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I) Introduction. \

In a classical article [W88], E. Witten proposed a Euclidean field theory scheme which
should allow one to compute cohomology classes of orbit spaces using field theory methods.
The example treated in that article is that of the Donaldson invariants [DK90]. Whereas the
corresponding classical action was found thanks to N =2 supersymmetry arguments, it was
progressively realized that equivariant cohomology could be thought of as the proper mathe-
matical background at the root of $uch constructions [W38, BS88, B92, OSB89, BS91, K93].

While equivariant cohomology is more than twenty years old [C50, GHV73, AB&4,
MQ86, BGV9I1, K93] relatively little is known about the corresponding field theory models in
which both ultraviolet and infrared problems arise. Here, we shall have in mind a perturbative
local field theory approach which is probably suitable since it is conjectured that the
semiclassical approximation is exact. This sheds no light on the infrared problem, and in
particular, the question of integration over moduli. These notes will focus on algebraic aspects
needed to constrain the above mentioned field theories. Two models will be studied to some
extent : “topological” Yang-Mills in four dimensions (YM? ), pure topological gravity in two
dimensions (Gr2'°p ). These are the examples for which equivariant cohomology is needed.
Topological 6-models [WBS88] barely need such refinements unless they are coupled to
Gr,”. In all models, on the other hand, field theory is the ideal set up to perform "fiber"
integration.

These notes will be divided into three parts :

Section II will be devoted to a description of equivariant cohomology with emphasis on
the points needed in the following sections.

Section III is devoted to YM 57 .

Section IV is devoted to Gr,”

The point of view taken here will be as algebraic as possible since it is the first step to control
the perturbative renormalization problems to be solved next.

ITI) Equivariant cohomology [K93].
Let M be a smooth manifold and Q"(M) the exterior algebra of differential forms on
M endowed with the differential dyp. A Lie group  is assumed to be acting on M and its Lie

algebra will be denoted LieS. For any Ae LieS there is a vector field A representing the infini-
tesimal action of A on M. This vector field A, is usually called the fundamental vector field
associated with A. We shall denote in(A) = indAa and 1;,(A) = ly(Au) = [ifA), dy, the
contraction (or inner derivative) and Lie derivative acting on Q*(). Let us recall that ind\)

takes n-forms into (n—1)-forms while /4(A) acts on forms without changing their degrees.
Elements of Q"(M') which are annihilated by both i (A) and l4()), for any AeLieS, are the

140



so-called basic elements of Q" (M) for the action of &. The basic cohomology of M, for the
action of §, is accordingly defined [C50).
We now consider the Weil algebra ‘W of Lie$. It is generated by the "connection” @

and its curvature  :

1
Q:dwm+§[w,w] (2.1)

where d,, is the differential of W Of course, one has the Bianchi identity :

dyy Gt [0,Q]=0 (2.2)

There is an action ig(1), /,,(A) for Ae Lie@

ipMo=% , LMo=-[r,o] (2.3a)

IfMNQ=0 , [AQ=—-[L,Q] (2.3b)
For instance, ® may be a connection on a principal S-bundle IT and Q its curvature. In that
case iy(A) and /,(A) are generated by the action of S on IT, and W will be referred to as Wy

We now consider the graded algebra Q*(M Y@ W equipped with the differential
dye+ dgy so that (Q(M)Q W, d,, + dy) turns into a graded differential algebra. Finally, the
Operations ins+igy and Iy + [y are defined on (Q'(M)® W, das+dy). The so-called

equivariant cochains are the elements of Q" (M )® W that are annihilated by (ins +ig)(X)
and (lgs+ lyy)(A) for any AeLieS, and the equivariant cohomology, for the action of 8, is

accordingly defined. This is what is called the Weil scheme for equivariant cohomology.

Equivariant cohomology can be alternatively described in the so-called intermediate
scheme, which was introduced in [K93] and which will be repeatedly used in the sequel. It is
obtained from the Weil scheme via of the following algebra isomorphism :

x — exp{iy (@) }x (2.4)

for any xe Q" (M)® W . This isomorphism changes the original diffetential and operations on
Q" (M)® W by conjugation’ :
dgr +dgy = D=dy +dy +l (@) iy (Q) (2.5a)

(iag +ig)A) = iyW)=e O i )(A)elw (@ (2.5b)

Une +l)A) = (Upg + 1IN = e O M) @ (2.5¢)

*These equations can be casily obtained by introducing the family of isomorphisms x — cxp{—-t- iM(a))}'x,
0<t<1, and solving the differential equations for the transformed differential and operations, recalling that

(Mo =A.
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Finally, the so-called Cartan model is obtained from the intermediate scheme by
putting =0 so that D*,_, vanishes when restricted to invariant cochains. This is the most

popular model, although many calculations are better automatized in the intermediate scheme.

Another item which will be repeatedly used is "Cartan’s theorem 3" [C50] : let us
assume that (Q" (M), dyg iss 1y admits a G-connection, that is to say a LieS-valued 1-form 0

en M such that i, (A)0 = A and I,dA)0 =~ [A, 6] for any Ae LieS, with curvature ©. Then any

equivariant cohomology class of Q" (M)®@W with representative  P(w,Q) gives rise
canonically to a basic cohomology class of Q*(M) with representative P(0,0). This can be
easily proven by using the homotopy which allows to prove the triviality of the cohomology of
the Weil algebra [MSZ85]. It follows from the construction that the cohomology class of
P(8,0) does not depend on 8 (see Appendix B).

One convenient way to produce equivariant cohomology classes is as follows
[BGVI1] : we consider an H-bundle P(MH) on which there exists an action of § which lifts

the action of § on M. In general, the Lie group H has nothing to do with the Lie group S. As
before, P(M,H) is endowed with a differential dg, a contraction ip and a Lie derivative lg.
Next, let I" be a G-invariant H-connection on P(MH) :

Is(MI'=0  for any AeLie9 (2.6)
The pull-back I" of T on Q (M)® W ® LieH is a 1-form on P(MH) and a O-form in W It
follows that* :
M =0 (2.7)
for any Ae Lie8.
In Q" (P(MH))® W, the equivariant curvature of [ is defined by :
lia ~
R (F,0,Q)= DI += ; [.1] (2.8)

where D =dy +dg +lp(@)—ip(Q). Then, if I is a symmetric invariant polynomial on LieH,
we consider the H-characteristic class I1{, (I, 0,Q) = IH(R;q[(f‘,(o,Q)). It is defined on M

and fulfills :
(day +dag + Iy (@) — i (O (T, 00,2) =0 (2.9a)
M I (F0,Q) =0 (2.9b)
Ung + Ly YW e (T 0,2) = 0 (2.9¢)

“This construction may be extended by choosing for 4 a ‘W for some IT as above, and have I' depending
parametrically on points of IT. Equation (2.6) has then to be replaced by : (I + lp)(MT" = 0 whercas (2.7) still
holds,
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In the Weil scheme, the equivariant curvature is defined by :

Ry (5,0,Q)=(dg+dy, )+ l'cy((l))f)+%[(f‘+ ifp(m)f‘),(hiy(m)f)]H (2.10)

We may similarly consider I (f,.0)= Iy(R3(T,0.0)) = expf-ig(@)} 1 (RS (0, )
which fulfills :

(g +dop) iiw (T0,2)=0 (2.11a)
(igg + i )M I (T, 0,2) = 0 (2.11b)
(s + )MV Iw (T, 0,Q) =0 (2.11c)

Finally, if M admits a $-connection @ with curvature ®, we can apply "Cartan’s theorem

3", and substitute 0 and © instead of wand Q in [ fﬁw (f , O, Q)s, so that :

daIipw(1,6,0)=0 (2.12a)
iy MIw(1,6,0)=0 (2.12b)
Ly M (F,6,0)=0 (2.12¢)

By standard arguments, these cohomology classes do not depend either on I" or on 6. In the
following P(MH) will be a family of H-bundles over a finite dimensional manifold X and M
will be itself an infinite dimensional fibered manifold with fiber £ and base, a space of fields
defined on Z. In this set up, the generators of the Weil algebra can be also realized as fields on
x.

As we shall see in the sequel, this rather modest equipment proves quite useful to
understand many features of the cohomological theories. The interesting aspects lie in the
interconnection between various equivariant cohomologies, schematically, one attached to
fields and one attached to observables as just described.

One final remark is in order : the above constructions only involve Lie algebras. In
practice, this may not be enough and global group properties may have to be checked.

III) Topological Yang-Mills (YM5*) [W88, BS88].
At the geometric level as well as at the field theory level, one has to distinguish the
fields and the observables.

5 One may wonder why one does not use such a connection right from the beginning. The reader may convince
himself that doing so would spoil the main algebraic properties of the whole construction, e.g. D?=0, with D
the differential of equation (2.5a).
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In YMY” | the idea is to produce cohomology classes of }/S where @ is a suitably de-

fined space of connections g on sore principal G-bundle P(2,G) over a four-dimensional
space-time manifold 3 and € is a suitably defined gauge group (group of vertical

automorphisms of P(Z,G)) [DK90]. The differential and operations are respectively denoted by
dy, i5 and /5 for X, dp, ip and /p for P(2,G) and 8, 9 and £ for G,

To produce the structure equations of the model, we follow section II. Here, M= (@&

and ‘W is realized by a S-connection @ and its curvature O on another copy @ of (. The

differential and operations on (:15 are denoted by g, 5 and E The fields will be chosen as a,
da, ® and Q.
The structure equations then read :

s‘°pa=‘P+£(63)a=‘P+£mp(6'))as‘P—Da(T) (3.1a)
$'PY = P () + £oP @ ¥=-D,0+ [P, (3.1b)
I
s" P = Q—E[(o, ) (3.1¢c)
s°PQ=[Q,a)] (3.1d)
where ;
SP=8+8+L@ -9 , Y=8a=,, (3.2)
in the intermediate scheme, whereas :
SP=3+8 , W=8a—B)a=da— L°P (@) a =Py, (3.3)
in the Weil scheme, and £°P = € + £ in both schemes®. One can check that :
Wi = exp{-9(@)} Py (3.4)
JPMBD=L ,  I°P(L)(other)=0 (3.5)

for any Ae LieS, with P (\)=9 (A) in the intermediate scheme and 9'°P (A)= g A)+9(A) in

the Weil scheme,

Now choose M= (@A x L, P(MH) = P(@ x X,G) =@ x P(Z,G) and ['=4 : for any point
a of (L we consider the principal bundle P(,G) equipped with the connection a. This is a family
a of G-connections such that d(a,p) = u(p) for any (a,p)e@x P(X,G), which defines a G-
connection on P(Ax T,G). We extend ¢ to @ x P(@Ax Z,G). As a zero-form on @ and a
LieG-valued 1-form on P(Z,G), 4 is a LieG-valued I-form on P(@ x Z,G).

*To getequation (3.1b) in the Weil scheme, onc can cither use (3.4) together with (2.5¢) or directlj/ compute it
by using : £(@)e(@)a = £(E@w)a = -2([w,0])a = 28" @)L @)a.
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From Appendix A, the fundamental vector field A associated with the action of Ae Lie9
on P(@ x Z,G) takes the following expression at (a,p)e P((L x £,G) :

8
A=lp(Aplay, . Pea (3.6a)
1l

where Ap is the fundamental vector field on P(X,G) associated with A (for the natural left-
action of § on P(2,G)) and e, the fundamental vector field associated with a basis of LieG

indexed by o. Noting that @ does not really depend on a , the actions of Lie$ on 4 reads :
(9 +9+ip)Ma = IM)a—ip ()i = A
(E+2+1p)M)a = L(0p(hplay, %)& ~Ip(Ap)d (3.6b)
=Ilp(Ap)a—-Ilp(Ap)a=0

where A is a LieG-valued function on @ x P(Z,G) defined by : ?A»(a,p) = A(p) for any element
(a,p) of @ x P(Z,G). From equations (3.6b), one sees that 4 is LieS-invariant.

In the intermediate scheme, the equivariant curvature of 4 is ;
o (3,8,0)=Da + %[&,d] (3.7)
with :
D=8+(3+dp)+(L+1p )@ —(9+ip D) (3.8)
Taking into account the LieS-invariance of 4, we get :
E2(6,3,8) = #(a) + 8-+ ip()a = Bla)+ B + O (3.9)
where F(@) = dpd +%[ci,&]. Notice the similarity of equation (3.9) with equation (3.2) up to
the symbol A. Moreover, using the S-invariance of 4, one can verify the §-basicity condition :
TR a8,8)=0 , (T+L+5)0E(4,880)=0 (3.10)

holding for any Ae Lie8.

In order to go to the Weil scheme, we transform 4 as follows :
-~ 9 j H ® ~ A~ . ~ A A . ~ A A~ 2
i =IO 2 g1 (94, ) @a= a-ip@aza+ & (3.11)
The corresponding equivariant curvature is :

Fy (4.8,0)=(5+5+dp)(a —ip(a))&)+%[(d—zp(a)m),(zz—i,,(as)a)] (3.12)

or equivalently :
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4,8,Q) = F(a)+ (8&+Da(f))+§:ﬁ(¢i)+‘f‘w +0 (3.13)
By construction : Ky (&,(T), ﬁ) = exp{(ﬂ+ ip )(5))}}“«;% (&,(T),SNZ) and consequently :
(f;NI +9+ ip)(K)F\e{} (6,88)=0
~ (3.14)
(E+e+1p)MER 2,8,8)=0
Now, for any symmetric invariant polynomial I on LieG, IGy (&,(T),ﬁ): IG(R?@ (ﬁ,ﬁ'),ﬁ))
fulfiils :
B+8+dp) L& (3,8,8)=0 (3.15a)
(5 +9+ip )01 (0.6,8) = 0 (3.15b)
(E+&+1) 018y (a,88)=0 (3.15¢)

for any Ae LieS.

Last but not least, we apply "Cartan's theorem 3" to I(c;‘fw(d,ﬁ),ﬁ). Let w be a 8-

connection on (I and Q its curvature. It does define a S-connection on M=, x X.

Accordingly, we just replace @ and Q respectively by wand Q in Igfw(d,('f),ﬁ). Then :

@+dp)Igw(d,0,Q)=(8+ds) (3 0,Q)=0

(3.16a)
(I+ip) MG (8, 0,9) = (I+is M Iy (4,0,Q)=0 (3.16b)
(E+p)MIGw(E,0,Q)= (2 +I)MIFW(4,0,Q) =0 (3.16¢)
for any Ae LieS. Recall that :
Ey (3,0,Q)= Fa)+(84+ D,0)+ O =TF(a)+ ¥, + O (3.17)

with : &= —ip(w)d and $=ip(Q)4.

In fact, Ig}w (4,0,Q) fulfills a horizontality property stronger than (3.16b), namely :

g(}")‘lg,lw (&1 , Q) =0= ‘PO»)IE}X?W (&’ a, Q) . "Z(}\)Ig}(,lw (d, , Q) 3. 18)
and is defined on @ x X. Now, let us decompose IGw(4,0,Q) according to :

IGw(3,0,Q)= ifgn_k (3.19)
k=0

where Ié‘n_k is a form of degree 2n — k on X and of degree k on @ such that :
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gl +8155 5 =0
I35 =i (M5 4 =0 (3.20)
M5,y —~IsWIE, =0
Then, the integration over a cycle ¥, , on X yields a k-form on (1 :
o= | Ik, (3.21)
Yon-x
From the descent equations (3.20), we deduce :
8Ok =— | dps =0 (3.22)
Y2n-k

and because of the detailed horizontality condition expressed in equation (3.18) :

IOk = | IMIK =0 (3.23)
Yon-k
Finally :
eMno*= |tk = JisMastk, =
Y2n-k Y20k (3 24)
= Jaosrsia=s [, =o
Y2n-k Y2n—k

Hence, the k-form O defines a basic cohomology class’. This class does not depend on d, &,

Q and ‘f’w provided that they are related by equation (3.17), so that one may average it out
over these fields variables, which is the formal reason why the topological YMY” field theory
should be a tool able to construct such cohomology classes. Of course, this is so provided the
field theory treatment (e.g. renormalized perturbation theory which in the present case ought to

be exact) retains enough properties of the averaging out process, which, in turn will be insured
by the fulfillment of the proper Ward identities entailed by the requirement of s, Y(\) and

£(A) invariance. Note that the equivalence between the structure equations (3.1-3) and those

leading to the construction of the observables (equations (3.17)) is insured by "Cartan's
theorem 3", which, at the cohomology level allows one to replace @ and by @& and .

For a review of the field theory context, we refer to [OSB89) supplemented with the
proof, provided in [K93], that the basic cohomology proposed there is isomorphic with that
proposed in [W88] in view of the equivalence between the intermediate model and the Cartan
model. Of course, these (ultraviolet) considerations do not touch the problem of the integration

of the relevant cohomology classes over orbit space.

7 An alternative much faster construction is given in Appendix C. This one is identical to that used for 2d
topological gravity. That of Appendix C takes advantage of the product structure $(MG) = @ x P(Z,G).
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1V) Topological 2d gravity (Gr,”).

Let X be a compact Riemann surface without boundary, of genus larger than onc. We
recall that the space of complex structures on X can be canonically identify with the space B(X)

of Beltrami differentials on . The origin in B(Z) is nothing but the complex analytic structure
defining X itself. Let us introduce more notations M(Z) is the space of metrics on Z; W(T) is
the group of Weyl transformations acting on IM(X) by local scaling of the metrics; the space
IMZ) /W(Z) of conformal classes of metrics on X is denoted by ®WZX) and is naturally
isomorphic to B(X); finally, Dy(X) is the component of the group D(Z) of diffeomorphisms of
% connected to the identity. We recall that the Lie algebra of 9y(X) is the opposite of the Lie
algebra"O(Z) of vector fields on £ [Mi].

Let {(Ua,(za,ia))} be an atlas defining the complex analytic structure of X, and let g

be a metric on X. With respect to this atlas, the metric element takes the form :
2
ds? = p, ; ldz, +p7 d7, (4.1)

where [z is the component in (2o Zy) of the Beltrami differential | = ula%aza ®dz,

parametrizing the conformal class of the metric g. Note that equation (4.1) produces an
isomorphism between GYE) and B(Z).

In topological (Euclidean) 2d gravity, one first wishes to study the Teichmiiller space
J(Z) of X and later go over to the moduli space (as already explain in section II, we do not

consider the global group properties and hence do not look at the whole group of
diffeomorphisms). There are two ways to define 5 (Z). In the first one, that we shall refer to as

the "Riemannian route", one considers M(X) as the parameter space together with the action of
WEY)X Dy(Z)* on it :
M(X)

I =e——— 4.2
@ WEYKDy(Z) (4.2)
In the second approach, the space of parameters is B(Z) and the "gauge group" 9Dy(Z) so that :
B(X)
=_=u=d 4.2b
e Dy (Z) G0

This will be referred to as the "Conformal route". The equivalence between the Conformal and
Riemannian routes comes from the canonical identification of CI(Z) with B(E). The former is
natural from the mathematical point of view but presumably less amenable to a field theory
treatment by virtue of the non-linearities involved. The latter, closer to field theory [BCI94],
will be exhibited as an alternative.

* Where X denotes the semi-direct product.
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In the Conformal route, the Weyl transformations are climinated from the start by fixing
the factor p of equation (4.1), as a function of L and [T, through the 9(X) invariant constraint :

R(p, L, D) = -1 .3)

where R is the scalar curvature of the metric (4.1). (Recall this is possible because the genus of

% was assumed to be larger than 1).
We take a 9y(Z)-connection @ on another copy B(Z) of B(X). So, @ and its curvature
Q are vector field on ¥ :
H=0"0, + &0,
O . (4.4)
Q = Qla, + Qlaz
If we denote 8, J and £ the differential and operations on B(E) and §, J and £ those on

B(Z), the action of A = 142, + 179, (E) on B(X) is -

LMn=(3; -u0, + (2,07 AL z®d, = (o) ez @9,

(4.5)
=(D,;A%)dz®3,=D,A,
where we have introduced the type (1,0) vector field :
Ap=NA%0,=(2 +pza?)a, (4.6)
and to emphasize the similarities with YM;” we have defined the operator D, :
Dy =Dy 7 d7=(3; ~ "7, +(9,u%)) dz=9~ {u, } (4.7)

acting on type (1,0) vector fields. In equation (4.7), d is the usual Dolbeault operator, W is
considered as a “O(X)-valued one-form on ¥, and { , } is the natural Lie bracket that turns V)
into a Lie algebra’, Finally, noting that @ ,ﬁ“ and p are odd while Q is even, we get the

structure equations :

SPL=V+ L@ =v+LP@)p =v-D,d, (4.82)

$Py=— P (@ + £P @v=-D,8, - v.a, } (4.8b)
1 ~

P, =8, +> ., (4.8¢)

$°0, =10, @, | (4.8d)

where we have introduced the p-dependent basis :

? Since T(Z) is the opposite of LieD(Z : {2, A} = ~[A,,A, ], where [, } is the Lie bracket of LieD(Z) and we
have denoted by the same symbol an element of Lic{(Z) and its image in T(E) by the canonical isomorphism
between these two spaces [Mi]. Now, compare equation (4.9) with equation (3.1).
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@, =G0, = (0 +u0°)),
0, =80, = (& +p%0" +v4,@7 ), @9
with ;
=3+3+2@-9Q) , v=ou=[ou%)dz®0, (4.10)
in the intermediate scheme, whereas :
SP=F+5 , v= o+ D, @, = (Suzi - ch”o;l) dz®d, (4.11)

in the Weil scheme, and £°P(A)= £(A)+ £(A) in both schemes.
The action of ‘O(Z) is given by :
IR, = Ay
gPMG, ={vA%)o, 4.12)
9P (M)other = 0

with 9°P(L) = ] (M) in the intermediate scheme and 9'°P(A) = ] (M) + 9(A) in the Weil scheme.
The formulae for £(A) follow from equations (4.8) and (4.12). Had we stuck to the initial

basis, there would be complete similarity with the gauge case YMifp . The u dependent basis,
more appropriate to discuss holomorphic factorization [KLS91] introduces however an

inconvenience : the second of equations (4.12).

Now, choose M= B(L) x £ equipped with the complex structure defined by the

complex variables p, Z,,, where Z,, are complex coordinates on = which fulfill (locally) the

Beltrami equation :
(02 ~1%3,)Z, =0 (4.13)

allowing to construct from X and u a Riemann surface denoted by Z,
For each pe B(2) we consider the holomorphic tangent bundle of 2,,. This generate the

fami {(:L?) (Z) of holomorphic tangent bundles of X, and the associated GL(1,¢) principal
bundle is denoted J’T{(:L? ) (2) (P(MH) of section II). A set of holomorphic coordinates on
T{(:L’?)(E) is given locally by , Z, VZ“, or EZ“GGL(I,C) on EPT{(:L‘?)(Z)IO. D(X) acts

holomorphically on these coordinates so that along an orbit of D(Z) one gets :

10 The fiber of OT{ } (E) over (1,x) is the set of all frames (i.e. bases) of T(1 )Z . Hence, with respect to the

chart (U,Z“) at xe Zu’ the coordinates E2* of a frame E, are the entries of the GL(1,C) matrix transforming the

(1.0)g T oE A
natural {rame BZF of T""%, intoE :E =E™ 87,”
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po— pu®
Zy(27) — Z,07 @D, (22) (4.14)
2 — B 0,5
The fundamental vector field on fPT{(:l’f ) (%) representing Ae"0(Z) is given in Appendix D.

The Dolbeault operators on Q)T{(:l'? ) (Z) are accordingly given by :

D= s> d’z +dz,, 9 g™ _aT (4.15)
T ou Z, B Zy T
and its complex conjugate, and the total differential is :
D=D+D (4.16)
1,0)

By construction, the contraction I and the Lie derivative L on SPT{H} (%) splitup :

IW)=IAN+IANH =" Q)+ 1P L)

} - 4.17)
L(L)=LAM+LAM =)+ M)
with ;
L"a)=[1"0, D],
_ o (4.18)
L'wy=[rf o, D]
so that :.
[, 2]=[Fn, D=0 (4.19)

and the operators carrying the label h, together with 2D commute (in the graded sense) with

those carrying the label h together with D .
Now, for each peB(z) choose the metric dsﬁzpz 7 dZ”d"Z“ solution of the
e

constant curvature equation :

92,92, 0P, 7. =Pz 7, (4.20)

equivalent to equation (4.3). In local coordinates, the canonical GL(1,Q)-connection on
PT W () associated with p,, 5 is :
{u} (%) associated with p 2,7, is
Z
I'= Y 7 D 4.21
fDlanu/Ju+D1nE 4.2

where D In EZ» denotes the Maurer-Cartan form of GL(1,¢).

Using the uniqueness of the solution of equation (4.20), one deduces that

L)I=0 (4.22)
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Now, given a 9(Z)-connection & and its curvature Q on another copy of B(X), the
connection becomes in the Weil scheme :

A 7z ~
I'=DIln pzuzu +DInE™* + (@)D In pzuzu (4.23)

and its equivariant curvature is given by :

L o~ ~ I o~ —~ T
RS =PDIn Pz,7, +1@PDnp, 5 + I@I@DDinp,
) (4.24)
—O _ Zy
I(Q)(@lnpzuzu +DInE ]

(details are given in Appendix E).
There remains to replace @ and Q by a 9(Z)-connection 0 on B(Z) x X and its

curvature ® (Cartan's theorem 3). This is obtained by pulling back on B(Z) x Z a D(X)-

connection on B(Z). All in all, we may write :
w(,0,0)=RJ+R!+R2 (4.25)

where the lower index labels the form degree on Z and the upper index labels the form degree
on B(X), and :

(3+dg)R=(9+ig) MR =(L+I5 ) MR =0 (4.26)

Observables are extracted from'!

R"=(R3)" +n(R3)" "R} + (n(R%)n—le + “(“2_ ) (R%)H_I(R%)Z) w

=0+ 4 o2

with ;
805" =
dy02" + 302" 1= (4.28a)
d 9211—1_'_8@211 -2 0

(£+15)MOZ" = (L) - 1y M))og" =
(£+15)o2 =(2M)- 12(7&))02"‘1 (4.28b)
( )(X)Oz" e (&(K) 12(7»)) 0202 _

"! There is no need of making GI(1,C) invariant polynomial, because R is already invariant.
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g(}\’)ozn 2
I(A)O- 1_zz(x)t)§“"2=o (4.28c¢)
IO - ix (WO =0

Let us introduce :
2n-2 _ | o202
O j 0,

oG f e (4.29)
O(Zxrs 1_ q2n(x)

where ¥ (resp. x) is a one cycle (resp. 0 cycle) in . One verifies that O%" 2 represents a basic
cohomology class on B(X) since :

302772 = g(MO 2 = M) 2 =g (4.30)
However :
8023 =0 (4.31a)
but :
IMOF 1=J i (M) 2 2 (4.31b)
i

MO = | 1,002 = | i yd,0pn!

Y
(4.31c¢)
SJ. in (A)OF2 2
Y
Hence, @(27;;—1 does not represent a basic cohomology class. Similarly :
8033 =0 while IO =iy (MO 2 (4.32)

This is different from what happened in the YM4? case and is essentially due to the fact that
9(X) moves points on Z.

One should realize at this point that one should make sure that whatever cohomology
classes have been constructed are non trivial. It is known that modular invariance plays a
crucial role in that respect [Mu, BCI94].

On the other hand, the choice of the metric p fulfilling the constant negative curvature
condition (4.20) is immaterial provided it behaves properly under diffeomorphisms, i.e. a
change in p produces a coboundary.
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Whereas the holomorphic fibration of B(£) x X over 3(Z) is essential (the smooth
fibration being trivial), a real approach is possible whereby the GL(1,€) bundle is reduced to
U(1) and the canonical connection T is replaced by the unitary connection :

D-D

runit —
' 21

Inp, (4.33)

'This make the bridge with the Riemannian route chosen in [BCI94], as follows.
The structure equations for the action of D(Z) on M() read :

Pg=y+L@g=7+LP@)g (4.342)

s'%Py = —LP(Q)g + LP(Hyy (4.34b)
w1

s“P=0— 5 [@, &) (4.34c)

s“°PQ) = [, @] (4.34d)

where ge M(Z), @ a Dy(X)-connection on another copy E’)’ﬁy(Z) of M(Z) and Q its curvature,

Y= 8g in the intermediate scheme, y = 8g — £°P (@)g in the Weil scheme, and £°° = & + € in
both schemes. Of course, 8, J and £ are the differential and operations on IM(X) while 8 ]
and £ are those on E’)]L(Z)

One may wonder why one does not write down the structure equations for the action
of W(Z) X D(X). The main reason is that there is no known Weyl invariant connection on a
bundle over M(X) x X to provide non trivial cohomology classes.

We now consider the family Q’F[g 1 (Z) = M) x P(Z, GI(2,R)) of frame bundles over X
indexed by ge M(Z)'%. As usual, we wish to provide QF[g}(E) with a @(X)-invariant GI(2,R)-

connection. Accordingly, we look for a GI(2,R)-connection I that leaves g invariant. In terms

of local coordinates :

B+dz)g ~Tugn, —Thgy, =0 (4.35)
A solution of this compatibility equation is given by :
1
r,="Cr, + 5 gMog,, (4.36)
where '“T is the Levi-Civita connection :
1
LC A A
=g V(0080 + 8oy — 0y JdxP (4.37)

while the general solution is obtained according to :

Ztisa GI(2,0) prmupal bundle over M(X) x T whose (iber F(g o= over (g,x) is made of all the frames of T,Z.

With respect to coordinates (x ) of x, the coordinates of a frame E (Ek) of F X)Z will be the entries AJ of
the G1(2,R) matrix A changing the nawral frame (9, ) associated wnh (*) into Epq: E= = Ak a
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8guv — Sgpv +anw) (4.38)

a,y) being antisymmetric. In equation (4.36) we have chosen ay,,, = 0.
One lifts I" to get a gl(2,R)-valued one form [™ on iPF{g](Z) :

[ = (Ao T v AT + (A7)0 dy AT, (4.392)
Or in a more compact notation :
F=ATTA+A ld,A (4.39b)
As explained in Appendix F, the action of 9D(Z) extends to SPF[g}(Z), and the

fundamental vector field associated with AeC(Z) reads :

d K]
=l %9 — %H)AP, 4.40
L_ (( Z(}V)gpv) Sgpv 7\4 o (ap}\' ) SAGTJ ( )

It follows that :

(5 (WD) = (g WD) % = (A‘%Gg""( DR, -D, %, )}«*’1

= [A“](l"CD A X}AI
Def 2

(ML =, (M= 0 (4.42)

(4.41)

and :

where Xp = oo A and D is the covariant derivative associated with L°T". Hence, T* is the
D(X)-invariant GI(2,R)-connection on Q’F[g} (Z) we are looking for, and its curvature reads :

Sty g oo, lrear g L1 '
R(D)=dyl+ [ T]= A (<5+dz)1 +3Inr J}‘ (4.43)
= ATIR(DA

with ;

2 2
' (4.44)

=LC R+LCD(% g"lﬁg}fSLCF—(% g'"ISgJ2

LC referring to the Levi-Civita part of the connection.

1 1 1 1 _
R(D)= (6+d2)(LC F+5g—18g}¢—[ =g 5g,C F+5g Iﬁg}

1> We wish to thank M. Dubois Violette for communicating the above construction of I,

155



Let ® be a “O(X)-valued connection on another copy 9?L(Z) of M(Z), and Q its

curvature. In the intermediate scheme, the equivariant curvature of 1“ (the pull-back of T on
‘JIL(L) X J’Ff 1(2)) is given by :

A - 2 1B B
RE(E,6,.9)= (8 +dy + 1y @) —ip @))F + [I‘ y
=R(D)—ip(@)= A~ [R(r) ~LCp A Q)« (4.45)
=A"IR{IA

with ﬁ(f‘) the pull-back of R(I") on ‘E)IL(Z) X SPF{g] (Z). In view of the particular form taken by

o~

Rin, and since the invariants we are looking for are constructed in terms of curvatures, one
can forget about the GI(2,R) fibration (represented by the A and A terms) since one deals

with forms globally defined on X, such as R([") and Rmt
As betore, J, £and iy, Iy refer to the action of D(Z) on IM(E) and T respectively. In the

Weil scheme, the equivariant curvature is given by :

RW(E,&,Q) = exp{(9+ix @) IR (T, &,8)

= RO+ (I +ig @R+ EHE )(w)2(9 )@ g oy (4.46)
ey . 3
—2 DAQ

The equivariant Euler class, which plays the role of the invariant polynomial 1 fﬁw of section

1, is defined by :

EMP

& =t (Reva(f“)): (4.47)

Once equation (4.46) has been made explicit (using equations (G.8) and (G.11) of Appendix
G), &y, can be written as :

chP

Ve

v
4lep ¥ —-l-iz(&)DCDA?——W) (4.48)
2 2 477 ),
1 8“'\' = =
+5—E(LC D“QV—LCDVQH)
with :
T = Tppdx = (figxH lz(w)gxp)dx Sgu ~ I3 (D), )

(4.49)
Ui = 2" (3es, -l @) ="My = (g-hly)“
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and YD A 7 as defined in Appendix G.
Using the basicity property :

(9 +9+ix )07 =0 (4.50)
one easily checks :
(9+9+ix )60 =0 (4.51)

up

€ . . . . .

Now, because Tgpv is covariant constant (see Appendix G) and because of the Bianchi
g

identity for Ry :
(8+8+dz)6y =0 (4.52)

And consequently :

(E+e+1) &0 =0 (4.53)

(Compare with [BCI94)).
The last step is to apply Cartan's theorem 3 : one has to replace ® by a D(T)-

connection on IMYZ) x X [BGVI1]. An obvious solution is given by a D(X)-connection m on

IM(Z), so that the form of equation (4.46) is maintained with the replacement :
O——>
~ L
Q— > Q=8n+—[m0]
2 (4.54)
Y—— =0~ L(w)g
V——y=g =" Bz~ L))

Furthermore, since 9N(E) is a principal bundle over (IM(Z) with structure group the
Weyl group, one may choose ® a 9(X)-connection on OONWZ). It is very likely that the

conformal picture is recovered by choosing the section provided by the (negative) constant
scalar curvature condition (4.20), but, at the time of writing this has not been explicitely
checked.

V) Concluding Remarks.

Cohomological field theorics are gauge theories of an exotic type. The question of the
definition of the observables is crucial. The definition has to be such that "physics” - e.g.
correlation functions of observables - be gauge independent, i.e. be independent of the
parameters or external fields needed to define a perturbatively computable Lagrangian, namely,
a Lagrangian whose quadratic part is non degenerate. The fact that the equivariant



cohomology classes defined in the previous section do not depend on the various connections
used to define them suggests that they be computed by "averaging out" over these connections.
This is formally realizable in terms of functional integrals. The well known difficulties in
defining those result in ambiguities which are well understood at the perturbative level
provided that they are properly constrained algebraically. The equivariant cohomology
framework exhibited here both at the level of fields and at the level of observables is a
compelling ingredient whose necessity has often not been fully appreciated.

The construction reviewed here may not give all observables. Note that those which
have been constructed here emerge as integrated local expressions in the fields. Whereas these
are basic cohomology classes [OSB89], it is not clear a priori which cohomology classes the
local densities represent. Another delicacy in the definition of observables has to do with global
aspects which are known to be crucial [DK90), Mu83].

The corresponding mathematics should in each case guarantee that one is not
describing a trivial cohomology class via complicated formulae. A final remark is in order since
it provides a bridge with the origin of cohomological theories. The introduction of the
connection @ -the Faddeev-Popov ghost introduced by L. Baulieu and I.M. Singer-, rather
natural from the geometrical point of view may however look somewhat redundant, since only
curvatures are involved in the final formulae. A similar impression may prevail from the field
point of view. It has however several advantages, one being the necessity to introduce the
operations 3, J and i. The devoted reader will easily establish the bridge between equivariant

cohomology and twisted N = 2 supersymmetry.
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APPENDIX A

Some basic facts and conventions about associated bundles.

Let I(B,9) be a smooth principal fiber bundle with a right action of the Lie group 8.
The right-transformed by ye S of a point e IT is written ®t”. An infinitesimal transformation,

represented by Ae Lie, gives rise to a so-called fundamental vector field Ay on I1. The
p y g |

operations on I are denoted by .
: ( )Defl ( ) ( )Dcf ( ) ( ! )

while the differential is dp.
Now, let us consider a smooth manifold § with a left-action of § on it. The left-

transformed by ye9 of a point feF is written y(f). Here again, to any AcLieS there
corresponds a fundamental vector field Ay on F, and the operations on F are also written :

ix(A) = isg(Ag) and Iz(A) = I (A A2
5 )Def 5(Ag) 5 )Def 5(Ag) (A2)
Finally, we consider the right-action on the smooth product manifold IT x  defined by :

CALEICAR () (A3)
for ye S. Hence, for an infinitesimal transformation A€ LieS, the corresponding fundamental

vector field on IT x F will be :

}\.H XF— )\.n - 7\,:}- (A4)

where Ay and As are the fundamental vector fields associated to the original right and left
actions of A on IT and J respectively.

One can show that ITxJ with this right-action of § can be made into a smooth
principal bundle with structure group 9, whose base space, denoted by TI xg F, is itself a
smooth fiber bundle (not principal) over B, with typical fiber F [GHV73].

Whereas the differentials on Il x F are dpj 5 = djy + ds, the operations become :

inxg (A) = iy (Maxs ) = (i + g )X g )
= igOp)—is(hg ) = ig (W) =i (V)

and the same for /rj , 5. Note that A is the fundamental vector field associated with the original
action of § on F (here a left action) which explains the relative sign in the last term of (A.5).

(A.5)
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APPENDIX B
Cartan's Theorem 3 [C50].

Let P(®,Q) represent an equivariant cohomology class of Q*(M)® . Let O be a
connection in Q" (), i.e. a Lie® valued one form on M such that :

iM(l)(oz A and IM(?»)(D=— (A, ®] (B.1)
for any Ae Lie$, and © its curvature.

Let:
o, = tw+(1-1)0

1 0<t<1 (B.2)
Q = (dry +dag )2+ o, 0]
It is easy to check that :
if(A)+ iy (M) ), = A
(l‘[ M ) t (B.3)

() + by W), = A, 0]
For all polynomials P in wand €, define [MSZ85] the derivation k by :

(PX0Q)= | kP(@,2,) (B.4)
0]
with :
ko, =0 B
k& =d,0, (B-5)
such that :
k (dp+dag)—(dg +dg )k, =d, (B.6)
and :
i W) + i ),k = [ ) + 1 (), )= 0 (B.7)
Thus :
[+ ine A, K] = [1g ) + 1, (M), K] =0 (B.8)
and :

P@,Q)—~P®,6)= |d,Pw,Q,)
(0]

= J.kt[(d.n+dM)P]((ot,Qt)— J.(dn+dM)ktP((o[,Q[) (B.9)
[0,1]} fo,1]

=k(dp +dg )P~ (dpy +dy kP

Now, since P represents an equivariant cohomology class :
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(dpg +dg )P = (igA)+ i W)P = (lg(M) + L V)P =0 (B.10)
Then :
P(0,Q) = P(6,0)—(dpy + dyy kP (B.11)
Because of the commutativity of k with iy (L) + i (A) and Ig(A)+1,, (),
(i M)+ i M))KP = (A (A) + Ly (M))kP = 0 (B.12)
It follows that :
(dg +d, JP(6,0)=d,P(6,0)=0
(i) + i (M))P(6,0) = i (MP(6,0) = 0 (B.13)

(I () + Lo (W)P(6,0) = L, (MP(6,0) = 0

P(6,0) is an element of the basic cohomology of M, cohomologous to P(®,Q) within the

equivariant cochain algebra and this correspondence is obviously defined at the level of
cohomology. The same calculation shows that given two connections 6,, 6, on Q"(M),
P(0,,0,) and P(0,,0,) are cohomologous within the basic cohomology of Q*(M).
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APPENDIX C
An Alternative construction of equivariant cohomology classes of (.

The construction given in the text may look unnecessarily complicated. In the present
case where P(M,G) =@ x P(Z,G) and S acts separately on @ and P(Z,G), the situation can be

simplified as follows : construct equivariant cohomology classes of P(Z,G) using a connection
o on (f, with curvature Q. Now, choose I'= 4 :

JIF=0 (C.1)
(£+5,)M)E=0 (C.2)

The equivariant curvature of 4 in the intermediate scheme is given by :
Fid (@) = (8 +dp +1p (@) —ip (@) + %[a,a (C3)
One easily finds that this is the same as the equivariant curvature in the Weil scheme :
Fy (@) =(8+dp)(d +ip(0)a) + %[(a +ip(@)d), (d +ip (@)d)] (C.4)

and they both coincide with Fy (&, 0,€) of equation (3.17).
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APPENDIX D
An action of 9(Z) on T{1} (%) and $T{}"(%).

If (x,1,V,) is a point of T{(L}O )(Z), we choose the following right-action of D(Z) :
Yoed(D) , (wx,Vy)® = (1% 0710, do ™ (Vi) (D.1)

where d o™ : T,Z — T(p._l (X)Z is the differential of pe9(Z) at xeX .

YV eT,E , VeCX(E) , do V() =V, (foo™) (D.2)
and p? is the element of B(Z) with components :
w ooV )+ 0= W zf‘ o

" (000" + (200" W7z <)

where (z,Z) and (w, W) are coordinates at x and (p_l(x) respectively, and ((pw,(pw) the local

representative of ¢ with respect to (z,z) and (w,w). Equation (D.3) defines the natural right-
action of O(T) on B(Z).

From now on we shall consider infinitesimal diffeomorphisms represented by vector
fields A = A%, + A28, €(T) :
2(x) = z(p(x)) = z(x) + A*(x) , and c.c. (D.4)

we get :
uP=p+du=pn+DyA, (D.5)

with the notations of equation (4.5).
Now, at x€Z with coordinates (z,Z) we can solve the Beltrami equation :

(67 -1%20,)Z, =0

thus obtaining new complex coordinates (Zp,zu) at x. The component Vi (x) of V, with
respect to the natural frame 62 associated to (zu,’z'u) are chosen to be coordinates of V.

Similarly, at ¢ “l(x)eZ with coordinates (w,W) we solve tne Beltrami equation for
i + 6,1 and obtain complex coordinates (Z ILLﬁk(s;}‘u,ZLthku) at ¢”'(x), and the coordinates of

0 (%) with respect to the natural frame

azwm. This is how we define a complex analytic structure on T{\:L’f )(E). Hence, at the

Vi 2T the component V Pustrn (p1(x)) of V

coordinates level, the infinitesimal action of D(Z) is :

(L2, V5 (0) — (wr8aZps (07 6D,V (0] (D.6)

Combining the Beltrami equations which define the coordinates (Zu,zu) and (Z,45, 1 ,ZLHSML)
with equation (D.3), one can show that Zws\u((p“l(x)) is an invertible holomorphic function
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of Z,(x) [L]. Hence, if we introduce the complex function Z(z,Z,u) = Z,(z,z), we get the
following, correct to first order :

Z s (07 () = Z(wW, W1 §u) = Z(z - A1 Z — W+ 8y) (D.7)

@iw-v2H azn-vE @z
2,7 Gzlu,ﬁ OZ |

o = dZ
=2(z,Z ,}.L) + (DuAu)gg

Accordingly, for the coordinates e (x) of V(x) we get :

VA 7 ) = (V5 o)t0 ™ 60) 5 2, 00) ©3)
p

Finally, it is straightforward to see that on Q’T( 0)(2)

Wby oo — W N oz Y
B (070 = (B co)lo™ ()= 2,00) ©9)

with EZ» (x) and B weow (07(x)) coordinates for EPT(I’O)(Z) (see main text).
Finally, to get the fundamental vector field A of Q’T{l )(Z) associated to the action of

A€O(Z) with respect to the complex structure of ?J’T{u} )(Z), we need to relate the dérivatives
with respect to z, Z and p to those with respect to Zu’zu and p, namely [KLS91] :

il :—6— +(—8£) 0 and c.c (D.10)
5“‘2,2 oul, 7z \Ou/,;0Zj, 5
so that :
5zj 7] 0
=(D,A DA )Y—| -A%|—
N ) (( )(5”' 27 u] 0Z
0| = Y4 71 &
+EZ 2| (D,A (—j ~-AZ | —+c.c. D.11
az(( s “)au = “jSEZ © ®-11)
with :
Z _ 0Z aZ\ ZAZ\ _ A7
Au_(az),\u (az)(x +uEN) =X (D.12)
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APPENDIX E
Calculation of the equivariant curvature of I
- ~ — 7 o
RJPI) = 9)9)(9) = +DInE™ +1 r)
%91 (5+ + ) Inp, 7 +Dln @)
=(S+9)+Q)‘)[g>1np7 ;. +1@)T) E.1)
“uu
_ - 1 T =
=9Dinp, 7 ~1QI +§I([co,oa])l" +1@)2DInp, 7

where we have used the invariance of I' . The third term is :
1

1. /1~ ~ —
EI([(D,CO )F:—E[L(co),l(m)]l"
= —%L@ (@)
1.~y z
e —EL(O))I((D)(,CDlanpz” +DInE “)
- L 1@)D1@)PInp, ; +1@E)DIGE)DINE™ (E.2)
2 wow 2
1~~~ 12 =8
= EI((D (@)D DlIn Pz,Z, +EI(co L(0)D1n Pz,Z,
+%I(5)L((T))D1nEZ“
1 — o —
= EI((O (@)D DlIn P27,
Finally :
P e v |
€q - . _ = _
RyT)=DDIn Pz7Z, +I((o)..C!l‘.!)lnp%Zp + ZI(Q)I(“))EDEDInPZuZ“ )
1@ (Dinp, 5 +DInE™)
“ubp

Thus, as expected, Ry, (f") is of type (1,1) for the natural complex structure of B(Z) x Z.
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APPENDIX G
Calculation of the equivariant curvature li%f}

and of the corresponding Euler class &y .

Recall :
A _LCr | PR TR WS o W NP
M=ty +o (e 78g) =Ty + - g0, G.1)
where “CT is the Levi-Civita connection :

1
2 ng(apgw +0u8pv — avgpp)dxp (G.2)

LCrA _
1““_2

Now :

1 1 1 1 _
R(F):(6+dz{LCF+—g_16gj+E[LCF+Eg 16g,Lcl"+Eg lﬁg}

2
| : ¥ (G.3)
=LCR+I‘CD(Eg_18gJ+6LCI' _[;g—lﬁg]
where LCR stands for the Levi-Civita curvature :
LCR:dzLCr+%[LCr,I,C1—] (G.4)

and °D stands for the Levi-Civita covariant derivative. We also recall that, by definition :

LCDg =0 (GS)
Differentiating equation (G.5), one gets :
LD, (5g) ~ (57T g ~(3°T Jeoy = 0 G.6)
from which one deduces that :
L - > LC
5, =~ £™(X°D;88,,+°D 88, D 58, (G.7)

Since § and dy anticommute, it follows that :
sLer 1 -1y Y1 pv(LCD S¢. LD 5 )d A
+2g g _Zg uO8xp— pO8u, JAX
K (G.8)

= %(LCD/\SE)

v
Def u

where :
g, =gdx" (G.9)

In the same way, using :
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95)g'88) = 87 9@ = ¢ LB)g = -5 L (@)g (G.10)
one obtains -

~ 1 o )1 _ ~
[5<w>(6“r+5g lag)) =58P @), Dl @)y )ax*
W (G.11)

lic ~ |V
=——|""Dnal(o
(DAl @e)
Going over to the Weil scheme, the same construction occurs in the transformation of the

2
1 ) . ]
quadratic term (E g_légj , leading to the term : 7 vV, with v defined in equation (4.49).

Kp
. £ : . .
Finally, one needs the property that T 8,v is covariant constant for the connection I'.
8

First, for the Levi-Civita part :

chP ) HP
LCDX(\/_ gpvJ gvaCDl “/_
o (G.12)
le
= —(F FEvP + rxeﬁw) ———=|g"og
\/g A 2 Jg ( O‘B)
Using the identity :
VHEeYP + VPR 4+ VYVePH = 0 (G.13)
together with ;
1
rkvv = _z_gaﬁalgaﬁ (G.14)

the property follows.
Finally, for the second part of the connection, one needs :

[i/li) gpvj 1( lsg)l \/—gpv 1( —lsg)i_fggpx=0

which again follows from the identity (G.13).
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