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We discuss particle production associated with vacuum decay, which changes the mass of a scalar field
coupled to abackground field which induces the decay. By utilizing the Stokes phenomenon, we can optimally
track the time evolution of the mode function and hence calculate particle production properly. In particular,
we use real time formalisms for vacuum decay in Minkowski and de Sitter spacetime together with the Stokes
phenomenon method. For each case, we consider the flyover vacuum decay model and stochastic inflation,
respectively. Within the real time formalism, the particle production can be viewed as that caused by nontrivial

external fields. This gives us a novel perspective of the real time formalism of vacuum decay.
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I. INTRODUCTION

Quantum fields coupled to a time-dependent background
appear in various contexts, such as cosmology or a more
general curved spacetime. On such backgrounds, the defi-
nition of the vacuum state is not unique, and the change of
vacuum states results in the production of corresponding
particles. Examples of such particle production are the
Schwinger effect by the electromagnetic field [1,2], the
Hawking radiation in the black hole spacetime [3], and
the gravitational particle creation by a change of the
expansion law of the universe [4,5]. The efficiency of such
particle production strongly depends on how abruptly the
background changes [6]. In the case of the gravitational
particle creation, the transition timescale of the background
metric determines the typical energy scale of the produced
particle [7,8]. This implies that a sudden transition of the
background makes the effect of particle production efficient.

The vacuum decay such as a first-order phase transition
is an example of such an abrupt transition as various
parameters change discontinuously. If particle production
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associated with quantum tunneling is efficient, the tunnel-
ing dynamics could be affected by the backreaction of
particle production. One of the most important possibilities
is the issue of the Higgs field instability [9]. Since the Higgs
field couples to almost all particles in the Standard Model,
its tunneling might yield a considerable number of the
Standard Model particles. If this is the case, it would be
necessary to reconsider the stability as well as the dynamics
of the vacuum bubble after its nucleation.

The production of particles that are coupled to a
tunneling scalar field has been studied in [10,11] using a
conventional instanton method [12,13]. Despite our naive
expectation of a sudden transition, it has been claimed that
particle production is not so efficient: for a momentum &
mode, the number density of produced particles n; is
exponentially suppressed for modes with energy w; >
At7! as ny ~ e™*A7 Here At is an “imaginary transition
timescale”, that is, the Euclidean timescale for the tunnel-
ing scalar moving from the false vacuum to the true one.
One can find a similarity between this suppression factor
and the one for the gravitational particle production case
[7,8], in which n, is exponentially suppressed by e 44!
where At is a real transition timescale. However, the
meaning of the imaginary transition timescale is not clear
from the real time perspective.

n [14,15], the vacuum transition rate is given without the
notion of instanton, and they give the meaning of the tunneling
rate within a real time formalism.
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In this paper, in order to understand how the particle
production associated with the vacuum decay from the real
time viewpoint, we analyze the vacuum decay with its real
time formulations. There are several descriptions of the
vacuum decay alternative to the standard Euclidean meth-
ods: In [16], the Schwinger-Keldysh formalism with the
Wigner function method is used to describe the quantum
tunneling in quantum field theory.2 In [19-23], a stochastic
description of the quantum tunneling is discussed.’ In the
de Sitter spacetime, the stochastic inflation [26,27] can give
the time dependent probability distribution of a scalar field
value, which can actually give the tunneling rate corre-
sponding to that found in the standard instanton methods.
Such “real time” formulations of the quantum tunneling are
suitable for our purpose. However, we should emphasize
that the initial state for the tunneling field seems different
from that in the Euclidean description of the quantum
tunneling. In particular, the “flyover” vacuum decay that
we will use in the flat spacetime case requires a certain
initial distribution for the momentum of the tunneling field.
Nevertheless, the real time formalism can describe “vac-
uum decay” and give the decay rate similar to that in
instanton methods. Therefore, we simply call such vacuum
decay as quantum tunneling in this work.

On top of such real time formulations, we will use the
Stokes phenomenon method [28-31], which enables us to
pick up a nonperturbative particle production, and also
discuss how we can interpret the particle production caused
by the vacuum decay in real time formulation.

This paper is organized as follows. In Sec. II, we give a
brief review of the relation between particle production and
the Stokes phenomenon. Such a viewpoint enables us to
find the optimal evaluation of particle production in non-
trivial backgrounds. In Sec. III, the production of a scalar
particle coupling with a transiting scalar field in a flat
spacetime background is investigated. First, we briefly
review the real time formalism of the quantum tunneling
and then evaluate a produced particle number density
within the real time formalism. In Sec. IV, we consider
the particle production in the de Sitter spacetime back-
ground. After revisiting the particle production in the de
Sitter spacetime, we extend our analyses to the case of a

’In [17,18], using a similar description, the effect of short
wavelength modes on the long wavelength modes is discussed,
which is called “activation” and gives rise to enhancement of the
vacuum decay rate. In this sense, we have to be aware that what
the real time formalism actually describes might be this “acti-
vation” rather than the very quantum tunneling in the usual
context.

*We should notice that there are considerable differences
among the methods in [19-23]. In [19,20], they take a stochastic
quantum noise into account throughout the tunneling process
with the Madelung fluid description [24,25], while a stochastic
quantum noise is used only as an initial kick and a succeeding
dynamics is described classically without any stochastic compo-
nent in [21-23].

scalar field that couples to a transiting scalar field. In
Sec. V, we summarize our results and discuss the remaining
issues.

We use the natural units ¢ =z = M, throughout the

paper.

II. PARTICLE PRODUCTION AS STOKES
PHENOMENON

In this section, we briefly review how particle production
is interpreted in terms of the Stokes phenomenon [28-31].
Particle production caused by time-dependent background
can be understood from the behavior of mode functions.
For particles in the nontrivial time-dependent background,
Wentzel-Kramers-Brillouin (WKB)-type (adiabatic) mode
function are useful in defining the vacuum state. Such
adiabatic solutions show a sudden change of their behavior
at a certain point, which is the so-called Stokes phenome-
non. The physical meaning of this sudden change is
nothing but the production of particles.

Let us consider a scalar field y with a time-dependent
mass MZ(t) in the Minkowski background ds* = —dr*+

dx?. y can be expanded as

&’k ) .
1X) = [ 7 (v ()™ + al o, (1)e %), (2.1
£03) = [ s e 1 amne ). )
where we have introduced annihilation and creation oper-
ators ay and &]T(, respectively. The mode equation of y is
given by

’Dk —|— a)ivk = O, (22)
where a dot denotes a time derivative and
w% =k + M;(r) (2.3)

is the effective frequency squared. In order to define a
vacuum state, we take the WKB-type adiabatic solution
for (2.2),

Ay oo [ W) n By ol ftdt’Wk(t’)’

Vp = —————
V2Wi(1) 2Wi (1)

(2.4)

where W, is recursively determined as
W = . (2.5)

/() 7\ 2
w2 _ o LW 3 (W
W) —wk——[ — (=) ] (26)
2 W,((> 2 W;{)

where WS{"> denotes the quantity of nth adiabatic order
[31,32]. We should stress that this W,(C") is a divergent series.
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Therefore, we must truncate the expansion at the optimal
order. The asymptotic behavior of such a WKB-type
solution can be well described by a formula derived by
Berry [29]: The approximated adiabatic solution is a
multivalued function having the cut near the so-called
turning points ¢, satisfying () = 0, and such a turning
point can be on a complex ¢ plane and usually associated
with a complex conjugate point due to Schwarz’s reflection
principle. Hereafter, we denote the turning point closest to
the real time axis in the upper half plane as 7. The behavior
of the solution significantly changes beyond the Stokes
lines connecting a pair of turning points. More specifically,
the values of the a; and f; suddenly change—in other
words, particles are produced—around the Stokes line. The
Stokes phenomenon determines which order 7 is optimal to
be truncated. After the truncation, Eq. (2.4) becomes

a(t) =i fratot)  Bil) i ateo)

20 (1) V20 (1)

(2.7)

V=

The functions () and S, (¢) are generalizations of the
Bogoliubov coefficients, and f(¢) is responsible for
particle production, which is given by [29]

Pi(1) ~ —ied i) S (1), (2.8)
where F (1), called a singulant, is given by
t
Fi (1) = Zi/ dr' wy(1). (2.9)
t(,'

Here we take the integration contour along the Stokes line
connecting 7, and #; until the contour crosses the real axes
at t = t,, and from ¢, the contour is along the real axes.
Sk(1), called the Stokes multiplier, is given by

ImF k(t ) >:|

2[ReFy ()] 1
and Erf(x) denotes the error function. The Stokes line is the
trajectory where the imaginary parts of the two exponents
in (2.7) coincide: ImF(¢) = 0. In terms of particle pro-
duction, the singulant represents the amplitude of particle
production, whereas the Stokes multiplier represents the
time dependence of the particle number. We refer to
Appendix A of [33] for a review of the derivation of this
formula. In case there are N pairs of turning points, a
resultant particle number n; is given by summing up the
contributions from each of the Stokes lines with relative
phases as [30]

S (1) :% {1 + Erf (- (2.10)

2
n = [pr(0)* ~

N—-1 ‘
. s 1 .
g eXp (21/ a)kd[> eka.n(l(’.n)
n=0 150

(2.11)

where ¢, ,, t; ,, and F; , denote the nth turning point, the nth
intersection point between the nth Stokes line and the real
time axis, and the singulant with respect to 7, ,, respectively.
The approximated formula (2.7) gives the optimal approxi-
mation for the WKB-type solutions, and therefore for the
particle production rate. We will use this description of
particle production in the following discussions.

III. FLAT SPACETIME CASE

In this section, we consider the production of a scalar
field y coupled to another scalar field ¢ that induces a
quantum tunneling from a false vacuum to the true one in
flat spacetime background.

In the following discussion, we will discuss particle
production associated with the flyover vacuum decay [22].
Let us consider the following system of a real scalar field ¢:

L= 3090, - V() (3.1

We assume the scalar potential V(¢) that has false and true
vacua as shown in Fig. 1. Initially, ¢ sits at the false vacuum
at ¢ = 0, and we consider the decay of the false vacuum to
the true one at ¢p = v. In the standard description of the
vacuum decay, people use the Euclidean method [12,13].
Recently, a different description of the vacuum decay was
proposed in [22], which is called the flyover vacuum decay.
In this formalism, the tunneling field ¢ has an initial
velocity fluctuation with its distribution given by

¢

P(ghy) = N exp (— > (3.2)

16p?

where ¢ is the initial velocity and N is a normalization
factor. Here, we will briefly review the flyover model and
how this Gaussian width p is determined. First, we consider
a velocity field operator smeared over a spherical region
with radius [,

V(¢)
h
€
0 ¢B % ¢

FIG. 1. A potential shape of a field ¢. Initially, ¢ is located at
the false vacuum ¢ = 0 and then it tunnels into the true vacuum

¢ =w.

045006-3



HASHIBA, YAMADA, and YOKOYAMA

PHYS. REV. D 103, 045006 (2021)

hilr) = (2”12)_3/2/d3x’$5(x, 1) exp (_ %)

(3.3)

We assume the initial profile of the velocity field to take the

2
spherically symmetric Gaussian form ¢(x, ) = ¢ e as
a boundary condition corresponding to the initial state of
the velocity at ¢t = t,. Here bo represents the initial velocity
value of which distribution will be given by a Gaussian
form as shown below.” Then the initial value of the smeared
velocity is related to ¢ as ¢, (19) = 273/2¢y. Assuming that
we may treat the scalar ¢ as a free field around the false
vacuum, the distribution function of the smeared velocity is
given by a Gaussian form

P(¢) = N exp (—ZZ;Q%) = Nexp <— 164?;2)5,2)) (3.4)

where the expectation value (¢7) ~ Teamps is evaluated with

the standard Minkowski vacuum state (see Appendix A of
[22]). In this model, the bubble nucleation can be under-
stood as that the scalar field ¢ localized at the false vacuum
has some probability to acquire an initial velocity enough to
fly over the potential barrier. The most probable case is that
the smeared initial velocity field barely exceeds the thresh-
old value. Besides that, the bubble needs to expand after
nucleation, which requires the minimal length scale of

fluctuation to be [ ~ % where o ~ [/ V/Vd¢ is the tension
of the bubble, and ¢ is the difference of vacuum energy
density between false and true vacua, which is € = V(0) in
our case. We should emphasize that the smearing scale [ is
chosen to discuss the probability of finding a bubble
expanding after nucleation, and therefore, the resultant
probability distribution is not an ad hoc choice.

The authors of [22] numerically show that the tunneling
region in this formalism behaves as the standard picture of
the bubble expansion, which is realized in the standard
bounce calculation. We should note that the resultant decay
rate is qualitatively the same as the standard instanton
calculation, but the exponent of the decay rate is different
from it. Therefore, strictly speaking, we should distinguish
this model from the standard vacuum decay calculated by
instanton methods. Nevertheless, we may think of it as a
real time realization of the vacuum decay/tunneling.

Let us rewrite the probability distribution of the initial
velocity. The critical bubble satisfies

*We should think the initial boundary condition imposed here is
for some finite region larger than the characteristic scale /. In the
region we are considering, ¢ is assumed to take a value around the
false vacuum ¢ (7, x) = 0 on average. The boundary condition for
¢ and ¢ is different from that adopted in the Euclidean method,
which does not specify the initial condition of ¢.

4
4rric = gﬂris, (3.5)

where 7y, is the critical bubble radius. From this relation, we
find

. 2V -y
P =N -——do|. 3.6
() = Nexp |5 2 36)
where my = /V"(0) is the mass of ¢ at the false vacuum

and Vjp denotes the volume of the critical bubble
Vg =%r;. For later convenience, we note that ¢ is

approximated as vv/h, so that r, = 3v\/h/e. Here h is
the height of the potential barrier. We will use the initial
velocity distribution in evaluating the produced particle
number density.

Then, we introduce an additional real scalar field y,
which is coupled to the tunneling field ¢ and described by
the following Lagrangian:

1 1

L= —Eaf‘xaﬂx—i(M% +gd* )% (3.7)
Again, the potential V(¢) is a slightly tilted double well
shown in Fig. 1, and y is a heavy scalar field that acquires
an additional mass g¢ through tunneling. In this case, the
effective frequency of y is given by

o = k> + Mj + g (3.8)
We assume that g is sufficiently small and the tunneling
dynamics is not affected by the coupling between ¢ and y.
The coupling to the tunneling field with a particular initial
velocity causes the time varying mass for the coupled scalar
- Under the assumption that y does not affect the tunneling
field dynamics, we are able to consider the tunneling field

to be a classical background. Given an initial velocity (;'50
and an initial field value ¢ ~ 0, we can estimate the time
variation of w% in (3.8) using the method reviewed above.

Let us call the resultant number density of y as 1, (¢). Here
we have explicitly shown the dependence on the initial
velocity (}50. Since the initial velocity obeys the Gaussian
distribution (3.2) and we are interested in the particle
production when the bubble nucleation takes place, the
particle number is given by the expectation value

(ny) = /oo ddponi (o) P(¢ho). (3.9)

i

where ¢, denotes the minimal velocity for bubble nucle-
ation to take place.

Now we move onto the evaluation of produced particle
number density. As we have discussed in Sec. II, we can
evaluate the y production by considering the behavior
of the mode function of y with the background external
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field ¢. Given that ¢ acquires an initial velocity gbo att =t
inside a spherical region Sz with the radius r;,, ¢ is
approximately homogeneous inside Sp, and therefore
the gradient energy of ¢ is negligible compared with the
kinetic energy. Since it is known that the particle produc-
tion efficiently occurs at the point where nonadiabaticity
parameter @,/ a)i takes the local maximum (see, e.g., [34]),
we may assume that the y production occurs almost only
when gb is large, namely around each vacuum. (We will
verify this statement by analyzing the Stokes lines
in Appendix A.) We expand V(¢) around each local
minimum as

V()__{e+%n&¢2+cx¢% (¢~0)
- Limig-vP 00~

where m% = V”(v) and the motion of ¢ inside Sz is
approximated, respectively, as

" o sin [mpe (1 ~ to)] (¢ ~0) -
1)~ .
VI Gin (1= )] + 0 ()

Here we assume that the particle production of y is so
inefficient that the energy of ¢ is almost conserved, which
is actually the case as we will see.

Let us find the turning points and the accompanying
Stokes line for the region near each vacuum. Around the
false vacuum ¢ = 0, the turning point ., is obtained by
substituting the approximated expression (3.11) into the
equation @w; = 0 as

feo = to+imz! sinh™!x, (3.12)

where x=

,/;%’(kz—kM%) and sinh~'x =1In(x+ V1 +x?).
0

The singulant along the Stokes line connecting the pair of
these turning points is given by

Fro(tio)

~21/ \/k2+M —Q—g;%sm 2mp(t = to)]dt

/*mh 'x g¢0 x? — sinh? E)mzpl dE(E = mp(t —ty))

52
W?(—ix)E(i sinh™! x| — 12> , (3.13)
my; X

where E(g|k?) is the incomplete elliptic integral of the
second kind in trigonometric form. Although it is difficult
to estimate the value of this function in general, we may use
the approximated form for x > 1 since we are considering
a heavy original mass M, and a small coupling g. For
x> 1, we may expand the integral in 1/x and find the
leading order of (3.13) to be

Fio(tio) = \/ﬁ (In(4x) —1].

Next, let us evaluate the particle production around the true
vacuum. Near the true vacuum ¢ = v, the turning point is
located at

(3.14)

tc,Z

=t + my'sin”!

.mi%(— gv* +iy/ k? —i—Mz)
g(dp + 2€) ’

2

qu
=t+imp'In(z+V1+2%) - \/— ey
2
o gV
Ofz72 ,
- <Z k2+M5>

wherez:\/(lf)+2

leading order terms in § = /52~ k2 M2 < 1. This approxima-

tion is valid as long as the generated mass gv? is sufficiently
smaller than the original mass M3. If this is not the case,
y particles are hardly produced around the true vacuum
because the required energy for the y production is too
large. (See also Appendix A.) The singulant along the
Stokes line connecting the pair of these turning points is
given by

(3.15)

(k* + M3). Here we have shown the

.
Fro(t:y) :21/ TR+ M4y
%)

c,

. 2
\/¢2—|—2€
LAY dt.

sinfmy(t —1,)] + v (3.16)

mr
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In general, analytic calculation of this integral is quite difficult, but in a particular case, we can evaluate it semianalytically.
Here, we consider the double-well potential V(¢) ~ %gbz(cﬁ — )2, and we look for the expression in the case of the

minimal velocity for bubble nucleation qﬁtzh = Av*/32, which is only relevant for later discussion (see the discussion below).
Then, (3.16) is simplified as

s 1 2
Fio(ty) =21 [ 7 [k + Mj+ 1)2<—Sin Vau(t -t +1) dt
alria) =2 | \/ i+ 2 gsin Van(e - )

1 -6°X%/32
/ - (3.17)
1+ (X - \/3—21 2
where X = i(sin[my(t — 1,)] + v/32). We numerically find oo B g2 .
a fitting function of (3.17) to be () / 4’0 7l /2 0} (ni(dw))
[271/2y
% - 9 Z B
Fio(ti,) =Ds (1+€) \/%, (3.18) =3 Erf ( ¢th> <”k(¢th)> (3.22)

where D = 10.5 and £ ~ 0.13 are numerical coefficients.

Combining the particle production around each vacuum,
we obtain the resultant number density of produced y
from (2.11) as

e_%Fk.O(’z.o) +exp <2i/ts’2 a)k(t)dt> e_%Fk.Z(’z.ﬁ
50

(3.19)

2

<"k(§bo)> =

Since f;, — t; is much larger than w;l in the situation
where ¢ barely passes over the potential barrier, we can
take the average of the relative phase and obtain

=Fio(tl,) + e—Fka(ff_z)'

(ne(dho)) ~ e (3.20)

Finally, we calculate the expectation value of the produced
number density of y by integration weighted by the
distribution function. Substituting (3.6) into (3.9), we
obtain

© . 2VB
= d [—— 2
<nk> /.Ih ¢0 971'1/27’)7,1: exXp

where ¢34 = 2(h — ¢) is the initial energy threshold requi-
site for flying over the barrier. Here, the Gaussian factor of

the distribution function rapidly decreases for larger éﬁo, and
thus most of the contribution of this integration comes from

around qbo i~ d)th. Therefore, we can approximate (3.21) as

2;:1/2 VB

Y243 i)

(3.21)

where Erfc(x)
function. Using the asymptotic form of Erfc(x) given by

= % N e~ dt is the complementary error

—x2

Erfc(x) ~ Py

(3.23)

for x > 1 together with (3.14), (3.18), and (3.20), we can
further proceed with the analytic calculation as

9mp ex |: 2’”1/2VB'2:|
2Vd L omy T

K+ Mg, (512K + MG
x | exp|—2 5 O1n 5
Av e g
+ exp [—Dﬁ‘(”& \/ﬂ ) :

Here, we have assumed the slightly tilted double-well
potential V(¢) ~4¢*(¢p —v)?, and then mp = my =m,
for simplicity.” If one would like to consider more general
potential, some of our intermediate results can be appli-
cable; however, it would require more involved calcula-
tions. Noticing that the overall factor in the first line is
nothing but the tunneling rate I, we obtain the following
simpler expression:

(me) ~

(3.24)

5Although the first term in the second line of (3.24), which
comes from (3.14), seems to depend on v, this is 51mply because
we assume the double-well potential and then m% = Av”> and

P2 = vt /32 are satisfied.
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512
() =T (exp [—ZA In (e_2 A2> ﬂ

)

where A? = (k* + M3)/gv*. Since the produced particle
number density decays exponentially or even faster for high
momentum modes, the total particle number density safely
converges.

Let us discuss the physical meaning of the two con-
tributions for the produced particle number given in (3.25).
The first contribution coming from the Stokes line crossing
to 1s not the production due to the change of mass but that
caused by the initial velocity of ¢. Such a contribution
exists no matter how small or large the mass difference is.
The second contribution corresponds to the production by
the transition of the mass of y which would be more
intuitive than the first one.

We should stress that we have only discussed the particle
production from the “one-way” process, ¢p = 0 to ¢ = v.
This is because we have approximated the dynamics of the
tunneling scalar ¢ to be homogeneous. Although this
approximation makes analyses of particle production sim-
pler, we find that the oscillation of the tunneling scalar will
never stop. However, the bubble of the true vacuum would
form once ¢ reaches the true vacuum, and then its wall
would extract the energy of ¢; then ¢ will never oscillate
between true and false vacua [22,23], which justifies the
one-way process we have considered. Since the dominant
effect for particle production comes from the homogeneous
part inside the nucleating bubble, our estimation would not
be so affected even if we take spatial dependence of ¢ into
account.

Finally, let us compare our result with the one derived by
using instanton methods. In [10,11], it was found that the
resultant particle spectrum shows thermal-like spectra with
the temperature given by the inverse of the imaginary time
interval for scalar field dynamics in Euclidean space. On
the other hand, as seen from (3.25), our result does not
show such a behavior. There are various reasons for the
difference between our result and that in [10,11]:
Obviously, we have used the real time formalism, and
the notion of the Euclidean time does not show up in our
description. Actually, our description of the tunneling is
associated with the oscillating scalar field in real time,
whereas both the tunneling scalar and spectator scalar y
experience the Euclidean time evolution in the case of
[10,11]. In particular, in [11], the authors used Milne and
Rindler coordinates to discuss the particle production. As is
well known, the Minkowski vacuum can be seen as thermal
states in Rindler spacetime, and we suspect that the notion
of the thermality in the resultant particle spectrum is related
to such a coordinate system. In our discussion, we have
used a flat Minkowski coordinate, and such a difference of

(3.25)

the coordinate system may also lead to the difference of the
spectra. It would be worth studying the tunneling dynamics
in the real Rindler/Milne coordinate system to discuss how
the particle production associated with real time tunneling
can be seen. This is beyond the scope of our paper, and we
will leave such a question. We should also note that we
have not taken into account the spatial dependence of the
wall dynamics as mentioned above. We expect it is not a
crucial reason for the different spectrum because [10] also
considers the homogeneous tunneling approximation but
obtains the thermal-like particle spectrum. The difference
of the particle spectrum may be thought of as the funda-
mental difference of the Euclidean and real time formalism.
In order to discuss which is the correct description, we need
better6understanding of the real time tunneling description
itself.

IV. DE SITTER SPACETIME CASE

In this section, we consider production of a massive
scalar particle y coupled to a tunneling scalar ¢ in the de
Sitter spacetime. In the vacuum decay in the de Sitter
spacetime, there is an expansion effect as well as the
dynamics of ¢, and we will see that the particle production
is rather different from that in the flat spacetime case.

A. Particle production without tunneling dynamics

For comparison with the later discussion, we start with
the discussion on the particle production in the de Sitter
spacetime without tunneling dynamics. We should stress
that particle production without tunneling in the de Sitter
spacetime is not physically expected. If we start with the
Bunch-Davies vacuum state, there would be no particle
production since it is de Sitter invariant. Nevertheless, we
demonstrate the “particle production” by introducing an
adiabatic vacuum because such a discussion is useful to
understand the case with tunneling dynamics. For simplic-
ity, we will consider a conformally coupled massive scalar
field y. Here we have introduced the conformal coupling to
simplify the form of the effective frequency wy, but it is not
essentially important. The system is described by the
following Lagrangian:

1 1
V=gL = —E\/—g<aﬂxa";( + gRj(z + M2;(2>. (4.1)

Assuming the de Sitter background metric ds*> = -1 x
Hy

(=dn* + dx?*), we mode expand y as

®As a different formalism of a real time tunneling description,
the stochastic approach was investigated in [35,36]. Such a
formalism might also be useful to understand the particle
production associated with tunneling dynamics.
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&’k , '
X = /W(akvk(ﬂ)elk'x + a:(@k(l,l)e—lk.x)’ (4.2)

where a(n) = — HL” is a scale factor and we have introduced

a creation (annihilation) operator ay (&IT(). The mode
equation of the scalar field is given by

V] + wiv, =0, (4.3)

where a prime denotes a derivative with respect to the
conformal time # and

M2

(4.4)

Following the discussion in Sec. II, let us discuss the
particle production in our case. The turning points where
;. (n.) = 0 in the complex 5 plane are simply given by

.M
”c:0+17

e (4.5)

The value of the singulant along the line connecting these
turning points is given by

M2
2

Kt (4.6)
H ’7/2

1 e [
5F k(ne) =i / dn'o (') =i / dn'
7 Ne

e

We integrate this along the path avoiding the simple pole
7 =0, and only the half-pole integration contributes
because other parts cancel. Parametrizing 5 = ee'’
0: 75— 37”), we find

1 . n M2e=20 oM
EFk(r]:) __ll_l;%/% eledg\/;(;—;‘—_;—_g (47)

Substituting this into (2.11), we obtain the asymptotic
produced particle number as [37,38]

= |fif? = e, (4.8)
There are two problems in this analysis: One is that, since
the Stokes line is near the end point # = 0, the mode
function beyond the Stokes line might not be available.
Therefore, this Bogoliubov coefficient might not have a
clear physical meaning. The other is that f; does not
depend on k, which seems to cause the infinite number of
particle production, and the corresponding state is not
normalizable and cannot be related to the original vacuum
by unitary transformations.

The former issue might be circumvented by using the
coordinate time ¢ instead of the conformal time 7. Let us use

the coordinate system ds> = —dt> + e*"'dx?, and the
mode equation of the scalar is given by [33]
fr+oifi =0, (4.9)

where we have parametrized y as

3
x(t,x) = / (;1”1;3 a3 (ay fr(t)e** + ai]‘k(r)e‘“‘"‘)

(4.10)
and
w3 (t) = k?e™2H + M2, (4.11)

The WKB solution to the mode equation takes the form

Fult) = a (1) o[ o) Br(1) o [t (4.12)

(1) 1)

§

Here we have chosen the WKB solution instead of the
known exact solution that defines the Bunch-Davies
vacuum, and our WKB solution corresponds to an adiabatic
vacuum.” The turning point is given by

t,=—H" (ln(M/k) + gl> (4.13)

It is easy to derive the singulant along the Stokes line, and
we find

1 [ Mr
SFu) = 1/‘. w()dr =7 (@14)
Thus, the asymptotic Bogoliubov coefficient is
B = ie™ 7, (4.15)

which is precisely the same as the one in (4.8). In this
case, since the coordinate time ¢ varies from t = —co to
t = oo, we expect that there exists the asymptotic mode
function with the Bogoliubov coefficient (4.15) for suffi-
ciently large . However, the Bogoliubov coefficients and
therefore the particle number is independent of the momen-
tum as is the case with conformal time, which causes the
divergence. Therefore, the particle production caused by
these turning points should not be realized physically;
otherwise, the late time vacuum cannot be related to the
initial one via unitary transformation.

"The choice of the vacuum in quantum field theory corre-
sponds to the choice of the boundary conditions of mode
functions. Since we solved the mode equation with the WKB
method, the boundary condition (= the choice of the vacuum)
should be different from that of the Bunch-Davies one.
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However, we should notice that we have so far discussed the behavior with comoving momenta. More careful treatment is
necessary to discuss the particle production with physical momenta. The singulant at time ¢ is given by

\/w Ht
F(r) = % Die~Hi\/M2e2H 4 12 — 2iM 10g< Me +kk + Me —|—7zM]. (4.16)
Thus we find
M
Re Fy(f) = ’;—H (4.17)
1+ M
ImF, (1) = H™! <a)k(t) —Mlog(a)l‘lie)_:t)), (4.18)
with which the Stokes multiplier is given by
1 | N+M
Si(t) = 3 (1 + Erf |:—(77.'HM)_7 (a)k(t) — M log <%))] > (4.19)
Therefore, the time-dependent Bogoliubov coefficient f,(z) is
e~
Pi(t) = ———EBrfe[f(7)], (4.20)
where
t)+M
F10) = Gatan) (g0 = 1 1024051 ) @a1)

and we have used the relations Erf(—x) = —Erf(x) and Erf(x) = 1 — Erfc(x). In terms of the physical momentum

k

phys = ke, the quantity f is written as

k2

f(t) = (”HM)_% phys

which looks time independent. From this expression, we
find (formally) a time-independent particle spectrum pro-
duced in the de Sitter background. Since the asymptotic
form of the complementary error function is given by (3.23)
and f ~ kynys/ (THM )2, the particle number density for the
high physical momentum decays as

2Mn

HMe=n

A

2
_kahys
e~ #AM

(4.23)

~
h phys

This would lead to a finite number of particles at any time ¢.
The total number of the particle is

+ M? -

\/ Kongs + M> + M
M log

: (4.22)
kphys
|
4’k 3H: “13kphyg e i
= = : Erfc(f))?
Mo = [ G = e [ SRR el
(4.24)

where f in terms of physical momentum is given in (4.22).
The integral would converge and give some finite value.
For example, if we take H =1, M = 10, numerical
integration gives N, ~ 1.12 x 1071%¢3. Therefore the total
number of particles inside the comoving volume N, /a’ is
finite.

We also note that the particle spectrum (4.8) is slightly
different from the well-known results [37,38] given by
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1

as _
o27M/H _ 1"

n, (4.25)
This spectrum can be obtained by defining the (non-
adiabatic) late time vacuum state and comparing it with
the Bunch-Davies one.® This particle spectrum looks
similar to that of the zero mode of a massive particle in
a thermal bath with T = %, known as the Gibbons-
Hawking temperature [39]. Since we have discussed an
adiabatic vacuum, the particle spectrum does not coincide
with that of the Bunch-Davies vacuum. However, we find
that the leading order is the same as (4.8) in the super-
massive limit M/H > 1. In either way, this particle
spectrum does not give the convergence of the momentum
integral and in such a case, strictly speaking, the two
vacuum states we are comparing cannot be transformed to
each other via unitary transformation (see, e.g., [4]), and the
notion of particle production does not really make
sense there.

B. Particle production with tunneling

In the following, we discuss the particle production
induced by the tunneling dynamics of the background
scalar field. In this case, we would expect the shift of the
turning point by the tunneling dynamics. Let us consider
the following system:

1
V3L = =5 (009 + V() + 0,08

+ ész + g¢2)(2> : (4.26)
where ¢ denotes a real scalar field. ¢ is supposed to be
the tunneling field, which initially sits at the false vacuum
and eventually penetrates to the true vacuum. For our
purpose, we apply the stochastic inflation formalism to
the dynamics of ¢ at the zeroth order in g, which gives
the coarse-grained dynamics of ¢. In the stochastic
inflation formalism [26,27], one integrates large momen-
tum modes out, which yields stochastic noise for lower
frequency modes being regarded as a classical field. Even
though we average over superhorizon modes, namely
average over different Hubble patches, the expectation

$The notion of particle production appears when we have two
different vacuum states. In this case, the late time vacuum is
chosen as the comparison state, which differs from the Bunch-
Davies one. Since the late time mode function [37] has no
momentum dependence, the total particle number cannot be
convergent in integrating over momentum space as discussed
below. As we mentioned earlier, if we consider only the Bunch-
Davies vacuum, there would be no notion of particle production
because of the absence of the comparison state. Note that,
however, the behavior of the mode function in early and late
times has different asymptotic expansions, and one may regard
the difference to be “particle production”.

value in a single patch would asymptote to the super-
horizon average, as long as we are interested in a
sufficiently long time interval.

Particularly, we focus on the one-point probability
distribution function p[¢(x)] obeying the following
Fokker-Planck equation [27]

H3 02

d 1o, ., H 0
8x° (9452'0

5700 = 5550 (VD)) + $)

(4.27)

where the prime denotes the functional derivative with
respect to ¢(x). The general solution of this Fokker-Planck
equation is

) =exp (-5H) S 0, e

4.28
3H* — (4.28)
n=0
where a, is a constant and 7 is the initial time, which we
will take to be 7 = —oco. Here, ®@,(¢) is the eigenfunction

satisfying the following equation:

a0, = TR0, 429
where A, is a non-negative eigenvalue and
W) = W@ - @) (430)
o) =2 V) @31)
3H

The lowest eigenvalue Ay = 0 corresponds to the equilib-
rium mode, and we will take the mode up to the second
lowest mode n = 1. For the case with double-well potential
V =4(¢* = m?/2)?, we find

Ay

_ V2 exp ( (4.32)

272m*
~ 3zH )

RV E

Notice that the eigenvalue A, is exponentially suppressed,
and A; < H. Although the potential with false and true
vacua should not be exactly the same as the double-well
potential, the difference of the eigenvalues would not be so
large. The time dependent expectation value of (¢*()) can
be evaluated by the one-point probability distribution
function. We discuss it in Appendix B, and here we simply
give the result

(@*(0) = v*(1 = e7N7), (4.33)
where 22 denotes the vacuum expectation value of ¢ at the
true vacuum, and we have assumed (¢) = 0 at the false
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vacuum. If the explicit form is assumed, one is able
to find the eigenvalues A, explicitly, e.g., by perturbative
methods.

The time dependent expectation value yields the time
dependent mass term for the scalar y, from which the
particle production takes place besides that caused by
the de Sitter background. This expectation value becomes
(infinitely) negative for ¢+ — —oo, which is not physically
acceptable. Therefore, we may avoid such an issue by
taking 7 — —oo. Instead of such a prescription, we will
consider the following phenomenological modeling:

(@ (D))seg = %vz (1 + tanh GA;) > (4.34)

which asymptotically reproduce the original expression for
t > 0 while avoiding a negative value of (¢?) for t < 0.

In this case, the frequency for a comoving momentum k
mode is given by

1 1
a)k(t) = \/kze_ZHt —|— §M2 (1 + tanh <§At>> N (435)

where M? = gv?. Because of the complication of the
frequency, it is impossible to find the analytic expression
for the singulant F (1) = 2i ft’ wy(¢)dr, although it would
be possible to calculate it numerically. Therefore, we
discuss the high and the low momentum modes separately
with approximations. For the former case, according to

|

M262Ht+k2)2F1(]7%+1.2H+A._

(4.13), the turning point is located at the point with
Rer > 1, which would mean the creation of the particle
takes place at late time. For sufficiently large k, the
production time on the real axis is large enough to regard
(¢*) ~ v?, and the frequency is effectively given by

(1) ~ Vk2e 21 + M2,

(4.36)

and therefore, the Bogoliubov coefficient would become
that in (4.20).

Let us consider the production of the low frequency
mode. We approximate the frequency w; as follows:

1 1
\/kze_zH’ + §M2 (1 + tanh <§At>>

At M?
— o k2 —2Ht—At
eZ\/ e + 14 o

wi(1)

~ T\ I2e 2H 4 M2, (4.37)
Here, we have used the approximations e 2H!=A" ~ g=2H!

and ﬁ ~ 1. The former is justified since A < H, and the

latter is consistent as long as —ARer> 1.” With this
approximation, the turning point is the same as that
in (4.13).

With the approximated frequency, we find the singulant
to be

ezmMz) t
> AH ° k2

Fi(t) =

The most relevant quantity is F(z:) given by

M
Fk<tz> ~ —7 <1 +

A(log(%) +1)
T) (4.39)

where we have taken the leading order term in A. There-
fore, the Bogoliubov coefficient is asymptotically given by

M

zMA
P ~ e ) = je~it (1450 (;> "L (440)
and the particle number density is given by
" M /tll_lI/I/\
g ~ e <f> g (4.41)

' 2ie? ViZe2HT L M2
i/ wk(t’)dt’—l (
2

B2 (4.38)

1,

c

Thus we have found the produced particle spectrum
corrected by the tunneling dynamics. There is an extra
factor depending on momentum, which becomes larger for
smaller momentum k. This seems reasonable since the low
frequency modes are more sensitive to the change of the
effective mass, particularly because y is originally a
massless particle. However, we should also note that we
have used the coarse-grained expression for (¢(#)), and for
very small momentum modes, the wavelength can be larger

9Here, we have assumed ¢ ~ 0, and this cannot be justified if
we are interested in Rer > 0. However, as long as we are
interested in a timescale shorter than A~'(>> H™'), we can
approximate eM ~ C = const., and in such a case, we can use
the approximated formula by replacing M? with M?(1 + C)~'.
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than the coarse-graining scale roughly given by H~!. In
such a case, the stochastic inflation might not be an
appropriate formalism to describe the production of y. In
this sense, the divergent behavior of k — 0 would be
corrected by more appropriate formalism. We also note
that if we are interested in the total number density of the
produced particle, the IR divergence would not spoil
because the negative power of k given by the tunneling
dynamics correction is so small that the phase space volume
J d*k would cancel the negative power of k, and there
would not be any IR divergence.

Finally, let us comment on the particle production in
the de Sitter spacetime. In the de Sitter space, the notion
of the particle or its production would not be useful
because the frequency never becomes stationary. In a
realistic scenario, the inflationary de Sitter phase will end
at some point and the universe eventually asymptotes to
the present universe, where the particles would have
(almost) time-independent frequency. In such a case, the
production of particles would be physically meaningful.
Even in such a case, our discussion would not be altered
much, and there would be corresponding turning points at
which particle production takes place. There, our esti-
mation of the particle production due to tunneling would
be useful.

V. SUMMARY AND DISCUSSION

We have analyzed particle production with a tunneling
background field by the Stokes phenomenon method and
the real time formalism in the flat and in the de Sitter
spacetime.

In the case of the flat spacetime, analyzing the Stokes
line, we have found that particle production is efficient
only when the tunneling background field is around each
vacuum. We have obtained the number density of the
produced particle (3.25). This result is a novel conse-
quence of the real time formalism of tunneling [22] and
valid not only for a double-well potential but also for a
broad class of potential with at least two metastable
vacua. We should note that we have used homogeneous
approximation for the tunneling scalar, which causes the
continuous oscillation of the tunneling scalar between
true and false vacua. We expect that taking the spatial
dependence would change our result slightly, but not so
significantly because we have considered a heavy scalar
whose Compton wavelength is much shorter than the
nucleated bubble radius.

In the case of the de Sitter spacetime, since it is known
that particle production occurs without any background
dynamics, first we have revisited such particle production
by using the Stokes phenomenon method. Although the
total produced particle number density after comoving
momentum integration suffers from divergence similar to
the previous studies, we have shown that a physical
momentum distribution is convergent. Comparing with

this result, we have also analyzed particle production with
a tunneling background field using the stochastic inflation
formalism, which gives a time-dependent distribution of a
scalar field value in the de Sitter spacetime. We have found
that the efficiency of production for low momentum modes
is enhanced by the power law due to the background
tunneling dynamics. The resultant particle number density
also seems to suffer from the IR divergence; however, it
results from the pure (eternal) de Sitter phase, and thus it is
not problematic in realistic inflationary models where the
inflationary phase will end at some point.

We have found different spectra of the produced
particle in these cases as we may expect from the differ-
ence of geometry. We should note that the vacuum decay
processes in flat and de Sitter spacetime are rather
different. In the flat spacetime case, the vacuum decay
is caused by some fraction of a large initial velocity
component, and therefore, the dynamics of the tunneling
field is relatively fast, once the tunneling region has
acquired a large enough momentum to cross over the
barrier (which may require a long time to realize if the
transition rate is small). Therefore, up to the overall factor,
the produced particle spectrum is almost the same as a
scalar field with an oscillating mass. On the other hand, in
the de Sitter case, the vacuum decay can be understood as
the “thermal” fluctuation or random walk. Therefore, the
tunneling field moves to the true vacuum very slowly,
where the transition timescale is the inverse of the
tunneling rate. Such slowness implies that the expansion
effect is more responsible for the particle production, and
as we have seen in Sec. IV, the produced particle spectrum
is similar to the case of a massive free scalar without
coupling to a tunneling field. We also note that we are not
able to take the H — 0O limit, since in such a limit, the
stochastic inflation description cannot be applied.

Finally, we have to add one more comment. In order to
apply for Higgs instability one needs to incorporate gravity
because the spacetime would become anti—de Sitter with a
large negative curvature after the vacuum decay. We expect
that our discussion with Stokes phenomenon analyses in
real time formalism would be applicable to such cases. We
intend to consider such extensions in future work.
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APPENDIX A: INTERSECTION POINTS
BETWEEN THE STOKES LINES
AND THE REAL TIME AXIS

In this appendix, we discuss the structure of the Stokes
lines in a complex time plane in order to know which
Stokes line is relevant for particle production in Sec. III. A
schematic picture of these Stokes lines is shown in Fig. 2,
which indicates that y production occurs only when ¢ is
around each vacuum. Below we will discuss the details of
the Stokes lines.

As we have discussed in Sec. III, V(¢) is expanded
around each vacuum and around the barrier as

e+ympg? + O (¢~0)

V(g) = h—3mp(¢—¢p)* + O((@ —¢5)°) (d~és).
3mi(¢—v)*+ O((¢ - v)?) (¢~ v)

(A1)

where m% = V"(¢bg), m% = V"(v), the motion of ¢ inside
Sp is approximated, respectively, as

(¢ ~0)
@sinh (mp(t—1)] + 5 (9~ dp)-

YT sin [mp(t— 1) + v

my

%Sin [mp(t—1g)]

(¢~ )
(A2)

Here we neglect the backreaction from y-particle produc-
tion, which is justified by the smallness of the production
rate. We also consider the dynamics around the barrier for
verifying that y production does not occur there.

For discussion in Sec. III, we have to check if the Stokes
lines derived in each region, namely ¢ ~ 0, ¢, v, actually
intersect the real time axis within this range where each
approximation is valid. In order to find #; on the Stokes line
satisfying ImF,(r) =0, we decompose the integration
contour of the singulant (2.9) into the contour vertical to
and along the real time axis as

Imt,.
A —/ 1 Im[w; (Ret, | + i7)]dz
0

te2
tc,l
$~0  px¢p | bxv
N et
tSO = to tS 1 ' tS,Z
X
ten
* ts
tC,O c,2

FIG. 2. A schematic picture of the Stokes lines in our case.
Cross marks and blue shaded regions denote each turning point
and associated region where the approximations (A2) are valid.
The Stokes line depicted as a dashed line is irrelevant for particle
production since it is out of the range of the approximation. The
relevant Stokes lines intersect the real time axis only at the points
where ¢ is around each vacuum.

1

Rez, s
ImF,(z;) = 2Re / dtw; (1) + 2Re / dtawy (1) =0,
. Ret.
| —
=A
(A3)
and therefore 7, is generally approximated as
A
ty~Ret, — ———. A4
et~ (A4)

In the region around the false vacuum ¢ = 0,

Imt,
Ag= / Im[w, (Ret, o+ i7)]dr
0

sinh~'x 12
~ / Im gif (2 —sinh2&)my'dé = 0(& = mp1),
0 my

(AS)

and hence, the Stokes line is the straight line connecting ¢, o
and 17, from which 7,y =7, follows. Substituting the
expression of ¢ around the barrier ¢ ~ ¢p (A2) into
A = Re [ dtay (1), we find

2
%\/kz—l—M(Z) 1 .. ggb%

~ [ —1 1+ 1-— + + /5= d

A . m yzcos/,’ isiné 2 M% 3

k2 M2 z -
~ VMg ( / “Imyv/1+ e215d5>
mpg 0

'%As long as there is no pole or branch cut between two turning points, we may deform the integration contour.
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4)2

at the zeroth order in y~! and ki# After performing
0

numerical integration in the parentheses in the last equality
of (A6), we obtain

N
A, ~0.53 x Y M

_ (A7)

=t ~t; + [In(2y) — 0.53]m3'. (A8)

However, this 7, | is out of therange ¢p ~ pp © mp(t—1t;) < 1
since y > 1. Therefore, this Stokes line should be regarded
as an unphysical one, and we neglect it. This shows that
particle production indeed does not take place near the
barrier. We substitute ¢» around the true vacuum ¢ ~ v in (A2)
into the expression of A, which yields

sinh~™! z
Azm/k2+Mg/ Imy/1—
0

Again, we numerically look for an approximated expres-
sion of (A9) for various z and § < 1 and find

2 2
A, VMoo (A10)

my

where

C{ <0.1 (z<1). (ALl)

~5  (z>1)

Hence, the Stokes line intersects the real time axis at

(A12)

foo =t ( ¢ + 0 >m—1
5,2 2 \/1 +52 \/1 +Z2 T »

which is actually within the range p ~ v © mp(r —1,) < 1
since we have assumed 6 < 1. If § is much larger than
unity, one finds that f;, is also out of the range of
approximation and this Stokes line is irrelevant. This seems
physically reasonable since, for 6 > 1, y becomes much
heavier after the vacuum decay and the production rate of
such a heavy particle should be suppressed.

APPENDIX B: TIME DEPENDENT
EXPECTATION VALUE FROM
PROBABILITY DISTRIBUTION FUNCTION
IN DE SITTER SPACETIME

Here we briefly discuss how the expectation value in
(4.33) is derived from the probability distribution function
(4.28) with referring to [27]. Since we consider the case
where the energy difference between false and true vacua is
sufficiently small, we may approximate the situation as
follows: We assume the scalar field ¢ has a double-well
potential

V() =7 (6 — ¢on)® — ) (B1)

IS

inh% 2 h
= T+i—5(1—7°°s ¢ )m;ldg.
Z

V1 + 72 (49)

4

|

in de Sitter space. If two minima ¢ = ¢, £ Py are
sufficiently separated (v/A¢3 > H?), eigenstates of ¢ can
be approximated as the superposition of those of a massive
noninteracting scalar field around each minimum (Fig. 3).
Therefore, the eigenfunctions of the ground state and the
first excited state can be written as

1
Dy () = /2 [@..(¢0 — (ott — P0)) + Po(P — (doir + o)),
(B2)
1
@,(¢) = 2 [@..(¢0 = (dott — P0)) — P (P — (doir + o)),
(B3)
Y S — v(9)
y \ ground state PDF
//’( "\,\'\ ----- 1st excited state
A - -- = _ S @
FIG. 3. Eigenstates of ¢, which has a well-separated double-

well potential.

. initial PDF
- ! amaem equilibrium PDF

FIG. 4. The initial and final probability distribution functions.
In this case, the final distribution is not localized at one minimum
since two minima are degenerated.

045006-14



PARTICLE PRODUCTION INDUCED BY VACUUM DECAY IN ...

PHYS. REV. D 103, 045006 (2021)

respectively. Here @, (¢) is the ground state around each minimum:

©.(8) = —=exp (e Vol ).

(B4)

where V() = Ap3¢* and N is a normalization factor. Let us take the initial condition as that ¢ is localized around the
minimum ¢ = 0 at t = 7 (Fig. 4), and then the probability distribution function (4.28) becomes

47V (¢
o) = exo (=2 ) o) + 0y (e (55)
Using this one-point probability distribution function, the expectation value of ¢?* can be calculated as
(#*(1)) = / deg*p (. 1)
1+ e M=) feo 1 4r?
= {f/_m dgogoz\/—ﬁexp 3t V(@) + Vo(@ = (dotr — ¢0))]
1 —e M) foo 1 4x?
+f/—oo d(PfPZ\/—NeXP <—3? [V(p) + Vol = (Pote + ¢0))]> } (B6)
Since the two minima are well separated, we can approximate the integrands by V() + V(¢ — (Poir £ ¢ho)) = 2Vo(@ —
(poit = o)) and obtain
14+ e—Al([—T) 1— e—Al(t—T)
(@*(1) ~ 5 (¢ott — o) + 5 (ot + o)’
= (P2 + B}) — 2oepoe ™) (B7)

Substituting ¢ = ¢y = v/+/2 into this equation, we obtain
(4.33). Note that the final (equilibrium) state is the ground
state, and hence ¢ is not localized at one minimum but is
equally distributed to two minima at t — oo as shown in

Fig. 4. However, this superposition originates from our
double-well approximation, and if the energy difference
between the false and the true vacua is taken into account, we
expect the ground state would be localized at the true one.
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