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Abstract
The determination of equilibrium emittance stands as a

critical factor in optimizing the luminosity of the Future Cir-
cular Collider (FCC). In order to have accurate simulations
and understanding of the emittance, multiple effects have to
be taken into consideration including errors in the machine,
solenoid effects, synchrotron radiation, and beam-beam ef-
fects. The novel Xsuite software aims to cover many of these
effects. In this paper, we present benchmark studies and first
results for determining equilibrium emittances using Xsuite
and other simulation codes.

INTRODUCTION AND BACKGROUND
One of the most important features governing the luminos-

ity of the Future Circular electron-positron Collider (FCC-
ee) is the equilibrium emittance caused by the balance of
quantum excitations and radiation damping. The horizontal
emittance is largely impacted by the horizontal dispersion
caused by the bending magnets in the arcs, causing quan-
tum excitations. However, the vertical emittance is signif-
icantly smaller due to there being no dispersion by design
and greatly depends on the alignment of the machine and
compensation methods. An accurate simulation of the equi-
librium emittance under realistic conditions is therefore of
the utmost importance.

For the simulations to be as accurate as possible, it has
to include all major emittance generating effects and allow
the study of these effects to be interplaying simultaneously.
The effects include alignment and magnetic errors that pro-
duce vertical dispersion and coupling, tilted solenoid effects
as well as beam-beam effects. To allow for such compre-
hensive simulations major efforts have been directed to the
development and testing of such tools. Matrix methods can
give a quick first indication of the emittance of the machine,
whilst tracking methods are more accurate, especially in the
presence of coupling and more versatile as they allow the
inclusion of other effects such as beam-beam. Both methods
fulfil different purposes and have to be equally well tested.

The novel Xsuite [1] software package allows for such
studies using both matrix and tracking methods, and as part
of the EPFL FCC-ee software framework, we aim to bench-
mark the relevant features of this code and facilitate compre-
hensive studies that explore the interplay of these effects. On
top of this, we aim to use these tools to study realistic com-
missioning and tuning strategies to get an accurate picture
of the emittance and hence the machine performance. In
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this study we aim to test the new radiation features in Xsuite
by benchmarking them against other well-established codes,
in particular MADX [2] and SAD [3]. A comprehensive
comparison between MADX and SAD has been done in the
past for the FCC-ee study and can be found in [4].

The error-free horizontal emittance and the vertical emit-
tance produced with a local, coupling free vertical wiggler
have been benchmarked in Xsuite and shown to produce
reliable results [5]. Similarly, the emittance blow due to
beam-beam has been studied using the beam-beam module
in Xsuite [6]. In particular this beam-beam study sets up lat-
tices with different vertical equilibrium emittances produced
by a vertical wiggler and studies the vertical emittance with
beam-beam, comparing it to results obtained from SAD.

In this paper we focus on vertical emittance produced from
magnet misalignments that are obtained using matrix and
tracking methods. A comparison between the matrix and
tracking methods can also be helpful, in order to gauge the
effectiveness of the matrix methods as an indicator. We also
asses a first case where equilibrium emittances are computed
for the FCC-ee lattice with relaxed optics, show-casing how
these tools can be used for optimisation and tuning studies.

EMITTANCE WITH LATTICE ERRORS
Method

To study the impact of misalignment errors, identical mis-
alignments must be applied to the lattices in all three codes.
Whilst misalignment errors from MADX can be imported
into Xsuite through the built-in converter, this is not the
case for SAD. Moreover, to obtain enough statistics for an
accurate comparison, it is important to sample multiple error
seeds.

To do this, the scripts in FCC-ee Xample Error Tracking
repository [7] were used, these scripts allow for the creation
of random errors in Python that are then converted to Xsuite.
To allow reproducibility, the error seed can be set, and the
individual errors of each magnet are stored. The script was
modified to also export the errors in a format that can be
read by SAD.

To test that the errors are accurately converted in all three
cases, errors from a single seed were applied to two magnets,
and the orbit and dispersion were compared. This was then
repeated for a single seed, but applying vertical and horizon-
tal displacement errors to all quadrupoles and sextupoles.

For the complete study, the lattice for the 𝑡𝑡 operation
mode with a beam energy of 182.5 GeV was used and ver-
tical misalignments were applied to all quadrupoles and
sextupoles. These misalignments were generated using a
Gaussian with a standard deviation of 2 nm, truncated at
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2.5 𝜎. This was done for 500 error seeds. The generated
lattices and errors were loaded into MADX, SAD and Xsuite
for further simulations. The results from MADX and SAD
were stored in a text file for further processing in python,
whilst the studies in Xsuite were run natively in python. The
emittances were computed using the matrix methods built
into all three codes, whilst SAD and Xsuite also obtained
the equilibrium emittance by tracking a test particle for 5000
turns, more than 100 damping times.

Since the high beam energy results in significant syn-
chrotron radiation losses, the strength of each magnet has to
be adjusted to the local average beam energy, this is known
as tapering. All three codes have an independently imple-
mented tapering procedure and the native procedures were
used for each case, making this study also an adequate way
of testing the different tapering implementations. In the
past, the matrix module in MADX has been shown to give
incorrect results for tapered lattices, while working out the
emittance for an effectively tapered lattice with 1 GeV beam
energy and no tapering and scaling the obtained emittance
up with energy has proven to be reliable [8]. Therefore,
the MADX procedure also included a simulation that ran at
1 GeV and scaled the results.

Tracking Results
The emittance from tracking was computed from the

tracking data of a test particle in both codes by trun-
cating the data from the first turns, corresponding to
one damping time and then computing the emittance as
√< 𝑦2 >< 𝑦′2 > − < 𝑦𝑦′ >2. The results of the 500 seeds
were binned into histograms and are shown in Fig. 1, showing
an overall good agreement. To further highlight this agree-
ment, the logarithm of the emittance can also be binned and
plotted in a histogram as shown in Fig. 2. The histograms of
the logarithm of the emittances appear to follow a Gaussian
distribution and computing the mean and standard deviation
for both cases yields −35.36 ± 1.07 and −35.33 ± 1.06,
showing very good agreement.

Figure 1: Emittance from tracking in 500 lattices with verti-
cal alignment errors in SAD and Xsuite.

The distribution of the ratio between the results obtained
by the two codes for individual seeds can also be computed

Figure 2: Logarithm of emittance from tracking in 500 lat-
tices with vertical alignment errors in SAD and Xsuite.

and is shown in Fig. 3. The disagreement between the codes
is most likely due to the random process of the quantum
excitations which will have slightly different pseudo random
number generators in the two codes and should tend to unity
with more particles or turns. This was confirmed by repeat-
ing the study with a lower number of turns and obtaining a
significantly larger spread.

Figure 3: Ratio between emittances computed from tracking
in 500 lattices with vertical alignment errors in SAD and
Xsuite.
Matrix Methods

The results of the matrix methods for the three codes
were obtained and are plotted together with the tracking re-
sults and are shown in Fig. 4. Figure 4 does not show the
MADX results at full energy but only the scaled results, as
the spread for the full energy was too large and there was
no correlation with other data. The mean and standard error
for the three codes were calculated as −35.86 ± 1.01 for
SAD, −35.86 ± 0.99 for MADX, and −34.47 ± 0.90 for
Xsuite computed using the fast self consistent method [9].
These numbers and the plots in Fig. 4 show that the SAD
and MADX results in general provide a slight underesti-
mate, whilst the Xsuite results provide an overestimate that
disagrees with the tracking results to a greater extent than
the matrix methods of the other two codes. The reason for
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this different behaviour and lower accuracy compared to the
other two codes is under investigation.

Figure 4: Emittance from tracking in 500 lattices with verti-
cal alignment errors.

For seed-by-seed comparison, the results from each seed
were normalised by dividing them by the tracking result
obtained from Xsuite and this result is shown in Fig. 5 using a
logarithmic scale for clarity. The results show a near-perfect
agreement between the SAD and MADX results. Whilst
the SAD and MADX results are consistently lower than the
tracking results, the Xsuite results are mostly larger than
the tracking results; this is not as consistent as for the other
two codes. Overall this shows that the Matrix results are a
strong, albeit not perfect, indicator for the deprecation of the
equilibrium emittance with vertical misalignment errors.

Figure 5: Emittance from tracking in 500 lattices with verti-
cal alignment errors divided by Xsuite tracking results.

RELAXED OPTICS
There are a large number of studies that can be performed

with these tools, now benchmarked. As an example we
present here the results from a study that uses Xsuite track-
ing in misaligned lattices to understand whether a relaxed
insertion region optics as described in [10]. The motivation
for this study was shown in [8], where misalignment of inser-
tion region magnets results in a significantly higher impact

on the vertical emittance compared to those in the arcs. It
was therefore proposed that a relaxed insertion region optics,
that is with a larger 𝛽∗ and thereby lower 𝛽 in the IR mag-
nets would show a smaller increase of the vertical emittance
for the same misalignment . In addition a relaxed, IR optics
will represnet the first steps of a possible commissioning
plan for such colldier.

To test this, 100 random error seeds were applied to base-
line FCC-ee lattices and lattices with relaxed optics. In
both cases, the same errors were applied to the individual
magnets. The emittances were computed using the matrix
methods in SAD and the results are shown in Fig. 6. The
mean and standard error of the emittance for the baseline
optics is −36.3±4.4, compared to −36.5±4.4 for the relaxed
case, indicating no significant improvement.

Figure 6: Emittance from tracking in 100 lattices with verti-
cal alignment errors with baseline and relaxed optics.

CONCLUSION AND OUTLOOK
We have compared the emittance simulations with mag-

netic alignment errors using two methods and three simu-
lation tools, showing good agreement between the tracking
results from SAD and Xsuite, highlighting that they are
ready to be used for precise predictions of emittances. The
matrix methods have been shown to be reliable indicators of
emittances but slightly disagree with tracking results. This
disagreement is especially big for the Xsuite matrix method,
which also disagrees with the matrix methods of the other
two codes and therefore needs to be further understood.

A first applied study with relaxed optics, shows that, con-
trary to expectations, a relaxed optics does not reduce the
vertical emittance from misalignment errors. The next step
of this work is to bring multiple effects together to reliably
determine the equilibrium emittance, this includes weak-
strong beam-beam effects, various approximations of the
tilted experimental solenoid and more detailed lattice errors
and tapering schemes. Apart from emittance, these studies
will also have to monitor other performance indicators like
the dynamic aperture, lifetimes and polarisation and will
require comprehensive correction and strategies.
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