Coherence measure of neutrino oscillations
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Neutrino oscillations provide a wonderful
tool to study the intricacies of quantum me-
chanics at macroscopic distance scales. One
such phenomena at the heart of quantum me-
chanics is that of interference. In its more
modern form interference has been related to
a measure of coherence [I, 2].

The quantum information theory provides

two useful measure of coherence [I]. First is
the {1 norm of coherence defined as
. 1
Cn(p) = -1 Z Pk (1)
k,j

ki

where p is d X d representation of the density
matrix of the system in a given basis. The
second measure of coherence is the relative en-
tropy of coherence defined as

Crel.ent.(P) = S(ﬁdiag) = S(p), (2)

where S is the von Neumann entropy and
ﬁdiag represents the density matrix obtained
by deleting off-diagonal elements from p.

A typical description of neutrino oscillation
involves charged current interaction in which
neutrinos are produced in flavor state |v,)
along with charged antilepton l,. The prop-
agation of the neutrino in the state |v,) is
then governed by the propagation Hamilto-
nian whose eigenstates |v;) (called mass eigen-
states) follow the relation

Va) = ZUaj ), (3)

where U is the unitary transformation called
mixing matrix. In usual description the mass
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eigenstates evolve as plane waves, so that in
the Schrédinger picture we can write:

lvj(x, 1)) = eT BRI y(0)) . (4)

However to obtain the desired neutrino oscilla-
tion formula using the plane wave description
a number of ad-hoc assumptions have to be
made [3]. In addition, the plane wave treat-
ment seems unreasonable since both neutrino
production and detection are localized pro-
cesses which also involve the uncertainty in
the energy-momentum of neutrinos. These is-
sues can be resolved using intermediate wave
packet model, in which each propagating neu-
trino mass eigenstate is modeled as a wave
packet. In this approach neutrino mass eignes-
tates in momentum space are modelled as
Gaussian wave packet having momentum un-
certainty of production O'ZI)D . Propagation of
the neutrino wave packets leads to the follow-
ing form of density matrix of the neutrino fla-
vor state \Va> in the coordinate space repre-
sentation [4]
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where Amzj is the neutrino mass-squared

difference, E is the neutrino energy, ol is

the width of wave-packet in coordinate space,
ol 05 = 1/2, and x is the distance travelled
by the neutrino mass-eigenstates. It can be
easily seen for large distance from the produc-
tion region the second term in the Eq. will
start to become important and the neutrinos
will start to lose coherence. Thus for neutrino
oscillations in vacuum we can define an effec-
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tive coherence length given by

4/2F%0,
1, = W0 ©
|Amjk‘
For values of distances greater than Lk “ohy the

overlap between neutrino mass-eigenstates is
suppressed and the kinematic decoherence ef-
fects start to become important.

In this manuscript we will derive some re-
lations between the coherence measures de-
fined in Egs. and (2) and the coherence
length @ For the snnple case of two-flavor
neutrino oscillations we can write down one-
particle density matrix in the flavor basis as

Ui1Ua2 exp(n3;)
‘Ua2‘2 ’

pa@) = ( 1y Ol
“ UgaUa1 exp(n21)

(7)

2 2
~(z) > (52)
(8)
where L,s. = 4mE/Am3; is the vacuum os-
cillation length. The mixing matrix U can
be parametrized by the mixing angle # which
plays an important role in determining the co-
herence between the two mass eigenstates. In
the flavor basis the 11-norm of coherence Eq.

is given by

where
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In this case as expected Cj; is proportional
to the mixing angle # and is suppressed for
x > Leon.

For the second measure of coherence Eq.
, the von Neumann entropy of a pure state

can be defined as
S(p) = Z AjlnA;,
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—tr(plnp) = (10)

where \; are the eigenvalues of the density
matrix p in a given basis. Now the eigenvalues
of p, in Eq. are given by

1
Ao = 5 (1 + \/1 — 2sin” f cos? H(1 — exp(ns, + 1721)),

(11)
where Ay correspond to positive sign. For
the corresponding diagonal matrix ﬁdiag the
eigenvalues are

|Ua1|2>|Ua2‘2~ (12)

Thus we can calculate

—2(cos? f1n cos § 4 sin® A Insin 6)

Crel.ent. (ﬁa)
1 -2 2 *
+ —In (2 sin” 0 cos® O(1 — exp(n21 + ’721)))

A1
+ - \/1 25sin? 0 cos? (1 — exp(ng, + 121) In = o
(13)

The main important of these coherence
measure lies in their generality, since they
hold true even for cases where oscillations take
place in complicated matter and magnetic
fields backgrounds, where coherence length
does not assume a simple expression as Eq.
@. In the further work along these lines we
will discuss the importance of these coherence
measures and their relation to the parameters
of neutrino oscillations.
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