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Much of the beautiful and complex phenomenology of the Standard Model can be traced back

to the presence of chiral symmetries, both global and local, and nonperturbative phenomena.

Without chiral symmetries (and the anomalous ways that they can be broken), there would

be no flavor physics or CP violation. Without a strongly coupled sector, the richly intricate

structure of the hadron spectrum would be lost. After introducing the Standard Model and

some of its phenomenological aspects, as well as some of the tools that are used to explore its

structure, I will focus on my contributions to several open problems in flavor physics, lattice

field theory and astrophysics.
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Chapter 1

INTRODUCTION

The Standard Model of Particle Physics, developed throughout the 20th century, has

proven extremely successful at explaining experimental observations, as well as predicting

previously unseen phenomena. With the discovery of the Higgs boson in 2012, the discovery

of the particle content and interactions of the Standard Model is complete. And yet, we know

that there must be physics beyond the Standard Model. For one, the Standard Model does

not provide a theory of quantum gravity, nor does it offer a natural explanation for neutrino

masses. Beyond that, there are questions about how the parameters of the Standard Model

arise. For example, the Higgs is unnaturally light, as there is no symmetry in the Standard

Model that protects it from additive renormalization. There are also multiple hierarchies

in the flavor structure of the Standard Model: fermion masses range over from sub-eV (for

neutrinos) to 170 GeV (for the top quark) and the angle that parametrizes the mixing

between the first two families is much larger than those that parameterize mixing with the

third family. These questions can only be addressed by Beyond the Standard Model (BSM)

physics. However, without looking to BSM physics, there are important questions about

the structure and properties of the Standard Model. For example, the full phase diagram

of QCD cannot currently be explored from first principles; the physics of the neutron stars,

the early universe and heavy-ion collisions all lie in the sections of the phase diagram that

is inaccessible. Beyond this, we cannot even state with full certainty the basic building of

the Standard Model, as we do not have a nonperturbative regulator that can tame the UV

divergences of chiral gauge theories.

To explore the various formal and phenomenological aspects of both chiral and strongly

couple theories, I will begin with a synopsis of the Standard Model in Sec. 1.1. I will then
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delve deeper into two aspects of the Standard Model – the behavior of QCD at low energies

in Sec. 1.2 and the flavor structure of the Standard Model in Sec. 1.3. From here, I will shift

gears and focus more on the formal aspects of quantum field theory, specifically on lattice

field theory. Sec. 1.4 will have a brief review of regularization and renormalization. I will

give a brief overview of Lattice Field Theory in Sec. 1.5 and then discuss the Monte Carlo

simulation of lattice field theories as a way to calculate strongly coupled matrix elements in

Sec. 1.6. Lastly, I will bring together the ideas of chiral symmetries and nonperturbative

physics in discussing the difficulties of using the lattice as a nonperturbative regulator for

chiral gauge theories in Sec. 1.7.

In the remaining chapters, I will detail my contributions in these topics. In Ch. 2, I

will discuss a new paradigm for having BSM models with non-trivial flavor structure. This

work [1], in an expanded form, will be submitted to a journal. In Ch. 3, I will present

work on a mechanism to generate the large magnetic fields of neutron stars; this work [2] has

appeared previously in the Physical Review D. Ch. 4 is dedicated to discussing the mitigation

of the sign and noise problems in the NJL model in three dimension; this work [3] appeared

previously in Physical Review D. Lastly, Ch. 5 is dedicated to the question of how to use a

lattice regulator for chiral gauge theories. This work [4] has been published in the Physical

Review Letters.

In this dissertation, I will assume that the reader is familiar with the basics of quantum

field theory, including Feynman diagrams, regularization and renormalization, Lie Groups

and other such things one would cover in a graduate course, though I will provide a brief

review of key topics. When working in Minkowski space, I use the mostly positive metric,

as it is easier to analytically continue into Euclidean space.

1.1 The Standard Model of Particle Physics

The quantum field theory that codifies all known elementary particles and their interactions

via the strong, weak and electromagnetic forces is the Standard Model of Particle Physics.

Before delving into the phenomenological details, let me introduce the matter and gauge
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content1. The gauge group of the Standard Model is SU(3)c × SU(2)L × U(1)Y , where

SU(3)c is the gauge group of quantum chromodynamics (QCD) and SU(2)L × U(1)Y is the

electroweak gauge group. Ignoring other interactions, the pure gauge Lagrangian is

LGauge = −1

4
GA
µνG

Aµν − 1

4
WA
µνW

Aµν − 1

4
BµνB

µν − gθNF

32π2
GCµνG̃C

µν (1.1)

where NF is the number of (quark) flavors, GC
µν ,WC

µν and Bµν are the strength energy tensors

of SU(3)c, SU(2)L and U(1)Y , respectively:

GC
µν = ∂µG

C
ν − ∂νGC

µ + g3f
ABC
3 GA

µG
B
ν

WC
µν = ∂µW

C
ν − ∂νWC

µ + g2f
ABC
2 WA

µ W
B
ν

Bµν = ∂µBν − ∂νBµ (1.2)

where A,B,C = 1, 2, . . . N2−1 are SU(N) (adjoint representation) index, g2,3 are the gauge

coupling for SU(2)L and SU(3)c, respectively and fABC2,3 are their structure constants. Our

normalization convention is

TrT aRT
b
R =

1

2
δab [T aR, T

b
R] = ifabcT cR (1.3)

where R indicates the representation. Of particular interest to us is the adjoint representa-

tion, which is specified by N2 − 1 Hermitian matrices of dimension N ×N :

(
TAadj
)
ab

= −ifAab (1.4)

where we will leave off of the ‘adj’ subscript from here on out. When discussing the phe-

nomenology of the Standard Model, I work in Minkowski spacetime.

The Standard Model contains five types of Weyl fields. Two are left-handed fields, qL

and `L, and three right-handed fields, uR, dR and eR. For simplicity, we use Dirac notation.

Under the gauge group SU(3)c × SU(2)L × U(1)Y , the quark fields, qL, uR, and dR are in

the representations (3, 2,+1/6), (3, 1, 2/3), and (3, 1,−1/3); the lepton `L and eR are in the

1This section uses the conventions of [5] and is inspired by its presentational choices
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representation (1, 2,−1/2), and (1, 1,−1). Furthermore, there are three copies of each field,

which we will see gives rise to both nontrivial flavor structure and CP violation. The charge

assignments are also summarized in Table 1.1. Our convention for relating SU(2)L isospin,

T3, hypercharge, Y , and electric charge, Q, is Q = T3 + Y .

The kinetic term for the quarks and leptons is

Lψ = iq̄aiL γ
µ (DµqL)ai + iūaRγ

µ (DµuR)a + id̄aRγ
µ (DµdR)a

+ i¯̀iLγ
µ (Dµ`L)i + iēRγ

µ (DµeR) (1.5)

where a, b, c = 1, 2, 3 are SU(3)c indices, while i, j = 1, 2 are SU(2)L indices. Note that we

are using the convention where

`L ≡
1− γ5

2
` eR ≡

1 + γ5

2
e (1.6)

and `, e are both Dirac fermions. As all the fermions are either singlets or are in the funda-

mental representation, the form of the covariant derivatives can be easily found:

(DµqL)ai = ∂µq
ai
L − ig3G

A
µ

(
TA3
)ab

qbiL − ig2W
A
µ

(
TA2
)ij
qqjL − ig1Bµ

(
+1

6

)
qaiL

(Dµ`L)i = ∂µ`
i
L − ig2W

A
µ

(
TA2
)ij
`jL − ig1Bµ

(
−1

2

)
`iL

(DµuR)a = ∂µu
a
R − ig3G

A
µ

(
TA3
)ab
R
ubR − ig1Bµ

(
2
3

)
uaR

(DµdR)a = ∂µd
a
R − ig3G

A
µ

(
TA3
)ab

dbR − ig1Bµ

(
−1

3

)
daR

DµeR = ∂µeR − ig1Bµ (−1) ēR (1.7)

where TA2,3 are the generators of SU(2)L and SU(3)c respectively. A key property of the

Standard Model is that it has both vector and chiral gauge interactions. The strong sector

is a vector theory, in that left-handed and right-handed quarks transform the same under

SU(3)c; the electroweak sector is a chiral theory, as left-handed and right-handed fields

transform differently under SU(2)L × U(1)Y . Parity violation in the electroweak sector was

first seen in the decay of 60Co [6].

While the chiral nature of the electroweak interactions explained the parity violation in

the decay of 60Co, it gave birth to a new conundrum. It has been known since the late 1800s
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SU(3)c SU(2)L U(1)Y

Q
ua

rk
s qL =

uL
dL

 3 2 1/6

uR 3 1 2/3

dR 3 1 -1/3

Le
pt
on

s

`L =

νL
eL

 1 2 -1/2

eR 1 1 -1

Sc
al
ar ϕ 1 2 1/2

Table 1.1: Charge assignments of the quarks, leptons and scalar field under the Standard
Model gauge group

that the electron is massive, due to J.J. Thomson’s cathode ray experiments [7]; however,

fermion mass terms are forbidden by electroweak gauge invariance. The quark sector displays

the same behavior, where the massiveness of the (light) quarks can be inferred from the non-

zero mass of the pions and other pseudo-scalar mesons, as will be explained in Sec. 1.2. With

conventional fermion mass terms forbidden in the Standard Model, quark and lepton masses

must be generated via a different mechanism. This mechanism requires the addition of a

charged scalar that acquires a vacuum expectation value (vev); this mechanism also results

in the spontaneous breaking of electroweak symmetry.

In order to construct a gauge singlet out of two fermion fields and a scalar, said scalar

must be only under the chiral gauge groups, as vector gauge theories have no restrictions on

fermion masses. The scalar ϕ is in the representation (1, 2, 1/2), as shown in Table 1.1. To

see this field acquires a vev, we look at its kinetic and potential terms:

Lϕ = −Dµϕ†Dµϕ+
1

2
µ2ϕ†ϕ− λ

4

(
ϕ†ϕ

)2 (1.8)
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where, since the scalar carries electroweak charge,

(Dµϕ)i = ∂ϕi − ig2W
A
µ

(
TA2
)ij
ϕj − ig1Bµ

(
1
2

)
ϕi (1.9)

The minimum of the scalar potential has a nonzero value if µ, λ > 0: |〈ϕ〉| = µ/
√
λ. The

phase of the vev of φ depends on the choice of gauge and so is physically irrelevant. The

scalar field can be parameterized as

ϕ(x) =
eiζ

i(x)σi/2v

√
2

 0

h(x) + v

 (1.10)

where ζ i(x), h(x) are the four real degrees of freedom of an SU(2) doublet, σi are the Pauli

matrixes and v is the vev of ϕ. However, it is easiest to see the particle content of the theory

after electroweak symmetry breaking by performing a gauge transform such that

ϕ(x) =
1√
2

 0

h(x) + v

 (1.11)

and corresponding transformations of the gauge fields; this is called unitary gauge. Note

that the field h(x) is the Higgs boson, discovered at the LHC in 2012 [8, 9]. When 〈ϕ〉 6= 0,

the gauge symmetry SU(2)L × U(1) is spontaneously broken, as can be seen by looking at

the gauge boson mass matrix in the kinetic term of the scalar field:

Dµϕ
†Dµϕ ⊃ v2g2

2

8

((
W 1
)2

+
(
W 2
)2
)

+
v2

8

(
g2W

3 − g1B
)2 (1.12)

Notice that only one gauge boson is massless; the other three acquire a mass. The heavy

charged and neutral gauge bosons are the W± and Z gauge bosons and we identifying the

remaining massless gauge boson as the photon, Aµ. The electric charge is e = g2 sin θW ,

where θW = tan−1 (g1/g2). The masses of the heavy gauge bosons are

MW =
g2v

2
MZ =

MW

cos θW
(1.13)

and the two different gauge boson bases are related by

Zµ = cos θWW
3
µ − sin θWBµ Aµ = sin θWW

3
µ + cos θWBµ

W±
µ =

W 1
µ ∓W 2

µ√
2
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The number of degrees of freedom is the same before and after electroweak symmetry break-

ing. When 〈ϕ〉 = 0 the four gauge bosons have two degrees of freedom each, corresponding

to the two helicities of a massless spin one field, while the scalar field has four real degrees

of freedom. After ϕ acquires a vev, the scalar field only has one degree of freedom, h(x),

but the three massive gauge bosons now have an additional degree of freedom each. It is

often said that the three goldstone bosons that one would expect to find after spontaneous

symmetry breaking have been eaten by the gauge bosons, causing them to be heavy.

Lastly, the scalar field couples to the fermions via

LY ukawa = −yIJd q̄iIL ϕidJR − yIJu εij q̄iIL ϕ†juJR − yIJe `iILϕieJR + h.c (1.14)

where I, J = 1, . . . , nf are family indices, ye,u,d are the Yukawa coupling matrixes and ‘h.c’

stands for ‘hermitian conjugate’; in the Standard Model, nf = 3. Notice that the neutrinos

remain massless after electroweak symmetry breaking, due to the lack of a field for the

right handed neutrno. The Yukawa couplings are the only objects in the Standard Model

Lagrangian that are not flavor universal and so, as we shall see in Sec. 1.3, they encode all of

the flavor structure of the Standard Model. The four Lagrangians discussed above combine

to give the Lagrangian of the Standard Model:

LSM = LGauge + Lϕ + Lψ + LYukawa (1.15)

With the discovery of the Higgs, all the interactions and particle content of the Standard

Model have been quantified and theoretical predictions of the Standard Model prediction

are in good agreement with experiment. However, this by no means indicates that particle

physics is complete. The nature of Dark Matter, whose existence was initially inferred from

galactic rotation curves [10], and the massiveness of neutrinos, necessary for the observed

phenomena of neutrino oscillations [11,12], cannot be explained by Standard Model physics

alone. While we will not discuss these topics further, it is important to note that we know

that our understanding of particle physics is incomplete, even without considering gravity.

Before moving on to the phenomenological properties of the Standard Model, let me detail
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some of its important global symmetry properties, starting with discrete symmetries. Specifi-

cally, there are three discrete symmetries in which we are interested: charge conjugation (C),

parity (P ) and time reversal (T ). It has been proved that any general Lorentz-invariant quan-

tum field theory that has a Hermitian Hamiltonian cannot violate CPT [13–15], though it

can violate any of the symmetries individually. Both CP and T violation has been observed

in the electroweak sector. CP violation has been seen in the kaon [16–18] and the B-meson

systems, [19–24] while T violation has only been seen in the B-meson system [25]. CPT

violation has not been detected. Experimentally, the strong interactions preserve C, P and

T individually, even though the Lagrangian for SU(3) Yang Mills with no massless fermions

does contain a CP -violating term. This problem, the so-called ‘Strong CP Problem’ is one

of the major unsolved problems of particle physics. We will discuss CP violation is both the

electroweak and strong sectors in the following sections.

There are also several continuous symmetries that I would like to mention. The first

is fermion number, or perhaps more carefully, baryon number B and lepton number L.

Looking at the Standard Model Lagrangian, it appears that it is invariant under both B,

which rotates quark fields by the same phase and antiquarks by the opposite phase, and L,

which rotates leptons in a similar manner. However, this ‘tree-level’ result is violated by

loop corrections and neither B nor L is a symmetry of the Standard Model, though B − L
is. This is one example of an anomalous symmetry, where a symmetry that is present on

the classical level, is violated by quantum mechanical effects. We will return to the idea of

anomalous symmetries throughout the following work. Lastly, in the limit that the quarks

are massless, QCD has a global SU(Nf )R × SU(Nf )L, where SU(N)L(R) acts on only the

Nf massless left(right)-handed fermions. This symmetry, and the observation that quark

masses break this symmetry down to its diagonal subgroup SU(Nf )V , play an important

role in understanding the hadronic sector. We will discuss this in the next section.
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1.2 Quantum Chromodynamics at Low Energy

The question of how the seemingly simply QCD Lagrangian can give rise to the rich and

complex structure of the hadron spectrum is one of the major unsolved problems of modern

day particle physics.2 The difficulty in finding a satisfactory answer is due to the fact

that QCD becomes strongly coupled at low energies – at a few GeV, one can no longer

trust perturbative calculations. However, all hope of understanding the hadron spectrum

is not lost. As the symmetries of the ultraviolet theory, with quarks and gluons as the

dynamical degrees of freedom, are reflected in the low energy spectrum, it is possible to

derive effective theories that describe the interactions of low mass hadrons. Additionally,

numerical simulation of the QCD path integral using Monte Carlo methods allows for the

nonperturbative evaluation of matrix elements. In this section, I will focus on the effective

theory approach; the topic of numerical simulation using lattice methods will wait until

Sec. 1.5.

Let us begin by considering QCD with only three light quark flavors, as this will allow

us to understand several key features of the light meson spectrum:

L = −1

4
GC
µνG

C
µν + ū

(
i /D −mu

)
u+ d̄

(
i /D −md

)
d+ s̄

(
i /D −ms

)
s (1.16)

For mu,d,s 6= 0, the global symmetry of this Lagrangian is U(3)V , with both left handed and

right handed fields transforming in the same manner.3 Also note that the global SU(3)V

contained in U(3)V is the flavor symmetry and unrelated to the SU(3)c gauge symmetry.

Since the up, down and strange quark all have small masses, let us set mu,d,s = 0 for now; we

will return to the question of whether this is a reasonable approximation in a little bit. With

massless quarks, the global symmetry group is enlarged to U(1)V ×U(1)A×SU(3)L×SU(3)R.

2It is also an important question in mathematics – so much so that one of the Clay Institutes Millennium
Problems concerns proving the existence of the mass gap in the pure gauge theory [26]
3Subscript V stands for vector – left and right handed fields have the same transformation properties; A
will stand for axial, where left and right have inverse transformation properties
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The quarks transform as

SU(3)L × SU(3)R : qL → L̃qL, qR → R̃qR, L̃, R̃ ∈ SU(3)

U(1)V : qL → eiβqL, qR → eiβqR, β = [0, 2π]

U(1)A : qL → eiαqL, qR → e−iαqR, α = [0, 2π]

(1.17)

However, this full symmetry is not respected by nature. Instead, the vacuum spontaneously

break chiral symmetry, resulting in a non-zero quark condensate,

〈q̄RJqLI〉 = Λ3
χδIJ , (1.18)

where I, J = 1, 2, 3 are flavor indices. This condensate breaks the global symmetry down to

U(3)L×U(3)R/U(3)V . By Goldstone’s theorem, with the spontaneous breaking of the chiral

symmetry, the low energy spectrum of the theory should contain nine massless pseudoscalars.

Does the hadronic spectrum of QCD contain such states?

The lightest states in the hadronic spectrum are mesons, with masses

mπ0 = 135 MeV, mπ± = 140 MeV, mK± = 494 MeV,

mK0,K0 = 498 MeV, mη = 548 MeV ; (1.19)

The mass scale of these mesons is well separated from that of the baryons, as the lightest

baryons, the proton and the neutron, have a mass of a GeV. These mesons are not exactly

massless, as one would expect due to Goldstone’s theorem, since the quark masses, which

explicitly break chiral symmetry, are not-zero. The mass of the up, down, and strange quarks,

using dimensional regularization and MS with a renormalization scale of µ = 2 GeV [27], are

mu = 2.3+0.7
−0.5 MeV md = 4.8+0.5

−0.3 MeV ms = 95± 5 MeV . (1.20)

If this explicit breaking is small compared to the spontaneous breaking, then the effects of

the quark masses can be treated as a small perturbation. The scale of spontaneous chiral

symmetry breaking can be estimated by the mass of the lightest baryons, as their mass is

not protected by symmetries.4 As all three quarks have a mass that is much lighter than a

4It is a generic property of spontaneous symmetry breaking that particles acquire a mass on the order of
the symmetry breaking scale, unless the mass is protected by symmetries. Even in the limit of massless
quarks, baryons stay heavy, while the mesons become massless
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GeV, it is a reasonable approximation to treat the explicit breaking of the chiral symmetry

by quark mass as a small perturbation to spontaneous symmetry breaking. Thus, these light

eight mesons are pseudo-Goldstone bosons. But what about the ninth Goldstone bosons one

would expect, given the symmetry breaking pattern described above?

There is one more pseudoscalar state, the η′, with a mass of 956 MeV; however, due to

its heaviness, η′ cannot be considered a pseudo-Goldstone boson. If the η′ and the eight light

mesons all originate from the same symmetry breaking, then the masses of the η′ and the

pions are related: mη′ ≤
√

3mπ [28]. This is clearly violated in nature. Nor is it possible that

U(1)A, which is the global symmetry whose spontaneous breaking results in a massless η′,

remains unbroken at low energies. If it was, the hadron spectrum would contain baryon parity

doublets. This contradiction between the symmetries of the Lagrangian and the observed

hadron spectrum is called the U(1)A problem; its resolution lies in the realization that U(1)A

is not a symmetry of QCD. We will return to this question later in this section. For now, let

us assume that the global symmetry above the GeV scale is just UV × SU(3)L × SU(3)R.

With this understanding of the global symmetry structure of QCD, it is possible to

derive an effective theory, called chiral perturbation theory, for the eight light mesons. In

order to construct the Lagrangian for this effective theory, we first need to introduce a field

that contains the mesons. First, notice that under SU(3)L × SU(3)R, the chiral condensate

transforms as

〈q̄RJqLI〉 → LII′R
†
J ′J〈q̄RJqLI〉 = Λ3

χ(LR†)IJ (1.21)

Such a rotation does not change the vacuum energy, but shifts the theory from one vacua to

another; said differently, these transformations rotate the field along the direction of constant

(minimum) potential. Recalling that Goldstone bosons are the excitations of a field precisely

in this direction and so the light mesons transform in a way that is analogous to the chiral

condensate. The form of this field is further constrained by recalling the charges of the

mesons under SU(3)V . For example, the pions are an isospin triplet, where isospin is the
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SU(2) subgroup. Therefore, the mesons can be parameterized by

Σ ≡ e2iπ/f , π =
1√
2


π0
√

2
+ η√

6
π+ K+

π− − π0
√

2
+ η√

6
K0

K− K0 − 2η√
6

 (1.22)

where π contains the eight meson fields and f is the decay constant, which can be found by

looking at the charged pion decay π → νµ. Under SU(3)L × SU(3)R, Σ transforms as

Σ→ LΣR† (1.23)

The Lagrangian is constructed by requiring invariance under the symmetries of QCD,

including SU(3)L × SU(3)R. For example, the kinetic term for the mesons arises from

L4 = −f
2

4
Tr ∂µΣ†∂µΣ (1.24)

where the prefactor is chosen such that the mesons have the canonically normalized kinetic

term and index ‘4’ indices that this Lagrangian contains only dimension four operators.

As this is an effective low energy theory, all higher order terms that are allowed by the

symmetries must be included. Examples of such terms are

L6 ⊃ `1Tr
(
∂µΣ†∂µΣ

)2
+ `2Tr

(
∂µΣ†∂νΣ

) (
∂µΣ†∂νΣ

)
(1.25)

where `i are low energy coefficients whose size can be estimated using naive dimensional

analysis (NDA) [29]; their values can be found by matching to experimental data [30–32]

or lattice QCD simulations [33, 34]. Since the Lagrangian contains all higher order terms,

a power counting scheme is necessary to know which terms are necessary to include and

which ones can be safely dropped to achieve the desired precision. A commonly used scheme

is Weinberg’s momentum scheme [35], which is essentially a derivative expansion; quark

masses and gauge interactions can also be included into this power counting scheme, as will

be explained below. Since the typical momentum of an on-shell particle is given by its mass

and the only other energy scale in the problem, the chiral condensate Λχ, is large compared
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to meson mass scale, a reasonable expansion parameter is p/Λχ. Thus, higher dimensional

terms such as those contained in L6 will typically be smaller than lower dimensional ones,

such as those in L4.

Non-zero quark masses can be incorporated into the effective Lagrangian by treating the

quark mass matrix, M , as a spurion. In this method, a field that is not dynamical is imbued

with the necessary transformations properties such that the symmetry that it breaks remains

unbroken.5 The quark mass term q̄RMqL breaks the chiral symmetry SU(3)L×SU(3)R unless

M transforms as M → RML†. Therefore, the effects of explicit breaking of chiral symmetry

on the meson spectrum can be analyzed in the low energy theory by introducing the field M

into the effective Lagrangian and requiring that it transforms in this way. For example, the

four dimensional operator

Λ2
χf

2

(
c

2Λχ

TrMΣ + h.c
)

(1.26)

must now be included in L4. It gives the leading order contribution to the meson masses; for

example, m2
π± = (mu +md) Λ̃ where cΛχ ≡ Λ̃. This result indicates that the light mesons

are strongly bound, as the mass of a weakly bound systems depend linearly on the masses

of its constituents.

As before, all higher order terms that are singlets under SU(3)L × SU(3)R must be

included. For example, L6 include terms like

`4Tr
(
∂µΣ†∂µΣ

)
Tr (MΣ + h.c) (1.27)

where the label of the low-energy coefficient follows the standard choice given in Ref. [30,31].

The power counting scheme must be expanded to account for insertions of the quark mass

matrix. As the typical momentum scale of the mesons is given by their mass and the meson

masses squared are linear in the quark masses, it follows that O(∂2/Λ2
χ) ∼ O(Λ̃M/Λ2

χ). This

relation can be used to determine the relative importance of various operators.

5In the Standard Model, the quark mass matrix is dynamical above the electroweak symmetry breaking
scale, but non-dynamical below.
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Electromagnetism can be added in a similar way. First, the partial derivative is promoted

to a covariant derivative, in order to maintain gauge invariance. Additionally, the gauge

generators themselves are treated like spurions. For example, the charge matrix for the three

light quarks is

Q =
1

3


2

−1

−1

 (1.28)

which breaks SU(3)L×SU(3)R. To find how this charge matrix should transform in the low

energy theory, look at the electromagnetic interactions of the quarks:

L ⊃ ieAµ (q̄Lγ
µQqL + q̄Rγ

µQqR) (1.29)

In order to maintain gauge invariance, QL → LQLL
†, QR → RQRR

†. This gives rise to

another dimension four operator,

L4 ⊃
α

4π
Λ2
χf

2 TrQLΣQ†RΣ† (1.30)

where the prefactor is again approximated using NDA. This term gives rise to the mass

splitting between the charged and neutral pions. With the inclusion of QLR and M , the

power counting scheme must be expanded to correctly account for these terms, though we

will not discuss this further.

Let us now return to the question of the U(1)A problem. Recall that there is a contradic-

tion concerning the global U(1)A symmetry in the hadron spectrum. If U(1)A is unbroken,

the baryons must come in parity doublets; if U(1)A is spontaneously broken, then there must

be nine light pseudoscalar states. As neither of these is true experimentally, one must look

more carefully at the properties of QCD with respect to this symmetry. Doing so leads

to the discover that while the Lagrangian is invariant under U(1)A transformations, the

path integral measure is not. This anomalous breaking was first shown in Adler, Bell and

Jackiw [36,37] and further elucidated by Fujikawa [38,39]. To build a more intuitive picture
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of anomalies, which will prove useful in later sections, let us look a simple derivation of the

U(1)A anomaly in two dimensional QED.

The nonconservation of the U(1)A current, j5
µ, in two dimensional QED can be derived by

considering the behavior of fermions in a background field. Specifically, let us analyze what

happens to the ground state of single flavor of massless Dirac fermions as we adiabatically

turn on an electric field and then turn it off again. The dispersion relationship for fermions

in this system is E = ±p. It is also important to note that in two dimension, the direction

of propagation defines chirality: right-moving particles have positive chirality, whereas left-

moving particles have negative chirality.

The initial ground state, before the electric field is turned on, is simply a filled Dirac

sea, as shown on the left-handed panel of Fig. 1.1. This ground state has both Q = 0 and

QA = 0, where Q is the fermion number charge, Q ≡ nR + nL, and QA is the axial charge,

QA = nR − nL. Note that left-moving particles has nL = 1, while a left-moving antiparticle

has NL = −1. As the electric field is turned on, right-moving particles are accelerated out

of the vacuum and left-moving particles are pushed deeper into the Dirac sea. Therefore,

once the electric field has been turned off, the ground state contains right-moving particles

and left-moving anti-particles (where we associate holes in the Dirac see with anti-particles);

this new ground state is shown on the right-handed panel of Fig. 1.1. Assuming that the

Dirac sea is infinitely deep, both NL and NR have changed due to the electric field. The

new ground state has Q = 0, as the same number of right-moving particles and left-moving

antiparticles have popped out of the vacuum. This is consistent with the conservation of the

U(1) current, ∂µjµ = 0. However, since both NL = −NR = ñ, the axial charge has changed.

The U(1)A current is not conserved and thus U(1)A is not a symmetry of the theory!

The change in the axial charge can be calculated by considering the theory in a finite

volume, L× L, and imposing periodic boundary conditions, which results in quantized mo-

menta, pn = 2πn/L. Recalling that the momentum of the fermions is directly related to
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Figure 1.1: The ground state of two dimensional fermions before turning on an electric field
is shown on the left; on the right is the ground state after an electric field is turned on and
off adiabatically

their chirality, the change in the axial charge is

∆QA = 2× ∆p

2π/L

=
e

π

∫
dx dtE(t)

=
e

2π

∫
d2xεµνF

µν (1.31)

where the relation E = F01 = −F01 has been used. From this, the divergence of the axial

current is

∂µj
µ
5 =

e

2π
εµνF

µν (1.32)

as ∆QA =
∫
d2x ∂µj

µ
5 . While this derivation does not work for four dimensional theories,

one can either calculate the one-loop correction to the axial current (the famous triangle

diagrams of Adler-Bell-Jackiw) or calculate the change in the path integral measure due to

an axial rotation (the Fujikawa method) to derive the divergence of the axial current for

QED and QCD:

∂µj
µ
5,QED = − e2

16π2
εµνρσF

µνF ρσ

∂µj
µ
5,QCD = − e2

16π2
εµνρσTrGµνGρσ (1.33)
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As the violation of U(1)A only occurs at the quantum level,6 it is an example of an

anomalous symmetry. Looking back at the calculation of the change in axial charge in the

two dimensional QED example, we had to assume that the Dirac sea is infinitely deep. If

it only had a finite depth, i.e. a fixed number of negative energy states, NL,R would not be

changed by the action of the electric field and ∆QA = 0. The existence of an infinitely deep

Dirac sea, also called a Hilbert hotel, is purely a quantum phenomenon. This observation,

that anomalies are only present in theories with an infinite number of degrees of freedom,

will come into play when discussing the difficulty of lattice regulated chiral gauge theories

in Sec. 1.7.

Returning back to the U(1)A problem and the mystery of the missing ninth pseudo-

Goldstone boson or baryon parity doublets. The resolution is that U(1)A is not a true

symmetry of QCD and the global symmetry before chiral symmetry breaking is simply

U(1)V ×SU(3)L×SU(3)R. The discovery of the anomalous nature of U(1)A, while resolving

the conundrum in the hadron spectrum, gave birth to a new problem. The QCD Lagrangian

shown above is missing a term,

Lθ = −Nfθ
g

32π2
GCµνG̃C

µν (1.34)

where Nf is the number of massive fermions. Under an axial rotation on the quark masses

with phase α, the value of θ is shifted by θ → θ − 2Nfα, which shows explicitly that U(1)A

is not a symmetry of QCD. Additionally, this term arises due to the fact that SU(3)c in four

dimensions has nontrivial topology, due to the fact that the profiles of different gauge field

configurations at infinity cannot all be related by a continuous gauge transform. ’t Hooft

showed that these same configurations give rise to an effective operator that has the correct

quantum numbers for an η′ mass [40,41], allowing it to be much heavier than expected. The

cause of the heaviness of the η′ can also be elucidated by looking at large Nc QCD [42].

Now, for the new mystery. Notice that this θ-term violates CP invariance and is the

6The axial anomaly cannot be seen in tree-level calculations. In four dimensions, it is seen either in loop
corrections or the path integral measure
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only term in the QCD Lagrangian that does so. Therefore, the amount of CP violation in

the strong sector is quantified θ̄ ≡ θ+ arg detM , which is reparameterization invarient. The

amount of CP violation can be quantified by looking at such observables as the neutron

electric dipole moment (EDM), where the dependence of the neutron EDM on θ̄ can be

found by expanding chiral perturbation theory to include baryons [43]. Current bounds [27]

on the neutron EDM are dn < 2.9 × 10−26 e cm, which translates into θ̄ . 10−10, ignoring

contributions from higher dimensional operators. Since in the Standard Model, θ̄ = [0, 2π],

this is an incredible amount of fine tuning. The question of why the CP violation in the

strong sector is so unnaturally small is called the Strong CP problem. There are several

proposed resolutions, such as the existence of massless colored fermions or the axion [44–47],

though no solution has been experimentally verified.

The global U(1)A anomaly does not only explain the lack of both a ninth PGB and baryon

parity doublets. It might also play a key role in an open problem in astrophysics, concerning

the magnetic fields of neutron stars. Based on experimental observation, a certain class of

neutron stars, called magnetars, have extremely large surface magnetic fields, Bs ' 1014−1015

Gauss; for reference, the Earth’s magnetic field is about a Gauss. It is not yet known

definitively how these large magnetic fields are generated. In Ch. 3, I will discuss a proposal

that makes use of the global U(1)A anomaly. The mechanism depends on the fact that

during core collapse, protons are converted into neutrons via electron capture; however, as

this process is mediated by the weak interactions, only left-handed electrons are captured.

This creates an imbalance between the left-handed and right-handed fermions, which can be

converted into a magnetic field via the anomaly. I will focus on the question of whether a

magnetic field of sufficient strength can be generated if the mass of electron is not assumed

to be irrelevant.

1.3 Flavor Physics

In the Standard Model, the Yukawa couplings are the only parameters that break flavor

universality and so all of the flavor structure must be encoded in them. For three families
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of fermions and ignoring the neutrino masses, the Yukawa couplings contain nine masses,

three mixing angles and one CP violating phase. The values of these parameters can only

be determined experimentally and so one of the major open problems in particle physics is

how this particular flavor structure arises. This question is especially pertinent, as the flavor

structure itself is highly nontrivial. The quark masses range from a few MeV to almost 200

GeV; the mixing between the three families is almost completely isolated to mixing between

the two lightest families.

In order to address the generation of the Standard Model’s flavor structure, one must

look towards Beyond the Standard Model (BSM) physics. However, constructing models

that attempt to do so, particularly models that also have new physics at the TeV scale (and

are thus testable) is not easy. This is due to the stringent constraints imposes by precision

electroweak experiments. In this section, I will first look at the flavor structure of the

Standard Model in more detail, before discussing some relevant flavor phenomenology. I will

mostly focus on the neutral kaon system, as not only does it provide a clear example of the

Standard Model’s highly nontrivial flavor structure, but also as it provides several constraints

that prove difficult for BSM models to overcome. This section provides the background and

the motivation for the longer discussion of Ch. 2 which details work on a BSM flavor model

called Little Flavor.

After electroweak symmetry breaking, the Yukawa interactions have the form

LY ukawa = −y
IJ
d√
2

(v + h) dILd
J
R − yIJu (v + h)uILu

J
R + h.c. (1.35)

where I, J = 1, 2, . . . nf are flavor indices and we focus only on the quark sector. We ignore

the lepton sector for now, as the Standard Model has no lepton flavor violation due to the lack

of a right handed neutrino field. It is know that neutrinos are not massless, due to neutrino

flavor oscillations, and so the Standard Model must be, at the minimum, augmented with

new interactions that allow for neutrino masses. However, I will ignore this question for most

of the remainder of this section.7

7If the Standard Model is only extended to include neutrinos masses and no other new physics, lepton
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The later two terms in Eq. 1.35 are quark mass terms

M IJ
u =

yIJu v√
2

M IJ
d =

yIJd v√
2

(1.36)

which do not have to be hermitian, and in fact, are not. They are diagonalized by introducing

four unitary matrices: UL,UR,DL,DR

d′L = DLdL d′RDRdR u′LULuL u′RURuR (1.37)

where d′, u′ are the quark fields in the mass basis. These matrices are chosen such that

DRydD†L and URyuU †L are diagonal with real, positive eigenvalues. Since the neutral currents

only couple quarks of the same flavor, this change of basis does not affect them. This is not

true for the charged currents, as they couple quarks of different electric charge. In the mass

basis, the charged current contribute to the Lagrangian as

L ⊃ 1√
2
g2

[
W+
µ uLIVIJγ

µdRJ +W−
µ d
†
LI

(
V †
)
IJ
γµuLJ

]
(1.38)

where V ≡ ULD†L is the Cabibbo-Kobayasi-Maskawa (CKM) matrix [48, 49]. This matrix,

along with the six quark masses, contains all the flavor structure of the Standard Model.

As the CKM matrix encodes all of the flavor changing processes, it is important to

quantify the number of physically relevant parameters it contains. A general nf ×nf unitary

matrix has n2
f free parameters, of which nf (nf − 1)/2 are angles and nf (nf + 1)/2 are

phases. However, since the charged currents only couple to left handed fields, 2nf − 1 of

these phases can be eliminated by the rotating the left-handed and right-handed quark fields

by the same phase.8 For nf generations, the CKM matrix contains nf (nf − 1)/2 angles

and (nf − 1)(nf − 2)/2 phases; for three generations, this is three angles and one phase. A

standard parameterization [27] of CKM matrix in terms of these parameters is

V =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (1.39)

flavor violating processes remain unobservable, as they suppressed by the minuscule neutrino mass.
8If the right handed quarks also coupled to charged currents, these phases would reappear in the right
handed charged currents
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where sij = sin θij and cij = cos θij; experimentally, s13 � s23 � s12 � 1. Since there is

only one phase, δ, in the CKM matrix, this phase is responsible for all flavor changing CP

violation.9 As mentioned previously, there is no CKM-like matrix in the lepton sector as long

as no right handed neutrino field is introduced, as the matrix always be reparameterized to

be unity. When a mechanism for generating neutrino masses is added to the Standard Model,

the lepton sector also has a CKM like matrix, called the Pontecorvo-Maki-Nakagawa-Sakata

(PMNS) matrix [11,12].

Due to the existence of the CKM matrix, quark flavor mixing occurs via interactions with

the W boson. As stated above, the quark coupling to the Z is flavor universal: the Standard

Model has no tree-level flavor changing neutral currents(FCNC). However, there are loop

level contributions to FCNC via the exchange of W’s. These contributions are extremely

suppressed due to the Glashow-Iliopoulos-Maiani (GIM) mechanism [50] and so place tight

bounds on BSM models of flavor physics. These FCNCs can be seen, for example, in neutral

kaon oscillations.

Ignoring electroweak interactions, kaons are doublets of strong isospin and stable:

K+ = us K0 = ds K0 = sd K− = su (1.40)

Once electroweak interactions are turned on, both K0 and K0 are able to decay into two

pions (either π+π0 or π0π0) or three pions (π+π−π0 and π0π0π0). Under CP , the neutral

kaons transform as

CP |K0〉 = η|K0〉 CP |K0〉 = η|K0〉 (1.41)

where the convention here is that η = −1 and so the CP eigenstates are

|K1〉 =
|K0〉 − |K0〉√

2
|K2〉 =

|K0〉+ |K0〉√
2

(1.42)

However, since the Standard Model does not preserve CP , the mass eigenstates are a mixture

of the CP -even and CP -odd eigenstates,

|KS〉 =
1√

1 + |ε|2
(|K1〉+ ε|K2〉) |KL〉 =

1√
1 + |ε|2

(|K2〉+ ε|K1〉) (1.43)

9CP violation in the strong sector does not change flavor
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where the L and S stand for ‘long’ and ‘short’. As ε � 1, KS decays mostly to two pions

and KL intro three pions; the choice of ‘long’ and ‘short’ is due to the fact that the two pion

decay has a much shorter mean lifetime.

The masses of KL and Ks are not degenerate due to flavor changing processes. The mass

difference can be calculated using an effective Hamiltonian; to simplify the analysis, the third

family of quarks shall be ignored for now. As there is no CP -violation in the Standard Model

with only two quark families, the theory obeys both CP and CPT invariance. The effective

Hamiltonian for the neutral kaon system in the strong interaction basis is

H =

 M0 − i1
2
Γ0 M12 − 1

2
iΓ12

M12 − 1
2
iΓ12 M0 − i1

2
Γ0

 (1.44)

whereM encodes all unitary interactions, i.e. those whose external states are only |K0〉, |K0〉.
Γ contains interactions that allow the decay of |K0〉, |K0〉 into states not included in the space

of this Hamiltonian, such as the decay into the pions. The parameters M0,M12,Γ0 and Γ12

are all real, due to CPT and CP invariance. By comparing the experimental values for the

mass differences between the two eigenstates of this system,

MS −
i

2
ΓS = M0 −M12 − i

Γ0 − Γ12

2
ML −

i

2
ΓL = M0 +M12 − i

Γ0 + Γ12

2
(1.45)

and Standard Model prediction, the contributions to this ∆S = 2 FCNC from BSM models of

flavor can be constrained. To see just how stringent this constraint, we need to calculate the

leading order Standard Model contributions, which are the famous ‘Box Diagrams’, shown

in Fig. 1.2

As the third family of quarks is being ignored for this analysis, the scattering amplitude

has contributions from the exchange of two up quarks, two charm quarks or one up quark

and one charm quark,

MKK = Muu +Mcu +Muc +Mcc

= (VudV
∗
us)(VudV

∗
us)F(mu,mu) + (VcdV

∗
cs)(VudV

∗
us)F(mc,mu)

+ (VudV
∗
us)(VcdV

∗
cs)F(mu,mc) + (VcdV

∗
cs)(VcdV

∗
cs)F(mc,mc) (1.46)
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where in the second line the dependence on CKM matrix elements has been stripped off

of MIJ . F (mI ,mJ) is the Feynman integral that must be evaluated for the one loop box

diagram. As the CKM matrix is unitary

VudV
∗
us + VcdV

∗
cs = 0 (1.47)

If the up and charm masses were degenerate, mu,c = m, and the one loop Standard Model

contribution to ∆S = 2 would be identically zero!

MKK = (2(VudV
∗
us)(VudV

∗
us)− (VudV

∗
us)(VudV

∗
us))F (m,m)

= 0 (1.48)

This is the GIM mechanism, which was used in the prediction of the charm quark [51,52].

Figure 1.2: Leading order Standard Model contribution to neutral kaon mass difference

In reality, the charm and the up quark mass are not degenerate; however, both are much

lighter than the mass of the W boson and the scale of electroweak breaking. Therefore, this

explicit symmetry breaking is small and the matrix element is expected to be small due to

symmetry protection. Assuming mu ∼ md � mc �MW , the mass difference is

ML −MS = ∆M =
G2
Fm

2
c

3π2
fKmK sin2 θc cos2 θc (1.49)

where θc ' θ12 is the Cabibbo angle, GF is Fermi’s constant, mc is the charm quark mass

and mk, fk are the kaon mass and decay constant, respectively. If the third family is not

ignored, ∆M also has a contribution from the third family that goes as

G2
Fm

2
t

3π2
fKmK |VtdV ∗ts| (1.50)
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which, due to the smallness of Vtd,ts, is smaller than Eq. 1.49. The convention for the decay

constant is

〈0|dγµ(1− γ5)s|K0〉 ≡ i
√

2fkp
µ
K (1.51)

where pµK is the momentum of K0. Using experimental values for GF ,mK , θc and fk, along

with the current mass extracted from the masses and decay rates of heavy hadrons [27], the

neutral kaon mass difference is

∆M ∼ 6.8× 10−12 MeV ∆Mexp = (3.484± 0.006)× 10−12 MeV (1.52)

The mass difference10 is remarkably small, considering that mK ∼ 500 MeV. Since the

explicit breaking of the quark mass degeneracy due to mc−mu 6= 0 is small compared to the

scale of electroweak symmetry breaking, the GIM mechanism provides incomplete protection

for ∆M .

With the calculation of the Standard Model contribution to the ∆S = 2 FCNCs, the

contribution from BSM can now be constrained. This can be done by constructing an

effective Hamiltonian for the BSM model,

HBSM =
N∑
i=1

CiOi (1.53)

where Oi are the operators of the effective Hamiltonian and Ci are the Wilson coefficients.

The operators and coefficients are found in the following manner. Consider a BSM model

where quarks interact via the exchange of some new heavy particles, for example, aW ′ or Z ′.

At energy scales below their masses, the new particles are integrated out; this results in a set

of four-fermion operators.11 As there is a finite number of unique four-fermion operators, to

10One may worry about the factor of two difference between the experimental value and the ‘back of
the envelope’ theoretical prediction of ∆M . Once the third family is included, as well as long-distance
contributions, experiment and prediction match; see [53–55] and references therein.
11This is analogous to Ferm’s theory of the weak interactions [56, 57], where the four fermion operators
are actually the result of W boson exchange (though the W boson was several decades away from being
predicted or discovered). For an English translation of Fermi’s original work, see [58].
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define an effective Hamiltonian correctly, one must choose a basis of operators. For example,

for the ∆S = 2 process that contributes to neutral kaon oscillations, the operators of the

effective Hamiltonian are

Q1 =
(
daLγµs

a
L

) (
dbLγµs

b
L

)
, Q̃1 =

(
daRγµs

a
R

) (
dbRγµs

b
R

)
,

Q2 =
(
daLs

a
R

) (
dbLs

b
R

)
, Q̃2 =

(
daRs

a
L

) (
dbRs

b
L

)
,

Q3 =
(
daLs

b
R

) (
dbLs

a
R

)
, Q̃3 =

(
daRs

b
L

) (
dbRs

a
L

)
,

Q4 =
(
daLs

a
R

) (
dbRs

b
L

)
,

Q5 =
(
daLs

b
R

) (
dbRs

a
L

)
,

(1.54)

where a, b = 1, 2, 3 are color indices and the parentheses are used to visually separate the

two quark bilinears present in each operator.

The Wilson coefficients, Ci are model dependent – they are found by matching matrix

elements in the full theory to matrix elements in the effective theory at some matching scale.

This matching scale is usually taken to be below the mass scale of the new particles, but above

the mass scale of any Standard Model field. As these coefficients depend on the parameters

of the BSM model, such as coupling constants and particle masses, comparing their values

to constraints derived from experiment allows one to constrain the range of parameters for

the BSM model. A thorough example of this process is given in [59].

To demonstrate how severely the neutral kaon mass difference constraints BSM models,

consider a BSM model that has no mechanism for FCNC suppression and whose only non-

zero Wilson coefficient is O1. For this theory, the Wilson coefficient is O(1), as there are

no symmetries or mechanisms, such as the GIM mechanism, to suppress it. Therefore, the

effective Hamiltonian is

Heff ∼
1

Λ2
NP

(
dLγ

µsL
) (
dLγ

µsL
)

(1.55)

where parentheses are again used for visual clarity and ΛNP is the scale of new physics; for

example, it could be the mass of the new particles. This model’s contribution to the kaon

mass difference is roughly

∆MBSM ∼
f 2
K

Λ2
NP

mK , (1.56)
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Operator Bounds on Λ in TeV (cNP = 1) Bounds on cNP (Λ =1 TeV ) Observables

(s̄LγµdL)2 (
9.8× 102

)
+ i
(
1.6× 104

) (
9.0× 10−7

)
+ i
(
3.4× 10−9

)
∆mK , εK

(s̄RdL) (s̄LdR)
(
1.8× 104

)
+ i
(
3.2× 105

) (
6.9× 10−9

)
+ i
(
2.6× 10−11

)
∆mK , εK

(c̄LγµuL)2 (
1.2× 103

)
+ i
(
2.9× 103

) (
5.6× 10−7

)
+ i
(
1.0× 10−7

)
∆mD, |q/p|, φD

(c̄RuL) (c̄LuR)
(
6.2× 103

)
+ i
(
1.5× 104

) (
5.7× 10−8

)
+ i
(
1.1× 10−8

)
∆mD, |q/p|, φD(

b̄LγµdL
)2 (

6.6× 102
)

+ i
(
9.3× 102

) (
2.3× 10−6

)
+ i
(
1.1× 10−6

)
∆mBd , SψKs(

b̄RdL
) (
b̄LdR

) (
2.5× 103

)
+ i
(
3.6× 103

) (
3.9× 10−7

)
+ i
(
1.9× 10−7

)
∆mBd , SψKs(

b̄LγµsL
)2 (

1.4× 102
)

+ i
(
2.5× 102

) (
5.0× 10−5

)
+ i
(
1.7× 10−5

)
∆mBs , Sψφ(

b̄RsL
) (
b̄LsR

) (
4.8× 102

)
+ i
(
8.3× 102

) (
8.8× 10−6

)
+ i
(
2.9× 10−6

)
∆mBs , Sψφ

Table 1.2: Bounds on several flavor-changing four-fermion operators, where the Wilson co-
efficient is assumed to be cnNP/Λ2. The right most column details the main observables that
are used to constrain the Wilson coefficients.

which sets a lower bound on the scale of new physics of ΛNP & 103 TeV, assuming that the

BSM contribution cannot be any larger than the Standard Model contribution and we have

used the bounds from Ref. [55]. Other constraints, coming from the neutral kaon, B meson

and other system also give similarly high scales for new physics; see Table 1.2; the bounds

are from Ref [55]. While there is nothing inherently wrong about such a high scale for new

physics, it does mean that if there is new physics at the TeV scale, it will not contain any

new flavor structure and so will be unable to resolve the question of how the flavor structure

of the Standard Model is generated. If is clear that if a TeV scale model of new physics hopes

to help elucidate this question, it must have mechanisms for suppressing FCNCs.

1.4 Regularization and Renormalization

One of the first stumbling blocks in the formal development of Quantum Field Theory was

the realization that naive calculations of matrix elements led to unphysical divergences due

to divergences in loop diagrams. For example, due to interactions with photons, the electron
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self-energy Σ(p) receives a correction of the form

iΣ(p) = e2

∫
d4`

(2π)4γ
νS (p+ `) γµ∆µν(`) (1.57)

where S(k),∆(k) are the electron and photon propogators, respectively, in the mostly plus

Minkowski metric,

S(k) =
−i (−/k +m)

k2 +m2 − iε ∆(k) =
−igµν

k2 +m2
γ − iε

(1.58)

and the theory has been gauged fixed using Feynman gauge. The fictitious photon mass,

mγ, used as an infrared (IR) cutoff and must be taken to zero after renormalization. Using

the standard Feynman parameter method and shifting the loop momenta q = ` + xp, the

self-energy can be written as

iΣ(p) = e2

∫ 1

0

dx

∫
d4q

(2π)4

−(1− x)/p− 4m(
q2 + x(1− x)p2 + xm2 + (1− x)m2

γ

)2 (1.59)

where the term linear in /q evaluates to zero, due to the rotational invariance of the inte-

gral measure and denominator. At large loop momenta, the integral is divergent12 and Σ

contributes an infinitely large correction to the electron self-energy. Such an answer is not

physical.

The electron self-energy can be made finite by controlling the ultraviolet (UV) behavior

of the integral. One way to do this is by simply placing a hard cutoff on the loop momenta,

taking the maximummomenta to have some large, but finite, value. Another way is by adding

a new particle to the theory, one that has a large mass and the same gauge couplings as the

photon, but opposite statistics [60–63]. Adding such a field, referred to as a Pauli-Villars

field, has the effect of shifting the photon propagator in the electron self-energy diagram by

1

k2 +m2
γ − iε

=⇒ 1

k2 +m2
γ − iε

− 1

k2 + Λ2 +m2
γ − iε

, (1.60)

which cut offs the integral for q & Λ. Yet another possibility is dimensional regularization

(‘dim-reg’), where the divergent integral is analytically continued to arbitrary dimension [64].

12Specifically, log divergent
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As decreasing the dimension always increases the convergence of an integral, the integral’s

divergences can be quantified in inverse powers of 4−d. Methods that modify the UV physics

of a theory13 in order to have finite results for physical observables are called regulators. A

fourth regulator, the lattice, is discussed in the remaining sections of this chapter.

A good regulator must not only control the UV divergences of a theory, but it must also

leave the symmetry structure of the theory unaltered. For example, a regulated vacuum

polarization diagram, also knows as the photon self-energy, must obey the Ward-Takahashi

identity [66,67]

qµΠµν = 0 = qνΠµν (1.61)

to all orders in the gauge coupling. This identity is a statement about the conservation of the

current associated with a gauge transformation; if Eq. 1.61 is violated, so is gauge invariance.

With a hard cutoff in place, the vacuum polarization for QED is

Πµν ∝ e2Λgµν (1.62)

and so the theory has a broken gauge symmetry. Therefore, a hard cutoff, which also violates

Lorentz invariance, cannot be used as a regulator for gauge theories with fermions.

Using dimension regularization, the electron self-energy, now finite for ε 6= 0, is

Σ(p) = − e2

8π2

∫ 1

0

dx
[
(2− ε) (1− x) /p+ (4− ε)m

] [1

ε
− 1

2
log (B/µ)

]
(1.63)

where B = x(1− x)p2 + xm2 + (1− x)m2
γ and ε = 4− d; this ε should not be confused with

the one in the fermion and photon propagators which is responsible for providing the pole

prescription. The scale µ is called the renormalization scale.

The dependence on a regulator, and thus the divergences in physical observables, can be

removed via renormalization, which is a rescaling of fields, masses and coupling constants.

Renormalization is also necessary to ensure that time ordered n-point correlation functions

13For a discussion of how dimensional regularization controls both the UV and IR divergences of a theory,
see Ref. [65]
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have the necessary analytic structure, as the Lehman-Symanzik-Zimmermann (LSZ) reduc-

tion formula relates the time-ordered correlation functions to S-matrix elements based on

the analytic structure of both [68]. For example, the electron self-energy one loop diagram

shifts the location of the pole of the two-point function away from m, the parameter that

appears in the Lagrangian; this also shifts the residue, which is related to the probability

amplitude of creating a single particle state out of the vacuum.

The renormalized Lagrangian for QED has the form

L = −Z3

4
F µνFµν + ψ̄

(
iZ2/∂ + eZ1 /A− Zmm

)
ψ (1.64)

where Z1, Z2, Z3, Zm are the electric charge, electron field strength, photon field strength and

electron mass renormalization, respectively. This renormalized Lagrangian can be rewritten

in terms of the original unrenormalized Lagrangian, which has UV divergences, and a finite

number of counterterms,14

L = −1

4
F µνFµν + ψ̄

(
i /D −m

)
ψ

− δ3

4
F µνFµν + ψ̄

(
iδ2/∂ + eδ1 /A− δmm

)
ψ (1.65)

where δi = Zi − 1 are the counterterm coefficients. These counterterm coefficients can be

determined by requiring that physical observables be finite once the regulator is removed;

the manner in which this is done depends on the renormalization scheme.

One choice is the ‘on-shell’ renormalization scheme, where the counterterms are chosen

such that the following four conditions are satisfied,

Σ(p = im) = 0 , ∂p Σ(p)|p=im = 0 , Π(q2 = 0) = 0 , ieΓµ(p′ = p) = −ieγµ , (1.66)

where Γµ is the electron vertex correction. The first condition sets the electron mass to be m,

the next two fix the electron and photon propagator residues to be one, and the last one sets

the electric charge to be e. Another renormalization scheme, which is used for dimensional

14QED is a renormalizable theory and this has a finite number of counterterms
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regularization, is the minimal subtraction (MS) scheme, where the counterterm coefficients

are chosen to cancel off the divergences and nothing more; in modified minimal subtraction,

MS, the coefficients also subtract off certain finite terms. Returning to the example of the

electron self-energy, in MS, the electron self-energy Σ is finite and independent of ε at O(e4)

if δm is set to be

δm = − e2

8π2

(
1

ε
+ finite

)
+O(e4) . (1.67)

A well-defined QFT, one that predicts finite values for physical observables, needs to

be both regulated and renormalized. The methods of doing so that are described in this

section are all perturbative and can be applied to the Standard Model, which is known

to be perturbatively renormalizable.15 The behavior of the Standard Model with regards to

nonperturbative regularization and renormalization is not fully resolved and will be discussed

in the following sections.

1.5 Basics of Lattice Field Theory

Lattice field theories are quantum field theories in Euclidean spacetime where spacetime

itself is discretized, forming a lattice [69]. There are several key benefits to working with a

discretized, instead of continuous, theory:

• QFTs defined on the lattice are mathematically rigorous, as the full path integral is

regulated and does not suffer from such problematic features as an infinite dimensional

Hilbert space.

• The path integral of certain lattice field theories is amenable to numerical simulation,

allowing for the evaluation of matrix elements in some strongly coupled theories

• The lattice acts as a nonperturbative regulator, controlling divergences both in the

Lagrangian and in the measure

15Though there is some question of whether dimensional regularization successfully regulates the elec-
troweak sector to all orders, as no explicit proof exists.
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These properties will be demonstrated in the following several sections. This section focuses

on how to construct a lattice version of a continuous Euclidean path integral and is heavily

influenced by Refs. [70] and [71]. Of particular important is the manner in which scalar,

fermion and gauge fields are implemented on the lattice, as well as the way in which the path

integral measure is regulated. The following section will address the question of numerical

simulation.

Take the simplest example of QFT, a real single scalar field. The action for this theory

is

S =

∫ τ2

τ1

dx4

∫
d3x

1

2
∂µφ∂

µφ+
m2

2
φ2 +

λ

4
φ4 (1.68)

where x = (x, x4) and x4 is the imaginary time coordinate. The partition function is

Z =

∫
Dφe−S (1.69)

where Dφ stands for the integral over all functions that are periodic over the time extend.

For continuous spacetime, there are an infinite number of such paths.

To discretize, constrain xµ to a hypercubic lattice, xµ = anµ, where a is the lattice spacing

and has units of length. Instead of a smooth function over spacetime, the field is now defined

by its value at each discrete spacetime point. φ(x) → aφ̂n. The variable n labels each site

on the lattice and φ̂n is dimensionless. The quadratic and quartic terms are therefore

m2φ(x) → 1

a4
m̂φ̂n

λφ4 → 1

a4
λ̂φ̂4 (1.70)

To discretize the kinetic term, recall that a derivative is defined by

∂xf(x) = lim
δx→0

f(x+ ∆x)− f(x)

∆x
(1.71)

from which it is clear that

∂µφ(x) → 1

a2

(
φ̂n+µ̂ − φ̂n

)
(1.72)
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where µ̂ defines a single step in the xµ direction. Lastly, the integral over the spacetime

four-volume simply becomes a sum over all lattice points:∫
d4x → a4

∑
n

(1.73)

Putting this all together, the action is

S =
∑
n

(
φ̂n+µ̂ − φ̂n

)(
φ̂n+µ̂ − φ̂n

)
+
m̂2

2
φ̂2 +

λ̂

4
φ̂4 (1.74)

where the sum over µ̂ is implied, as in standard Einstein convention and all ‘hatted’ variables

are dimensionless. This action is not unique, as terms that are proportional to higher powers

of the lattice spacing may be added without changing the continuum behavior of the theory.

The Lagrangian is regulated as the discretized theory has a cutoff: Λ = 1/a. Since the

minimum ‘step’ that one can make on the lattice is given by the lattice spacing xminµ = a, the

maximum momentum allowed is pmaxµ = π/a. Thus, all UV divergences are now controlled

and the theory can be renormalized using standard methods.

The path integral measure is trivial to discretize, as the continuum measure is only defined

as the limit of zero time slice separation:

Dφ(x)→
∏
n

∫ −∞
∞

dφ̂n (1.75)

The measure is now defined in terms of well-defined ordinary integrals over the field φn and

thus avoids the difficulty of convergence faced by a perturbative treatment of a continuum

theory. With the path integral measure now well-defined, it is clear why the lattice serves

not only as a regulator, but as a nonperturbative one as well. Motivated by the original

derivation due to Feynman [72], an intuitive picture of the path integral measure is as a sum

over all possible paths.

An action containing fermionic degrees of freedom can be discretized in the same manner

as the scalar fields, i.e. the fermion fields are defined by their value at each discrete spacetime

point. However, the treatment of fermionic fields differs in two important ways. First,

fermions obey anticommutation relations and so cannot be described by ordinary c-numbers;
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much like in the continuum, they must be represented by Grassman numbers. Grassman

numbers are not well-suited for numerical evaluation, as they can only be represented in terms

of c-numbers by matrices. In general, a set of n Grassman numbers can be represented by n

matrices of size 2n × 2n. This difficulty is easily overcome for Dirac fermions by integrating

out the fermions before evaluating the remainder of the path integral. This done using the

identity that ∫
DψDψ̄eψ̄Dψ = DetD (1.76)

This step, however, is highly nontrivial for chiral fermions, as will be discussed in later

sections. The second difference has to do with the fermion doubling and will pose a more

serious complication.

The fermion doubling problem arises due to the change in spacetime symmetry, from

SO(4) to hypercubic, once spacetime is discretized. The effect of this alteration can be seen

by looking at the fermion propagator, derived from the naive fermion action: [73]

S =
1

2

∑
n,µ̂

ψ̄nγ
µ (ψn+µ̂ − ψn−µ̂) +

∑
n

m0ψ̄nψn

=

∫
d4k

(2π)4)
ψn (iγµ sin kµ +m0)ψ(k) (1.77)

The site are again labeled by n and µ̂ is a single step in any of the four directions and where

all fields and couplings are dimensionless.16 The propagator for a naive lattice fermion is

therefore

1

iγµ sin kµ +m0

. (1.78)

If m0 is taken to zero, this propagator has a pole not only at kµ = 0, but also at kµ = π;

working in d dimensions, there are 2d massless modes. This is in sharp contrast to the

continuum, which only ever has one massless mode.

16The hatted convention has been dropped for clarity.
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The unwanted 2d − 1 additional zero modes, called doublers, can be removed by intro-

ducing a Wilson term [73]

LW = −r
2
ψ̄DµD

µψ , (1.79)

which gives the doublers a mass that is O(1/a); the cost of doing so is that chiral symmetry

is broken. Without chiral symmetry, all the fermion masses are additively renormalized;

their mass shifts by δm ∼ αr/ (4πa) due to interactions with the gauge fields. The amount of

additive renormalization can be reduced [74–76] by using a Symanzik improved action. The

action is improved [77,78] by adding higher order operators with carefully tuned coefficients

to eliminate discretization errors in correlation function. For an example of discretization

error, expand Eq. 1.78 for small a:

1

iγµ sin ak̂µ + am̂0

=
1

a
(
k̂µγµ + m̂0

) +
a

6

k̂2

m̂2
0 + k̂2

k̂µγ
µ +O(a3) (1.80)

and note that this differs from the continuum result by O(a). However, no choice in action

allows for the simultaneous removal of the doublers and restoration of chiral symmetry.

Nielsen and Ninomiya [79], showed that doublers exist in any theory of fermions that is

local, hermitian and has both chiral and translational invariance. The question of how

to overcome this no-go theorem and thus have massless fermions without doublers will be

addressed in Sec. 1.7.

Gauge symmetry can be introduced into a lattice theory in a manner similar to the

continuum. For fermions that are gauged under a vector-like symmetry, the field at each site

transforms as

ψn → Ωnψn ψ̄n → ψ̄nΩ†n (1.81)

where Ω is an element of the gauge group; for QCD, Ω ∈ SU(3). Much like in the continuum,

the mass term is invariant under this transformation while the kinetic term is not, as

ψ̄nψn → ψ̄nψ

ψ̄n+µ̂ψn → ψ̄n+µ̂Ω†n+1Ωnψn (1.82)
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The second term can be made gauge invariant if a new field, Unµ, is introduced into the

bilinear,

ψ̄n+µ̂Unµψn → ψ̄n+µ̂Ω†n+1U
′
n,µΩnψn (1.83)

where Unµ is also an element of the gauge group. Gauge invariance is maintained if

Un,µ → Ω†n+µ̂UnµΩn (1.84)

Since Un,µ connects fermions on two different sites, it is commonly referred to as a link

variable. It must also carry two indices; the convention here is that n labels the site and µ

the direction in which the field acts. The oppositely oriented link (µ̂→ −µ̂) and the original

link are related by

Un,−µ ≡ U †n−µ̂,µ (1.85)

The naively discretized action for a gauged fermion is therefore

S =
∑
n

a
(
ψ̄nUnµψn+µ̂ − ψ̄nUn,−µψn−µ̂

)
+m0ψ̄nψn (1.86)

The connection between the link variable and the continuum gauge group can be found

by again considering the transformation of both under gauge transforms. As the gauge

field is an element of the algebra, the two can be connected via an exponential map. More

concretely, consider the continuum gauge transporter,

G(x, y) = Pexp

(
i

∫
Cxy

A · ds
)

(1.87)

which is a path ordered exponential integral along the curve Cxy from x to y. Under gauge

transformations, the gauge transporter transforms as

G(x, y)→ Ω(x)G(x, y)Ω(y)† (1.88)

which is the continuum version of the link variable’s transformation property. Therefore, the

link variable Un,µ can be associated with the gauge transporter, where Cxy is a single step

from site n to site n+ µ̂,

Unµ = exp (iaAnµ) (1.89)
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where Anµ is the gauge field Aµ at site n. The path ordering has been eliminated at the cost

of O(a) errors on the evaluation of the integral in Eq. 1.87,∫
Cxy

A · ds = aAnµ +O(a2) . (1.90)

To construct the gauge action, recall that the gauge transformation properties of the link

variable,

Un,µ → Ω†n+µ̂UnµΩn (1.91)

imply that a path of links that starts with link Unµ and ending with link U(m, ν,, P [U ]n,µ;m,ν

transforms as

P [U ]n,µ;m,ν → ΩmP [U ]n,µ;m,νΩ
†
n (1.92)

Thus, a closed path is gauge invariant due to Ω†nΩn = 1. Defining a plaquette, Un,µν as the

shortest, nontrivial loop,

Un,µν = Un,µUn+µ̂,νUn+µ̂+ν̂,−µUn+ν̂,−ν

= Un,µUn+µ̂,νU
†
n+ν̂,µU

†
n,ν (1.93)

Wilson [69] proposed

S =
2

g

∑
n,µ<ν

ReTr [1− Un,µν ] (1.94)

for the discretized version of the Yang-Mills gauge action. By taking the definition of the

link variable in terms of the algebra-valued gauge field, Eq. 1.89, one can show that the

Wilson action reduces to the continuum Yang-Mills action in the limit of a→ 0. This action

is also not unique, as terms proportional to powers of the lattice spacing can be added into

the action, à la Symanzik improvement.

1.6 Monte Carlo Evaluation of Lattice Field Theories

One of the benefits of using a lattice regulator is that it allows for the numerical simulation

of the full path integral, which is not only key for understanding the properties of strongly
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coupled theories. Perturbative evaluation of the path integral is not only invalid at strong

coupling, but it also misses important nonperturbative effects such as those due to topology.

Numerical simulation is currently the only way to calculate strongly coupled matrix elements

with quantifiable errors and so is also necessary for comparing Standard Model prediction to

experimental observations. However, not all theories are amenable to numerical simulation.

In this section, I will introduce the technique of Monte Carlo simulation of path integrals

and detail some of the ways that these methods may fail.

The expectation value of an operator in pure Yang-Mills is

〈O〉 =
1

Z

∫
DUe−S(U)O(U) (1.95)

where U specifies the value of all the links on the lattice and is commonly referred to as a

gauge field configuration. Given a set of configurations {U} of size N that are distributed

according to the probability P [U ] = e−S(U), the expectation value of an operator can be

approximated by the average of said observable evaluated on the set of the gauge field

configurations. Since the action S(U) is real and bounded from below, P [U ] is always real

and positive and therefore can be be used as a probability distribution.

Numerical simulation involves not only evaluating the sum

〈O〉 ≈ 1

N

N∑
n=1

O(U(n)) (1.96)

where U(n) is defined to be the nth configuration in the set {U}, but also generating the set

of configurations. Each element of the set is constructed by taking an arbitrary initial config-

uration and evolving it stochastically through a sequence of configurations until eventually

it reaches a configuration that is distributed according to P [U ]:

Ũ0 → Ũ1 → Ũ2 → · · · → U(n) (1.97)

where Ũi is an element of the gauge group, but not distributed according to P [Ũ ]. This

process of stochastic evolution is called a Markov chain. There are different methods of
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advancing the Markov chain from configuration Ũi−1 to Ũi, such as the Metropolis algorithm

[80], Langevin methods [81,82], heat bath algorithim [83], and Hybrid Monte Carlo [84]

With the addition of fermions, the expectation value of an operator in a theory with

fermions is given by

〈O〉 =
1

Z

∫
DU∆(U)e−S(U)O(U) (1.98)

where ∆(U) results from integrating out the fermions, as in Eq. 1.76. Following the same logic

as in the pure gauge case, the probability distribution for generating gauge configurations is

P [U ] = ∆Ue−S(U). While the exponential factor is still guaranteed to be real and positive,

the phase of ∆U is theory dependent. For a massive Dirac fermion, ∆(U) = det(D), where

D = /D +m− r

2
D2 (1.99)

As D obeys γ5-hermiticity, γ5Dγ5 = D†, its eigenvalues come in complex conjugate pairs and

so ∆(U) is real and positive.

It is no longer true that ∆(U) is real and positive once a baryon chemical potential is

turned on as D(µ) no longer obeys γ5-hermiticity, where

D(µ) = /D +m− r

2
D2 + µγ4 . (1.100)

In particular, the determinant of D(µ) obeys the relation

[DetD(µ)]∗ = DetD(µ)†

= Det γ5Det
(
D(0)† + µγ4

)
Det γ5

= DetD(−µ) (1.101)

Therefore P [U ] is no longer real and positive and cannot be used as a probability distribution.

This ‘sign problem’ does not allow for use of Monte Carlo methods for the numerical simula-

tion of finite density nuclear matter, though at small baryon chemical potential, the problem

may be circumvented [85]. There have been several proposals, such as reweighting [86, 87],

working at imaginary chemical potential [88–90] or using complex Langevin methods [91–93],
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that have given access to certain portions of the QCD phase diagrams. However, none have

completely alleviated the problems. One can also attempt to work in the canonical formu-

lation, though in this formulation, one is faced with bad signal to noise rations. In Ch. 4, I

discuss a model that has two equivalent formulations, only one of which has a sign problem.

1.7 Chiral Symmetry on the Lattice

Regularization and renormalization are key aspects of defining a well-behaved QFT. For a

consistent QFT there must also be a regulator that works beyond perturbation theory, as

a path integral cannot be defined purely in terms of perturbative behavior; the lattice is

the only known regulator with this property. As discussed in Sect. 1.5, it is known how to

implement vector gauge theories, such as QCD, on the lattice. Chiral gauge theories are

a different matter. There have been many proposals for a lattice regulated chiral gauge

theory,17 though none have proved successful. Without a successful proposal, the Standard

Model, and specifically, the electroweak sector, is not on firm formal footing. Additionally,

without a regulator that can ‘see’ the entire spectrum of a chiral gauge theory theory, nor

experiments that can probe its nonperturbative nature, the basic building blocks of chiral

gauge theories cannot be known. It could be that there is new physics in the Standard

Model, hidden by the weakly coupled nature of the electroweak sector.18

There are two key problems that must be overcome to have a lattice regulated chiral

gauge theory. The first is the question of how to remove fermion doublers without violating

chiral symmetry. The Nielsen-Ninomiya theorem [79] states that for a fermion action in 2n

Euclidean spacetime dimensions,

S =

∫
d2np

(2π)2n
ψ̄−pD̃(p)ψp (1.102)

17See Ch. 5 for details.
18Here, nonperturbative is taken to mean anything that cannot be seen in perturbation theory, even after
summing to all orders. For example, a single instanton contributes to the Euclidean path integral with
weight e−S0 , where S0 ∼ 1/α. This behavior cannot be captured by expanding the path integral in a
Taylor series around α = 0.
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where p is spatial momentum, there is no operator D̃(p) that results in a local and hermitian

theory with both chiral and translational invariance. An equivalent statement is that no

operator D̃(p) exists that simultaneously satisfies the four following conditions,

1. D̃(p) is periodic analytic in pµ, with period 2π/a

2. D̃(p) ∝ γµpµ for a|pµ| << 1

3. D̃(p) is invertible everywhere except pµ = 0

4. {γ5, D̃(p)} = 0

where the first allows for a local Fourier transform, the next two for the successful removal

of all the doublers and the last one for chiral symmetry [94].

The second problem lies in the fact that gauge anomalies play an important role in the

continuum: a gauge theory is consistent if and only if all gauge anomalies cancel, as any

non-zero gauge anomalies result in a non-renormalizable and non-unitary theory [95, 96].

However, anomalies do not exist on the lattice, due to its finite number of degrees of free-

dom; neither gauge nor global symmetries can be anomalous. Any successful proposal for a

lattice regulated chiral gauge theory must have some mechanism that not only distinguishes

anomaly-free gauge theories from anomalous ones, but also one that mirrors the inconsisten-

cies seen in anomalous continuum chiral gauge theories.

These two problems are partially addressed with the advent of domain-wall fermions [97],

a theory of (2n+ 1)-dimensional fermions with masses that depend on the extra dimension,

S =

∫
d2nxds Ψ̄

[
/∂2n+1 +m(s)

]
Ψ m(s) = Λε(s) (1.103)

where s is a extra dimension of length 2L and ε(s) = sgn(s). The 2n+1-dimensional fermion

can be decomposed into a tower of 2n-dimension fermions by

Ψ =
∞∑
n=0

bn(s)P+ψn(x) + fn(s)P−ψn(x) P± =
1± γ5

2
(1.104)

where f(s) and b(s) satisfy

[∂s +m(s)] bn = µnfn [∂s −m(s)] fn = µnbn . (1.105)
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This results in a 2n dimensional theory

S =

∫
d2nx ψ̄0

(
/∂2n + µ0

)
ψ +

∞∑
k=1

ψ̄k
(
/∂2n + µk

)
ψk (1.106)

with fermion masses

µ0 ∼ 2Λe−2ΛL µk =

√(
πk

L

)2

+ Λ2 . (1.107)

The light modes are localized on the domain walls

b0 ∼ e−Λ|s| f0 ∼ eΛ|s| (1.108)

and µ0 is exponentially small for ΛL � 1. The existence of the mass gap allows for the

heavy fermions to be integrated out and the theory at momentum scales p � Λ is simply

the theory of a light non-interacting Dirac fermion.

The theory is gauged by adding 2n-dimensional gauge fields such that the action is

S =

∫
d2nxds Ψ̄

[
/D

(R)
2n + γ2n+1∂s +m(s)

]
Ψ (1.109)

where /D
(R)
2n is the covariant derivative for a fermion in the gauge group representation

R. Since the gauge field is independent of s and thus does not affect Eq. 1.105, the 2n-

dimensional action is simply Eq. 1.106 with ∂µ → D
(R)
µ . Most importantly, the addition of

the gauge field does not delocalize the light modes and so the mass gap is protected.

With the theory now gauged, the low energy effective theory needs to reproduce the

U(1)A anomaly correctly. The gauged low-energy theory is derived by once again integrating

out the heavy fermions. Due to their heavy mass, one might expect that these fermions

decouple completely and their effects are only seen in higher order operators. However, as

shown by Callen-Harvey [98], integrating out the heavy fermions results in a residual term.

This term gives rise to a current that flows from one wall to the other and which has precisely

the form necessary to give rise to the axial anomaly in the low-energy theory,

The theory can be discretized and the doublers removed by the addition of a Wilson

term, which alters the localization of the modes on the domain walls. The number of light
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modes depends on the ratio of m/|r|; if the ratio is too large, the modes delocalize and

the theory contains no light degrees of freedom [97, 99]. In the limit of an infinitely large

extra dimension, the light modes become exactly massless and the number of zero modes

is topologically protected [100]. Therefore, with an infinite extra dimension, it appears as

though fermion doublers can be successfully decoupled, the global axial anomaly is correctly

reproduced and chiral symmetry is respected. How is this possible in the context of the

Nielsen-Ninomiya theorem?

This question is most easily addressed in the overlap formalism [101,102]. The formalism

relies on the realization that if the extra dimension is considered to be time, then the path

integral for the action given in Eq. 1.103 is the overlap of the eigenstates of the Hamiltonian

H(−m) and the Hamiltonian H(m), where

H(M) = γ2n+1

(
/D2n +M

)
(1.110)

If the extra dimension is taken it be infinite, all other eigenstates are projected out and so

the path integral is the overlap of the ground state of H(−m) with the ground state of H(m).

A masslass Dirac fermion can be represented by Z = |〈Ω,m2|Ω,−m1〉|2, with 0 < m1 < 2r

and m2 arbitrary. Designating the eigenstates of H(M) as |n,M〉, the overlap of any two

eigenstates is given by

〈n,m2|n′,−m1〉 ≡ Unn′ =

α β

γ δ


nn′

(1.111)

where U is a unitary matrix and the block structure is in the γ-matrix space. In the same

basis, the Hamiltonian is

H(M) =

− r
2
DµDµ +M Dµσµ

(Dµσµ)† r
2
DµDµ −M

 σµ = {i, ~σ} (1.112)

If m2 to taken to be infinite, U also diagonalizes H(−m1),

H(−m1)U = Uλ (1.113)
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where the upper block of λ contains only positive eigenvalues and the lower only negative,

as the eigenvalues of H(−m1) are all paired. The path integral is therefore

Z = |〈Ω,m2 →∞|Ω,−m1〉|2

= | detU22|2

= det

(
1 + γ5ε(H(−m1))

2

)
(1.114)

where the determinant is due to the definition of the ground state as the Slater determinant

of all negative energy one-particle wavefunctions. The function ε is the sign function of a

matrix,

ε(H(M)) ≡ H(M)√
H(M)H(M)†

. (1.115)

From Eq. 1.76, it is known that the path integral is proportional to the determinant of the

fermion operator and so

det

(
1 + γ5ε(H(−m1))

2

)
∝ detD (1.116)

The operator that satisfies this relation,

D =
1 + γ5ε(H(−m1))

= 1 +
Dw −m√

(Dw −m)† (Dw −m)
, Dw = Dµγµ −

r

2
DµD

µ (1.117)

is the overlap operator [103,104]. It can also be derived explicitly from domain-wall fermions

with an infinite extra dimension [105,106].

Returning to the Nielson-Ninomiya theorem, the overlap operator satisfies the first three

necessary conditions [107]. The fourth condition is violated as

{γ5, D} = aDγ5D (1.118)

However, this is precisely the Ginsparg-Wilson relation [108], derived before the advent of

domain-wall fermions using block averaging of a continuum theory to create a lattice theory.
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When first written down, it was proposed that any fermion operator in a theory tuned to the

chiral fixed point would obey said relation. For the Green’s function S(x, y) of the fermion

operator, the Ginsparg-Wilson relation is

S(x, y)γ5 + γ5S(x, y) = aγ5δ(x− y) (1.119)

which indicates that chiral symmetry is preserved at all non-zero distances; its violation at

zero-distances is exactly what is necessary to give rise to the correct axial anomaly.

The overlap operator is the only known operator that obeys the Ginsparg-Wilson rela-

tion and so it is reasonable to use it, and thus domain-wall fermions with an infinite extra

dimension, as the starting point for a lattice regulated chiral gauge theory. In order to do so,

all the fermions on one of the walls have to decouple, as these fermions are parity doublets of

the fermions on the other wall. Additionally, there must be a mechanism that can distinguish

between a theory where the fermions on one wall are in an anomaly-free representation and

a theory where the fermions are in an anomalous representation. I will discuss, in Ch. 5, a

recent proposal for how to achieve a lattice regulated chiral gauge theory using domain-wall

fermions and a gauge field whose profile in the extra dimension obeys a gauge covariant flow

equation.
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Chapter 2

LITTLE FLAVOR AND U(2) FAMILY SYMMETRY1

The origin of flavor in the Standard Model (SM) remains one of the great mysteries of

particle physics. While patterns seem to exist in the quark masses and mixings, they have

not led to any particularly convincing models of the generation of the SM flavor structure.

Furthermore, the absence of observed electric dipole moments, highly suppressed rare de-

cays, such as µ→ 3e, and the small neutrino masses all provide circumstantial evidence that

the next new physics may lie at extremely short distance scales, out of the reach of collider

experiments, and quite possibly precision experiments. However, the large suppression of

flavor changing neutral currents (FCNC) sends a more ambiguous message. It can certainly

be explained by a dearth of new physics until high energy scales, but it could also be com-

patible with experimentally accessible physics provided there is some approximate symmetry

that ensures that neutral currents are approximately flavor-diagonal in the mass eigenstate

basis. As this is exactly what suppresses FCNC in the SM, such a possibility may not be

far-fetched.

The operative symmetry in the SM and in some models of physics beyond the SM,

such as Minimal Flavor Violation (MFV) models, is an approximate chiral U(2)5 symmetry

acting on the lightest two families of quarks and leptons. An interesting alternative, which

occurs in Extended Technicolor and some supersymmetric models, is a much smaller vector

U(2) symmetry acting on the lightest two families of quarks and another U(2) acting on

the leptons. Models with a vector U(2) are more interesting phenomenologically as they

typically allow for observable rare lepton decays, suppressed by the square of the muon

mass, not by the much smaller neutrino masses. Such a vector symmetry does not by itself

1This work, Ref [1], will be submitted to a journal.
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completely account for the smallness of FCNCs and an additional suppression mechanism

must be present. I will first summarize how these symmetries are implement and then,

using effective field theory (EFT) techniques, show how a new paradigm for Beyond the

Standard Model (BSM) physics based on Little Flavor [109] provides a viable realization of

approximate U(2)2 flavor symmetry.

2.1 Symmetries and FCNC

The U(2)5 approximate flavor symmetry of the SM corresponds to independent rotations be-

tween first- and second-family fermions in the five different SM representations q, `, uc, dc, ec.

Restricting the analysis to a two-family version of the SM, this symmetry is broken by the

Yukawa matrices which act as spurions transforming as

Yu,d → UqYu,dU
†
u,d , Ye → U`YeU

†
e . (2.1)

with Ui being U(2) matrices. The ∆S = 2 operator that gives rise to mass difference in

the kaon system comes from a one-loop diagram, as discussed in Sec. 1.3. Its size may

be estimated by writing down the lowest order (in powers of the Yukawa matrices) four

quark operator that is both consistent with the symmetry U(2)5 and gives rise to a ∆S = 2

transition. Working in the mass basis of the down quarks, Yd is diagonal and the operator

must, by symmetry, be proportional to(
YuY

†
u

)2

12

16π2GF

(
dLγ

µsL
) (

)dLγµsL
)

(2.2)

As quarks become massless in the Yu,d → 0 limit, the operator need not be analytic in Y . In

fact the box diagram has IR singularities in that limit, and thus the prefactor is of the form

(YuY
†
u )2

12

16π2TrYuY
†
u

. (2.3)

The dominant breaking of U(2)3 symmetry in the quark sector is due to the charm mass,

and so the SM result is

M12 ∝ G2
F sin2 θcm

2
c , (2.4)
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which is consistent with the Eq. 1.49. In the realistic three family case the operative sym-

metry is still an approximate U(2)5 and not U(3)5, as the top quark is heavy, but the mixing

between the third family and the two light families is small. Two additional doublet spurions

account for the coupling of the third family to the first two, namely

T = λt

V ∗td
V ∗ts

 B =

λuVub
λcVcb

 (2.5)

where λi are quark Yukawa couplings. These spurions contribute toM12 a term proportional

to
(
T †T + B†B

)
12
. As all the CP violation is contained in T ,B, the leading order contribution

to εK is completely determined by this operator; due to the smallness of the third family

mixing angles, it is not the dominant contribution to ∆MK .

In Minimal Flavor Violation, one assumes that there are no new sources of flavor violation

in the BSM model and that the effective theory also obeys an U(2)5 symmetry [110, 111].

The contributions to ∆S = 2 processes from new physics at scale Λ is therefore proportional

to C1 = (YuY
†
u )2

12/Λ
2. With two families,

C1 = m4
cθ

2
c/Λ , (2.6)

which sets the bound Λ & O(10 GeV). With three families. the largest contribution is C1

involves four insertions of the top quark Yukawa coupling and so

C1 ∼ λ4
tV
∗2
td V

2
ts/Λ

2 . (2.7)

This gives a much higher bound on the scale of new physics, Λ ≥ O(5 TeV). The MFV

paradigm also gives bounds from rare lepton decays, once neutrino masses are introduced.

For Dirac neutrinos, rare lepton decays are suppressed by at least two powers of the neutrino

Yukawa coupling, in complete analogy with the quark sector. For masses generated via

a seesaw mechanism, rare lepton decays are only observable if the scale of lepton number

violation is vastly different than the scale of lepton flavor violation [112].

In Extended Technicolor (ETC), the approximate family symmetry is reduced to a vector-

like U(2) in the quark sector. This symmetry is gauged in order to generate SM fermion
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masses via radiative corrections. The mass of the fermions is given by

mq = g2
ETC〈FF 〉/2M2

ETC (2.8)

where 〈FF 〉 is the condensate of the technifermions and METC is the mass of the gauge

bosons that link SM fermions to technifermions. The gauged U(2) also gives rise to tree level

FCNC four-quark operators proportional to cos2 θ g2
ETC/M

2
ETC , where θ is some mixing angle

andMETC is the mass of the gauge bosons that only mediate between SM fermions [113,114].

Whereas the exact relative size ofMETC andMETC depends on the details of ETC symmetry

breaking, they will be on the same order,2 which implies that the coefficient of the ∆S = 2

operator can be no smaller than

cos2 θmc/〈FF 〉 . (2.9)

For small θ, this is three orders of magnitude too large, and the theory requires an extra

suppression mechanism, such as “walking" [115].

In supersymmetric models, the vector U(2) violating spurions that give rise the the SM

quark masses also generate the squark mass differences, though not the flavor universal squark

mass, mq̃ [116–119]. Working in the mass basis of the down quarks, the U(2) symmetry

constrains the SUSY contribution to M12 to be proportional to

(V δ2
q̃V
†)(Uδ2

q̃U
†)/m6

q̃ , (2.10)

where δ2
q̃ is the mass squared difference for first two families of squarks and V, U are superfield

rotation matrices that diagonalize the mass squared and trilinear terms. V, U and δ2
q̃ are

related to the spurions that generate the SM quark masses, and one finds the constraint of

mq̃ & 2.5 TeV [59, 120] is adequate to supply the needed suppression.

An alternative method, based on a low energy effective description of Little Flavor [109],

utilizes an approximate U(2) horizontal symmetry whose spurions also transform under a

2In a weakly coupled theory, group theoretic considerations allow forMETC �METC but not the reverse,
since the generators associated with gauge bosons of mass METC can form a closed algebra, while those
associated with METC cannot. Strong interactions have been invoked in Walking Technicolor [115] to give
rise to METC �METC , reconciling ETC with FCNC constraints.
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nonlinearly realized symmetry of the Higgs sector. This allows for FCNCs that are compatible

with experimental constraints while predicting new TeV scale physics, as well as protecting

the Higgs mass from large quadratic divergence, via the Composite Higgs [121–124] and

Little Higgs mechanisms [125]. Note that the Little Higgs cancellations are incomplete in

the effective theory considered here, where heavy fermions have been integrated out. The

model predicts rare leptonic decays that are suppressed by charged lepton masses, rather

than the much smaller neutrino masses, and therefore potentially observable.

2.2 Two families of quarks

Consider a model with the following content: two families of SM quarks qiL, uiR, diR, i = 1, 2,

and a 4×4 unitary nonlinear sigma field Σ which contains two composite Higgs doublets Hu,d

as well as other pseudo Goldstone bosons. The theory has an approximate global symmetry

Gglobal = [SU(2)L × SU(2)R × U(1)B−L × U(2)f ]

× [SU(4)L × SU(4)R] (2.11)

where the subgroup in the first bracket acts on the quarks, U(2)f is a horizontal family

symmetry, and the group in the second bracket acts on the Σ field; color and the anomalous

U(1)A symmetry are ignored, as they play no role in the model. A Ga × Gb subgroup of the

global symmetry is gauged, where Ga,b are independent SU(2) × U(1) groups embedded in

the global symmetry as

SU(2)a ⊂ SU(2)L × SU(4)L ,

U(1)a ⊂ SU(2)R × U(1)B−L × SU(4)L ,

SU(2)b × U(1)b ⊂ SU(4)R (2.12)

The quarks have the usual SM quantum numbers under SU(2)a × U(1)a

qiL = 2 1
6
, uiR = 1 2

3
, diR = 1− 1

3
, (2.13)

and are neutral under SU(2)b × U(1)b. The gauge generators act on the Σ field as

δΣ = iXaΣ− iΣXb (2.14)
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Denoting the four X generators as {gT i, g′Y } for both gauge groups, their representations

on the Σ field are given by

T i = 1
2

σi
0

 , Y = 1
2

0

σ3

 . (2.15)

The X generators act as spurions breaking the global symmetry, with Xa transforming as

(adjoint × 1) ⊕ (1 × adjoint) under the [SU(2)L × SU(2)R] × SU(4)L symmetry, and Xb

transforming as the adjoint under SU(4)R. Before the introduction of additional spurions,

the EFT is quite simple: the usual gauged chiral Lagrangian for Σ, quark kinetic terms, and

fermion-meson interactions, which are O(α), that are required as counterterms. The chiral

Lagrangian is characterized by decay constant f and cutoff Λ ∼ 4πf ; I will take f & 1.5 TeV.

If 〈Σ〉 = 1, the [SU(2)× U(1)]2 gauge symmetry is spontaneously broken to the diagonal

group SU(2) × U(1), which is identified with the SM gauge group. However, assume the

Composite Higgs paradigm, the vacuum misaligns and prefers the less symmetric ground

state

〈Σ〉 =


cu su

cd sd

−su cu

−sd cd


ci = cos vi

f

si = sin vi
f

(2.16)

which breaks the SM gauge group in the conventional way for a two Higgs doublet model; vi

are the vevs of two Higgs doublets. The SM gauge couplings g, g′ are related to the Ga × Gb
couplings by

ga =
g

cos γ2

, g′a =
g′

cos γ1

, gb =
g

sin γ2

, g′b =
g′

sin γ1

(2.17)

and the exotic gauge bosons have TeV scales masses

MZ′ = MW ′ = gf csc 2γ2 MZ′′ = g′f csc 2γ1 (2.18)

with freedom to set the angles γ1,2. The gauge bosons masses will be constrained once leptons

are added.
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SU(2)L SU(2)R U(2)f SU(4)L SU(4)R

YL 2 1 1 4 1

YR 1 2 1 4 1

∆ 1 1 1⊕ 3 1 15

ε 1 1 1⊕ 3 10 1

Table 2.1: Transformation properties of spurions under the global approximate symmetry,
where YL,R are given in Eq. 2.19 and ε in Eq. 2.31.

Up to this point quark masses cannot be generated, even with SU(2)×U(1) breaking, as

the quarks and Higgs transform under independent symmetries. Assuming that additional

particles that couple to the quark and Σ fields, such as the heavy fermions of Ref. [109],

have been integrated out at a scale M < Λ allows for the introduction of additional spurions

YL,R. Their transform properties are given in Table 2.1. These spurions take the form of

rectangular 4× 2 matrices both transforming on the left by SU(4)L of the Higgs sector, and

on right by either SU(2)L (YL) or SU(2)R (YR) of the quark sector:

YL =


yq 0

0 yq

0 0

0 0

 , YR =


0 0

0 0

yu 0

0 yd

 , (2.19)

where y < M/Λ < 1. M also has to be larger than the heaviest bosons and so we take

M = O(5 TeV). At tree level, matching operators proportional to y2Λ2/M2 will be induced

in the EFT below the scale M . In operators proportional to y2, derivatives appear in the

ratio D/M . Radiative corrections within the EFT below M do not yield higher powers of

Λ/M , since the cutoff in this theory is M and the scale Λ only appears in inverse powers as

1/Λ ∼ 1/4πf . The analysis is simplified by assuming y � M/Λ and working to quadratic

order in y; without this assumption, the bounds on the model are much less straightforward
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and thus will be left for future work.

Assume first that the heavy particles all have a universal mass M , invariant under

SU(4)b × U(2)f . The EFT now contains operators of the form

Ly2 =
Λ2

M2

[
qLY†LΣ /DΣ†YL qL + L↔ R

]
(2.20)

plus operators with two or more derivatives, where the RH quark fields are written as a dou-

blet, qR = {uR, dR}; the factor of Λ2/M2 appears due to the power counting discussed above.

For clarity, here and throughout, the O(1) model-dependent Wilson coefficients are ignored.

This term contains new couplings of the quarks to SM and exotic gauge bosons, which result

in non-canonical kinetic terms and will require a finite wavefunction renormalization.

The lowest dimension operator that couples qL to qR requires at least two derivatives

and is of the form qLY†L(ΣD2Σ†)YRqR. Hence, despite the fact that Σ breaks the weak

interactions, there are no quark mass terms at O(y2). The necessity of SU(4)b violation

to generate fermion masses is the essence of the Little Flavor mechanism. The leading

contributions appear at O(y2αb/4π) and give a U(2)f invariant common mass to the quarks:

Ly2αb =
Λ2

M

αib
4π
qLY†L

(
ΣX i

bX
i
bΣ
†)YR qR + h.c. (2.21)

where i is summed over 0, . . . , 3 with i = 0 corresponding to the U(1)b and i = 1, 2, 3

corresponding to SU(2)b. The generators X i = {gT a, g′Y } are defined in Eq. 2.15.

In order to generate nondegenerate masses, the heavy particle mass, M cannot be uni-

versal. Replace M →M(1−∆) everywhere with

∆ =


δu + δd

δu + δd

δd − 3δu

δu − 3δd

 (2.22)

where SU(4)R space is shown, and δu,d are two independent matrices in the flavor U(2)f

space. The matrix ∆ can be treated as a spurion transforming as in Table 2.1. Since it
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transforms nontrivially under SU(4)R it is now possible to construct mass terms atO(yLyR∆)

of the form

Ly2∆ =
Λ2

M
qLY†LΣ∆Σ†YR qR + h.c. (2.23)

The up-type quark mass matrix is then given by the sum of terms

Mu = −vu
ηqηuM

f

(
3αb − α′b

16π
+ 4δu

)
(2.24)

where ηi ≡ yiΛ/M and the sign of ∆ determines the relative sign between the two contri-

butions. The down-type quark mass matrix is the same with subscripts u, d interchanged.

To avoid fine tuning, the maximal size of the universal O(y2αb/4π) term should be O(mu).

Therefore, the charm mass arises mainly from the δu term, as mc � mu, and so one of the

eigenvalues of 4ηqηuMδu/f must be λc. Since ∆ has to be perturbative (3δu,d < 1), γ1,2 are

bounded via

1

3
&
λc
λu

3αb − α′b
64π

. (2.25)

This bound is easier to satisfy in the down sector than in the up sector, as the amount of

fine tuning is determined by the mass splitting. By having the two contributions partially

cancel each other in the up sector, we can account for the physical up quark mass at the cost

of moderate fine tuning.

Introducing ∆ into single derivative operators,

Ly2∆D =
Λ2

M2
qLY†LΣ∆ /DΣ†YL qL + L↔ R + h.c. (2.26)

leads to flavor off-diagonal couplings for the exotic gauge bosons. Focusing on the neutral

∆S = 1 currents, to leading order in (v/f)2 these have the form

L∆S=1 =
η2
dMZ′′

f
dR /Z

′′
[
R†d (δu − 3δd)Rd

]
12
sR

+
η2
qMZ′

f
dL /Z

′
[
L†d (δu + δd)Ld

]
12
sL + h.c. (2.27)
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The ∆S = 2 currents is bound from above by

L∆S=2 .
η2
qλ

2
c

4η2
uM

2

[
dLγµsLdLγ

µsL +
η4
d

η4
q

dRγµsRdRγ
µsR

]
(2.28)

where the bound is saturated when assuming all relevant mixing angles are O(1). If we also

assume ηq ∼ ηu,d, then we require M & 10 TeV.

2.3 Adding Leptons

Dirac neutrino masses are generated in the same way as quark masses, which allows the

model to be constrained with respect to Z ′ phenomenology and rare leptonic decays. The

universal O(αb) lepton mass can be made small without any fine-tuning, unlike in the quark

sector, as the mass ratio µ/e is significantly smaller than c/u.

The bounds on the MZ′ and MZ′′ are estimated by rescaling the bounds on Z ′SSM [126],

where the Sequential Standard Model (SSM) assumes that the Z ′SSM has the same gauge

coupling at the SM Z boson. For η`,ν,e � 1 the Z ′ and Z ′′ couplings are g tan γ2T3 and

g′ tan γ1Q, respectively, where T3 is the neutral gauge generator of the SM SU(2) and Q is

the electric charge generator. Taking f = 1.5 TeV, the mass bounds are

MZ′ & 2.0 TeV MZ′′ & 1.6 TeV γ1,2 ≤
π

4
(2.29)

For rare lepton decays, the neutral currents that change lepton flavor are completely anal-

ogous to the ∆F = 1 currents in the quark sector. The branching fraction, B, for µ → 3e

can be bounded from above by:

Bµ→3e .
λ2
µ

2G2
Ff

2M2

(
45η2

e sin4 γ1

η2
l

+
η2
l sin4 γ2

η2
e

)
(2.30)

where the bound is saturated forO(1) mixing angles and we assume the neutrino contribution

is negligible. For γ1,2 that saturate the bounds on MZ′ and MZ′′ and M ∼ 5 TeV the

branching ratio is a tenth of the experimental bound, if ηl ∼ ηe. It is worth noting that the

large mass scale M in the lepton sector should be on the same order as the mass scale in the

quark sector.
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It is interesting to consider Majorana neutrinos instead of Dirac and implement a Seesaw

mechanism [127–130]. There is a Majorana mass term at O(y2∆2ε) of the form

Lεy2∆2 =
Λ3

M2

[(
Σ∆Σ†

)
YL`

]T
ε
[(

Σ∆Σ†
)
YL`

]
+ h.c. ,

ε =
Λ

MN


0 0 0 0

0 0 0 0

0 0 δν 0

0 0 0 0

 (2.31)

where ε is a new ∆L = 2 spurion transforming as in Table 2.1 and MN is the large Majorana

mass. There are additional contributions with ∆ replaced by gauge generators. The analysis

of a model with Majorana neutrinos is more complicated and is left for future work, along

with a full treatment of three families and CP violation. Majorana neutrinos were also the

subject of Ref. [131].
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Chapter 3

THE ROLE OF THE ELECTRON MASS IN DAMPING CHIRAL
PLASMA INSTABILITY IN SUPERNOVA AND NEUTRON

STARS1

The inference of extreme surface magnetic fields BS ' 1014−1015 G from observations of

a class of neutron stars called magnetars [132] raises many questions about how and when

such fields are generated. In the conventional scenario, they are expected to arise either due

to strong hydrodynamical or magnetohydrodynamic instabilities during core-collapse super-

nova, or during the early evolution of the proto-neutron star [133–135]. Other mechanisms,

which rely on a spontaneous magnetization of the ground state of strongly interacting matter

at extreme density, have also been proposed; these remain speculative due to large theoretical

uncertainties. Recently in [136], it was suggested that Chiral Plasma Instability (CPI) [137]

could be used to generate large fields. In this intriguing scenario, a net chiral charge is

produced during core collapse of the progenitor star. As matter is compressed during core

collapse, left-handed electrons are captured by protons due to the weak interaction, which

results in an imbalance between the Fermi energies of left-handed and right-handed electrons.

This imbalance triggers an instability that equilibrates the two chiralities and the released

energy drives the growth of a coherent magnetic field. Key to this analysis is the assump-

tion that the electron mass, which explicitly violates chirality, can be neglected [136]. The

authors argue that this is a reasonable approximation because the electron mass me = 0.51

MeV is much smaller than the typical electron Fermi momentum pFe ' 100 MeV encountered

in supernova and neutron stars. This assumption is revisited here and found to be false; the

electron mass cannot be neglected as it leads to chiral charge equilibration much faster than

1This work has been previously published in Ref. [2]
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the weak interactions can create an asymmetry, and that therefore this mechanism does not

lead to astrophysical interesting magnetic fields.

3.1 Magnetic Field and Chiral Chemical Potential

The Chiral Plasma Instability for massless electrons with only electromagnetic interactions

will be reviewed first. In this case, chiral symmetry is only violated by quantum effects (the

anomaly), and at the classical level left and right handed electron numbers are separately

conserved. Absent the chiral anomaly, inverse beta decay during core collapse of the neutron

star progenitor leads to a net chiral charge in the resultant neutron star. Already in 1980,

Vilenkin had realized that a net chiral charge density in the plasma would result in an

anomalous current of the form

~J =
2α

π
µ5
~B , (3.1)

where µ5 = µR − µL is the chemical potential associated with the chiral charge density,

and µR and µL are the chemical potentials associated with the right and left handed mass-

less particles, ~B is the magnetic field, and α = e2/4π is the fine structure constant [137].

Vilenkin, and soon afterwards, Rubakov and Tavkhelidze also recognized that the ground

state with a chiral charge density would be unstable, and that this instability would resolve

by generating a magnetic field [137–139]. More recently, there has been renewed interest

in similar phenomena in the context of relativistic heavy-ion collisions, and is now widely

known as the Chiral Magnetic Effect [140].

The current given in Eq. 3.1 is referred to as the chiral magnetic current; it can be derived

from a parity violating effective action for the gauge fields (in the plasma rest frame) of the

form ∫
d4x d4y g(x− y)ε0ijkAi(y)∂jAk(x)

where g(x− y) is in general nonlocal and proportional to µ5 with the chiral plasma current

arising from the leading term in a derivative expansion of g. [139] The origin of the chiral

magnetic current is easy to understand: in a constant magnetic field electrons occupy Landau
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levels, where each Landau level can be viewed as a 1+1 dimensional Dirac fermion traveling

along the direction of the magnetic field; the excited levels contain electrons of both spin

polarizations, while the lowest Landau level only contains electrons with spin anti-aligned

with the field. At nonzero µ5 it follows that there is a difference between the density of

particles in the lowest Landau level moving parallel to the magnetic field (LH chirality)

versus antiparallel (RH chirality), and hence there exists an electric current in the direction

of the magnetic field, ~B. It is given by the 1 + 1 dimensional current density in the magnetic

field direction, (eµ5/2π), times the transverse density of the lowest Landau orbits, (eB/π)

(see derivation in [94], for example). Nonzero µ5 also forces a chiral asymmetry in the

excited Landau levels, but as these levels contain electrons of both polarizations they do

not contribute to the electric current. No mention has been made of the anomaly, but the

Landau level picture of the anomaly in 3+1 dimensions shows that the two are intimately

related. 2

When modified to incorporate the chiral magnetic current, Eq. 3.1, and finite electrical

conductivity, Maxwell’s equations read

∂ ~B

∂t
= −∇× ~E (3.2)

∇× ~B − ∂ ~E

∂t
= σ ~E +

2α

π
µ5

~B ≡ ~J , (3.3)

where σ is the electrical conductivity, scaling as µe/α. The normal component of the electric

current is given by J = σ ~E because, as will be show below, the electron mean free path is

short compared to other the length scales in the problem. Assuming constant σ and µ5, and

ignoring the ∂ ~E/∂t term (justified below) the above equations are combined to give

∂ ~B

∂t
=

1

σ
∇2 ~B +

2α

πσ
µ5∇× ~B , (3.4)

which describes the time evolution of ~B in the presence of the Chiral Plasma current. The

2See J. Preskill’s lecture notes on Quantum Chromodynamics at http://www.theory.caltech.edu/
~preskill/notes.html, pp. 3.43-3.45, or else the derivation in Ref. [94].
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unstable modes are characterized by the vector potential

~A± = (x̂± iŷ) e(ikz−iωt) , (3.5)

which corresponds to electric fields ~E± = iω ~A± and magnetic fields ~B± = ±k ~A±, where
the ± subscript denotes the helicity of the fields for positive k. The wavenumber k and the

frequency <[ω] are constants. Eq. 3.3 has exponentially growing solutions, whose helicity

depend on the sign of µ5, with amplitude

Bk(t) = Bk(0)etk(2k?−k)/σ , k? =
αµ5

π
(3.6)

for 0 < k < 2k?, where Bk(0) is the initial magnetic field – either a thermal fluctuation,

or the field inherited from the progenitor star. Note that the terms kept in Eq. 3.4 are

proportional to k2
?/σ, while the term ∂ ~E/∂t neglected in going from Eq. 3.3 to Eq. 3.4 is

smaller by a factor of ω/k = k?/σ = O(α2); similarly the neglected plasma frequency of the

photon has a negligible effect on the growing mode solution. The maximally unstable mode

occurs for k = k?, with that mode growing as

B?(t) = B?(0) exp (ΓCPI t) , ΓCPI =
k2
?

σ
=
α2µ2

5

π2σ
. (3.7)

For a recent discussion of this instability in the context of the high temperature plasmas and

matter encountered in the early universe see Ref. [141–143].

The local evolution of the chiral charge density is described by the anomaly equation

∂µj
µ
5 = − α

2π
FαβF̃

αβ = −∂µKµ , Kµ =
α

π
εµαβγAα∂βAγ . (3.8)

Integrating over space and assuming fields vanish at spatial infinity yields the conservation

law

d

dt

(
n5 +

α

π
H
)

= 0 , H =
1

V

∫
d3x ~A · ~B , (3.9)

where n5 = N5/V is the average chiral charge density, V is the volume, and H is the gauge

invariant “helicity density". Note that a time-dependent helicity implies a nonzero electric
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field, and thus the above equation can be simply understood as the conventional effect of an

electric field changing the momenta of electrons in the lowest Landau level.

Since the field Eq. 3.5 has nonzero helicity, the growth of the unstable mode converts

electron chiral charge density n5 into electromagnetic helicity H at a rate

∂n5

∂t
= −α

π

dH

dt
= −2αΓCPI

πk?
B?(t)

2 = −2α2µ5

π2σ
B?(t)

2 ≡ −ΓBn5 , (3.10)

where B?(t) is given in Eq. 3.7. The free energy in the magnetic field is supplied by the im-

balance of Fermi energy between left and right handed electrons. In time, µ5 is driven to zero

locally, and a global helical magnetic field that spontaneously breaks rotational symmetry is

generated. This is the phenomena essential to the proposed mechanism for generating large

magnetic fields during the supernova in Ref. [136]. However, one immediately sees a prob-

lem with using the CPI to directly generate large coherent magnetic fields on astrophysical

scales: for long wavelength magnetic fields, k? must be exceedingly small compared to µe,

as must to a lesser extent µ5 = πk?/α. This in turn implies both that the growth rate ΓCPI

would be very slow and that the total amount of electron energy available for conversion

to magnetic field energy would be very small. For example, for k? ∼ (100 m)−1 one finds

µ5 ∼ 10−6 eV and ΓCPI ∼ (1 yr)−1. While a large value of µ5 can produce a large field with

short wavelength, a subsequent mechanism is needed to convert this into a coherent field

on a macroscopic length scale. Although such a mechanism, called the inverse cascade, has

been proposed in Ref. [144], in what follows we show that in the supernova large values of

µ5 are unlikely.

In order to find out what actually happens, the size of µ5 in a core collapse supernova must

be estimated, and so consider massive electrons must be considered. The anomaly equation,

Eq. 3.8, is modified to include explicit chiral symmetry breaking due to the electron mass

∂µj
µ
5 = 2imψ̄γ5ψ −

α

2π
FαβF̃

αβ . (3.11)

It is not particularly simple to use this equation directly to compute rates in a plasma, since

single particle asymptotic states are no longer eigenstates of chirality. Instead it is useful to
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discuss electron helicity eigenstates, as helicity is exactly conserved for any electron mass in

the absence of interactions. For free massive electrons in a multi-electron state of definite

helicity |h〉, the expectation value 〈h|n5|h〉 is time-independent since |h〉 is a stationary state,

despite n5 not commuting with the Hamiltonian. In fact, this expectation value is given by

the sum of helicity times the magnitude of the velocity (|p|/E) for each electron — a result

that goes smoothly to the m = 0 limit, since in that limit all electrons have |p|/E = 1

and helicity becomes synonymous with chirality. Interactions are now turned on and the

evolution of |h〉 due to electron helicity flipping interactions can be seen to lead to a time

dependence of the expectation value of n5, where

n5(t) =

∫
d3k

(2π)3
[f+(k, t)− f−(k, t)]

|k|
ωk

, (3.12)

f±(k, t) being the electron occupation number in a state with momentum k and ± helicity.

Assuming that deviations of f±(k, t) from equilibrium are small, and using linear response

with

f±(k, t) = f(k)± ∂f(k)

∂µ
δµ5(k, t) ' f(k)± ∂f(k)

∂µ
δµ̄5(t) , (3.13)

where δµ̄5(t) is k-independent and f(k) is the equilibrium Fermi-Dirac distribution

f(k) =
1

1 + e−β(ωk−µe)
, ωk =

√
k2 +m2

e . (3.14)

For the first part of Eq. 3.13, |δµ5(k, t)| � µe was assumed for all k, an approximation

which will be seen to be self-consistent, as the equilibration of n5 to zero due to electron

helicity changing scattering is found to be much faster than the rate of change of n5 arising

from either the CPI or the weak interactions. For the second part of Eq. 3.13 the fact

that ∂f/∂µ only has support for |k − µe| . T was used, and assumed that δµ5(k, t) is

roughly independent of k in this region, allows for the replacement δµ5(k, t)→ δµ̄5(t). This

latter assumption is justified by the fact that helicity preserving scattering will be fast (not

suppressed by the small electron mass) and so the positive and negative helicity electrons

will each be in independent approximate quasi-static thermal equilibrium. Given Eq. 3.13
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n5 can be expressed as

n5(t) ' 2δµ̄5(t)

∫
d3k

(2π)3

∂f(k)

∂µ

|k|
ωk

' δµ̄5(t)µ2
e

π2
, =⇒ ṅ5

n5

' δ ˙̄µ5

δµ̄5

, (3.15)

where again the fact that ∂f(k)/∂µ is sharply peaked at |k−µe| . T is used, withme, T � µe.

The contribution to ṅ5/n5 arising from electron helicity changing scattering is referred to as

−Γm, as this contribution must vanish at zero electron mass.

The helicity changing Rutherford scattering of electrons off the ambient protons is the

dominant contribution to Γm. Other contributions come from electron-electron scattering

and Compton scattering, but the former is expected to be suppressed relative to Rutherford

scattering due to the fact that electrons are far more degenerate than protons, while the

latter is relatively suppressed since the proton density scales as µ3
e, while the ambient photon

density scales as T 3, where T is the temperature and T/µe . 1/10 during the core collapse.

From the Boltzmann equation, in the approximation of Eq. 3.13,

∂t δµ5(k, t)

δµ5(k, t)
= −2

1

2ωk

∫
d3k′

(2π)32ωk′

1 + eβ(ωk−µe)

1 + eβ(ωk′−µe)
W (k, k′)+− (3.16)

where

W (k, k′)hh′ =

∫
d3p d3p′

(2π)32ωp(2π)32ωp′
|Mhh′ |2(2π)4δ4(p+ k − p′ − k′)f(p′) (1− f(p)) (3.17)

for electron scattering with incoming and outgoing momentum and helicity (k, h) and (k′, h′)

respectively, where p, p′ are the proton momenta, and Mhh′ is the Rutherford scattering

amplitude averaged and summed over incoming and outgoing proton spins. Neglecting proton

recoil (suppressed by µe/Mp),

|M|2+− = 128π2α2
E2

pm
2 (1− cos θ)

(2k2(1− cos θ) + q2
D)

2 (3.18)

where θ is the scattering angle, Ep is the proton energy, and the inverse Debye screening

length qD provides an infrared cutoff to the scattering process. Inserting this expression into

Eq. 3.16 and evaluating at k = µe, where ∂f/∂µ is peaked,

Γm = −
(
δ ˙̄µ5

δµ̄5

)
Ruth.

= −
(
∂t δµ5(k, t)

δµ5(k, t)

)
Ruth.

∣∣∣∣∣
k=µe

' α2m2
e

3πµe

[
ln

4

x
− 1

]
, x ≡ q2

D

µ2
e

.(3.19)
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Because proton degeneracy and recoil can be neglected, this result coincides with the simpler

expression Γm = npσR(µe), where np is the proton density and σR(µe) is the Rutherford

cross section for electrons on the Fermi surface. Noting that q2
D = 4πα ∂2Ω/∂µ2

e, where

Ω is the total free energy of the plasma, and that at the fiducial density and temperature

characteristic of the supernova, the electrons can be treated as degenerate and protons as

non-degenerate and so x = 4α(1 + (µe/3T ))/π. For µe = 100 MeV and T = 30 MeV,

Γm ' 6× 10−8 MeV ' 1014/ s.

The equation for the local evolution of the net helicity density including helicity flipping

and electron capture rates is given by

1

n5

∂n5

∂t
= −ΓB − Γm +

ne
n5

Γw (3.20)

where Γw is the rate of depletion of the electron fraction Ye due to electron capture via

charged current interactions during core collapse. Although Γw is density and temperature

dependent, and thus governed by complex supernova dynamics, a nearly model independent

upper bound can be be derived by noting that the total change during core collapse δYe ' 0.4

occurs on a time scale that is greater than the free-fall timescale tfree-fall ' 100 ms. Therefore,

Γw =
Ẏe
Ye

< 10 s−1 . (3.21)

However, simulations indicate that the typical value is Γw ' 1 s−1 [145] and this numerical

estimate is used in the following calculations. Γm is the equilibration rate of n5 due to

explicit chiral symmetry breaking by the electron mass, given above in Eq. 3.19, and ΓB is

the anomalous depletion rate of n5 due the conversion of n5 into magnetic field via the CPI.

A formula for ΓB is derived in the massless electron limit in Eq. 3.10, in the presence of

a chemical potential µ5. In the realistic case with nonzero electron mass, chirality is only

approximately conserved, and there is no chemical potential for chirality. Instead there is the

effective δµ̄5(t) computed in Eq. 3.15. However, simply substituting this into Eq. 3.10 is not

valid in general, since the growing mode solution Eq. 3.7 was derived assuming a constant

µ5, which can be thought of as allowing the heat bath to provide an infinite source of energy

for the growing magnetic field.
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The case where it is approximately valid to use Eq. 3.10 with the substitution µ5 → δµ̄5(t)

is when the CPI effect has a negligible effect on the background chiral density n5. This regime

can be explored to show that it is in fact a self-consistent solution during core collapse.

Neglecting ΓB in Eq. 3.20, a fixed point solution is found where the slow production of

n5 from the weak interactions is balanced against the rapid equilibration of n5 due to the

nonzero electron mass:

n5 =
Γw
Γm

ne ∼ 10−14ne . (3.22)

Using Eq. 3.15, this steady-state density corresponds to a very small time-independent ef-

fective chemical potential

δµ̄5 =
π2n5

µ2
e

=
π2neΓw
µ2
eΓm

' µe
3

Γw
Γm
∼ 1

3
10−14µe (3.23)

This steady state value can be used to compute the rate of magnetic field production, ΓB, as

well as the length scale of the unstable mode, k?; k? is fond to be k−1
? = π/(αδµ̄5) ∼ 250 m

for µe ' 100 MeV which is astrophysically interesting. Since k−1
? is a macroscopic length

scale it is much larger than the electron mean free path which justifies the use of Eq. 3.3 to

calculate the growth of the CPI. Using the above expression for δµ̄5 in Eq. 3.10 and Eq. 3.7

to compute ΓB, we find

ΓB(t) =
2α2

π2σ

δµ̄5

n5

B?(t)
2 =

2α2

σµ2
e

B?(t)
2 =

2α2

σµ2
e

B?(0)2e2tΓCPI , ΓCPI =
α2δµ̄2

5

π2σ
. (3.24)

The above expression for ΓB is only valid to the extent that ΓB � Γw, or else the fixed

point solution Eq. 3.22 – obtained by ignoring the effects of ΓB – will not be correct. Such an

inequality will break down eventually due to the exponential growth of B?(t) if the prefactor

proportional to the seed field B?(0)2 at wavenumber k? is sufficiently large and the time

scale Γ−1
CPI is sufficiently short compared to the duration of core collapse and the concomitant

electron capture.

Both the prefactor and the exponential growth rate depend on the electrical conductivity

σ, which is quite high in the supernova plasma. A lower bound can be derived by assuming
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that protons are non-degenerate and uncorrelated,

σ & σmin =
µe
4α

[
ln

4

x
− 1

]−1

, x ≡ q2
D

µ2
e

. (3.25)

which implies that

ΓB(0) =
2α2

σµ2
e

B?(0)2 .
8α3

µ3
e

[
ln

4

x
− 1

]
B?(0)2 ∼ Γm ×

(
B?(0)

5× 1014 G

)2

(3.26)

and

ΓCPI =
α2δµ̄2

5

π2σ
.

4α3

9π2

[
ln

4

x
− 1

](
Γw
Γm

)2

µe ∼ 6× 10−34 MeV ∼ 10−12 s−1 . (3.27)

At the beginning of the collapse, the assumption that ΓB may be neglected compared to Γm is

justified unless the initial seed field B?(0) is already very large, around 1015 G. Furthermore,

for more moderate initial magnetic fields, the extremely slow growth rate means that no

exponential enhancement of the magnetic field occurs during the few seconds of core collapse.

Finally it should be noted that if ΓB was ever large compared to Γm, that would only serve

to drive n5 smaller, slowing the process down and driving it to smaller wave number k?. It

is remarkable that the relatively large value obtained for Γm – which is proportional to m2
e

– is responsible for damping out the Chiral Plasma Instability. This may be the first time

that the fact that the electron is not massless has been shown to play a critical role in the

structure and evolution of neutron stars.

In closing, a few comments on the idea that a permanent instability could persist in cold

neutron matter due to the the neutral current interaction between electrons and neutrons,

proportional to GF (ēγµγ5e)(n̄γµn). It has been observed that in mean field theory, this term

gives an effective contribution to the electron dispersion relation that resembles a chiral

chemical potential, (GFn)(ēγ0γ5e), where n is the neutron density. That such a term could

lead to a magnetic instability was proposed in ref. [146], and considered but discarded much

earlier by Vilenkin [147], who also considered the effects of rotation. While an attractive

idea for generating the large magnetic fields observed in magnetars, there is an absence of an

energy source for the growing magnetic field in this scenario, making Vilenkin’s conclusion
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that such a mechanism does not work more intuitively plausible. This is to be contrasted

with the scenario considered in this paper, where the growth of the helical magnetic field is

powered by gravitational energy released during core collapse and temporarily stored in fermi

energy of the left handed and right hand electrons, which are temporarily out of thermal

equilibrium with each other; a mechanism that fails because the electron mass does not allow

them to depart very far from equilibrium. Apparently what is needed to explain magnetars is

a more efficient mechanism for transferring the gravitational energy released during collapse

into electromagnetic energy.
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Chapter 4

SIGN PROBLEMS, NOISE, AND CHIRAL SYMMETRY
BREAKING IN A QCD-LIKE THEORY1

The QCD Lagrangian was formulated over 40 years ago and yet its application to the

properties of bulk matter at nuclear density has proven to be stubbornly intractable. An

inherently nonperturbative problem, the only reliable tool available for solving QCD in this

energy regime is Monte Carlo evaluation of lattice QCD. Unfortunately, lattice methods

suffer from a severe sign problem in the grand canonical formulation that renders Monte

Carlo techniques useless for the simulation of nuclear matter at arbitrary baryon chemical

potential. In a canonical formulation, despite recent impressive progress in studying light

nuclei and hypernuclei [148], there remain severe problems with signal-to-noise ratios; these

problems seem to share a similar underlying cause as the sign problem, namely the lightness

of meson states compared to baryon states. Continued here is the research program outlined

in Refs. [149–151] where a study of the probability distributions of correlators was used to

argue that the origins of the sign or noise problem lie in the dynamics and spectrum of the

theory, and that it is not especially useful to think of it as a “fermion" sign problem. In the

particular case of QCD, the severity of the sign problem is closely related to the phenomenon

of chiral symmetry breaking and the consequential existence of a light pion.

Here, to elucidate the connection between the QCD sign problem and chiral symmetry

breaking, a simpler theory – the Nambu-Jona-Lasinio (NJL) model [152] in three dimensions

is studied. This formulation of the NJL model with N flavors is of particular interest because

it is soluble in large N , because it exhibits chiral symmetry breaking without the compli-

cation of confinement, and because it has two complementary but equivalent path integral

1This work has been previously published in Ref. [3]
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formulations – one of which looks very QCD-like and has a severe sign problem, while the

other resembles more closely the chiral quark model [29] and has no sign problem.

After reviewing some of the features of the sign problem in QCD, an analysis of the NJL

will be presented. In particular, probability distributions for correlator measurements are

analytically calculated, which show how the noise spectrum in these measurements is related

to the presence or absence of a sign problem in the grand canonical formulation. These

results should be directly applicable to suitable lattice formulations of this theory, though

all the analysis is analytic and in continuum Euclidean spacetime. 2 Lastly, this chapter

will conclude with speculation on the implications of this analysis for finding a path integral

formulation of QCD that would allow for numerical study of bulk matter.

4.1 The sign and noise problems in QCD and the unique role of the pion

Numerical simulations of lattice QCD involve an approximation of the Feynman path integral

in Euclidean spacetime. This requires a Monte Carlo evaluation of the averages of operators

of interest - such as hadron correlation functions - over an ensemble of background gauge

field variables generated with probability distribution

P(U) ∝ e−S[U ]∆[U ] (4.1)

where U is a link variable for the gluon degrees of freedom, S is a suitable discretization

of the Yang-Mills action, and ∆ is the fermion determinant; both S and ∆ are functionals

of the link variable U . This program has been very successful for determining properties

of the QCD spectrum in the vacuum, but it runs into an obstacle when trying to simulate

matter at finite density in a grand canonical ensemble. The fermion determinant ∆ is a

discretized version of det( /D − m + µγ1), where Dµ is the covariant derivative, m is the

quark mass, µ is the chemical potential for the quark number, and the gamma matrices

γ1, . . . , γ4 are all Hermitian. At nonzero µ the fermion operator is in general complex, since

µγ1 is Hermitian while /D is anti-Hermitian, and the two do not commute. As a result the

2Note that x1, ∂1, and γ1 with the Euclidean time direction; γ matrices satisfy {γµ, γν} = 2δµν .
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expression in Eq. 4.1 is not a suitable probability measure for the gauge field configurations;

this problem has nothing to do with discretization of the lattice action, since it is a property

of the continuum functional. Therefore, the discussion here will focus on the sign problem

in the continuum, as the discretization of spacetime is not directly relevant (although a poor

choice of discretization can in principle introduce additional sign problems not present in the

continuum theory).

At nonzero chemical potential ∆(Aµ, µ) = |∆(Aµ, µ)|eiθ; the phase starts to fluctuate

wildly with changes of the gauge field for µ ≥ mπ/2 at low temperature [153]. This behavior

seems precocious, since at T = 0, nonzero µ can have no effect on the free energy until

µ ≥ mN/3 > mπ/2, where mN is the nucleon mass. The phenomenon was clearly explained

by Splittorff and Verbaarschot [154, 155] (SV) who noted that for two degenerate flavors,

|∆(Aµ, µ)| correctly describes the fermion determinant with a chemical potential µ for isospin

- namely +µ for the up quark and −µ for the down quark. Such a system will exhibit Bose-

Einstein condensation of pions, with free energy becoming rapidly negative for µ > mπ/2, as

the pion is the lightest state carrying isospin. From chiral perturbation theory they derive

the estimate (in a continuum Euclidean spacetime volume V , for µ ≥ mπ/2)∫
[dA]

[
e−SYM [A]

∣∣det
(
/∂ −m− µγ1

)∣∣2 e2iθ
]

∫
[dA]

[
e−SYM [A]

∣∣det
(
/∂ −m− µγ1

)∣∣2] ' 2µFπ/m
2
π√

2πV F 4
π

e−2V F 2
πµ

2(1−m2
π/4µ

2)2

, (4.2)

where Fπ is the pion decay constant. This result shows that the phase θ[A] is responsible

for cancellations in the integral that lead to this ratio going to zero exponentially with the

volume for µ > mπ/2. The sign problem can be thought of as being necessary to keep pions

out of the ensemble for nonzero baryon number.

A complementary obstacle is seen when studying the baryon spectrum in a canonical

formulation of lattice QCD, at zero chemical potential. A typical approach to compute the

mass MB of the ground state with baryon number B is to use Monte Carlo methods to mea-

sure the correlation function CB(τ) = 〈O(0, τ ;Aµ)〉, where O = G(0, τ ;Aµ)3B, G being the

quark propagator from time t = 0 to t = τ , with color, flavor, and spin indices appropriately
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contracted to produce a state with the desired quantum numbers. This correlation function

must behave as CB(τ) ∝ exp(−MBτ) at large τ and one can therefore extract MB as the

limit of MB = − lnCB(τ)/τ as τ →∞. This procedure seems straightforward and innocent

of any sign problem since we have set µ = 0 and the fermion determinant is real and positive.

However, one finds that a Monte Carlo measurement of CB(τ) is very noisy at late time.

A particularly simple explanation was given by Lepage [156]: he pointed out that the vari-

ance in the measurement of CB is given by the average σ2 = 〈G(0, τ ;Aµ)3BG†(0, τ ;Aµ)3B〉,
corresponding to the propagation of 3B quarks and 3B antiquarks, with a ground state con-

sisting of 3B pions. Therefore one would expect σ2 ∝ exp(−3Bmπτ) at late time, with

the signal-to-noise ratio for the Monte Carlo measurement of CB being proportional to

exp(−3τ(MB/3 − Bmπ/2)), which vanishes exponentially fast since the mass of B pions

is less than 2/3 the mass of the B-nucleon ground state. Thus eventually the signal will

always be overwhelmed by noise, and again it is due to the pion being lighter per constituent

quark than the nucleon, just as we saw in the grand canonical example. If one works at

fixed baryon density ρ with B = V ρ, where V is the volume, one sees that the noise problem

grows exponentially with the volume, as one would expect from the problem encountered in

the grand canonical approach, Eq. 4.2.

Savage3 has extended the analysis to look at higher moments of the distribution function

for CB. Even moments all involve equal numbers of quarks and antiquarks, and therefore fall

off exponentially with a rate determined by the pion mass. However odd moments involve

expectations of operators with a net baryon number, and fall off more quickly, relative to σ -

exponentially with the nucleon mass. With odd moments vanishing faster with τ than even

moments, one can conclude that the probability distribution for CB evolves exponentially

fast at late time to a symmetric distribution with vanishing mean, a manifestation of the

sign problem that in either approach is due to the existence of the light pion.

There have been a number of microscopic analyses of the QCD sign problem (for example,

3M. Savage, private communication, 2010.
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Ref. [154]), as well as general proposals to modify the conventional approach to simulating

the Feynman path integrals (such as the meron cluster approach, Ref. [157]). Here, the

connection between the sign problem and chiral symmetry breaking, the origin of the pion’s

small mass, will be pursued further.

4.2 The large-N NJL model in three dimensions

Consider a modified version of the original NJL model [152], with N flavors and reduced

from four to three Euclidean dimensions:

L = N
(
ψa(/∂ −m)ψa −

g

2

[
(ψaψa)

2 + (ψaiγ5ψa)
2
])

, (4.3)

where a, b, . . . are flavor indices summed over 1, . . . , N , three-dimensional (3D) coordinate

indices are i, j, . . ., summed over 1, 2, 3 and Greek indices µ, ν, . . . are summed over four-

dimensional (4D) coordinates 1, . . . , 4. Thus /∂ = γi∂i, for example. The gamma matrices

are the usual 4 × 4 matrices used in 4D, not the 2 × 2 matrices appropriate for 3D, and

so the Lagrangian represents 2N flavors of 3D Dirac fermions. However, in general, 4D

nomenclature will be used- in particular, in the limit m → 0 this theory has a U(1) chiral

symmetry in 4D, which becomes a flavor symmetry in 3D; despite the fact that there is no

notion of chiral symmetry in 3D, the global U(1) symmetry will be referred to as a chiral

symmetry.

In 3D, this model still exhibits the key feature of the original NJL model, the phe-

nomenon of spontaneous chiral symmetry breaking that gives rise to a Goldstone boson

which, in analogy to 4D, will be called the pion. The theory is analyzed in a 1/N expansion

using techniques similar to those used in the Gross-Neveu model, which is formulated in

two-dimensional (2D). 4 This theory has been reviewed in [158, 159] and has been studied

numerically in [160].

4Although the theory given in Eq. 4.3 is often referred to as the Gross-Neveu model, it is not asymptotically
free and chiral symmetry breaking requires a critical value for the coupling g as in the original NJL model
in 4D, and unlike the original Gross-Neveu model at large-N in 2D; therefore, the model will be referred
to as as the 3D NJL model at large N .
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4.2.1 The σ/π formulation

The conventional treatment of the theory Eq. 4.3 is to introduce auxiliary fields σ and π to

obtain a bilinear fermion action,

L = N

(
1

2g

(
σ2 + π2

)
+ ψa

[
/∂ −m+ σ + iπγ5

]
ψa

)
. (4.4)

In this formulation, the σ and π fields are singlets under the SU(N) flavor symmetry, while

φ = (σ + iπ)/
√

2 transforms linearly under the chiral U(1) symmetry. With the above

normalization, N counting is simple: every vertex and every fermion loop brings a factor of

N , every propagator a factor of 1/N . Loops that include scalar propagators do not give a

factor of N , since the mesons do not carry the N flavors.

No sign problem

An interesting feature of this theory is that at finite chemical potential the fermion deter-

minant is real, and for even N , it is positive. To see this, note that there exists a real

symmetric charge conjugation matrix C that satisfies C2 = 1, CγiC = γ∗i for i = 1, 2, 3,

and Cγ5C = −γ∗5 . For example, taking γi = σ1 × σi, γ5 = σ3 × 1 with C = σ2 × σ2, the

fermion operator for a single flavor in the grand canonical formulation satisfies D∗ = CDC,

where D = (/∂ − m + σ + iπγ5 + µγ1). It follows that complex eigenvalues of D come in

conjugate pairs, while real eigenvalues can be unpaired. Thus detD for the N -flavor theory,

Eq. 4.4, equals a real number raised to the power N and is positive for even N . This implies

that there is no sign problem obstacle to simulating this theory at finite density using Monte

Carlo methods [161].

Chiral symmetry breaking

Integrating out the fermions gives rise to the effective action Seff = NS(σ, π), where

S[σ, π] =

∫
d3x

[
1

2g
(σ(x)2 + π(x)2)− Tr ln(/∂ −m+ σ(x) + iπ(x)γ5)

]
. (4.5)
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The large-N expansion is equivalent to the semiclassical expansion, and the vacuum is char-

acterized by the classical solution that minimizes the action S. The action with constant

σ, S(σ, 0), can be computed using using dimensional regularization and minimal subtraction

(MS). 5 Up to an irrelevant additive constant

S(σ, 0) = V T

[
σ2

2g
+

[(σ −m)2]
3/2

3π

]
, (4.6)

where the system is in a box of spacetime volume V T . Defining the chiral symmetry breaking

minimum to be at 〈σ〉 = f , when m = 0,

∂S(σ, 0)

∂σ

∣∣∣∣∣
m=0
σ=f

= 0 =⇒ g = −π
f
, (4.7)

with f > 0. With this value for g (which is renormalization scheme dependent) and for

nonzero quark mass m > 0,

S(σ, 0) = V T

[
−σ

2f

2π
+

[(σ −m)2]
3/2

3π
+ S0

]
, (4.8)

with minimum at

〈σ〉 =
f

2

[
1 +

√
1 + 4η + 2η

]
, η ≡ m

f
, (4.9)

which shows how the chiral symmetry breaking minimum depends on the explicit quark

mass. The constant, S0, is chosen such that the action vanishes in the chiral symmetry

breaking vacuum:

S0 =
f 3

12π

[
(1 + 4η)3/2 + (1 + 6η + 6η2)

]
. (4.10)

Next expanding the effective action S to second order in spacetime dependent fluctuations

of the σ and π fields,

S(σ, π) = S(〈σ〉, 0) +
1

2
V 2T 2

∫
d3k

(2π)3
[Dσ(k)δσ(k)δσ(−k) +Dπ(k)δπ(k)δπ(−k)] + . . .(4.11)

5In this theory minimal subtraction MS means no subtraction, as there are no logarithmic divergences
and hence no 1/(d− 3) poles
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where Dσ and Dπ are readily computed in the MS scheme from one-loop diagrams in the

background 〈σ〉. The constituent quark mass M is given by

M ≡ 〈σ〉 −m =
f

2

[
1 +

√
1 + 4η

]
. (4.12)

Since there is no confinement in this theory,M is the mass of the lightest fermionic excitation

and m is the current quark mass. With the fermion propagator, G(p) ≡ (−i/p+M)−1,

Dσ(k) =
1

g
+

∫
d3q

(2π)3
Tr [G(q + k/2)G(q − k/2)] = −f

π
+

(4M2 + k2) cot−1 (2M/k) + 2Mk

2πk
,

Dπ(k) =
1

g
−
∫

d3q

(2π)3
Tr [γ5G(q + k/2)γ5G(q − k/2)] =

2M − 2f + k cot−1 (2M/k)

2π
. (4.13)

To leading order in 1/N , these functions determine the σ and π dispersion relations, and

their masses are defined by the location of zeros in Dσ and Dπ, respectively. In the chiral

limit, m2
σ = (2f)2. However, the pole sits at the beginning of the two-fermion branch cut,

for m > 0 we find mσ > 2M , and so the σ field is unstable. Only at subleading order in 1/N

would one see the branch cut appear in Dσ for σ → ππ decay, as that entails an additional

quark loop. A chiral expansion for the pion mass yields

m2
π = 4fm

(
1− 1

3
η +

31

45
η2 − 1654

945
η3 + . . .

)
, (4.14)

and near the pion pole, k2 = −m2
π, the pion propagator is

1

NDπ(k)
' 1

N

Zπ
k2 +m2

π

, Zπ = 4πf

(
1 +

1

3
η − 4

15
η2 + . . .

)
. (4.15)

The positivity of m2
σ and m2

π for m > 0 shows that the correct (e.g. stable) vacuum has been

found.

4.2.2 The A/V formulation

An alternative formulation of the theory follows from using the Fierz identity

[δijδkl − (γ5)ij(γ5)kl] = 1
2

[(γµ)il(γµ)kj − (γµγ5)il(γµγ5)kj] (4.16)
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to rearrange the four-fermion interaction in Eq. 4.3 before introducing auxiliary fields. The

Lagrangian becomes

L = N
(
ψa(/∂ −m)ψa +

g

4

[
(ψaγµψb)(ψbγµψa)− (ψaγµγ5ψb)(ψbγµγ5ψa)

])
(4.17)

where /∂ = γi∂i with i summed over i = 1, 2, 3, while the γµ matrices are summed over

µ = 1, . . . , 4. This formulation invites the introduction of N ×N matrix valued vector and

axial vector auxiliary fields V and A, giving the equivalent theory

L = N

(
1

g
Tr (VµVµ + AµAµ) + ψ

[
/∂ −m+ i /V + /Aγ5

]
ψ

)
. (4.18)

N counting in this theory is different from the σ/π formulation, since the A and V meson

fields are N ×N matrices. In fact, the N counting here is identical to that of large-N QCD,

and it is convenient to employ ’t Hooft’s double-line notation for the mesons. As in QCD, the

order of a graph without external legs is given by Nχ, where χ is the Euler characteristic of

the surface defined by the graph, and so to leading order only planar graphs with a minimal

number of closed fermion loops need to be considered. However this class of graphs is much

simpler than in QCD, since the A and V mesons have no cubic or quartic interactions, unlike

gluons.

A QCD-like sign problem

In this A/V formulation, the fermion matrix at finite chemical potential is given by D(µ) =[
/∂ −m+ i /V + /Aγ5 + µγ1

]
, which is similar in structure to the QCD Dirac matrix with

nonzero chemical potential µ (with theN flavors playing the role of color) and its determinant

is similarly complex. In fact, as in QCD, an analogous SV argument [154,155] can be made

about the phase of the fermion determinant by considering two degenerate families (e.g. 2N

fermions) so that the chiral symmetry is enlarged from UL(1)×UR(1) to UL(2)×UR(2). The

fermion determinant in the case of a quark number chemical potential is (detD(µ))2 while

with an isospin chemical potential it is | detD(µ)|2, the difference between the two being the

phase e2iθ. In the latter case there is a transition to a pion-condensed state at µ = mπ/2

just as in QCD, and so the SV argument leads to a similar formula as in Eq. 4.2.
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It is remarkable that a theory with a sign problem so similar to that of QCD is known to

have a formulation that has no sign problem, the σ/π formulation of the previous section.

Chiral symmetry breaking

Chiral symmetry breaking in the A/V formulation cannot be seen in a mean field formalism,

as there is no fundamental field with the right quantum numbers to play the role of the ψψ

condensate - again, as in QCD. Instead one has to consider the Schwinger-Dyson equation

for the fermion propagator, which is exact in leading order in 1/N since vertex and meson

propagator corrections occur at higher order. Taking the full canonically normalized fermion

propagator to equal

G(p) =
1

−i/pZ(p) +M(p)
, (4.19)

which satisfies the integral equation

−i/pZ(p) +M(p) = −i/p−m−
g

2

∫
d3k

(2π)3

[
−γµ

(
1

−i/kZ(k) +M(k)

)
γµ

+ γµγ5

(
1

−i/kZ(k) +M(k)

)
γµγ5

]

= −i/p−m+ 4g

∫
d3k

(2π)3

M(k)

k2Z(k)2 +M(k)2
. (4.20)

From this one finds (using the MS renormalization scheme as before) that Z(k) = 1 and

M(k) = M is a constant satisfying

M = −m+ 4g

∫
d3k

(2π)3

M

k2 +M2
= −m− gM2

π
. (4.21)

which has the solution

M =
π

2g

(
−1±

√
1− 4gm

π

)
. (4.22)

Using the renormalization condition that the dynamical fermion mass equals f in the the

chiral limit, m = 0, gives g = −π/f , as in Eq. 4.7 and the solution for M

M =
f

2

(
1 +

√
1 + 4η

)
η ≡ m

f
, (4.23)
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which is the same as the value derived in the σ/π formulation for the dynamical fermion

mass, Eq. 4.12.

In the A/V formulation the σ and π mesons appear as a fermion and antifermion pair

bound together by strong Aµ and Vµ vector meson exchange, much the same way as mesons

arise in large-N QCD. Specifically, they can be seen by computing the connected four-point

function M for a fermion/antifermion pair of flavors `, k, each with 3-momentum k/2, to

scatter into a fermion/antifermion pair of flavors i, j with 3-momenta k/2 ± p. To leading

order in 1/N ,M obeys the integral equation, shown graphically in Fig. 4.1,

Mij;kl(k, p) =
gN

2

{
[−(γµ)il(γµ)kj + (γµγ5)il(γµγ5)kj] +N [−(γµ)ia(γµ)dj + (γµγ5)ia(γµγ5)dj]∫

d3q

(2π)3
G(q + k/2)abMbc;kl(k, q)G(q − k/2)cd

}
= −gN

{
[δijδkl − (γ5)ij(γ5)kl]−N

∫
d3q

(2π)3
[δijδda − (γ5)ij(γ5)da]

G(q + k/2)abMbc;kl(k, q)G(q − k/2)cd

}
. (4.24)

where G(p) is the free fermion propagator with dynamical mass M , and a Fierz identity

replaces vector and axial vector gamma matrices by scalar and pseudoscalar. The solution

to this equation is

Mij;kl(k) = −N
(
δijδkl
Dσ(k)

+
(iγ5)ij(iγ5)kl

Dπ(k)

)
= −N2 (δijδklGσ(k) + (iγ5)ij(iγ5)klGπ(k)) , (4.25)

where the label p has been drooped, as the solution is independent of p, Dσ,π are given

in Eq. 4.13, and Gσ,π = N/Dσ,π are the full meson propagators. Thus, up to a sign, the

interaction between valence fermion and antifermion via t-channel exchange of Aµ and Vµ

mesons is exactly equivalent to an annihilation diagram in the σ/π formulation, with a single

meson in the s-channel; similarly, the interaction between two valence fermions or two valence

antifermions in the A/V theory is equivalent to a single meson exchange in the u channel

in the σ/π theory (Fig. 4.2). This equivalence allow the cumulants of the A/V theory to be

calculated in the σ/π theory.
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M
M

i

l k

j

= +

i

l k

j i

l k

j

Aµ , Vµ

Aµ , Vµ

(k/2 + p) ↑ (k/2 − p) ↑

k/2 ↑ k/2 ↑

Figure 4.1: A graphical representation of the integral equation, Eq. 4.24, for the four-point
correlator in the A/V formulation for an incoming fermion/antifermion pair of one flavor
and an outgoing pair of another. Dirac indices are labeled.

= σ, π M’ = σ, πM

t=0

t=T

Figure 4.2: In the A/V formulation at leading order in 1/N , interaction between a valence
fermion/antifermion pair (M) or a valence fermion pair (M′) is equivalent to s- or u-channel
exchange respectively of single σ and π mesons in the σ/π formulation, where the fermions
have mass M arising from nonzero 〈σ〉.

4.3 The probability distribution of the fermion propagator

If X[φ] is a functional of a stochastic field φ corresponding to an observable — such as a

correlation function —the normalized probability density function (pdf) for X is defined to

be the path integral

P(x) = N
∫

[dφ] e−S[φ] δ(X[φ]− x) . (4.26)

where S[φ] is assumed real. If one were to sample an ensemble of φ configurations according

to the distribution e−S[φ], the values of X[φ] would be distributed according to P , making

its relevance to Monte Carlo simulations evident. For an accurate estimate of 〈X〉 from a
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reasonable number of samples, P(x) should be sharply peaked around its mean. However, a

broad distribution centered about a mean close to zero is also possible, which would make

finding an accurate estimate of the mean, without a huge number of samples, very difficult.

This is the case with baryon propagators in QCD. Alternatively, a heavy-tailed distribution

for which very rare events make a significant contribution to the mean, results in very noisy

and often misleading estimates of 〈X〉 from a finite sample. This latter situation is indicative

of what is called “an overlap problem," which occurs when e−S[φ] is peaked far from the field

configurations that provide support for nonzero X(φ). With some knowledge about the

nature of the tail of the distribution, it may be possible to use statistical methods to greatly

improve the determination of 〈X〉 [150].
The pdf given in Eq. 4.26 is a difficult quantity to analyze using field theoretic methods

because of the singular nature of the delta function; instead, consider the characteristic

function (cf) ΦX(s), which is just the Fourier transform of the pdf:

ΦX(s) = e−W (s) = N
∫

[dφ] e−S[φ]+isX[φ] . (4.27)

This is a useful formulation because W (s) = − ln ΦX(s) is on the one hand given by the

connected Feynman diagrams 6 of the modified action S[φ]−isX[φ], while, up to an irrelevant

additive constant, it is also the generating function for the cumulants of X:

W (s) = −
∞∑
n=1

(is)n

n!
κn . (4.28)

Here, κn is the nth cumulant, with κ1 = 〈X〉 ≡ µ being the mean of P(x), κ2 = (〈X2〉 −
〈X〉2) ≡ σ2 being the variance, etc.

This procedure has to be modified slightly when dealing with a complex observable, where

Eq. 4.27 is replaced by

ΦX(s, s̄) = e−W (s,s̄) = N
∫

[dφ] e−S[φ]+i(sX[φ]+s̄X̄[φ]) . (4.29)

6Since the functional X[φ] is typically nonlocal, by connected Feynman diagrams we mean neither con-
ventional Feynman diagrams, nor conventionally connected. For example, expanding X[φ] to second order
in φ might take the form

(∫
d3xF (x)φ(x)

)2 for some function F ; this is treated as a fundamental 2-point
vertex in our discussion.
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where s is complex and the bar indicates complex conjugation. Now, lnW (s, s̄) has a double

expansion in both s and s̄,

W (s, s̄) = −
∞∑

m,n=1

(is)m(is̄)n

m!n!
κm,n . (4.30)

with κn,m = κ̄m,n. For example,

κ1,0 = 〈X〉 , κ1,1 = 〈|X|2〉 − |〈X〉|2 , κ2,0 = 〈X2〉 − 〈X〉2 , . . . (4.31)

The cumulants of the correlation function of a single fermion with zero 2-momentum for

a time extent τ can be calculated; this is the sort of measurement one would perform in a

Monte Carlo simulation in order to determine the mass of the fermion. In particular taking

for X[φ]

YΓ = ln

[
1

V
〈p = 0, t = τ/2 |Tr Γ

(
1

/∂ −m+ σ + iπγ5

)
|p = 0, t = −τ/2〉

]
σ/π formulation,

(4.32a)

XΓ =
1

V
〈p = 0, t = τ/2 |Tr Γ

(
1

/∂ −m+ i /V + /Aγ5

)
|p = 0, t = −τ/2〉 A/V formulation,

(4.32b)

where Γ is some Dirac matrix, freely chosen. The choice to look at the log of the propagator

in the σ/π formulation makes the later analysis simpler. Note that in the definitions of the

observable XΓ and YΓ, canonically normalized fermion propagators are used, without the

factor of 1/N .

Measuring the expectation value of this correlator is a procedure for determining the

mass mf of the lightest fermion state through the formula

lim
τ→∞

−1

τ
ln〈XΓ〉 = lim

τ→∞
−1

τ
ln〈eYΓ〉 = mf , (4.33)

provided that Γ does not project out this state. Of course, it is already known from analytic

calculations that mf = M , with M given in Eq. 4.12, but the calculation of the cumulants

for this observable establishes how difficult it would be to determine the fermion mass by
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numerical Monte Carlo methods using the two formulations of the NJL model, and why.

In particular it will be shown that in the QCD-like A/V formulation, the pdf for XΓ, at

late time, looks as would be expected from the Lepage-Savage picture: a broad distribution

that is nearly symmetric about zero with an exponentially small mean. In contrast, the pdf

for the physically equivalent σ/π formulation looks heavy-tailed and close to log-normal at

late time. Thus, a Monte Carlo study of this theory, without a sign problem, still faces an

overlap problem and significant numerical challenges, but is perhaps amenable to a cumulant

expansion as introduced for a similar system in Refs. [149–151]. This theory has also been

successfully investigated recently using the “fermion bag approach" [162–164].

4.3.1 Noise distribution in the A/V formulation and the Lepage-Savage analysis

The κ1,0 and κ1,1 cumulants

First, compute the cumulants for measurements of the fermion propagator XΓ in the A/V

formulation; since this observable is complex, the formalism in Eq. 4.29 and 4.31 must be

used. From the above discussion, the κmn = κ̄nm cumulant for XΓ is given by the sum of

connected graphs with m copies of XΓ and n copies of its complex conjugate, X̄Γ. These are

referred to as valence fermion and valence antifermion propagators, respectively; at leading

order in 1/N there are no sea quark loop contributions. With the definition of X, there are

no factors of 1/N from valence fermion propagators, nor factors of N from meson coupling to

valence fermions, nor is annihilation of a valence fermion with a valence antifermion allowed.

The computation of κm,n involves graphs with net fermion number (m − n), and according

to the Lepage-Savage analysis, it is expected that κm,n

κm,n ∝ e−[(m−n)M+nmπ ]τ (m ≥ n) . (4.34)

It will be shown that this expectation is born out in the A/V formulation, which is the one

with a QCD-like sign problem at nonzero chemical potential.

Instead of the graphs contributing to the valence fermion self-energy, the nonperturbative

solution to the Schwinger-Dyson equation should be used, replacing the mass term (−m) in
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the fermion propagator by M from Eq. 4.23. It is convenient to have this propagator in a

mixed {t,p} representation:

〈p′, t′| 1

/∂ +M
|p, t〉 ≡ (2π)2δ2(p′ − p)G̃(p, t′ − t) , (4.35)

with

G̃(p, t) =

∫
dω

2π

e−iωt

−iωγ1 − ip · γ +M
= e−ωp|t|

ωpε(t)γ1 + ip · γ +M

2ωp
, (4.36)

where ωp =
√
|p|2 +M2. Note that

G̃(0, t) = e−M |t|
(

1 + ε(t)γ1

2

)
. (4.37)

is proportional to a projection operator. Since the dynamical mass M includes all nonper-

turbative contributions to the fermion self-energy, it follows that the first cumulant for XΓ

is just

κ1,0 = Tr
[
ΓG̃(0, τ)

]
= ze−Mτ = 〈XΓ〉 , (4.38)

where z ≡ Tr
[
Γ
(

1+γ1

2

)]
is the wave-function overlap of our chosen observable with the

physical fermion state. Thus a Monte Carlo simulation that correctly estimates the value of

〈XΓ〉 will correctly determine the fermion mass to equalM by means of the formula Eq. 4.33,

provided that Γ is chosen so that z is nonvanishing.

To determine how difficult a Monte Carlo determination of 〈XΓ〉 might be, the variance

κ1,1 needs to be calculated. At leading order in 1/N , the sum of diagrams for κ1,1 is given

by attaching G̃ propagators at zero spatial momentum to the legs in the first diagram in

Fig. 4.1, with ends k, l at time t = −τ/2 and ends i, j at time τ/2, and contracting the Dirac

indices of each valence fermion line with Γ. Using the result for the four-point functionM
in Eq. 4.25 (but dividing by N2, since the XΓ is the propagator for a canonically normalized

fermion), the Dσ part of M is killed by the Dirac trace and only the Dπ part contributes,
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yielding

κ1,1 =
1

V N

∫ ∞
−∞

dt1

∫ ∞
−∞

dt2

∫
dω

2π

e−iω(t2−t1)

Dπ(ω)

× TrΓG̃(0, τ/2− t2)γ5G̃(0, t2 − τ/2)ΓG̃(0,−τ/2− t1)γ5G̃(0, t1 + τ/2)

=

∫ ∞
−∞

dt1

∫ ∞
−∞

dt2 e
−M(|τ−2t2|+|τ+2t1|)

× Tr Γ

(
1 + ε( τ

2
− t2)γ1

2

)
γ5Γγ5

(
1 + ε(t1 + τ

2
)γ1

2

)
Ḡπ(t2 − t1) , (4.39)

where

Ḡπ(t) ≡
∫
d2x

V
Gπ(x, t) =

1

V N

∫
dω

2π

e−iω(t)

Dπ(ω)
' Zπ

2mπV N
e−mπ |t| (4.40)

with Dπ, Zπ given in Eq. 4.13 and Eq. 4.15, respectively, and D−1
π (ω) is approximated by

the pion pole contribution, Eq. 4.15, ignoring the branch cut at k2 < −4M2. If Γ = 1,

κ1,1 '
Zπ

2mπV N

∫ ∞
−∞

dt1

∫ ∞
−∞

dt2 e
−2M(| τ

2
−t2|+|t1+ τ

2
|)
(

1 + ε
(τ

2
− t2

)
ε
(
t1 +

τ

2

))
e−mπ |t2−t1|

' 2π

mπfV N
e−mπτ , (4.41)

where (i) it is assumed that the theory near the chiral limit with mπ � f,M and (ii)

only the late time behavior, τ � 1/M is of interest here. Note that near the chiral limit

κ1,0/
√
κ1,1 ∝ exp[(−M + mπ/2)τ ] � 1 at late time, indicating a severe signal-to-noise

problem, in agreement with the Lepage analysis.

It is interesting to note that if instead Γ = (1± γ1)/2 then κ1,1 vanishes at this order in

1/N . This choice of Γ kills the pion contribution to the variance, and so the measurement

would seem to be noise-free. This result is not expected to persist in subleading order in

1/N , nor that in real QCD baryon observables can be decoupled from pions so easily. It does

seem worth exploring whether correlating initial and final Dirac indices of baryon operators

(as with this trace with (1 ± γ1)/2 on valence quark lines) might be able to improve the

signal-to-noise problem in real QCD computations.
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Power counting for higher κm,n cumulants

Higher cumulants can be computed for the A/V formulation using the equivalent σ/π dia-

grams as discovered in Sec. 4.2.2 and shown in Fig. 4.2. This is not to say that the same

diagrams give the cumulants for the A/V and the σ/π theories. Fig. 4.3 shows the diagrams

for several of the lower cumulants, where solid lines are the fermion propagators 1/(−i/p+M),

and dashed lines are the meson propagators Gπ and Gσ (both mesons contributing in gen-

eral) with couplings 1 or iγ5, respectively, at the vertices. Again, all incoming and outgoing

2-momenta to be zero, and there is one Γii′ contracted with each pair of like indices in the

graph. As the canonically normalized fermion propagator with one particular flavor is the

observable, there are no factors of N at the meson vertices, nor are there any loops giv-

ing rise to factors of N . However, each meson propagator costs a factor of 1/N , and so

κm,n ∝ (1/N)m+n−1, as a minimum of (m + n − 1) mesons is needed to make a connected

graph. Furthermore, one can see by cutting the graphs at a fixed time that the minimum

mass state that can possibly propagate in a graph for κm,n with m ≥ n consists of (m− n)

fermions with mass M and n pions. Therefore generically the cumulants can be expected to

scale as

κm,n ∼
e−(m−n)Mτe−nmπτ

Nm+n−1
(m ≥ n) . (4.42)

This scaling could be violated if Γ can be chosen so that the pion does not couple, as discussed

in the calculation of κ1,1. Then mπ is replaced by 2M , the mass of a fermion/antifermion

pair. Note that at late time, the 1/N expansion breaks down in the sense that κ2,0 becomes

smaller than κ2,2, for example, so long as one is near enough to the chiral limit that mπ < M .

This is despite the fact that κ2,2 is parametrically smaller by 1/N2. However, this breakdown

of the 1/N expansion will not lead to qualitatively different results because contributions to

κm,n which are subleading in N counting will not lead to lighter intermediate states than

the leading calculation, unless there is some fortuitous exclusion of the pion at leading order

due to the choice of Γ that does not persist at higher order.

The above scaling implies that the distribution for the real part of the fermion propagator
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Figure 4.3: Contributions to several low cumulants for the A/V theory to leading order in
1/N , using the σ/π method to compute them as developed in Sec. 4.2.2. Solid lines represent
fermion propagators, and dashed lines are mesons. The end points are to be contracted with
Γii′ , Γjj′ , Γkk′ . The lightest intermediate state that can appear in a graph for κm,n with
m ≥ n consists of (m−n) fermions and n pions, and the sum of their masses determines the
τ dependence of the cumulant.

near the chiral limit becomes highly symmetric about zero at late time because odd moments

(for which (m − n) 6= 0) are seen to fall off much more quickly than even moments. This

is completely consistent with the Lepage-Savage picture for baryon propagator distributions

in QCD. As in QCD, it will be very difficult to use Monte Carlo methods for the A/V

formulation to determine the ground state energy with a fixed large fermion number. This

is not surprising because, like QCD, this theory also has a severe sign problem in the grand

canonical formulation for studying states with nonzero fermion density.

4.3.2 Noise distribution in the σ/π formulation and long-tailed distributions

A graphical expansion for cumulants of YΓ(σ, π)

Turning to the task of computing the cumulants for the log of the fermion correlator, YΓ in

Eq. 4.32a in the σ/π formulation, the cumulants are given by the connected graphs derived

from the action

SY = NS[σ, π]− isYΓ[σ, π] (4.43)

where S[σ, π] is given in Eq. 4.5. The N counting in this formulation is quite different from

the A/V case since the σ and π mesons are singlets under the U(N) symmetry rather than
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N × N matrices. It is convenient to associate the expansion of NS[σ, π] in meson fields

with vertices labeled by black dots; see Fig. 4.4. There are no black tadpoles, as the chiral

symmetry breaking vacuum has been solved; furthermore there are no explicit black two-

point vertices as these are accounted for by using the full meson propagators. The expansion

of isYΓ[σ, π] in powers of the meson fields is represented as white dots, the kth term in the

expansion drawn as a white vertex connecting k meson lines; white vertices occur with any

number of meson lines, starting with zero, and each is associated with a power of is.

The nth cumulant κn is then given by n! times the sum of connected graphs with n

insertions of white vertices, since each white vertex brings a factor of (is) and the expansion

Eq. 4.28. Expanding these graphs in powers of 1/N is simple: each black vertex entails a

power of N , while each meson propagator gives a factor of 1/N . Loops do not give factors

of N since the σ/π mesons do not carry U(N) flavor quantum numbers. White dots also do

not give factors of N . Thus a contribution to κn arising from a graph with n white vertices,

b black vertices, p meson propagators and ` loops is of order N b−p. Since every such graph

satisfies p− (b+ n) = `− 1, the order of the graph can be rewritten as N−(n−1+`). It follows

that the leading contribution to κn must come from the sum of tree diagrams (` = 0) with n

white vertices. The branches of these connected tree diagrams must end on white tadpoles,

and are quite limited in number; the first few leading diagrams are shown in Fig. 4.5.

The sum of tree diagrams can be regarded as the solution to a classical theory, which in

the present case is nothing other than the statement that the 1/N expansion is equivalent to

solving for the generator of cumulants, ln ΦY (s), as a saddle-point approximation dominated

by the classical solution that minimizes the action SY (see App. A for more details). Before

tackling this calculation it is worthwhile to note several simplifying features of these tree

diagrams:

i. By choosing a Γ that is neither γ5 nor γµγ5, only the σ meson can couple to the white

tadpole. Since parity implies that vertices conserve pion number mod 2, and all tree

diagrams end on white tadpole vertices (Fig. 4.5), it follows that the only mesons prop-
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Figure 4.4: Black vertices arise in the expansion of the fermion loop, NS(σ, π) of Eq. 4.5 in
external meson fields. The tadpole was eliminated by vacuum minimization, and the two-
point function gives the exact meson propagators, so these vertices start with the three-point
function.

agating in these tree graphs are σ mesons.

ii. Since the observable YΓ in Eq. 4.32a is defined to be the log of the propagator of a quark

with initial and final 2-momentum p = 0, the meson at the white tadpole vertex must

have p = 0 flowing through it as well. Then, because all vertices conserve momentum

and the leading graphs in Fig. 4.5 are all tree diagrams whose branches end on white

tadpoles, it follows that all of the internal meson lines in the graph must be at p = 0,

with only nonzero energy flowing through the lines.

iii. As will be shown below, the large τ behavior of the cumulants arises from graphs

with zero energy flowing through the white tadpole; thus, because of conservation of

+

++

κ1 :

κ2 :

κ3 :

κ4 :

Figure 4.5: Leading contributions in the 1/N expansion of κn for n = 1, . . . , 4 in the σ/π
formulation. Black vertices are given in Fig. 4.4; white vertices are determined by the
expansion of isY [σ, π]. Lines represent the exact meson propagators Gσ,π derived from
Eq. 4.13.
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3-momentum at all vertices, the asymptotic τ behavior of the cumulants is given by the

graphs with 3-momentum p vanishing everywhere within the graph.

To demonstrate the last point, that the white tadpole enforces zero energy flow through

the diagram at late time, compute the tadpole, assuming energy k1 and two momentum k

flowing out of the meson line:

tadpole =
− 1
V

∫∞
−∞ dτ

′Tr ΓG̃(0, τ ′ + τ/2)δσ(0, τ ′)G̃(0, τ/2− τ ′)
1
V

(2π)2δ2(0)Tr ΓG̃(0, τ/2)

= − 1

V

∫ τ/2

−τ/2
dτ ′
∫

d3k

(2π)3
(2π)2δ2(k)e−ik1τ ′δσ(k)

= − 1

V

∫
d3k

(2π)3
(2π)2δ2(k)

2 sin (k1τ/2)

k1

δσ(k)

−−−→
τ→∞

− 1

V

∫
d3k

(2π)3
(2π)3δ3(k)δσ(k) , (4.44)

where G̃(0, τ) is given in Eq. 4.37, provided that

z = Tr

[
Γ

(
1 + γ1

2

)]
6= 0 . (4.45)

The δ(k1) factor justifies computing the tree graphs in Fig. 4.5 with zero 3-momentum

flowing through it, as long as the interest is only in the τ →∞ behavior of the distribution

of propagators. However, note that at finite τ the factor sin(k1τ/2)/k1 acts as a filter that

still allows k1 . 1/τ or, equivalently, which still allows the σ field to be time dependent on

time scales & τ . This will be relevant to the next section.

The generator of cumulants from mean field theory

As mentioned previously, the sum of tree graphs is nothing other than the effective action

SY = NS− isYΓ evaluated at its minimum, a classical solution for the meson fields (see App.

A for further discussion). It has been shown that for an appropriate choice of Γ, this solution

will in general have a vanishing pion field and a spatially constant, but time dependent, σ(t)

field. Finally, it has also been shown that the large-τ behavior is given by an even simpler

solution, with a σ field that is constant in the two spatial dimensions and over time . τ .
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It is straightforward to compute SY (σ) for a constant σ field. Note that σ is defined

relative to its vacuum value 〈σ〉 = (M +m), where M is the actual “constituent" mass of the

fermion, while m is the “current" mass appearing in the Lagrangian. For the NS(σ) part of

SY only the expression Eq. 4.8 evaluated at σS = σ−〈σ〉 is needed; up to an overall additive

constant:

NS(σS) = −NV T
(

3fσ2
S + 6σSM

2 + 2M3 − 2 ((σS +M)2)
3/2

6π

)
(4.46)

where V is the spatial volume and T is the time extent of the box. The second part of SY

is given by

isYΓ = is ln

[∫
dω

2π
e−iωτTr Γ

1

−iωγ1 +M + σS

]
= −is ((M + σS)τ − ln z) . (4.47)

The equation for the minimum of SY is therefore given by[√
(M + σS)4 − (M2 + fσS) +

iπsτ

NV T

]
σS0

= 0 (4.48)

with solution

σS0 =
1

2

(
(f − 2M) +

√
(f − 2M)2 − 4πisτ/(NV T )

)
(4.49)

where the solution that vanishes as s→ 0 is chosen, as it recovers the correct chiral symmetry

breaking vacuum. Plugging this solution back into the effective action, the generator of

cumulants of YΓ, to leading order in the 1/N expansion and at late time is

ln ΦY (s) = −SY (σS0) = isµ+ (2M − f)τ
6isζ − 1 + (1− 4isζ)3/2

12ζ
,

(4.50)

with

ζ =
πτ

NV T (2M − f)2
, µ ≡ ln z −Mτ . (4.51)

Expanding ln ΦY (s) in powers of s yields the cumulants κn for YΓ:

κ1 = µ , κn≥2 =
(2(n− 2))!

(n− 2)!
(2M − f)τ ζn−1 (4.52)
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The volume factor in the denominator of ζ is easy to understand, arising from the nor-

malization of the one particle states; the factor of T is puzzling though, arising from the

assumptions of a mean field solution that is constant over the entire spacetime volume. This

does not make sense, since there is no need for σS to adjust from its chiral symmetry breaking

minimum long before or long after the correlator has acted. As pointed out in the discussion

below Eq. 4.45, σS should not be constant over time scales & τ , and in fact the mean field

should relax to its vacuum value for t . −τ/2 and t & τ/2. Therefore the factor of T in ζ —

the temporal size of the box — should be replaced by ∼ τ , the time scale of the correlator,

and

ζ ' π

NV (2M − f)2
(4.53)

which is independent of τ . Perhaps one can compute a more accurate, time-dependent mean

field solution, but this is not pursued here. In an analogous calculation of the Polyakov loop

distribution at finite temperature, a strictly time independent mean field solution is probably

exact in the large N limit, due to the homogeneity in time of the operator being measured.

Note that in the particular limit

N →∞ , τ →∞ , τζ = fixed (4.54)

all cumulants κn vanish for n ≥ 3 and YΓ assumes a normal distribution,

P(x) =

√
2π

Σ
e

[
− (x−µ)2

Σ2

](
1 +

ζ(x− µ)

3Σ4
[(x− µ)2 − 3Σ2] +O

(
ζ2
))

, (4.55)

where Σ2 = (2M − f)τζ, which is to say, a Monte Carlo simulation of the fermion propa-

gator will be sampling a log-normal distribution. With Σ2 growing linearly with time and

a skewness that grows exponentially with Σ, this distribution will eventually become very

heavy-tailed. Standard simulation methods would fail for such a distribution, but one could

use a cumulant expansion of the Monte Carlo data to obtain an accurate measure of the

fermion mass, as described in Ref. [150]. However, it should be noted that this limit requires

τ & NV , which is unlikely to be reached in practical lattice simulations of this model. For
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the more realistic limit Σ2 � 1 one may use standard statistical techniques and the signal-

to-noise ratio in this case will be ≈ 1/
√
NcfgΣ2 ∼ τ−1/2, where Ncfg is the number of gauge

field configurations sampled. This power-law dependence on time is far less severe than the

exponential falloff of the signal-to-noise ratio in the A/V case [see Eq. 4.42].

4.4 Discussion

The motivation for returning to the well-worn Nambu-Jona-Lasinio model is to elucidate

connections between chiral symmetry breaking and the sign problem in lattice QCD at finite

chemical potential, without having to deal with the complications of asymptotic freedom and

confinement. What is particularly attractive about the large-N , three-dimensional version

of the theory is that (i) it is analytically tractable to compute features of the probability

distribution of a fermion correlator, and (ii) the theory has two equivalent formulations, one

without a sign problem, and one with a QCD-like, exponentially severe sign problem.

For the QCD-like A/V formulation, the fermion determinant is complex and that a

Splittorff-Verbaarschot argument [154,155] can be made to show that the phase of the fermion

determinant has to fluctuate wildly for µ > mπ/2, with an expectation value exponentially

small in the spatial volume. When looking at fermion correlators, the distribution evolves

to have an exponentially small mean relative to its width, implying a severe signal-to-noise

ratio when sampling the correlator using Monte Carlo methods. Furthermore, the severity of

the problem is controlled by the difference between the fermion constituent massM (playing

the role of the baryon mass in QCD) and the much lighter pion mass mπ. This follows the

Lepage-Savage scaling argument that has even cumulants of the distribution diminishing as

a power of exp(−mπτ), while the odd cumulants - including the mean - fall off proportional

to exp(−Mτ). It is interesting that in three dimensions one can choose an observable for

measuring the fermion mass [by a particular choice of the matrix Γ in Eq. 4.32b] which

eliminates the coupling of the fermion/antifermion pair to the pion, and thereby eliminates

the problem of noise in the measurement of the fermion mass. Such a trick might be a useful

way to reduce the noise in simulations of QCD in four dimensions, even if it cannot eliminate
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it.

In contrast, the σ/π formulation with even N has no sign problem at nonzero µ, and

the correlator distribution - the cumulants of which can be analytically computed - is, in a

certain limit, log-normal. For extremely long times the distribution is heavy-tailed, which

can pose challenges to Monte Carlo sampling, but this sort of problem seems to be less severe

than the exponential falloff of the signal-to-noise ratio in the A/V formulation as seen with

the cumulant expansion analysis of Refs. [150,165,166]. For more moderate times, standard

statistical methods should apply, and the signal-to-noise ratio in this case is found to have

only power-law suppression with time. It should be noted that such distributions have been

seen in QCD for intermediate times, before any asymptotic pion noise sets in. It has been

hypothesized that these distributions are related to elastic scattering between particles [167];

the volume factors in our expressions for the cumulants, Eqs. 4.52 and 4.53, give support to

this picture.

The analysis should make it clear that the sign problem encountered in QCD at nonzero

chemical potential is not a fermion problem, but instead a consequence of interactions. In

particular, if the particles being studied can exist in a tightly bound state of valence fermions,

there is going to be a sign problem - a generic feature of a theory with dynamical chiral

symmetry breaking, in which a light composite pion emerges as a Goldstone boson. This is

what happens in the A/V formulation of the NJL model studied here: the fact that the A

and V fields will bind a fermion/antifermion pair into a light or massless pion implies that

studies of the fermion correlator will be noisy, and that at nonzero chemical potential for the

fermion there will be a sign problem. In the σ/π formulation without a sign problem, the

pion exists as a fundamental field and not as a bound state.

The lessons learned from this model raise the question: is it possible to introduce a

mean field for the pion into the formulation of lattice QCD (without changing the theory) so

that the pion does not appear as a bound state of a valence quark/anti-quark pair, Q̄Q? For

example, one might add and subtract a four-fermion interaction to the QCD Lagrangian; the

attractive one could be introduced by σ and π auxiliary fields, while the repulsive interaction
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could be derived by means of auxiliary A and V fields. Then a valence Q̄Q pair would

feel the usual gluon attraction, but A/V repulsion, and so would not bind to form a light

pion. Instead, pions would appear as fundamental fields that could be created through Q̄Q

annihilation, but would not appear as bound states of valence quarks. It is expected that the

conventional sign problem could be ameliorated in such a theory - but this example probably

introduces other sign problems, a cure perhaps as devastating as the disease.

Nevertheless, it seems plausible that inventing a way to introduce the pions into QCD

as fundamental fields could be an important step toward solving the QCD sign problem and

beginning to study the properties of ordinary and dense matter from first principles.
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Chapter 5

A NONPERTURBATIVE REGULATOR FOR CHIRAL GAUGE
THEORIES?1

There is a fundamental tension between taming the ultraviolet behavior of a chiral gauge

theory and maintaining gauge invariance. There is no perturbative regulator known to work

to all orders, and constructing a nonperturbative lattice regulator for chiral gauge theories

in d = 2, 4 dimensions has been a daunting problem for decades [168]. This is of particular

interest since the Standard Model is a chiral gauge theory. The lack of a regulator may be a

purely technical problem, but it might indicate that something is missing from the Standard

Model. Naive lattice fermions are always Dirac in structure, leading to unwanted mirror

fermions; in the case of chiral gauge theories, decoupling these mirror fermions by means of

a large mass would entail explicitly breaking the gauge symmetry. Attempts to solve the

problem generally fall into three classes: (i) the gauge symmetry is broken spontaneously

[169] or explicitly [170] and mirror fermions are decoupled from the gauge fields, with a

procedure to recover gauge symmetry in the continuum large-volume limit, (ii) the mirror

fermions are given exotic gauge-invariant strong interactions intended to induce a mass gap in

that sector [171–176], or (iii) the mirror fermions are projected out of the theory [177, 178].

In the first category, the spontaneous breaking of gauge symmetry fails to yield a chiral

fermion spectrum [179], while to date the explicit breaking approach has only been shown

to recover continuum gauge invariance in perturbation theory. The strategy of decoupling

mirror fermions via exotic interactions is a nontrivial dynamical question. In [97] the gauge

fields were given space-dependent couplings, but it is thought that the construction is unlikely

to have a continuum limit [180]. Certain other cases of exotic interactions have been closely

1This work has been previously published in Ref. [4]
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examined and do not appear to possess the expected mass gap [181–183]. In the third

category, where mirror fermions are projected out, one must show that the resulting fermion

contribution to the gauge measure is analytic in the gauge fields and can be derived from

a local fermion action. Examples in this category include the ansatz [177] based on overlap

fermions [101] which is analytic, but not obviously derivable from a local fermion action,

and the work of Ref. [178] which starts from the chirally projected overlap operator [103]

and provides an implicit construction of a local and analytic measure in the case of U(1)

gauge symmetry, but which has not been generalized to non-Abelian gauge symmetries. Any

nonperturbative solution is expected to agree with low order perturbation theory, including

a path to failure for the case of anomalous fermion representations, and so this will be the

criteria for a successful nonperturbative regulator.

The problem of how to realize global chiral symmetries on the lattice with the correct

anomalies was resolved in Ref. [97]. In this construction Dirac fermions in 2n+1 dimensions

are introduced; the theory possesses a mass gap in the bulk and massless chiral modes

localized on the “domain walls", which are the 2n-dimensional surfaces of the space. The

number of such modes is a topological invariant of the bulk fermion dispersion relation [100]

and the theory is an example of what condensed matter physicists currently refer to as a

topological insulator. Chiral symmetry becomes exact in the limit of infinite extra dimension,

in which case the effective 2n-dimensional description of these modes is the overlap fermion

[101,103]. The geometry of domain wall fermions naturally suggests that by localizing gauge

interactions near one surface of the extra dimension one might obtain a continuum chiral

gauge theory while mirror fermions on the distant surface decouple; this has been a starting

point for many of the attempts to construct chiral gauge theories cited above. There is

some reason to be optimistic about a solution involving an extra dimension [184], even

though particular dynamical realizations have not been successful. Here I discuss a propose

for a gauge invariant solution based on domain wall fermions that works on a new principle:

gauge fields are extended into the extra dimension via “gradient flow", as solutions to a gauge

covariant parabolic differential equation. The effect is that the mirror fermions are endowed
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with nonlocal but gauge invariant couplings which allow them to decouple in perturbation

theory, leaving behind a local d-dimensional chiral gauge theory in the infrared when (and

only when) the theory is gauge anomaly free. A striking feature of this proposal is that

even in the anomaly-free case the mirror fermions are still sensitive to topological features

of the gauge field and can therefore have nonlocal and nonperturbative interactions with

ordinary matter. For all we know, such interactions could be a necessary intrinsic feature of

non-Abelian chiral gauge theories, implying exotic and yet to be discovered phenomenology

in the Standard Model that is not apparent in Feynman diagrams.

5.1 Definition of the Chiral Measure

Euclidean Green functions in a gauge theory can be expressed as path integral averages of

functionals of gauge fields with respect to a measure e−S(A)∆(A) where S is the Maxwell or

Yang-Mills action and ∆ is the fermion contribution to the measure. In a vector-like gauge

theory ∆ is just given by a product of one determinant of the Dirac operator for each fermion

flavor; in a chiral gauge theory |∆|2 must equal a product of Dirac determinants, but the

problem is how to define the phase of ∆ such that it is analytic in Aµ and follows from

a local fermion action. It is known that if the fermion representation is in an anomalous

representation of the gauge symmetry, this phase will be gauge variant and the theory ill-

defined. The proposal for ∆ for a single Weyl fermion in the continuum with dimension

d = 2, 4 is

det
[
/D

(R)
d+1 − Λε(s)

]
det
[
/D

(R)
d+1 − Λ

] . (5.1)

In this expression /D
(R)
d+1 is the (d+ 1)-dimensional Dirac operator in the gauge group repre-

sentation R for the fermion, where the extra dimension denoted by coordinate s ∈ [−L,L]

is a circle with circumference 2L, ε(s) = sign(s), and Λ is a real mass scale whose sign is the

fermion chirality. The scale |Λ| can be thought of as the ultraviolet cutoff of the theory and

will be equated with the inverse lattice spacing in a discretized version of the theory, with
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|Λ|L→∞.

So far the expression for ∆ would just seem to describe the fermion determinants of a

normal domain wall fermion, with zeromodes of chirality ∓sign(Λ) localized on the mass

defects at s = 0 and s = ±L respectively, with a Pauli-Villars field of constant mass Λ

which cancels off unwanted effects of the heavy bulk fermions. What differs in the present

formulation is the gauge field in /Dd+1. In the usual application of domain wall fermions to

lattice QCD the d-dimensional gauge fields are independent of the coordinate s. In contrast

here an s-dependent, d-dimensional gauge field Āµ(x, s) is used; it solves the gradient flow

equation

∂sĀν =
ξε(s)

|Λ| DµF̄µν , µ, ν = 1, . . . , d , (5.2)

with boundary condition Āµ(x, 0) = Aµ(x), where Aµ(x) is the integration variable in the

path integral. In the above equation Dµ and F̄µν are the covariant derivative and Yang-Mills

(or Maxwell) field strength respectively constructed out of Āµ(x, s), where the indices run to

d, not d+ 1. The parameter ξ is dimensionless and can be set to unity for applications, but

it is useful for the discussion to keep its value general, allowing us to interpolate between

the conventional application of domain wall fermions with ξ = 0 and s-independent gauge

fields, and the case ξ & 1 where the gauge flow is rapid. Note that Eq. 5.2 is covariant

under s-independent gauge transformations and has fixed points at solutions to the classical

Yang-Mills (Maxwell) equations of motion. When linearized for small fluctuations about

a stable classical solution it behaves like the heat equation, damping out the fluctuations

away from s = 0. An analogue called Ricci flow was introduced by mathematicians over 50

years ago to smooth out metric fields while preserving diffeomorphism invariance [185–187]

and was subsequently applied to gauge fields [188]. The extension to quantum field theory

employed here was developed in refs. [189–191], with precursors in refs. [192, 193], and has

found a variety of useful applications in lattice QCD (see for example [194–196]).

The effect of the flow equation Eq. 5.2 is illustrated by considering a U(1) gauge field in

two Euclidean spacetime dimensions, flowing into a third dimension. The field Aµ can be
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decomposed as

Aµ = ∂µω + εµν∂νλ, (5.3)

and extend ω, λ to ω̄, λ̄ with boundary conditions ω̄(p, s)|s=0 = ω(p), λ̄(p, s)|s=0 = λ(p) and

solutions

ω̄(p, s) = ω(p) , λ̄(p, s) = e−ξp
2|s|/Λλ(p) . (5.4)

Evidently the gauge degree of freedom ω̄ is constant over the entire extra dimension and can

interact with the zeromodes at either domain wall if their individual gauge currents are not

conserved, while the physical gauge field λ̄ – which is invariant under gauge transformations

– interacts at full strength with the chiral zeromodes at s = 0, but interacts with the mirror

fermions at s = ±L with a Gaussian damping factor exp(−p2/µ2), where µ ≡
√

Λ/ξL is an

IR scale with µ/Λ→ 0 as L→∞.

It is helpful to regard this damping factor not as a property of the gauge field, but rather

as a property of the fermions which behave as large objects with a Gaussian form factor,

incapable of reacting to gauge bosons attempting to transfer momentum p � µ. In fact, if

there is an infrared cutoff on the d-dimensional space so that all gauge boson modes satisfy

p � µ, where µ can be made arbitrarily small, then in the appropriate sequence of limits

of vanishing µ and infinite volume, the mirror fermions can be made to decouple from the

physical gauge field plane waves completely. The mirror fermions are referred to as “fluff"

because of their soft form factor.2

Even if the fluff is decoupled, the fermions in the bulk may make contributions to the

action which do not look d-dimensional. Naively it would seem that the heavy bulk fermions

and Pauli-Villars fields would decouple, only contributing local operators to the effective

action suppressed by powers of their mass Λ, but that is incorrect; from the analysis of

Callan and Harvey [98] it is known that these modes generate a Chern-Simons term when

2In the lattice theory, exact symmetry of the continuum formulation that ensures massless chiral surface
modes at finite L is broken by the Wilson term, and the limit ΛL → ∞ must also be taken in order to
eliminate residual O(e−ΛL) chiral symmetry breaking couplings between fermions and fluff.
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integrated out, a marginal operator that depends on the sign of Λ but not its magnitude.

This operator in the presence of an arbitrary d + 1-dimensional background gauge field Āµ

is, for (d+ 1) = 3, 5:

Sbulk
3 = c3

Λ

|Λ|

∫
(ε(s)− 1) Tr

(
F̄ Ā− 1

3
Ā3
)
,

Sbulk
5 = c5

Λ

|Λ|

∫
(ε(s)− 1)

×Tr
(
F̄ 2Ā− 1

2
F̄ Ā3 + 1

10
Ā5
)
. (5.5)

where p-form notation is used, with Ā = ĀaµT
adxµ, F̄ = dĀ+ Ā2, µ = 1, . . . , d+ 1, and

c2n+1 =
in

2n+1πn(n+ 1)!
, (5.6)

and the convention for γ matrices is Tr γ1 · · · γ2n+1 = (i)n. Restrict these gauge fields Āµ to

be the solution of Eq. 5.2, with vanishing component in the d + 1 direction, in which case

only terms that involve one derivative with respect to s contribute to the above expression.

Note that as (−sign Λ) is the chirality of the zeromode at s = 0 and T a are generators in the

same representation of the gauge group as the zeromode, the sum of contributions to Sd+1

will cancel under the same algebraic condition as the vanishing of the d-dimensional gauge

anomaly among the zeromodes at s = 0.

The variation of the above operators under gauge transformations are total derivatives

with respect to s, and integration over s yields the consistent anomaly on the surfaces s = 0

and s = L after integration by parts, using the fact that ∂sε(s) = 2[δ(s) − δ(s − L)]. In

particular, for a gauge transformation Ω = exp iε(x),

∂Sbulk
3

∂ε
= ic3

Λ

|Λ|εµν∂µĀν
∣∣∣∣∣
s=L

s=0

∂Sbulk
5

∂ε
= ic5

Λ

|Λ|εµνρσ ∂µ
[
ĀνĀρĀσ + 2Āν∂ρĀσ

] ∣∣∣∣∣
s=L

s=0

(5.7)

which has exactly the right structure to cancel the anomalies of the chiral modes at s = 0

and at s = ±L, each with the correct local gauge field Āµ(s), which is precisely what is

needed to account for the overall gauge invariance of ∆.
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The existence of the Chern-Simons operators Eq. 5.5 in the effective action precludes

interpreting the theory Eq. 5.1 as a local d-dimensional field theory. To illustrate this,

return to the simple U(1) example in d = 2 given in Eq. 5.4. In this case

Sbulk
3 ∝

∫
d2x

∫
ds (1− ε(s)) εabcĀa∂bĀc

= 2

∫
d2xd2y

(
∂µ∂α
�

Aα(x)

)
Γ(x− y)

(
∂µ∂β
�

εβγAγ(y)

)
(5.8)

with Γ(r) = (δ2(r)− µ2

4π
e−µ

2r2/4), where the decomposition Eq. 5.3 and solutions Eq. 5.4 are

used. Because of the inverse Laplacian factors, the only way that the effective action can

behave like a local 2-dimensional theory is if either Γ or the prefactor of S3 vanishes. In the

limit ξ → 0, the gradient flow is turned off and µ =
√

Λ/ξL → ∞, µ2

4π
e−µ

2r2/4 → δ2(r), and

Γ vanishes. In this limit the gauge field has neither an s-component nor s-dependence and

so cannot contribute to the Chern-Simons action. This is the limit in which one recovers

the conventional application of domain wall fermions to d = 2 QED: one has a local, 2-

dimensional theory of a massless Dirac fermion and vanishing Chern-Simons action. However,

in the case of ntereste here, ξ = 1 and then Γ does not vanish in the limits µ =
√

Λ/L→ 0

as L → ∞, and the only way to recover an effective action with a local 2-dimensional

description is to have the contributions of the various species of bulk fermions to the Chern-

Simons action cancel, which is precisely equivalent to requiring the fermion representation

of the target chiral gauge theory in two dimensions to be free of gauge anomalies. With the

Chern-Simons operator vanishing, the remaining bulk fermion contributions to the effective

action are suppressed by powers of Λ and irrelevant. This argument holds for the construction

of chiral gauge theories in four dimensions as well.

Up to this point only a continuum model has been discussed. There are no apparent

obstacles to discretizing the theory using an action similar to the one commonly used for

domain wall fermions [197], only with gauge fields defined by Eq. 5.2. The extra dimension

and the required large volume limits will pose computational challenges, but the biggest

obstacle will likely be the sign problem that is generic for chiral gauge theories due to the
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phase of the integration measure in the continuum [198].

5.2 Topology

Up to this point the analysis has focused on gauge field flow to the trivial fixed point of

Eq. 5.2, where Āµ is pure gauge. In general, any classical solution to the d-dimensional Yang-

Mills (Maxwell) action is a fixed point, although it is plausible that the only attractive fixed

points in each topological sector are the exact multi-instanton solutions. For example, an

arbitrary 4-dimensional Yang-Mills gauge field configuration Aµ(x, 0) with winding number

k could be described by a field with fluctuations about n instantons and n̄ = (n − k) anti-

instantons, which would flow to a configuration at s = ∞ with k instantons and no anti-

instantons. This would allow nontrivial correlation functions between ordinary fermions and

fluff through ’t Hooft interactions [40]. For example, with one flavor of Dirac fermion ψ and its

fluff partner χ, one would find a nonzero expectation value in such a gauge configuration for

(ψLψR)n(ψRψL)n̄(χLχR)n−n̄. In a weakly coupled theory this operator would be proportional

to exp(−(n+ n̄)S0), where S0 ∝ 1/α is the large action for a single instanton, and the effect

of the ’t Hooft vertex would be negligible. In a strongly coupled theory one would not expect

topological effects to be suppressed; however it seems plausible that a generic configuration

in volume V with a large number of instantons and anti-instantons n, n̄ ∝ V but a much

smaller net topological charge, (n− n̄) ∝
√
V , the spatial locations of the (n− n̄) instantons

that survive the flow to s =∞ would not be highly correlated spatially with the s = 0 gauge

field configuration. Thus the ’t Hooft operator that received an expectation value would be

of the form
∫
d4xO(x)

∫
d4yO′(y), where O is comprised of fermions and O′ of fluff. Such a

vertex is nonlocal, but does not allow momentum to be transmitted between the two worlds

at s = 0 and s =∞, and may not even be an extensive contribution to the action. Thus its

phenomenology may prove to be benign. A natural first step toward better understanding

the proposal would be to investigate the nature of this topological interaction in a vector-like

gauge theory (where both matter and fluff are in a real representation of the gauge group)

which would not suffer a sign problem. Other features of the theory could also be explored,
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such as whether colored fluff is confined.

If compatible with Standard Model phenomenology, the existence of fluff with its topolog-

ical interactions could conceivably be a necessary, if unexpected, nonperturbative feature of

chiral gauge theories. If one indeed takes such a view, then one must speculate whether the

construction outlined here is more than a prescription for the nonperturbative regularization

of chiral gauge theories, or a technical approach for their numerical simulation. Could it

actually be realized in nature? In this scenario the Standard Model possesses fluff quarks

and leptons which have resisted discovery due to their infinitely soft form factors under gauge

interactions (and possibly gravitational interactions, due to Ricci flow). The prospect that

fluff could decouple from propagating gauge fields yet participate in the topological structure

of the vacuum is intriguing, perhaps allowing a massless fluff quark to solve the strong CP

problem without being easily seen. The phenomenology and cosmology of such matter is

under investigation.
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Chapter 6

CONCLUDING REMARKS

Predictions of the Standard Model agree beautifully with experimental observation and

with the discovery of the Higgs at the Large Hadron Collider in 2012, the particle content

and interactions of the Standard Model are complete. But this does not mean that our

knowledge of physics is complete. For one, the Standard Model offers only a partial picture

of physics above the TeV scale, due to the observation of neutrino masses, the question of

the particle nature of Dark Matter and the lack of knowledge about quantum gravity. With

its rich and complicated phenomenology, our understanding of phenomena both within and

beyond the Standard Model is incomplete.

In this thesis, I have discussed how chiral symmetries and nonperturbative phenomena

have resulted in the complex structure of the Standard Model that is not yet fully

understood. For example, we cannot map out the full phase diagram of QCD, as finite

density nuclear matter is not amenable to numerical simulation. This prohibits us from

fully understanding, from first principles, phenomena ranging from the Early Universe to

heavy ion collisions to neutron stars. One of the great mysteries of particle physics is how

such a simple Lagrangian – QCD – can give rise to such rich low energy structure. Nor do

we understand how the flavor structure of the Standard Model is generated; all that we

know for certain is that it exquisitely hard to write down BSM models that have both

non-trivial flavor structure and are testable. Perhaps most deeply, we are not even sure if

the Standard Model is complete. Without a nonperturbative regulator, we cannot say

definitively what is the basic particle content of a chiral gauge theory, and thus the

Standard Model.



108

BIBLIOGRAPHY

[1] D. Grabowska and D. B. Kaplan, Little Flavor and U(2) Family Symmetry,
arXiv:1509.05758.

[2] D. Grabowska, D. B. Kaplan, and S. Reddy, Role of the electron mass in damping
chiral plasma instability in Supernovae and neutron stars, Phys. Rev. D91 (2015),
no. 8 085035, [arXiv:1409.3602].

[3] D. Grabowska, D. B. Kaplan, and A. N. Nicholson, Sign problems, noise, and chiral
symmetry breaking in a QCD-like theory, Phys. Rev. D87 (2013), no. 1 014504,
[arXiv:1208.5760].

[4] D. M. Grabowska and D. B. Kaplan, Nonperturbative Regulator for Chiral Gauge
Theories?, Phys. Rev. Lett. 116 (2016), no. 21 211602, [arXiv:1511.03649].

[5] M. Srednicki, Quantum Field Theory. Cambridge Univ. Press, Cambridge, 2007.

[6] C. S. Wu, E. Ambler, R. W. Hayward, D. D. Hoppes, and R. P. Hudson, Experimental
test of parity conservation in beta decay, Phys. Rev. 105 (Feb, 1957) 1413–1415.

[7] J. J. T. M. F.R.S., Xl. cathode rays, Philosophical Magazine Series 5 44 (1897),
no. 269 293–316, [http://dx.doi.org/10.1080/14786449708621070].

[8] ATLAS Collaboration, G. Aad et al., Observation of a new particle in the search for
the Standard Model Higgs boson with the ATLAS detector at the LHC, Phys. Lett.
B716 (2012) 1–29, [arXiv:1207.7214].

[9] CMS Collaboration, S. Chatrchyan et al., Observation of a new boson at a mass of
125 GeV with the CMS experiment at the LHC, Phys. Lett. B716 (2012) 30–61,
[arXiv:1207.7235].

[10] F. Zwicky, On the Masses of Nebulae and of Clusters of Nebulae, Astrophys. J. 86
(1937) 217–246.

[11] B. Pontecorvo, Mesonium and anti-mesonium, Sov. Phys. JETP 6 (1957) 429. [Zh.
Eksp. Teor. Fiz.33,549(1957)].



109

[12] Z. Maki, M. Nakagawa, Y. Ohnuki, and S. Sakata, A unified model for elementary
particles, Prog. Theor. Phys. 23 (1960) 1174–1180.

[13] J. Schwinger, The theory of quantized fields. i, Phys. Rev. 82 (Jun, 1951) 914–927.

[14] G. Luders, On the Equivalence of Invariance under Time Reversal and under
Particle-Antiparticle Conjugation for Relativistic Field Theories, Kong. Dan. Vid.
Sel. Mat. Fys. Med. 28N5 (1954) 1–17.

[15] W. Pauli, Exclusion principle, Lorentz group and reflection of space-time and charge,
in Niels Bohr and the development of physics: Essays Dedicated to Niels Bohr on the
Occasion of His Seventieth Birthday (W. Pauli, L. Rosenfeld, and V. Weisskopf, eds.),
pp. 30–51. 1955.

[16] NA31 Collaboration, H. Burkhardt et al., First Evidence for Direct CP Violation,
Phys. Lett. B206 (1988) 169–176.

[17] NA48 Collaboration, V. Fanti et al., A New measurement of direct CP violation in
two pion decays of the neutral kaon, Phys. Lett. B465 (1999) 335–348,
[hep-ex/9909022].

[18] KTeV Collaboration, A. e. a. Alavi-Harati, Observation of direct CP violation in
ks,l → ππ decays, Phys. Rev. Lett. 83 (Jul, 1999) 22–27.

[19] BaBar Collaboration, B. Aubert et al., Direct CP Violating Asymmetry in
B0 → K+π− Decays, Phys. Rev. Lett. 93 (Sep, 2004) 131801.

[20] Belle Collaboration, Y. Chao et al., Evidence for Direct CP Violation in
B0 → K+π−Decays, Phys. Rev. Lett. 93 (Nov, 2004) 191802.

[21] Belle Collaboration, A. Poluektov et al., Evidence for direct CP violation in the
decay B->D(*)K, D->KsPi+Pi- and measurement of the CKM phase phi3, Phys.
Rev. D81 (2010) 112002, [arXiv:1003.3360].

[22] BaBar Collaboration, P. del Amo Sanchez et al., Measurement of CP observables in
B+−− > DCPK

+− decays and constraints on the CKM angle γ, Phys. Rev. D82
(2010) 072004, [arXiv:1007.0504].

[23] R. A. et al., Observation of CP violation in decays, Physics Letters B 712 (2012),
no. 3 203 – 212.



110

[24] LHCb Collaboration, R. Aaij et al., First observation of CP violation in the decays
of B0

s mesons, Phys. Rev. Lett. 110 (2013), no. 22 221601, [arXiv:1304.6173].

[25] BaBar Collaboration, J. P. Lees et al., Observation of Time Reversal Violation in
the B0 Meson System, Phys. Rev. Lett. 109 (2012) 211801, [arXiv:1207.5832].

[26] A. M. Jaffe and E. Witten, Quantum Yang-Mills theory, .

[27] K. Olive and P. D. Group, Review of particle physics, Chinese Physics C 38 (2014),
no. 9 090001.

[28] S. Weinberg, The u(1) problem, Phys. Rev. D 11 (Jun, 1975) 3583–3593.

[29] A. Manohar and H. Georgi, Chiral Quarks and the Nonrelativistic Quark Model,
Nucl.Phys. B234 (1984) 189.

[30] J. Gasser and H. Leutwyler, Chiral Perturbation Theory to One Loop, Annals Phys.
158 (1984) 142.

[31] J. Gasser and H. Leutwyler, Chiral Perturbation Theory: Expansions in the Mass of
the Strange Quark, Nucl. Phys. B250 (1985) 465–516.

[32] J. Bijnens, G. Ecker, and J. Gasser, Chiral perturbation theory, in 2nd DAPHNE
Physics Handbook:125-144, pp. 125–144, 1994. hep-ph/9411232.

[33] S. Myint and C. Rebbi, Derivation of chiral Lagrangians from lattice QCD, Nucl.
Phys. Proc. Suppl. 34 (1994) 213–215.

[34] M. Golterman, Chiral perturbation theory, nonleptonic kaon decays, and the lattice, in
Chiral dynamics: Theory and experiment. Proceedings, 3rd Workshop, Newport News,
USA, July 17-22, 2000, pp. 33–45, 2000. hep-ph/0011084.

[35] S. Weinberg, Phenomenological Lagrangians, Physica A96 (1979) 327.

[36] S. L. Adler, Axial vector vertex in spinor electrodynamics, Phys. Rev. 177 (1969)
2426–2438.

[37] J. S. Bell and R. Jackiw, A PCAC puzzle: pi0 –> gamma gamma in the sigma model,
Nuovo Cim. A60 (1969) 47–61.

[38] K. Fujikawa, Path Integral Measure for Gauge Invariant Fermion Theories, Phys.
Rev. Lett. 42 (1979) 1195–1198.



111

[39] K. Fujikawa, On the Evaluation of Chiral Anomaly in Gauge Theories with
Gamma(5) Couplings, Phys. Rev. D29 (1984) 285.

[40] G. ’t Hooft, Symmetry Breaking Through Bell-Jackiw Anomalies, Phys. Rev. Lett. 37
(1976) 8–11.

[41] G. ’t Hooft, How Instantons Solve the U(1) Problem, Phys. Rept. 142 (1986) 357–387.

[42] E. Witten, Current Algebra Theorems for the U(1) Goldstone Boson, Nucl. Phys.
B156 (1979) 269–283.

[43] R. J. Crewther, P. Di Vecchia, G. Veneziano, and E. Witten, Chiral Estimate of the
Electric Dipole Moment of the Neutron in Quantum Chromodynamics, Phys. Lett.
B88 (1979) 123. [Erratum: Phys. Lett.B91,487(1980)].

[44] R. D. Peccei and H. R. Quinn, CP conservation in the presence of pseudoparticles,
Phys. Rev. Lett. 38 (Jun, 1977) 1440–1443.

[45] R. D. Peccei and H. R. Quinn, Constraints imposed by CP conservation in the
presence of pseudoparticles, Phys. Rev. D 16 (Sep, 1977) 1791–1797.

[46] S. Weinberg, A new light boson?, Physical Review Letters 40 (Jan., 1978) 223–226.

[47] F. Wilczek, Problem of strong P and T invariance in the presence of instantons,
Physical Review Letters 40 (Jan., 1978) 279–282.

[48] N. Cabibbo, Unitary Symmetry and Leptonic Decays, Phys. Rev. Lett. 10 (1963)
531–533. [,648(1963)].

[49] M. Kobayashi and T. Maskawa, CP Violation in the Renormalizable Theory of Weak
Interaction, Prog. Theor. Phys. 49 (1973) 652–657.

[50] S. L. Glashow, J. Iliopoulos, and L. Maiani, Weak interactions with lepton-hadron
symmetry, Phys. Rev. D 2 (Oct, 1970) 1285–1292.

[51] A. I. Vainshtein and I. B. Khriplovich, Restrictions on masses of supercharged
hadrons in the weinberg model, Pisma Zh. Eksp. Teor. Fiz. 18 (1973) 141–145.

[52] M. K. Gaillard and B. W. Lee, Rare Decay Modes of the K-Mesons in Gauge
Theories, Phys. Rev. D10 (1974) 897.



112

[53] A. J. Buras, Weak Hamiltonian, CP violation and rare decays, in Probing the
standard model of particle interactions. Proceedings, Summer School in Theoretical
Physics, NATO Advanced Study Institute, 68th session, Les Houches, France, July
28-September 5, 1997. Pt. 1, 2, pp. 281–539, 1998. hep-ph/9806471.

[54] G. Isidori, Y. Nir, and G. Perez, Flavor Physics Constraints for Physics Beyond the
Standard Model, Ann. Rev. Nucl. Part. Sci. 60 (2010) 355, [arXiv:1002.0900].

[55] G. Isidori, Flavor physics and CP violation, in Proceedings, 2012 European School of
High-Energy Physics (ESHEP 2012): La Pommeraye, Anjou, France, June 06-19,
2012, pp. 69–105, 2014. arXiv:1302.0661.

[56] E. Fermi, Tentativo di una teoria dei raggi β, Il Nuovo Cimento (1924-1942) 11
(2008), no. 1 1–19.

[57] E. Fermi, Versuch einer Theorie der β-Strahlen. I, Zeitschrift fur Physik 88 (Mar.,
1934) 161–177.

[58] F. L. Wilson, Fermi’s Theory of Beta Decay, American Journal of Physics 36 (Dec.,
1968) 1150–1160.

[59] F. Gabbiani, E. Gabrielli, A. Masiero, and L. Silvestrini, A Complete analysis of
FCNC and CP constraints in general SUSY extensions of the standard model, Nucl.
Phys. B477 (1996) 321–352, [hep-ph/9604387].

[60] R. P. Feynman, Relativistic cut-off for quantum electrodynamics, Phys. Rev. 74 (Nov,
1948) 1430–1438.

[61] D. Rivier and E. C. G. Stuecklberg, A convergent expression for the magnetic
moment of the neutron, Phys. Rev. 74 (Jul, 1948) 218–218.

[62] D. Rivier and E. C. G. Stuecklberg, Erratum: A convergent expression for the
magnetic moment of the neutron, Phys. Rev. 74 (Oct, 1948) 986–986.

[63] W. Pauli and F. Villars, On the Invariant regularization in relativistic quantum
theory, Rev. Mod. Phys. 21 (1949) 434–444.

[64] G. ’t Hooft and M. J. G. Veltman, Regularization and Renormalization of Gauge
Fields, Nucl. Phys. B44 (1972) 189–213.

[65] H. Georgi, Effective field theory, Annual Review of Nuclear and Particle Science 43
(1993), no. 1 209–252.



113

[66] J. C. Ward, An Identity in Quantum Electrodynamics, Phys. Rev. 78 (1950) 182.

[67] Y. Takahashi, On the generalized ward identity, Il Nuovo Cimento (1955-1965) 6
(1957), no. 2 371–375.

[68] H. Lehmann, K. Symanzik, and W. Zimmermann, Zur Formulierung quantisierter
Feldtheorien, Nuovo Cimento Serie 1 (Jan., 1955) 205–225.

[69] K. G. Wilson, Confinement of quarks, Phys. Rev. D 10 (Oct, 1974) 2445–2459.

[70] J. Smit, Introduction to Quantum Fields on a Lattice. Cambridge Lecture Notes in
Physics. Cambridge University Press, 2002.

[71] C. Gattringer and C. Lang, Quantum Chromodynamics on the Lattice: An
Introductory Presentation. Lecture Notes in Physics. Springer Berlin Heidelberg,
2009.

[72] R. P. Feynman, Space-time approach to non-relativistic quantum mechanics, Rev.
Mod. Phys. 20 (Apr, 1948) 367–387.

[73] K. G. Wilson, New Phenomena in Subnuclear Physics: Part A, ch. Quarks and
Strings on a Lattice, pp. 69–142. Springer US, Boston, MA, 1977.

[74] T. A. DeGrand, A. Hasenfratz, and T. G. Kovacs, Optimizing the chiral properties of
lattice fermions, Nucl. Phys. Proc. Suppl. 73 (1999) 903–905, [hep-lat/9809097].

[75] MILC Collaboration, T. A. DeGrand, Simple observables from fat link fermion
actions, Phys. Rev. D60 (1999) 094501, [hep-lat/9903006].

[76] M. Stephenson, C. E. Detar, T. A. DeGrand, and A. Hasenfratz, Scaling and
eigenmode tests of the improved fat clover action, Phys. Rev. D63 (2001) 034501,
[hep-lat/9910023].

[77] K. Symanzik, Continuum Limit and Improved Action in Lattice Theories. 2. O(N)
Nonlinear Sigma Model in Perturbation Theory, Nucl. Phys. B226 (1983) 205–227.

[78] K. Symanzik, Continuum Limit and Improved Action in Lattice Theories. 1.
Principles and phi**4 Theory, Nucl. Phys. B226 (1983) 187–204.

[79] H. Nielsen and M. Ninomiya, A no-go theorem for regularizing chiral fermions,
Physics Letters B 105 (1981), no. 2 219 – 223.



114

[80] N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller, and E. Teller,
Equation of state calculations by fast computing machines, The Journal of Chemical
Physics 21 (1953), no. 6.

[81] G. Parisi and Y.-s. Wu, Perturbation Theory Without Gauge Fixing, Sci. Sin. 24
(1981) 483.

[82] P. H. Damgaard and H. Huffel, Stochastic Quantization, Phys. Rept. 152 (1987) 227.

[83] M. Creutz, Monte carlo study of quantized su(2) gauge theory, Phys. Rev. D 21 (Apr,
1980) 2308–2315.

[84] D. J. E. Callaway and A. Rahman, Lattice gauge theory in the microcanonical
ensemble, Phys. Rev. D 28 (Sep, 1983) 1506–1514.

[85] P. de Forcrand, Simulating QCD at finite density, PoS LAT2009 (2009) 010,
[arXiv:1005.0539].

[86] Z. Fodor and S. D. Katz, A New method to study lattice QCD at finite temperature
and chemical potential, Phys. Lett. B534 (2002) 87–92, [hep-lat/0104001].

[87] Z. Fodor and S. D. Katz, Lattice determination of the critical point of QCD at finite
T and mu, JHEP 03 (2002) 014, [hep-lat/0106002].

[88] A. Hasenfratz and D. Toussaint, Canonical ensembles and nonzero density quantum
chromodynamics, Nucl. Phys. B371 (1992) 539–549.

[89] M.-P. Lombardo, Finite density (might well be easier) at finite temperature, Nucl.
Phys. Proc. Suppl. 83 (2000) 375–377, [hep-lat/9908006].

[90] P. de Forcrand and O. Philipsen, The QCD phase diagram for small densities from
imaginary chemical potential, Nucl. Phys. B642 (2002) 290–306, [hep-lat/0205016].

[91] G. Parisi, On Complex Probabilities, Phys. Lett. B131 (1983) 393–395.

[92] J. R. Klauder, A Langevin Approach to Fermion and Quantum Spin Correlation
Functions, J. Phys. A16 (1983) L317.

[93] J. R. Klauder, Recent Developments in High-Energy Physics, ch. Stochastic
Quantization, pp. 251–281. Springer Vienna, Vienna, 1983.



115

[94] D. B. Kaplan, Chiral Symmetry and Lattice Fermions, in Modern perspectives in
lattice QCD: Quantum field theory and high performance computing. Proceedings,
International School, 93rd Session, Les Houches, France, August 3-28, 2009,
pp. 223–272, 2009. arXiv:0912.2560.

[95] C. Bouchiat, J. Iliopoulos, and P. Meyer, An Anomaly Free Version of Weinberg’s
Model, Phys. Lett. B38 (1972) 519–523.

[96] D. J. Gross and R. Jackiw, Effect of anomalies on quasirenormalizable theories, Phys.
Rev. D6 (1972) 477–493.

[97] D. B. Kaplan, A Method for simulating chiral fermions on the lattice, Phys.Lett.
B288 (1992) 342–347, [hep-lat/9206013].

[98] C. G. Callan, Jr. and J. A. Harvey, Anomalies and fermion zero modes on strings and
domain walls, Nucl. Phys. B250 (1985) 427.

[99] K. Jansen and M. Schmaltz, Critical momenta of lattice chiral fermions, Phys.Lett.
B296 (1992) 374–378, [hep-lat/9209002].

[100] M. F. Golterman, K. Jansen, and D. B. Kaplan, Chern-Simons currents and chiral
fermions on the lattice, Phys.Lett. B301 (1993) 219–223, [hep-lat/9209003].

[101] R. Narayanan and H. Neuberger, Infinitely many regulator fields for chiral fermions,
Phys. Lett. B302 (1993) 62–69, [hep-lat/9212019].

[102] R. Narayanan and H. Neuberger, A Construction of lattice chiral gauge theories,
Nucl. Phys. B443 (1995) 305–385, [hep-th/9411108].

[103] H. Neuberger, Exactly massless quarks on the lattice, Phys.Lett. B417 (1998)
141–144, [hep-lat/9707022].

[104] H. Neuberger, More about exactly massless quarks on the lattice, Phys. Lett. B427
(1998) 353–355, [hep-lat/9801031].

[105] H. Neuberger, Vectorlike gauge theories with almost massless fermions on the lattice,
Phys. Rev. D 57 (May, 1998) 5417–5433.

[106] Y. Kikukawa and T. Noguchi, Low-energy effective action of domain wall fermion
and the Ginsparg-Wilson relation, Nucl. Phys. Proc. Suppl. 83 (2000) 630–632,
[hep-lat/9902022].



116

[107] P. Hernandez, K. Jansen, and M. Luscher, Locality properties of Neuberger’s lattice
Dirac operator, Nucl. Phys. B552 (1999) 363–378, [hep-lat/9808010].

[108] P. H. Ginsparg and K. G. Wilson, A remnant of chiral symmetry on the lattice, Phys.
Rev. D25 (1982) 2649.

[109] S. Sun, D. B. Kaplan, and A. E. Nelson, Little flavor: A model of weak-scale flavor
physics, Phys.Rev. D87 (2013) 125036, [arXiv:1303.1811].

[110] R. S. Chivukula and H. Georgi, Composite Technicolor Standard Model, Phys.Lett.
B188 (1987) 99.

[111] G. D’Ambrosio, G. F. Giudice, G. Isidori, and A. Strumia, Minimal flavor violation:
An Effective field theory approach, Nucl. Phys. B645 (2002) 155–187,
[hep-ph/0207036].

[112] V. Cirigliano, B. Grinstein, G. Isidori, and M. B. Wise, Minimal flavor violation in
the lepton sector, Nucl. Phys. B728 (2005) 121–134, [hep-ph/0507001].

[113] S. Dimopoulos and J. R. Ellis, Challenges for Extended Technicolor Theories,
Nucl.Phys. B182 (1982) 505–528.

[114] E. Farhi and L. Susskind, Technicolor, Phys. Rept. 74 (1981) 277.

[115] T. W. Appelquist, D. Karabali, and L. C. R. Wijewardhana, Chiral Hierarchies and
the Flavor Changing Neutral Current Problem in Technicolor, Phys. Rev. Lett. 57
(1986) 957.

[116] R. Barbieri, G. R. Dvali, and L. J. Hall, Predictions from a U(2) flavor symmetry in
supersymmetric theories, Phys. Lett. B377 (1996) 76–82, [hep-ph/9512388].

[117] A. Pomarol and D. Tommasini, Horizontal symmetries for the supersymmetric flavor
problem, Nucl. Phys. B466 (1996) 3–24, [hep-ph/9507462].

[118] R. Barbieri, L. J. Hall, and A. Romanino, Consequences of a U(2) flavor symmetry,
Phys. Lett. B401 (1997) 47–53, [hep-ph/9702315].

[119] R. Barbieri, L. Giusti, L. J. Hall, and A. Romanino, Fermion masses and symmetry
breaking of a U(2) flavor symmetry, Nucl. Phys. B550 (1999) 32–40,
[hep-ph/9812239].



117

[120] J. S. Hagelin, S. Kelley, and T. Tanaka, Supersymmetric flavor changing neutral
currents: Exact amplitudes and phenomenological analysis, Nucl. Phys. B415 (1994)
293–331.

[121] D. B. Kaplan and H. Georgi, SU(2) x U(1) Breaking by Vacuum Misalignment,
Phys.Lett. B136 (1984) 183.

[122] D. B. Kaplan, H. Georgi, and S. Dimopoulos, Composite Higgs Scalars, Phys.Lett.
B136 (1984) 187.

[123] H. Georgi, D. B. Kaplan, and P. Galison, Calculation of the Composite Higgs Mass,
Phys.Lett. B143 (1984) 152.

[124] M. J. Dugan, H. Georgi, and D. B. Kaplan, Anatomy of a Composite Higgs Model,
Nucl.Phys. B254 (1985) 299.

[125] N. Arkani-Hamed, A. Cohen, E. Katz, and A. Nelson, The Littlest Higgs, JHEP 0207
(2002) 034, [hep-ph/0206021].

[126] ATLAS Collaboration, G. Aad et al., Search for high-mass dilepton resonances in pp
collisions at

√
s = 8TeV with the ATLAS detector, Phys.Rev. D90 (2014), no. 5

052005, [arXiv:1405.4123].

[127] P. Minkowski, µ→ eγ at a Rate of One Out of 109 Muon Decays?, Phys. Lett. B67
(1977) 421–428.

[128] M. Gell-Mann, P. Ramond, and R. Slansky, Complex Spinors and Unified Theories,
Conf. Proc. C790927 (1979) 315–321, [arXiv:1306.4669].

[129] T. Yanagida, Horizontal Symmetry and Masses of Neutrinos, Conf. Proc. C7902131
(1979) 95–99.

[130] R. N. Mohapatra and G. Senjanovic, Neutrino Mass and Spontaneous Parity
Violation, Phys. Rev. Lett. 44 (1980) 912.

[131] S. Sun, Little Flavor: Heavy Leptons, Z’ and Higgs Phenomenology,
arXiv:1411.0131.

[132] S. A. Olausen and V. M. Kaspi, The McGill Magnetar Catalog, Astrophys.J. 212
(May, 2014) 6, [arXiv:1309.4167].



118

[133] R. C. Duncan and C. Thompson, Formation of very strongly magnetized neutron
stars - implications for gamma-ray bursts, Astrophys.J. 392 (1992) L9.

[134] S. Akiyama, J. C. Wheeler, D. L. Meier, and I. Lichtenstadt, The Magnetorotational
Instability in Core-Collapse Supernova Explosions, Astrophys.J. 584 (Feb., 2003)
954–970, [astro-ph/0208128].

[135] E. Endeve, C. Y. Cardall, R. D. Budiardja, S. W. Beck, A. Bejnood, R. J. Toedte,
A. Mezzacappa, and J. M. Blondin, Turbulent Magnetic Field Amplification from
Spiral SASI Modes: Implications for Core-collapse Supernovae and Proto-neutron
Star Magnetization, Astrophys.J. 751 (May, 2012) 26, [arXiv:1203.3108].

[136] A. Ohnishi and N. Yamamoto, Magnetars and the Chiral Plasma Instabilities,
arXiv:1402.4760.

[137] A. Vilenkin, Equilibrium Parity Violating Current in a Magnetic Field, Phys.Rev.
D22 (1980) 3080–3084.

[138] V. A. Rubakov, On the electroweak theory at high fermion density, Progress of
Theoretical Physics 75 (1986), no. 2 366.

[139] V. Rubakov and A. Tavkhelidze, Stable Anomalous States of Superdense Matter in
Gauge Theories, Phys.Lett. B165 (1985) 109–112.

[140] K. Fukushima, D. E. Kharzeev, and H. J. Warringa, The Chiral Magnetic Effect,
Phys.Rev. D78 (2008) 074033, [arXiv:0808.3382].

[141] A. Boyarsky, J. Fröhlich, and O. Ruchayskiy, Self-consistent evolution of magnetic
fields and chiral asymmetry in the early universe, Phys. Rev. Lett. 108 (Jan, 2012)
031301.

[142] H. Tashiro, T. Vachaspati, and A. Vilenkin, Chiral Effects and Cosmic Magnetic
Fields, Phys.Rev. D86 (2012) 105033, [arXiv:1206.5549].

[143] Y. Akamatsu and N. Yamamoto, Chiral Plasma Instabilities, Phys.Rev.Lett. 111
(2013) 052002, [arXiv:1302.2125].

[144] U. Frisch, A. Pouquet, J. Leorat, and A. Mazure J. Fluid. Mech. 68 (1975) 769.

[145] A. Burrows, Colloquium: Perspectives on core-collapse supernova theory, Reviews of
Modern Physics 85 (Jan., 2013) 245–261, [arXiv:1210.4921].



119

[146] A. Boyarsky, O. Ruchayskiy, and M. Shaposhnikov, Long-range magnetic fields in the
ground state of the Standard Model plasma, Phys.Rev.Lett. 109 (2012) 111602,
[arXiv:1204.3604].

[147] A. Vilenkin, Cancellation of Equilibrium Parity Violating Currents, Phys.Rev. D22
(1980) 3067–3079.

[148] S. Beane, E. Chang, S. Cohen, W. Detmold, H. Lin, et al., Light Nuclei and
Hypernuclei from Quantum Chromodynamics in the Limit of SU(3) Flavor
Symmetry, arXiv:1206.5219.

[149] J.-W. Lee, M. G. Endres, D. B. Kaplan, and A. N. Nicholson, Extended Study for
Unitary Fermions on a Lattice Using the Cumulant Expansion Technique, PoS
LATTICE2011 (2011) 203, [arXiv:1111.3793].

[150] M. G. Endres, D. B. Kaplan, J.-W. Lee, and A. N. Nicholson, Noise, Sign Problems,
and Statistics, Phys.Rev.Lett. 107 (2011) 201601, [arXiv:1106.0073].

[151] M. G. Endres, D. B. Kaplan, J.-W. Lee, and A. N. Nicholson, Listening to Noise,
PoS LATTICE2011 (2011) 017, [arXiv:1112.4023].

[152] Y. Nambu and G. Jona-Lasinio, Dynamical Model of Elementary Particles Based on
an Analogy with Superconductivity. 1., Phys.Rev. 122 (1961) 345–358.

[153] P. E. Gibbs, Understanding Finite Baryonic Density Simulations in Lattice QCD,
PRINT-86-0389 (GLASGOW), unpublished, (1986).

[154] K. Splittorff and J. J. M. Verbaarschot, Phase of the Fermion Determinant at
Nonzero Chemical Potential, Phys.Rev.Lett. 98 (2007) 031601, [hep-lat/0609076].

[155] K. Splittorff and J. J. M. Verbaarschot, The QCD Sign Problem for Small Chemical
Potential, Phys.Rev. D75 (2007) 116003, [hep-lat/0702011].

[156] T. DeGrand and D. Toussaint, eds., Proceedings of the 1989 Theoretical Advanced
Study Institute (TASI), Boulder, 1989, (Singapore), World Scientific, 1990.

[157] S. Chandrasekharan and U.-J. Wiese, Meron cluster solution of a fermion sign
problem, Phys.Rev.Lett. 83 (1999) 3116–3119, [cond-mat/9902128].

[158] S. Hands, A. Kocic, and J. B. Kogut, Four Fermi Theories in Fewer Than
Four-Dimensions, Annals Phys. 224 (1993) 29–89, [hep-lat/9208022].



120

[159] B. Rosenstein, B. Warr, and S. Park, Dynamical Symmetry Breaking in Four Fermi
Interaction Models, Phys.Rept. 205 (1991) 59–108.

[160] S. Hands, J. Kogut, and C. Strouthos, The (2+1)-Dimensional Gross-Neveu Model
with a U(1) Chiral Symmetry at Nonzero Temperature, Phys.Lett. B515 (2001)
407–413, [hep-lat/0107004].

[161] S. Hands, S. Kim, and J. B. Kogut, The U(1) Gross-Neveu model at nonzero
chemical potential, Nucl.Phys. B442 (1995) 364–390, [hep-lat/9501037].

[162] S. Chandrasekharan, The Fermion bag approach to lattice field theories, Phys.Rev.
D82 (2010) 025007, [arXiv:0910.5736].

[163] S. Chandrasekharan and A. Li, Fermion bags, duality and the three dimensional
massless lattice Thirring model, Phys.Rev.Lett. 108 (2012) 140404,
[arXiv:1111.7204].

[164] S. Chandrasekharan and A. Li, Fermion Bag Solutions to Some Sign Problems in
Four-Fermion Field Theories, Phys.Rev. D85 (2012) 091502, [arXiv:1202.6572].

[165] M. G. Endres, D. B. Kaplan, J.-W. Lee, and A. N. Nicholson, Lattice Monte Carlo
Calculations for Unitary Fermions in a Harmonic Trap, Phys.Rev. A84 (2011)
043644, [arXiv:1106.5725].

[166] M. G. Endres, D. B. Kaplan, J.-W. Lee, and A. N. Nicholson, Lattice Monte Carlo
Calculations for Unitary Fermions in a Finite Box, arXiv:1203.3169.

[167] T. DeGrand, Log-normal distribution for correlators in lattice QCD?, Phys.Rev. D86
(2012) 014512, [arXiv:1204.4664].

[168] M. Golterman, Lattice chiral gauge theories, Nucl. Phys. Proc. Suppl. 94 (2001)
189–203, [hep-lat/0011027].

[169] D. B. Kaplan, Chiral fermions on the lattice, Nucl. Phys. Proc. Suppl. 30 (1993)
597–600.

[170] M. Golterman and Y. Shamir, SU(N) chiral gauge theories on the lattice, Phys. Rev.
D70 (2004) 094506, [hep-lat/0404011].

[171] P. V. D. Swift, The Electroweak Theory on the Lattice, Phys. Lett. B145 (1984) 256.

[172] J. Smit, Fermions on a Lattice, Acta Phys. Polon. B17 (1986) 531.



121

[173] E. Eichten and J. Preskill, Chiral Gauge Theories on the Lattice, Nucl. Phys. B268
(1986) 179.

[174] E. Poppitz and Y. Shang, Lattice chirality and the decoupling of mirror fermions,
JHEP 08 (2007) 081, [arXiv:0706.1043].

[175] X.-G. Wen, A lattice non-perturbative definition of an SO(10) chiral gauge theory and
its induced standard model, Chin. Phys. Lett. 30 (2013) 111101, [arXiv:1305.1045].

[176] Y.-Z. You and C. Xu, Interacting topological insulator and emergent grand unified
theory, Physical Review B 91 (2015), no. 12 125147.

[177] R. Narayanan and H. Neuberger, Chiral determinant as an overlap of two vacua,
Nucl. Phys. B412 (1994) 574–606, [hep-lat/9307006].

[178] M. Luscher, Abelian chiral gauge theories on the lattice with exact gauge invariance,
Nucl. Phys. B549 (1999) 295–334, [hep-lat/9811032].

[179] M. F. L. Golterman and Y. Shamir, Domain wall fermions in a waveguide: The
Phase diagram at large Yukawa coupling, Phys. Rev. D51 (1995) 3026–3033,
[hep-lat/9409013].

[180] C. P. Korthals-Altes, S. Nicolis, and J. Prades, Chiral defect fermions and the layered
phase, Phys. Lett. B316 (1993) 339–344, [hep-lat/9306017].

[181] M. F. L. Golterman, D. N. Petcher, and J. Smit, Fermion interactions in models with
strong Wilson-Yukawa couplings, Nucl. Phys. B370 (1992) 51–68.

[182] M. F. L. Golterman, D. N. Petcher, and E. Rivas, Absence of chiral fermions in the
Eichten-Preskill model, Nucl. Phys. B395 (1993) 596–622, [hep-lat/9206010].

[183] C. Chen, J. Giedt, and E. Poppitz, On the decoupling of mirror fermions, JHEP 04
(2013) 131, [arXiv:1211.6947].

[184] D. B. Kaplan and M. Schmaltz, Domain wall fermions and the eta invariant,
Phys.Lett. B368 (1996) 44–52, [hep-th/9510197].

[185] J. Eells and J. H. Sampson, Harmonic mappings of Riemannian manifolds, American
Journal of Mathematics (1964) 109–160.

[186] R. S. Hamilton et al., Three-manifolds with positive Ricci curvature, Journal of
Differential Geometry 17 (1982), no. 2 255–306.



122

[187] G. Perelman, The entropy formula for the Ricci flow and its geometric applications,
arXiv preprint math/0211159 (2002).

[188] M. F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces,
Philosophical Transactions of the Royal Society of London A: Mathematical, Physical
and Engineering Sciences 308 (1983), no. 1505 523–615.

[189] R. Narayanan and H. Neuberger, Infinite N phase transitions in continuum Wilson
loop operators, JHEP 03 (2006) 064, [hep-th/0601210].

[190] M. Luscher, Properties and uses of the Wilson flow in lattice QCD, JHEP 1008
(2010) 071, [arXiv:1006.4518].

[191] M. Luscher and P. Weisz, Perturbative analysis of the gradient flow in non-Abelian
gauge theories, JHEP 1102 (2011) 051, [arXiv:1101.0963].

[192] C. Morningstar and M. J. Peardon, Analytic smearing of SU(3) link variables in
lattice QCD, Phys. Rev. D69 (2004) 054501, [hep-lat/0311018].

[193] S. Güsken, A study of smearing techniques for hadron correlation functions, Nuclear
Physics B-Proceedings Supplements 17 (1990) 361–364.

[194] M. Luscher, Future applications of the Yang-Mills gradient glow in lattice QCD, PoS
LATTICE2013 (2014) 016, [arXiv:1308.5598].

[195] L. Del Debbio, A. Patella, and A. Rago, Space-time symmetries and the Yang-Mills
gradient flow, JHEP 1311 (2013) 212, [arXiv:1306.1173].

[196] H. Suzuki, Energy-momentum tensor from the Yang-Mills gradient flow, PTEP 2013
(2013) 083B03, [arXiv:1304.0533]. [Erratum: PTEP2015,079201(2015)].

[197] Y. Shamir, Chiral fermions from lattice boundaries, Nucl. Phys. B406 (1993) 90–106,
[hep-lat/9303005].

[198] L. Alvarez-Gaume, S. Della Pietra, and V. Della Pietra, The effective action for
chiral fermions, Phys. Lett. B166 (1986) 177.



123

Appendix A

CONNECTION BETWEEN MEAN FIELD CALCULATION AND
TREE LEVEL CUMULANT DIAGRAMS

In Sec. 4.3.2, it was asserted that the sum of tree graphs contributing to the cumulants

of YΓ is equal to the effective action SY , evaluated at its minimum. Here, this equivalence is

shown in more detail.

The generating function, W (s) has two different representations. The first is in terms of

a functional integral:

Z = e−W (s) =

∫
[dφ] e−NS(φ)+isY (φ) . (A.1)

The second representation is as the generating function for cumulants:

W (s) = const−
∞∑
n=1

(is)n

n!
κn . (A.2)

Changing variables, s = Nr,

e−W (r) =

∫
[dφ] e−NA(r,φ) , (A.3)

with A(r, φ) = S(φ) + irY (φ), and

W (r) = const−N
∞∑
n=1

(ir)n

n!

(
Nn−1κn

)
. (A.4)

Compute W in a large-N expansion is equivalent to a mean field expansion:

A(r, φ) = A(0) +
∞∑
n=2

A(n)

n!
δφn , (A.5)

where

A(n) =
δnA
δφn

∣∣∣∣∣
φ=φ0

, A(1) = 0 , (A.6)
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with φ0 being the classical solution that minimizes A and δφ = (φ− φ0). Therefore

e−W (r) = e−NA
(0)

∫
[dδφ] e

−N
∞∑
n=2

A(n)

n!
δφn

= e−NA
(0)

[
e
−N

∞∑
n=3

A(n)

n!
δn

δJn

∫
[dδφ] e−

N
2
A(2)δφ2+Jδφ

]
J=0

=
const√

detNA(2)
× e−NA(0) ×

[
e
−N

∞∑
n=3

A(n)

n!
δn

δJn

e
− J2

NA(2)

]
J=0

. (A.7)

To determine the leading contributions to κn, the terms that are both leading in N and

r-dependent must be found.

1. The constant factor in Eq. A.7 is independent of r and does not contribute to κn.

2. The factor in brackets in Eq. A.7 is the sum of connected diagrams whose propagators

scale as 1/N and vertices as N . Thus, these diagrams scale as

NV−P = N1−L , (A.8)

using the topological invariant L + V − P = 1, where V, P, and L are the numbers of

vertices, propagators, and loops respectively. These diagrams do not contain tadpoles,

as there are no terms linear in φ. Therefore, this quantity only contributes to W (r) at

one loop and higher and is thus O(N0) and subleading.

3. The determinant factor in Eq. A.7 contributes to W (r) a term 1
2
Tr lnNA(2) = const+

1
2
Tr lnA(2). The constant is N dependent, but r independent, whereas the second

term is r dependent, but N independent. Therefore, the determinant factor comes in

at O(N0) and is also subleading.

4. The remaining term is e−NA(0) : this gives NA0, the classical action at its minimum, as

the leading contribution to W , at O(N).
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Now the action at the classical minimum,A(0), must be related to the diagrams in Fig. 4.5.

From above, W (r) can be expanded in powers of N :

W (r) = const +N
[
W0(r) +N−1W1(r) +N−2W2(r) + . . .

]
, (A.9)

where W0(r) = NA(0). We can also write W (r) in terms of cumulants,

W (r) = const−N
∞∑
n=1

(ir)n

n!

(
Nn−1κn

)
. (A.10)

From this, κn may be expanded as

κn =
1

Nn−1

∞∑
p=0

kn,p
Np

, (A.11)

with

Wp(r) = −
∞∑
n=1

(ir)n

n!
kn,p . (A.12)

Previously sum of tree graphs with n white vertices was identified as the leading contribution

to the nth cumulant, kn,0. Thus,

W0 = −
∞∑
n=1

(ir)n

n!
kn,0 , (A.13)

which proves the assertion that the sum of tree graphs in Fig. 4.5 is equal to the effective

action SY = NS(φ)− isY (φ), evaluated at its minimum.


