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Abstract

We consider a model of a black hole consisting of a number of elementary components. Examples of such models
loop quantum gravity and in M-theory. We show that treating the elementary components as completely distinguisha
to the area law for the black hole entropy. Contrary to previous results, we show that no Bose condensation occurs
the horizon area has big local fluctuations. We discuss a regularization which leads to the equidistant area spectru
quantum gravity.
 2003 Published by Elsevier B.V.
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In the framework of quantum gravity black hol
are treated as quantum objects. As such, they
characterized by quantum numbers: mass, ele
charge, angular momentum, etc. For Schwarzsc
black holes (neutral, nonrotating) the only quant
number which is left is the massM. It is related to
the areaA of the black hole horizon by formula,A=
16πG2M2/c4, whereG is the gravitational constan
Important questions in black hole physics are what
spectrum ofA looks like and what the degeneracies
states are for a given value ofA. These will determine
the quantum and statistical mechanical propertie
black holes [1].
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In the absence of a definitive quantum grav
theory, the answers to these questions depend o
model of a black hole. In several approaches
assumes that a black hole consists of elemen
components contributing additively to its area. F
instance, in the loop quantum gravity approach (s
e.g., [2,3]) these are Wilson lines of the Ashteka
connectionAaµ. In the M-theory approach [4] these a
D0-branes. Each of the elementary components ca
in a number of states. An elementary componen
the staten gives a contributionAn to the total area
and has a degeneracyg(n). The eigenvalues of th
area operator then acquire the formA=∑∞

n=1NnAn,
whereNn is the number of elementary components
the staten. The multiplicity of states with areaA is
Ω(A) and its asymptotics whenA is macroscopically
large defines the entropy of the black hole,S(A) =
k lnΩ(A).
 license.
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The spectrum of the areaA and the behaviou
of the entropyS(A) depend on the spectrum of th
elementary areaAn, the elementary multiplicitiesg(n)
and the degree of distinguishability of the compone
We will discuss the form ofAn in the framework
of loop quantum gravity [2,3]. The classical res
in this field is that the indexn can be associate
with a spin j of an SU(2) representation. Then,j
takes integer and half-integer values and accord
to [5] Aj = √

j (j + 1) in some units. We discuss
regularization which gives instead

(1)Aj = j + 1

2
.

In particular, this implies that the spectrum of t
area operator is equidistant. Such a situation
first considered by Bekenstein, based on the
that the black hole area behaves as an adiab
quantum invariant [1]. This was later further analyz
by Bekenstein and Mukhanov [6], who showed th
such a spectrum implies certain specific proper
of the black hole radiation: there exists an ene
quantumh̄ω0, energy can be radiated only in integ
multiples of this energy quantum and the black h
radiation spectrum becomes discrete. An equidis
area spectrum has been proposed by several o
authors, although not in the loop quantum grav
approach [7].

Furthermore, we will consider the issue of bla
hole entropy. It will be seen that thearea law S ∝A is
to a large extent generic. A more subtle issue is w
the statistically preferable state of the system is. T
analysis of [10] in the case of loop quantum grav
and of [11] in the case of black holes composed of D0-
branes showed that the most probable configura
has all the elementary components in the same m
tiplet. This can be viewed as Bose condensation.
show instead that for completely distinguishable e
mentary components one obtains a Gibbs distribu
for theNn ’s with many of them nonvanishing in th
most probable configuration. Our result implies th
the area operator has large fluctuations,�A ∼ √

A,
whereas in the case of Bose condensation the flu
ation of area would have been strongly suppressed

We turn first to the issue of the area spectrum
loop quantum gravity. One of the virtues of Ashteka
formulation is that instead of the metricgµν one deals
with the gauge fieldAaµ [2,3]. In the Euclidean grav
r

ity the gauge group isSU(2) and the isotopic indexa
takes values 1,2,3 corresponding to three Pauli mat
ces. In the Hamiltonian formulation one uses the s
tial componentsAai as generalized coordinates and
components of the electric field,Ei = ∂0Ai − ∂iA0 −
[A0,Ai] as conjugate momenta. It is convenient
view the gauge field as a 1-formA= Ai dx

i , and the
conjugate momentaEi as components of a 2-form
E = 1

2εijkEi dx
j dxk.

The physical Hilbert space is obtained by impo
ing the Gauss law constraint, the diffeomorphism c
straint and the Hamiltonian constraint (the Wheel
DeWitt equation). While constructing the full space
wave functionals which annihilate all those constrai
proves to be a difficult task [2], one believes that
spectrum of the area operator is captured by stud
the ‘kinematical Hilbert space’ containing the Wilso
lines [12],

(2)W
j
Γ (A)= TrP exp

(∫
Γ

AaT aj

)
,

whereΓ is a closed contour,j is a positive integer o
half-integer andT aj are generators of the Lie algeb
su(2) in the representation with spinj .

In terms of the Ashtekar’s variables, the ar
operator corresponding to the 2-dimensional surf
Σ acquires the form [5],

(3)AΣ =
∫
Σ

d2x
√

TrE2,

where the integrand is the natural density which
be integrated over the 2-dimensional surfaceΣ . The
Wilson lines Wj

Γ are eigenstates of the operato
AΣ , at least when all the intersections ofΓ andΣ
are transversal. Moreover, each intersection give
contributionAj which depends only on the spinj
of the Wilson line. It is our next task to compute t
numbersAj .

Canonical quantization suggests that in theA-
representation the conjugate momentumEa

i act as
derivatives,Ei

a(x)= −iδ/δAia(x). Ignoring the singu-
larity arising from the coincident arguments in the e
pression

√
Ea
i (x)E

a
i (x), one easily obtains

AΣWΓ (A)=
∑
p

Tr
√
T aj T

a
j P exp

(∫
p

Aai T
a
j dxi

)
,
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wherep are the intersection points ofΓ andΣ , and∫
p

stands for the integration overΓ with the starting
point at p. The expressionT aj T

a
j is proportional to

the unit matrix with coefficient the quadratic Casim
cj = j (j + 1) of SU(2). This observation led [5] to
the conclusion thatAj = √

j (j + 1). We shall argue
that the spectrum of the area operator depends
the choices in the definition of the path integral a
discuss the particular choice giving rise to formula (

The area operator(Ea
i (x)E

a
i (x)) contains a produc

of two fieldsEi
a(x) at the same point and potential

needs a regularization. The answercj = j (j + 1) is
certainly correct to the leading order inj which might
be used as the parameter in the semi-classical ex
sion. However, there might be quantum correction
this formula similar to the shift bȳhω/2 in the energy
spectrum of the harmonic oscillatorEn = h̄ω(n+ 1

2).
We shall argue that a similar shift by14 in the Casimir
arises, giving rise to the spectrumAj = j + 1

2.
Instead of using theA-representation it will be

convenient to write the wave functionalWΓ (A) in the
E-representation by means of the functional Fou
transform,

(4)W̃Γ (E)=
∫

DAei
∫

Tr(EA)WΓ (A).

This expression can be simplified using the geome
quantization formula for the Wilson line [13,14],

(5)WΓ (A)=
∫

Dg ei
∫
Γ Tr(τg−1∂sg ds+A(gτg−1)),

where the auxiliary fieldg is a group valued function
on the contourΓ , τ is a constant diagonal matrix
and s is a parameter alongΓ . The right-hand side
of (5) is well-defined only when the eigenvalues
p are integers or half-integers [14]. Putting toget
the functional Fourier transform (4) and the geome
quantization (5) yields,

(6)W̃Γ (E)=
∫
dg δ

(
E − gτg−1δΓ

)
,

whereδΓ stands for theδ-function supported onΓ .
Eq. (6) suggests thatE vanishes outsideΓ . On the
contour, we obtain

√
TrE2 = √

Tr τ2δΓ . Hence, the
contribution to the area operator coming from t
transversal intersection ofΓ andΣ is given byAj =√

Tr τ2. The relation betweenτ andj depends on the
regularization of the functional integral overg. Using
-

the regularization of [13] one obtainsAj = j + 1
2 (the

regularization of [14] yieldsAj = j ).
Choosing the right regularization is a delica

issue. There is at least one example of a ga
theory where the spectrum of the operator TrE2 can
be determined unambiguously. This is 2-dimensio
Yang–Mills theory as considered by Witten [15
There, the eigenvalues of the operator TrE2 can
be related to the volumes of the moduli spaces
flat connections on Riemann surfaces which can
computed independently without use of field theo
(see, e.g., [16]). In this case, the correct regulariza
indeed happens to becj = (j + 1

2)
2 [15].

The one-dimensional path integral which occ
in formula (5) is a particular case of a Poissonσ -
model [8] (with target the spaceR3 with Poisson
bracket{xi, xj } = εijkxk). A Poissonσ -model is a
two-dimensional topological field theory which a
mits a one-dimensional formulation of the type (
In this formalism, one possible regularization of t
operators on the one-dimensional contour (like
operator

√
TrE2) is to define them as limits of th

bulk operators when the distance to the bound
ε → 0 [9]. Such a regularization maps the center
the Poisson algebra to the center of the algebra
observables preserving multiplication (see, [9, S
tion 4]). In our case, this requirement again fix
Aj = j + 1

2.
In conclusion, we collected evidence in favour

the formula (1) for the spectrumAj of the elementary
objects. If correct, it implies a Bekenstein–Mukhan
type discrete spectrum of the black hole area, an
discrete spectrum of the black hole radiation.

We now turn to the black hole thermodynami
We consider a quantum black hole as consisting
a large number of identical elementary compone
As stated, examples of such elementary compon
are the Wilson lines in loop quantum gravity, o
equivalently, the spin variables in spin lattice grav
and D0-branes in M-theory. Different viewpoints o
the degree of distinguishability of these compone
will be discussed, and the entropy will be calcula
in each case.

To facilitate the counting of states, it is conv
nient to view the set of elementary components
the constituents of a grand canonical system, wit
temperature-like parameterβ dual to the area contro
ling the thermodynamics. Standard statistical mech
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ical arguments determine the entropyS of the black
hole to be given by

(7)S = k(Aβ + lnZ),

wherek is Boltzmann’s constant,A is the conserved
black hole area andZ is the area partition function

(8)Z =
∑
A

Ω(A)e−βA =
∑
A,N

Ω(A,N)e−βA.

HereΩ(A) is the multiplicity of states of areaA, and
Ω(A,N) is the multiplicity of state of areaA and
N elementary components. The summation is ove
possible areas and number of components.

To proceed, we will consider the elementary co
ponents as identical butcompletely distinguishable in-
dependent quantum systems. Then the partition fu
tion becomes

(9)Z =
∑
N

ZN1 = 1

1−Z1
,

whereZ1 = ∑
AΩ(A,1)e

−βA is the partition func-
tion of a single component. The above expression
Z implies thatβ can never be less than theHage-
dorn temperature parameterβ0, fixed by the relation
Z1(β0)= 1.

From Eq. (8) the area is related to the partiti
function by formula,

A= −d lnZ

dβ
= − 1

1−Z1
· dZ1

dβ
.

Restricting our considerations to macroscopic ar
A � 1 only, this relation implies that 1− Z1 ∼ A−1.
Thusβ → β0 and lnZ grows only as lnA. The domi-
nant contribution to the entropy will therefore be giv
by S = kβ0A. The entropy is always proportional
the area. This is a completely general result, va
for any system consisting of distinguishable com
nents.

To fix the proportionality constant, we restrict o
considerations to the case of the area spectrum g
by Eq. (1), i.e.,An = n, n = 1,2,3, . . . , and the
degeneracy functionΩ(A,1)= Ω(n,1) = g(n) = n.
Note that the states enumerated by the spin quan
numberj , taking integer or half-integer values, a
now enumerated byn = 2j + 1, a positive integer
We obtainZ1 = (2 sinhβ2 )

−2. The partition function

diverges at the Hagedorn parameterβ = β0 = ln 3+√
5

2

and the area becomes macroscopic asβ → β0. In that
limit the entropy becomes

(10)S = kA

4πγ l2p
ln

(
3+ √

5

2

)
,

where we have acknowledged that the area is m
sured in units of 4πγ l2p, wherelp is the Planck length
andγ is the Immirzi parameter [17]. The above res
can also be derived by direct calculation of the mu
plicity of states at fixed areaA. The grand canonica
derivation presented above, however, is significa
simpler.

Eq. (10) represents our final result for the entro
of a black hole. The validity of this derivation depen
crucially on two important and independent claim
that Eq. (1) gives the true area spectrum and that
area constituents, i.e., the edges in the spin lattice g
ity approach, are completely distinguishable. Justifi
tion for the former claim has already been given. L
us now turn to the latter.

The elementary components of a black hole co
a priori be eitheridentical, partially distinguishable or
completely distinguishable. Completely distinguish
able components would mean that:

(1) There is a difference between assigning two gi
spin valuesj1 and j2 to two different edges
according to (edge 1, edge 2)= (j1, j2) and
(edge 1, edge 2)= (j2, j1);

(2) Even if j1 = j2, there is a difference betwee
assigning two different spin statesm1 andm2 to
the two different edges.

In calculating the entropy of Eq. (10), the edg
were considered to becompletely distinguishable,
i.e., both claims (1) and (2) are imposed. Since
positions of different edges are determined by
spin network, which is formed by the way in which
the edges are connected to each other and to
outside world, this viewpoint appears to be the o
best describing the physical model, and as such,
one we should adopt (see also [18,19]).

In papers [10,11] a different view is adopte
the edges arepartially distinguishable. Indeed, the
multiplicity formulaΩ({Nn})=∏

n g(n)
Nn applies if

claim (1) above isnot adopted while (2) still applies
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Evaluating (8) with this counting of states we obtai

(11)Z =
∑
{Nn}

Ω({Nn})e−βA =
∏
n

1

1− g(n)e−βA(n)
.

If no edge has an exponentially increasing density
states (in which case it would be itself a macrosco
black hole) the only poles of the above express
are ateβA(n) = g(n). Calling β̄0 the lowest of these
values ofβ , occurring for somen0, we deduce tha
for macroscopic areas the model will exhibit Bo
condensation at the spinj0 = (n0 − 1)/2 and the
entropy will beS = β̄0A. For our area function (1) an
the degeneracy functiong(n)= n this gives an entropy

S = kAγ0

4l2p
with γ0 = ln3

3π
.

Bose condensation occurs at spinj = 1. For
Ashtekar’s choice of area function the result is inste
γ0 = ln2

π
√

3
, and Bose condensation occurs atj = 1

2.

Finally, if the edges areidentical we adopt neithe
claim (1) nor (2) and have the equivalent of a Bos
Einstein gas. Then, it turns out that the entropy
related to the area byS ∝ At , where the exponen
satisfiest < 1 if no edge has an exponential dens
of states. For the choices of area spectrum (1)
degeneracy functiong(n) = n, the exponent acquire
the valuet = 2/3. No Bose condensation occurs.

In conclusion, the area lawS = β0A and the
appearance of a Hagedorn parameter are the m
results. These are extremely generic, requiring o
some distinguishability of the elementary componen
Since the Immirzi parameter is not fixed by t
quantum theory [17], the different values ofβ0 are of
somewhat secondary importance. There is, howe
a crucial physical difference between our result a
the result of [10,11]. While the latter suggest th
Bose condensation occurs and area fluctuations
strongly suppressed, in our fully distinguishable c
no Bose condensation occurs and the area within
solid angle of the black hole will exhibit fluctuation
of order

√
A.

It is important to consider whether the appe
ance of such fluctuations is reasonable and wheth
has observable consequences. A fluctuation�AΩ ∼√
AΩ for the horizon area within a solid angleΩ im-

plies a local fluctuation in the radiusR of the black
hole of order�R ∼ 1 in Planck units, as well as th
fact that such fluctuations in parts of the horizon se
rated by more that a few Planck lengths are statistic
independent. These are certainly reasonable and
pected in any theory of quantum gravity. This also i
plies that any observational implication of such flu
tuations would involve probing physics at the Plan
scale. Such effects are clearly yet to be detected.
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