(+)
ab , proportional to ḟ , is a result of the failure of Huygens’

principle in the non-linear SD background [164].

For negative helicity gravitons, the lightfront gauge condition is precisely what is re-

quired to consistently set the associated linearized SD Weyl spinor ψ̃α̇β̇γ̇δ̇ to zero. In par-

ticular, the negative helicity graviton associated with (6.53) is given by

h
(−)

αα̇ββ̇
=
κα κβ
[ι̃ κ̃]2

ι̃α̇ ι̃β̇ e
iϕ . (6.61)

The combined de Donder-lightfront gauge is the only one in which it is possible to make

this identification of the negative helicity graviton at metric level.

Having computed the twistor spaces of SD radiative space-times and twistor represen-

tatives of graviton states thereon, we finally come to computing some amplitudes on curved

space-times!

73



Chapter 7

Graviton scattering in SD radiative
space-times

Our description of the non-linear graviton construction in theorem 3.1 was perturbative in

nature. We computed the curved twistor space PT associated to an SD vacuum space-time

M as a deformation of ‘flat’ twistor space PT = O(1) ⊕ O(1). In this sense, PT acted

as our background twistor space. We could instead decide to use a given curved twistor

space PT with representative h as our background. This will allow us to study SD vacuum

space-timesM obtained from perturbing the metric of M as perturbations h 7→ h+h, with

h ∈ Ω0,1(PT,O(2)) satisfying the background-coupled integrability equation

T = ∇h+
1

2
{h, h} = 0 . (7.1)

This is obtained by perturbing the integrability condition T ≡ ∂̄h + 1
2 {h, h} = 0 for the

background, and expressing anti-holomorphic derivatives in terms of the deformed Dolbeault

operator ∇h = ∂̄h+ {h, h}.

In this chapter, we will construct hyperkähler metrics on perturbationsM of SD radia-

tive space-times, starting from data h satisfying T = 0. To do this, we will explain how

to expand our twistor sigma models around the background twistor representative h of an

SD radiative space-time. Equations of motion of the resulting models govern deformations

of holomorphic curves in the associated background twistor space PT . In this sense, we

will call them background-coupled twistor sigma models. Subsequently, these will be used

to compute tree-level graviton MHV amplitudes on SD radiative space-times. We will also

illustrate the resulting formulae in the example of SD plane wave space-times.
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7.1 Background-coupled sigma models

Let M possess an SD vacuum metric g0 with tetrad θαα̇
0 . Let PT denote the corresponding

twistor space. As usual, we will stay agnostic about space-time signature. To simplify calcu-

lations, we will restrict attention to the class of backgrounds whose twistor representatives

h only have an ē0 ∝ Dλ̄ component,

h = h0 ē
0 ∈ Ω0,1(PT,O(2)) . (7.2)

In particular, this covers the twistor representatives (6.24) of all SD radiative space-times.

Integrability T = ∂̄h+ 1
2 {h, h} = 0 then reduces to holomorphicity in µα̇,

∂̄α̇h0 = 0 =⇒ h0 ≡ h0(µ, λ, λ̂) . (7.3)

Note that h0 is still allowed to have antiholomorphic dependence in λ.

Now perturb g0 to g = g0 + δg such that g also satisfies the fully non-linear SD vacuum

equations. Denote the corresponding space-time by M (of course, we have only deformed

the metric; the underlying smooth manifold of M is the same as that of M). Its twistor

representative is a linear perturbation h + h for some O(2)-valued h satisfying (7.1). The

(1, 0)-forms of the deformed twistor complex structure read

θα̇ = θα̇0 + L∂α̇h , (7.4)

where θα̇0 = eα̇ + L∂α̇h are now the background (1, 0)-forms.

Let yαα̇ denote coordinates on M , which we continue to use over M. Denote the

background holomorphic curves by Y : µα̇ = Fα̇(y, λ). Recall from (3.33) that they satisfy

∂̄0F
α̇ + ∂̄0 ⌟L∂α̇h

∣∣
Y
= 0 . (7.5)

Turning on h deforms the background curves Y to new curves

Y : µα̇ = F α̇(y, λ) = Fα̇(y, λ) +mα̇(y, λ) . (7.6)

Demanding ∂̄0 ⌟ (θα̇|Y ) = 0 shows that these satisfy a perturbed version of (3.44),

∂̄0F
α̇ + ∂̄0 ⌟L∂α̇(h+ h)|Y = 0 (7.7)
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Substituted for F α̇ from (7.6) and ∂̄0F
α̇ from (7.5) gives us a PDE for the perturbation mα̇,

∂̄0m
α̇ + ∂̄0 ⌟

(
L∂α̇h

∣∣
Y
+ L∂α̇h

∣∣
Y
− L∂α̇h

∣∣
Y

)
= 0 . (7.8)

We can also make this more explicit by substituting L∂α̇h = ∂α̇h0 ē
0.

Pick a spinor basis κα1 , κ
α
2 with normalization ⟨1 2⟩ = −1. Use it to define homogeneous

coordinates on P1 and complex coordinates on M by

λα = λ1 κ1α + λ2 κ2α , yα̇ := Fα̇(y, κ1) , ỹα̇ := Fα̇(y, κ2) . (7.9)

Let D be the divisor {λ1λ2 = 0} ⊂ PT. To solve (7.8), we will again impose the boundary

conditions

mα̇(y, λ) = λ1λ2m
α̇(y, λ) ∈ Ω0,1(PT,O(1)(−D)) (7.10)

for some smooth O(−1)-valued functions mα̇. That is, F α̇(y, κ1) = yα̇, F α̇(y, κ2) = ỹα̇.

We can easily write a sigma model governing such holomorphic rational maps,

Sh,h[m](y) =
1

2πi

∫
P1

Dλ

λ21 λ
2
2

∧
(
1

2
[m∂̄m] + h|Y + h|Y − h|Y − L∂α̇h

∣∣
Y
mα̇

)
, (7.11)

where ∂̄ ≡ ∂̄|P1 as usual in such actions. As h → 0, this reduces to the original twistor

sigma model action (3.49). A calculation analogous to the derivation of (3.55) shows that

the equation of motion of mα̇ reproduces (7.8) as long as h satisfies the boundary conditions

h ∈ Ω0,1(PT,O(2)(−2D)) . (7.12)

Meanwhile, the term h|Y seems superfluous as it does not depend on the field mα̇. But a

Taylor expansion around the background curves shows that

h|Y − h|Y − L∂α̇h
∣∣
Y
mα̇ = (h0|Y − h0|Y − ∂α̇h0

∣∣
Y
mα̇) ē0

=

∞∑
p=2

1

p!
mα̇1 · · ·mα̇p ∂α̇1 · · · ∂α̇ph0|Y ē0 ∼ O(mα̇mβ̇) ,

(7.13)

ensuring that the Lagrangian is non-singular at λ = κ1, κ2. Finally, just as in (3.61), the

equation of motion of m̂α̇ imposes that the projection of T = ∇h+ 1
2 {h, h} along Y vanishes.

We will now relate the on-shell action of this background-coupled sigma model with the

space-time metric g = g0 + δg onM.
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Proposition 7.1 Let h ∈ Ω0,1(PT,O(2)(−2D)) satisfy T = ∇h + 1
2 {h, h} = 0 as above.

Then it gives rise to an SD vacuum metric

g = g0 − 2
∂2Φ

∂yα̇∂ỹβ̇
dyα̇ dỹβ̇ (7.14)

on the deformed space-time M, with the scalar potential Φ(y) given by the on-shell action

of our background-coupled twistor sigma model:

Φ(y) = Sh,h[m](y)
∣∣
on-shell

. (7.15)

Proof: The proof goes through the same steps as theorem 3.2, so we will be brief. In

what follows, let p∗ and p∗ denote pullbacks by the maps p : (y, λ) 7→ ZA = (Fα̇, λα) and

p : (y, λ) 7→ ZA = (F α̇, λα). A straightforward if tedious calculation shows that the yα̇

derivative of the on-shell action reduces to

∂

∂yα̇
Sh,h[m](y)

∣∣
on-shell

=
1

2πi

∫
P1

Dλ

λ21 λ
2
2

∧

(
∂mβ̇

∂yα̇
∂̄mβ̇ −

∂F β̇

∂yα̇
∂̄mβ̇ −mβ̇ ∂̄

∂Fβ̇

∂yα̇

)
, (7.16)

having used the equation of motion (7.8) and the integrability conditions T = 0, and having

dropped a total derivative term

1

2πi

∫
P1

Dλ

λ21 λ
2
2

∧ ∂̄
(
1

2

[
m

∂m

∂yα̇

]
+

∂

∂yα̇
⌟ p∗h

)
(7.17)

by virtue of the boundary conditions (7.10) and (7.12).

Expanding F β̇ = Fβ̇+mβ̇ and mβ̇ = λ1λ2m
β̇ shows that (7.16) is also a boundary term,

but one that contributes non-trivially:

∂

∂yα̇
Sh,h[m](y)

∣∣
on-shell

=
1

2πi

∫
P1

Dλ

λ21 λ
2
2

∧ ∂̄

(
mβ̇

∂Fβ̇

∂yα̇

)

=
1

2πi

∫
P1

Dλ

λ1λ2
∧ ∂̄

(
mβ̇

∂Fβ̇

∂yα̇

)

= mβ̇

∂Fβ̇

∂yα̇

∣∣∣∣
λ=κ2

−mβ̇

∂Fβ̇

∂yα̇

∣∣∣∣
λ=κ1

.

(7.18)

Recalling from (7.9) the definitions of yα̇ and ỹα̇, we see that only the second term survives.

This leaves us with

∂

∂yα̇
Sh,h[m](y)

∣∣
on-shell

= −mα̇(y, κ1) (7.19)
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Similarly, one can show that

∂

∂ỹα̇
Sh,h[m](y)

∣∣
on-shell

= mα̇(y, κ2) , (7.20)

just as we found for a flat background h = 0 in (3.63).

Next, we substitute mβ̇ = λ1λ2m
β̇ into (7.8) and use the Cauchy kernel of the Dolbeault

operator ∂̄|P1 : Ω0(P1,O(−1))→ Ω0,1(P1,O(−1)) to find an integral equation

mα̇(y, λ′) = − 1

2πi

∫
P1

Dλ

⟨λ′ λ⟩
∧ L∂α̇h|Y + L∂α̇h|Y − L∂α̇h|Y

λ1λ2
. (7.21)

This is a perturbed version of (3.46). We can evaluate it at λ′ = κ1 to make (7.19) more

explicit,

∂

∂yα̇
Sh,h[m](y)

∣∣
on-shell

= − 1

2πi

∫
P1

Dλ

λ1 λ22
∧ (L∂α̇h|Y + L∂α̇h|Y − L∂α̇h|Y) , (7.22)

having remembered ⟨1λ⟩ = −λ2. Staying steadfast on the course, we can compute its ỹβ̇

derivative (or carefully recycle the result (3.68)) to find the simple final expression

∂2Sh,h[m](y)

∂yα̇∂ỹβ̇

∣∣∣∣
on-shell

=
1

2πi

∫
Y

Dλ ∧ ē0

λ1 λ22

[
∂

∂ỹβ̇
⌟ ∂̄0 ⌟ p

∗dθα̇ −
∂

∂ỹβ̇
⌟ ∂̄0 ⌟ p

∗dθ0α̇

]
(7.23)

where the deformed and undeformed (1, 0)-forms θα̇, θα̇0 are related by equation (7.4). In

finding this, we have again dropped a boundary term containing h.

In section 3.2, we proved that if the complex structure deformations are integrable, then

the (1, 0)-forms on twistor space descend to the tetrad on space-time, up to an SL(2,C)-

valued spin frame defined by (3.39). In our case, we denote the background spin frame by

Hα̇
β̇ and the perturbed one by H α̇

β̇. Then we find the undeformed and deformed versions

of (3.39),

p∗θα̇0 = Hα̇
β̇ λβ θ

ββ̇
0 mod Dλ ,

p∗θα̇ = H α̇
β̇ λβ θ

ββ̇ mod Dλ .

(7.24)

Here, θα̇0 = eα̇+L∂α̇h = λα dx
αα̇+∂α̇h0 ē

0. Since we demand ∂̄0 ⌟ p∗θα̇0 = 0 as the definition

of p∗, the ē0 components in p∗θα̇0 get cancelled and we are left with only a space-time

component in p∗θα̇0 ,

p∗θα̇0 = λα dyx
αα̇ = dyF

α̇(y, λ) . (7.25)
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Evaluating this at λ = κ1, κ2 and comparing with the first equation in (7.24) shows that

θ1β̇
0 = −Hα̇

β̇(y, κ1) dy
α̇ , θ2β̇

0 = −Hα̇
β̇(y, κ2) dỹ

α̇ , (7.26)

having set θ1α̇ = κ1αθ
αα̇, etc., and inverted the spin frames using ϵα̇β̇ H

α̇
γ̇ H

β̇
δ̇ = ϵγ̇δ̇. An

analogous analysis works for θαα̇ owing to the fact that h vanishes at λ = κ1, κ2, leading to

θ1β̇ = −Hα̇
β̇(y, κ1) dy

α̇ , θ2β̇ = −Hα̇
β̇(y, κ2) dỹ

α̇ . (7.27)

Having determined the tetrad, the undeformed and deformed space-time metrics read

g0 = 2Hα̇γ̇(y, κ1)Hβ̇
γ̇(y, κ2) dy

α̇ dỹβ̇ , g = 2Hα̇γ̇(y, κ1)Hβ̇
γ̇(y, κ2) dy

α̇ dỹβ̇ . (7.28)

The last step is to use fix the spin frames in terms of the twistor sigma model action.

Substituting (7.24) into (7.23), we can simply recycle the computation in (3.73), once

for M and then forM. This yields

∂2Sh,h[m](y)

∂yα̇∂ỹβ̇

∣∣∣∣
on-shell

=
(
ϵα̇β̇ +Hα̇

γ̇(y, κ1)Hβ̇γ̇(y, κ2)
)
−
(
ϵα̇β̇ + Hα̇

γ̇(y, κ1)Hβ̇γ̇(y, κ2)
)

= Hα̇
γ̇(y, κ1)Hβ̇γ̇(y, κ2)− Hα̇

γ̇(y, κ1)Hβ̇γ̇(y, κ2) . (7.29)

Using this, equation (7.28) determines the deformed metric in terms of the metric on M ,

g = 2

(
Hα̇γ̇(y, κ1)Hβ̇

γ̇(y, κ2)−
∂2Sh,h[m](y)

∂yα̇∂ỹβ̇

∣∣∣∣
on-shell

)
dyα̇ dỹβ̇

= g0 −
∂2Φ

∂yα̇∂ỹβ̇
dyα̇ dỹβ̇ ,

(7.30)

having expressed this in terms of a scalar potential Φ(y) = Sh,h[m](y)|on-shell. If the metric

g0 can be written as a Kähler metric in the coordinates yα̇, ỹα̇, then this scalar potential

can be thought of as the corresponding Kähler scalar perturbation. 2

To compute amplitudes, we will also need expressions for the ASD 2-forms. Just like

the metric, the deformed 2-form Σ12 = θ1α̇ ∧ θ2
α̇ can be related to the background 2-form

Σ12
0 = θ1α̇

0 ∧ θ0
2
α̇ by applying (7.26), (7.27) and (7.29):

Σ12 = Hα̇
γ̇(y, κ1)Hβ̇ γ̇(y, κ2) dy

α̇ ∧ dỹβ̇

= Σ12
0 −

∂2Sh,h[m](y)

∂yα̇∂ỹβ̇

∣∣∣∣
on-shell

dyα̇ ∧ dỹβ̇ .
(7.31)
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This will help us relate the generating functional for MHV amplitudes on SD radiative

space-times to semi-classical correlators of the background-coupled sigma models.

7.2 MHV amplitudes

In equation (4.9), we described a generating functional that computes tree-level MHV gravi-

ton amplitudes around SD backgrounds M [24]. We repeat this here for convenience:

G(1, 2) ≡
∫
M

Σαβ ∧ γ1αδ ∧ γ2 δβ . (7.32)

Here, the positive helicity gravitons have been encoded into the geometry of a deformed

SD vacuum space-time M = M ⊕ {+ helicity gravitons}. Their information is contained

in the deformed ASD 2-forms Σαβ. On the other hand, the negative helicity gravitons 1, 2

are separately captured by the factors γ1, γ2 denoting spin connection perturbations. Let

us now put this to use to finally compute some new amplitudes!

Lift to twistor space. As discussed in section 6.3, SD and ASD perturbations to the

SD radiative background M can be represented as momentum eigenstates with momenta

kαα̇i = καi κ̃
α̇
i . The ASD spin connection perturbations can be taken to be

γαβi (y) = −2 i ξ̃α̇

[ξ̃ i]
καi κ

β
i e

iϕi dyFα̇(y, κi) , ϕi(y) ≡ [F(y, κi) i] , (7.33)

for i = 1, 2. The constant spinor ξ̃α̇ encodes residual gauge (diffeomorphism) freedom in

the representation of the spin connection perturbations and drop out of invariant quantities

like Weyl curvature perturbations. Applying (6.30), the wavefunctions (7.33) are seen to

satisfy the required linearized field equations dγαβi = ψαβγδ
i Σ0γδ:

dγαβi = −2 κ̃α̇i ξ̃
β̇

[ξ̃ i]
καi κ

β
i e

iϕi dyFα̇(y, κi) ∧ dyFβ̇(y, κi)

= καi κ
β
i e

iϕi dyF
α̇(y, κi) ∧ dyFα̇(y, κi) = καi κ

β
i κ

γ
i κ

δ
i e

iϕi Σ0γδ

(7.34)

with curvatures of the form (6.53) as predicted by the Penrose transform.

The expressions for the ASD perturbations are simplified by using the complex coor-

dinates (yα̇, ỹα̇) of (7.9); these are adapted to the ASD perturbations by identifying the
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spinor basis κ1, κ2 with the undotted momentum spinors of the negative helicity gravitons.

In these coordinates (7.33) become

γαβ1 = −2 i [ξ̃ dy]
[ξ̃ 1]

κα1 κ
β
1 e

i[y 1] , γαβ2 = −2 i [ξ̃ dỹ]
[ξ̃ 2]

κα2 κ
β
2 e

i[ỹ 2] , (7.35)

which take on a form that closely resembles negative helicity gravitons in flat space.

Just as in our flat space calculation (4.20), inserting these into the MHV generating

functional (7.32) and using (7.31) leads to

G(1, 2) = G2-pt(1, 2) +
∫
M

d2y d2ỹ ei[y 1]+i[ỹ 2] Sh,h[m](y)
∣∣
on-shell

, (7.36)

Here, the first term on the right computes a 2-point amplitude of negative helicity graviton

states on the SD background M ,

G2-pt(1, 2) =
∫
M

Σαβ
0 ∧ γ1α

δ ∧ γ2 δβ . (7.37)

On self-dual backgrounds, the linearized field equations (4.6), (4.7) and the linearization

Σ
(αβ
0 ∧ σγδ)i = 0, i = 1, 2, of the simplicity constraint Σ(αβ ∧Σγδ) = 0 can be used to reduce

this to a boundary term,

G2-pt(1, 2) =
1

2

∫
M

d
(
σαβ1 ∧ γ2αβ

)
= 0 , (7.38)

which vanishes by Stokes’ theorem (see [24] for a more careful boundary analysis in Lorentzian

signature). This is a feature reflecting the integrability underlying self-dual backgrounds.

Thus, the MHV generating functional and its perturbative expansion are entirely controlled

by the on-shell action of the twistor sigma model.

MHV amplitudes on SD radiative backgrounds. Armed with the generating func-

tional (7.36), we are now in a position to perturbatively expand the SD space-time M

around the background M . In particular, to recover the n-point tree-level MHV amplitude

on the SD radiative background M , G(1, 2) must be expanded to order n − 2 in h. This

corresponds to extracting the (n−2)-linear piece of the on-shell twistor sigma model action

Sh,h. Since on-shell actions are computed by tree-level Feynman graphs, this multi-linear

contribution can be expressed in terms of a connected, tree-level correlation function in the
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QFT on P1 defined by the twistor sigma model.

To bring the background-coupled sigma model (7.11) to a form amenable to perturbation

theory around M , we first Taylor expand h|Y around the background curves Y as in (7.13),

Sh,h[m](y) =
1

2πi

∫
P1

Dλ

⟨λ 1⟩2 ⟨λ 2⟩2
∧
(
1

2
[m∂̄m] + h|Y

+

∞∑
p=2

1

p!
mα̇1 · · ·mα̇p ∂α̇1 · · · ∂α̇ph0|Y ē0

)
, (7.39)

having recalled λ1 = −⟨λ 2⟩, λ2 = ⟨λ 1⟩. Letting h =
∑n

i=3 ai hi, the MHV amplitude is

defined as in equation (4.10). The piece of the on-shell action that is multi-linear in each

hi is extracted by the ai derivatives

1

2πi

(∏
i

∂

∂ai

)∫
P1

Dλ

⟨λ 1⟩2 ⟨λ 2⟩2
∧
(
1

2
[m∂̄m] +

n∑
i=3

ai hi|Y

+

∞∑
p=2

1

p!
mα̇1 · · ·mα̇p ∂α̇1 · · · ∂α̇ph0|Y ē0

)∣∣∣∣
ai=0

=

〈
n∏

i=3

Vi

〉0

tree

, (7.40)

where the expectation value in the final line denotes a sum of connected tree diagrams (i.e.,

diagrams of O(ℏ0)) in the “background” P1 theory

Sh,0[m](y) =
1

2πiℏ

∫
P1

Dλ ∧ ē0

⟨λ 1⟩2 ⟨λ 2⟩2

(
1

2
[m∂̄0m] +

∞∑
p=2

mα̇1 · · ·mα̇p

p!
∂α̇1 · · · ∂α̇ph0|Y

)
, (7.41)

with vertex operators

Vi :=
1

2πiℏ

∫
P1

Dλ ∧ hi|Y
⟨λ 1⟩2 ⟨λ 2⟩2

(7.42)

encoding the positive helicity gravitons. It will be assumed that each individual graviton is

represented by a momentum eigenstate:

hi(Z) =

∫
C∗

ds

s3
δ̄2(κi − s λ) eis[µ i] , (7.43)

with on-shell momentum kαα̇i = καi κ̃
α̇
i . Evaluating Vi on such a state results in the momen-

tum eigenstate vertex operator

Vi =
1

2πiℏ
ei[F(y,κi) i] ei[m(y,κi) i]

⟨1 i⟩2 ⟨2 i⟩2
=

1

2πiℏ
eiϕi(y) ei[m(y,κi) i]

⟨1 i⟩2 ⟨2 i⟩2
, (7.44)

having pulled back to the curve Y : µα̇ = Fα̇ + mα̇ and performed all integrals against
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the delta functions in the hi. Also, we have abbreviated [F(y, κi) i] ≡ ϕi(y) as in previous

sections.

The h = 0 sigma model action (7.41) depends only on the fixed SD radiative background

M through h. However, there are infinitely many terms of higher and higher valence in mα̇

appearing in this action, as curves Y corresponding to points y ∈M are expanded around

curves Y corresponding to points y ∈ M . The quadratic term in this expansion simply

defines the kinetic term of the action, while the contribution of all higher-order terms to the

correlator (7.40) can be accounted for by absorbing them into background vertex operators:

U (p) :=
1

2πiℏ
1

p!

∫
P1

Dλ ∧ ē0

⟨λ 1⟩2 ⟨λ 2⟩2
∂α̇1 · · · ∂α̇ph0

∣∣
Y
mα̇1 · · ·mα̇p , p ≥ 3 . (7.45)

Taking into account the relationship (6.24) between h and the characteristic radiative data

of M , these background vertex operators can be written equivalently as:

U (p) =
1

2πiℏ
1

p!

∫
P1

Dλ ∧Dλ̄

⟨λ 1⟩2 ⟨λ 2⟩2
N (p−2)(u, λ, λ̄) [mλ̄]p , (7.46)

where u = [µ λ̄] = [F λ̄] and N (k) := ∂kuN = −∂k+1
u σ̃0 is the kth u-derivative of the news

function of M .

Since these background vertex operators do not introduce any new powers of the hi,

arbitrarily many of them can be brought down into the correlation function (7.40). Thus,

the problem of computing the MHV amplitudes of n− 2 positive helicity gravitons on M is

reduced to computing the connected tree-level correlation function

∞∑
t=0

∑
p1,...,pt

〈
n∏

i=3

Vi

t∏
m=1

U (pm)

〉0

tree

, (7.47)

in the free QFT on P1 defined by

S[m] =
1

4πiℏ

∫
P1

Dλ ∧ ē0

⟨λ 1⟩2 ⟨λ 2⟩2
[
mα̇

(
ϵβ̇α̇∂̄0 + ∂α̇∂β̇h0

)
mβ̇
]
. (7.48)

In (7.47), the second sum is over all p1, . . . , pt ≥ 3; that is, over all possible ‘valences’ of

the background vertex operators. Physically, the role of these background vertex operators

is clear: the t > 0 terms in (7.47) correspond to tail terms in the MHV amplitude which

arise because of the failure of Huygens’ principle for graviton scattering in any curved
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background [164, 165].

The computation of (7.47) now proceeds making use of the OPE of the mα̇ fields defined

by the quadratic action (7.48):

mα̇(λ)mβ̇(λ′) ∼ 2πiℏ
Hα̇

γ̇(y, λ)H
β̇γ̇(y, λ′)

⟨λλ′⟩
⟨λ 1⟩ ⟨λ 2⟩ ⟨λ′ 1⟩ ⟨λ′ 2⟩ . (7.49)

This is obtained from dressing the OPE of the h = 0 free theory with factors of dotted spin

frames. Specializing the PDE (3.41) to representatives h = h0 ē
0, we find that Hα̇

β̇ satisfies

∂̄0H
α̇
β̇ + ∂α̇∂γ̇h0 H

γ̇
β̇ = 0 . (7.50)

As a result, the dressed OPE (7.49) satisfies the equation of motion that follows from

varying (7.48). The right-hand-side of this OPE acts as a Green’s function for the Dolbeault

operator on the dotted spinor bundles over background curves Y, and the appearance of

the momentum spinors κα1 , κ
α
2 in the OPE represents a gauge choice for the inverse of the

∂̄-operator acting on sections of O(1) → P1. While mα̇ is valued in O(1), the boundary

conditions (7.10) ensure that it has no zero modes, so all insertions of mα̇ in the correlator

must be Wick contracted away using (7.49) to obtain non-vanishing contributions.

As a warm-up, it is illustrative to first consider the t = 0 term in (7.47), which contains

only external graviton vertex operators. This is given by〈
n∏

j=3

Vj

〉0

tree

=

〈
n∏

j=3

ei[m(y,κj) j]

〉0

tree

n∏
l=3

eiϕl(y)

⟨1 l⟩2 ⟨2 l⟩2
, (7.51)

having inserted the explicit vertex operators (7.44). In this case, the computation boils

down to summing all connected tree graphs on n− 2 vertices, with the weights assigned to

each edge given by the OPE (7.49) acting between two vertex operators, say i and j:

[[i j]]

⟨i j⟩
⟨i 1⟩ ⟨i 2⟩ ⟨j 1⟩ ⟨j 2⟩ ,

where [[i j]](y) := [K̃i K̃j ](y) = κ̃iα̇H
α̇γ̇(y, κi) κ̃jβ̇ H

β̇
γ̇(y, κj) .

(7.52)

This arises from (7.49) on computing the tree OPE of two exponentials ei[m(y,κi) i] ei[m(y,κj) j],

i.e, on keeping the term with just a single Wick contraction. As in (7.49), each such OPE

also comes with a factor of 2πiℏ. All such factors cancel against the 1/2πiℏ prefactors in the
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vertex operators precisely for tree diagrams, so that loop diagrams drop out in the classical

ℏ→ 0 limit as required. So we will drop such factors in all our subsequent expressions.

As with the flat space calculation in lemma 4.2, the sum of these tree-level Feynman

diagrams is accomplished using the weighted matrix-tree theorem (cf., [55–57]):〈
n∏

j=3

Vj

〉0

tree

=
∣∣Lii∣∣ n∏

j=3

eiϕj(y)

⟨1 j⟩2 ⟨2 j⟩2
, (7.53)

where L is the weighted Laplacian matrix whose off-diagonal entries are given by (7.52) and

diagonal entries are

Lii = −
∑
j ̸=i

[[i j]]

⟨i j⟩
⟨i 1⟩ ⟨i 2⟩ ⟨j 1⟩ ⟨j 2⟩ , (7.54)

and |Lii| denotes the minor of L obtained by removing the row and column corresponding

to some external graviton i. The weighted matrix-tree theorem ensures that the equality

(7.53) is independent of the choice of i ∈ {3, . . . , n}.

To make the connection to known formulae for graviton scattering in vacuum transpar-

ent, it is useful to rewrite (7.53) by taking out a factor of ⟨λi 1⟩ ⟨λi 2⟩ from each row and

column of the determinant to give〈
n∏

j=3

Vj

〉0

tree

=
|Hi

i|
⟨1 i⟩2 ⟨2 i⟩2

n∏
j=3

eiϕj(y) , (7.55)

where H is the (n− 2)× (n− 2) matrix with entries

Hij =
[[i j]]

⟨i j⟩
, i ̸= j , Hii = −

∑
j ̸=i

[[i j]]

⟨i j⟩
⟨1 j⟩ ⟨2 j⟩
⟨1 i⟩ ⟨2 i⟩

, (7.56)

which is a background-dressed analogue of the n × n matrix (4.42) appearing in Hodges’

formula for MHV graviton scattering in flat space.

Now consider a generic term with fixed t > 0 and p1, . . . , pt ≥ 3 in (7.47). Each insertion

of a background vertex operator U (pm) comes with at least 3 insertions of mα̇, all of which

must be Wick contracted for the correlator to be non-vanishing. These mα̇-insertions can

contract against the other background vertex operators or the n−2 positive helicity graviton

vertex operators. It is easy to see that such Wick contractions cannot saturate the mα̇-

insertions via tree diagrams unless t ≤ (n − 2) − 2 = n − 4, providing an upper bound on

85



the number of background vertex insertions.

Returning to the full MHV amplitude (7.47), to compute a correlator like〈
n∏

i=3

Vi

t∏
m=1

U (pm)

〉0

tree

(7.57)

we must now sum over all connected tree diagrams on n− 2 + t vertices where the valence

of the t background vertices is fixed to be p1, · · · , pm. This can be reduced to summing over

tree diagrams without any restriction on the valence by the following trick. We can represent

the background vertex operator (7.46) as a “soft mode” of a momentum eigenstate,

U (p) =
1

2πiℏ

∫
P1

Dλ ∧Dλ̄

⟨λ 1⟩2 ⟨λ 2⟩2
N (p−2)(u, λ, λ̄)

i−p

p!

∂p

∂εp
eiε[mλ̄]

∣∣∣∣
ε=0

. (7.58)

The dummy variable ε acts as a fictitious “energy” of the background vertex, and the valence

p now becomes the “order” of a “soft limit” ε → 0. With the representation (7.58) of the

background vertices, the tree correlator (7.57) reduces to

n∏
j=3

eiϕj

⟨1 j⟩2 ⟨2 j⟩2
t∏

m=1

∫
P1

Dλm ∧Dλ̄m
⟨1λm⟩2 ⟨2λm⟩2

N (pm−2)
m

i−pm

pm!

∂pm

∂εpmm

×

〈
n∏

j=3

ei[m(y,κj) j]
t∏

m=1

eiεm[m(y,λm) λ̄m]

〉0

tree

∣∣∣∣∣∣
εm=0∀m

, (7.59)

where Nm := N([F(y, λm) λ̄m], λm, λ̄m) denotes copies of the news function of the SD ra-

diative background M pulled back to the twistor curve. This can now be evaluated in the

same manner as (7.51).

Recycling the result (7.55) by including such “soft graviton” tails yields

〈
n∏

j=3

ei[m(y,κj) j]
t∏

m=1

eiεm[m(y,λm) λ̄m]

〉0

tree

∣∣∣∣∣∣
εm=0

=
|Hi

i|
⟨1 i⟩2 ⟨2 i⟩2

n∏
j=3

⟨1 j⟩2 ⟨2 j⟩2
t∏

m=1

⟨1λm⟩2 ⟨2λm⟩2 . (7.60)

Here, we have introduced the (n+ t− 2)× (n+ t− 2) matrix H with block decomposition

H =

(
H h

hT T

)
, (7.61)
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and entries

Hij =
[[i j]]

⟨i j⟩
, i ̸= j (7.62)

Hii = −
∑
j ̸=i

[[i j]]

⟨i j⟩
⟨1 j⟩ ⟨2 j⟩
⟨1 i⟩ ⟨2 i⟩

−
t∑

m=1

εm
[[i λ̄m]]

⟨i λm⟩
⟨1λm⟩ ⟨2λm⟩
⟨1 i⟩ ⟨2 i⟩

,

him = εm
[[i λ̄m]]

⟨i λm⟩
, Tmn = εmεn

[[λ̄m λ̄n]]

⟨λm λn⟩
, m ̸= n ,

Tmm = −εm
n∑

i=1

[[λ̄m i]]

⟨λm i⟩
⟨1 i⟩ ⟨2 i⟩
⟨1λm⟩ ⟨2λm⟩

− εm
∑
n ̸=m

εn
[[λ̄m λ̄n]]

⟨λm λn⟩
⟨1λn⟩ ⟨2λn⟩
⟨1λm⟩ ⟨2λm⟩

.

with the [[ ]] brackets all evaluated at y ∈ M . Hi
i as usual is the reduced determinant ob-

tained after removing the row and column corresponding to the ith positive helicity graviton.

Due to the identities

n∑
j=3

Hij ⟨1 j⟩ ⟨2 j⟩+
t∑

m=1

Him ⟨1λm⟩ ⟨2λm⟩ = 0 ,

n∑
j=3

Hnj ⟨1 j⟩ ⟨2 j⟩+
t∑

m=1

Hnm ⟨1λm⟩ ⟨2λm⟩ = 0 ,

(7.63)

and properties of determinants, one can again verify that the choice of positive helicity

graviton i ∈ {3, . . . , n} that we singled out is completely arbitrary.

Collecting all the pieces gives an all-multiplicity formula for the MHV amplitude:

AMHV
n =

n−4∑
t=0

∑
p1,...,pt

∫
M

volM
⟨1 2⟩6

⟨1 i⟩2 ⟨2 i⟩2

(
t∏

m=1

i−pm

pm!

∂pm

∂εpmm

)
|Hi

i|

∣∣∣∣∣
ε1=···=εt=0

× exp

(
i

n∑
j=1

Fα̇(y, κj) κ̃j α̇

) t∏
m=1

Dλm ∧Dλ̄mN
(pm−2)
m , (7.64)

having replaced d2y d2ỹ in the generating functional (7.36) by a generic volume form volM

on M (since
√
|g| = 1 in complex coordinates by virtue of the heavenly equation (3.13)).

Remembering (7.9), we have also reverted to ‘generic’ coordinates yαα̇ from the complex

coordinates (yα̇, ỹα̇), allowing us to uniformly incorporate the plane wave exponentials ei[y 1]

and ei[ỹ 2] into the exponential factor on the second line. Lastly, the factor of ⟨1 2⟩6 has been

reinstated using little group scaling (this scaling property survives turning on curvature in

both our momentum eigenstate wavefunctions and our amplitudes).

In this formula, the structure of the SD radiative background space-time M appears
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through: the diffeomorphism-invariant integration measure; the function Fα̇(y, λ) describ-

ing the holomorphic curves in the associated twistor space – which appears as the argument

of the exponential factor; the dressed momenta in the entries of H; and finally the insertions

of (derivatives of) the background news function N arising from tail contributions to the

amplitude. The absence of any overall momentum conserving delta functions is an expected

feature of scattering in a curved space-time, as the background gravitational field breaks

Poincaré invariance. However, a striking feature of the formula is that there is only a single

residual space-time integral, regardless of the number of external positive helicity gravitons.

Perturbatively, general relativity behaves as a cubic field theory (higher-point contact inter-

actions can be re-absorbed into exchange diagrams built from cubic interactions, c.f. [166]),

so the näıve expectation is that an n-point tree amplitude in a curved background should

entail n− 2 space-time integrals.

While this simplicity is remarkable from the perspective of perturbation theory based

upon the Einstein-Hilbert or Plebanski actions, it is an expected feature of an MHV formal-

ism [167] for general relativity, where all vertices are given by MHV interactions, linked by

scalar propagators. While the most basic definition of such a formalism (based on all-line

shifts) fails [168, 169], there are several indications that an MHV formalism for gravity

should exist. At least formally, MHV rules for GR can be defined indirectly by first iden-

tifying them in conformal gravity then restricting to Einstein degrees of freedom [60], a

truncation which is consistent at tree level [170]. More recently, an off-shell description of

general relativity in terms of an action functional on twistor space was found which has a

structure compatible with an MHV vertex expansion [2]. The formula (7.64) can be viewed

as another smoking gun for gravitational MHV rules, and using the twistor action it should

be possible to give a them a precise formulation.

Evaluation on SDPWs: The MHV amplitude (7.64) simplifies considerably when the

SD radiative background is a self-dual plane wave (SDPW), where the metric (6.14) is

controlled by a single function of lightfront time, f(y−). The background vertex operators
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are given on such an SDPW by

U (p) =
1

2πiℏ
1

p!

f (p−2)(y−) [m(ι) ι̃]p

⟨ι 1⟩2 ⟨ι 2⟩2
, (7.65)

where f (k) ≡ ∂k−f(y
−) and y− := yαα̇ιαι̃α̇. Here, the P1 integral in the background vertex

operator on a general background (7.46) has been performed against the holomorphic delta

function in h which localises λ = ι. One immediate consequence of the simplicity of (7.65) is

that Wick contractions between background vertex operators in an SDPW vanish, dramat-

ically simplifying the structure of the tail contributions. Each insertion of a background

vertex operator in the correlator (7.47) must be saturated by contractions with external

graviton vertex operators. This places a tighter bound on the number of tail contributions

to the amplitude for fixed n, with t ≤ n−3
2 .

Using the expression for the twistor curves of an SDPW metric (6.56), it is now straight-

forward to evaluate (7.64) on this particular class of background. All but one of the four

position space integrals can now be done analytically to obtain momentum conserving delta

functions in the y+, z and z̃-directions, leaving

AMHV
n = δ3+,⊥

( n∑
j=1

kj

)
⟨1 2⟩6

⟨1 i⟩2 ⟨2 i⟩2

⌊n−3
2

⌋∑
t=0

∑
p1,...,pt

∫ +∞

−∞
dy−

(
t∏

m=1

i−pm

pm!

∂pm

∂εpmm

)
|Hi

i|

∣∣∣∣∣
ε=0

× eiFn(y−)
t∏

m=1

f (pm−2)(y−) . (7.66)

The three momentum conserving delta functions allow the universal exponent appearing in

the second line to be written in the form of a gravitational Volkov exponent [5, 163]

Fn(y
−) :=

∫ y−

ds gab(s)
Ka(s)Kb(s)

2 ⟨ι|K|ι̃]
, (7.67)

for Kαα̇(y
−) given by the sum of any (distinct) n − 1 of the n dressed graviton momenta;

for instance

Kαα̇ =

n−1∑
i=1

καi K̃
α̇
i .

The block structure (7.61) of the matrixH remains the same, but with the individual entries

simplified:

Hij =
[[i j]]

⟨i j⟩
, i ̸= j (7.68)
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Hii = −
∑
j ̸=i

[[i j]]

⟨i j⟩
⟨1 j⟩ ⟨2 j⟩
⟨1 i⟩ ⟨2 i⟩

−
t∑

m=1

εm
[i ι̃]

⟨i ι⟩
⟨1 ι⟩ ⟨2 ι⟩
⟨1 i⟩ ⟨2 i⟩

,

him = εm
[i ι̃]

⟨i ι⟩
, Tmn = −δmn εm

n∑
i=1

[ι̃ i]

⟨ι i⟩
⟨1 i⟩ ⟨2 i⟩
⟨1 ι⟩ ⟨2 ι⟩

.

The [[i j]] = K̃α̇
i K̃jα̇ are now simply contractions of the dressed spinors K̃α̇

i defined as

in (6.60). The formula (7.66) is manifestly diffeomorphism invariant, and is separately

symmetric in the positive and the negative helicity gravitons.

We can easily write down some low point examples that bring out the structure of our

formulae. The 3-graviton MHV amplitude is found to be

A(1− 2− 3+) = δ3+,⊥

( 3∑
j=1

kj

)
⟨1 2⟩6

⟨2 3⟩2 ⟨3 1⟩2

∫
dy− eiF3 , (7.69)

which is almost identical to what one finds in flat space. At 4 points, background dressed

momenta enter the game,

A(1− 2− 3+ 4+) = δ3+,⊥

( 4∑
j=1

kj

) ∫
dy− eiF4

⟨1 2⟩6 [[3 4]](y−)
⟨1 3⟩ ⟨1 4⟩ ⟨2 3⟩ ⟨2 4⟩ ⟨3 4⟩

. (7.70)

At 5 points and higher, one starts observing tail terms and explicit expressions become

more involved. Nonetheless, it is possible to compute all the εm derivatives in (7.66). This

results in a cumbersome but explicit formula and was described in [5] and in appendix B of

[6].

7.3 Consistency checks

While the unitarity methods which can be used to prove tree-level amplitude formulae in

vacuum no longer apply in the presence of a strong background, there are still some basic

consistency checks which can be run on formula (7.64). The first of these is comparison

with explicit Feynman diagram calculations using the background-coupled Einstein-Hilbert

Lagrangian; of course, such computations are only tractable at low numbers of points and in

highly symmetric SD radiative space-times where the Feynman rules in the background can

be determined explicitly. Nevertheless, in appendix A of [6], we have explicitly demonstrated

that for an SDPW background, the formula (7.66) matches the amplitude computed with
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Feynman rules at 3- and 4-points.

Beyond this, the most straightforward all-multiplicity consistency check is the flat space

limit, where the SD radiative background becomes (complexified) Minkowski space. In this

case, the background news function N(u, λ, λ̄) becomes trivial so only the t = 0, no-tail

term in (7.64) contributes. For Minkowski space, the twistor curves become twistor lines:

Fα̇(y, λ)|flat = yαα̇ λα . (7.71)

This enables all of the remaining integrals in (7.64) to be performed immediately, with the

result

δ4

(
n∑

i=1

ki

)
⟨1 2⟩6

⟨1 i⟩2 ⟨2 i⟩2
∣∣Hi

i

∣∣ , (7.72)

where the entries of H are now

Hij =
[i j]

⟨i j⟩
, i ̸= j , Hii = −

∑
j ̸=i

[i j]

⟨i j⟩
⟨1 j⟩ ⟨2 j⟩
⟨1 i⟩ ⟨2 i⟩

, (7.73)

defined in terms of un-dressed on-shell momenta. The expression (7.72) is precisely Hodges’

formula (4.41) for graviton scattering in flat space, so we do indeed produce the correct flat

space limit.

A more non-trivial consistency check is the behaviour of (7.64) in the perturbative limit,

where the SD radiative background becomes weak and is treated like a single positive

helicity graviton in flat space. In the perturbative limit, any SD radiative space-time will

be well-approximated by a SDPW, so it suffices to work directly with (7.66) and isolate

all contributions to the MHV amplitude which are linear in the background profile f(y−).

This background-dependence enters (7.66) in three ways: through the matrix H, whose

entries include dressed momentum spinors; through the Volkov exponent (7.67); or through

explicit tail factors when t > 0. Clearly, only the t = 0, 1 terms can provide such linear

contributions.

In the t = 0 term, linear dependence on f(y−) arises only from the Volkov exponent

or dressed momentum spinors. This is easily determined explicitly using (6.60), and repre-

senting the perturbative background by the Fourier mode

f(y−) = κ e−iω y− := κ ei q·y , qαα̇ = ω ια ι̃α̇ , (7.74)
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the contributions to the perturbative limit of the t = 0 term are

⟨1 2⟩6

⟨1 i⟩2 ⟨2 i⟩2
δ4

(
q +

n∑
i=1

ki

) n∑
j,l=3

j ̸=l, j,l ̸=i

(−1)j+l [ι̃ j] [ι̃ l]

⟨ι j⟩ ⟨ι l⟩
|Hij

il | − |H
i
i|

n∑
j=1

[ι̃ j] ⟨o j⟩2

⟨ι j⟩

−
n∑

j=3
j ̸=i

|Hij
ij |
∑
l ̸=j

[ι̃ j] [ι̃ l]

⟨ι j⟩ ⟨ι l⟩
⟨1 l⟩ ⟨2 l⟩
⟨1 j⟩ ⟨2 j⟩

 , (7.75)

where H is now understood to be the ‘flat’ matrix given by (7.73), and Hi···j
k···l denotes the

submatrix obtained by removing rows i, . . . , j and columns k, . . . , l. Using the Schouten

identity and 4-momentum conservation, these terms can be re-written as

⟨1 2⟩6

⟨1 i⟩2 ⟨2 i⟩2
δ4

(
q +

n∑
i=1

ki

)−|Hi
i|
∑
j

[ι̃ j]

⟨ι j⟩
⟨1 j⟩ ⟨2 j⟩
⟨1 ι⟩ ⟨2 ι⟩

+
∑

j,l,j ̸=l

(−1)j+l [ι̃ j] [ι̃ l]

⟨ι j⟩ ⟨ι l⟩
|Hij

il |

−
∑
j

|Hij
ij |
∑
l ̸=j

[ι̃ j] [ι̃ l]

⟨ι j⟩ ⟨ι l⟩
⟨1 l⟩ ⟨2 l⟩
⟨1 j⟩ ⟨2 j⟩

 , (7.76)

where the precise ranges of the various summations are implied by the structure of the

summands.

The t = 1 term only contributes to the perturbative limit through the explicit tail

insertion itself; all other background-dependence (in the matrix H and Volkov exponent) is

set to zero when extracting those terms linear in f(y−). The resulting contribution is

⟨1 2⟩6

⟨1 i⟩2 ⟨2 i⟩2
n−3∑
p=1

∑
j1,...,jp

∑
k,l

(−1)k+l
∣∣∣Hikj1···jp

ilj1···jp

∣∣∣ ( p∏
m=1

[ι̃ jm]

⟨ι jm⟩
⟨1 ι⟩ ⟨2 ι⟩
⟨1 jm⟩ ⟨2 jm⟩

)
[ι̃ k] [ι̃ l]

⟨ι k⟩ ⟨ι l⟩

+
∣∣∣Hij1···jp

ij1···jp

∣∣∣ ( p∏
m=1

[ι̃ jm]

⟨ι jm⟩
⟨1 ι⟩ ⟨2 ι⟩
⟨1 jm⟩ ⟨2 jm⟩

)∑
l

[ι̃ l]

⟨ι l⟩
⟨1 l⟩ ⟨2 l⟩
⟨1 ι⟩ ⟨2 ι⟩

]
, (7.77)

where the momentum conserving delta functions (same as those appearing in (7.76)) have

been omitted and H is once again understood as the matrix with ‘flat’ entries.

The t = 0 and t = 1 contributions combine auspiciously if we define an (n − 1) ×

(n−1) matrix Ĥ whose entries are equivalent to those of H, with the extra row and column

corresponding to the background graviton with momentum qαα̇. Now, the minor |Ĥq
q| differs
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from |H| only by the diagonal entries of the two matrices, so

|Ĥq
q| = |H|+

n−2∑
p=1

∑
j1,...,jp

∣∣∣Hj1···jp
j1···jp

∣∣∣( p∏
m=1

[ι̃ jm]

⟨ι jm⟩
⟨1 ι⟩ ⟨2 ι⟩
⟨1 jm⟩ ⟨2 jm⟩

)
. (7.78)

Applying this identity to further reduced minors of H, it follows that the t = 0, 1 contribu-

tions to the perturbative limit combine to give

δ4

(
q +

n∑
i=1

ki

)
⟨1 2⟩6

⟨1 i⟩2 ⟨2 i⟩2
∣∣∣Ĥi

i

∣∣∣ , (7.79)

which is the Hodges formula for MHV graviton scattering in flat space with (n−1) positive

helicity gravitons whose momenta are (k3, . . . , kn, q). This confirms that (7.64) has the

correct perturbative limit, emerging only after a somewhat subtle collaboration between

‘pure scattering’ (i.e., t = 0) and tail (i.e., t = 1) contributions to the amplitude.
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Chapter 8

Outlook

Over the course of this thesis, twistor sigma models have provided us with many new

insights into classical and perturbative gravity. Through theorem 3.2, they provided a

concrete formula to translate hamiltonian complex structure deformations of twistor space

into hyperkähler metrics on SD vacuum space-times. Over the course of chapters 4-7, we

saw the applications of theorem 3.2 to the computation of MHV graviton amplitudes as

well as their holographic symmetries. Using semi-classical correlators of our models, we

derived the well-established Hodges’ formula (4.41) in flat space. Since our proof directly

linked space-time perturbation theory to sigma model correlators, we were able to extend

this calculation to interesting classes of self-dual space-times. This resulted in the formula

(7.64) for MHV graviton scattering on SD radiative space-times, which we made much more

explicit in formula (7.66) for our running example of SD plane wave backgrounds.

Amplitudes in curved backgrounds. The SD radiative backgrounds we dealt with are

toy models for backgrounds encountered in the real world. But nevertheless, they allow

us to see past the maximal symmetries of flat space and extract universal mathematical

structures governing perturbative QFT. There may be next to no global symmetries in

these backgrounds, but the magic of twistor theory still prevails and generates miraculously

simple expressions for amplitudes. Similar expressions for NkMHV amplitudes can be con-

jectured (though not yet proven) using generalizations of our sigma models that govern

higher degree rational curves [6]. Combined with similar formulae for gluon scattering de-

rived in [123], our results provide the first steps toward developing on-shell methods for

94



perturbative computations in the presence of strong background fields.

While the structure of graviton scattering in a curved SD radiative space-time has many

interesting features, the structure of tail contributions to the amplitude (encoded by the

background news function) seems particularly noteworthy. Analogous ‘tail effects’ also arise

in the classical limit of gravitational scattering [171–175], and have been the subject of study

recently in the context of black hole scattering (e.g., [176–178]). It would be interesting to

establish what—if any—relationship there is between these notions of gravitational ‘tails’,

and if our all-multiplicity results can be of any use in the context of early-inspiral black

hole physics.

Our results provide a variety of avenues for future work. They act as a proof of con-

cept that twistor theory underlies the simplicity in scattering amplitudes even when other

methods to compute amplitudes may not apply. More optimistically, they give us hope that

other tools of the on-shell amplitudologist like BCFW recursion, generalized unitarity, etc.

might also extend to curved backgrounds. Self-dual backgrounds provide a perfect setting

to test how far these tools stretch, as our twistor sigma models already provide us with at

least one means of computing the tree amplitudes exactly (at least in the MHV case). In

more practical directions, the results of our work pave the way for efficient computations of

amplitudes in more commonly encountered strong backgrounds like cosmology, AdS/CFT,

strong field QED/QCD, black holes, etc. For example, it is already possible to system-

atically treat scattering on Gibbons-Hawking instanton space-times by treating them as

radiative space-times in (2, 2) signature [6, 151], and in principle our calculations could also

be extended to compute amplitudes in self-dual black hole backgrounds.

Moving beyond self-duality brings its own set of hurdles. Generic non-self-dual back-

grounds are not hyperkähler, so our twistor sigma models can no longer capture their

dynamics. Nonetheless, in recent years the tools to tackle such backgrounds have been pro-

vided by more general string theories [179] in ambitwistor space: the space of null geodesics

in space-time. At tree-level, these ambitwistor strings can be consistently coupled to gen-

eral on-shell backgrounds in supergravity theories [180, 181]. Worldsheet correlators of

these models then compute amplitudes around such backgrounds. The feasibility of using

ambitwistor strings to compute amplitudes has been demonstrated on plane wave back-

95



grounds at three points [182], and somewhat formally in (A)dS backgrounds at general

multiplicity for certain theories [183–186]. It would be interesting to pursue this approach

to build scattering equations and worldsheet formulae for amplitudes on other space-times

of interest.

Flat space holography. The study of celestial holography is still in a nascent stage.

Apart from their practical applications to the study of scattering amplitudes, our twistor

sigma models also played an important role in connecting celestial holography to twistor

theory. Using them, we proved in chapter 5 that the loop algebra of w1+∞ observed in the

positive helicity subsector of soft graviton collinear limits originated in the symmetries of

self-dual GR. These then translated to symmetries of the OPE algebra of celestial CFT.

Since celestial holography is constrained by such an infinite dimensional symmetry algebra,

it is natural to wonder if the symmetries can be used to bootstrap its CFT data even in the

absence of concrete realizations of CCFT.

In recent years, the search for explicit constructions of CCFT through string theoretic

means has also begun to yield interesting insights. Preliminary investigations [14] based on

holography applied to topological strings on twistor space display signs of deep connections

between twistor theory and stringy realizations of celestial CFTs. For example, if one studies

the type I topological B model [187] with twistor space PT = O(1)⊕O(1) as target space,

one can obtain toy models of celestial holography [188] via D1 brane back-reaction effects

much as when twisted holography is applied to the resolved conifold O(−1) ⊕ O(−1) [15].

The resulting dual (defect) CFTs are given by chiral symplectic boson systems of the same

nature as our sigma models. On the back-reacted space-time, this example gives rise to a

theory of gravity that is not GR but instead governs self-dual Kähler (but not necessarily

Ricci-flat) metrics. It is hoped that our twistor sigma models will act as building blocks for

future generalizations of twisted holography to self-dual GR (and beyond).

Towards quantization: The twistor sigma model (3.49) gives rise to gravitational am-

plitudes via its classical action and the corresponding tree expansion; by contrast twistor

strings or ambitwistor strings produce amplitudes as fully quantum correlations functions
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in the worldsheet CFT. This distinction leaves room for one to ask what the twistor sigma

model could correspond to if treated quantum mechanically. In particular, there is scope

for this to give rise to some theory of self-dual quantum gravity, for instance as envisaged

by [189, 190] for the N = 2 string. For instance, the ‘quantum’ (i.e., at finite ℏ as well as

containing contributions from disconnected diagrams) MHV graviton amplitude produced

by the twistor sigma model can be computed [1]:

δ4

(
n∑

r=1

kr

)
⟨1 2⟩2n

n∏
i=3

1

⟨1 i⟩2 ⟨2 i⟩2
exp

− i ℏ
8π

∑
j ̸=i

[i j]

⟨i j⟩
⟨1 i⟩2 ⟨2 j⟩2

⟨1 2⟩2

 , (8.1)

although its physical properties and interpretation remain to be explored. It would also

be intriguing to make contact with the ∗-algebra definition of the quantum W1+∞-algebra

as described in [191] and the Moyal deformations of the Poisson structure associated to

self-dual gravity proposed by [192] which are closely connected also to Penrose’s Palatial

twistor ideas [193]. It would be interesting to track the the twistor-theoretic component of

the other appearances of W -infinity algebras in the literature.
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