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Abstract Logarithmic corrections to the entropy of extremal
black holes have proven effective in precisely matching the
microscopic degeneracies obtained from string-theoretic as
well as a non-perturbative quantum correction manifests as
an exponential term in the black hole entropy. In this work,
we extend the universal relation proposed by Goon and Penco
by deriving a generalized form where entropy is not just the
Bekenstein–Hawking entropy. Our analysis treats entropy
as a general function of the horizon radius, and with the
help of that, we formulate the generalized universal relation.
We show that, in the case of Bekenstein–Hawking entropy,
the generalized relation coincides with the original univer-
sal relation by Goon and Penco. Furthermore, we explore
the implications of logarithmic and exponential corrections
to entropy and test the validity of the generalized universal
relation under these modifications.
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1 Introduction

Quantum black hole entropy constitutes the full quantum
refinement of the renowned Bekenstein–Hawking entropy
[1,2], encompassing both perturbative expansions and non-
perturbative contributions arising from quantum gravita-
tional effects. A fundamental test for any candidate theory
of quantum gravity lies in its ability to reconcile the macro-
scopic and microscopic descriptions of black hole entropy.
This comparison serves as a stringent consistency check
and reveals a profound connection between the infrared (IR)
and ultraviolet (UV) regimes of gravitational dynamics. The
leading-order contribution to black hole entropy, encapsu-
lated by the Bekenstein–Hawking area law, arises from the
theory’s low-energy (IR) sector. However, it must precisely
match the microscopic entropy obtained by counting the
degeneracy of quantum microstates, a quantity inherently
sensitive to the UV completion of the theory. This dual
requirement exemplifies the holographic nature of gravity
and highlights the necessity for a unified framework wherein
both descriptions coexist consistently. Significant progress
has been made in this direction through approaches such as
string theory, loop quantum gravity, and the AdS/CFT cor-
respondence. In particular, black hole solutions in anti-de
Sitter (AdS) spacetimes offer a robust setting for exploring
quantum aspects of gravity and for testing holographic duali-
ties. Beyond the leading Bekenstein–Hawking term, sublead-
ing corrections-especially logarithmic terms-encode essen-
tial information about quantum fluctuations and the statistical
mechanics of the underlying microstates.

The logarithmic term is especially significant, as it arises
generically from one-loop quantum fluctuations of fields
propagating in the black hole background and has been com-
puted across various approaches, including Euclidean path
integrals, conformal field theory techniques, and holographic
renormalization group flows [3–14]. For black holes with
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horizon areas approaching the Planck scale A ∼ O(�2
P ),

these corrections may become dominant, and the semiclassi-
cal expansion itself may break down. In such regimes, a full
nonperturbative quantum gravitational description becomes
essential, and the precise form of entropy is expected to
deviate substantially from the semiclassical expansion. In
contrast, exponential corrections to black hole entropy have
not been investigated in the literature with the same depth.
Although certain computations in string theory suggest the
presence of such corrections [15]. Recently, [16] derived the
black hole entropy and identified an exponential correction
term using only the intrinsic geometry of the horizon, with-
out recourse to string theory or loop quantum gravity. Their
analysis proceeds by identifying local microstates associated
with the black hole horizon and leads to a discrete area spec-
trum. These results indicate that exponential corrections may
naturally emerge in a broad class of quantum gravity theories
and could represent a universal feature of horizon microstate
quantization. Quantum gravitational effects introduce cor-
rections to the classical Bekenstein–Hawking entropy, par-
ticularly for black hole horizons with areas much larger than
the Planck scale �2

P . As suggested in [16], one should accept
that the entropy of a black hole admits a quantum-corrected
expansion of the form

S = A

4�2
P

+ α ln

(
A

4�2
P

)
+ β

4�2
P A

+ · · · + exp

(
−δ

A

4�2
P

)
+ · · ·

∼ r2
h

�2
P

+α ln

(
r2
h

�2
P

)
+ β

�2
Pr

2
h

+· · ·+exp

(
−δ

r2
h

�2
P

)
+· · ·

(1.1)

where rh is the horizon radius and α, β, δ, etc., are universal
coefficients determined by the underlying theory of quan-
tum gravity. These corrections include both logarithmic and
inverse-area terms and exponentially suppressed contribu-
tions, reflecting perturbative and non-perturbative quantum
effects beyond the semiclassical regime.

Perturbative corrections to black hole entropy can also
emerge from thermal fluctuations [17–20]. Within the Jacob-
son formalism, where spacetime geometry is viewed as an
emergent thermodynamic construct [21], these thermal fluc-
tuations are directly related to quantum fluctuations, and
using that correspondence, one can derive the quantum cor-
rections to the geometry of various black holes via thermody-
namic fluctuations [22–26]. For large black holes, quantum
and thermal fluctuations are typically negligible. However,
as the black hole shrinks, both effects become significant
due to rising temperature and decreasing size. At intermedi-
ate scales, these corrections are well-described by perturba-
tive expansions, but near the Planck scale, non-perturbative
effects dominate and must be incorporated. Such corrections
often appear as exponential functions of the classical entropy,
and have been obtained using number-theoretic structures

like Kloosterman sums [15] as well as through AdS/CFT
correspondence involving massless supergravity fields near
the horizon [27,28]. These non-perturbative contributions,
rooted in string-theoretic frameworks, are particularly rele-
vant for extended objects such as black branes [29–32].

Goon and Penco [33] examined the thermodynamic
behavior of near-extremal black holes under perturbative cor-
rections. They demonstrated that the free energy yield per-
turbations modified thermodynamic relations among mass,
entropy, and temperature and satisfy the universal relation

− (∂Mext/∂ε)

T (∂S/∂ε) |Mext

= 1 (1.2)

where M , and ε denote mass and the perturbative parameter,
respectively1. The Mext and S also depend on other hairs
of the black hole, and those are suppressed here. In leading
order, these corrections can be interpreted in terms of higher-
derivative contributions to the effective action [34]. Subse-
quent developments have extended this framework to various
asymptotically AdS geometries, illustrating the relevance of
the entropy-extremality relation [35–56]. A key result is the
emergence of proportionality between shifts in entropy and
mass, where a negative proportionality constant ensures the
WGC remains satisfied [57–60]. Within the framework of
quantum gravity, the weak gravity conjecture (WGC), ini-
tially proposed by Vafa [61,62], provides a criterion for the
dominance of gauge interactions over gravitational attrac-
tion. The conjecture stipulates that for a consistent theory
incorporating a U(1) gauge symmetry, a state must exist,
typically associated with an extremal black hole, for which
the charge-to-mass ratio satisfies the inequality Q ≥ M . This
bound ensures that gravity is not the strongest force in the
spectrum and plays a crucial role in precluding exact global
symmetries in quantum gravity theories. A compelling argu-
ment supporting the WGC arises from the behavior of black
hole evaporation. As Hawking radiation is largely insensitive
to global charges, black holes can radiate without preserving
global quantum numbers, thereby aligning with the WGC’s
exclusion of global symmetries [63,64]. Multiple approaches
have been employed to substantiate the WGC, including anal-
yses of higher-derivative corrections aimed at circumventing
the formation of naked singularities. The prevention of such
singularities often indirectly verifies the WGC bound [60].

The motivation for this work is that numerous studies have
investigated the validity of the universal relation proposed by
Goon and Penco in various gravitational and black hole set-
tings. While several works support the relation under specific
conditions, reported deviations indicate that the universality
may not be preserved [46] in certain black hole solutions,

1 In the original paper of Goon and Penco [33], the denominator is

limM→Mext −T
(

∂S(M, �Q,ε)
∂ε

)
, in this paper, we will use this expression

as −T (∂S/∂ε) |Mext
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mainly when the entropy is not the Bekenstein–Hawking
entropy. Motivated by these findings, we consider a general-
ized entropy functional in this paper and examine its implica-
tions for the universal relation within the context of Logarith-
mic and Exponential corrected entropy. This approach allows
us to explore the conditions under which the relation remains
valid or breaks down. We derive a generalized universal rela-
tion based on [33] connecting the leading-order quantum or
higher-derivative corrections to both the extremality bound
and the generalized entropy2 as

− (∂Mext/∂ε)

T (∂S/∂ε)|Mext

= ∂ShBH
∂S

(1.3)

where ShBH = π rh
2 is the Bekenstein–Hawking entropy but

for the horizon radius (rh) derived from Eq. (1.1).3 We con-
sider a generic gravitational theory admitting stationary black
holes parametrized by the ADM mass M and the other con-
served charges such as gauge charges, angular momenta, or
other global quantum numbers. The classical thermodynamic
description of these solutions is encoded in the entropy func-
tion S0 and corresponding temperature T0. For fixed charge
configurations, physical black hole states are constrained by
an extremality bound of the form M > M0

ext, where M0
ext

denotes the classical extremal mass threshold below which
no regular black hole solutions exist. We consider a perturba-
tive deformation of the gravitational theory governed by an
expansion parameter ε. This deformation induces corrections
to the thermodynamic quantities associated with black hole
solutions, rendering both the extremality bound and entropy
functions explicitly ε-dependent. Accordingly, the extremal-
ity condition takes the form M > Mext(ε), while the entropy
generalizes to S, with the requirement that the undeformed
quantities are recovered in the limit ε → 0

Mext = M0
ext and S = S0. (1.5)

Under a minimal set of assumptions-chiefly, the existence of
a consistent thermodynamic description and a smooth defor-
mation parameter ε-we show that the universal relation (1.2)
will not hold, and we derive the generalized universal rela-
tion and show that for the Bekenstein–Hawking entropy the
generalized universal relation (1.3) is same as the universal
relation (1.2).

2 The generalized entropy stands the entropy is not just the Bekenstein–
Hawking entropy; it is a function of the horizon radius rh i.e., S = f̃ (rh).
For the Bekenstein–Hawking entropy f̃ (rh) = πr2

h .
3 As described in Eq.(1.1), the entropy is

S = f̃(rh)
by inverting them−−−−−−−−−−→ rh = f̃−1(S) = rh(S). (1.4)

For convenience, throughout this work, we denote rh(S) = rh. Also

rh
′ = ∂rh

∂S .

The paper is organized as follows: in Sect. 2, we briefly
review the universal relation proposed by Goon and Penco
and then discuss how quantum corrections can modify the
entropy, introducing exponential or logarithmic terms, with-
out affecting the classical background geometry. In Sect. 3,
we derive the central result of this work: a generalized uni-
versal relation (1.3), which we show is exactly satisfied only
when the entropy assumes the Bekenstein–Hawking form.
This establishes the area law as uniquely compatible with
the underlying universality structure. In Sect. 4, we analyze
generic logarithmic corrections as typically arising from one-
loop quantum effects and demonstrate that the universal rela-
tion persists in this context. In Sect. 5, we consider general
exponential corrections motivated by effective field theory
and modified gravity models and verify that the generalized
relation remains valid. Section 6 summarizes results and dis-
cusses their relevance to the microscopic structure of black
hole entropy and the imprint of quantum gravitational effects
on thermodynamic consistency conditions.

2 Review of universal relation

This section briefly discusses the universal relation as dis-
cussed in [33]. We start with the Reissner–Nordström–Anti-
de Sitter black hole, which arises as a static, spherically sym-
metric solution to the Einstein–Maxwell action with a nega-
tive cosmological constant. The action governing the dynam-
ics of the spacetime and gauge fields is given by

I = 1

16π

∫
d4x

√−g

(
R − FμνF

μν + 6

l2

)
(2.1)

where R is the Ricci scalar, Fμν = ∂μAν − ∂ν Aμ is the
electromagnetic field strength tensor associated with a U (1)

gauge field Aμ, and l denotes the AdS curvature radius,
related to the cosmological constant via 
 = −3/ l2. The
resulting field equations admit a solution with the line ele-
ment

ds2 = − f (r) dt2 + dr2

f (r)
+ r2

(
dθ2 + sin2 θ dφ2

)
. (2.2)

The metric function f (r), determined by solving the Einstein–
Maxwell equations, takes the explicit form

f (r) = 1 − 2M

r
+ Q2

r2 + r2

l2
(2.3)

where M denotes the ADM mass and Q is the electric charge
of the black hole. The black hole’s mass by solving f (r =
rh = 0) and temperature by using 1

4π
d f (r)
d r

∣∣∣
r=rh

. The entropy

of the black hole is

S = π r2
h
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where rh is the outer event horizon’s radius. Now, we consider
a perturbative correction to the original gravitational action
given by


I = 3

8π

∫
d4x

√−g
ε

l2
(2.4)

where ε � 1 is a small expansion parameter and reduces to
the original uncorrected action in the limit ε → 0. The total
action can be written as

ITot. = I + 
I. (2.5)

Due to this correction, the resulting black hole solution
acquires corrections that manifest as shifts in the metric func-
tions as

fTot.(r, ε) = f (r) + ε
r2

l2
+ O(ε2). (2.6)

These corrections, in turn, also modify the black hole’s ther-
modynamic properties. In particular, the mass and the Hawk-
ing temperature receive a perturbative correction and are
accordingly modified from their original form. The modified
thermodynamic quantities

M(ε) = πl2
(
πQ2 + S

) + S2(ε + 1)

2π3/2l2
√
S

T (ε) = πl2
(
S − πQ2

) + 3S2(ε + 1)

4π3/2l2S3/2 . (2.7)

Using Eq. (2.7), one can easily find

ε =
πl2

(
2M

√
π S − πQ2 − S

)
S2 − 1. (2.8)

To test the universal relation as in Eq. (1.2), we can easily
compute

∂Mext

∂ε
= S3/2

2π3/2l2
(2.9)

T (ε)

(
∂S

∂ε

) ∣∣∣∣
Mext

= S3/2
(
πl2

(
S − πQ2

) + 3S2(ε + 1)
)

4π5/2l4
(
−3

√
πM

√
S + 2πQ2 + S

)
(2.10)

Finally, using Eq. (2.8), we have verified the universal rela-
tion (1.2). One can consider the simplest case and check
whether the universal relation is satisfied. In Appendix B, we
have studied the universal relation for the simplest entropy
relation4

S = πr a
h (2.11)

It is obvious to check that the generalized universal relation
(1.3) can be satisfied using this form of entropy.

4 This relation we have assumed just to show that if a 	= 2 the universal
relation (1.2) is not satisfied.

The Bekenstein–Hawking entropy of a black hole can
receive both logarithmic and exponential quantum correc-
tions while maintaining the classical spacetime geometry.
Such corrections naturally arise in various quantum grav-
ity frameworks, including loop quantum gravity, string the-
ory, and effective field theory, and are attributed to quan-
tum fluctuations around the classical background rather than
modifications to the classical equations of motion. However,
quantum gravitational effects induce subleading corrections
to this entropy, which can be systematically analyzed within
various theoretical frameworks.

Logarithmic corrections: Among these quantum correc-
tions, logarithmic terms are particularly robust and universal
across different approaches to quantum gravity. In the context
of loop quantum gravity, the quantization of geometric oper-
ators leads to a discrete spectrum for the horizon area. The
microstate counting in this framework yields an entropy that,
beyond the leading order, includes a correction proportional
to the logarithm of the horizon area:

∼ α ln

(
A

G

)
,

where the coefficientα depends on the specific quantum grav-
ity model, such as the number of massless fields or the details
of the spin network states in loop quantum gravity. Similarly,
in string theory, microscopic calculations for extremal and
near-extremal black holes-often performed via conformal
field theory techniques and the Cardy formula-reproduce the
leading entropy and include subleading logarithmic correc-
tions arising from finite-size effects, higher-genus contribu-
tions, and quantum fluctuations of the microstates. These cor-
rections are also captured within the Euclidean path integral
formalism, where quantum fluctuations of matter and gravi-
tational fields around the classical background contribute to
the partition function, resulting in a correction term propor-
tional to ln(A/G). Importantly, these logarithmic corrections
do not alter the classical metric itself; instead, they reflect the
quantum and microscopic degrees of freedom that modify the
entropy without changing the classical solution.

Exponential corrections: Beyond the logarithmic terms, the
entropy may also receive exponentially suppressed con-
tributions from non-perturbative quantum gravity effects.
Such effects include instanton configurations or other non-
perturbative phenomena in the Euclidean gravitational path
integral, leading to corrections of the form

∼ e−A/G .

These exponential terms are generally negligible for large
black holes but are crucial for understanding the full quantum
structure of black hole microstates. In the holographic con-
text, particularly within the AdS/CFT correspondence, these
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corrections can be interpreted as 1/N -suppressed effects in
the dual conformal field theory, corresponding to quantum
corrections beyond the planar limit. Although less universal
than the logarithmic corrections, the presence of exponential
terms is consistent with the expectation that the full quantum
gravity partition function encompasses non-perturbative con-
tributions. Crucially, these non-perturbative corrections do
not necessitate modifications to the classical metric; they are
quantum effects encoded in the path integral and microstate
counting.

3 Generalized universal relation

In this section, we derive the generalized universality rela-
tion. The derivation starts with assuming that the entropy
is not the Bekenstein–Hawking entropy. We start with the
general expression of entropy as a function of entropy sim-
ilar to Eq. (1.1), we start by assuming that the inverse func-
tion exists. This assumption allows us to express the horizon
radius as a function of entropy. Thus, we can write

rh = f̃−1(S) = rh(S). (3.1)

For notational convenience, throughout this work we denote
the function rh(S) simply by rh, with the understanding that
rh(S) = rh unless stated otherwise as well as rh

′ represents
the differentiation of rh(S) w.r.t. S. Using this expression and
substituting it into the black hole solution characterized by
the metric function in Eq. (2.3), we can now compute the
Mass and the Hawking temperature in terms of the entropy
function rh(S). We perturb the system by introducing a small
parameter ε to study quantum corrections or any small devi-
ation from the classical theory as discussed in Sect. 2. The
corrected thermodynamic quantities, up to first order in ε,
take the form:

M = (ε + 1)rh
4 + l2rh

2 + l2Q2

2l2rh

T = l2rh
2 + 3(ε + 1)rh

4 − l2Q2

4πl2rh
3 . (3.2)

By comparing the perturbed and unperturbed mass expres-
sions, we can isolate the perturbation parameter ε as

ε = 2l2M

rh
3 − l2Q2

rh
4 − l2

rh
2 − 1. (3.3)

Using them, we can easily compute the numerator and
denominator of Eq. (1.3) as

− T

(
∂S

∂ε

) ∣∣∣∣
Mext

= rh
2

4 π l2 rh
′ and

∂Mext

∂ε
= rh

3

2l2
. (3.4)

From this, it is easy to check that the generalized universal-
ity relation (1.3) is satisfied. The universal thermodynamic

relation, as in (1.2), is satisfied if and only if the following
condition holds

drh

dS
= 1

2π rh
. (3.5)

Solving this differential equation yields a unique functional
form

rh(S) =
√

S

π
+ S0 (3.6)

where S0 is an integration constant. Setting S0 = 0 retrieves
the well-known Bekenstein–Hawking area law S = πr2

h ,
implying that only this form of entropy strictly satisfies the
universal relation. Any deviation from this entropy form leads
to violations of the relation, highlighting the special role of
the classical Bekenstein–Hawking entropy in the thermody-
namic consistency of black hole physics. Before closing this
section, we can also comment on other universality relations
as discussed in [40]. We start by computing

∂Q

∂ε
= − rh

4

2l2Q
; ∂P

∂ε
= − 3

8πl2
(3.7)

where the cosmological constant was treated as a fixed
parameter. However, in the context of extended black hole
thermodynamics, it is now reinterpreted as a dynamical vari-
able associated with the thermodynamic pressure. Specifi-
cally, the pressure in terms of AdS curvature radius is defined
as 8π P = −
. The conjugate thermodynamic quantity cor-
responding to this pressure is the thermodynamic volume V .
Using Eq. (3.7), we can verify that

∂Mext

∂ε
= −�

(
∂Q

∂ε

)
Mext

= −V

(
∂P

∂ε

)
Mext

(3.8)

where � is potential conjugate to charge Q. Now, we will test
the result in the known theory where entropy gets modified
by a logarithmic term in the Einstein–Gauss–Bonnet theory.

3.1 An example of charged black hole in EGB gravity

In this section, we first revisit the charged Anti-de Sitter black
hole solution within the context of the specified gravitational
framework. We then perform a perturbation to the metric as
discussed in Sect. 2 and proceed with a similar computation
of Sect. 3.

We consider the action of a D-dimensional Einstein–
Gauss–Bonnet (EGB) gravity theory minimally coupled to
a Maxwell field, where the Gauss–Bonnet coupling constant
α is rescaled as α/(D − 4) to enable a smooth extension to
four dimensions. The total action is given by

I = 1

16π

∫
dDx

√−g

(
R − 2
 + α

D − 4
LGB − FμνF

μν

)
,

(3.9)
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where R is the Ricci scalar, 
 denotes the cosmological con-
stant, and Fμν = ∂μAν − ∂ν Aμ is the electromagnetic field
strength tensor associated with the gauge potential Aμ. The
Gauss–Bonnet Lagrangian LGB captures the second-order
curvature corrections and is defined as

LGB = RμνλρR
μνλρ − 4RμνR

μν + R2, (3.10)

which arises naturally in the low-energy limit of heterotic
string theory and provides ghost-free higher-curvature mod-
ifications in D ≥ 5. Varying the action (3.9) with respect
to the metric gμν and the gauge field Aμ yields the coupled
field equations governing the gravitational and electromag-
netic sectors

Gμν − 
gμν + α

D − 4
Hμν = Tμν; ∇μF

μν = 0, (3.11)

where Gμν denotes the Einstein tensor, Hμν is the Lanc-
zos tensor associated with the variation of the Gauss–Bonnet
term, and Tμν is the energy-momentum tensor of the Maxwell
field. These tensors are explicitly given by

Hμν = 2
(
RRμν − 2Rμσ R

σ
ν − 2RμσνρR

σρ − RμσρλR
σρλ

ν

)
− 1

2
gμνLGB, (3.12)

Tμν = 2F λ
μ Fνλ − 1

2
gμνF

αβFαβ. (3.13)

We consider a class of four-dimensional, static, and spher-
ically symmetric black hole spacetimes described by the line
element

ds2 = − f (r) dt2 + dr2

f (r)
+ r2

(
dθ2 + sin2 θ dφ2

)
, (3.14)

where the function f (r) encapsulates the gravitational poten-
tial and encodes the geometric and causal structure of the
spacetime. To incorporate electromagnetic interactions, we
adopt a purely electric Maxwell field through the gauge
potential ansatz Aμ = h(r)δ0

μ, consistent with the space-
time symmetries. Solving the Maxwell equations derived
from the action functional yields the electrostatic poten-
tial as h(r) = − Q

r where Q denotes the total electric
charge of the black hole configuration [65,66]. We then
seek solutions to the gravitational field equations arising
from the Einstein–Gauss–Bonnet–Maxwell action in arbi-
trary spacetime dimensions D, rescaled via the prescription
α → α/(D − 4) to ensure the existence of a well-defined
four-dimensional limit. This regularization circumvents the
topological nature of the Gauss–Bonnet term in D = 4 and
yields non-trivial contributions to the gravitational dynam-
ics. Solving the field equations in this setup and subsequently
taking the limit D → 4 leads to the static, spherically sym-
metric charged AdS black hole solution in four-dimensional

EGB gravity, expressed as

f (r) = 1 + r2

2α

⎛
⎝1 ±

√
1 + 4α

(
2M

r3 − Q2

r4 + 


3

)⎞
⎠ ,

(3.15)

where M and Q are interpreted as the ADM mass and elec-
tric charge of the black hole, α is the Gauss–Bonnet coupling
parameter, and 
 denotes the cosmological constant asso-
ciated with AdS asymptotics. The solution possesses two
distinct branches corresponding to the ± sign. The positive
branch is generally associated with pathological behavior
such as ghost-like excitations or causality violation in per-
turbative analyses [67], and thus is deemed physically inad-
missible. In the subsequent analysis, we confine ourselves to
the negative branch, which yields a ghost-free, well-behaved
gravitational solution in the low-energy limit. The mass of the
black hole can be obtained by evaluating the metric function
at the event horizon r = rh , where the condition f (rh) = 0
must be satisfied. Solving this constraint leads to the follow-
ing expression for the black hole mass:

MEGB = rh
2

(
1 − 
r2

h

3
+ Q2 + α

r2
h

)
, (3.16)

where Q and α denote the black hole charge and the Gauss–
Bonnet coupling constant, respectively, while 
 represents
the cosmological constant as well as the temperature of the
black hole is

TEGB = 1

4πrh
− Q2 + α

4πr3
h

+ 3rh
4πl2

(3.17)

Invoking the first law of black hole thermodynamics in the
differential form dM = T dS and substituting the explicit
forms of M and the Hawking temperature T , the black hole
entropy can be computed via the integral

S =
∫ rh

0

dM

T
= πr2

h + 4πα ln

(
rh
�0

)
, (3.18)

where �0 is an arbitrary constant with dimensions of length
introduced to render the argument of the logarithmic term
dimensionless.

The entropy expression above extends the Bekenstein–
Hawking area law by incorporating a logarithmic correc-
tion term originating from the inclusion of higher-curvature
Gauss–Bonnet corrections in the gravitational action. Such
corrections are ubiquitous in various approaches to quan-
tum gravity, including string theory and effective field the-
ory formulations of gravitational dynamics, and they encode
subleading contributions from quantum microstates of the
black hole. The logarithmic term is particularly significant
in regimes where the curvature becomes strong and quantum
corrections become non-negligible. Now, we will delve into
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the calculation details by representing the horizon radius in
terms of entropy as in Eq. (3.18), we have

r2
h = 2α W

(
�2

0 e
S

2 π α

2α

)
= 2αW. (3.19)

Here W

(
�2

0 e
S

2 π α

2α

)
is the Lambert W function detail dis-

cussion in Appendix A also we have defined W =
W

(
�2

0 e
S

2 π α

2α

)
. By adding the perturbation in the metric sim-

ilar to (2.4), the metric gets modified, and then the thermody-
namic quantities as well. Using Eqs. (3.16), (3.17) and (3.19),
the corrected mass and temperature of the black hole are

M = 2αW (
l2 + 2α(ε + 1)W) + l2

(
α + Q2

)
2l2

√
2 αW ;

T = 2αW (
l2 + 6α(ε + 1)W) − l2

(
α + Q2

)
8l2

√
2π(αW)3/2

. (3.20)

Using the Eq. (3.20), we can compute the perturbation param-
eter ε as

ε = −
l2

(
α − 2 M

√
2 αW + 2αW + Q2

)
4α2W2 − 1. (3.21)

Using this, we can compute the

T

(
∂S

∂ε

)
Mext

= −
√

2α3/2
√W (W + 1)

l2
. (3.22)

Finally, to test whether the universality relation is satisfied or
not, we have to differentiate the mass as in Eq. (3.20) w.r.t ε

and result in(
∂Mext

∂ε

)
=

√
2α3/2W3/2

l2
. (3.23)

To verify the Generalized uncertainty relation (1.3), the last
quantity needs to be computed using the horizon radius (3.19)
are

EGB ShBH = 2π α W

(
�2

0 e
S

2 π α

2α

)
= 2π αW

∂(EGB ShBH )

∂S
=

W

(
p2e

S
2πα

2α

)

W

(
p2e

S
2πα

2α

)
+ 1

= W
W + 1

(3.24)

Finally, we will verify the generalized universal relation
Eq. (1.3), by computing L.H.S. using Eqs. (3.22) and (3.23)
and R.H.S. as computed in Eq. (3.24); it is easy to verify

− (∂Mext/∂ε)

T (∂S/∂ε)Mext

= ∂(EGB ShBH )

∂S
. (3.25)

The generalized universal relation is satisfied. Now we can
discuss a similar case with entropy correction, such as loga-
rithmic and exponential, and verify the Generalized universal
relation.

4 Logarithmic correction

The emergence of logarithmic corrections to the Bekenstein–
Hawking entropy, which, in the semiclassical limit, scales
as the horizon area. While this area law captures the lead-
ing behavior, it fails to address the quantum microstates
underpinning the entropy, especially in non-extremal regimes
where full microscopic control remains elusive. String the-
ory, as a candidate for ultraviolet completion of gravity,
has provided a compelling framework in which to probe
the microscopic structure of black hole entropy. For cer-
tain classes of extremal and near-extremal black holes-
often embedded in supersymmetric compactifications-exact
microstate counting becomes tractable, yielding a statisti-
cal entropy that precisely matches the semiclassical result.
These extremal configurations, characterized by the degener-
acy of inner and outer horizons and vanishing Hawking tem-
perature, exhibit enhanced near-horizon symmetries, often
governed by an emergent AdS2 throat geometry. This deep-
ened symmetry structure plays a pivotal role in both holo-
graphic duality and entropy counting, linking black hole
thermodynamics to two-dimensional conformal field theo-
ries. In contrast, non-extremal black holes-those with non-
degenerate horizons and non-zero surface gravity-pose sig-
nificant challenges. Their thermal behavior implies a dynam-
ical flow towards extremality as they radiate away energy.
However, in such cases, the lack of a supersymmetric or pro-
tected structure obstructs a first-principles statistical deriva-
tion of entropy, highlighting the limitations of our current
non-perturbative understanding of quantum gravity. Beyond
the leading order, corrections to the Bekenstein–Hawking
entropy carry the imprint of quantum gravitational effects.
These subleading terms, particularly the logarithmic cor-
rections, have been computed using various approaches:
Euclidean quantum gravity, loop quantum gravity, and string-
theoretic modular invariance techniques. Generically, the
corrected entropy can be expressed as:

SBH = AH

4GN
+ α ln

(
AH

GN

)
+ · · · .

where α encodes the one-loop quantum correction arising
from massless field fluctuations around the black hole back-
ground. The logarithmic term is universal in many setups,
sensitive only to low-energy data, while the power-law
corrections reflect deeper quantum gravitational structure.
Despite these advances, a unified microscopic derivation
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encompassing both extremal and non-extremal black holes
remains incomplete. The general form for the Logarithmic
correction is

S� = α� r
2
h + β� ln

(
γ� r

2
h

)
(4.1)

where rh is the horizon radius and αe, βe and γe are constants.
In the terms of Se, the horizon radius is

rh =
√

β�

α�

WL. (4.2)

Here we have defined W
(

α�eS�/β�

β�γ�

)
= WL. By applying this

framework and perturbing the action in a manner analogous
to Eq. (2.4), the mass receives quantum corrections, leading
to the modified expression of mass

ML(ε) = α2
� l

2Q2 + β�WL
(
α�l2 + β�(ε + 1)WL

)
2α

3/2
� l2

√
β� WL

. (4.3)

Upon solving the above relation, the perturbation parameter
ε can be readily determined as

ε = −α�l2
(−2

√
α� β�M

√WL + α�Q2 + β�WL
)

β2
�WL2 − 1.

(4.4)

The corrected temperature is

TL(ε) = β�WL
(
α�l2 + 3β�(ε + 1)WL

) − α2
� l

2Q2

4l2π
√

α�β
3/2
� WL3/2

(4.5)

The final quantity, namely the denominator of Eq. (1.3), is
given by

TL(ε)

(
∂ S�

∂ ε

) ∣∣∣∣
Mext

= −β
3/2
�

√WL (WL + 1)

2 π
√

α��2 . (4.6)

We now turn to the verification of the generalized universal
relation expressed in Eq. (1.3), within the context of general
logarithmic correction in the entropy. The right-hand side is
evaluated using Eq. (4.2) as

∂
(
Log.ShBH

)
∂ S�

= πWL
α� (WL + 1)

. (4.7)

Finally, we compute the left-hand side using the thermody-
namic identities for the extremal mass and entropy deriva-
tives, as given in Eqs. (4.3), (4.6), and (4.7), respectively,
one can verify

− (∂Mext/∂ε)

T (∂S�/∂ε)Mext

= ∂(Log.ShBH )

∂S
,

thereby confirming the validity of the generalized universal
relation in the extremal limit of logarithmically corrected
entropy.

5 Exponential correction

The origin of exponential correction comes from assuming
a black hole composed of N fundamental particles. From
statistical mechanics, the entropy of such a system can be
derived by calculating the total number of microstates it can
occupy. If the system is described by occupation numbers
ni , shared among si identical particles in different states,
the number of microstates depends on the combinations of
these distributions. Each microstate is associated with an
energy εi , and the total number of particles and the total
energy are given by summing over all states. In the limit of
large N , Stirling’s approximation allows us to simplify the
expressions for the number of microstates. By maximizing
the entropy under the constraints of fixed total particle num-
ber and energy, we derive the most probable distribution of
particles among the microstates. This leads to an exponen-
tial form involving a parameter λ, which acts as a Lagrange
multiplier. Upon normalization, λ is found to be approxi-
mately ln 2, with small corrections that decay exponentially
with increasing N . Using this, the entropy of the black hole
is shown to be proportional to N , and after eliminating N
in favor of the classical entropy S0, one can find that the
quantum-corrected entropy takes exponential correction to
the entropy as S = S0+e−S0 . Here, S0 = A/(4l2p) is the stan-
dard Bekenstein–Hawking entropy, A is the horizon area, and
l p is the Planck length. This result indicates an exponential
correction to black hole entropy, which becomes significant
at small scales and vanishes for large horizon areas. Follow-
ing [16], the general form for the Exponential correction is

Se = αe r
2
h + βe e

γe r2
h (5.1)

where rh is the horizon radius and αe, βe and γe are constants.
In the terms of Se, the horizon radius is

r2
h = Se

αe
− WE

γe
. (5.2)

Here we have defined WE = W

(
βe γe e

γe Se
αe

αe

)
. With the help

of this horizon radius, the Bekenstein–Hawking entropy and
its derivative with respect to entropy is

Exp.ShBH = π S

αe
− πWE

γe
; ∂

(
Exp.ShBH

)
∂S

= π

αe + αeWE
(5.3)
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By using this and perturbing the action similar to (2.4),
the mass gets corrected, and we have

M(ε) = γ 2
e

(
α2
e l

2Q2 + αel2Se + S2
e (ε + 1)

) + αeWE
(
αe(ε + 1)WE − γe

(
αel2 + 2Se(ε + 1)

))
2l2α3/2

e γ
3/2
e

√
γeSe − αeWE

(5.4)

and by solving this, we can easily compute the perturbation
parameter ε as

ε = αeγel2
(
2
√

αe γeM
√

γ Se − αeWE − (
γe

(
αeQ2 + Se

)) + αeWE
)

(γe Se − αeWE )2 − 1.

The corrected temperature of the black hole is

T (ε) = γ 2
e

(
α2
e l

2
(−Q2

) + αel2Se + 3S2
e (ε + 1)

) + αeWE
(
3αe(ε + 1)WE − γe

(
αel2 + 6Se(ε + 1)

))
4π

√
αe γel2 (γeSe − αeWE )3/2 .

The last quantity, i.e., the denominator of Eq. (1.3), is

T (ε)

(
∂ Se
∂ ε

) ∣∣∣∣
Mext

= − (WE + 1) (γeSe − αeWE )3/2

2π
√

αeγ
3/2
e l2

.

(5.5)

Finally, we proceed to verify the validity of the generalized
universal relation given in Eq. (1.3). This is achieved by eval-
uating its left-hand side (L.H.S.) using the thermodynamic
expressions provided in Eqs. (5.4) and (5.5), and using the
right-hand side (R.H.S.) using Eq. (5.3). It is easy to verify

− (∂Mext/∂ε)

T (∂S/∂ε)Mext

= ∂(Exp.ShBH )

∂S
,

demonstrating that the generalized universal relation is
indeed satisfied within this framework.

6 Summary

In summary, we have derived a generalized universal relation
based on Goon and Penco’s universal relation. In particular,
we assumed the entropy is not just the Bekenstein–Hawking
entropy; there should be some correction to that. We have
studied perturbative as well as non-perturbative corrections
to the Bekenstein–Hawking entropy. The perturbative cor-
rection corrects the entropy by a logarithmic correction; at
the same time, the non-perturbative corrections add an expo-
nential correction to the Bekenstein–Hawking entropy. We
have shown that the universal relation proposed by Goon
and Penco is not satisfied whenever the entropy gets an extra
correction, either due to the perturbative correction or the
non-perturbative correction. It is worth looking at those sit-
uations where the entropy is just the Bekenstein–Hawking
entropy, but has some other form.

We have first derived the generalized form of the Universal
relation and called it the generalized universal relation. The

word generalized means we have started with the entropy
as a function of the horizon radius. This function covers the
Bekenstein–Hawking entropy as well as all the possible cor-
rections to the entropy. Since it is studied in the literature
that the EGB gravity gets a correction in the metric function
due to the EGB parameter, and then a logarithmic correc-

tion in the entropy. Using that fact, we have checked our
derived relation in such a case and showed that the derived
generalized universal relation is satisfied. After verifying the
derived relation, we delve into a quantum correction to the
Bekenstein–Hawking entropy, departing from the classical
Bekenstein–Hawking entropy.

We consider leading-order quantum modifications in the
form of (i) logarithmic corrections, typically arising from
one-loop quantum fluctuations, and (ii) exponential correc-
tions, which may be motivated by specific quantum grav-
ity proposals. These corrections are incorporated pertur-
batively by modifying the entropy functional while main-
taining the background governed by the Einstein–Hilbert–
Maxwell action. Since exponential correction arises naturally
in certain models involving non-perturbative quantum grav-
ity effects, logarithmic correction is well-motivated by a wide
class of quantum gravity approaches, including loop quan-
tum gravity and string-theoretic microstate counting. In both
cases, the corrected entropy functions are used to compute
the associated thermodynamic quantities, including the cor-
rected Hawking temperature and mass in the extremal limit.
Using that, we derived the horizon radius and the perturbed
thermodynamic quantities. We explicitly evaluate both sides
of the generalized universal relation by utilizing these cor-
rected quantities. Despite the presence of subleading quan-
tum corrections, we find that the relation remains satisfied
to the appropriate perturbative order. This provides strong
evidence that the generalized universal relation possesses
a degree of universality that extends beyond the classical
regime and remains valid under a broad class of quantum
corrections to black hole entropy.

It would be interesting to investigate and verify the Gener-
alized Universal relations in systems where entropy is not just
the Bekenstein–Hawking entropy. One should consider the
Horava-Lifshitz black hole [68], the magnetic charge AdS
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black holes [69], STU supergravity models [70], modified
gravity theories [71,72]. We will hope to return to this issue
elsewhere.

Acknowledgements A.A. is financially supported by the IIT Kanpur
Institute’s postdoctoral fellowship. I want to thank Aditya Singh (IIT
Dhanbad) for helpful comments on the draft.

Data Availability Statement This manuscript has no associated data.
[Authors’ comment: Data sharing not applicable to this article as no
datasets were generated or analyzed during the current study.]

Code Availability Statement This manuscript has no associated
code/software. [Authors’ comment: Code/Software sharing not applica-
ble to this article as no code/software was generated or analysed during
the current study.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
Funded by SCOAP3.

Appendix A: Lambert W function

The Lambert W function, also known as the omega function
or product logarithm, is defined as the set of functions W (z)
that satisfy the equation

z = W (z) · eW (z)

for any complex number z. In other words, it is the inverse of
the function f (w) = wew. The function is multivalued, with
infinitely many branches indexed by integers k. The principal
branch (W0) is real for z ≥ − 1

e . The secondary branch (W−1)
is real for − 1

e < z < 0. For real arguments, only W0 and
W−1 are typically relevant. The Lambert W function cannot
be expressed in terms of elementary functions. All branches
except W0 have a logarithmic singularity at z = 0.

Example:

• Consider the equation xex = 5. The solution can be
expressed as

x = W (5)

This provides the value of x that satisfies the equation.

• To solution of x = a + becx is

x = a − b · W
(

− 1

bc
e−ca

)

Appendix B: S = π rah universal relation

In the case of this entropy relation, the corrected mass and
temperature are

M(ε) = 1

2

(
π3S

)−1/a
(

(ε + 1)S4/a

l2
+ π4/aQ2 + π2/aS2/a

)
(B.1)

T (ε) = 1

4
π− a+1

a S−3/a
(

3(ε + 1)S4/a

l2
− π4/aQ2 + π2/aS2/a

)
.

(B.2)

Using this, we can compute the perturbation parameter ε as

ε = π2/a
(
−l2

)
S−4/a

(
−2π1/aMS1/a + π2/aQ2 + S2/a

)
− 1 .

(B.3)

Now, we can compute the numerator and denominator of the
universal relation (1.2) as

∂Mext

∂ε
= π−3/aS3/a

2l2
(B.4)

T (ε)

(
∂S

∂ε

) ∣∣∣∣
Mext

=
aπ− a+3

a S
1
a +1

(
π2/al2

(
S2/a − π2/aQ2

)
+ 3(ε + 1)S4/a

)
8l4

(−3π1/aMS1/a + 2π2/aQ2 + S2/a
) .

(B.5)

Finally, using Eq. (B.3), we have

− (∂Mext/∂ε)

T (∂S/∂ε) |Mext

= 2

a

(
S

π

) 2−a
a

. (B.6)

It is easy to see that the universal relation is verified for a = 2;
otherwise, it is not.
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Hořava–Lifshitz black hole thermodynamics. Chin. J. Phys.
79, 322–338 (2022). https://doi.org/10.1016/j.cjph.2022.09.006.
arXiv:2210.07180 [hep-th]

69. D.J. Gogoi, Y. Sekhmani, S. Bora, J. Rayimbaev, J. Bora, R.
Myrzakulov, Corrected thermodynamics and stability of mag-
netic charged AdS black holes surrounded by quintessence. JCAP
11, 019 (2024). https://doi.org/10.1088/1475-7516/2024/11/019.
arXiv:2407.10946 [gr-qc]

70. S. Karan, G.S. Punia, S. Biswas, Logarithmic correction to
the entropy of a Kerr–Newman family of black holes in
U(1)2-charged STU supergravity models. Phys. Rev. D 111(6),
066016 (2025). https://doi.org/10.1103/PhysRevD.111.066016.
arXiv:2403.11823 [hep-th]

71. B. Pourhassan, H. Farahani, F. Kazemian, I. Sakallı, S. Upadhyay,
D.V. Singh, Non-perturbative correction on the black hole geome-
try. Phys. Dark Univ. 44, 101444 (2024). https://doi.org/10.1016/
j.dark.2024.101444. arXiv:2403.07972 [gr-qc]

72. S. Soroushfar, B. Pourhassan, I. Sakallı, Exploring non-
perturbative corrections in thermodynamics of static dirty black
holes. Phys. Dark Univ. 44, 101457 (2024). https://doi.org/10.
1016/j.dark.2024.101457. arXiv:2312.05948 [hep-th]

123

https://doi.org/10.1016/j.nuclphysb.2024.116581
http://arxiv.org/abs/2011.05109
https://doi.org/10.1007/JHEP01(2021)201
https://doi.org/10.1007/JHEP01(2021)201
http://arxiv.org/abs/2009.00015
https://doi.org/10.1103/PhysRevD.105.L081901
https://doi.org/10.1103/PhysRevD.105.L081901
http://arxiv.org/abs/2112.13433
https://doi.org/10.1016/j.nuclphysb.2021.115525
https://doi.org/10.1016/j.nuclphysb.2021.115525
http://arxiv.org/abs/2104.07373
https://doi.org/10.1007/JHEP12(2023)174
https://doi.org/10.1007/JHEP12(2023)174
http://arxiv.org/abs/2211.09823
https://doi.org/10.1016/j.aop.2022.169168
https://doi.org/10.1016/j.aop.2022.169168
http://arxiv.org/abs/2201.04071
https://doi.org/10.1007/JHEP03(2024)072
https://doi.org/10.1007/JHEP03(2024)072
http://arxiv.org/abs/2312.17014
http://arxiv.org/abs/2411.02427
https://doi.org/10.1140/epjc/s10052-025-13978-5
http://arxiv.org/abs/2409.07079
https://doi.org/10.1016/j.nuclphysb.2024.116686
http://arxiv.org/abs/2407.21329
https://doi.org/10.1016/j.physletb.2024.139149
http://arxiv.org/abs/2406.10567
http://arxiv.org/abs/2411.02875
https://doi.org/10.1016/j.nuclphysb.2025.116857
http://arxiv.org/abs/2411.04134
https://doi.org/10.1007/s12043-024-02783-6
https://doi.org/10.1007/s12043-024-02783-6
https://doi.org/10.1016/j.dark.2020.100626
https://doi.org/10.1016/j.dark.2025.101916
https://doi.org/10.1103/PhysRevD.100.046003
https://doi.org/10.1103/PhysRevD.100.046003
http://arxiv.org/abs/1903.09156
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
http://arxiv.org/abs/hep-th/0606100
https://doi.org/10.1007/JHEP04(2019)021
https://doi.org/10.1007/JHEP04(2019)021
http://arxiv.org/abs/1901.11535
https://doi.org/10.1007/JHEP10(2018)004
https://doi.org/10.1007/JHEP10(2018)004
http://arxiv.org/abs/1801.08546
http://arxiv.org/abs/hep-th/0509212
https://doi.org/10.1088/1126-6708/2007/06/060
http://arxiv.org/abs/hep-th/0601001
https://doi.org/10.1103/PhysRevD.83.084019
https://doi.org/10.1103/PhysRevD.83.084019
http://arxiv.org/abs/1011.5120
https://doi.org/10.1103/RevModPhys.95.035003
https://doi.org/10.1103/RevModPhys.95.035003
http://arxiv.org/abs/2201.08380
https://doi.org/10.1142/S0217751X24500805
https://doi.org/10.1142/S0217751X24500805
http://arxiv.org/abs/2003.08778
https://doi.org/10.1016/j.physletb.2020.135468
http://arxiv.org/abs/2003.05491
https://doi.org/10.1103/PhysRevLett.55.2656
https://doi.org/10.1103/PhysRevLett.55.2656
https://doi.org/10.1016/j.cjph.2022.09.006
http://arxiv.org/abs/2210.07180
https://doi.org/10.1088/1475-7516/2024/11/019
http://arxiv.org/abs/2407.10946
https://doi.org/10.1103/PhysRevD.111.066016
http://arxiv.org/abs/2403.11823
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
http://arxiv.org/abs/2403.07972
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
http://arxiv.org/abs/2312.05948

	Quantum corrections and extremality: a generalized universal relation
	Abstract 
	1 Introduction
	2 Review of universal relation
	3 Generalized universal relation
	3.1 An example of charged black hole in EGB gravity

	4 Logarithmic correction
	5 Exponential correction
	6 Summary
	Acknowledgements
	Appendix A: Lambert W function
	Appendix B: S=πrha universal relation
	References


