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ABSTRACT Quantum neural networks (QNNs) are gaining attention as versatile models for quantum
machine learning, but training them effectively remains a challenge. Most existing approaches, such as
quantum multilayer perceptrons, use fidelity-based cost functions. While well-suited for pure states, these
measures are less reliable when inputs and outputs are mixed states—a situation common in learning
quantum channels. In this work, we introduce a training framework built on a relative entropy-inspired
cost function. By quantifying the directional divergence between learned and target states, relative entropy
provides a more informative and principled measure than linear fidelity, naturally capturing both spectral
and eigenvector differences in mixed states. This approach preserves the completely positive structure of
the network, supports efficient backpropagation in layered QNN configurations, and achieves improved
accuracy and convergence over fidelity-based training. These results highlight entropy-based optimization
as a promising path toward scalable, robust, and noise-resilient quantum learning.

INDEX TERMS Decoherence noise, quantum channel, quantum mixed state learning, quantum neural
networks (QNNs), quantum relative entropy.

NOMENCLATURE
Notations: The notations used in this work are given in

Nomenclature.
Symbol Description
σ in
x Input state to the QNN for sample index x.
σ out
x Predicted QNN output state for sample index x.
σ lx Intermediate state at layer l for sample index x.
ρx Target state corresponding to the desired output.
Wl
p Unitary to the pth perceptron in the lth layer.

V l
p Parameter matrix used to updateWl

p.
kl Number of perceptrons coupling layer in (l − 1)

to layer l.
Tr(.) Trace of a matrix.
T l Forward positive transition map at layer l.
Gl Adjoint completely positive (CP) map at layer l.
Bl Backward-propagated operator at the lth layer.
Hx Density-like operator appearing in the adjoint gra-

dient channel for sample x.
Dlx Intermediate forward-propagated state appearing

in the construction of Bl .
Qlx Contribution of layer l to the overall gradient sig-

nal for sample index x.
Sx Relative entropy (loss) between the predicted and

target states for sample x.

x Index of the training data, x ∈ {1, . . . ,N}.
δ Learning step size used for unitary updates.
t Iteration step in the training procedure.

I. INTRODUCTION
Quantum machine learning (QML) combines quantum com-
puting with machine learning to address complex problems
more efficiently than classical methods, utilizing phenomena
like superposition and entanglement. Various QML models
have been developed, such as Born quantum circuit ma-
chine, quantum generative adversarial network, and Boltz-
mann quantum machine [1], [2], [3], each leveraging quan-
tum computing in unique ways for tasks like generative mod-
eling and adversarial training.
Quantum neural networks (QNNs) leverage quantum prin-

ciples to enhance computational capabilities, inspired by
classical CNNs [4]. Early adaptations include parameterized
quantum circuits and quantum single-layer perceptrons [5],
[6], which paved the way for configurations like QDCNNs
and QCNNs [7], [8]. Pure quantum models face scalability
challenges due to quantum random-access memory (QRAM)
requirements and costly procedures like quantum phase es-
timation [9]. Hybrid quantum-classical approaches address

© 2025 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see http://creativecommons.org/licenses/by/4.0/

VOLUME 7, 2026 3100414

https://orcid.org/0000-0002-7431-2213
https://orcid.org/0000-0002-0431-0722
mailto:amitkdutta@yahoo.co.in


Engineeringuantum
Transactions onIEEE

Mondal and Dutta: RELATIVE ENTROPY-BASED TRAINING OF QUANTUM NEURAL NETWORKS

these limitations. Henderson et al. [10] introduced Quan-
volutional layers, embedding quantum circuits into classi-
cal CNNs, while Kerenidis et al. [11] implemented quan-
tum convolution using linear algebra routines with QRAM.
Over-parameterization and effective dimension studies in-
dicate strong training capacity and generalization [12],
[13], and QNNs remain robust under noisy intermediate-
scale quantum (NISQ) noise [14]. Even without hardware
noise, challenges like barren plateaus and local minima per-
sist [15], [16], motivating quantum analogues of classical
components—perceptrons, configurations, optimizers, and
loss functions [17], [18]. Classical-inspired initialization in
VQAs helps mitigate barren plateaus [19], yet defining the
optimal “quantum perceptron” remains open [20]. Quan-
tum perceptrons, developed in both gate-model and adia-
batic quantum computing frameworks, have given us im-
portant insights into the capabilities and implementations of
QNNs [21].
Motivated by these advances, researchers have explored

using QNNs to learn entire quantum channels, capturing
not only unitary dynamics but also the effects of noise and
decoherence. Building on this idea, Beer et al. [22] pro-
posed fully quantum deep neural networks capable of uni-
versal quantum computation, laying the groundwork for such
channel-learning applications. These quantum perceptrons
are trained using the adjoint-channel (adjoint differentiation)
method, which computes gradients through a forward pass
to store intermediate states followed by a backward pass that
applies the adjoint of each layer, in contrast to the parameter-
shift rule [23], which requires repeated circuit evaluations
for each parameter. The algorithm is a quantum analog of
classical multilayer perceptrons (MLPs), structuring quan-
tum perceptrons as unitary operators organized into layers
and interconnected via layerwise qubits, which are discarded
layer by layer after interactions. Moreover, the perceptron
unitaries are initialized randomly, and the network archi-
tecture is constructed such that the overall training process
remains efficient, depending only on the width of individual
layers rather than on the total network depth. This structural
property helps to avoid the exponential scaling associated
with the underlying Hilbert space, thereby making gradient-
based optimization practically realizable. When trained with
a fidelity-based loss function, the proposed QNN preserves
the universal approximation capability analogous to that of
classical MLPs. A similar QNN architecture has also been
implemented on a superconducting processor [24], demon-
strating its experimental feasibility. Furthermore, the quan-
tum information bottleneck (QIB) framework introduced by
Çatlıand Wiebe [25] provided an information-theoretic per-
spective on QNN training. In QIB, the learning objective is
formulated to maximize the relevant information captured
by the network while compressing irrelevant components
of the input quantum states. This approach formalizes the
trade-off between accuracy and information compression in
QNNs and has inspired subsequent frameworks for struc-
tured, resource-efficient training of quantum networks.

However, when the input and output states are mixed
states, the QNNmust be trained directly on such mixed-state
training pairs. This situation is not merely a theoretical
possibility but arises naturally in practical QML tasks,
particularly when the objective is to learn an entire quantum
channel rather than just a unitary transformation, as also
discussed in [22]. In realistic scenarios, quantum channels
are rarely noise-free; they typically model open-system
dynamics where interaction with the environment introduces
decoherence and dissipation [26]. As a consequence, both
the input and output states of the channel are described by
density matrices rather than pure states [27]. Learning such
channels is therefore a fundamentally mixed-state problem.
Training with mixed states, however, introduces unique
challenges. A central difficulty lies in the choice of the
cost function. Fidelity-based measures are highly effective
in pure-state settings because the overlap between states
provides a clear operational meaning and a straightforward
optimization landscape. Yet, in mixed-state contexts, fidelity
behaves differently [28]: two mixed states can exhibit high
fidelity even when their underlying distributions of eigenval-
ues differ substantially, and conversely, small perturbations
due to noise may significantly alter the fidelity value. This
makes it less straightforward to apply as a training metric for
QNNs intended to model noisy or open-system dynamics. To
overcome these limitations, our proposed work introduces
a training algorithm that optimizes a relative-entropy-based
cost function [29]. Entropic quantities are particularly
well-suited for mixed-state scenarios because they capture
not only the overlap of states but also their informational
distinguishability. Relative entropy, in particular, quantifies
how well one density matrix approximates another and has
a direct operational interpretation in terms of hypothesis
testing. Moreover, entropy-based measures remain robust in
the presence of noise and randomness, which are inherent
to mixed-state quantum data [30]. This makes them a
natural and principled choice for channel learning tasks. It is
worth emphasizing that our algorithm does not rely on any
special assumptions about the structure of the mixed states
themselves. Instead, it adapts the QNN architecture so that
the entropy-based cost can be efficiently evaluated during
both feed-forward and backpropagation stages. In this way,
the framework remains fully general while extending the
reach of QNN training to mixed state training pairs. Such
developments mark an important step toward realizing the
full potential of QML, as they provide the tools to handle
the complexities of quantum channels.
Contributions: Given the above context, the main

contributions of this work are outlined below.

1) Relative-entropy cost formulation for mixed-state
QNNs:We propose a training objective based on quan-
tum relative entropy, designed for mixed-state train-
ing pairs in QNNs [22]. Unlike fidelity-based met-
rics, which primarily measure state overlap and may
lose sensitivity under noise and decoherence, this cost
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function captures the divergence between the learned
and target states, providing a more informative way to
guide training for realistic mixed-state QNNs.

2) Entropy-aware backpropagation under CP-map con-
straints:We develop a modified adjoint-channel back-
propagation framework that incorporates the relative-
entropy cost function while enforcing complete pos-
itivity of the QNN layers. The gradient update rule is
equipped with a controlled step-size schedule adapted
to the sharper sensitivity of entropy-based training,
resulting in stable and smooth convergence dynamics.

3) Systematic architecture evaluation with CI-based gen-
eralization: We conduct a systematic comparison
across a family of shallow and moderately deep QNN
configurations and find that width-enhanced shallow
models achieve superior convergence efficiency, con-
sistent with recent observations in quantum neural de-
sign principles. Generalization capability is quantified
using statistically rigorous 95% confidence intervals
(CIs) derived from k-fold cross-validation across mul-
tiple independent channel realizations, ensuring repro-
ducibility and robustness of the reported trends.

4) Noise-resilient optimization validated under depo-
larizing channels: Beyond idealized training condi-
tions, we empirically demonstrate that the entropy-
based optimization retains convergence stability even
when input states are perturbed by CPTP depolariz-
ing noise maps. The observed controlled degradation
under increasing noise strength confirms that the pro-
posed QNN framework is inherently compatible with
NISQ-era decoherence profiles, without requiring any
modification to the learning rule.

The rest of this article is organized as follows. Section I
introduces the motivation behind mixed-state QNN training
and highlights the limitations of fidelity-based objectives.
Section II presents the proposed relative-entropy–based
QNN training framework, detailing the architecture, cost for-
mulation, adjoint backpropagation under completely positive
trace preserving (CPTP) constraints, comparison with the
QIB approach, and postprocessing with complexity analysis.
Section III reports the simulation setup and results across
different QNN configurations, including cross-validation
performance, CI-based generalization analysis, and robust-
ness under depolarizing noise. Finally, Section IV sum-
marizes the key contributions and outlines future research
directions.

II. PROPOSED METHODOLOGY
We now describe the background of the existing QNN
method and its corresponding cost function followed by our
proposed one.

A. EXISTING QNN ARCHITECTURE
A QNN operates on a set of training inputs

{
σ in
x

}
and

produces the corresponding output states {σ out
x }, which in

FIGURE 1. Diagram of the QNN architecture.

general may be mixed due to entanglement with ancillary
subsystems and the partial trace over intermediate layers. The
evolution of the QNN is described as a composition of CP
transition maps T l , each representing the action of a single
layer on the quantum state. Accordingly, the overall network
transformation for a given input σ in

x is written as

σ out
x = T out

(
T k
(
. . .
(
T 2

(
T 1

(
σ in
x

)))
. . .
))

(1)

where the CPmaps T l are applied sequentially from the input
layer to the output layer, consistent with the feedforward
QNN framework introduced in Beer et al. [22]. At the level
of an individual layer, the transformation takes the form

T l
(
σ l−1x

)
= Trl−1

⎡
⎣
⎛
⎝ kl∏
p=1

Wl
p

⎞
⎠(σ l−1x ⊗ |0 · · · 0〉〈0 · · · 0|

)

×
⎛
⎝ kl∏
p=1

Wl
p

⎞
⎠

†
⎤
⎥⎦ (2)

where Wl
p denotes the unitary associated with the pth per-

ceptron in layer l, and kl is the total number of perceptrons
coupling layer (l − 1) to layer l. Each Wl

p acts nontrivially
on the qubits of its preceding layer together with the qubit
representing the perceptron in the current layer, while op-
erating as the identity on all remaining subsystems. Each
layer therefore processes its input state together with ancillas,
applies the sequence of perceptron unitaries, and discards
the previous layer’s qubits via partial trace. Each layer thus
processes σl−1,x together with ancilla qubits initialized in
|0 · · · 0〉, applies a sequence of perceptron unitaries, and dis-
cards the qubits of the previous layer via partial trace. This
formalism provides a transparent representation of the lay-
ered architecture and highlights how mixed states arise nat-
urally within the QNN structure.Quantum perceptron forms
the building block for the QNN architecture, which consists
of L hidden layers of qubits as shown in Fig. 1.

The analogy with classical feed-forward neural networks
is clear: information propagates forward through successive
layers of perceptrons. Crucially, this architecture also admits
a natural mechanism for backpropagation. As discussed in

VOLUME 7, 2026 3100414



Engineeringuantum
Transactions onIEEE

Mondal and Dutta: RELATIVE ENTROPY-BASED TRAINING OF QUANTUM NEURAL NETWORKS

Beer et al. [22], the forward propagation is governed by the
CP maps T l on the input, while the backward propagation
during training is carried out by their corresponding adjoint
channels on a postprocessed state (depends on the predicted
and target output). This duality provides a genuine quantum
analogue of classical backpropagation, with the advantage
that optimization can be performed layer by layer without
requiring access to the full global unitary of the network.
To train a QNN, a cost function is required to quantify how

closely the output matches the desired target. For pure input
and target states, Beer et al. [22] used a fidelity-based cost
function

Cf id = 1

N

∑
x

〈ψout|σ out|ψout〉 (3)

which parallels classical risk functions and is suitable for
learning tasks where both input and target remain pure, such
as unknown unitary operations. When the input σ in or target
ρ is mixed, for instance due to noise or open-system dynam-
ics, the appropriate figure of merit is the Uhlmann fidelity

F
(
ρ, σ out) = (Tr(√√ρ σ out√ρ

))2

. (4)

While (4) reduces to the pure-state overlap in the limit of
pure states, it remains valid in the presence of mixedness and
decoherence. Notably, existing QNN training approach [22]
based on analytic gradients were derived using (3) and do
not directly optimize this more general mixed-state cost,
highlighting the need for a training objective that properly
accounts for mixed-state dynamics.

B. PROPOSED QNN COST FUNCTION
Building on the discussion of mixed-state fidelity, a natural
next step is to develop a training objective that is inherently
suited for mixed-state scenarios. To this end, we propose
a cost function based on quantum relative entropy, which
provides a principled measure of divergence between the
target state and the QNN output. Unlike fidelity in (3), which
may lose sensitivity in noisy or decohered states, the relative-
entropy objective is well-suited for learning with mixed-state
pairs and extends the applicability of QNN training to more
general, realistic quantum channels.
Assume that there are N training states, indexed by x,

where x ∈ [1, . . . ,N]. The average relative entropy-based
cost function evaluates the difference between the predicted
output state (σ out

x ) and the corresponding target state (ρx)
for the xth training instance. This cost function provides an
overall measure of theQNN’s performance across all training
states and is defined as

C = 1

N

N∑
x=1

S
(
ρx‖σ out

x

)
(5)

where S(ρx‖σ out
x ) represents the relative entropy [29] be-

tween the target state ρx and the predicted output state σ out
x

for the xth training state, with the quantum relative entropy
defined as

S
(
ρx‖σ out

x

) = Tr
(
ρx ln ρx − ρx ln σ out

x

)
. (6)

The primary objective of this framework is tominimize the
quantum relative entropy S(ρx‖σ out

x ) between the predicted
state σ out

x and the target state ρx, as it quantifies their statis-
tical distinguishability and drives the QNN training process.
In this framework, we describe the minimization of the

relative entropy cost function through layer-wise optimiza-
tion of the perceptron parameters V l

p(t ), which update the
perceptron unitariesWl

p(t ) in the QNN. The overall training
procedure is summarized in Algorithm 1. For each infinites-
imal time increment t ← t + δ, the objective is to minimize
the cost function C(t ), explicitly dependent on the time evo-
lution parameter t. The derivative of the relative entropy cost
function is expressed as

dC(t )

dt
= − 1

N

N∑
x=1

Tr

[
ρx(σ

out
x (t ))−1

dσx(t )

dt

]

= − 1

N

N∑
x=1

Tr

[
Hx
dσx(t )

dt

]
(7)

where Hx = ρx(σ out
x (t ))−1. This derivative quantifies how

infinitesimal changes in the QNN unitaries influence the
relative entropy cost, forming the basis for gradient-based
parameter updates.
Training begins at t = 0, with all perceptron unitaries

Wl
p(0) randomly initialized. For each training pair (σ in

x , ρx),
the input state σ in

x is propagated through the network follow-
ing the CP transition in (1), yielding the predicted output
σ out
x . At each layer, the perceptron unitaries act jointly on

qubits from the preceding layer and on ancillary qubits ini-
tialized in the computational basis state |0〉. These ancillary
qubits serve as auxiliary computational nodes that enhance
the representational capacity of the network, enabling each
perceptron to realize more general quantum transformations.
The joint action of the perceptron unitary on its associated
qubits and ancillas produces an intermediate mixed state,
which is partially traced over the ancillas to yield the ef-
fective layer output. After each forward pass, the perceptron
unitaries are updated according to

Wl
p(t + δ) = eiδV

l
p(t )Wl

p(t ) (8)

thereby preserving unitarity and physical consistency.
Proposition 1: The analytical gradient of the cost func-

tion is evaluated as

dC(t )

dt
= − i

N

N∑
x=1

out∑
l=1

kl∑
p=1

Tr
(
Qlp(t )V

l
p(t )

)
(9)
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where Qlp(t ) captures the contribution of the pth perceptron
in the lth layer to the overall gradient, and is defined as

Qlp =
⎡
⎣ 1∏
m=p

W l
m(D

l−1,l )
p∏

m=1
Wl
m
†
,

kl∏
m=p+1

Wl
m
† (

Il ⊗ Bl
) p+1∏
m=kl

W l
m

⎤
⎦ (10)

with the forward-propagated and backward-propagated op-
erators given by

Dl−1,lx = Dl−1x ⊗ |0 · · · 0〉〈0 · · · 0|l
Dl−1x =

(
T l−1

(
. . .
(
T 2

(
T 1

(
σ in
x

)))
. . .
))

(11)

and

Bl = Gl+1 · · · (Gout(Hx) · · ·
)

(12)

where Gl =∑i M
†
i XMi is the adjoint CP channel corre-

sponding to the forward map T l (X ) =∑i MiXM
†
i .

Proof: The gradient is obtained by considering a pertur-
bative evolution over a small increment δ, which gives the
output state

σ out
x (t + δ) = Trin, hidden

[( 1∏
l=out

1∏
p=kl

eiδV
l
p(t )Wl

p(t )

)

×
(
σ in‘
x ⊗ |0 · · · 0〉〈0 · · · 0|hidden,out

)

×
( out∏
l=1

kl∏
p=1

Wl†
p (t )e−iδV

l
p(t )
)]
. (13)

From this first-order approximation, the analytic gradient in
equation (9) is derived. The full step-by-step derivation is
provided in Appendix A. The backpropagation procedure is
carried out using the adjoint channels of each layer: while the
forward channels propagate the input density operators σ in

x ,
the adjoint channels use the densitymatrixHx backward from
the output layer to the input. This is also depicted through
Fig. 2.

To reach the minimum of the cost function with respect
to the parameters faster, we formulate a gradient-based op-
timization by minimizing dC(t )

dt . Since this function is lin-
ear in V l

p(t ), its extrema lie at ±∞. To obtain a finite and
physically meaningful solution, we introduce a Lagrange
multiplier λ ∈ R, which constrains the parameterization of
V l
p(t ). Accordingly, eachV

l
p(t ) is expanded in a fixed operator

basis (e.g., the Pauli basis), and the constrained minimization
problem can be expressed as

min
V lp,α1,...,β

(
dC(t )

dt
+ λ

∑
αi,β

(
V l
p,α1,...,β

(t )
)2 )

where V l
p(t ) =

∑
α1,α2,...,αmk−1,β

V l
p,α1,...,αmk−1,β

(t )

FIGURE 2. Illustration of the components of the parameter matrix in
equation (15) for the pth perceptron in the lth layer.

(
	α1 ⊗ · · · ⊗	αmk−1 ⊗	β) (14)

where the indices αi of the basis coefficients V l
p,α1,...,β

(t )
label the qubits from the previous layer, while β refers to
the qubit in the current layer k. �
Proposition 2: The parameter matrix corresponding to the

lth layer and pth perceptron, denoted by V l
p, is derived as

V l
p =

i 2kl−1

2Nλ

∑
x

Trrest
(
Qlp(t )

)
(15)

where Trrest denotes the partial trace over the complement of
{α1, . . . , β}.
Proof: This expression is obtained by analytically differ-

entiating the optimization objective in equation (14) with
respect to V l

p,α1,...,β
. The complete derivation is provided in

Appendix B. �
With this formulation, the perceptrons for each layer are

updated by tracing out the preceding layers and computing
the corresponding commutation difference as defined in (10)
and (15). The above propositions formalize the two com-
plementary directions through which information propagates
in the QNN. Proposition 1 ensures that each layer imple-
ments a well-defined CP evolution, so the intermediate states
D0
x,D

1
x, . . . ,D

out
x represent a physically valid forward com-

putation. Conversely, Proposition 1 shows that the sensitiv-
ity of the cost with respect to variations of the perceptron
matrices is transported backward through the network via
the adjoint maps Gl , which play a role directly analogous
to error backpropagation in classical neural networks. Thus,
the forward-propagated density operators describe how in-
put information flows through the architecture, while the
backward-propagated adjoint operators capture how output
deviations influence earlier layers. Together, these results
yield the closed-form gradient expression of equation (9),
enabling efficient analytical computation of the updates to
the parameter matrices V l

p(t ). Overall, the proposed QNN
algorithm performs gradient updates through a combination
of quantum feedforward propagation and adjoint channel
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Algorithm 1: Relative-Entropy-Based QNN Training.

Require: Training pairs {(σ in
x , ρx)}, initial perceptrons

Wl
p(0), step size δ.

1: t ← 0.
2: while stopping criterion not met do
3: Forward pass:
4: for each sample x do
5: σ 0

x = σ in
x .

6: for each layer l = 1, . . . ,L do
7: Dl−1,l

x = σ l−1
x ⊗ |0 · · · 0〉〈0 · · · 0|l .

8: Y l
x =Wl Dl−1,l

x W l†.
9: σ l

x = Tr l−1(Y l
x ).

10: Store σ l
x .

11: end for
12: σ out

x = σ Lx .
13: end for
14: Backward seed preparation:
15: for each sample x do
16: Hx = ρx(σ out

x )−1.
17: Hx ← (Hx + H†

x )/2.
18: Threshold negative eigenvalues; normalize

Tr(Hx) = 1.
19: end for
20: Backward pass:
21: for each sample x do
22: BLx = Hx.
23: for each l = L− 1, . . . , 1 do
24: B l

x = G l+1(B l+1
x ).

25: end for
26: end for
27: Perceptron updates:
28: for each layer l = 1, . . . ,L do
29: for each perceptron p = 1, . . . , kl do
30: Compute Qlx,p for all samples using σ l−1

x

and B l
x as equation (10).

31: Aggregate {Qlx,p} across samples to obtain
Qlp.

32: Form Hermitian V l
p(t ).

33: UpdateWl
p(t + δ) = eiδV

l
p(t )Wl

p(t ).
34: end for
35: end for
36: Cost evaluation:
37: Compute Sx = S(ρx‖σ out

x ).
38: C(t ) = 1

N

∑
x Sx.

39: t ← t + δ.
40: end while
41: Output: Trained perceptronsWl

p(t ).

backpropagation, with the layer-wise information flow sum-
marized in Fig. 3.

However, for the adjoint channel to be valid, a crucial
requirement is that Hx must represent a valid density matrix,
ensuring that the outcomes can be propagated through the
adjoint channel in a physically realizable quantum domain.

FIGURE 3. Flow diagram of the proposed QNN architecture, illustrating
the layerwise forward channels T and the corresponding adjoint
channels G.

This guarantees that perceptronsWl
p are updated consistently

with the quantum state structure, allowing the QNN to han-
dle mixed-state outputs while preserving the integrity of the
relative-entropy-based cost function. However, the mathe-
matical expression ofHx does not inherently satisfy the prop-
erties of a valid density matrix (Hermiticity, positivity, and
unit trace). To enforce physical consistency, we implement a
postprocessing correction by symmetrizing Hx as

Hx ← Hx + H†
x

2
(16)

which ensures Hermiticity. Subsequently, positivity and unit
trace are enforced via eigenvalue thresholding. In this proce-
dure, the eigenvalues ofHx are projected onto the probability
simplex by setting any negative eigenvalues to zero and then
renormalizing the remaining eigenvalues so that they sum
to one [31]. This step is applied locally to the output-layer
density matrix Hx, independent of the overall QNN archi-
tecture, making it generally applicable. Although such post-
processing introduces additional computational overhead, it
significantly enhances numerical stability and ensures phys-
ically valid gradients. In contrast, fidelity-based optimiza-
tion methods—which depend only on state overlaps—do not
require this correction, but they lack the robustness of the
relative-entropy-based formulation in mixed-state training
scenarios. This iterative procedure is repeated until conver-
gence, with the average relative entropy cost function in (5)
being reevaluated and the time step incremented at each
iteration.
Note: Our framework extends ideas from the (QIB) [25]

while focusing on practical supervised quantum channel
learning. Unlike QIB, which optimizes information-theoretic
objectives involving mutual information between a reference
system and a compressed representation, our framework di-
rectly minimizes the quantum relative entropy between pre-
dicted and target states. It also provides computationally ef-
ficient and numerically stable gradients, avoids the need for
hyperparameter tuning, mitigates barren plateaus, and en-
sures physical consistency of the learned quantum channels.

3100414 VOLUME 7, 2026



Mondal and Dutta: RELATIVE ENTROPY-BASED TRAINING OF QUANTUM NEURAL NETWORKS Engineeringuantum
Transactions onIEEE

C. PROPOSED POSTPROCESSING STEPS WITH
COMPLEXITY ANALYSIS
Hx, derived from postprocessing ρx(σ out

x )−1, serves as the
basis for gradient-based optimization. The computation of
Hx = ρx(σ out

x )−1 involves inverting the output density matrix
σ out
x . Since this matrix is restricted to the output layer, its

size depends only on the number of output qubits, not the
full network width. In practice, we evaluate this inversion
directly in our simulations, which is computationally feasible
for moderate output dimensions. As an alternative, one may
exploit the Woodbury–Sherman–Morrison identity, which
updates the inverse efficiently when σ out

x changes incremen-
tally across training steps. In such cases, the cost can be
reduced from a full O(d3) inversion to O(d2 k + k3), where
d = 2nout is determined by the output qubit number and k is
the rank of the perturbation. Thus, while our implementation
uses exact inversion, the Woodbury formulation provides a
scalable option for larger output layers.
Moreover, as addressed above, to ensure that Hx con-

stitutes a physically reliable density matrix, it is neces-
sary to enforce Hermiticity, positivity, and unit-trace con-
straints through additional postprocessing steps, including
symmetrization and eigenvalue thresholding. Computation-
ally, symmetrization is inexpensive, requiring only O(d2) =
O(22n) arithmetic operations for a d × d matrix, where
d = 2n is the Hilbert-space dimension of the output layer
with n qubits. Even for larger output layers (n > 10), this step
remains practical and does not constitute a computational
bottleneck. Second, positivity and unit trace can be enforced
via eigenvalue thresholding, which projects the eigenvalues
of Hx onto the probability simplex by setting negative eigen-
values to zero and renormalizing [31]. While full eigende-
composition of a dense matrix scales as O(d3) = O(23n),
which grows with n, this encourages the consideration of
scalable alternatives that maintain the physical validity ofHx
while improving computational efficiency. These strategies
provide practical pathways to extend the method to larger
output layers without compromising the correctness of the
adjoint channel. One potential approach is the diagonal per-
turbation method described in [32], in which a diagonal ma-
trix 
 = diag(δ1, . . . , δd ) is added to the reconstructed den-
sity matrix ρout to yield a corrected matrix ρcorr = ρout +
.
This perturbation ensures strict diagonal dominance with
nonnegative diagonal entries, thereby guaranteeing ρcorr 

0. The computational cost of checking diagonal dominance
scales linearly as O(d), making it highly efficient, particu-
larly in scenarios where the off-diagonal elements of ρout are
small relative to the diagonal.Moreover, when the network
output σ out

x or the target density matrix ρx exhibits an ap-
proximate low-rank structure—where most eigenvalues are
negligible except for a few dominant ones—iterative meth-
ods, such as Lanczos [33] or Arnoldi [34], can be employed
to compute the leading k eigenpairs efficiently. The computa-
tional cost of these iterativemethods scales asO(k d2), which
is significantly lower than full diagonalization for k� d,
while still preserving accuracy.

In practice, the choice between exact and approximate
strategies depends on the system size and the desired ac-
curacy. Symmetrization is always feasible, full eigendecom-
position is practical for small n, and diagonal perturbation
or low-rank approximation approaches provide natural path-
ways to scale the method to larger output layers. While these
alternative strategies were not implemented in the present
simulations, they represent practical options for efficiently
handling high-dimensional output layers if such scenarios
arise. These proposals ensure that the adjoint channel can
be applied and maintain compatibility of the QNN archi-
tecture with hybrid quantum-classical implementations, even
when the output layer spans a moderately large Hilbert space
(d = 2n), where n is the number of qubits in the final layer.

III. RESULTS
We present simulation results for the proposed QNN archi-
tecture. The main objective is to evaluate its ability to learn
unknown quantum channels that may correspond to either
unitary transformations or more general CPTP maps, fol-
lowing the framework of Beer et al. [22]. Our simulations
extend this task to mixed states using a relative entropy cost
function, which represents realistic quantum conditions in-
volving decoherence and statistical mixtures. Training on
mixed-state data allows evaluation of the QNN’s robustness
and generalization capability in approximating an unknown
quantum channel under practical noisy environments.
In each experiment, a single target quantum channel T is

fixed, from which multiple datasets are generated. Random
mixed quantum states Xi are constructed as convex combina-
tions of k randomly generated pure states |φ j〉

σ ini =
1

Tr(X̃i)

k∑
j=1

w j|φ j〉〈φ j|, w j ∼ U[0, 1] (17)

where U[0, 1] denotes a continuous uniform distribution on
[0, 1], and X̃i =

∑p
j=1 w j|φ j〉〈φ j| ensures normalization.

Each input state Xi is then propagated through the target
channel to produce the output

ρx = T (σ in
x ) (18)

forming a training pair (σ in
x , ρx). Repeating this process N

times yields the complete dataset for the given channel.
The QNN is trained to approximate T using two cost for-

mulations, one based on the existing fidelity loss [22] and the
other on the proposed relative entropy loss. Within each ex-
periment, k-fold cross-validation is used to monitor stability,
tune hyperparameters, and obtain reliable performance esti-
mates. A separate unseen test set is used to evaluate general-
ization on new input states. The entire procedure is repeated
for several randomly generated channels, and performance
metrics, such as training and test fidelities, relative entropy
costs, and CIs are averaged across folds and experiments.
This ensures that the reported results capture consistent QNN
learning behavior across diverse channel realizations rather
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than being specific to a single instance. Despite the limi-
tations of classical simulation, the results show consistent
convergence of all performance metrics, validating both the
training algorithm and the proposed QNN architecture. The
relative entropy–based cost provides improved stability and
generalization compared with the fidelity-based baseline.

A. TRAINING PARAMETERS
The simulation parameters are summarized as follows. Mul-
tiple QNN configurations were tested to study scalabil-
ity and expressive capacity, including baseline architectures
[2,3,3,2] and [3,4,3] from Beer et al. [22], as well as deeper
variants, such as [2,3,4,3,2] and [3,4,4,3]. Each configuration
specifies the number of qubits in the input, hidden, and output
layers, where the first and last entries correspond to the input
and output qubits. For each randomly generated quantum
channel, N = 100 input–output state pairs are generated as
described in (17) and (18). The dataset is divided into training
and test sets with a training ratio of 0.4, leaving 60% of the
states as unseen samples for evaluating generalization.
Each experiment is repeated Nexp = 10 times to cap-

ture variability across different random channel realizations.
Within each experiment, k = 4–fold cross-validation is used.
Training proceeds for Tmax rounds, and performance metrics
are recorded every ten rounds to analyze convergence. In our
implementation, λ = 3 and the step size is fixed at δ = 0.06,
chosen to ensure stable convergence, especially for the rela-
tive entropy cost, which may exhibit sharper gradients. The
iteration variable t increases by δ at each round (for example,
t = 0.6 after ten rounds and t = 6 after 100 rounds). These
parameters are used consistently in both the fidelity-based
and the relative-entropy–based training for fair comparison.
All simulations are performed using the QuTiP pack-

age [35], which ensures that all quantum operations, unitary
evolutions, density matrices, and cost evaluations strictly fol-
low quantum mechanical postulates. Statistical reliability is
quantified across all� independent experiments. For a given
metric value x(κ )ξ,ν at training step ν in fold κ of experiment ξ ,
the mean and standard deviation are computed as

x̄ν = 1

�

�∑
ξ=1

1

K

K∑
κ=1

x(κ )ξ,ν (19)

sν =

√√√√√ 1

�− 1

∑�

ξ=1

(
1

K

K∑
κ=1

x(κ )ξ,ν − x̄ν
)2

. (20)

The 95% CI at step ν is

Ciν = tcrit, �−1 · sν√
�

(21)

where tcrit, �−1 is the Student’s t-critical value for confidence
level 1− α. These CIs provide a statistically grounded esti-
mate of uncertainty in the mean metric, reflecting both ran-
dom initialization and variability across folds and channel
realizations. Plotting the mean with its CI offers a rigorous

visualization of the QNN performance and expected fluctua-
tions across independent runs.

B. RESULTS AND ANALYSIS ACROSS CONFIGURATIONS
To evaluate the scalability and representational capacity of
the proposed QNN framework, we conduct experiments on
three configurations corresponding to different input–output
dimensions. These represent single qubit, two qubit, and
three qubit channel learning tasks. In each case, the objective
is to approximate an unknown quantum channel E from a
finite set of mixed state input–output samples using either
the fidelity based or relative entropy-based training objec-
tive. The following sections describe the observed training
behavior, convergence, and generalization for each setting.

1) SINGLE-QUBIT CHANNEL LEARNING FOR DIFFERENT
CONFIGURATIONS
This configuration represents the simplest case with single
qubit input and output density matrices. To study the effect
of network topology on learning, we tested QNNs with ar-
chitectures [1,1,1], [1,3,1], and [1,2,3,2,1] using Tmax = 150.
The [1,1,1] network acts as a minimal baseline, while deeper
and wider networks add hidden perceptrons to improve ex-
pressivity. Fig. 4 shows the test outcomes where Fig. 4(a)
compares the fidelity metric and Fig. 4(b) shows the rela-
tive entropy metric. Across all architectures, the proposed
relative entropy-based method consistently surpasses the fi-
delity based baseline. The [1,3,1] model provides the greatest
improvement, suggesting that moderate widening of hidden
layers contributes more to learning efficiency than additional
depth.

2) TWO-QUBIT CHANNEL LEARNING FOR DIFFERENT
CONFIGURATIONS
The two qubit configuration increases the Hilbert space di-
mension to 4× 4, expanding the parameter space and in-
troducing richer entangling dynamics. To examine how net-
work topology influences learning, we evaluated QNNs with
architectures [2,2,2], [2,4,2], [2,3,3,2], and [2,3,4,3,2] us-
ing Tmax = 350. The [2,2,2] model, having limited hidden
width, shows restricted capacity and lower performance. The
[2,4,2] architecture achieves the highest improvement, indi-
cating that increasing hidden layer width is more beneficial
than increasing depth. Deeper models, such as [2,3,3,2] and
[2,3,4,3,2], do not yield additional gains. Across all cases, the
proposed relative entropy-based approach consistently out-
performs the fidelity-based method in both metrics, as shown
in Fig. 5. These observations confirm that wider hidden lay-
ers capture two qubit channel dynamicsmore effectively than
simply deeper ones.

3) THREE-QUBIT CHANNEL LEARNING FOR DIFFERENT
CONFIGURATIONS
The three-qubit configurations extends the Hilbert-space
dimension to 8× 8, significantly increasing the parameter
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FIGURE 4. Test performance of different single-qubit QNN
configurations. (a) Fidelity metric. (b) Relative Entropy metric. (a) Fidelity
metric comparison for test dataset. (b) Relative Entropy metric
comparison for test dataset.

space and introducing more complex entangling dynamics.
To examine the influence of network depth and width on
learning performance in this larger space, we evaluated
multiple QNN configurations, including [3,3,3], [3,4,3],
and [3,4,4,3] with Tmax = 350. The symmetric [3,3,3]
network, with minimal hidden-layer width, serves as
a baseline and exhibits limited expressive capacity.
Increasing the width to [3,4,3] yields the most pronounced
performance improvement, while deeper configurations,
such as [3,4,4,3], do not provide significant additional
gains. This observation indicates that, for three-qubit QNNs,
expanding the hidden-layer width is more effective than
simply adding depth. Across all configurations, the proposed
relative-entropy–based method consistently outperforms the
fidelity-based baseline in both fidelity and relative-entropy
metrics, as illustrated in Fig. 6. These results further validate
that layer width is a critical factor in capturing complex
multiqubit quantum channel dynamics.

FIGURE 5. Test performance of different two-qubit QNN configurations.
(a) Fidelity metric. (b) Relative Entropy metric. (a) Fidelity metric
comparison for test dataset. (b) Relative Entropy metric comparison for
test dataset.

TABLE 1. Test Performance Comparison Showing Mean and CI for
Entropy- and Fidelity-Based Training Across Different QNN
Configurations
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FIGURE 6. Test performance of different three-qubit QNN
configurations. (a) Fidelity metric. (b) Relative Entropy metric. (a) Fidelity
metric comparison for test dataset. (b) Relative Entropy metric
comparison for test dataset.

Table 1 presents the final-step test-set performance of all
QNN configurations for both training methods based on the
relative-entropy and fidelity cost functions. The columns
are organized by metric groups: “Entropy” and “Fidelity,”
each subdivided into the corresponding mean and 95% CI,
followed by the relative advantage of the entropy-based
method. Across all configurations, the relative-entropy–
based training consistently achieves lower entropy val-
ues than the fidelity-based baseline, indicating a stronger
alignment between the learned and target quantum channels.
Shallow yet wider configurations, such as [1,3,1], [2,4,2],
and [3,4,3], demonstrate the greatest relative advantages,
suggesting that increasing layer width enhances learning
efficiency more effectively than increasing depth. Deeper
networks, while exhibiting slightly larger CIs due to
fold-to-fold and experiment-to-experiment variability, still
outperform their fidelity-based counterparts, as reflected in
the CI analysis discussed in Section III-A. Overall, these
results confirm that the proposed entropy-based training pro-
vides a statistically robust and practical alternative to fidelity-
driven optimization.

C. IMPACT OF QNN ARCHITECTURE
The performance trend observed in our experiments aligns
closely with the theoretical insights reported by Beer
et al. [22], who demonstrated that the expressive capacity
of a quantum perceptron network is primarily governed by
the width of each layer rather than the depth of the overall
architecture. The Figs. 4(b), 5(b), and 6(b) clearly indicate
that a shallow architecture with adequate width proves more
effective than simply stacking additional layers without
meaningful gain. Consistent with this principle, our results
indicate that configurations, such as [2,4,2] and [3,4,3],
featuring a single, sufficiently wide hidden layer achieve
superior convergence and generalization relative to deeper
configurations like [2,3,4,3,2] and [3,4,4,3], despite the latter
performing additional sequential transformations. The extra
depth in these deeper models increases gradient diffusion and
errors during postprocessing of unitary updates, which can
slow or destabilize convergence. In contrast, the wider-but-
shallow networks concentrate the expressive capacity within
a single hidden layer, allowing them to model complex quan-
tum channel correlations effectively while keeping the over-
all circuit depth minimal, making them well-suited for NISQ
implementation.
When the hidden-layer width is kept fixed, as in configu-

rations [2,4,2] and [3,4,3], we observe that the configurations
with a smaller input–output dimension [2,4,2] achieves a
higher relative-entropy advantage. This effect arises because
a smaller input–output dimension generates output states
with fewer eigenvalues, concentrating the entropy gradient
over a compact eigenspectrum. In contrast, increasing the
input–output dimension from [2,4,2] to [3,4,3] spreads the
divergence signal across a larger spectral space. This disper-
sion, compounded by stronger CP-map projection effects in
higher dimensional channels, slightly reduces the effective
optimization gain per update. Despite this, the entropy-based
formulation consistently outperforms fidelity-based training
across both configurations, indicating that the proposed cost
retains its corrective strength even as dimensionality grows.

D. DISCUSSION
The baseline training strategy updates the perceptron pa-
rameters using an analytic gradient derived from the linear
fidelity cost function in (3), which measures state overlap
via a trace inner product. Although effective for pure states,
this approach performs suboptimally in mixed-state scenar-
ios since it fails to capture the complete channel dynamics.
As shown in our simulations, linear fidelity serves only as
a proxy for the true Uhlmann fidelity in (4), which involves
nonlinear matrix operations, such as square roots and pro-
vides a more accurate measure of distinguishability, between
mixed quantum states.
In contrast, the proposed training scheme employs quan-

tum relative entropy as defined in (5). This cost imposes
stronger constraints on both eigenvector and eigenvalue
alignment, offering a more comprehensive divergence mea-
sure than linear fidelity. Despite not directly optimizing
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Uhlmann fidelity, the entropy-based training consistently
achieves equal or higher Uhlmann fidelity in all experiments.
This demonstrates that minimizing an information-theoretic
divergence naturally enhances Uhlmann fidelity and im-
proves generalization.
A detailed comparison reveals a distinct difference in con-

vergence behavior. With the linear fidelity objective, the
relative entropy may increase during intermediate rounds,
reflecting that its gradient promotes local overlap without
regulating spectral distribution. Consequently, the optimizer
may yield states with high overlap but greater statistical
distinguishability from the target, as observed in Fig. 6(b).
In contrast, the entropy-based approach enforces structured
learning by penalizing both eigenvector misalignment and
spectral deviation, contracting the learned channel toward
the target along an information-geometric path that preserves
full state structure. This yields a smooth and monotonic
entropy decay accompanied by stable fidelity growth, con-
firming that relative entropy provides a more principled and
stable convergence trajectory than linear fidelity.

E. ROBUSTNESS TO DEPOLARIZATION NOISE
To further test the robustness of the proposed QNN frame-
work, we evaluate its performance under depolarization
noise [36], which serves as a representative model for gen-
eral decoherence processes in realistic quantum systems.
Depolarization effectively captures the loss of quantum co-
herence due to uncontrolled environmental interactions by
uniformly randomizing the quantum state across all basis
directions [37], [38]. In this sense, it acts as a generalized
abstraction of more specific decoherence channels such as
amplitude damping (energy relaxation) and phase damping
(pure dephasing) [39], [40]. While these latter processes de-
scribe directional or basis-dependent decoherence mecha-
nisms, the depolarizing channel encompasses their combined
effect through an isotropic contraction of the Bloch sphere,
thereby providing a comprehensive test of the network’s
stability under generic noise conditions [37].
Mathematically, the input states ρin are transformed into

noisy states as

ρ′in = (1− ζ )ρin + ζ I

dim(ρ)
(22)

where ζ denotes the noise strength, ρin is the original input
density matrix, and I is the identity operator of matching di-
mension. This operation models the depolarizing effect that
drives the state progressively toward amaximallymixed state
as ζ increases, thereby quantifying the degree of coherence
loss. Within our framework, this noisy transformation can
be viewed as a CPTP map, consistent with the mixed-state
formalism used throughout our QNN design. Consequently,
the same learning dynamics—based on the relative entropy
cost function—remain valid even when the inputs are no
longer pure. This property demonstrates a key advantage of
our approach: it seamlessly accommodates general quantum
noise models without modifying the optimization rule, since

FIGURE 7. Relative entropy comparison of test data with various noise
levels (ζ) for [2,3,3,2] network.

FIGURE 8. Relative entropy comparison of test data with various noise
levels (ζ) for [3,4,3] network.

noise channels are naturally represented as CPTP maps act-
ing on the input or intermediate states.
Figs. 7 and 8 present the performance of the [2,3,3,2]

and [3, 4, 3] QNN architecture, where the train and clean
test datasets remain identical, and additional noisy variants
are generated by applying depolarization only to the test-
state pairs for ζ ∈ [0.1, 0.2, 0.3]. Despite increasing deco-
herence in these noisy test evaluations, the entropy-based
cost function maintains convergence behavior comparable to
the noise-free case. The final step values with CI are depicted
through Table 2. Higher noise levels induce a gradual loss in
reconstruction fidelity, yet the overall degradation remains
controlled. These observations indicate that the proposed
QNN framework preserves predictive stability under low to
moderate depolarizing noise, reflecting suitability for NISQ-
era conditions where decoherence is unavoidable.

VOLUME 7, 2026 3100414



Engineeringuantum
Transactions onIEEE

Mondal and Dutta: RELATIVE ENTROPY-BASED TRAINING OF QUANTUM NEURAL NETWORKS

TABLE 2. (Mean ± CI) for Different Configurations and Noise Levels

IV. CONCLUSION AND FUTURE WORK
We introduced a relative-entropy–based cost function for
training QNNs in mixed-state scenarios, providing a more
informative and theoretically grounded metric than stan-
dard linear-fidelity objectives. By integrating this cost into
existing QNN configurations through a modified backpropa-
gation and postprocessing scheme, the framework efficiently
learns CP maps while capturing the spectral structure of
quantum channels. Although the additional postprocessing
increases computational overhead, it significantly improves
accuracy over linear fidelity-based baselines. These results
confirm that relative entropy serves as a superior cost func-
tion for mixed-state QNN learning, offering richer informa-
tion, smoother convergence, and a more physically mean-
ingful measure of channel approximation. The robustness of
this approach is further validated by evaluating performance
under depolarizing noise, which serves as a representative
model of generic decoherence processes in realistic quantum
systems.
Future work will focus on extending this analysis to more

physically realistic noise models, including amplitude damp-
ing, phase damping, and correlated or non-Markovian noise
channels. Such studies will provide deeper insight into the
generalization capabilities of QNNs under diverse quan-
tum noise environments. In addition, mitigating hardware-
centric implementation challenges and developing hardware-
efficient entropy-based cost functions will be essential to
reduce computational complexity. Exploring unsupervised
or semi-supervised learning approaches could further allow
QNNs to capture or characterize various quantum proper-
ties without the need for explicitly labeled outputs for ev-
ery input. Overall, this framework extends the foundation
for relative entropy based QNN-based learning of quantum

channels, enabling robust modeling of noisy, and advancing
QML for realistic quantum data.

APPENDIX
A. DERIVATION OF ANALYTIC GRADIENT

The unitariesWl
p(0) represent the initial perceptron oper-

ations, and each infinitesimal eiδV
l
p(t ) updates the perceptrons

layer by layer and perceptron by perceptron. The last layer
l = out corresponds to kout number of perceptrons, W out

kout
is

the last perceptron, and V out
kout

is its associated parameter ma-

trix. The commutator [V l
p(t ), ·] captures the first-order effect

of each local parameter update, while the conjugated chain of
subsequent unitaries forms the adjoint channel. Higher order
terms O(δ2) are neglected. From the first order expansion
of σx(t + δ) in (23), shown at the bottom of this page, we

approximate
dσx(t )

dt
as follows:

dσx(t )

dt
= lim

δ→0

σ out
x (t + δ)− σ out

x (t )

δ

= iTrin, hidden

⎡
⎣ out∑
l=1

kl∑
p=1

⎛
⎝
⎛
⎝ l∏
l′=out

p+1∏
p′=kl′

Wl′
p′ (t )

⎞
⎠

×V l
p(t )

1∏
l′′=l

1∏
p′′=p

W l′′
p′′ (t )

(
σ in
x ⊗ |0 · · · 0〉〈0 · · · 0|

)

×
⎛
⎝ l∏
l′′=1

p∏
p′′=1

Wl′′†
p′′ (t )

⎞
⎠
⎛
⎝ out∏
l′=l

kl′∏
p′=p+1

Wl′†
p′ (t )

⎞
⎠
⎞
⎠
⎤
⎦

(24)

By substituting
dσx(t )

dt
from (24) into (7), we calculate

the cost-function gradient in (25), shown at the bottom of
the next page (noting that out is used to denote the output
layer). The second line applies the identity Tr (A[V,X]) =
Tr ([X,A]V ) , where A = Iin+hidden ⊗ Hx, which is used for
each individual perceptron. Using this relation, we define
Qlp as shown in (26) at the bottom of the next page. In this
definition, the first term (before the comma) corresponds to
the feedforward chain, which propagates the input state from
the initial perceptron W 1

1 in the first layer up to the current

σ out
x (t + δ) = Trin, hidden

[( 1∏
l=out

1∏
p=kl

eiδV
l
p(t )Wl

p(t )

)(
σ in
x ⊗ |0 · · · 0〉〈0 · · · 0|hidden,out

)( out∏
l=1

kl∏
p=1

Wl†
p (t )e−iδV

l
p(t )
)]

= σ out
x (t )+ iδ Trin, hidden

⎡
⎣ out∑
l=1

kl∑
p=1

⎛
⎝
⎛
⎝ l∏
l′=out

p+1∏
p′=kl′

Wl′
p′ (t )

⎞
⎠
⎡
⎣V l

p(t ),

⎛
⎝ 1∏
l′′=l

1∏
p′′=p

W l′′
p′′ (t )

⎞
⎠(σ in

x ⊗ |0 · · · 0〉〈0 · · · 0|
)

×
⎛
⎝ l∏
l′′=1

p∏
p′′=1

Wl′′†
p′′ (t )

⎞
⎠
⎤
⎦
⎛
⎝ out∏
l′=l

kl′∏
p′=p+1

Wl′†
p′ (t )

⎞
⎠
⎞
⎠
⎤
⎦+O(δ2) (23)
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perceptronWl
p in layer l. The second term (after the comma)

represents the remaining sequence of perceptrons extending
to the output layer, conjugated and incorporating the opera-
tor Iin,hidden ⊗ Hx. This conjugated sequence implements the
adjoint channel, capturing how the predicted output propa-
gates backward through the network to influence the current
perceptron. Together, this construction ensures that both the
forward evolution leading to the perceptron and the backward
influence from the output are fully accounted for when eval-
uating the impact of a local parameter update on the network
output. By combining the definitions in (1), (11), and (12),
(26) can be simplified, yielding the final expression for Qlp

Qlp =
[ 1∏
m=p

W l
m

(
Dl−1,l

) p∏
m=1

Wl
m
†
,

kl∏
m=p+1

Wl
m
† (

Il ⊗ Bl
) p+1∏
m=kl

W l
m

]
. (27)

B. OPTIMIZATION OF THE PARAMETER MATRIX
The optimization problem was first formulated as the
minimization of the cost function in (14). To obtain the
closed-form solution for the parameter matrices, we first
expand (14) as shown in (28)

min
V lp,α1,...,β

(
dC(t )

dt
+ λ

∑
αi,β

(
V l
p,α1,...,β

(t )
)2 )

= min
V lp,α1,...,β

(
− i

N

∑
x

Tr
(
Qout
kout (t )V

out
kout (t )+ · · ·

+Q1
1(t )V

1
1 (t )

)
+ λ

∑
α1,...,β

(
V l
p,α1,...,β

(t )
)2 )

= min
V lp,α1,...,β

(
− i

N

∑
x

Trα1,...,β
(
Trrest

(
Qout
kout (t )V

out
kout (t )

+ · · · + Q1
1(t )V

1
1 (t )

))
+ λ

∑
α1,...,β

(
V l
p,α1,...,β

(t )
)2⎞⎠ .

(28)

Here, the indices αi label the qubits from the previous layer,
while β refers to the qubit in the current layer k. The operator
Trα1,...,β (·) denotes the partial trace taken over these qubits,
and Trrest(·) represents the trace over all other qubits that
do not belong to this set. Next we take the derivative of
the equation (28) with respect to the V l

p,α1,...,β
(t ) and set the

derivative to zero to minimize (28) and depicted as follows:

V l
p,α1,...,β

(t ) = i

2Nλ

∑
x

Trα1,...,β

(
Trrest

(
Qlp(t )

)
(	α1 ⊗ · · · ⊗	β )

)
. (29)

dC(t )

dt
= − i

N

∑
x

Tr

(
Trin,hidden

(
Iin,hidden ⊗ Hx

([
V out
kout (t ),W

out
kout (t ) · · ·W 1

1 (σ
in
x ⊗ |0 · · · 0〉

〈0 · · · 0|out,hidden)W 1†
1 · · ·W out†

kout
(t )
]
+ · · · +W out

kout (t ) · · ·W 2
1

[
V 1
1 (t ),W

1
1 (t )(

σ in
x ⊗ |0 · · · 0〉〈0 · · · 0|out,hiddenW 1†

1 (t )
)]
W 2†

1 (t ) · · ·W out†
kout

(t )
)))

= − i

N

∑
x

Tr

([
W out
kout (t ) · · ·

(
σ in
x ⊗ |0 · · · 0〉〈0 · · · 0|

)
hidden,out

· · ·W out
kout (t )

†, Iin,hidden ⊗ HX
]
V out
kout (t )

+ · · · +
[
W 1

1 (t )
(
σ in
x ⊗ |0 · · · 0〉〈0 · · · 0|

)
hidden,out

W 1
1 (t )

†,W 1
2 (t )

† · · ·W out
kout (t )

†

(Iin+hidden ⊗ Hx)W out
kout (t ) · · ·W 1

2 (t )
]
V 1
1 (t )

)

= − i

N

∑
x

Tr
(
Qout
kout (t )V

out
kout (t )+ · · · + Q1

1(t )V
1
1 (t )

)
= − i

N

N∑
x=1

out∑
l=1

kl∑
p=1

Tr
(
Qlp(t )V

l
p(t )

)
(25)

Qlp(t ) =
[
Wl
p(t )W

l
p−1(t ) · · ·W 1

1 (t )
(
σ in
x ⊗ |0 · · · 0〉hidden,out〈0 · · · 0|

)
W 1†

1 (t ) · · ·Wl†
p−1(t )W

l†
p (t ),

Wl†
p+1(t )W

l†
p+2(t ) · · ·W out†

kout−1(t )W
out†
kout

(t )
(
Iin,hidden ⊗ Hx

)
W out
kout (t )W

out
kout−1(t ) · · ·Wl

p+2(t )W
l
p+1(t )

]
(26)
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Finally, the closed-form expression for V l
p is given as

follows:

V l
p(t ) =

i

2Nλ

∑
α1,...,β

∑
x

Trα1,...,β
(
Trrest

(
Qlp(t )

)
(
	α1 ⊗ · · · ⊗	β)) (	α1 ⊗ · · · ⊗	β)

= i2kl−1

2Nλ

∑
x

Trrest
(
Qlp(t )

)
. (30)
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