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Abstract. The forthcoming generation of space-based gravitational wave (GW) observatories
promises robust capabilities for multi-bandwidth measurements, particularly for the study of
supermassive black holes (SMBHSs). In this research, we employ the HlustrisTNG simulation to
investigate GW signals originating from SMBHSs. Our approach involves extracting the merger
history of black holes (BHs) from the simulation data and utilizing a phenomenological
waveform model to calculate the GW strains, signal-to-noise ratios and event rates. Notably,
detectors like LISA, Taiji, and Tiangin demonstrate the potential to detect SMBHs with masses
exceeding approximately 106Mg,, and exhibit the capability to detect one merger in the Merger-
Ringdown phase and one merger in the Inspiral phase annually, at redshifts reaching up to z~6.

1. Introduction

Gravitational waves (GWs), first envisioned by Albert Einstein in his 1916 general theory of relativity,
are spacetime ripples generated by massive accelerating objects[1], which can be detected by GW
detectors. While ground-based detectors cannot detect sub-1 Hz gravitational waves necessary for
studying massive black holes (MBHs) and supermassive black holes (SMBHs) due to terrestrial gravity
gradient noise. However, these lower-frequency waves are observable with space-based instruments

Space-based interferometers, such as the Laser Interferometer Space Antenna[2], operate within a
frequency range of 10™* to 10~ Hz. This range enables the detection of mergers involving massive
black holes (MBHs) in the mass spectrum of approximately 10* to 107 Mg during the reionization
epoch[3]. Research groups employ diverse methods, including analytical calculations[4] and
cosmological simulations[5], to estimate black hole (BH) merger rates and predict gravitational wave
(GW) signals.

2. Methods

2.1. Cosmological simulations

The IlustrisTNG project[6] comprises a collection of advanced cosmological simulations that model
the formation of the universe. These simulations encompass a significant portion of a simulated universe,
starting from the early stages after the Big Bang and progressing to the present day. They incorporate
various physical processes that influence galaxy formation. There are three volumes in the original
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ustrisTNG project with a total of 18 simulations, each demonstrating variations in physical size, mass
resolution, etc. [6]. The side length of simulation box is 35000.0, 75000.0, 205000.0 [ckpc/h] for TNG50,
TNG100 and TNG300 respectively. TNG100 are used in this study. The simulations use the
cosmological parameters of Planck2015 (i.e. total matter density (2,, = 0.3089, dark energy density
0, =0.6911, baryonic matter density 2, = 0.0486, hubble constant 'little h' hy = 0.6774
[100km/s/Mpc]). The number of dark matter particles of TNG100 is 6028568000 with no gas tracer
particles.

2.1.1. Black Hole Mergers. Merging binary black hole (BBH) systems are characterized by intrinsic
parameters: individual BH masses (m,; and m,), spin angular momenta (5—1 and Sﬁz), leading to
dimensionless spin magnitudes y;, = c|$| /(Gmfz), and the gravitational wave frequency f .
Additionally, luminosity distance computed from redshift and orientation angles (1, ¢, &, §) are needed.

The gravitational waveform produced by a binary black hole (BBH) merger depends on the system's
mass ratio, spin, and distance.

The BH merger process comprises three phases: the inspiral phase, the merger phase and the ringdown
phase. The inspiral phase is driven by gravitational radiation damping, causes a gradual orbital decay.
It ends when the black hole separation approaches the innermost stable circular orbit (ISCO) with
Tisco > 6GM /c?, where M = m,; +m, . During this phase, binary dynamics and gravitational
waveforms are described using post-Newtonian expansions[7]. The merger phase begins when the
binary reaches its highest orbital frequency (ISCO or merger frequency f;s.,), Or when the radiation-
reaction timescale matches the orbital period. The separation decreases rapidly, transitioning from
inspiral to plunge, occurring for orbits more tightly bound than the ISCO[8]. In the ringdown phase, the
system settles into a Kerr black hole state, emitting gravitational waves due to deviations from its final
axisymmetric form. This phase's dynamics are accurately described as oscillations of the final black
hole's quasinormal modes, using perturbation theory on the Kerr spacetime background[9].

2.1.2. Treatment of the Inspiral and Merger Phases for the BBHs from the Cosmological Simulations.
In cosmological simulations, the formation of a binary black hole (BBH) occurs when two black holes
become gravitationally bound. To model the inspiral and merger phases, we adopt a similar approach as
employed in other studies[5]. We initiate the inspiral phase when the BBH enters the spatial resolution
range, and the timescale for inspiral is calculated as follows.

In the Newtonian limit, the orbital radius r and orbital angular velocity ) are interconnected through

the Keplerian relationship (Unless specified otherwise, we use the geometric system of units in which
G=c=1) % = % = (MQ)?/? = 0?/3. Here, # and (1 represent the dimensionless radius of the orbit
and the dimensionless orbital angular velocity, respectively. The gravitational wave frequency for a

specific harmonic mode m is expressed as f,;; = Py Our analysis focuses only on the dominant m =

2m
2 mode, for which the associated frequency is given by f, = %
In the limit where m, > m4, the total duration of the inspiral phase until the innermost stable circular
orbit (ISCO) is attained[10], denoted as Ty, is given by:

. 51 M ( fy )‘8/3<10) 10°Mg\ "/
nsp = === —=—=T = 1.41 X —
nsp = 556 m 08/ | 5 \10 mHz m I\ M t
fo ¥ 110Mg\ 1100M\?/3
= 014tsec (o) (=2 ) 1
*“\100 Hz m, M M

Here, 1 = mym,/M? represents the symmetric mass ratio, with M being the total mass. Additionally, T
denotes the relativistic correction to Tjysp, a function dependent on the orbital radius r/7isc, and the
black hole spin parameter[11]. The parameter r /7., can be determined as the ratio of f, and fs.,
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concurrently: ﬁ = (f/fisco) ~?/3. The ISCO is located at 7+.,, where the total energy E( #) of the

object is minimized, or equivalently, where the time derivative of () becomes infinite. The value of 7.,
can be determined as the root of the quartic equation #2-6 7+ 8y #1/2-3x% = 0. This value lies
between 1 (when y =1) and 6 (when y =0). In our analysis, where the BH spin is assumed to be 0, the
frequency at the ISCO is calculated as:

Q Qisco 1 7:isco_
faiseo = m M <?isco) /mM = Mn — Mnm )
For each binary black hole (BBH) obtained from the cosmological simulations, we incorporate the
timescale Tjyp, to represent the inspiral phase. Beyond this period, we assume that the BBH coalesces,

transitioning into the merger phase.

3/2 3/2  -3/2

2.2. Gravitational wave calculations

In our calculations of gravitational waves emanating from binary black holes (BBHs), we utilize the
notation £ to represent the physical parameters of a BH binary, where = € (M,n, x1, x2). Here, M is
the total mass of the BBH, 7 signifies the mass ratio, and y; and y, are the spin parameters of the BHs.
Here, the spin parameters y; fall within the range of [—1,1].

We utilize the "PhenomD" model[12] in our study to compute GW amplitudes in the Fourier domain.
The "PhenomD" model is a hybrid waveform model that combines an analytical effective-one-body
(EOB) model with numerical relativity (NR) simulation data. Within this model, the Inspiral phase is
described using the uncalibrated EOB model from the minimum frequency up to the transition frequency
fisco- Beyond this frequency, the model switches to NR simulations to accurately model the Merger-
Ringdown waveforms spins[ 13]. The amplitude of the gravitational wave signal from such a system also
depends on the luminosity distance[14].

The sensitivity of a GW detector is often described by the root power spectral density (PSD), 1/S(f). In
contrast, the amplitude of a GW source can be expressed by the characteristic strain. The square root
PSD that describes the strain noise[15] is given by:

1

VS (f) = ha(H)f 2 (3)
Where the detector noise curve S, (f), may be acquired through either analytical fitting procedures or
interpolation techniques applied to the sensitivity data. For this study, we select five space-borne
interferometers Tianqin, Taiji, LISA, BBO, and DECIGO. In table 1, we list the GW detectors
considered in this study, and summarize the analytical approximations of the PSD for each detector. For
LISA, Taiji and Tianqin, we adopt the analytical fits[6,34]. The analytical approximations of the BBO
and DECIGO noise curves are given by [17].

3. Results

3.1. Gravitational wave characteristic strain from black hole mergers
When a GW passes a detector, it imparts a fractional alteration in the detector's arm lengths. This

alteration is captured and documented as a dimensionless strain with respect to time, given by h(t) =
AL(t)

. The characteristic strain is designed to incorporate the effect of integrating an inspiralling
signal[15], whose amplitude is given by:
= 2
he(f) = 4f?|R(f)| 3 (4)
The symbol f represents the rest-frame frequency of the source, and h(f) corresponds to the Fourier
transform of the strain signal, which can be expressed as A(f) = F{h(t)}(f) = fj:o h(t)e 2™/t

Likewise, the characteristic noise strain pertaining to GW detectors can be calculated through a
rearrangement of equation (3) where the term S, (f) signifies the analytical approximation of the noise
spectral densities, as itemized in table 1.



2024 14th International Conference on Applied Physics and Mathematics IOP Publishing
Journal of Physics: Conference Series 2793 (2024) 012008 doi:10.1088/1742-6596/2793/1/012008

We adhere to a method[5] to compute h.(f) and h,(f) from our simulation data, which involves the
following steps:

e Extract the merger tree of the simulation and determine the intrinsic parameters of each merging
BBH pair at the moment of "merger" at a specific redshift (i.e., the merger redshift)..

e Segregate the coalescence process into the inspiral and merger-ringdown phases, in accordance
with the method in section 2.1.2. The inspiral phase starts when the distance between the BBH
pair falls below the spatial resolution threshold and continues for a duration of Ti,g, as defined
in equation (1). Subsequently, the pair coalesces and enters the merger-ringdown phase.

o Utilize equation (2)) to compute the frequency at the moment of merger (the merger frequency
fisco)- Convert this frequency to the observed frequency f, via the relation fops = fisco/(1 + 2).

e Calculate the frequency-domain amplitudes of the GW signals |A(f,ps)| with the "PhenomD"
model, for all BH coalescence events in TNG100. This calculation assumes no BH spin.

e Use equation (4) to compute the characteristic strain amplitude at the observed merger frequency

hc (fobs)-

e Use equation (5) to calculate the characteristic noise amplitude at the observed merger frequency
h, (fops) of each GW detector.
e Utilize the "PhenomD" model to compute the theoretical projections of h.(f) for equal-mass,
non-spinning BBH systems across a mass range spanning from M; = M, = 10*Mg to M; =
M, = 10'°M), at various redshifts, ranging from z ~ 15 to z ~ 1073,
Table 1. Parameters description of the corner plot.

Detector ~ Arm length  Frequency S,
(km) _ (Hz) i

LISA 5% 10 3x1075-1 10 f\ P i\
ﬁ<mp +2 (1 + cos? (7) (an)4)) (1 +06 (7) )

BBO 5x 10% 1073 =10 2X107*°f2 + 458 x 107%° + 1.26 x 10752 f~*

TIANQIN V3 x 105 107 -1 10 ., 4x107% 10~*Hz £\

TALI 3 x 10° 107* -1 10 (Y Pace \2
37(P v2(1 4ot (£) L W)) (1+06(2))

DECIGO 10 01 -10 705 X 1071+ (/7367 + 48 X 105~ s

+5.33x 10752f~*

ATHE APPROXIMATED ANALYTICAL NOISE SPECTRAL DENSITY IN EITHER Sn(f) OR Sy (x),
WHERE x IS DIMENSIONLESS FREQUENCY x = f/f. f. = 5= FOR LISA, p,, = (15 x 10m)? (1 +
(2”;&)4) Hz™Y, P, = (3 X 107 15ms~2)? (1 + (0"“"’”)2) (1 + ( ! )4) Hz™'. FOR TAWJI, Py, = (8 x 10712m)? (1 +

T 8mHz.
(22)") H2™, Sgce IS SAME AS LISA.

Figure 1 displays the resultant GW characteristic strain amplitudes h.(f,s), for all SMBH mergers at
various redshifts in TNG100. These are compared with theoretical forecasts for equal-mass mergers at
different redshifts. Additionally, sensitivity curves for GW detectors, namely Tiangin, LISA, Taiji,
DECIGO, and BBO, are featured for reference. It's important to note that figure 1 only presents the
h.(f.bs) values corresponding to the Merger-Ringdown phase for illustrative purposes.

Figure 1 shows a trend that the characteristic strain amplitude increases as the masses of the BH mergers
increase, with decreased observed frequency. For these massive BH mergers of = 10°-10° Mg, BBO
and DECIGO can detect part of BH mergers of 10° Mg, at very low redshift dowm to z ~ 1, while
LISA can detect mergers of ~ 106-107-> Mg, in the redshift range z ~ 7 — 1073, but for more massive
mergers of = 108 M and above, they move out of LISA's frequency range. For Tianqin and Taiji, they
have a similar sensitivity curves as LISA but with a higher cut-off frequency which makes them detect



2024 14th International Conference on Applied Physics and Mathematics IOP Publishing
Journal of Physics: Conference Series 2793 (2024) 012008 doi:10.1088/1742-6596/2793/1/012008

less massive BH mergers than LISA especially these BHs of 2 107- 108 Mg, but they can still detect
mergers in the same range of redshift as LISA. The gravitational wave signals produced by the SMBH
mergers shown in figure 1 closely agree with the results of other study[5].

3.2. Detectability of black hole mergers

A GW detector generates an output signal that combines noise, characterized by the noise PSD S, (f),
and a potential GW signal: s(t) = n(t) + h(t). The separation of contributions from the signal and the
noise can be accomplished through the convolution of the filter function associated with the Wiener
filter with the detector's output[15].

1=m2=10% M, —— Tiangin
1=m2=10° M, Lisa
1=m2=108 M, — ;aBii(i)
1=m2=10" M, —— DECIGO
1=m2=10°% My

1=m2=10°% M,
1=m2=10* M,
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Figure 1. Colored data points represent BBH merger events in TNG100. These points are color-coded
based on the redshift at the time of merger. Additionally, sensitivity curves for space-based gravitational
wave detectors are displayed. Alongside them, black gridlines depict theoretical predictions for h,
originating from equal-mass, non-spinning BBH mergers. Data points positioned above a detector's
sensitivity curve may be detectable by that particular detector, while those below the curve represent
merger events that cannot be resolved by the detector.

we employ the matched-filtering methodology and the root-mean-square value for the SNR p,,c can be

~ 2
|’;(€;|) df , where h(f) = [ _e?™th(t) dt is the Fourier transform of the

dimensionless strain h(t) generated from the *"PhenomD" model.In the case of an inspiraling source,
equation above no longer remains applicable. The precise definition of the characteristic strain h,, is

expressed as: plys = 4 J;

2
derived directly from the definition of SNR as p,,, = J 1) (’:"z—y";)) din(f,) [18]. In the Merger-

Ringdown phase, we establish the upper integration limit as infinity and the lower limit fis., as
expressed in Equation (2). The square of the SNR for the Merger-Ringdown phase can be precisely

w [R(H
ffim So(Fobs) @fobs:

expressed as:p? = 4

3.3. Event rate of black hole mergers
The count of detectable sources surpassing the detection threshold SNR = 10 within a redshift range
from z to z+dz is defined as N(zSNR > 10)/ A zV. ~ d?n(zSNR > 10)/dzdV. , where V,

represents the co-moving volume. The estimated event rate of detected GW sources per observed time,
considering the integration across all redshifts[19], is provided by:
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dN *d*n(z,SNR = 10)dzdV, dz :

dtys fo dz dt dz (1 + z) )

To assess the count of resolvable events originating from inspiral and merger-ringdown sources within

the binary black hole (BBH) simulations, we designate signals with SNR > 10 whose observed merger

frequency falls within the frequency range of the target detector (as specified in table 1) as detectable.

Because TNG100 lack the resolution required to determine the spin of each individual BH, we employ

X1 = 0 and x, = 0 for the merging BH pairs. Recent research[5] suggests that spin contributions to the
event rate across all phases are negligible.

Table 2 provides an overview of the approximated counts of detectable signals and the corresponding
event rates originating from inspiral, merger-ringdown, and complete inspiral-merger-ringdown sources
within TNG100, considering various GW detectors. For the super massive black holes (Mg > 10°),
only very small part of the BBH events in TNG100 fall inside of the frequency range of the BBO and
DECIGO, so they will be able to resolve less BH mergers than other detectors.

Table 2. Estimates of resolvable signals (SNR > 10) and event rates of inspiral, merger-ringdown (Mrd),
and full inspiral-merger-ringdown (full-IMR) sources from IllustrisTNG for various gravitational wave
detectors.

Detector Number of Number of Detection Rates Detection Rates
Resolvable Resolvable Mrd of Inspiral Signals of Mrd Signals
Inspiral Signals Signals (yr~1) (yr™hH

Tianqin 6757 6773 1.00 1.02

Taiji 6796 6796 1.03 1.03

LISA 9167 9248 1.18 1.19

DECIGO 593 593 0.01 0.01

BBO 593 593 0.01 0.01

2 Numbers of mergers events is 18282.

The number of resolvavle signals and event rate of BBO and DECIGO are same because their sensitivity
curves are very similiar and do not reach to the area of bh mergers(see figure 1). Each of Tianqin, Taiji,
LISA will be able detect about 1 merger event of Merger-Ringdown phase and Inspiral phase per year
respectively while BBO and DECIGO will not be able to detect almost any signals of either phase per
year.

3.4. Parameters distribution of detectable events

The distribution of different parameters of SMBH merger events is an important indicator of the
environments in which they grow, the star formation rate (SFR). They are very useful when study the
origin and formation of these super massive black holes.

Figure 2 shows the corner plot super massive bh mergers in IllustrisTNG. The hists in green are the
parameters (Table 3) distributions of resolvable mergers events while the hists in blue are distributions
of irresolvable merger events. The red contours describe the relationship between these parameters
related resolvable merger events.

We can see from figure 2 that the distribution of Rho(Local gas density in the vicinity of the blackhole)
is the superposition of two normal distribution with two differnet peaks. However the BH mergers
resolvable by LISA are only distributed by one of the normal distribution. Almost all the BHs of another
normal distribution are irresolvable. Similarity, Mdot(The mass accretion rate onto the black hole,
instantaneous) has two peaks as well but GW detectors can only detect BHs gathering around one of the
peaks. In Rho-Mdot plot, there are clearly three peaks but only BHs around one of the peaks can be

detected by LISA. In fact, we have a relation between Cs and Rho: Mgy, = (4nG2MZ,p)/(c? + v2,,)?, where
p and c are the Local gas density and Local gas sound-speed in the vicinity of the black hole and v,
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is the relative velocity between the gas density and the black hole. This model can explain the relation
of Rho, Cs and Mdot in the corner plot, however it can not explain the defference between the
distribution of irresolvable black holes and resolvable black holes, which may help us understand the
origin and formation of super massive black holes.

Table 3. Parameters description of the corner plot.

Parameters Units Description

Rho - Local gas density in the vicinity of the blackhole

Cs - Local gas sound-speed in the vicinity of the
blackhole

Time Second(logarithmic) Time (scale-factor) for each entry

Mdot 10°M¢/0.978Gyr The mass accretion rate onto the black hole,
instantaneous

Mass Mg (logarithmic) Mass of one black hole in a merger pair

Redshift Dimensionless -

MrdSNR Dimensionless SNR(LISA) of merger events in the Merger-
Ringdown phase

InspSNR Dimensionless SNR(LISA) of merger events in the Inspiral
phase

Mass ratio - The ratio of the mass of two black holes in a
merger pair

Total mass Mg (logarithmic) The total mass of two black holes in a merger
pair

Dl Parsecs Luminosity distance

4. Discussion and conclusions

This paper provides a new method to study the assembly of SMBHs in our universe. However, we
emphasize that our model is phenomenological and that there are a number of caveats that may affect
our results.

NlustrisTNG is based on the black holes seeding of 10° Mg, Therefore it cannot show the different result
of different seeding simulation. For example, for different BH seeds, redshift distribution, detecting
ability and event rates of those GW detectors could be different, which may be able to help us understand
the first SMBHs formation of the early universe.Furthermore, IllustrisTNG has limited resolution. It
cannot resolve many BH parameters such as the spin parameter, which may affect the calculation of
Gravitational waves. Overall, with these caveats in mind, a strong result from our calculations is that the
third generation space-based GW detectors will be able to detect SMBHs in the mass range of ~
10°- 108 Mg, in the redshift range up to z ~ 6.

To summarize, we have calculated GW signals from SMBH mergers of a mass range ~ 106-10° Mg,
atredshifts z ~ 0 — 6, by post-processing the merger trees extracted from IllustrisTNG(TNG100) with
a phenomenological GW model. Numerous super massive black hole mergers may occur, and these
merger events may be detectable by space-based GW detectors such as LISA, Tianqin and Taiji. Space-
based detectors can detect SMBHs of a wider mass range. LISA, Tianqgin and Taiji will be able to detect
both BBH inspirals and mergers of ~ 106~ 107 M, with an estimated event rate of 1 events per year at
redshifts up to z ~ 6. While BBO and DECIGO may not be able to detect any super massive black hole
merger event. The result of event rates in this study is in good consistency with the results in similar
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study[5] whose events for LISA is about two mergers of both Merger-Ringdown and Inspiral phase per
year. There are some interesting parameters distribution discrepencies between resolvable SMBH
mergers and irrsolvable mergers. For example, the distribution difference in local gas density may lead
to the distribution difference in the mass accretion rate, which could provide some evidence on the
formation of the super massive black holes. We found out that the distribution of the local gas density
in the vicinity of the blackhole has two peaks, but LISA can only detect one peak from the distribution.
Besides, there are also two peaks in the distribution of the mass accretion rate of total BHs, although
one peak is very low and flat. Together with the distribution of Mdot and Rho, there are 3 peaks for all
the supermassive black holes in the simulation, as shown in the corner plot. However, only one peak out
of three can be detected, which may shed light on the mechanism of the formation of super massive
black holes in the early universe.

These results demonstrate that GW detectors will be powerful tools to study SMBHs in the Universe,
which will be promising to probe different BH seed models and unravel the origin of the SMBHs.

[

G % 2% Y %
? [‘4

% %, %,

n InspSR MrdsNR Redshit Mass Mo
¥ v Y 0o e v o6 %% % % ¢ > 6 9 % ¥y o v% %

| IS

Btal mass

B

:}:b)

- A

MrdSNR InspSNR Mass ration tal mass

Al 4
h m % b R
r 4

o Time Mat  Mass

Figure 2. Comer plot of several parameters and distributions these parameters of the SMBH coalescence
events from IllustrisTNG (detected by LISA). The histograms in green show the parameters distributions
of irresolvable merger events while the histograms in blue show the parameters distributions of
resolvable merger events. The description of the parameters can be seen in table 3.
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