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Abstract. We present the results of a comprehensive study of the classical and quantum
dynamics of spin 1

2
Dirac fermion particles with dipole moments under the simultaneous action

of arbitrary external fields, including the gravitational, inertial and electromagnetic ones.
We demonstrate the complete consistency of the quantum and classical dynamics. Physical
applications are discussed.

1. Introduction
Understanding the motion of fermion particles with dipole moments (electrons, protons,
neutrons, neutrinos) in arbitrary electromagnetic, gravitational and inertial fields is important
for many physical and astrophysical problems [1]. We continue the study of the classical
and quantum dynamics of spinning particles with dipole moments in the framework of the
general-relativistically covariant Dirac theory [2, 3, 4, 5, 6]. In this approach, the spacetime can
have either the Riemannian or the post-Riemannian geometry. The exact Foldy-Wouthuysen
transformation for the most general case of a fermion moving in combined configurations of
arbitrary strong gravitational (inertial) and electromagnetic fields is derived. These results
are used to obtain the quantum and quasiclassical equations of motion of fermion particles.
Applications to the precision experiments are considered. In particular, effects of terrestrial
gravity and rotation in the high-energy physics are discussed, the bounds on the new physical
coupling parameters are obtained, and gravitational wave action on spin is analysed.

Our basic notations and conventions are the same as in [6].

2. Fermion in external classical fields
The relativistic theory of a fermion particle with spin 1

2 is based on the Dirac Lagrangian

L =
i~
2

(
ψγαDαψ −Dαψγ

αψ
)
−mcψψ +

µ′

2c
Fαβψσ

αβψ +
δ′

2
Gαβψσ

αβψ. (1)
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The first term accounts for the minimal coupling of a fermion with the mass m and the electric
charge q to the external gauge fields – the electromagnetic potential Ai and the gravitational
coframe and the Lorentz connection (eαi ,Γi

αβ) – via the covariant spinor derivative

Dαψ = eiα

(
∂iψ −

iq

~
Aiψ +

i

4
Γi
βγσβγψ

)
, (2)

whereas the two Pauli terms describe the non-minimal coupling of the electromagnetic field
strength Fαβ, Gαβ = 1

2ηαβµνF
µν to an anomalous magnetic moment (AMM) and an electric

dipole moment (EDM). The corresponding coupling parameters have the dimension [µ′] =
[q~/2m] of the magnetic dipole (nuclear magneton), [δ′] = [q l] of the electric dipole (charge
times length). The anomalous magnetic moment can be written in terms of the magneton

µ0 = q~
2m , and in a similar way one can introduce a convenient unit of an electric dipole moment.

A reasonable definition is the electric charge times the electron Compton length: δ0 = q ~
mc .

Then one can write for both types of the dipole moments:

µ′ = a
q~
2m

, δ′ = b
q~

2mc
, (3)

The dimensionless constant parameters a = (g−2)/2 (where g is the gyromagnetic factor) and b
characterize the magnitude of the anomalous magnetic and electric dipole moments, respectively.

3. Electrodynamics in curved spacetime
A nontrivial feature of the system under consideration is the absence of superposition. The
motion of a spinning particle only in the electromagnetic field or only in the gravitational field
was extensively studied in the past. However, when both external fields are acting on a fermion
together, their influence on spin and particle’s trajectory is not just a sum of two separate
effects. Indeed, whereas electromagnetic field affects only electric charges and currents, gravity
is universal and it couples to all types of matter, including the electromagnetic field. Accordingly,
a spinning particle feels gravity both directly –via the coframe and connection– and indirectly
–via the electromagnetic field which carries an imprint of the curved spacetime geometry.

Denoting xi = (t, xa) the local coordinates, we write the spacetime interval as

ds2 = V 2c2dt2 − δ
âb̂
W â

cW
b̂
d (dxc −Kccdt) (dxd −Kdcdt). (4)

The functions V = V (xi) and Ka = Ka(xi), and the 3 × 3 matrix W â
b = W â

b(x
i) depend

arbitrarily on the local spacetime coordinates. The total number of independent components is
1 + 3 + 9 = 13, but in view of the rotation freedom W â

b −→ LâĉW
ĉ
b with Lâĉ(x

i) ∈ SO(3), this
number is reduced to 13 − 3 = 10. In other words, the line element (4) describes an arbitrary
4-dimensional geometry. Explicitly, the components of the metric gij read

g00 = c2(V 2 − gabKaKb), g0a = cgabK
b, gab = − gab, (5)

g00 =
1

c2V 2
, g0a =

Ka

cV 2
, gab = − gab +

1

V 2
KaKb. (6)

The spatial 3-dimensional metric is given by gab = δ
ĉd̂
W ĉ

aW
d̂
b, and gab = δĉd̂W a

ĉW
b
d̂
. The

3× 3 matrix W b
â is inverse to W â

b.
In Maxwell’s theory, the electromagnetic field is described in terms of the field strength 2-

form F = 1
2Fijdx

i ∧ dxj and the electromagnetic excitation 2-form H = 1
2Hijdx

i ∧ dxj . These
fundamental variables satisfy the generally covariant Maxwell equations [7]:

dF = 0, dH = J, H = λ0 ?F. (7)
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The constitutive relation is linear and local, with λ0 =
√

ε0
µ0

(where ε0 and µ0 are the electric

and magnetic constants of the vacuum), and the star ? denotes the Hodge duality operator of
the spacetime metric. The current 3-form J = 1

6Jijkdx
i ∧ dxj ∧ dxk describes the distribution

of the electric charges and currents which are the sources of the electromagnetic field.
The equations (7) can be written in the equivalent vector form in terms of the components

of the electric and magnetic fields, Ea = {F10, F20, F30} and Ba = {F23, F31, F12}, and
the components of the magnetic and electric excitations, Ha = {H01, H02, H03} and Da =
{H23, H31, H12}. Identifying the components of the source 3-form J with the electric current
density Ja = {− J023,− J031,− J012} and the charge density ρ = J123, we recast (7) into [8]

∇×E + Ḃ = 0, ∇ ·B = 0, ∇×H − Ḋ = J , ∇ ·D = ρ. (8)

The influence of the inertia and gravity is encoded in the Maxwell-Lorentz constitutive relation
between the electric and magnetic fields E,B and the electric and magnetic excitations D,H:

Da =
ε0w

V
gabEb − λ0

w

V
gadεbcdK

cBb, (9)

Ha =
1

µ0wV

{
(V 2 −K2)gab +KaKb

}
Bb − λ0

w

V
εadcK

c gdbEb. (10)

Here Ka = gabK
b, K2 = KaK

a = gabK
aKb, and w = detW ĉ

d.

For the description of Dirac fermions, one needs a coframe eαi , such that gαβe
α
i e
β
j = gij , with

gαβ = diag(c2,−1,−1,−1), and one should carefully distinguish the holonomic components

E,B of Fij , from the anholonomic components E,B of the Maxwell tensor Fαβ = eiαe
j
βFij ,

defined as Ea = {F1̂0̂, F2̂0̂, F3̂0̂} and Ba = {F2̂3̂, F3̂1̂, F1̂2̂}. In the Schwinger gauge e 0̂
a = 0 (also

e 0
â = 0), a = 1, 2, 3, the coframe reads explicitly:

e 0̂
i = V δ 0

i , eâi = W â
b

(
δbi − cKb δ 0

i

)
, a = 1, 2, 3. (11)

Accordingly, the holonomic and and anholonomic electromagnetic fields are related via

Ea =
1

V
W b

â(E + cK ×B)b, Ba =
1

w
W â

bB
b, (12)

Hereafter the vector product is defined by {A×B}a = εabcA
bBc for any 3-vectors Ab and Bc.

4. Schrödinger and Foldy-Wouthuysen pictures for Dirac particle
To evaluate the covariant spinor derivative (2), we need the local Lorentz connection. For the
general spacetime metric (4) with the tetrad (11), the connection components read explicitly

Γi â0̂ =
c2

V
W b

â ∂bV ei
0̂ − c

V
Q

(âb̂)
ei
b̂, Γ

i âb̂
=

c

V
Q

[âb̂]
ei

0̂ +
(
C
âb̂ĉ

+ C
âĉb̂

+ C
ĉb̂â

)
ei
ĉ, (13)

where we introduced

Q
âb̂

= gâĉW
d
b̂

(
1

c
Ẇ ĉ

d +Ke∂eW
ĉ
d +W ĉ

e∂dK
e

)
, C

âb̂
ĉ = W d

âW
e
b̂
∂[dW

ĉ
e], (14)

and C
âb̂ĉ

= g
ĉd̂
C
âb̂
d̂. The dot denotes the time derivative ( ˙ = ∂t ).
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We derive the Dirac equation from the action principle with the Lagrangian (1), and after a

rescaling of the wave function ψ −→ (
√
−ge0

0̂
)
1
2ψ, we recast the resulting wave equation into a

Schrödinger form i~∂ψ∂t = Hψ with the Hermitian (and self-adjoint) Hamiltonian

H = βmc2V + qΦ +
c

2

(
πbFbaαa + αaFbaπb

)
+
c

2
(K · π + π ·K)

+
~c
4

(Ξ ·Σ−Υγ5)− βV (Σ ·M + iα ·P) . (15)

Here: αa = βγa (a, b, c, · · · = 1, 2, 3) and the spin matrices Σ1 = iγ2̂γ3̂,Σ2 = iγ3̂γ1̂,Σ3 = iγ1̂γ2̂

and γ5 = iα1̂α2̂α3̂. Boldface notation is used for 3-vectors K = {Ka}, α = {αa}, Σ =
{Σa}, π = {πa}. The latter is the kinetic momentum operator, π = −i~∇−qA (with A0 = −Φ,
and A = {A1, A2, A3}). The minimal coupling gives rise to the terms in (15) with the objects

Fba = VW b
â, Υ = V εâb̂ĉΓ

âb̂ĉ
= −V εâb̂ĉC

âb̂ĉ
, Ξa =

V

c
εâb̂ĉΓ

0̂b̂ĉ
= ε

âb̂ĉ
Qb̂ĉ, (16)

whereas the nonminimal coupling is encoded in

Ma = µ′Ba + δ′Ea, Pa = cδ′Ba − µ′Ea/c. (17)

The physical contents of the theory is revealed when one transitions from the Schrödinger
picture (15) to the Foldy-Wouthuysen (FW) representation. We apply the general method
developed in Refs. [9, 10, 11] to construct the FW transformation for the Dirac Hamiltonian
(15) and to derive the FW Hamiltonian which is exact in all terms of the zero and the first
orders in the Planck constant ~ without making assumptions about the weakness of the external
fields.

Omitting the technical details (see [2, 3, 4, 5]) we find for the FW Hamiltonian [12]:

HFW = βε′ + qΦ +
c

2
(K · π + π ·K) +

~
2
Π ·Ω(1) +

~
2
Σ ·Ω(2), (18)

where we introduced the 3-vector operators

Ωa
(1) =

mc4

2

{
1

T
, {πe, εabcFebFdc∂d V }

}
+
c2

8

{
1

ε′
, {πe, (2εabcFdb∂dFec + δabFeb Υ)}

}
+
qc2

4
εabc

{
1

T
,
(
{Fdb, πd}V 2Ec − V 2Eb{Fdc, πd}

)}
− c

4~
εabc
{

1

ε′
,
(
{Fdb, πd}V Pc − V Pb{Fdc, πd}

)}
, (19)

Ωa
(2) =

c2

8

{
1

T
,

{
{πe,Feb},

{
πf ,
[
εabc(

1

c
Ḟf c −Fdc∂dKf +Kd∂dFf c)

− 1

2
Ff d

(
δdbΞa − δdaΞb

)]}}}
+
c

2
Ξa − qc2

2

{
1

ε′
, V 2Ba

}
−2V

~
Ma +

c2

2~

{
1

T
,
{
{δabFdbFecVMc, πd}, πe

}}
, (20)

with the curly brackets { , } denoting anticommutators, and

ε′ =

√
m2c4V 2 +

c2

4
δac{πb,Fba}{πd,Fdc}, T = 2ε′

2
+ {ε′,mc2V }. (21)
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5. Quantum and classical spin dynamics
To find the dynamics of the spin, we evaluate the commutator of the polarization operator
Π = βΣ with the FW Hamiltonian (18):

dΠ

dt
=
i

~
[HFW ,Π] = Ω(1) ×Σ + Ω(2) ×Π. (22)

The result describes the precession of the spin in the external gravitational and electromagnetic
fields, and hence Ω(1) and Ω(2) have a clear meaning of the angular velocity operators.

It is straightforward to derive the corresponding semiclassical expressions by evaluating
all anticommutators and neglecting the powers of ~ higher than 1 (the classical limit of the
relativistic quantum mechanics is discussed in [13]). The equation (22) then gives rise to the
semiclassical equations describing the precession of the average spin s vector:

ds

dt
= Ω× s = (Ω(1) + Ω(2))× s, (23)

Ωa
(1) =

c2

ε′
Fdcπd

[
1

2
Υδac − εabeV Cbec +

ε′

ε′ +mc2V
εabcW e

b̂
∂eV

+
qV 2

ε′ +mc2V
εacbEb −

2V

c~
εacbPb

]
, (24)

Ωa
(2) =

c

2
Ξa − c3

ε′(ε′ +mc2V )
εabcQ(bd)δ

dnFknπkF lcπl

− qc
2V 2

ε′
Ba +

2V

~

[
−Ma +

c2

ε′(ε′ +mc2V )
δanFcnπcFdbπdMb

]
. (25)

Here, in the semiclassical limit, we have ε′ =
√
m2c4V 2 + c2δcdFacFbd πa πb .

Furthermore, from (18) we obtain the velocity operator in the semiclassical approximation:

dxa

dt
=
i

~
[HFW , xa] = β

∂ε′

∂πa
+ cKa = β

c2

ε′
FabδbcFdcπd + cKa, (26)

which allows to identify the anholonomic velocity operator in the Schwinger frame (11) with

β
c2

ε′
Fbaπb = v̂a. (27)

As a result, δcdFacFbdπaπb = (ε′)2v̂2/c2, hence (ε′)2 = m2c4V 2 + (ε′)2v̂2/c2 and ε′ = γ mc2 V ,
thus, recalling that γ = (1− v̂2/c2)−1/2 is the Lorentz factor (v̂2 = δabv̂

av̂b), we find:

ε′

ε′ +mc2V
=

γ

1 + γ
,

c3

ε′(ε′ +mc2V )
FbaπbFdcπd =

γ

1 + γ

v̂av̂c
c
. (28)

Making use of (27) and (28) in (24) and (25), we then establish a fundamental agreement of
the quantum and classical spin dynamics. Indeed, after the replacement of quantum operators by
their classical counterparts, we recover (23) as the equation motion of the classical spin with the
precession angular velocity Ω = Ω(1)+Ω(2), obtained in the rest frame for the relativistic particle
with mass m, electric charge q and dipole moments µ′, δ′ in the gravitational and electromagnetic
fields, described by the dynamical system [6]

DUα

dτ
=

dUα

dτ
+ U iΓiβ

αUβ = − q

m
gαβFβγU

γ , (29)

DSα

dτ
=

dSα

dτ
+ U iΓiβ

αSβ = − q

m
gαβFβγS

γ

− 2

~

[
Mα

β +
1

ca
(MβγU

αUγ −MαγUβUγ)

]
Sβ. (30)
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Here Uα is the 4-velocity and Sα is the spin 4-vector of the particle, and the polarization tensor
is introduced by

Mαβ = µ′Fαβ + cδ′Gαβ. (31)

Its components, M0̂â = cPa and Mâb̂ = εabcMc, are obviously identified with the 3-vectors M
and P which were defined in (17).

Quite remarkably, we can recast the precession angular velocity into a compact form

Ω =
q

m

[
−Beff +

γ

γ + 1

v̂ ×Eeff

c2

]
(32)

by introducing the effective magnetic and electric fields

Beff = B +
2m

q~

[
M− γ2

c
v̂ ×

(
P − v̂ ×M

c

)]
+
m

q
B, (33)

Eeff = E− 2mγ2

q~
v̂ ×

(
M +

v̂ ×P
c

)
+
m

q
E. (34)

These expressions encompass the true magnetic and electric fields (the first terms on the right-
hand sides), the nonminimal contributions due to AMM and EDM (the second terms), and the
gravitomagnetic and gravitoelectric fields constructed from the metric of the spacetime:

Ba =
γ

V

(
− c

2
Ξa − 1

2
Υ v̂a + εabcV Cbcdv̂d

)
, Ea =

γ

V
δac
(
cQ

(ĉb̂)
v̂b − c2W b

ĉ ∂bV
)
. (35)

6. Physical effects
The resulting general framework can be applied to the analysis of the possible physical effects
of the spin dynamics. Let us briefly overview the three important applications.

6.1. Manifestations of terrestrial gravity and inertia in high-energy physics
The spacetime geometry [6], which correctly describes the terrestrial inertia and (weak) gravity
of a rotating source, corresponds to the choice W â

c = Wδâc , and

V = 1− GM

c2r
, W = 1 +

GM

c2r
, K = − ω × r

c
. (36)

Here M = M⊕, and ω = (0, 0, ω⊕), with ω⊕ = 2π
T⊕

= 7.29 × 10−5s−1. The inertial (due to

rotation) and the gravitational fields of the Earth affect the motion of an elementary particle
and its spin dynamics. This influence is not negligible and should be taken into account in
high-energy physics experiments.

Earth’s rotation manifests itself as the Coriolis and the centrifugal forces and produces
the additional rotation of the spin. The corresponding corrections to particle’s trajectory
and the spin motion are rather small. Bigger oscillatory corrections average to zero, but the
inhomogeneity of the inertial field gives rise to small non-oscillatory corrections which should be
taken into consideration only for the storage ring EDM experiments.

Earth’s gravity produces an additional force that acts on particle’s momentum as well as
an additional torque affecting the spin, although no direct electromagnetic effects caused by
Earth’s gravity were observed so far. The additional forces include the Newton-like force and
the reaction force provided by a focusing system. The additional torques are caused by the
focusing field and by the geodetic effect. In the storage ring EDM experiments, these forces and
torques lead to the additional spin rotation about the radial axis. Theoretical analysis shows
that terrestrial gravity can produce the same effect as deuteron’s EDM of δ′ = 1.5× 10−29 e·cm
in the planned dEDM experiment with magnetic focusing [14].
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6.2. Limits on the non-Riemannian spacetime structure
Spin is a natural tool to probe the spacetime structure beyond Einstein’s general relativity.
Importantly, the torsion can be measured only by the matter with intrinsic spin [15, 16, 17];
orbital angular momentum (e.g., mechanically rotating gyroscopes) does not feel the torsion.

The spin of the Dirac particle is totally antisymmetric, and hence it can couple only to the

axial torsion vector Ťα = − 1
2 η

αµνλTµνλ =
{
Ť 0̂, Ť â

}
. As a result, the hypothetical spin-torsion

coupling modifies the Dirac Hamiltonian (15) via the additional terms [5]

− ~cV
4

(
Σ · Ť + cγ5Ť

0̂
)
. (37)

We can straightforwardly take the spin-torsion coupling into account in (15) by the shift

Υ −→ Υ + V cŤ 0̂, Ξâ −→ Ξâ − V Ť â, (38)

Making use of the theoretical framework established here, we can find observational bounds on
spin-torsion coupling from the dynamics of freely precessing nuclear spins in a uniform magnetic
field B. In particular, using the data reported [18] for the experiment with 199Hg and 201Hg
atoms devoted to the search of a hypothetical scalar-pseudoscalar interactions, we derive the
restriction on the absolute value of the spacetime torsion:

~c
4
| Ť | · | cos Θ| < 2.2× 10−21 eV, |Ť | · | cos Θ| < 4.3× 10−14 m−1. (39)

Here Θ is the angle between B and the torsion Ť . These bounds can be further improved by
approximately one order on the basis of the more recent experimental data [19].

6.3. Spin in a gravitational wave
Fermion in the field of a gravitational wave was discussed earlier in [20, 21, 22].

In the local coordinates (t, x, y, z), the spacetime geometry of a weak gravitational wave is
given by the metric (4) with

V = 1, K = 0, W â
b =

 1 + w⊕ w⊗ 0
w⊗ 1− w⊕ 0

0 0 1

 . (40)

The functions w⊗ = w⊗(ϕ) and w⊕ = w⊕(ϕ) of the phase ϕ = ω(t − z/c), describe the two
independent polarizations of a plane gravitational wave with the frequency ω propagating along
the z direction [23].

One can probe the gravitational wave by observing the spin dynamics in the magnetic
resonance setup [12]. Assuming that the wave has only one polarization, w⊕ = 0, whereas
w⊗ = g0 cosϕ (with amplitude g0), we can arrange the constant homogeneous magnetic
field in the plane of the wave front: B = (B0, 0, 0), with B0 = const. Then (12) yields
B = (B0, B0w⊗, 0), and hence we find the field configuration that reproduces the magnetic
resonance conditions, when the spin is affected by the constant homogeneous magnetic field
along x and an additional alternating field in the perpendicular plane (y, z). Then [24], we find

P− 1
2

=
sin2 {ω0g0(t− t0)Λ/4}

Λ2
(41)

the probability of a flip, at time t, for the spin as compared to its initial opposite orientation at

t0. Here ω0 = 2(µ0+µ′)B0

~ is the Larmor frequency, Λ2 = 1 + 4(1−ξ)2
g20

and ξ = ω
ω0

(
1− g20

16ξ2

)
.

We thus confirm the qualitative conclusions [20, 22] on the prospects of the gravitational
wave searches using the magnetic resonance type experiments. The effect (41) is quadratic in
the small quantity g0, however, polarization effects which are linear in g0 can possibly show up
in the analysis of the spin components orthogonal to initial spin polarization [25, 26].
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7. Discussion
Continuing the study of the dynamics of the quantum and classical Dirac fermions with spin 1

2
and dipole moments in the gravitational and electromagnetic fields, we extended here our earlier
findings in [27, 28, 29, 2, 3, 4] to the case of an arbitrary spacetime metric plus an arbitrary
electromagnetic field. This is a nontrivial problem, because there is no direct superposition of
the electromagnetic effects on spin with the gravity-spin effects, and the action of gravity on
spin is twofold: via the coframe and connection (16) and via the electromagnetic field which
gets modified (12) in the curved spacetime [12].

We use the general framework, in which we derived the exact FW Hamiltonian (18) and the
quantum equations of motion, to analyse the effects of terrestrial gravity and rotation in the
high-energy physics, to find the new strong bounds on the spacetime torsion, and to develop a
magnetic resonance setup for spin in the gravitational wave.

Acknowledgments
The work was supported in part by the Belarusian Republican Foundation for Fundamental
Research (Grant No. Φ16D-004), by the Heisenberg-Landau program of the German Ministry
for Science and Technology (Bundesministerium für Bildung und Forschung), and by the Russian
Foundation for Basic Research (Grants No. 14-01-00647 and No. 16-02-00844-A). YNO is
grateful to the organizers of the DSPIN17 conference for the warm hospitality and support.

References
[1] Ni W-T 2010 Rep. Prog. Phys. 73 056901
[2] Obukhov Y N, Silenko A J, and Teryaev O V 2009 Phys. Rev. D 80 064044
[3] Obukhov Y N, Silenko A J, and Teryaev O V 2011 Phys. Rev. D 84 024025
[4] Obukhov Y N, Silenko A J, and Teryaev O V 2013 Phys. Rev. D 88 084014
[5] Obukhov Y N, Silenko A J, and Teryaev O V 2014 Phys. Rev. D 90 124068
[6] Obukhov Y N, Silenko A J, and Teryaev O V 2016 Phys. Rev. D 94 044019
[7] Hehl F W and Obukhov Y N 2003 Foundations of Classical Electrodynamics: Charge, Flux, and Metric
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