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Abstract
Entanglement breaking (EB) channels, as completely positive and trace-
preserving linear operators, sever the entanglement between the input sys-
tem and other systems. In the realm of infinite-dimensional systems, a related
concept known as strongly EB (SEB) channels emerges. This paper delves
into characterizations of SEB channels, delineating sufficient conditions for a
channel to be classified as SEB, especially with respect to the commutativity
of its range. Moreover, we demonstrate that every closed self-adjoint subspace
of trace-zero operators, with the trace norm, is the null space of a SEB channel.
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infinite-dimensional quantum systems, commutative range, null space

1. Introduction

Entanglement

breaking (EB) channels are channels which disrupt entanglement with other

quantum systems. Specifically, when an EB channel is applied to a component of a composite
system, any entanglement in the input state transforms into separable states. This concept was
firstintroduced in [9] as an extension of the classical-quantum and quantum—classical channels
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considered in [7]. The characterization of these channels has been the subject of intensive
research for finite-dimensional systems, as seen in works such as [2, 9, 12, 13]. Some of these
findings have been expanded to infinite-dimensional systems in [3, 5, 6, 15].

We recall some notions in quantum information theory, see, e.g. [6, 10]. Consider infinite-
dimensional Hilbert spaces H and K. Let B(H) be the set of bounded linear operators on H, and
let B(H)™ denote the set of positive semi-definite operators in B(H). Let T(H) be the space of
trace-class operators on H. A state in T(H) is a self-adjoint positive and trace-one operator on
H. Denote by S(H) the set of states in T(H). A state p € S(H® K) is called separable if it is a
limit in the trace-norm of states of the form

n n
pZZpigiG@h,-, for some g; € S(H) ,h; € S(K),p; > 0, with Zpi =1. (1.1
i=1 i=1

In particular, if p € S(H® K) can be expressed as an infinite sum of product states:

p= Zpigi ® h;, forsome g; € S(H),h; € S(K),p; >0, with Zpi =1, 1.2
i=1 i=1
then p is said to be countably separable; see [6, 11]. For finite-dimensional systems, a separable
state always has the form as outlined in (1.1). However, in infinite-dimensional systems, a
separable state may not necessarily be countably separable, i.e. it may not have the form (1.2),
see, e.g. [6].

A quantum channel @ : T(H) — T(K) is a completely positive and trace-preserving linear
map. Specifically, a channel ® is called entanglement breaking (EB in short) if, for any Hilbert
space R and any state p € T(R ® H), the output state (Ig ® ®)(p) is always separable in S(R ®
K). Similarly, ® is called strongly entanglement breaking (SEB in short) if (I ® ®)(p) is
always countably separable.

The following provides us with the structure of SEB channels, which we will utilize
throughout this paper. It shows that a SEB channel always has a measure-and-prepare form
(called the Holevo form) (1.3) and can be represented by an operator-sum of rank-one opera-
tions (1.4).

Theorem 1.1 ([5, theorem 3.1] [9, theorem 4]). Let @ : T(H) — T(K) be a channel. The fol-
lowing are equivalent.

(a) ® is a SEB channel.
(b) ® has the form

O (X) =Y RTr(FiX) (1.3)
k=1

for some states Ry € S(K) and positive operators Fy € B(H)" such that Y ;- Fx = Ip.
(c) ® has an operator-sum representation by rank-one operations, i.e.

D (X)= ZukaXvkuZ = Z (viXvi) weuy,, (1.4)
k=1 k=1

for some unit vectors {u;} C K and vectors {vy} C H such that % > | vvi = In.

It is shown in [15, lemma 2.9] that a channel ® is SEB if the output state (I ® ®)(po) cor-
responding to the maximally entangled state p, in S(H ® H) is countably separable. However,
determining whether a state is separable (or countably separable) is indeed very challenging.
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Therefore, it is interesting to find some conditions ensuring a channel is SEB other than the
separability of the output states.

In finite-dimensional systems, if the range of a completely positive map is commutative,
then it is EB; see [17, lemma III.1] and [19, corollary 3]. However, the validity of these
assertions may not extend seamlessly to infinite-dimensional systems, particularly concern-
ing SEB channels. Our contribution in theorem 2.3 establishes that the commutativity of the
range serves as a sufficient condition to guarantee the SEB nature of a channel. Conversely, as
demonstrated in proposition 2.5, we affirm that the dual of any SEB channel can be dilated to
a completely positive map with commutative range.

In a recent study focusing on the structure of null spaces, the authors in [12] constructed
some private subalgebras of certain classes of EB channels for finite-dimensional systems.
In particular, they showed that every self-adjoint subspace of trace-zero matrices is the null
space of an EB channel. The finding presented in theorem 3.2 expands upon this discovery,
now encompassing applications to infinite-dimensional systems.

The article is structured as follows. In section 2, we delve into various conditions that char-
acterize a channel as SEB. In section 3, we considered SEB channels whose null space is a
given closed self-adjoint subspace of trace-zero operators for infinite-dimensional systems.
Furthermore, we explore the attributes of the fixed point set of these channels concerning their
representation via rank-one operations in (1.4). In section 4, we demonstrate some of the res-
ults in the previous sections to a class of single-mode Gaussian channels.

2. Some characterizations of SEB channels

As mentioned by Stermer [19], there is a natural duality between bounded linear maps on B(H)
and linear functionals on the tensor product B(H) @ T(H). In the subsequent discussion, we
leverage this duality within the context of SEB channels. It is demonstrated that a channel is
SEB if and only if the corresponding linear functional satisfies a specific criterion associated
with separability. We first revisit some notions outlined in [19]. B

Let U : B(H) — B(H) be a bounded linear operator. Then a map V¥ : B(H) @ T(H) — C
given by

U(YeX)="Tr(¥(Y)X") forXecT(H),Y<B(H), (2.1)

defines a linear functional on the projective tensor product space of B(H) and T(H), where the
transpose X" defined by (e;|X"|e;) = (¢;|X|e;) with respect to a fixed orthonormal basis {e;} of
H. A linear functional  on B(H) ® T (H) is called separable (see [19]) if it belongs to the norm
closure of elements of the form ), wx ® py for some positive norm-one linear functional wy
on B(H) and positive linear functional p; on T(H). The separability of the corresponding linear
functional W is equivalent to the following characterization of the operator .

Proposition 2.1 ([19, theorem 2]). Let ¥V be a completely positive operator and let U be the
linear functional defined in (2.1). Then V is a separable linear functional if and only if U is a
limit (in bounded-weak topology) of operators of the form x —» Z;l: | Wi(x)b; for some positive
norm-one linear functional w; € B(H)* and positive operators b; € B(H)™".

By leveraging the aforementioned duality, we proceed to establish the separability of the
associated linear functional in relation to a SEB channel.

Proposition 2.2. A quantum channel ® : T(H) — T(H) is SEB if and only if the linear func-
tional ®* : B(H) @ T(H) — C corresponding to the dual map ®* can be written as the form
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P+ = Z,fi | Wk @ pi for some weak™ continuous positive norm-one linear functional wy on
B(H) and positive linear functional py on T(H) with Y=, pi(X) = Tr(X) for all X € T(H).

For convenience, we call a linear functional having the form as stated in the proposition
2.2 be countably separable. The proof aligns with the argument presented in [19, theorem 2]
concerning SEB channels.

Proof. Suppose ® : T(H) — T(H) is a SEB channel. Recall that a dual map of ® is the linear
map ¢* : B(H) — B(H) satisfying Tr(®(X)Y) = Tr(X®*(Y)) for all X € T(H) and Y € B(H).
If ® has the form (1.3) then its dual map satisfies

d*(Y) = ZTr (RyY) Fy, (2.2)
k=1

for some states R, € T(H) and positive operators Fy € B(H)". For Y € B(H) and X € T(H),

o (Y® X) =Tr(®* (V)X ZTr RY) Tr (FiX7) Zwk
k=1
where
wi(Y) =Tr(RY) and  pi(X) =Tr(FX") (2.3)

define a state in B(H)* and a positive linear functional on T(H), respectively. Then we have

> o (X)=Tr ( <Z Fk> XT> =Tr (X") =Tr(X).

Thus, ®* is countably separable in (B( H)®T(H))*.

Conversely, suppose d* is countably separable and has the form > = =30 Wik ® pg as in
the proposition. For each k, there exist states Ry € T(H) and positive operators F € B(H)*
satisfying (2.3). The condition Y .= | px(X) = Tr(X) implies that Y ° | Fx = Iy. For each X €
T(H) and Y € B(H),

Tr (* () XT) = @ (Y@ X) = Zwk Tr(ZTr R.Y) FkXT>

k=1

Then ®* has the form as in (2.2), and hence ® is a SEB channel. O

Herein, we present a sufficient condition adequate for identifying a channel as SEB, devoid
of any reliance on the separability of states within the bipartite system. This condition asserts
that if the range of a channel is commutative, then the channel qualifies as SEB.

Theorem 2.3. Ler {e;} be any orthonormal basis of a separable Hilbert space H. Let ® :
T(H) — T(H) be a completely positive and trace-preserving channel. If the range of ® is
commutative, then ® is a SEB channel. Under this condition, for any set of scalars A\; > 0 with
o2 Ni = 1, the weighted Choi state o of @, defined by

g = Z \/ )\,-/\je,-ef (9 (0] (eief) 5

ij=1
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is countably separable and can be written in the form

oo
o= Pk @iy, 2.4)
k=1

for some orthonormal set of vectors {v } in H, some states py in T(H), and some scalars py > 0
with Y > | px = 1. Moreover, the channel ® can be expressed as ®(X) = ;= R Tr(XFy),
where Ry = (Uvi)(Uvy)* for some unitary operator U in B(H), and operators Fy, € B(H)*
with a matrix representation as

Fp= l}:{/\ <€iapk‘3j>‘| .
V A 1<ij<oo

Proof. We first note that if the range of a channel ® : T(H) — T(H) is commutative, then
this range will consist of normal operators. Indeed, since ® is positive, it maps self-adjoint
operators to self-adjoint operators. Then for any operator X in T(H) of the form X = X; + iX;
for some self-adjoint operators X; and X,, we have ®(X)* = (®(X;) +i®(Xp))* = ¢(X;) —
i®(X,) = &(X*). Thus,  preserves the involution. Since T(H) is a self-adjoint space, for
each X € T(H) we have ®(X)®(X)* = &(X)P(X*) = &(X*)P(X) = &(X)*®(X). Then &(X)
is a normal operator for all X € T(H).

We now employ some techniques introduced in [4, 15]. From the above paragraph,
fb(eiej’."),i, j=1,...,00, are mutually commuting, normal and trace-class (hence compact)
operators. So they are simultaneously diagonalizable by some unitary operator U in B(H).
Then

(Ig@U Yo (IyQU) = Zee ® Dy, (2.5)

ij=1

for some diagonal operators D;; in B(H). Replacing ®(-) by U®(-)U*, we can assume o has
the form as in the right side of (2.5). Hence o can be written as

o= ZBk@)Pk,
X

for some rank-one orthogonal projections Pj and positive operators Bi. On the other hand,
since ® is completely positive, the weighted Choi operator o defined as in (2.4) is positive
by [15, theorem 1.4]. It is easy to check that o has trace-one, hence it is a state in B(H® H).
Thus, o has the form as (2.4) for some orthonormal set of vectors {v;} in H, some states {p; }
in T(H) and some scalars p; > 0 with > > pr = 1.

For each state X =) . .¢;; ® X;; € S(H® H), define the partial trace of X on the second
component by Try(X) = i: -¢;; Tr(X;;). Since ® is trace-preserving, taking the partial trace
over the second component of (2.4), we arrive at

[oe]
ZP:’P: Zx\ee Tr Z)\ee (2.6)
i=1

From (2.4), for x,y € H,

A,)\] <® (e,-e;‘)x,y> < (el ®x e] ®y Z enpkpkel Vkvzx7y> .
k=1
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Then

P (eie;‘) = Z Ij\k.)r (e, pxej) Vivi - 2.7
k=1 iy

Following the proof of [15, lemma 2.9], we let F be the Schur product as

1 /1 : .
A PYPY I (P (P )

Fir=px 1 1 i ) e’

. = Z Pk (pk)..e T
PYRY X : (P)ar (Pu)y - ‘ m ij €%

where (pi); = (i, prej). We have Fi >0 and Y = Fx =1y by (2.6). The map ¥(X) =
Z,filTr(XFk)vkv}g is well-defined and completely positive on T(H), see [15, lemma 2.5].
Equation (2.7) ensures that W(e;e;) = ®(e;e;) for all i,j. Hence, ® = ¥ on T(H) from the
continuity in trace norm of these maps, see the proof of [15, lemma 2.9] for details. Thus, ®
has the desired form. O

Remark 2.4. Theorem 2.3 shares a connection with a result by Stermer [19]. Specifically,
corollary 3 and theorem 2 (along with proposition 2.1) in [19] imply that a completely positive
operator with commutative range serves as a limit of entanglement breaking maps. These maps
bear similarities to the dual maps in (1.3), albeit with a finite count of summands. In theorem
2.3, we demonstrate that a completely positive and trace-preserving channel with commutative
range embodies a form characterized by an infinite summation akin to (1.3).

The subsequent demonstration proves an anticipation in [2]. It establishes that the dual
map of any SEB channel can be dilated to a completely positive linear map with commutative
range. Notably, the predual of an operator ¥ : B(K) — B(E) is represented by the operator
U, : T(E) — T(K), which satisfies the following relationship:

Tr (¥ (Y)X) = Tr (Y, (X)), VX T(E),YeB(K).

Proposition 2.5. If a channel ® : T(H) — T(K) is SEB, then there exist a Hilbert space E, an
isometry U : H— E, and a positive linear map VU : B(K) — B(E) with range(¥) being com-
mutative such that ®(X) = U, (UXU*) for all X € T(H).

Proof. We follow the arguments in [2] which was for finite-dimensional systems. Let ®* :
B(K) — B(H) be a dual of ® with a form

d*(Y) = ZTr(RkY)Fk,
k=1

for some states Ry € T(K) and positive operators Fy € B(H)* satisfying > ° | Fi = Iy. Let
[ be the space of bounded sequences. Then [*° is an unital commutative C*-algebra with
pointwise sums and products, which can be identified with C(5N), the space of continuous
functions on the Stone-Cech compactification of N.

We write ®* into the composition ®* = no~y of unital maps «y : B(K) — [*° by ~(¥) =
{Tr(YRy) }x, and n : I°° — B(H) by n({a;}i;) = Y ;= a;F:. The positive linear map 7 is well-
defined by conditions on {F;};. Moreover, it is completely positive since [*° is a commut-
ative C*-algebra, see [16, theorem 3.11]. By the Stinespring dilation theorem, there exist

6
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a Hilbert space E, an isometry U: H— E and a *-homomorphism 7 : [°° — B(E) such that
n(X) = U*n(X)U. Then for each Y € B(K), we have

" (Y) =noy(Y)=U" (roy)(NU=UV(V)U,

where U = 7o~y :B(K) — B(E) is a weak*~weak™* continuous positive mapping with com-
mutative range since +y is so. For each Y € B(K) and X € T(H),

Tr(Y®(X)) = Tr(®* (Y)X) = Tr(U* U (Y)UX) = Tr(¥(Y)UXU*) = Tr(YV, (UXU*).
Hence, ®(X) = V.. (UXU*) as asserted. O

3. Null space, fixed point and multiplicative domain

In [12], the authors construct an EB channel that vanishes on a given subspace of trace-zero
matrices as follows.

Proposition 3.1 ([12, proposition 3.1]). Let H be a finite-dimensional Hilbert space. Let N
be a self-adjoint subspace of trace-zero operators in B(H). Then there is an EB channel ® on
B(H) such that N = {X € B(H) : ®(X) = 0}.

We demonstrate the validity of this assertion in the context of infinite-dimensional systems.
Here, T(H), represents the subspace of trace-zero operators within T(H), and the null space
of a channel ® on T(H) is denoted by null(®) := {X € T(H) : (X) = 0}. Given that every
channel operating on T(H) is continuous in the trace-norm topology, see [15, lemma 2.3], its
null space must be closed within this topology.

Theorem 3.2. Let H be a separable infinite-dimensional Hilbert space. Let N C T(H)o be a

self-adjoint and closed (in trace-norm) subspace of trace-zero operators on H. Then there is
a SEB channel ® on T(H) such that null(®) = N.

Proof. Let N be a subspace of B(H) defined by
Nt ={YeB(H):Tr(XY)=0 forall X cN}.

The identity operator Iy is in N+ since N C T(H)o. Let {e; }+ be an orthonormal basis of H.

For each Y € N+,

o0 (o)

0=Tr(YX)=> (e YXer)=> (X*Y er,er) =Tr(X'Y") forall X€N.
‘ k=1

Since N is self-adjoint, i.e. N = {X* : X € N}, we have Y* € N, Thus, N is a self-adjoint
subspace of B(H). We follow arguments in [20, lemma 2] to define a countable subset whose
linear span is dense (in weak* topology) in N+

Recall the duality between (B(H), || - ||) and (T(H), || - ||1) is defined by (X, Y) = Tr(XY) for
all X € T(H) and Y € B(H). The weak™* topology on B(H) is the topology defined by the family
of semi-norms {gx : X € T(H)}, where gx(Y) = | Tr(XY)| for all Y € B(H). In addition, since
the Hilbert space H is separable, the trace-class T(H) is a separable Banach space with respect
to the trace norm. This implies that the set

i=

1
B:= {YeNL Y =1y < 2}

is weak™® compact and metrizable. Hence, there exists a countable subset of self-adjoint oper-
ators {Iy,F>,F3,...} which is dense in B in the weak™ topology. Since ||/ — Fy| < 3, each

7
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self-adjoint operator Fy is positive with the operator-norm ||F|| < 2. Let Fy = %F wfork>2
and Fy =1Iy — Y, Fr. Then [[Iy — Fy || = || Y00, Fill < 3op, 5 = 1. Hence {Fy}52, isa
set of self-adjoint positive operators in B(H) with Z,‘:il Fj = Iy and its linear span is weak™
dense in Nt

Let Ry = exe be states in B(H). Consider a SEB channel ® : T(H) — T(H) defined by

O(X)=> RTr(FX).
k=1

Then X € null(®) if and only if Tr(XF;) = O for all k. This happens exactly for X € (N-1)+
N since N is a closed subspace in trace-norm. Hence null(®) = N as asserted.

oo

Throughout the remainder of this section, we delve into examining the fixed point set and the
multiplicative domain of SEB channels by leveraging the operator-sum representation through
rank-one operations as in (1.4). It is worth recalling that the fixed point set of amap ¥ : Z — Z
is defined as Fix(¥) := {T € Z: ¥(T) = T}. For the details on the characterization of fixed
point sets of quantum operations, refer to [1, 14].

Let ® : T(H) — T(H) be a SEB channel defined as in (1.4) by

O(X) = wviXvag =Y  EXE], (3.1)
k=1 k=1

where Ey = uyv} for uy, vy € H satisfying ||uc|| = 1 for all k and Y 2, vevj = Iy. Then ®* :
B(H) — B(H) is an unital completely positive operator with rank-one Kraus operations
{E; = v}

Suppose a projection P € Fix(®*). Then >~ , E; PE; = P. By multiplying from both sides
of this equation with Iy — P, we derive PEy(Iy — P) = 0 for all k. Similarly, by multiplying
both sides of equation ®*(Iy — P) = Iy — P by P, we get (Iy — P)EP = 0. Hence, PE; = E;P
for all k. Substitute Ey = u;v; we obtain

Pvi = Py (ugug) = P (v ug = (viuy; ) (Puy) = vy (g Pug) .

Thus, Pv; = \yv for some scalar \;. Similarly, Pu; = Siuy, for some scalar 5. Hence, v, and
uy, are eigenvectors of P for all k. Let P, Q be projections in Fix(®*). Then for each k, there
are scalars )\, B such that Pvy = \yv; and Qv = pyvi. Thus,

oo oo oo
PO (Z vka> = Pz,ukvkv,f = Z,uk)\kvkv}f
k=1 k=1 k=1

o0
MOwvi = Z QPvyv; = QP.
k=1

PQ

(3.2)

M

»
I
R

Then P and Q are commutative. Let A ={A € B(H) : [A,E] = [A,E{] =0}. Since A is
spanned by its projections, A is a commutative von Neumann subalgebra of Fix(®*). For
infinite-dimensional systems, the inclusion A C Fix(®*) can be strict, see [1]. From the above
observations, we have

Proposition 3.3. Let © be a SEB channel on T(H) defined by (3.1) with rank-one operations
{Ex = upv} }. A projection P is a fixed point of ®* if and only if [P, Ex] = 0 for all k. In this case,
all vectors ux and vy are eigenvectors of P. The set of projections in Fix(®*) is commutative.

8
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The study of fixed point sets is useful for the investigation of the multiplicative domain of
a map. Recall that a multiplicative domain of a map ® on T(H) is the set (see e.g. [17])

Mo = {A € T(H): ®(AX) = B (A)® (X),® (XA) = & (X) P (A) for all X € T (H)}.

Proposition 3.4. Let ® be a SEB channel on T(H) defined by (3.1) with rank-one operations
{Ex = wv;}. If a projection P is in the multiplicative domain Mg, then vy are eigenvectors of
P for all k. The set of projections in Mg is commutative.

Proof. Itis known that if P € Mg, then P € Fix(®* o ®). Indeed, for each X € T(H), we have
Tr(PX) = Tr(® (PX)) =Tr(®(P)® (X)) =Tr ((®* o ®) (P)X).

Hence, (®* o ®)(P) = P. This implies E;E;P = PE;E;P for all i,j. Substitute E; = u;v;, we
arrive at Pv; = \;v; for some scalar )\;. The commutativity argument is similar as in (3.2). [

4. On single-mode Gaussian channels

In the following, we demonstrate some of the results discussed in the above sections to a
class of single-mode bosonic Gaussian channels [18] which are widely considered in infinite-
dimensional quantum systems.

We begin with some notations adopted from [8, 18]. Let H = L*(R) be the space of
complex-valued square-integrable functions. For each x,y € R, we define unitary operators

V, and Uy on H by V,1)(€) = exp(i€ x)1(€) and Uytp(€) = (€ +y) for i € L*(R) and € € R.
The unitary Weyl representation W : R?> — B(H) is defined by

i
W(z) =exp <2yx> V Uy, z= (x,y)T e R

For each state p € T(H), define a characteristic function on R? by ¢, (z) = Tr(pW(z)). Let M»
be the set of 2 x 2 real matrices. A state p € T(H) is called a Gaussian state if its characteristic
function ¢, has the form

) 1
@, (2) =exp <1mTz — 2zTCz> , “4.1n

for some vector m € R? and symmetric matrix C € M,. A quantum channel ® : T(H) — T(H)
is called a Gaussian channel if there are parameters K,« € M, such that the characteristic
function of ®(p) satisfies

1
Pa(p) (2) = ¢, (Kz) exp <2zTaz> , VzeR% (4.2)
Equivalently,
1
d* (W(z)) = W(Kz)exp <2zTaZ> . (4.3)

Holevo [8, theorem 12.17] shows that (4.1) defines a state if and only if C > :t%A where

0 1 . - . . .
A= { 0 } . In this case, the characteristic function determines the operator via the fol-

-1
lowing inverse formula
1
= YW (—z)d?z, 4.4
p zﬂ/%(Z)(Z)z (“.4)

where the integral converges weakly.
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From [8, theorem 12.35], a Gaussian channel ® defined by parameters (K, «) is EB if and
only if o admits the decomposition o = «; + a; where

o > j:%KTAK and o > i%A. (4.5)

For a given matrix K € M,, the channel corresponding to parameters (K, ), where ay is the
minimal of « satisfying the condition (4.5) is called entanglement breaking limit. Classification
of Gaussian channels for single-mode systems can be found in [8, theorem 12.41]. It was
showed in [18, theorem 1] that all single-mode Gaussian channels at their EB limit admit only
continuous-indexed (non-countable) set of rank-one Kraus operators and that is unique, except
the full-loss channel A; (1) corresponding to the parameters K =0 and o = I,. Therefore, these
channels are EB but not SEB except the A; (1) channel.

Applying the equivalent condition in proposition 2.2, we can give another way to show that
A; (1) channel is SEB by showing that the linear functional ®* on B (H)®T (H) defined in (2.1)
corresponding to the channel ® is countably separable. Indeed, for each Y = W(z) € B(H) and
X € T(H), from equation (4.3) we have

o+ (Y®X)=Tr (" (W(z))X") = Tr (W (Kz) X") exp <;zTaz) = Tr(X) exp (;sz) .

Define a linear functional o on span{W(z) : z € R?} by extending linearly the map o(W(z)) =
exp(—1z"z). Then o is a positive linear functional with o(I) = o(W(0)) = 1. By Hahn-
Banach extension theorem, o can be extended to a norm-one positive linear functional on
B(H). Let w(X) := Tr(X). Hence, ®* = w® o is a countably separable linear functional on
B(H)®T(H).

From (4.2) and (4.4), we have

1

®(p)=5- / ¢p (Kz)exp <—;ZT042> W(-z)d’z. (4.6)

In the case of a full-loss Gaussian channel with parameters K =0 and o = I,

1 1
@uozzﬂ/ém(—zfng—afmzpm

where the state py is independent of the input state p. Then ® has the Holevo form ®(X) =
Tr(X) po for X in the span of Gaussian states, hence it is a SEB channel and has the commutative
range.

In the following, we examine the commutativity of the range of Gaussian channels corres-

ponding to the parameter K # 0. For each state p € T(H), let f,, be the continuous function
inside the integral (4.6) by

1
fo(z) =Tr(pW(Kz))exp (zzTaz> : 4.7)
Following [8, section 5.3], for given states p;,p, € T(H), we have

B (o) B (02) = 5- [ (F <) @ W(-2) 2,

where
ixA
(for XJ) (1) = %/fp, (x)f», (z—x)exp (lxzz) d2x.

10
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Since the transform fi 5- f fz)W(—z)d?z is injective, the equation ®(p;)®(p;) =
®(p2)®(p1) implies that (f,,, xfpz)(z) = ( fry X fo1)(2),Vz € R?. Equivalently,

/ For (X)fon (2= X) = fy (X).f, (z— x)] exP (“2&) d’>x=0. (4.8)

Therefore the channel ¢ has a commutative range if and only if equation (4.8) holds for
all states py,p2 € T(H) and all z € R?. An extreme case for (4.8) is that f,, (x)f,,(z —x) =
For(%)f, (z—x) for all x,z € R?. Substituting into (4.7) we get

Tr (p1 W (Kx)) Tr (p2W (K (z — x))) = Tr (02 W (Kx)) Tr (p W(K (2 — x))) - 4.9)

Equation (4.9) being satisfied for all states p;,p, € T(H) implies that the following function
is constant in the state p € T(H) for all x,z € R?,

Tr (pW (Kx))
Tr(pW(K(z—x)))
This happens if and only if the parameter K = 0.

Now consider equation (4.8) with parameters K = 0 } and o = I,. With z = (z1,2)"

1
{ 0 0
and x = (x,x2)T in R?, we have W(Kx) = V,,, W(K(z — x)) = V,_y,, where V,, is the unitary
operator in B(H) defined above. The equation (4.8) becomes

ixiz
[ o1V Te (Ve o) = Te Vo) T (01 Ve s (- + 21 ex ( : ) dy = 0.
(4.10)

Let g(x1) = [Tr(p1 Vi) Tr(p2Ve -1, ) = Tr(p2Vi ) Ty Vi, ) exp(— +2131). Since the
Fourier transform g — F(g) defined by F(g)(z2) = / g(x1)exp (vc;a) dx; is injective,
equation (4.10) implies that g(x;) = O for all x; € R. Hence

Tr(p1Ve) Tr (p2Vey—x,) = Tr (02Ve ) Tr(p1 Vo), Vp1,02 € T(H) ,Vx1,21 €R.

We get Tr(pVy,) = Tr(pV,,_y, ) for all p € T(H) and all x;,z; € R, that is impossible. Hence,
the corresponding channel does not have a commutative range. With a similar argument, if the
parameter K € M, has rank one and o = I,, then the corresponding Gaussian channel does not
have a commutative range.

In fact, by combining the sufficient condition stated in theorem 2.3 with the result in [18,
theorem 1] referenced earlier, it can be deduced that the single-mode Gaussian channels cor-
responding to the parameter K # 0 do not have a commutative range.

We end this section with a discussion about the A, (1) Gaussian channel at the EB limit with

0
0 0

has a commutative range since for z,z’ € R2,

parameters K = [ } and o = I, see [8, theorem 12.41]. In this case, the dual map ®*

1 1
" (W(z))@* (W(z')) = W(Kz) W(Kz')exp (—2ZTaz — zz'Taz/> ;
where W(Kz)W(Kz') = exp(— 32" (KTAK)z')W(Kz+ Kz'), see [8, section 12.2]. Here
W(Kz)W(Kz') = W(Kz+Kz') = W(Kz YW(Kz) since KT AK = 0. Proposition 2.1 shows that
®* is the limit of operators in the Holevo form with finite terms. However, as mentioned before,
®* does not admit the Holevo form with countable summands since the A,(1) channel ® is

1
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not SEB. This provides us an instant for the difference of proposition 2.1 in infinite dimen-
sions with the finite-dimension cases where a unital completely positive map with commutative
range always has the Holevo form, see e.g. [17, lemma IIL.1].

5. Conclusions

The paper establishes characterizations of SEB channels tailored to infinite-dimensional sys-
tems. It unveils properties akin to their finite-dimensional counterparts, as documented in
works such as [2, 12, 17]. Notably, the paper demonstrates that a channel is SEB if its range
is commutative. Furthermore, it reveals that any SEB channel can be dilated to the predual
of a positive map with commutative range. Additionally, a SEB channel is constructed with a
null space that aligns with a specified self-adjoint and closed subspace of trace-zero operat-
ors. The discussion also delves into the commutativity of projections within the fixed point set
and the multiplicative domain of these channels. Finally, we illustrate our results to a class of
single-mode bosonic Gaussian channels. The approach intertwines techniques from the finite-
dimensional realm with expanded outcomes in operator theory tailored to infinite-dimensional
systems, as expounded in [4, 15, 20].
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