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Abstract We investigate the greybody factor for the accel-
erating rotating Bafiados—Teitelboim—Zanelli (BTZ) black
hole in (2+1)-dimensional spacetime. Due to the non-
separability of the Klein—-Gordon equation induced by the
acceleration parameter, we employ an azimuthal-average
approximation to derive an effective potential for massless
scalar fields. In the low-frequency limit, we solve the radial
equation using matched asymptotic expansions near the hori-
zon and in the far region, accounting for rotation via the hori-
zon angular velocity. Our results yield a power-law scaling
for the greybody factor, I'(w) o (v — mQ 1)1 where
A = +/2€% + 5/4, highlighting deviations from pure black-
body radiation. We discuss implications for Hawking radia-
tion, superradiance in the regime w < mQ g, and the role of
acceleration in modifying black hole thermodynamics.

1 Introduction

Black holes are the most interesting objects in gravitational
physics. They connect three major areas of science: general
relativity, quantum mechanics, and thermodynamics. When
black holes are considered as thermal systems, they are found
to have entropy and emit Hawking radiation. This shows that
black holes are not completely dark, they can release energy
due to quantum effects [7,8,17,21,25,32]. These special fea-
tures make black holes very important for studying how grav-
ity and quantum field theory are compatible.

For simple fields like massless scalar fields, physicists
have studied how black holes emit radiation and how grey-
body factors affect this process. These studies have explored
different black holes: static, rotating, and in different back-
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grounds like flat space, de Sitter, and anti-de Sitter space-
times [1,2,10,13,15,26,29,31,33]. In higher-dimensional
theories, these calculations include both radiation trapped
on a 4D brane [20,23,24] and radiation spreading in the
full higher-dimensional space [19,22]. Special cases such
as graviton emission have also been explored [11].

In lower dimensions, the Banados—Teitelboim—Zanelli
(BTZ) black hole is a very useful model. Even though it exists
in only (2+1) dimensions, it still shares many important prop-
erties of higher-dimensional black holes, like horizons, ther-
modynamic laws, and Hawking radiation [5,6,12]. Adding
acceleration and rotation to the BTZ black hole makes it an
even richer system to study, while still being simple enough
for detailed analysis [3,4].

Greybody factor play a key role in understanding how radi-
ation escapes from black holes. In most cases, they are too
hard to calculate exactly and require computer simulations.
But in special situations, such as at very low frequencies
where only the simplest wave (the S-wave with £ = 0) is
relevant, exact results can be obtained. This low-frequency
limit is often used to study how black holes scatter incoming
waves. Another exact method comes from hidden symme-
tries of non-rotating black holes, which are connected to the
Korteweg—de Vries (KdV) equation. The conserved quanti-
ties of this equation, called KdV integrals, can fully deter-
mine the greybody factors in some cases [18,28].

Greybody factor is also important in astrophysics. It
affects the gravitational wave signal which one observes
when two black holes merge, especially in the ringdown
phase. Unlike quasinormal modes, greybody factor do not
change much if the shape of the black hole is slightly altered.
Because of this stability, they are useful not only for study-
ing Hawking radiation but also for interpreting gravitational
wave data from real black holes in space [27,34].

A crucial element in the study of black hole radiation is
the greybody factor, which modifies the spectrum of Hawk-
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ing radiation observed at infinity. While the emission near
the event horizon is nearly thermal, the propagation of radi-
ation through the curved spacetime leads to partial reflec-
tion by the effective potential barrier [16,30]. As a result,
the spectrum deviates from that of a perfect blackbody. The
greybody factor, denoted by y (w), quantifies this modifica-
tion and thus plays a central role in bridging semiclassical
predictions with observable radiation. In the semiclassical
description, the average particle number at frequency w takes
the form

Y (w)

(n(w)) = m,

ey
where Ty is the Hawking temperature and the + sign cor-
responds to bosonic or fermionic statistics. In this work, we
analyze the greybody factor for the accelerating rotating BTZ
black hole. This case provides an opportunity to examine how
acceleration and angular momentum affect the transmission
of radiation through the black hole’s potential barrier. The
study not only deepens our understanding of Hawking radia-
tion in lower dimensions but also offers insight into the role of
additional geometric parameters in shaping black hole ther-
modynamics [9, 14].

The paper is organised as follows: In Sect. 2, we introduce
the metric for the accelerating and rotating BTZ. In Sect. 3,
we derive analytical expression for effective potential and
its graphical exploration. Finally in Sect. 4, computation of
greybody factor is presented as a solution of Klein—Gorden
equation in low-frequency limit. We conclude with some dis-
cussions at the end.

2 Metric of accelerating rotating BTZ

We consider a (2 + 1)-dimensional accelerating and rotat-
ing BTZ-like spacetime described by the conformally related
metric

1

2 _ —
ds® = gwdx“dx” = m

2
a2 2 r 2 ¢ 2
x| = Ny di? + gy e+ NG di) |
(2
where the conformal factor
Q(p,r) =1+ arcoseo 3)

encodes the effect of acceleration through the parameter «.
In the limit « — 0, the conformal factor reduces to unity
and the metric smoothly recovers the standard rotating BTZ
spacetime. The lapse function N (r) and the angular shift
N?(r) are given by
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N =M+ =+ —, 4
(r) +at s )
J
NP(r) = ——, 5
(N =-75 5)

where M and J denote the mass and angular momentum of
the black hole, respectively, and £ is the AdS length scale
related to the cosmological constant by A = —1/¢2. The
horizon structure of the spacetime is determined by the real
positive roots of N 2(r) = 0.

To investigate the dynamics of a massive scalar field
@ propagating in this background, we consider the Klein—
Gordon equation

(Dg _ uz) ® =0, (6)

where p is the mass of the scalar field and [1, denotes the
covariant d’ Alembertian operator associated with the metric
&~ Explicitly, the Klein—Gordon operator can be written as

1
Dd=—3, (/=g " 3,®) — u>. (7
\/_—g n ( v )
Since the spacetime metric g, is conformally related to an
ADM-type metric h, via

8uv = 972}1#”’ (8)

the inverse metric and the determinant transform according
to

gt =@, g =k, ©)
where the power of the conformal factor arises from the
(2 4+ 1)-dimensional nature of the spacetime. Substituting
these relations into Eq. (7), the Klein—Gordon operator can

be expressed entirely in terms of the conformally related met-
ric hy, as

93
—0
/—hn M

This form explicitly demonstrates how the conformal factor
Q (¢, r) modifies the scalar field dynamics and shows that
the effect of acceleration enters the Klein—Gordon equation
solely through the conformal structure of the spacetime.
Expanding the derivative gives the explicit form

D = (Q—K/—h h‘“’avd>> — 1. (10)

\/%aﬂ(sz—lx/—_hwa@)

= Q*h"vMa, e — n @, Ha, =0, (1D
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where V" is the covariant derivative with respect to /1, .
This form shows two new features compared with the Q=1
case, One of the case is an overall conformal rescaling of the
kinetic operator by factor Q2. Second case is first-derivative
terms proportional to gradients of 2~ !(¢, r) which depend
on ¢ and thus spoil naive separability. The metric is 27—
periodic in ¢ we expand the field in angular modes as

Ot,r, ) = e Y Y (r) e (12)

meZ

Substituting (12) into (7) and projecting onto the ¢!? Fourier
component (multiply by e~"% and integrate ¢ < [0, 27])
yields an infinite coupled system of radial ordinary differen-
tial equations for {1, (r)}

D Lum(r; @) Y (r) =0,

meZ

nez, (13)

where the radial differential operator matrix elements are

1 2 . 93
Enm("; Cl)) = EA e ing { ,__h BM

% (Q—lmhuvau(ein1¢e—iwt)> _ M2eim¢e—iwt} dé.
(14)

All ¢-dependence is contained in explicit factors of (¢, r)
and its derivatives; evaluating the integral produces coupling
coefficients between modes m and n (in particular m <
m =+ 1 couplings arise because cos ¢ appears in 2). After
carrying out the 7, ¢ derivatives acting on the exponentials
and performing the ¢-projection one may cast (13) in the
schematic form

2
3 [ A S0 1 By O Gy ) )] = 0,
meZ. dr dr

15)

where the coefficient matrices A, B, C are explicit functions
of r built from N2(r), N®(r) and the Fourier components of
Q~!, @73 and their r-derivatives. In particular C,,,, contains
terms proportional to (v + mN? () (w + nN?(r)) appro-
priately weighted by Fourier overlaps, where N?(r) is the
m-averaged frame dragging. The coupling coefficients are
given by Fourier integrals of the form as

o—ike

1 21
Fi = — —d¢, kel 16
k(r) 2 /0 14+ arcos¢ ¢ € (16)

These coefficients determine how mode m couples to mode n
with k = n — m. The integral (16) can be evaluated in closed
form by contour integration and will have the form

1 1-/1-82
1 —p2 B

k]
Fi(r) = ) , B=ar 17

which shows exponential decay of coupling strength with
|k| when |B] < 1 and oscillatory/growing behaviour when

1Bl > 1.
3 Effective potential for the accelerating rotating BTZ
black hole

For the full conformal metric (2) with the Klein—Gordon
equation for a mode

Dt r, @) = e e R(), (18)
cannot be separated exactly because 2 depends on ¢, which
couples different azimuthal Fourier modes. A common sim-

plification is to project the full equation onto a single mode
m by averaging over ¢, i.e.

1 2
(X(r,®))g = Z/o X(r,¢)do, (19)

which removes the explicit ¢-dependence in coefficients
while keeping the full r-dependence. This produces a sin-
gle radial equation for R(r)

R"(r) 4+ P(r)R'(r) + Q(r)R(r) =0, (20)
where P(r) and Q(r) are the ¢-averaged coefficients

obtained from the full Klein—-Gordon operator. The
Schrodinger-like form is obtained by defining

1 o
Yy =e 2] PO RE), 2D
which eliminates the first derivative term, yielding

Y (r) + [ (r) = Ver () ]9 (r) = 0, (22)

where in this approximation wef () = @ + m(N "’(r))¢ and
the effective potential is

1 1
Vet (r) = =0(r) + EP/(r) + ZP(r)2' (23)

This potential is not exact for the accelerating rotating
BTZ black hole; it neglects couplings between different m
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Fig. 1 The plot shows Vg () for sample parameters M = 1.0, J =
0.5, =5.0,a = 0.05, u = 0.1, m = 0, using the azimuthal-average
approximation

modes induced by (¢, r). It is, however, a useful tool for
visualizing the main radial barrier structure.

The behavior of the effective potential Vegr (7) is illustrated
in Fig. 1 for representative values of the black hole parame-
ters. A pronounced divergence appears in the vicinity of the
event horizon, indicating the formation of a strong potential
barrier generated by the combined effects of black hole rota-
tion and acceleration. This barrier partially reflects the out-
going scalar modes and allows only a fraction of the Hawk-
ing radiation to reach asymptotic infinity, thereby playing a
decisive role in determining the greybody factor through the
associated transmission and reflection coefficients. At large
radial distances, the effective potential gradually decays to
zero, which is consistent with the asymptotically AdS struc-
ture of the spacetime and permits free propagation of scalar
waves in the far-field region.

4 Solution of the radial Klein—-Gordon equation and the
low-frequency greybody factor

We work in the azimuthal-diagonal (single-mode) azimuthal-
average approximation described earlier, where the Klein-
Gorden radial equation is written in Schrodinger-like form

d*y
dr?

*

+ [(w +mN?(r))* — Veff(r)] ¥ =0, 24

with r,. the tortoise coordinate defined by dr,. /dr = 1/N?(r)
and the effective potential Ve (r) is given in the previous
section. We denote the horizon radius by r, (the largest root
of N2(r) = 0), the surface gravity by k = %Nz’(rh), and
the horizon angular velocity by

" J
Qu=—-N"(p) = —.
2ry

@ Springer

Near the event horizon r — rj, we expand

N%(r) ~ 2c(r —rp), N®(r)~ N®(r) = —Qu.

The tortoise coordinate behaves as ry >~ iK In(r —ry), so the
dominant near-horizon equation (24) reduces to

d*y

20 ~
d—r%—i-(w—mQH) 1,0_0.

The general near-horizon solution is therefore
YNH(%) = Ain e~ H@=mQ)r + Aout eTH@=mS)rs

Imposing the physical ingoing boundary condition (regular
on the future horizon) sets Ay = 0, hence

UNH(P) 2 Ajy (r — ry) ~H@OTmR0)/ Q) (25)

For far-region solution r >> rj; (and in particular for r >
£+/M but still r < 1/w in the matching region) the AdS
asymptotics dominate and the effective potential grows as

2

A,
Vetr (r) ~ £—2r with

/ 5
A= M2£2+Z.

Thus the far-region radial equation admits power-law solu-
tions of the form

Yrar (r) = C1 r* +C2V_A,

where C » are integration constants. The r~* mode is the
normalizable/decaying branch at spatial infinity in AdS and
therefore corresponds to outgoing flux at infinity for scatter-
ing computations.

For matching in the overlap region r, < r < 1/w we
may approximate (r — ) = r and expand the near-horizon
solution (25) as a power of r:

: w—mS
YNH(P) = Ainr ™', e = TH < 1.

‘We match this to the far solution
Ainr 7 > Crt + Cor ™,

in the sense of asymptotic expansions in the small parameter
¢ and small frequency. The matching procedure yields that
the decaying coefficient C; is proportional to Aj, times a
positive power of (w — mQy)

Cr x Aip (0 —mQp)".
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Fig. 2 The plot illustrates the scaling for sample parameters M = 1.0,
J=05¢=50,04a=0.05px=01m=0

A straightforward power-counting gives the low-frequency
scaling of the transmitted amplitude; squaring the amplitude
gives the greybody factor scaling.

The greybody factor (transmission coefficient) is the ratio
of outgoing flux at infinity to ingoing flux at the horizon

Fso const X |C2|2

['w) = = .
Fror (w_mQH)|Ain|2

Using the matched-scaling |C>|? o |Ain |2 (0 — mQpy)** we
obtain the characteristic low-frequency power-law behaviour

Mw) « (0—mQ2y)* ™" (v <« 1/¢, diagonal approx.),
(26)

where A = /u2€2 + 5/4. we observe the following points,
for the non-rotating case (J = 0 so Qy = 0) this reduces
to the familiar scaling I' o w?~!. When w > mQp the
horizon flux is positive and I'(w) > 0; when w < mQpy the
horizon flux changes sign and the scattering is superradiant:
the reflected flux at infinity can be larger than the incident
flux.

For v > mQp the greybody factor rises as a power law
with exponent 24 — 1. At w = mQp the curve starts from
zero, consistent with the ingoing flux boundary condition. For
o < mQ g the superradiant regime occurs, where the trans-
mission coefficient can formally exceed unity. The vertical
dashed line marks @ = mQp, separating the superradiant
and non-superradiant regimes.

Figure 2 depicts the frequency dependence of the grey-
body factor I'(w) for scalar wave propagation in an accel-
erating and rotating BTZ black hole background, evaluated
for representative values of the system parameters. The grey-
body factor vanishes at the threshold frequency w = mQpg,
marked by the vertical dashed line, reflecting the absence of
wave transmission below this critical value due to the com-
bined effects of rotation and acceleration. As the frequency

increases beyond the threshold, I'(w) rises monotonically,
indicating an enhanced transmission probability of scalar
modes through the effective potential barrier. This behavior
demonstrates that higher-frequency modes are less affected
by the barrier structure and can escape more efficiently to
infinity. The observed scaling of the greybody factor high-
lights the role of acceleration and rotation in modulating
the spectral distribution of Hawking radiation emitted by the
accelerating rotating BTZ black hole.

5 Conclusion

In this work, we have analyzed the greybody factor of an
accelerating and rotating BTZ black hole by employing an
azimuthal-average approximation to overcome the difficul-
ties arising from the nonseparability of the Klein—Gordon
equation. By deriving the corresponding effective potential
and solving the radial equation in the low-frequency regime,
we obtained an analytical expression for the greybody factor,

T(w) « (0 —mQ)? 1,

which explicitly encodes the influence of black hole accelera-
tion, rotation, and the AdS length scale. This scaling behavior
reveals key physical features, including the onset of super-
radiance for @ < mQpy and the stability of scalar pertur-
bations in the non-superradiant regime, thereby providing
deeper insight into radiation propagation in curved lower-
dimensional spacetimes.

The behavior of the effective potential Vg (r) is illustrated
in Fig. 1 for representative values of the black hole parame-
ters. A pronounced divergence is observed in the vicinity of
the event horizon, signaling the formation of a strong poten-
tial barrier generated by the combined effects of black hole
rotation and acceleration. This barrier partially reflects the
outgoing scalar modes, allowing only a fraction of the Hawk-
ing radiation to reach asymptotic infinity. Consequently, the
effective potential plays a decisive role in determining the
greybody factor through the associated transmission and
reflection coefficients. At large radial distances, Veg(r) grad-
ually decays to zero, consistent with the asymptotically AdS
structure of the spacetime, which permits free propagation
of scalar waves in the far-field region.

Figure 2 depicts the frequency dependence of the grey-
body factor I'(w) for scalar wave propagation in an accel-
erating and rotating BTZ black hole background, evaluated
for representative values of the system parameters. The grey-
body factor vanishes at the threshold frequency w = mQpy,
indicated by the vertical dashed line, reflecting the absence of
wave transmission below this critical value due to the com-
bined influence of rotation and acceleration. For frequen-
cies exceeding the threshold, I' (w) increases monotonically,
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demonstrating an enhanced transmission probability of scalar
modes through the effective potential barrier. This behavior
indicates that higher-frequency modes are less sensitive to the
barrier structure and can escape more efficiently to infinity.
Overall, the observed scaling of the greybody factor high-
lights the crucial role played by acceleration and rotation in
shaping the spectral distribution of Hawking radiation emit-
ted by accelerating rotating BTZ black holes.

Our results bridge semiclassical predictions with observ-
able spectral characteristics and underscore the importance
of geometric parameters in black hole thermodynamics.
Future studies could extend the present analysis to include
full mode coupling, higher-frequency regimes, or fermionic
fields, which would allow for a refinement of numerical pref-
actors and provide further insight into broader theoretical and
astrophysical implications.
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