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In this paper, we investigate the η′N system using the three-flavor linear sigma model including
the effect of flavor SU(3) symmetry breaking. The η′N bound state is also found in the case
including flavor symmetry breaking and coupling with the ηN and πN channels. The η′N
interaction becomes more attractive with the inclusion of flavor symmetry breaking, which
causes mixing between the singlet and octet scalar mesons. The existence of such a bound state
would have some impact on the η′–nucleus system, which is of interest from both theoretical
and experimental viewpoints.
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1. Introduction

The properties of the η′ meson have attracted continuous attention in hadron physics. Its relatively
large mass compared with other low-lying pseudoscalar mesons, such as π or η, is summarized as
the UA(1) problem [1], and many studies [2–5] have been devoted to the role of the UA(1) anomaly in
quantum chromodynamics (QCD) [6–8]. In the three-flavor system, on the other hand, the essential
role of chiral symmetry breaking in cooperation with the UA(1) anomaly for the generation of the η′
mass is pointed out in Refs. [9–14].

Partial restoration of chiral symmetry in the nuclear medium attracts our interest; the magnitude of
the order parameters of chiral symmetry breaking is expected to be reduced in the nuclear medium
[15–17], and its possible effects on hadronic phenomena have been studied intensively (see Ref. [18]
for a recent review). In particular, analyses of the pion–nucleus system suggest that such a reduction
of the order parameter in the nuclear medium actually occurs with about 30% suppression of the
size of the quark condensate at the normal nuclear density [19–22].

Taking account of the partial restoration of chiral symmetry and the strong connection of the η′
mass and chiral symmetry breaking, we expect that the mass of the η′ meson is reduced in the
nuclear medium [14], though the in-medium mass of η′ is concerned from the viewpoint of the
effective restoration of the UA(1) symmetry [9,10,23,24]; some model calculations suggest that
the η′ mass reduces as much as about 100 MeV at the normal nuclear density in association with
chiral restoration [25–27]. Then, we expect to find some information on chiral restoration in the
nuclear medium through investigation of the η′–nucleus system studied from both theoretical and
experimental aspects [28–36].

© The Author(s) 2017. Published by Oxford University Press on behalf of the Physical Society of Japan.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/),
which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.

Downloaded from https://academic.oup.com/ptep/article-abstract/2017/1/013D01/2936841/Investigation-of-the-N-system-using-the-linear
by CERN - European Organization for Nuclear Research user
on 04 October 2017



PTEP 2017, 013D01 S. Sakai and D. Jido

For the study of the in-medium properties of the η′ meson, the interaction between η′ and the
nucleon N is a basic piece. The η′N system is theoretically studied in Refs. [37–40]. Experimentally,
analysis of π−p → η′n near the η′n threshold suggests the existence of the narrow and shallow η′n
bound state [41], and a threshold enhancement is seen in the η′ photoproduction [42]. On the other
hand, recent analysis of the pp → ppη′ reaction suggests a small scattering length [43–45].

In our previous study, we investigated the mass of the η′ meson in the nuclear medium and the η′N
two-body interaction in free space using the three-flavor linear sigma model with nucleon [27,46].
Within the leading order of the momentum expansion, we found that the attractive η′N interaction is
induced by the scalar meson exchange; the ση′η′ coupling is induced by UA(1) symmetry breaking,
and the transition to the ηN channel is suppressed by the large mass of the octet scalar meson.
The η′N interaction is strong enough to form the η′N bound state. The possible appearance of the
bound-state signal in the η′ photoproduction process off the deuteron is investigated in Ref. [47].

In this study, we investigate the η′N system based on the linear sigma model. Due to the lack of
phenomenological information of the η′N interaction, we make good use of theoretical considerations
and symmetry properties of hadrons. The linear sigma model is one of the well-contained effective
models by chiral symmetry and has the mechanism of chiral restoration. In the exploratory stage, it
would be interesting to see what comes out from such theoretical analyses. Certainly, once we have
experimental information on the η′N interaction, we should go to the nonlinear realization of chiral
symmetry, in which more phenomenological analyses can be done based on chiral effective theories.

In this paper, we evaluate the η′N interaction including the ηN and πN transition at the η′N
threshold energy, and investigate a possible nucleon resonance dynamically generated from these
η′N , ηN , and πN channels around the η′N threshold. A new finding of this study is that transition
between the η′N and ηN or πN channels are induced by the effect of the U(1)A anomaly in addition
to the η′N elastic channel in this setup. We also take account of the effects of scalar meson mixing
caused by the explicit breaking of the flavor SU(3) symmetry, which was not taken into account in
the previous work. The mixing induces the octet sigma meson exchange in the η′N interaction. We
also calculate the mass and width of the possible state of η′N by including the scattering channels
of ηN and πN .

This paper is constructed as follows: the model used in this calculation is introduced in Sect. 2.
The result of the study is given in Sect. 3. Finally, we give a summary and discussion in Sect. 4.

2. Model setup

In this section, we introduce the model used in this study, that is the three-flavor linear sigma model.
The Lagrangian is given as follows:

L =1

2
tr(∂μM∂μM †) − μ2

2
tr(MM †) − λ

4
tr(MM †)2 − λ′

4

[
tr(MM †)

]2 + Atr(χM † + χ†M )

+ √
3B(det M + det M †)

+ N̄

[
i /∂ − mN − g

{(
σ̃0√

3
1 + �σ · �τ√

2
+ σ̃8√

6
1
)

+ iγ5

(
η0√

3
1 + �π · �τ√

2
+ η8√

6
1
)}]

N , (1)

where

M =Ms + Mps, (2)
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Ms =

⎛
⎜⎜⎝
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2

+ σ8√
6

a+ κ+
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3

− σ3√
2

+ σ8√
6
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κ− κ̄0 σ0√
3

−
√

2
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⎞
⎟⎟⎠, (3)

Mps =

⎛
⎜⎜⎝

η0√
3

+ π3√
2

+ η8√
6

π+ K+

π− η0√
3

− π3√
2

+ η8√
6

K0

K− K̄0 η0√
3

−
√

2
3η8

⎞
⎟⎟⎠, (4)

N =t(p, n), (5)

χ =√
3diag(mu, md , ms) = √

3diag(mq, mq, ms). (6)

The Gell-Mann matrix λa and Pauli matrix τa satisfy the normalization tr(λaλb) = 2δab and
tr(τaτb) = 2δab, respectively. σ̃i (i = 0, 8) means the fluctuation from its mean field, which will
be explained later. The meson and baryon fields belong to the (3, 3̄) ⊕ (3̄, 3) representation of
SU(3)L×SU(3)R and the Lagrangian is constructed to be invariant under the chiral transformation.
The isospin symmetry is implemented by the degenerate u and d quark masses mq = mu = md , and
the flavor symmetry breaking appears from the non-degenerate strange quark mass, ms �= mq. For
the baryonic part of the Lagrangian, the irrelevant hyperons in this study are omitted.

The vacuum is determined so as to minimize the effective potential obtained with the tree-level
approximation in this study. The effective potential Vσ (σ0, σ8) is given as

Vσ (σ0, σ8) = μ2

2
(σ 2

0 + σ 2
8 ) + λ

12
(σ 4

0 + 6σ 2
0 σ 2

8 − 2
√

2σ0σ
3
8 + 3

2
σ 4

8 ) + λ′

4
(σ 2

0 + σ 2
8 )2

− 2

3
B(σ0 + σ8√

2
)2(σ0 − √

2σ8) − 2A(2mq(σ0 + σ8√
2
) + ms(σ0 − √

2σ8)). (7)

The order parameter of the chiral symmetry breaking is the expectation value of the neutral scalar
meson fields σi (i = 0, 8). The expectation value of σ3 vanishes due to the isospin symmetry. Here,
we decompose them into the mean field value 〈σi〉 and fluctuation σ̃i; σi = 〈σi〉 + σ̃i. The minimum
conditions of the effective potential ∂Vσ /∂σ0,8 = 0 are satisfied for the expectation values of σ0,8.
The expectation values are related to the meson decay constants; at the tree level they are given as
fπ = √

2/3〈σ0〉 + 〈σ8〉/
√

3 and fK = √
2/3〈σ0〉 − 〈σ8〉/2

√
3. The non-zero vacuum expectation

value 〈σ0〉 is responsible for the spontaneous breaking of chiral symmetry in the linear sigma model,
while the finite vacuum expectation value 〈σ8〉 is caused by the explicit flavor symmetry breaking
due to the non-degenerate strange quark mass.

The parameters contained in the meson part and 〈σ0〉 and 〈σ8〉 are determined to reproduce the
observed masses and decay constants of mesons. The parameter in the nucleon part g is fixed in
order for the magnitude of the quark condensate to reduce by 35% at the normal nuclear density,
which is suggested from analysis of the deeply bound state of the pionic atom [19]. Details of the
determination of the parameters are given in Ref. [27]. The input and determined parameters are
given in Tables 1 and 2, respectively. The masses of the mesons used as input parameters come from
the values in Ref. [48]. The masses of the π and K mesons are obtained with the isospin average.

Here, we treat the mass of the σ meson mσ as an input parameter. The dependence on mσ of our
result will be discussed later.

The mass eigenstates of the neutral mesons are different from the eigenstates of the flavor appearing
in the Lagrangian (1) due to the flavor symmetry breaking from the difference between mq and ms in
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Table 1. The input parameters for the determination of the parameters in the Lagrangian. These values are
taken from Ref. [48]. The masses of π and K are isospin-averaged values.

fπ [MeV] fK [MeV] mπ [MeV] mK [MeV]
92.2 110.4 138.04 495.64

m2
η + m2

η′ [MeV2] mσ [MeV]
547.852 + 957.782 700

Table 2. The determined parameters in the Lagrangian.

〈σ0〉 [MeV] 〈σ8〉 [MeV] μ2 [MeV2] λ [–]
127.78 −21.02 4.21 × 104 58.80

λ′ [-] A [MeV2] B [MeV] g [–]
2.46 7.17 × 104 997.95 9.84

the Lagrangian. The mass eigenstates of the isospin singlet scalar (pseudoscalar) mesons are denoted
by σ and f0 (η′ and η). They are related by(

σ

f0

)
=
(

cos θs sin θs

− sin θs cos θs

)(
σ0

σ8

)
, (8)

(
η′
η

)
=
(

cos θps sin θps

− sin θps cos θps

)(
η0

η8

)
, (9)

where θs and θps are the mixing angles in the scalar and pseudoscalar sectors, respectively. The
matrices (8) and (9) diagonalize the mass matrices written in the bases of σ0,8 and η0,8, respectively.
The mass matrices are related by

(σ , f0)

(
m2

σ 0
0 m2

f0

)(
σ

f0

)
=(σ0, σ8)

(
m2

σ0
m2

σ0σ8

m2
σ0σ8

m2
σ8

)(
σ0

σ8

)
, (10)

(η′, η)

(
m2

η′ 0

0 m2
η

)(
η′
η

)
=(η0, η8)

(
m2

η0
m2

η0η8

m2
η0η8

m2
η8

)(
η0

η8

)
. (11)

The explicit form of the meson mass is given in Appendix A. The off-diagonal part of the matrices,
which causes the transition between the singlet and octet mesons, appears from the explicit flavor
symmetry breaking. The mixing angles are found as θs = 21.0◦ and θps = −6.2◦ in the case of
mσ = 700 MeV. The masses of the scalar mesons, σ , f0, and a0 are obtained as 700, 1286, and
1071 MeV, respectively.

3. Results

In this section, we show the results of this study. We first show the η′N interaction and then the T
matrix of η′N with the coupling to the ηN and πN channels including the effect of the flavor SU(3)
symmetry breaking. The effect of the flavor symmetry breaking appears from the nonzero value
of 〈σ8〉. This leads to the modification of the meson coupling and the mixing property of mesons.
While the ππN can give significant effects in general, we omit it following the discussion given
in Ref. [40]; the calculation in Ref. [49] suggests the minor correction for the I = 1/2 channel
amplitude due to the ππN channel, while the η′N channel is not included in the study.
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Fig. 1. Diagrams taken into account in this study. The solid, double solid, and dashed lines mean the nucleon,
scalar meson, and pseudoscalar meson. ηi,j = π , η, η′ and σk = σ , f0, a0.

3.1. η′N interaction

First, we evaluate the η′N , ηN , and πN interactions. Here, the matrix element of the interaction
is evaluated within the tree-level approximation. The diagrams included for the evaluation of the
η′N interaction are shown in Fig. 1. Here, ηi and ηj are the mesons in the initial and final states
(ηi,j = π , η, η′). The matrix elements are calculated as follows:

MηiN→ηjN = ū(p′, s′)
[

gσkηiηj gσk N

q2 − m2
σk

+ iε
+ gηiN gηjN /k

(p + k)2 − m2
N + iε

− gηiN gηjN /k ′

(p − k ′)2 − m2
N + iε

]
u(p, s),

(12)

where p (p′), and k (k ′) are the momenta of the incoming (outgoing) nucleon and meson in the
center-of-mass frame, respectively, which are explicitly written as

pμ = (EN =
√

p2
cm + m2

N , 0, 0, pcm), (13)

kμ = (Ei =
√

pcm + m2
i , 0, 0, −pcm), (14)

p′μ = (E′
N =

√
p′2

cm + m2
N , p′

cm sin θ , 0, p′
cm cos θ), (15)

k ′μ = (Ej =
√

p′2
cm + m2

j , −p′
cm sin θ , 0, −p′

cm cos θ), (16)

where mi and mj are the masses of the pseudoscalar mesons ηi and ηj, respectively, and pcm and
p′

cm are the momenta of hadrons in the initial and final states in the center-of-mass frame. They

are given by pcm = 1
2W

√
λ(W 2, m2

N , m2
i ) and p′

cm = 1
2W

√
λ(W 2, m2

N , m2
j ), with λ(x, y, z) = x2 +

y2 + z2 − 2xy − 2yz − 2zx and the center-of-mass energy W = EN + Ei. Here, we assume that the
initial particles come along with the z-axis. In Eq. (12), q denotes the momentum transfer defined as
q = p′ − p. Here, we write the total momentum of the system as Pμ = pμ + kμ = (W , 0, 0, 0). The
coupling strengths of the hadrons, ηi(σi)N̄N and σkηiηj, are denoted as gηi(σi)N and gσkηiηj . Their
explicit expressions are given in Appendix C.

We solve the scattering equation with the s-wave interaction deduced from the matrix element
Eq. (12). For this purpose, we introduce the s-wave interaction vertex VηiN→ηjN defined by

VηiN→ηjN = 1

2

∑
spin

1

2

∫ 1

−1
d(cos θ)MηiN→ηjN . (17)

Here, we have performed s-wave projection and taken spin average for the initial nucleon and spin
sum over the final nucleon. The s-wave component would be dominant near the η′N threshold that
we are focusing on. Moreover, we take the I = 1/2 component of the πN channel, which can couple
to the η′N channel. The explicit form of VηiN→ηjN is given in Appendix B, and the value at the η′N
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Table 3. Values of Vi→j at the η′N threshold. For the πN channel, the projection into I = 1/2 is done.

Vη′N→η′N [MeV−1] VηN→ηN [MeV−1] VπN→πN [MeV−1]
−7.14 × 10−2 2.02×10−2 −8.54 × 10−3

Vη′N→ηN [MeV−1] Vη′N→πN [MeV−1] VηN→πN [MeV]−1

9.92×10−3 5.67 × 10−2 1.74 × 10−2

threshold is presented in Table 3. VηiN→ηjN is evaluated using the physical value of the nucleon and
pseudoscalar mesons.

Comparing the value of the s-wave η′N interaction obtained in this calculation with that obtained
in Refs. [27,46], where the flavor symmetry breaking is not incorporated in the calculation of the η′N
interaction, we find that the present value of Vη′N→η′N is larger than the previous calculation, in which
we have obtained Vη′N→η′N = −0.054 and Vη′N→ηN = 0.012 MeV−1, which are evaluated also
without the meson mixing and under the momentum expansion.As demonstrated in Refs. [27,46], the
scalar meson exchange has the leading contribution in the momentum expansion in these channels.
This result implies that the SU(3) flavor symmetry breaking and the resultant scalar meson mixing
give substantial effects on the η′N interaction. In particular, the parameter g which characterizes the
coupling of the σ meson and nucleon is larger when we take account of the mixing effect.

Next, we comment on the effect of the η–η′ mixing. As we mentioned in the previous section, the
mixing angle between η′ and η is as small as −6.2◦. If we omit the mixing between the η and η′
mesons, Vη′N→η′N , Vη′N→ηN , Vη′N→πN , VηN→ηN , and VηN→πN are given as −0.068, 0.020, 0.058,
0.017, and 0.011 MeV−1, respectively, where the mixing effect does not affect VπN→πN . With the
omission of the pseudoscalar mixing, the η′ and η correspond to the flavor eigenstates η0 and η8,
respectively. The modification by the η–η′ mixing appears to be small compared with the values in
Table 3.

3.2. η′N system

We evaluate the T matrix of the η′N system by solving the scattering equation,

Ti→j = Vi→j + Vi→kGkTk→j, (18)

where i, j, and k mean πN , ηN , or η′N , and the s-wave projection and the spin average is used to
obtain the interaction kernel of the scattering equation Vi→j. Here, we use the value of Vi→j evaluated
at the η′N threshold to evaluate Ti→j. The scattering equation can be solved in an algebraic way:
Ti→j = [(1 − VG)−1V ]ij. The loop function Gi in the equation which has an ultraviolet divergence
is regularized by the use of the dimensional regularization. Then, Gi is written as follows:

Gi(W ) =i
∫

d4q

(2π)4

2mN

(P − q)2 − m2
N + iε

1

q2 − m2
P + iε

= 2mN

(4π)2

[
ai(μ) + ln

(
m2

N

μ2

)
+ W 2 − m2

N + m2
P

2W 2 ln

(
m2

P

m2
N

)

+ pcm

W

{
ln(W 2 − m2

N + m2
P + 2pcmW ) + ln(W 2 + m2

N − m2
P + 2pcmW )

− ln(−W 2 − m2
N + m2

P + 2pcmW ) − ln(−W 2 + m2
N − m2

P + 2pcmW )
} ]

, (19)
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Table 4. The values of the pole position, scattering length, and couplings of the bound state with the channel
i, giN∗ , with mσ = 700 MeV.

Pole position [MeV] Binding energy [MeV]
1839.7 − 7.2i 57.0 − 7.2i

Scattering length [fm] Effective range [fm]
−0.98 + 5.7 × 10−2i 0.22 − 6.8 × 10−3i

gη′NN∗ [–] gηNN∗ [–] gπNN∗ [–]
4.1 + 0.15i −0.38 + 0.25i −0.32 + 1.7 × 10−2i

where mN and mP are the masses of the nucleon and the pseudoscalar meson, and μ is a renormaliza-
tion point which is fixed as μ = mN in this calculation. The subtraction constant ai(μ) is determined
with the natural renormalization scheme [50]; this implies that the contribution from other degrees
of freedom than those contained in this model is excluded. The values of the subtraction constants
are aη′N (mN ) = −1.838, aηN (mN ) = −1.239, and aπN (mN ) = −0.398.

It is known that the linear sigma model is even less suitable for the πN system with energies far
from the πN threshold. The present model may not control the πN system well. Actually, evaluating
the cross section of π+n → η′p using the T matrix obtained in this model, we find that the model
substantially overestimates the transition cross section reported in Ref. [51]; the cross section is
evaluated as about 1.3 mb, which is about ten times larger than the value in Ref. [51]. To control the
transition strength to the πN channel, we scale down the vertex VπN→η′N so as to reproduce the
experimental data, σπ+n→η′p = 0.1 mb at W = 2 GeV. This can be achieved by multiplying a factor
x13 = 0.153 to the vertex VπN→η′N for mσ = 700 MeV.

To obtain the mass and width of the η′N bound (or resonance) state, we perform analytic contin-
uation of the obtained T matrix to the complex energy plane and find a pole of the T matrix. From
the pole residue, we can obtain the coupling of the hadrons in the channel i and the bound state giN ∗ .
Near the pole of Ti→j, we can write Ti→j as

Ti→j = giN ∗gjN ∗

W − mR
+ (regular part at W = mR), (20)

where the complex value mR denotes the pole position of the T matrix.
The binding energy, scattering length of η′N , and the coupling of the bound state with the channel

i, giN ∗ , with mσ = 700 MeV are given in Table 4. The definitions of the scattering length a and
effective range re are the same as those in Ref. [52]:

a = − mN

4πW
T (W )

∣∣∣
W=mN +mP

, (21)

re = d2

dk2

(
− mN

4πW
T (W )

)−1
∣∣∣∣
W=mN +mP

, (22)

where the momentum of a meson in the center-of-mass frame k and the center-of-mass energy W
are related by k = 1

2W

√[W 2 − (mN + mP)2][W 2 − (mN − mP)2]. mN and mP are the masses of the
nucleon and pseudoscalar meson, respectively. A plot of the absolute value, real part, and imaginary
part of the T matrix in the η′N elastic channel Tη′N→η′N is shown in Fig. 2. One can see a clear peak
in the η′N bound state in

∣∣Tη′N→η′N
∣∣.
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Fig. 2. Plot of the absolute value, real part, and imaginary part of the T matrix in the η′N channel with
mσ = 700 MeV. The solid, dashed, and dash-dotted lines stand for the absolute value, real part, and imaginary
part of the T matrix Tη′N→η′N , respectively.

Table 5. The pole position of the η′N bound state varying the mass of the scalar meson mσ .

mσ [MeV] pole position [MeV] binding energy [MeV] x13 [–]

610 1822.1 − 3.6i 74.6 − 3.6i 0.21
656 1830.8 − 4.5i 65.9 − 4.5i 0.165
700 1839.7 − 7.2i 57.0 − 7.2i 0.153
743 1848.0 − 10.6i 48.7 − 10.6i 0.15

In this model we can treat the mass of the σ meson as an input parameter, as mentioned in Sect. 2.
In the chiral effective theory in the nonlinear realization, the sigma meson mass should be irrelevant
for low-energy dynamics. Varying the mass of the sigma meson mσ , we can find a pole of the η′N
bound state. The pole position and the scale factor x13 for the fit of σπ+n→η′p with the change of the
σ mass are given in Table 5. The binding energy of the η′N system is slightly sensitive to the sigma
meson mass, and is roughly varied from 75 to 45 MeV, and the imaginary part of the pole position
from −4 to −10 MeV with the change of mσ from 600 to 750 MeV.

4. Summary and discussion

In this paper, we investigate the η′N system using the three-flavor linear sigma model. The η′N
interaction is evaluated using the tree-level amplitude from the linear σ model including the effect
of the flavor symmetry breaking. The effect of the πN channel is phenomenologically taken into
account to reproduce the experimental data given in Ref. [51]. We also find an η′N bound state
if the flavor symmetry breaking is taken into account; the attractive interaction of η′N becomes
stronger because the coupling of the sigma meson and nucleon becomes stronger with the inclusion
of the mixing effect. The parameter g which controls the strength of the coupling between the sigma
meson and nucleon is larger than that without the mixing effect. In this study, the effect of the
transition to the ηN and πN channel does not seem to be so large because the imaginary part of the
pole is relatively small compared with its real part. The attractive η′N interaction and the possible
bound state appearing from the sigma exchange contribution in association with the UA(1) anomaly
would be suggestive for future theoretical and experimental studies about the properties of the η′
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meson. In such studies, a phenomenological approach based on nonlinear sigma models respecting
the experimental data with the inclusion of the πN and ηN channels should be followed.

As we have commented in the text, the exchanges of the scalar mesons cause the transitions of
the η′N into the other channels. There may be room for consideration of the inclusion of the K�

and K� channels; the transitions into these channels can appear from the exchange of the strange
scalar meson, e.g., the κ meson in this model. Then, the investigation of the possible effect from
these channels remains as a future task while we have concentrated on the non-strange hadrons in
this study.

The existence of such a bound state would have some impact on the spectrum of the η′-nucleus
system studied in Refs. [26,28–31]; the existence of the bound state generally gives the energy
dependence to the η′–optical potential in the nuclear medium. Then, the expected spectrum of the
η′–nucleus system studied in Refs. [26,28–31] would be modified if one takes account of the possible
η′N bound state.
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Appendix A. Meson mass

The explicit form of the meson mass is given in this appendix. The mass of the scalar and pseudoscalar
mesons in the basis of the Gell-Mann matrix are summarized in Table A.1. Here, we parameterize
the squared meson mass m2 as

m2 = cμμ2 + cλλ + cλ′λ′ + cBB, (A1)

and the coefficients cμ, cλ, cλ′ , and cB for each meson are presented in the table. The transitions
between the isovector and isoscalar mesons, σ3 and σ0,8 or π3 and η0,8, are suppressed by the
isospin symmetry. The masses of the neutral mesons σ , f0 and η, η′ are obtained as the eigenvalues
of the mass matrices defined in Eqs. (8) and (9). They are given as m2

σ/f0
= 1

2(m2
σ0

+ m2
σ8

∓√
(m2

σ0
− m2

σ8
)2 + 4(m2

σ0σ8
)2) and m2

η′/η = 1
2(m2

η0
+ m2

η8
±
√

(m2
η0

− m2
η8

)2 + 4(m2
η0η8

)2). Using
the meson masses, the mixing angles of the scalar and pseudoscalar sectors, θs and θps, are given by
tan 2θs = 2m2

σ0σ8
/(m2

σ0
− m2

σ8
) and tan 2θps = 2m2

η0η8
/(m2

η0
− m2

η8
).

Table A.1. Table of the meson mass. The squared mass of the meson m2 is parameterized as m2 = cμμ2 +
cλλ + cλ′λ′ + cBB.

meson cμ cλ cλ′ cB

m2
σ0

1 〈σ0〉2 + 〈σ8〉2 3〈σ0〉2 + 〈σ8〉2 −4〈σ0〉
m2

σ3
1 (〈σ0〉 + 〈σ8〉√

2
)2 〈σ0〉2 + 〈σ8〉2 2(〈σ0〉 − √

2〈σ8〉)
m2

σ8
1 〈σ0〉2 − √

2〈σ0〉〈σ8〉 + 3
2 〈σ8〉2 〈σ0〉2 + 3〈σ8〉2 2(〈σ0〉 + √

2〈σ8〉)
m2

σ0σ8
0 1

2 〈σ8〉(4〈σ0〉 − √
2〈σ8〉) 2〈σ0〉〈σ8〉 2〈σ8〉

m2
η0

1 1
3 (〈σ0〉2 + 〈σ8〉2) 〈σ0〉2 + 〈σ8〉2 4〈σ0〉

m2
π3

1 1
3 (〈σ0〉2 + √

2〈σ0〉〈σ8〉 + 〈σ8〉2

2 ) 〈σ0〉2 + 〈σ8〉2 −2(〈σ0〉 − √
2〈σ8〉)

m2
η8

1 1
3 (〈σ0〉2 − √

2〈σ0〉〈σ8〉 + 3
2 〈σ8〉2) 〈σ0〉2 + 〈σ8〉2 −2(〈σ0〉 + √

2〈σ8〉)
m2

η0η8
0 2

3 〈σ8〉(〈σ0〉 − 〈σ8〉
2
√

2
) 0 −2〈σ8〉
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Appendix B. Form of V i→j

In this appendix, we present the explicit form of the interaction kernel of the scattering equation. As
given in Eq. (17), we apply the s-wave projection and the average of the initial state nucleon. The
couplings gσiN , gηiN , and gσiηjηk (ηi = π3, η0, η8 and σi = σ0, σ3, σ8) appearing in the following
equations are given in Appendix C.

Here, p, k , p′, and k ′ are the four momenta of the initial-state nucleon, the initial-state meson,
the final-state nucleon, and the final-state meson in the center-of-mass frame which are given in
Eqs. (13)–(16). The matrix element of ηiN → ηjN in the tree level is written as follows:

MηiN→ηjN =ū(p′, s′)
[

gσkηiηj gσk N

q2 − m2
σk

+ iε
+ gηiN gηjN /k

(p + k)2 − m2
N + iε

− giN gjN /k ′

(p − k ′)2 − m2
N + iε

]
u(p, s).

(B1)

First, 1
2

∑
s,s′ ū(p′, s′) /ku(p, s) is written as

1

2

∑
s,s′

ū(p′, s′) /ku(p, s) =
√

(EN + mN )(E′
N + mN )

2mN

·
[

Ei + p2
cm

EN + mN
+ (Ei + EN + mN )

pcmp′
cm cos θ

(EN + mN )(E′
N + mN )

]
, (B2)

where the Dirac spinor u(p, s) is normalized as ū(p, s′)u(p, s) = δss′ and χs is the Pauli spinor
normalized as χ

†
s′χs = δss′ . In the same way, 1

2

∑
s,s′ ū(p′, s′) /k ′u(p, s) is written as

1

2

∑
s,s′

ū(p′, s′) /k ′u(p, s) =
√

(EN + mN )(E′
N + mN )

2mN

·
[

Ej + p′2
cm

E′
N + mN

+ (Ej + E′
N + mN )

pcmp′
cm cos θ

(EN + mN )(E′
N + mN )

]
. (B3)

Moreover, 1
2

∑
s,s′ ū(p, s′)u(p, s) is written as

1

2

∑
s,s′

ū(p′, s′)u(p, s) =
√

(EN + mN )(E′
N + mN )

2mN

(
1 − pcmp′

cm cos θ

(EN + mN )(E′
N + mN )

)
. (B4)

Substituting the explicit form of p, k , p′, and k ′ in Eqs. (13)–(16), the matrix element is written as

1

2

∑
s,s′

MηiN→ηjN =
√

(EN + mN )(E′
N + mN )

2mN

[∑
σk

gσk N gσkηiηj

2pcmp′
cm cos θ − m2

σk
+ 2m2

N − 2EN E′
N

+ gηiN gτjN

W 2 − m2
N + iε

(
Ei + p2

cm

EN + mN
+ (Ei + EN + mN )

pcmp′
cm cos θ

(EN + mN )(E′
N + mN )

)

+ gηiN gηjN

2(EN Ej + pcmp′
cm cos θ) − m2

j

(
Ej + p′2

cm

E′
N + mN

+(Ej + E′
N + mN )

pcmp′
cm cos θ

(EN + mN )(E′
N + mN )

)]
. (B5)
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With the s-wave projection 1
2

∫ 1
−1 d cos θ , the matrix element is written as

1

2

∫ 1

−1
d(cos θ)

1

2

∑
s,s′

MηiN→ηjN =
√

(EN + mN )(E′
N + mN )

2mN

[∑
σk

{
− 1

2(E′
N + mN )(EN + mN )

+ 1

4pcmp′
cm

(
1 − m2

σk
− 2m2

N + 2EN E′
N

2(EN + mN )(E′
N + mN )

)
ln

(
2pcmp′

cm − m2
σk

+ 2m2
N − 2EN E′

N

−2pcmp′
cm − m2

σk
+ 2m2

N − 2EN E′
N

)}

+ gηiN gηjN

W 2 − m2
N

(
Ei + p2

cm

EN + mN

)
+ gηiN gηjN

{
W + mN

2(EN + mN )(E′
N + mN )

+ 1

4pcmp′
cm

(
Ej + p′2

cm

E′
N + mN

− (W + mN )(2EN Ej − m2
j )

2(EN + mN )(E′
N + mN )

)

· ln

(
2pcmp′

cm + 2EN Ej − m2
j

−2pcmp′
cm + 2EN Ej − m2

j

)}]
. (B6)

Then, the explicit form of Vi→j (i, j = η′N , ηN , or πN ) is:

Vη′N→η′N = −
∑
σk

gη′N gη′η′σk

m2
σk

+ 4mN g2
η′N

4m2
N − m2

η′
, (B7)

VηiN→ηiN = EN + mN

2mN

[∑
σk

gσkηiηi gσk N

{
− 1

2(EN + mN )2 + 1

4p′2
cm

(
1 − m2

σk
+ 2p2

cm

2(EN + mN )2

)

· ln

(
m2

σk

m2
σk

+ 4p2
cm

)
+

g2
ηiN

(
Ei + p2

cm
EN +mN

)
W 2 − m2

N

+ g2
ηiN

{
W + mN

2(EN + mN )2 + 1

4p2
cm

·
(

Ei + p2
cm

EN + mN
− (W + mN )(2EN Ei − m2

i )

2(EN + mN )2

)

· ln

(
2p2

cm + 2EN Ei − m2
i

−2p2
cm + 2EN Ei − m2

i

)}]
(ηi = π0, η), (B8)

Vπ+n→π+n = EN + mN

2mN

[∑
σk

gσkπ+π−gσk N

{
− 1

2(EN + mN )2

+ 1

4p′2
cm

(
1 − m2

σk
+ 2p2

cm

2(EN + mN )2 ln

(
m2

σk

m2
σk

+ 4p2
cm

))}
+

g2
π+n

(
Ei + p2

cm
EN +mN

)
W 2 − m2

N

⎤
⎥⎦ , (B9)

Vπ+p→π+p = EN + mN

2mN

[∑
σk

gσkπ+π−gσk N

{
− 1

2(EN + mN )2

+ 1

4p′2
cm

(
1 − m2

σk
+ 2p2

cm

2(EN + mN )2 ln

(
m2

σk

m2
σk

+ 4p2
cm

))}
+ g2

π+p

{
W + mN

2(EN + mN )

+ 1

4p2
cm

(
Ei + p2

cm

EN + mN
− (W + mN )(2EN Ei − m2

i )

2(EN + mN )2

)
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· ln

(
2p2

cm + 2EN Ei − m2
i

−2p2
cm + 2EN Ei − m2

i

)}]
, (B10)

Vη′N→ηjN =
√

E′
N + mN

2mN

⎡
⎢⎣∑

σk

gη′N gη′ηjσk

⎧⎪⎨
⎪⎩− 1

4mN (E′
N + mN )

+
1 − m2

σk
−2m2

N +2mN E′
N

4mN (E′
N +mN )

2m2
N − m2

σk
− 2mN E′

N

⎫⎪⎬
⎪⎭

+ gη′N gηjN

2mN + mη′
+ gη′N gηjN

(
Ej + p′2

cm
E′

N +mN

)
2mN Ej − m2

j

⎤
⎥⎦ (ηj = π0, η), (B11)

Vπ+n→π0p = EN + mN

2mN

[∑
σk

gσkπ+π0gσk N

{
− 1

2(EN + mN )2

+ 1

4p′2
cm

(
1 − m2

σk
+ 2p2

cm

2(EN + mN )2

)
ln

(
m2

σk

m2
σk

+ 4p2
cm

)}
+

gπ+N gπ0p

(
Ei + p2

cm
EN +mN

)
W 2 − m2

N

+ gπ+N gπ0n

{
W + mN

2(EN + mN )2 + 1

4p2
cm

(
Ei + p2

cm

EN + mN
− (W + mN )(2EN Ei − m2

i )

2(EN + mN )2

)

· ln

(
2p2

cm + 2EN Ei − m2
i

−2p2
cm + 2EN Ei − m2

i

)}]
, (B12)

VηN→πN =
√

(EN + mN )(E′
N + mN )

2mN

[∑
σk

{
− 1

2(EN + mN )(E′
N + mN )

+ 1

4pcmp′
cm

(
1 − m2

σk
− 2m2

N + 2EN E′
N

2(EN + mN )(E′
N + mN )

)
· ln

(
2pcmp′

cm − m2
σk

+ 2m2
N − 2EN E′

N

−2pcmp′
cm − m2

σk
+ 2m2

N − 2EN E′
N

)}

+ gηN gπN

W 2 − m2
N

(
Ei + p2

cm

EN + mN

)
+ gηN gπN

{
W + mN

2(EN + mN )(E′
N + mN )

+ 1

4pcmp′
cm

·
(

Ej + p′2
cm

E′
N + mN

− (W + mN )(2EN Ej − m2
j )

2(EN + mN )(E′
N + mN )

)
ln

(
2pcmp′

cm + 2EN E′
N − m2

j

−2pcmp′
cm + 2EN Ej − m2

j

)}]
.

(B13)

The transition term Vη(′)p→π+n satisfies Vη(′)p→π+n = Vη(′)n→π−p = √
2Vη(′)p→π0p =

−√
2Vη(′)n→π0n. The transition term from η(′)N to πN (I = 1/2) is given as

Vη(′)N→πN (I=1/2,Iz=1/2) = 1√
3

(
Vη(′)p→π0p + √

2Vη(′)p→π+n

)
, (B14)

Vη(′)N→πN (I=1/2,Iz=−1/2) = − 1√
3

(
Vη(′)n→π0n − √

2Vη(′)n→π−p

)
. (B15)

Then, Vη(′)N→πN (I=1/2) is given as Vη(′)N→πN (I=1/2,Iz=±1/2) = √
3Vη′N→π0N . For the πN (I = 1/2)

elastic channel, the matrix element is written as

VπN→πN (I=1/2,Iz=1/2) =1

3

(
Vπ0p→π0p + √

2Vπ0p→π+n + √
2Vπ+n→π0p + 2Vπ+n→π+n

)
,

(B16)
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VπN→πN (I=1/2,Iz=−1/2) =1

3

(
Vπ0n→π0n − √

2Vπ0n→π−p − √
2Vπ−p→π0n + 2Vπ−p→π−p

)
.

(B17)

Here, Vπ0p→π+n = −Vπ0n→π−p, Vπ0n→π0n = Vπ0p→π0p, and Vπ+n→π+n = Vπ−p→π−p. Then,
VπN→πN (I=1/2,Iz=1/2) = VπN→πN (I=1/2,Iz=−1/2) is satisfied.

Appendix C. Couplings of hadrons

In this appendix, we present the couplings of the hadrons appearing in the text. The couplings of the
meson (σi or ηi) and nucleon are summarized in Table C.1. gσiN and gηiN denote the coefficients of
the terms N̄σiN and N̄ηiγ5N in the Lagrangian Eq. (1), respectively.

The couplings of the mesons gσiηjηk , which are defined as the coefficients of the term σiηjηk in the
Lagrangian, are given in Table C.2. The parameters a, b, and c in the table characterize the coupling
of the meson as

gσiηjηk = −(aλ + bλ′ + cB). (C1)

Due to the isospin symmetry, gσ0,3,8π±π∓ = gσ0,3,8π3π3 , ga±
0 η0π∓ = gσ3η0π3 , and ga±

0 π∓η8
= gσ3π3η8 ,

and the couplings gσ3η0,8η0,8 and gσ0,8π3η0,8 vanish. Here, ηi and σi are the eigenstates of the Gell-
Mann matrix appearing in the Lagrangian, and these states are mixed by the flavor SU(3) symmetry
breaking. The eigenstates of the mass σ , f0, η′, and η and the Gell-Mann matrix σi and ηi (i = 0, 8)
are related by the matrices in Eqs. (8) and (9), respectively. The coupling of σ (η′) and f0 (η) to the
hadronic state h in the mass eigenstate is obtained using the mixing angles θs and θps for the scalar

Table C.1. Meson–baryon couplings. τ3 is the third component of the Pauli matrix.

gσ0N gσ3N gσ8N ga±
0 N gη0N gπ3N gη8N gπ±N

−g/
√

3 −gτ3/
√

2 −g/
√

6 −g g/
√

3 gτ3/
√

2 g/
√

6 g

Table C.2. Meson couplings. a, b, and c are defined by gσiηjηk = −(aλ + bλ′ + cB), where λ, λ′, and B are
the parameters appearing in the Lagrangian.

a b c

gσ0η0η0
2
3 〈σ0〉 2〈σ0〉 4

gσ8η0η0
2
3 〈σ8〉 2〈σ8〉 0

gσ0π3π3
2
3 (〈σ0〉 + 〈σ8〉√

2
) 2〈σ0〉 −2

gσ3π3π3 0 0 0

gσ8π3π3

√
2

3 (〈σ0〉 + 〈σ8〉√
2

) 2〈σ8〉 2
√

2
ga±

0 π3π∓ 0 0 0

gσ0η8η8
2
3 (〈σ0〉 − 〈σ8〉√

2
) 2〈σ0〉 −2

gσ8η8η8 −
√

2
3 (〈σ0〉 − 3√

2
〈σ8〉) 2〈σ8〉 −2

√
2

gσ0η0η8
2
3 〈σ8〉 0 0

gσ8η0η8
2
3 (〈σ0〉 − 〈σ8〉√

2
) 0 −2

gσ3η0π3
2
3 (〈σ0〉 + 〈σ8〉√

2
) 0 −2

gσ3π3η8

√
2

3 (〈σ0〉 + 〈σ8〉√
2

) 0 2
√

2
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and pseudoscalar mesons:

gσ(η′)h = cos θs(ps)gσ0(η0)h + sin θs(ps)gσ8(η8)h, (C2)

gf0(η)h = − sin θs(ps)gσ0(η0)h + cos θs(ps)gσ8(η8)h. (C3)
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