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ABSTRACT. An additive code is an IF'4-linear subspace of IFgm over IFgm , which
is not a linear subspace over IFgm. Linear complementary pairs (LCP) of
codes have important roles in cryptography, such as increasing the speed and
capacity of digital communication and strengthening security by improving the
encryption necessities to resist cryptanalytic attacks. This paper studies an
algebraic structure of additive complementary pairs (ACP) of codes over IFgm.
Further, we characterize an ACP of codes in analogous generator matrices and
parity check matrices. Additionally, we identify a necessary condition for an
ACP of codes. Besides, we present some constructions of an ACP of codes
over IFgm from LCP codes over IFym and also from an LCP of codes over IFy,.
Finally, we study the constacyclic ACP of codes over IFgm and the counting of
the constacyclic ACP of codes. Finally, we exhibit an interesting application
of ACP of codes in coding for the two-user binary adder channel.

1. Introduction. Linear complementary pairs (LCP) of codes, which were intro-
duced by Bhasin et al. in [17], are extensively explored for wide application in
cryptography (see [2, 4]). Further, we refer to some papers [1, 5, 12] on the LCP
of codes over a finite field, and we point out that complementary pairs of codes
without linearity properties have an essential role in constructing quantum codes
(see [18]). Thus, it is a useful context for studying non-linear complementary pairs
of codes in coding theory. In particular, we study additive complementary pairs
(ACP) of codes that extend the analogous of additive complementary dual (ACD)
codes. With this point of view, lots of research has been done for additive comple-
mentary dual (ACD) codes (see [19, 20, 21]). LCP of codes is a generalization of
linear complementary dual (LCD) codes. The notion of LCD codes was introduced
by Massy in [15] and later studied in [8, 6, 7, 12, 16].

Besides, the study of additive codes has gathered significant attention due to
their theoretical significance and practical applications. One prominent applica-
tion of additive codes lies in quantum error correction, where they are employed to
protect quantum information from errors induced by noise or other environmental
factors. Additionally, additive codes find utility in secret-sharing schemes, where
they facilitate the secure distribution of confidential information among multiple
parties, ensuring that only authorized subsets of participants can reconstruct the
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original secret [14]. Additive codes represent a crucial class of codes within coding
theory, introduced by Delsarte et al. [10]. Generally, additive codes are subgroups
of the underlying abelian group. Further, Huffman [13] provided an algebraic struc-
ture for additive cyclic codes over IF4. Through ongoing research and exploration,
the potential of additive codes continues to expand, offering valuable insights and
solutions in the realms of information theory, quantum computing, and cryptogra-
phy (see [11]). Recently, Shi et al. [20] developed a theory of ACD codes over IFy
for trace Euclidean and Hermitian inner products. The authors introduced a nice
construction of ACP codes over IF4 from binary codes in the same paper. They
also established that ACD codes are potentially related to LCD codes. In the same
spirit, Choi et al. [9] studied ACP codes over a finite field IFym with m > 2 in a
general setup of trace inner product. They also provided new construction of ACP
codes with respect to trace-Euclidean, Hermitian, and Galois inner products. This
general setup showed that ACD codes are related to LCD codes. In this same pa-
per, they further computed good numerical examples of ACP codes. Motivated by
these papers, we study the theory of additive complementary pair (ACP) of codes.
We further derive some construction of ACP of codes. This paper establishes a
relationship between the LCP of codes and the ACP of codes.

On the other hand, an m—submodule of m
linear additive code over IFym, where A € IFZ and m > 2. In paper [3], the authors
studied the algebraic structure of A-constacyclic IF-linear additive code over IFgm.
In the same paper, they developed a theory for self-orthogonal and self-dual nega-
cyclic IF ;-linear codes over IF,m. The authors in paper [21] deduced a theory for
additive cyclic and cyclic IFa-linear ACD codes over IFy4 of odd length for the trace
Euclidean and Hermitian inner product. They also provided a characterization for
subfield subcodes. Inspired by these papers, we will study the constacyclic IF ;-linear
ACP of codes and counting of constacyclic IF,-linear ACP of codes.

Inspired by these works, we first generalize the LCP of codes over finite fields
to the additive complementary pair (ACP) of codes in the ambient space using a
general inner product. We then study a complementary pair of IF,-linear codes
defined over an extension field IFym, which we refer to as additive complementary
pairs (ACP) of codes. Furthermore, in the approach of [4], the direct sum C & D =
IF is essential, and min{d(C),d(D+)} serves as a performance criterion for SCA
(resp. FIA), where d(C) represents the minimum distance of C'. Since this model
relies on the additivity of the codes rather than their linearity, it makes sense to
study additive complementary pair (ACP) codes over finite fields or finite rings.
Moreover, since linear codes are additive codes, LCP codes are ACP codes. This
motivates the current study.

The paper is organized as follows. In Section 2, firstly, we sketch basic definitions,
notations, and results on IF ;-linear additive codes over IF ;= , and secondly, we recall
some useful results for our context from constacyclic IF;-linear additive codes over
IFym. Section 3 deals with the characterization of ACP of codes with respect to the
general inner product on IFZW. Some constructions of ACP of codes are presented in
Section 4. Further, we count a formula for constacyclic ACP of codes in Section 5.
We provide an application of ACP of codes in the noiseless two-user binary adder
channel in Section 6. Finally, the paper concludes in Section 7.

is a A-constacyclic IFg-
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2. Some preliminaries.

2.1. IF;-linear additive codes. Let IF; and IF;= be the finite fields with cardinal-
ity ¢ and ¢™, respectively, and characteristic p. A nonempty subset C of IF(.. (where
m > 1) is called an IF ,-linear additive code if C is an IF-linear subspace of IFy.. (see
for more details [9]). Note that an IF,-linear additive code of IFy.. is an IF,-linear
code over IF m of length n. We define a bilinear mapping B : . x Fj. — IF,
such that, for (a1,as,...,an), (b1,b2,...,b,) € IFn

B((a1,a2,...,a,),(b1,b2,...,b,)) = Z Tr(pia;im(by(s))) (1)

where T'r : IFym — IF; is the trace mapping defined by x — z+z9+4-- ~+xqm71, mis
a field automorphism on IFym and o : {1,2,...,n} — {1,2,...,n} is a permutation
with corresponding matrix P such that
p.o_ 1 ifi=o(j);
1 0 otherwise,
M = diag(p1, pi2; - - - 5 ftn) is an n x n matrix over IFym with p; € IF... Note that
B is not symmetric in general. B satisfies the following property
(a) B is non-degenerate;
(b) Radr(B) ={acF. | B(a,x) =0 for all x € IF,. } is an IF -linear subspace
of IFm;
(¢c) Radr(B) ={a€ . | B(y,a) =0 for all y € I/, } is an IF,-linear subspace
of IFym.
For an IF -linear additive code C over IFm, the left-dual of C is denoted as cte,
defined by
Ctr={ac IFj. | B(a,c) =0 for all c € C}
and the right-dual of C is denoted as C*#, defined by
ctr ={ae ). | B(c,a)=0 for all c € C}.

Note that C+* and C+# are IF -linear subspace of IFy,.. It is not difficult to show
that C* and C**® satisfy the conditions (for more details, we refer [9])

dimp, (C) + dimp, (Cte) = nm (2)
dimp, (C) + dimp, (C*7) = nm (3)
(CHe)tr = (ctr)yte =c. (4)

2.2. Constacyclic IF;-linear additive codes. In this subsection, we assume that
ged(n,p) = 1. Suppose that A € IF; with multiplicative order ¢. Consequently,
ged(nt,p) = 1 as t is divisor of ¢ — 1. Now, we spell out some notations for our
contexts as follows.

e Set N = nt.

e Denote Ci(b) = {i,ib,ib?, ...} (mod N) as the b-cyclotomic coset containing i

modulo N where i € {0,1,..., N — 1} and b is either g or ¢™.

e Denote the cardinality of Ci(b) as |Ci(b)|.
We following lemma is presented to enrich our context.
Lemma 2.1. [3, Lemma 2.1]

(a) If gcd(\qu)\,m) =1, then Cl-(q) = Cl-(qm).



ADDITIVE COMPLEMENTARY PAIRS OF CODES 1697
(b) Ifm is a factor 0f|Ci(q)\, then \CZ-(Q)\ = m|C§qm)\ and Ci(q) = Ci(qm) UCZ»(gm)U. ..U
C’Z.(Zmzl , where Cl.(gj '), 0 < 7 <m—1 are pairwise disjoint with same cardinality.
Let X be an indeterminate over IF =. Consider the quotient ring
IFy[X] ~ FolX] g
R(‘I) — q — q — ICZ
m= oy - Do D

where X™ — X\ = [] p:(X) with each p;(X) is an irreducible polynomial in IF,[X],

F,[X
corresponding g-cyclotomic coset Cﬁ)ti and K; = (pq([X)]) for 0 <7 < s. Further,
consider the quotient ring
P P
(qm) — ]:qu [X I
R @ L)~ DT

P

where X™ — X\ = [] M;(X) with each M;(X) is a polynomial in IFm [X] and Z; =
=0

Fym [X]

(M;(X))

M(X)—{ %:(X) if 0<i<m,
! QT+(k—1)m+1(X)QT+(k—1)m+2(X) T QTJrkm(X) if1<k<s—r.

Here each ¢;(X) is an irreducible polynomial in IF m[X], corresponding to ¢™-

for 0 <i<pwithp=7r+(s—r)m=ms— (m—1)r and

cyclotomic coset Cﬁ)tj for 0 < j <s. Denote F; = )L,y (i—1)m+h, for 1 <4 <
s —r. For more details, see [3, Section 2].

We next recall that an IF,-linear additive code of length n over IFym is defined
as an IF,-linear subspace of IFj.. In view of the above discussion, we have the
following proposition.

Proposition 2.2. 1) Each nonempty A-constacyclic IF,-linear additive code C
mn IF‘Zm can be uniquely expressed as

c=che.d---Pe. (5)

where each C; is a unique K;-subspace of Z;, for 0 < i < r and Cryp is a
unique IC;-subspace of Fryp for 1 <k <s—r.

2) Conversely, let D; be an K;-subspace of Z;, for 0 < i < r and Dy4i be an
ICi-subspace of Fry for 1 <k <s—r. Then, the direct sum

D=D:PD-P - PP (6)

15 an A-constacyclic IFy-linear additive code over IF gm .

Proof. The proof of Proposition 2.1(1) follows from [3, Lemma 3.1], and the proof
of Proposition 2.1(2) is a straightforward exercise. O

3. Characterization of ACP of codes. For two IF-linear additive codes over
IFym, C and D, the pair (C,D) is called an additive complementary pair (ACP) of
codes if C ©p, D = IFm, i.e., CND = {0} and C +r, D = {ac+ fd|a, 8 € Fy,c €
C,d € D} = IFn. Equivalently, a pair (C,D) is an ACP of codes if and only if
CND = {0} and dimp, (C) +dimp, (D) = nm. Then, we have the following results.
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Lemma 3.1. Let C and D be two IF -linear subspaces of IFZm. With respect to the
inner product B (see Equation (1)), we have

1) (C+D)te =CctenDre;

2) (C+D)*tr =CtrNDLE;

3) Ctr + Dt = (CND)E;

4) Ctr + Dir = (CND)Lr.

Proof. 1) Let # € (C + D)'t. Then B(x,a) = Oforalla € C+D =
B(x,c+d) =0forallc € C,d € D. If d = 0 then B(x,c) = 0 for all ¢ €
C = x € C*r. Similarly If ¢ = 0 then B(x,d) =0 foralld € D, = x €
D+r. Hence, x € Ctr N DLe,
For the other direction, let y € Ctt N DL, Then B(y,c) = 0 for all ¢ €
C and B(y,d) = 0 for all d € D. That implies, B(y,c+d) = B(y,c) +
B(y,d) =0 for allc € C, d € D. Hence, y € (C + D)*~.
2) It can be proved as in 1).
3) As Ctr + Die = ((Cte +DJ‘L)J‘R)J'L (see Equation (4)), C+t + D1t =
(CND)+e (follows from 2).
4) It can be proved as in 3).
O

Theorem 3.2. Let C and D be two IF,-linear subspaces of IFZ With respect to
the inner product B (see Equation (1)), the following are equivalent.

1) the pair (C,D) is an ACP of codes;

2) the pair (C+2,D1L) is an ACP of codes;

3) the pair (C+7, D7) is an ACP of codes.

Proof. In order to prove that 1), 2) and 3) are equivalent, it is enough to show
that 1) and 2) are equivalent. Let us assume that the pair (C,D) is an ACP of
codes. Then CND = {0} and dimp,_(C) + dimp (D) = nm. That is, C 4, D =
IF7,.. Then using result in 1) of Lemma 3.1, we have C* N D% = {0} and since
dimp, (C) 4+ dimp, (D) = nm from result in Equation (2), we have dimp, (C+*) +
dimp, (D+%) = nm. Hence, (C*+2,D+~) is an ACP of codes.

Conversely, suppose that the pair (C*£,D+L) is an ACP of codes, which gives
that C+> ND+r = {0} and C*+* +p, D= = FF}... From Lemma 3.1, it follows that
C+wr, D=1, and CND = {0}. Hence, (C,D) is an ACP of codes. O

For a matrix G = (g;;) with entries g;; € IFgm, we denote the matrix Tr(G) =
(Tr(gi;)) over IF,. The following theorem presents a characterization of an ACP of
codes.

Theorem 3.3. If C and D are two IFy-linear additive codes over IFym of length n
with generator matrices G1 and G, respectively. If the pair (C,D) is an ACP of

-

codes, then rank | Tr M (W(GI)P)T = n, where 7 is a field automorphism
M (m(G2)P)

onTFgm and o : {1,2,...,n} = {1,2,...,n} is a permutation with corresponding

matriz P such that

0 otherwise,

P :{ L ifi=o(j);

M = diag(j1, p2; - - - s fin) is an n x n matriz over I gm with p; € I, .
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m(G1)P)
m(G2)P)

such that (Tr( %E:Eg;;i;: )) x| =0, ie, (T’f‘( M(TF(Gl)P)T ))XT =

(Tr( M (n(G2)P)" ))XT = 0. That implies B(x,c) = 0 for all ¢ € C and

B(x,d) = 0 for all d € D, that is x € C** and x € D%, Hence, x(# 0) €
CtrND+L. Then (CHE,DE) is not an ACP of codes and that implies (C, D) is not
an ACP of codes (see Theorem 3.2). This contradicts the hypothesis that (C, D) is

-
an ACP of codes. Hence rank (Tr ( M (n(G1)P) )) =n. O

-
Proof. Let rank (Tr ( %E T )) < n. Then there exists nonzero x € IFy

M (m(G2)P)"

Example 1. Take IF, = IFy and IFy» = IF4 with 7 is the automorphism on IFym,
define as 7(z) = 2%. Let C and D be two IFa-linear additive codes over IFy of length
6 with generator matrices

1 0 0 0 0 1
w 0 0 0 0 w
01 0 0 0 1 0O 0 00 1 O
0 w 0 0 0 w 0 0 0 0 w O
Gi=19 0100 1 |™M&E=1 1 1 11901
0 0 w 0 0 w w w w w 0 w
0 0 0 1 0 1
0 0 0 w 0 w

respectively, where w is a primitive root of IF4. It is easy to see that (C,D) is an
ACP of codes with respect to P such that

p._ 1 if off-diagonal element ;
771 0 otherwise,
M = diag(p1, p2,-- -, n) is an n X n matrix over IFy with u; € IF;. However,
T
rank | Tr M (W(Gl)P)T = 6, which is coincide with Theorem 3.3.
M (7(G2)P)

We can have similar results in terms of parity check matrices as in the following
Corollary.

Corollary 3.4. If C and D are two IF,-linear additive codes over IF  m of length n
with parity check matrices Hy and Hay, respectively. If the pair (C,D) is an ACP of

7

codes then rank | Tr M(ﬂ-(Hl)P)T = n, where w is a field automorphism
M (m(Hz)P)

onFgm and o : {1,2,...,n} = {1,2,...,n} is a permutation with corresponding

matriz P such that

P, { L ifi=o(j);

0 otherwise,

M = diag(p1, pi2, - - -, i) is an n x n matriz over I gm with p; € .

In general, the converse of Theorem 3.3 is not correct. The following example
illustrates it.
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Example 2. Take IF, = IFy and IF;m = IFy with 7 is identity automorphism
on IFgm. Let C and D be two IFa-linear additive codes over IF4 of length 3 with
generator matrices

1 1 0 1 1 1
Gy = w w 0 andGi=| w w w |,
w? 0 w? w w 0

respectively, where w is a primitive root of IF4. It is easy to see that C' N D #
{0}, as (w, w, 0) € CND. Hence (C,D) is not an ACP of codes. However,
Gy

G =3.

rank | Tr

Now, we present a necessary and sufficient condition for an ACP of codes.

Theorem 3.5. Let C and D be two IF,-linear additive codes over IF m of length
n with generator matrices Gy and Go and parity check matrices Hy and Hs, re-
spectively. Assume that dimp, (C) + dimp, (D) = mn. Then the pair (C,D) is

an ACP of codes if and only if rank (TT (HQM (m (Gl)P)T>) = rank(Gy) or
rank (T’I‘ (HlM (m (G2) P)T)> = rank(Gz) where M and P are defined as in The-
orem 3.5.

Proof. Suppose that rank (TT (HQM (7 (Gh) P)T>) = rank(G;) and rank

(Tr (HlM(w (G2) P)T)> = rank(Gz). To prove (C,D) is an ACP of codes, we
need to show that CND = {0}. Let G; be an k xn matrix and G5 be an (nm—k) xn
matrix. If x € CND then
x = aGy and x = 3Gy where a € IV, B € IF;"n_k,
= 7(a)7(G1) = 7(B8)7(Gs), where 7 is a field automorphism on IFym,
= 7w(a)n(G1)P = n(B)n(G2) P, where o : {1,2,...,n} = {1,2,...,n}isa
. . . 1 ifi=0o(j);
permutation with the matrix P such that P;; = { 0 otherwise,
= M (n(G1)P)" w(0)" = M (n(G2)P)" n(8)",
where M = diag(p1, piz, - - -, pin) is an n X n matrix over ..,
— HoM (7(G1)P)" 7(a) T = HoM (n(G2)P)" x(8)T =0 or
H\M (7(G2)P) ' w(8)" = HiM (w(G1)P) " ()" =0,

= 7(a) =0 as rank (T’I’ (HQM (7 (Gh) )T>) = rank(G1) or
M (7 ( )T)) = rank(Gs).

Hence, x = 0 i.e., CN'D = {0}. As by hypothesis dimp,(C) + dimp, (D) = mn, the
pair (C,D) is an ACP of codes.
Conversely, suppose that the pair (C,D) is an ACP of codes and

rank (Tr (HQM (m (Gy) P)T>> < rank(Gy). Then there exists x(# 0) € Iy such
that (Tr (H2M (7 (G1) P)T>> xT =0, ie, (Tr (HQM (7 (xG1) P)T>) — 0. That
is, xG1 € D. Asalready, xG; € C, xG1(# 0) € CND, which contradicts the fact that

P
m(8) =0 as rank (Tr (Hl (m (G2) P
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the (C, D) is an ACP of codes. Therefore, rank (Tr (Ho D7 (Gy) P)T) = rank(G1).

Similarly, we can prove that rank (Tr (HlM (7 (Ga) P)T>) = rank(Gs). O
Example 3. Take IF;m = IFy with a primitive element w. Let C and D be
two IFs-linear additive codes over IF4 of length 3 with generator matrices Gy =
1 1 0 1 0 1
w 0 w and Gy = 1 1 1 |, respectively. Here, we take M, 7 and o
0 w w w o ow w
1 1 1
are all identity. Consider a parity check matrices H; = w w w | and Hy =
w? w? 0
1 0 1 0 1 w
1 1 0 of C and D, respectively. Then H;G§ = 0 w w? and
w 0 w w2 0 0
1 0 w 0 0 1
H,G] = | 1 w w |. Here, Tr(HiGg) = | 0 1 1 | and Tr(HsG]) =
w 0 w? 1 0 0
0 0 1
0 1 1 | which are having rank 3. Hence, (C,D) is ACP over IF4 (see Theo-
1 01
rem 3.5).

Example 4. Take IF;» = Iy with a primitive element w and an automorphism =

on IFm defined as 7(z) = 2. Let C and D be two Fa-linear additive codes over

IF4 of length 6 with generator matrices

1 0 0 0 0 1
w 0 0 0 0 w
0 1 0 0 0 1 0O 0 0 0 1 O
Gi=lo o 0o |mac= YT e
0 0 w 0 0 w w w w w 0 w
0 0 0 1 0 1
0 0 0 w 0 w
tively.

It is easy to see that (C,D) is an ACP of codes with respect to P such that

p.o_ 1 if off-diagonal element ;
771 0 otherwise,

M = diag(py, pra, - - ., fin) I8 an n x n matrix with p; € IFj.

However, rank (Tr( M (W(GI)P)T )) = 6, which coincides with Theorem 3.5,

since rank (T?‘ (HQM (7 (Gh) P)T)) = rank(G1) or,

rank (Tr (HlM (m (Ga) P)T>> = rank(Gs).

4. Building-up construction for ACP of codes. We first present some con-
structions of IF,-linear additive code over IFy= by using a linear code over IFm.
Recall that a linear code over IF,m of length n is a subspace of .. Let G be a
(k x n) generator matrix of a linear code C' over IFym. As IF m forms a vector space
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over IF,, consider {1,a,a?,...,a™ '}, a basis of IFgm over IF,. Denote
G
aG
G = : . (7)
m. lé

It can be shown that G is a generator matrix of an IFy-linear additive code, say C,
corresponding to the linear code C over IF¢m, which is nothing but C,ie., C=C.
Next, we will present a construction of ACP of codes from LCP of codes over IFgm.
Towards the LCP of codes, we define a general inner product on IFgm, Wthh is
the analogue of the inner product B (see Equation (1)), using the bilinear mapping
B : IFn x I8 — TFgm such that

B((alaG’Qa"'aa’n)a(blab%"'v Z:ulal a'('L) (8)

where p;,0, and 7 are as defined in Equation (1). Notice that, in general, B is
not symmetric. A pair of codes (C,D) of length n over Fym is called an LCP of
codes if C O ,m D= IFZm. That is, a pair of codes (é, 75) of length n over IFm is
LCP if and only if CND = {0} and dimp,,, (C) + dim,,, (D) = n. The following
proposition presents a characterization of LCP of codes over IFy= with respect to
the inner product B (see Equation (8)).

Proposition 4.1. Let C and D be two linear codes of length n over IF g m with
generator matrices G1, Gy and parity check matrices Hy, Ho, respectively. Then,
the following are equivalent.

1. The pair (C,D) is LCP.

2. The rank (M ( Zgg;; ) P) =n.

3. The rank ((HQM (w ((;1) P)T>) = rank(G,) or,
rank (Tr (GlM (w (éz) P)T>) = rank(Gs).

Additionally, dim,,, (C~) + dimp,,, (75) =n.
Here, 7 is a field automorphism on Fym, o : {1,2,...,n} — {1,2,...,n} is a
permutation with corresponding matrix P such that
_{ L ifi=a(j);

P = .
* 0 otherwise,

and M = diag(p, p12, - - -, pin) is an nxn matriz over I gm with p; € IF . as defined
in Equation (1).
The proof of this Proposition is similar to the proof of the Theorem 3.5. Now,

we will present an ACP of codes from a given pair of LCP of codes.

Proposition 4.2. Let C, D be two linear codes of length n over Fym. Let C, D be
the codes constructed from C, D, respectively, as presented in Equation (7). If the
pair (C, D) is an LCP of codes over IFym then (C,D) is an ACP of codes over IFym
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Proof. Let G1, G2 be generator matrices of the linear codes C, D, respectively.
Using Equation 7, construct G; and G which are generator matrices of C, D,
respectively. Since (C,D) is an LCP of codes, dimp, (C) + dimp, (D) = n and
that implies dimp, (C) + dimp, (D) = mn. We need to prove that C N D = {0}.
On the contrary, assume that there exists a non-zero x € IFZ such that x € CND.
Then x = 7Gy = 6G; for some v € Fy, § € F)" " where k = rank(G;) and
mn — k = rank(G). Then from Equation (7), we have that x € C N D. Since x
is nonzero vector in Iy, it contradicts that (C,D) is an LCP. Hence, (C,D) is an

ACP of codes. O

Towards this, for an IF-linear additive code C over IF;m of length n, we define
Tr(C) :={Tr(c) :ceC}.

Note that Tr(C) is a linear code over IF, of length n. We call Tr(C), a trace code
of C. Further, if G is a generator matrix of C, then Tr(G) (defined in Section 3) is
a generator matrix of Tr(C).

Theorem 4.3. Let C and D be two IF,-linear additive codes over IF m of length
n. If the pair (C,D) is an ACP of codes over IFym (using identity m, o and M in
Proposition 4.1), then (T'r(C),Tr(D)) is an LCP of codes over IF,. In particular,
if C is an additive complementary dual (ACD) codes over IFqm (using identity w, o
and M in Proposition 4.1), then T'r(C) is an LCD codes over IF,.

Proof. Let G1 and G4 be two generator matrices of C and D, respectively. Since,
the pair (C, D) is an ACP of codes over IFm (using identity 7, o and M in Propo-

sition 4.1), then by Theorem 3.3, we obtain that rank (TT ( Ga )) = n. That is,

G2
T’I“(G1) . .
rank Tr(Gy) ) = n. Since Tr(G1) and Tr(G2) are generator matrices of Tr(C)
and T'r(D), respectively, from Proposition 4.1, we get (Tr(C),Tr(D)) is an LCP of
codes over IF,. O

Theorem 4.4. Let C, D be two linear codes of length n over Fym. Let C, D be the
codes constructed from C, D, respectively, as presented in Equation (7). Then the
pair (C,D) is an LCP of codes over Fym if and only if (C,D) is an ACP of codes
over IFgm (using identity m, o and M in Proposition 4.1).

Proof. Combining Proposition 4.2 and Theorem 4.3, we have the required result. [
For a = (ay,a,...,a,) € IFj,, and a code C, define
aC :={(a1c1,a9¢a,...,ancy) | (c1,¢2,...,¢,) € C)}.

Note that, for a € (IF;m)n, aC is an IF,-linear additive code if C is an IF -linear

additive code. Recall that a linear code C := [n,k,d] over Fym is MDS if d =
n—Fk+1.

Theorem 4.5. Let C, D be two linear codes of length n over IFym. Let C, D be the
codes constructed from C, D, respectively, as presented in Equation (7). Assume
that at least one of codes C,D is MDS and dimp,,, (C) + dimp . (D) = n. Then

there exists a € (IF;m)n such that a pair (aC,D) is an ACP of codes.
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Proof. Since ¢™ > 4, by [1, Theorem 5.4], there exists a € (IFZm)n such that (aC, D)
is an LCP of codes over IF ;m. By Proposition 4.2, we obtain that (aC, D) is an ACP
of codes. O

Let IF, be a finite field with ¢ > 3, = be transcendental over IF, and P, =
{f € Fylz] : deg(f) < k—1}. For b = (a1,as,...,a,) € Fy, where a;s are
distinct elements in IFy, let RSi(b) = {(f(o1), f(a2),..., f(an)) | f € Pr} be a
k-dimensional Reed-Solomon code which is MDS. Then RSy (b) is [n, k,n — k + 1]
code and RSi(b)'t is a [n,n — k, k + 1] code.

Denote R%) be the IF-linear additive code corresponding linear code RSy (b)

over IFym and RSk (b): be the IFy-linear additive code corresponding linear code
RSk (b)*over TF m

Example 5. From above discussion, RSi(b) = {(f(an), f(aa),...,f(an)) | f €
Pi} be a k-dimensional Reed-Solomon code. Then by Theorem 4.5, there exists

ae (IF;m)n such that a pair (aRm), le) is an ACP of codes over IFgm.
Now, we will present a numerical example.

Example 6. Let x be transcendental over IFo5 and Py = {f € IF [z] : deg(f) < 1}.
For b = (1,2,3.4) € I, let RSy(b) = {(F(1), £(2), f(3), f(4)) | f € Po} be a
2-dimensional Reed-Solomon code which is MDS. Then RS2(b) is [4, 2, 3] code and
1

RS, (b)* is a [4,2,3] code with generator matrix G = ( 1 ; 3 le > and parity

check matrix H = ( (1) (1) 3) ? ) Set a = (2,1,1,1), then (aRS3(b), RS2(b)1)

o —

forms an LCP over [Fo5. It is easy to see that (aRE(\b), RS5(b)1) is an ACP of
codes over IFg5.

Let C be a linear code over IFgm of length n with generator matrix G. We define
two different expansions of C as Cegg1 and Cem2 generated by the generator matrices

~ AP ~ ~
Gex1—<0 é)aHdGer—(Pl G),
respectively, where A\ € Fgm, P € Fy, and P'T ¢ IF‘];m. We now construct an ACP
of codes from the expansions of an ACP of codes.

Theorem 4.6. Let C and D be two linear codes over IFym such that a pair (é ’15)
is an LCP of codes (using identity m, o and M in Proposztzon 4.1). Then there
erist A € IF} gn and P € " gm Such that the pair (Cm1 , Dem) is an LCP of codes over
IFym.

Pmof Let C and D be two linear codes over IF,» with generator matrices Gy

and Gg, respectively. Consider the codes Cew1 and Dwz with generator matrices

~ AP

Gex, = < e ) and Gez? = ( PTG, ), respectively, where A € IFym, non-
1

zero P is an (1 x n) matrix over IFgm and P’ is an 1 x (n — k) sub-matrix of

P. Since, a pair (C,D) is an LCP of codes over IFym, then by Proposition 4.1,
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rank< g; ) = n. Hence,

Tank( P(’)T g; > =n. (9)
Let C; be a linear code over IFyn~ generated by ( 0 Gy ) It is easy to see that
C1 N Dey, = {0} by Equation (9). Since, C; + Dezy C Cez; + Deays dimp,,, (€, +
136162) < dimIqu (?exl + @ezz) ~ B B _
— dimIqu (Cl) + dimm‘qm ('D612) — dim]qu (Cl n Dexz) < dim]qu (Ceml
) + dimp, o (Dew,) — dimp,m (Ceqy N Degy) = dimpp,m (Ceay N Degy) < 1.
AP

Further, we choose A € IF;= such that det ( Qerl ) = det, 0 é1 # 0.
Gexz T A
P Go
Note that there exists such A satisfying the condition. Then from Proposition 4.1,
we have that (éml , 15612) is an LCP of codes over IF gm. O

We denote C.;, be an IF-linear additive code over IF m corresponding to a linear
code Cey, over IFym (see Equation (7)).

Corollary 4.7. Let C and D be two linear codes over IFgm such that a pair (é, 15)
is an LCP of codes (using identity 7, o and M in Proposition 4.1). Let Cey,, Dex,

be the codes constructed from Cey, , Des, , Tespectively, as presented in Equation (7).

Then the pair (Ceg, , Des,) is an ACP of codes over IF gm.
Proof. By Theorem 4.6 with combining Proposition 4.2, we have our results. O

Example 7. Let C and D be two linear codes over IFg> with generator matrices Gy =
1 1 1 1 1 1 1

1 w w? W oWt W WS 6 4 4 6
6 5 4 3 2 1 0 1 w w w w

1 w w W w w w and G = 6 4 4 6 , Te-
2 4 6 3 5 0 1 w w w w 1

1 w W w w W w

1 W’ W w W oWt WP

spectively, where w is 7-th root of unity. It can be shown that (é , ’ﬁ) is an LCP

of codes over IFg:. By Theorem 4.6, (CemJ,Dem) is an LCP of codes over IFgo.

However, the generator matrices of C and D of the form

Wb Wl Wl Wt w w?2 10

0 1 1 1 1 1 1 1
0 1 w w? W owt W Wl
Geay = 0 1 b W w* W W ow and
0 1 w? wt W ow WP Wh
0 1 w® W w W wt W?
6 6

G_w101w6w4w4w
2 T w001 Wl oWt wt Wb o1

is an ACP of codes over IFgz2 which is coincide with Corollary 4.7.

. It is easy to see that (Ces,, Des,)

We further derive a construction of ACP of codes over IF jm from given m numbers
of LCP of codes over IF, as follows.

Theorem 4.8. Let C; := [n, k;] and D; := [n,n—k;] be two linear code over IF,, for
0<i<m-~—1 Ifa;’s are distinct elements of I . such that {ag, 1, ..., m—1}
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are linearly independent over Iy and (C;,D;) is an LCP for 0 < i < m — 1, then

m—1 m—1
the pair < > ol Y oziDi) is an ACP of codes over IFgm
i=0 i=0
m—1 m—1
Proof. Let C = ) a;C;and D = ) a;D;. Now we need to show that dimp, (C)+
i=0 i=0

dimp, (D) = mn and CND = {0}. From the hypothesis, we have dimp, (C;) +
dimy, (D;) = n for 0 < i < m — 1. Hence dimp, (C) + dimp, (D) = mn. To prove

m—1 m—1
the second condition, take x € CND. Then x = > w;c; and x = . «;d; for
i=0 i=0

some ¢; € C; and d; € D;, where 0 < i < m — 1. Therefore,

m—1 m—1 m—1
Z o;C; = Z a;d; = Z oy (Ci — dz) =0. (10)
=0 =0 i=0

Since {ag, a1,...,;,_1} are linearly independent over Fy, c; =d; foralli: 0 <
i < m — 1. Further as (C;,D;) isan LCP forall i : 0 < i <m—1, ¢; =d; = 0.
Hence, CN'D = {0}. O

Example 8. Let (Cy,D;) be a pair of linear codes over IFy with generator matrices

G1:<1 1o 1>andG2:(1 11 0).Also7let(C27D2)beananother

01 1 1 1 0 1 1

pair of linear codes over IFy with generator matrices Gs = ( 1 1.1 0 ) and
11 0 0

Gy = 1 0 1 0 |. Choose, w be an element of IF4 such that w? +w+1 =0
0 0 01

and {1,w} forms a linearly independent set over IFy. Now, we consider C and D with

. Gl GQ .
/ "
generator matrices G = < G3 ) and G = < G4 ) It is easy to see that the

pair (C, D) forms an ACP of codes over IF4 which coincides with the Theorem 4.8.
We next make the following proposition.

Proposition 4.9. Let C := [n, k], D := [n,n— k] be two linear codes over IF ym with

a generator matriz G of C and a pamty check matriz H of D. Suppose that Cewl,
1 d

Dez2 are two linear codes with a generator matriz Gexl = ( 0 ) of Cegg1 and
1 c
0 H
C, D be IF;-linear additive codes over IF m corresponding to the linear codes Cw1
and Dey,, respectively over Fym (as in Equatwn (7)) If the pair (C,D) is an LCP
of codes (using identity 7, o and M in Proposition 4.1), then (C,D) is an ACP of
codes.

exry”

a parity check matrix ﬁem = < ) of bm, where ¢ € C’eml, del' . Let

Proof. From Proposition 4.2, it is enough to show that (CemUDem) is an LCP of
codes. By the construction of Cegc1 and Dewz, we obtain that Cegﬁ1 is a linear code of
length n+1 over IF;» with dimension £+ 1 and Dexz is a linear code of length n+ 1

over IF = with dimension n — k. It implies that dim <C~6m> + dim ( m) =n-+1

Now we have to show that CE,J,;1 N Dexz = {O}
Let x € Cw1 ﬂDeJ;Q This implies x = aGwl = 8G5, where o € Iijn'l, Ié] € IF" k

and Gy is a generator matrix of De,,. This gives that oszlHew2 =0as GoH/, =
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0. Then

~ % 1 d 1 0
aGemlH;20:>OL(O é><CT HT)

. 1+de’ 0 —0
@ 0 GaT )Y

Since (C,D) is an LCP of codes (using identity m, o and M in Proposition 4.1),
from Proposition 4.1, we get that rank (C;’I:IT) = k. Hence as rank (C;’I:IT) =k

and de’ = 0, we have o = 0 i.e., x = 0. O

5. Conmstacyclic IF,-linear ACP of codes over IF~. This section focuses on
counting formulas for constacyclic IF -linear ACP of codes over IF,m. Recall that
two constacyclic IF,-linear codes C and D over IF;m form an ACP of codes if
C @Fq D = IFjm. Let denote ¢; = g% . In the following theorem, we derive nec-
essary and sufficient conditions under which a pair of constacyclic IF,-linear codes
over IFym form an ACP of codes (using identity 7, o and M in Proposition 4.1).

Theorem 5.1. Let C and D be two A-constacyclic IFy-linear additive codes over
IF m, whose Canonical decompositions are given by (5) and (6), respectively. Then
the pair (C,D) forms an ACP of codes (using identity w, ¢ and M in Proposi-
tion 4.1) if and only if C; EB,C Di=1T;, for0<i<r andCryk GBICTM Dyig = Frik,
for1<k<s-—r.

Proof. The proof can be easily derived using Proposition 2.2. O

In order to study constacyclic IF;-linear ACP of codes over IF m, we first recall
that, [K;| = ¢%, where [C{, ;| = d; for all 0 < i < s. Further |Z;| = (¢™)" = |K;|™,
for all 0 < ¢ < r. Also, |[Fryk| = (qm)d”"' = |Ky45|™, where |Cf+t(T+k)| = dpyk
forall 1 < r+k < s—r. This implies that Z; is an K;-linear space of K" for
0 < i < r and Fpy, is an Ky ,-linear space of IC:,’Q_,C for1 < k<s—r. Itis

well known that the number of IF 4, -subspace of ]F;Zi is equal to " { m } =
qi

v
(" = D(@" —a) - (@ —af ")

(@ =g — ) (¢ —a; ")
ing theorem.

. From the above discussion, we have the follow-

Theorem 5.2. The number of A-constacyclic ACP of codes over IFym is equal to

I (s, ] ae).

Proof. By Theorem 5.1, the pair (C,D) is an ACP if and only if C; @y Di = I,
for 0 <i <7 and Cryp EBICTM Dyip = Fr i for 1 <k < s —r. Equivalently, (C,D)
is an ACP if and only if (C;,D;) is an LCP for all 0 < i < s. If (C;, D;) form an
LCP for 0 < i < s, then the number of choices of C; is equal to

s

and the number of choices of D; is equal to

-1
(" = =) @ =)

- = = — = 4
(@ =" —a@) (@ =g )

(3
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Therefore, the number of ACP of codes (C, D) is

sem T, (X0, [ 1] ae).
qi

This completes the proof. O

We present a numerical example as follows.

Example 9. Take, ¢ = 3% and consider cyclic IF5-linear additive code over Fg2 of
length 10. In this special case, we have p = 3,m = 2, A = 1 and n = 10. Next,
X1 -1 =I2_, pi(X), where

p3(X) =1+2X + X2 +2X°% + X4

po(X)=X-1=24+X

n(X)=1+X

pe(X) =1+ X+ X%+ X3+ X*
(X)

are irreducible polynomials in IF3[X]. By Theorem 5.2, we deduce that the number
of cyclic IF3-linear ACP of codes over IF32 of length 30 equals

3 2 ) (I 3
#c.p)=]]_, (Zv_o [ ;N L g )> =11, 2+ 24) =4,40,8%.

6. An application on coding for the two-user binary adder channel. In
this section, we demonstrate how an ACP of codes can be applied to coding for
the noiseless two-user binary adder channel. Let (C,D) pair of codes such that
Cor, D = IFyn. This means that every vector in a € IFj,. can be uniquely
expressed as the sum of vectors from C and a vector from D. In other words,
for any vector a € ]F"m, there exist unique vectors ¢ € C and d € D such that
a = ¢ + d. Therefore, we can construct an orthogonal projector Y from IF} gm onto
C with respect to D such that T : IF.. — C by a+— T(a) = c. In the follovvmg we
provide an application of an ACP of codes.

Proposition 6.1. Let C and D be two additive codes over IFy.. with generator
matrices Gy and Ga, and parity check matrices Hy and Ha, respectively. Suppose
that dimp (C) + dimp, (D) = mn and the matriz Tr (HQM (m (Gh) P)T) is in-
vertible. Then (C,D) forms an ACP of codes. Moreover, the orthogonal projector
T:Fy. —Ch by

ar T(a)=Tr (aM (7 (Ga) P)T) Tr (HlM (1 (Gs) p)T) Hi.

Proof. By applying Theorem 3.5, we easily see that the pair (C,D) forms an ACP
of codes. Then, by Theorem 3.2, we have (C+%,D+t) is an ACP of codes. Thus,
for any a € IFj.., there are uniquely ¢ € Ctt and d € D+ such that a = ¢ + d.
Therefore,

T (a)

Tr (aM (7 (Go) P)T) Tr (HlM (1 (Gs) P)T>71 H
— Tr ((c +d)M (1 (Gs) P)T) Tr (HlM (1 (Gs) P)T)_l H
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Since, ¢ € C*+* and d € D+, there are x and y such that ¢ = xH; and d = yHs,
then

T(a) = Tr((leerHz)M(w(Gg)P)T)TT(HlM(w(GQ)P)T)_lHl

_ Tr((xH1+yH2)M(7T(G2)P)T)Tr(HlM(w(Gz)P)T> H,

-1

= xTr (HlM(W(Gg)P)T) Tr (HlM(w (GQ)P)T) H

= xH;=c

This gives that T is indeed the orthogonal projector from IFy.. onto Ctr with
respect to D. ]

Let C*+% and D** be two additive codes over IF... In a noiseless communication
channel, two users are transmitting codewords ¢ and d from the additive codes C
and D, respectively. The received sequence a is the digit-by-digit sum of ¢ and d,
i.e., a = c+ d. The task for the receiver in this noiseless channel is to decode the
received sequence a into the original codewords ¢ and d that were transmitted by
the two users. In the following, we provide a solution to this problem through the
additive codes.

In the context of the noiseless two-user binary adder channel over IF =, suppose
that (C+t,D+r) is a pair of codes, where C*Z and D+~ are additive codes over
IF . If user 1 transmits the codeword ¢ € C*% and user 2 transmits the codeword
d € Dr, the received vector a is the component-wise sum of the transmitted
codewords, i.e., a = ¢ + d, in this noiseless setting.

To retrieve the codewords ¢ and d, the receiver first applies the orthogonal pro-
jector T to the received vector a, which results in Y(a) = c. The codeword d is
then obtained by subtracting c from a, since a = ¢ + d. This process allows the
receiver to successfully recover the transmitted codewords ¢ and d from the received
vector a. To provide a more intuitive illustration of the effect of Proposition 6.1,
we present the following example.

Example 10. Take IF;» = IF4 with a primitive element w. Let C and D be
two IFy-linear additive codes over IFy of length 3 with generator matrices Gy =

1 1 0 1 0 1
w 0 w and Gy = 1 1 1 |, respectively. Here, we take M, 7 and o
0 w w w ow w
1 1 1
are all identity. Consider a parity check matrices H; = w w w | and Hy =
w2 ow? 0
1 0 1 0 1 w
1 1 0 of C and D, respectively. Then H;G] = 0 w w? and
w 0 w w2 0 0
1 0 w 0 0 1
HyG{ =| 1 w w |.Here, Tr(H;GJ)=| 0 1 1 | isinvertible. Hence,
w 0 w? 1 0 0

(C,D) is ACP over IF, (see Theorem 3.5). Now, Tr(H,G3 ) 'Hi=[ w? w? w?
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Let ¢ = (w,w,w) € C*L and d = (1,1,0) € D+ be transmitted over the noisless
two-user adder channel. Set a = ¢ +d. Thus, a = (w? w?,w). Therefore, by
applying the orthogonal projection T on a, we have

Y(a)=Tr ((wQ,wQ,w)G;) Tr(HlG;)_lHl

w? w? 0
=(0,1,1) | w? w? w?
1 1 1

= (w,w,w) =c.

Further,d = a — ¢ = (w?,w?,w) — (w,w,w) = (1,1,0). Thus, ¢ = (w,w,w) € C and
d = (1,1,0) € D are retrieved from a = (w?, w? w).

In Table 1, we present some examples of LCD codes corresponding to additive
code from Theorem 4.3.

No. | Generator of additive codes Trace Codes | Remark
, n,k,dg]2
1 ( %J U:) u?Q (E)) B ) [5, 2, 3] not LCD, optimal
2
2 ( ‘g o:} 0?2 (6) Z g ) [6, 2, 4] not LCD, optimal
w 0 w? 0 w w 0 0
3 0 w 0 w2 0 w w 0 8, 3, 4] not LCD, optimal
< 0 0 w 0 w2 0 w w
w 0 w? 0 w w 0 0
4 ( 0 w 0 w? 0 w w 0 8, 3, 3] LCD, not optimal
0 0 w 0 0 0 w w
w w 0 w w 0 w w 0 .
5 ( 0 w w 0 w w 0 w w ) 19, 2, 6] LCD, optimal
w w2 0 w 0 w w 0 0
6 0 w w 0 w 0 w w 0 [9, 3, 3] LCD, optimal
< 0 0 w w 0 w 0 w w
w 1 0 w 0 w w 0 0
7 0 w I 0 w 0 w w 0 19, 3, 4] LCD, optimal
( 0 0 w w 0 w? 0 w? w )
2
sy o0 e ey s ) |noae | LoD oprimal
w w 0 0 w 0 w w 0 0
9 0 w w 0 0 w2 0 w w 0 [10, 3, 5] not LCD, optimal
< 0 0 w w 0 0 w 0 w w
w w 0 0 w 0 w 0 0 O
10 ( 8 °5 Z 2 8 ‘g £2 ‘5 g 8 ) [10, 4, 4] LCD, optimal
0 0 0 w w 0 0 w 0 w
11 ( 0 . 2 0 . 3 0 . 2 o g ) (11, 2, 7] not LCD, optimal
w w 0 0 w w 0 0 w 0 O
12 ( 0 w w 0 0 w w 0 0 w O ) [11, 3, 5] LCD, optimal
0 0 w w 0 0 w w2 0 0 w

TABLE 1. Some LCD codes
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7. Conclusion. The main contribution of this paper is that a very general type
of ACP codes is characterized and constructed. Moreover, we obtained a condition
for an additive pair of codes to be an ACP of codes. Furthermore, we provide a
necessary and sufficient condition for an ACP of codes. Finally, we obtained an
ACP of codes from given linear complementary pairs of codes.
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