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Abstract iii

Abstract

We study an extension of classical Wilson loops around lightlike polygons in N = 4
super Yang-Mills theory, which was introduced by Caron-Huot as an observable dual
to scattering amplitudes. After a thorough exposition of the underlying quantum field
theory, we use symmetry considerations to derive explicit expressions for the edge and
vertex operators of the resulting supersymmetric Wilson loops. The contributions to
the quantum expectation value coming from the edges and vertices are conveniently
summarised in the form of Feynman rules. Furthermore, we yield expressions for tree-
level components by explicit calculations. It turns out that there is indeed a striking
partial duality with scattering amplitudes which is, however, broken. This should be
independent of the regularisation method used. Finally, we repeat our treatment for a
natural variant of the edge and vertex operators with an analogous result.

Zusammenfassung

Wir untersuchen eine Erweiterung der klassischen Wilson-Schleifen um lichtartige Poly-
gone in der NV = 4 Super-Yang-Mills-Theorie, die von Caron-Huot als zu Streuam-
plituden duale Observable eingefithrt wurde. Nach einer griindlichen Darstellung der
zugrunde liegenden Quantenfeldtheorie benutzen wir Symmetrieiiberlegungen, um ex-
plizite Ausdriicke fiir die Kanten- und Vertex-Operatoren der resultierenden supersym-
metrischen Wilson-Schleifen herzuleiten. Die Beitrage zum Quanten-Erwartungswert,
die von den Kanten und Ecken herriihren, lassen sich zweckméfig in der Form von
Feynman-Regeln zusammenfassen. Desweiteren gewinnen wir durch explizite Rechnun-
gen Ausdriicke fiir Baumgraphen-Komponenten. Es stellt sich heraus, dass tatsichlich
eine bemerkenswerte Teil-Dualitat mit Streuamplituden existiert, die jedoch gebrochen
ist. Dies sollte unabhéngig von der benutzten Regularisierungs-Methode sein. Schliellich
wiederholen wir unsere Behandlung fiir eine natiirliche Variante der Kanten- und Ecken-
Operatoren mit einem analogen Resultat.
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Preface

Gluon scattering amplitudes have been known to be dual to Wilson loops along light-
like polygons. While first shown at strong coupling (cf. [AMO7]) through the famous
AdS/CFT duality introduced in [Mal98], this result has later been verified at weak
coupling (cf. [DKSO08] and [BHTO08]). For a review, consult [AR08]. Recently, a simi-
lar duality (at weak coupling) between the full scattering amplitudes of ' = 4 super
Yang-Mills theory and a supersymmetric extension of the Wilson loop observable has
been claimed (cf. [CH11]). In this thesis, we analyse this conjecture through explicit
calculations. It is organised as follows.

In Chp. 1, we provide a thorough introduction to N’ = 4 super Yang-Mills theory.
The purpose is twofold. First, we lay the foudations for later chapters, providing no-
tation and important formulas including the Euler-Lagrange equations, supersymmetry
generators as well as the Feynman rules. Second, we aim at a self-contained introduction
to this theory, which is also readable for people with a mathematical background.

In Chp. 2, we analyse an ansatz for a super Wilson loop along lightlike polygons
which is obtained by symmetry considerations. For the edge and vertex operators, we
derive explicit formulas. While the calculations, especially for the vertex operators,
turn out to be rather lengthy, the result can be stated in the form of a simple recursion
formula. Our treatment remains purely classical.

In Chp. 3, we study the quantum field theory of supersymmetric Wilson loops. Af-
ter establishing Feynman rules for the contributions to the quantum expectation value
coming from the edges and vertices, we calculate explicit examples of tree-level compo-
nents and compare them with scattering amplitudes. Our main result, the breaking of
the proposed duality, can be found here. Finally, we repeat our treatment for a natural
variant of the supersymmetric Wilson loop.
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Chapter 1

N =4 Super Yang-Mills Theory

N = 4 super Yang-Mills (SYM) theory plays an important role as a theoretical testing
ground for its less symmetric cousin, quantum chromodynamics. In this chapter, we
review its definition and properties. The advanced reader may skip the details.

1.1 Algebraic Preliminaries

In this section, we introduce the algebraic background for the fields of the theory. We
adopt the conventions of [BDKMO04] whenever applicable, with the exception of the
charge conjugation matrix (cf. Sec. 1.1.2 below), where we follow [Ton07].

1.1.1 Odd Quantities and Matrices

In general, fermionic fields in a (pseudo-)classical field theory underlying a quantum
field theory are assumed to be "odd”, i.e. anticommuting, in order to ensure Fermi-
Dirac statistics upon quantisation (consult [Nic91] as well as standard text books such
as [PS95]). Mathematically, oddness can be modelled by making the fields take values
in the odd part of a Grassmann algebra with suitably many generators. By consistency,
the bosonic fields should then take values in the even part of the same algebra.

We denote the parity of such a Grassmann "number” a by |a| € Za which, by
definition, is 0 if a is even and 1 if it is odd. The commutation rule can thus be written
a-b=(—1)lellly. . This is equivalent to the vanishing of the super commutator

(1.1) [a,b] :=a-b— (—1)llp.q

In the following, we shall implicitly assume that all quantities occurring are Grassmann
valued, and as such are either even or odd. As the first example, consider real n X n
matrices A with parity |A| in the sense that their entries all have parity ‘Aij ’ = |A|.
This is to be distinguished from the parity of matrices in super-linear algebra ([Var04]).

Lemma 1.1.1. Let A, B, C be real n x n matrices. Then

tr(A- B) = (—1)AIBlr(B - 4)
tr(A[B, C]) = (—1)IA+BDICler(C (A, B))

where the bracket denotes the super commutator (1.1).
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Proof. The first equation follows immediately.
tr(AB) = A" B = (—1)AlIBI gba gab — (_1)I41Bltr(BA)
For the second, we calculate

tr(A[B, C]) = A” B, O™
_ gab <Bbccca _ (_1)|B||C|Cchca>
— A% pbegee _ (_1)IBICI gabgbe pea
= (—1)(A+IBDIC] e f <Abebe _ Aaera)
= (—1)(AHIBDIC] e <Abebe _ (_1)|A\|B\beAbe)
= (—D)AHIBDICIcef 14, B)Te
= (-1)AHIBDICler (¢ (A, B))

Special Unitary Lie Algebra

The fields of N/ = 4 SYM theory take value in the (real) Lie algebra i - su(N). By
definition, su(N) is the Lie algebra associated to the special unitary group SU(N') which,
by definition, consists of all complex n X n matrices that are both unitary and have
determinant 1. Upon differentiating these defining properties, we see that T' € su(N) if
and only if T is both antihermitian and traceless. The factor ”¢” turns antihermitian
into hermitian. Therefore

Tei suN) < T=T" and tr(T)=0

where, as usual, ”1” denotes transposition followed by complex conjugation. It follows
immediately that dim(i - su(N)) = N? — 1.

Lemma 1.1.2. For every constant C' > 0 there is a basis (T, ..., TN*"1) of i - su(NN)
such that tr(T°T°) = C - §%.

Proof. By Lem. 1.1.1, the N?> — 1 x N? — l-matrix D% := tr(T°T?) is symmetric.

ML

Denoting complex conjugation by ”*”, we conclude from
(D®)* = tr(TT%)* = tr((T°T%)T)* = tr((T°T")T) = tr((T*)(T)T) = tx(T*T*) = D®

that it is also real. We may therefore replace each of the original basis elements by a
linear transformation thereof to obtain a new basis, also denoted (T%,..., TV 2_1), such
that D% is a diagonal matrix. By

t(T°T) = te(THT)') = (T*)5(T); = Z” (T%)i]* >0

it moreover follows that D is positive definite, and the statement follows upon further
normalisation of the T%. ]
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Basis elements T of i - su(N) are often called generators. In the following, they are
implicitly chosen such as to satisfy the statement of Lem. 1.1.2 with C = %, ie.

1

(1.2) e(T°T") = 5 - 5"

Since the commutator of two i - su(/V)-matrices is an su(/N)-matrix, there are real num-
bers f¢ called structure constants, such that

(1.3) [T“, Tb} — jfabere

Lemma 1.1.3. f%¢ is totally antisymmetric in the indices abe. Moreover, it has the
explicit expression

Fabe — _9;r (TC [T“, TbD

Proof. Multiplying either side of [T“, Tb} = if®474 by T¢ and taking the trace, we
obtain

tr (Tc |:Ta, Tb:|> _ ifabdtl“(TCTd) — %fabc
and thus the formula stated. By Lem. 1.1.1, this expression is totally antisymmetric. [

Lemma 1.1.4. The generators T satisfy the following identity.
“ Vet = 15 0 L 0;50
(T (T = 501i0k; = 577010kt

Proof. The set of N? —1 traceless generators 7 is extended by the identity matrix to a
basis of R"*". Therefore, any such matrix can be written X = X0 .id + X%T?. Taking
the trace on either side, we obtain X° = %tr(X). On the other hand, contracting first
with 7? and then taking the trace, we obtain tr(X7?%) = X%r(TT?) = X35 = $X°
or, equivalently, X = 2tr(X7T?). Therefore, we find

Xy = X" idy; + XUTY)y; = %Xmméij + 2X 1 (Tt (T
This can be rewritten
Xim (5¢z5jm — %&nl(sij - 2(Ta)ml(Ta)ij> =0
which immediately implies the statement. O

1.1.2 Vectors and Spinors in Various Dimensions

As we will see below, N' = 4 SYM, which is a theory in Minkowski space, arises from
dimensional reduction of a Lagrangian in 1 4+ 9 dimensions. We thus need to fix con-
ventions for vectors and spinors in dimension 1 + 3 (Minkowski space) and dimension
1+9 (ten-dimensional Lorentz space) as well as dimension 6 (six-dimensional Euclidean
space). While some of the constructions are specific to the dimensions mentioned, oth-
ers hold in much more generality. We refer to the standard books on spinors and Dirac
operators for the general theory such as [Bau81] and [Fri00].
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Minkowski Space I: Spinors

Minkowski space is the vector space R* together with the metric (scalar product) of
signature (1,3) which, in the convention chosen here, reads n = diag(+,—, —, —). We
denote the standard basis by (eg, 1, e2, e3) and let v* denote the corresponding coeffi-
cients of a vector v = vte,. We further adopt the standard notation v, := n,,v".

The representation space Ay 3 = C* of the spinor representation has dimension four.
Elements 1) € Ay 3 are often called Dirac spinors. We use the convention

= (5) =0 & 3y

with A, A € C2 and indices a, & € {1,2}. It can be shown that, if we let SL(2,C) =
Spin™ (1, 3) act on X with the standard matrix representation, and on X with the complex-
conjugate representation, both subspaces =2 C? carry a natural symplectic structure,
which is invariant under the respective action of SL(2,C). We shall denote these sym-
plectic structures by

(1.4) (v, w) = VW, [v, w] := vaw®
with the convention, following [BDKMO04]|, that indices are raised and lowered via

N e =Megy, X=X

A= rg . Ao =eqp 4

where

2 =¢o=1 , €iy = e2=-1 , antisymmetric

Here, €43 may be identified with the matrix € = (_01 (1))

Lemma 1.1.5 (Schouten Identity).
ab7c® 4+ byc’a® + cya’b* =0 or, equivalently, (a, byc+ (b, c)a+(c,a)b=10
Proof. Using the identity e,g€ys = 0ay085 — das0sy, We yield

€EapEys t €ya€Bs T €pvEas
= 5047556 — 5046557 + 57550{5 — 5755a5 + 556,575 — (5555706
= (5(17555 — (555(5704 + (5735015 — 5a55ﬁ7 + 550[(575 — (5755015
=0

and the statement follows upon contracting either side with a®b?¢?. O

The Clifford relation is y#v” 4+ ~4¥4* = 2n*, and the Dirac matrices can be written,
in the so called chiral form,

0p o, I, 0
b af 5_.0.1.23_ (12 02
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where o#%% = (1, 0) and EZB = (1, —o) with the vector o of Pauli matrices

10 0 1 0 —i 10
0 _ 1 _ 2 _ 3 _
el O R VY Rl ) R (R

One easily checks that the chiral Dirac matrices indeed satisfy the Clifford relation. In
terms of the o-matrices, it reads

= _vyB | =v _p¥B _ o uvsh oy =v VoY=t o SC
(1.6) Ty 010 + 007 =205, otT o 075_277 55

As usual, the volume element ~° is an involution (y°y® = 14) and the spinor module
decomposes into its eigenspaces Afz)’ =~ C? to the eigenvalues +1. Elements of Afg are
called Weyl spinors. The chiral form of the Dirac matrices is constructed such that a
Dirac spinor 1) decomposes, using the above notation, into the Weyl spinors A, and 5\’5‘,
on which the standard spinor representation of Spin*(1,3) acts in the aforementioned
way (standard or conjugate). The indices o and ¢ are, therefore, also referred to as Weyl
indices. Consult [Str04] for more on the representation theory of spinors in Minkowski
space.

Let C be an invertible matrix (which operates on A 3) that satisfies the following
property (following the conventions used in [Ton07]).

(17) "}”uC — _C(,YM)* , w(c) — C¢*

C is referred to as charge conjugation. While not being unique, it can be shown that a
charge conjugation matrix exists in any Lorentz space R4~ (cf. [Tod11]). The concrete
shape of C clearly depends on the representation of the gamma matrices chosen. In
Minkowski space with chiral Dirac matrices as stated above, a possible choice is

.9 (0 —e

(1.8) 0173 =y = (6 0 )
A straightforward calculation shows that, in general, the charge conjugated Dirac spinor
¥(©) transforms like ¢ under a Lorentz transformation. As for the name, note that 1
satisfies the Dirac equation vy, D*9 = 0 if and only if (9 satisfies the same equation with
the coupling constant g (which equals the electric charge e in quantum electrodynamics)
replaced by —g (for notation cf. Sec. 1.2 below, the calculation can be found in [Ton07]).

Spinors with the property w(c) = 9 are called Majorana spinors. Upon quantisation,
a Majorana spinor is a fermion which is its own anti-particle. Majorana spinors that live
in either space AfS are, therefore, referred to as Majorana-Weyl spinors. The Majorana
property is in fact a reality condition. Indeed, Majorana spinors exist if and only if the
corresponding (complex) pinor representation admits a real structure (cf. [FOO06]). This
is not true for every spacetime signature. Moreover, the Majorana and Weyl conditions
can be mutually exclusive, as it is the case for the Minkowski signature.

Minkowski Space II: Vectors and Tensors

It turns out to be convenient to write vectors and tensors in terms of spinor indices. We
need the following three lemmas concerning the sigma matrices.

Lemma 1.1.6. The matrices o and & can be identified as follows.

oHaB — 6576:565‘5‘ — gHba
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Proof. From the explicit form of the Pauli matrices we see that e’ e = o and, therefore,

66755565d = (o' (—€))T = —€(1,—0)Te = (—€%,e0Te) = (1,0) = o1
O
Lemma 1.1.7. Contraction of the spacetime indices can be written as follows.
EZBEIWS = _25a7655
Proof. By a direct calculation, using the explicit form of Pauli matrices, we obtain
= =0 =0 =1 =1 -2 -2 3 _3
T16%u16 = 215916 — %1%15 ~ 9158715 ~ %15%16
= 515515 - 525525 - (_i)(_i)525525 - 515518 =0
and
1 = . _ =0 =0 =1 =1 -2 -2 3 _3
02BUN26_0260 ; 028025 0-2,30- R 0'26'0'26
= 525‘525 - 515515 (1) (@ )51,3515 (_1)(_1)525528 =0
and
= . _ =0 =0 =1 =1 =2 -2 -3 -3
T15%u26 = 915925 ~ 915%25 — 915%26 ~ 915726
= 51,3525 - 526516 (—i)(d )52,3515 (— )515525
(51ﬂ525 525515) —2¢€45
By these calculations, the statement is immediate. O

Lemma 1.1.8. Contraction of the spinor indices can be written as follows.
Egdayad _ 277;”/

2

Proof. Using € = ic“, we calculate

Egdﬁyad = Egdeaﬁﬁg[geéd = eﬁaﬁgdedéﬁgﬁ = tr (eE”(—e)(E")T) = tr (UQE“UZ(EV)T)

In the case u = 2, we thus obtain

Eidﬁl’ad = —tr (020202 T) ftr( l/)T) _ 7(71)51,2‘“ (0251,)
— _( )VE{I S}tr ( 2 l/) _( )VE{I 3}25y2
= —26"

while in the case u # 2, we yield

( 1)ue{1 S}tr (02 QEM(EV)T)
= (-1 <03 (5% (0")7)

= (-0 (1) (345Y)
= (-0 (1 (otoY)
= (1 (g
= (- 1)u€{1 3Yo s

Taken together, the statement is proved. ]
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It will turn out to be convenient to use the sigma matrices to assign a bispinor to a
vector p* as follows.

(19) pao'c — Euadp# — g“do‘p# —. pda
where the equality in the middle holds true by Lem. 1.1.6. In the following, we shall

make implicit use of (1.9) along with the identification p®® = p®®. Lem. 1.1.8 implies
that

(1.10) Pack®® = Egdpuﬁ”o‘dk,, =2n""puk, = 2p, k"
It follows that for lightlike p* (p? = 0), the rank of the matrix p®® is at most 1 and,

therefore, there are Weyl spinors \* and A% (which are unique up to a scaling invariance)
such that

(1.11) P> =0 = Py = A2\¢
Defining

w B ¢ <*M, viB _ v /Wﬂ) e T ¢ ( e Vowfﬂ,)
(1.12) o™ 7 5 (Tay? 0oy 0 , T G R
we may similarly assign two bispinors
(1'13) Fof .= F,Lwo'lwaﬁ s Fd’B = FuVE“VdB

to an antisymmetric 2-tensor F**. It follows at once that F*8 = e,

Lemma 1.1.9. Identifying F* with a four-spinor according to (1.9), the following
identities hold, provided that F'*¥ is antisymmetric.

{ i 1 1
Foaps = —gCaptas + 5easlys,  FuF™ =—2 s FP — ZF

L F9P
ad 2 & 8 8 af

Proof. We calculate

B

€ape™® = —€ape”® = —€npepn = —tr(e?) = —tr(—id) = 2

and, using Lem. 1.1.6 and Lem. 1.1.8,

95 ( MV aB _
o =
2i(c"") o€
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Therefore, only the second term of the right hand side of the first equation survives
upon contraction with €, and we yield

i
<—2edﬂFa5+ ~eapl, ) 5:§2Fd5~

1 _

ot (Egc‘ﬁgﬁ "W"w) e’
Mﬁgﬁggeaﬁ
= Faa ,BB a6

and, similarly,

<—26dBFaﬁ+ S€aply, > 6=Fad556a6

Taken together, the first statement follows.
To show the second statement, we use the expression derived in the first as well as
Lem. 1.1.8 to obtain

1
| — [oaf
pv . 1 ad BB ad P

1 1
= Z <2€dﬂ'Faﬁ + EaﬁFﬂ) <2€aBFa'B + = aBFaﬂ>

1 1 iy 1 .
= — (—6 . 'FaﬁEaBFa/B — 4€aﬂFdB€a'BFaﬁ>

4\ 49
1 1 iy
= —gFagFO‘B — éFdBFaﬁ
using that the mixed terms vanish by the first calculation in this proof. O

Six-Dimensional Euclidean Space

Consider the vector space RS with the metric n = diag(—, —, —, —, —, —). We denote
the standard basis by (é1,...,€g) and let v* denote the coefficients of a vector v = v?®é,.
The representation space Agg = C® of the spinor representation has dimension eight.
For elements 1) € Ag 6, we use the convention

24 T
w:<)\A>:(A1 PRI CEED RS VD VD /\4)

with A, A4 € C* and upper and lower indices A € {1,2,3,4}. The Clifford relation is
4040 4 449 = —269  and the Dirac matrices can be written

. Oy4 yeAB 12223242546 14 04
a _ =
Y= <Z?4B 04 ) 7 =YYy 04 —1y
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where ¥ and ¥ denote the sigma matrices

AB AB _ _ _

(2MAB S8 = (1A, 12AB, M348, T AR, oA T34B)
=1 =6 — — .
(XaBs---2248) = (MABsM24B:M3ABs =M1 4B, —iTl2ABs —11134B)

which are defined in terms of the 't Hooft symbols
MAB ‘= €AB + 0iA04p — 0;B0sA , NiAB ‘= €iAB — 0iA04B + 0iB04A

One easily checks that the Dirac matrices stated indeed satisfy the Clifford relation.
Analogous to the Minkowski case, the spinor module decomposes into the eigenspaces
Aoiﬁ =~ C* of the volume element 47 such that, using the above notation, a (Dirac)
spinor ¢ decomposes into the Weyl spinors A and A4. As for any Euclidean signature,
it is possible to define charge conjugation by a property similar to (1.7). We omit the
details and refer the reader to [Tod11].

We denote by € 4o p the antisymmetric four-tensor, which is normalised to €134 = 1.
It satisfies the identity

KLM |, sKLM |, sKLM sKLM sKLM  <KLM
(1.14) EDABCEDKLM = 0450 +0pca +9004AB —0cBA —O0BAC —0aCE

where the delta symbols on the right hand side are defined to be 1 if the lower indices
coincide with the upper ones, and 0 otherwise. By simple calculations, the 't Hooft
symbols are seen to have the following properties.

1

MAB = §5AB(JD %CD » MiAB = _§5ABCD NicD

niABNjAB = 40;5 , NiaBTjap = 40ij , niABNjap =0
NiABNiCD = 0ACOBD — 0ADOBC + €ABCD
NiaBTicp = 0AcOBD — 0ADOBC — €ABCD
The next lemma follows as an immediate corollary.

Lemma 1.1.10. The sigma matrices satisfy the following identities.

Sap = (24P)" = 3EABCD D 3EABCD Sep
=6 = =b
ZileaCD = 2e4BCD , E“ABEAB = 459
By the first equation SZ B = —iaé 4 18, in particular, antisymmetric.

Analogous to (1.9), we assign a matrix to a vector ¢ as follows.

1 — 1 —
1.15 AB . _—_yMAByM = N o
(1.15) ¢ 7 ¢ baB NG AB®
By Lem. 1.1.10, they are related via
- .1 -, 1 -
(1.16) dap = (¢"7)" = §5ABCD¢CD ;oM = (dap) = 2E4BCD $cp

and the scalar product can be written as a trace:
_ 1 _
(1.17) XABY 4p = 5zaf‘BzfilBXayb =2X7Y? = —2X7Y,

In particular, it follows that XABY 45 = X 4gY 4B,
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Ten-Dimensional Lorentz Space

Consider the vector space R with the metric n = diag(+, —,...,—). We denote the
standard basis by (e1,...,e10) and let v denote the coefficients of a vector v = v™ey,
The representation space A g = C32 of the spinor representation has dimension 32. For

elements £ € Aj g, we use the convention

() (8- 0 (&)

with 5&4,5@’4,{@&5‘% € C® and indices a, & € {1,2} as well as upper and lower indices
A € {1,2,3,4}. The Clifford relation is TMTN +TNTM = 2pMN "and the Dirac matrices
I'M and the volume element I''! can be constructed from those of R'3 and RS as follows.

 [lg@~A* for M =pe{0,1,2,3}

™ —
47 ®~5 for M =a+3 € {4,5,6,7,8,9} ’

Fll :,3/7®,75

One easily checks that the Dirac matrices stated indeed satisfy the Clifford relation.
Weyl spinors are defined as usual. Using the explicit forms for v° and 47 as stated
above, the defining equation I''¢ = ¢ for € € Afg =~ C16 reads

_ 1 5&4 0 San 1
e (o) o () - ()@ (%) =

which is equivalent to the vanishing of é‘“‘ = &qa = 0. Therefore,

(1.18) €Ny &= (= (é) ®© <£§) + <$> @ (2%)

Charge conjugation is defined as in (1.7) with v# replaced by '™, and the subsequent
remarks (concerning every Lorentz spacetime signature (1,d — 1)) apply in particular to
the present case of d = 10. We choose the explicit form

0 1
0179 = (14 04> ® 0173

with C} 3 as defined in (1.8). One easily checks that C g satisfies the analogon of (1.7).
Indeed, for M € {0,1,2,3} this is induced by the properties of Ci 3 while for M > 4,
this follows from 750173 = —C’173’y5 = —0173(75)* and ¢ <10 161> = <10 104> (%)*
4 4

where the latter equation holds by definition of 4* and Lem. 1.1.10.

It turns out that, unlike in the Minkowski case, the Majorana and Weyl conditions
¢ = £ and, respectively, T'1¢ = ¢ can be (non-trivially) satisfied at the same time:
For a Weyl spinor & € A1+,9’ the Majorana condition reads

s = (1) () = (0) o (0) =

which can be written
(1.19) (=9 eAfy = (L) =¢ and () =£

Setting € := €T, the assertion (&, ¥) — ¥ defines an indefinite Hermitian scalar
product which is invariant under the action of Spin™(1,9), a construction which gener-
alises to all spacetime signatures (cf. [Bau81]).
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Lemma 1.1.11. Let £ and ¥ be Majorana-Weyl spinors. Then
EPMW = ooy + €T G0 BT = AP 4 S el
Proof. Using (1.19), we calculate
E=T=(1 0)®@(&a 0)+(0 )®(0 &4) (151"
=(1 0)®(0 &a)+ (0 1)® (&4 0)

We thus obtain

A
0 =E(1s @0 = (0 Eaa) " <¢ﬁ) st 0y (o
0 Py

= oo Pyg + €A1
and

Ta FT(Aa N 0 3 7,8 5@ 1 «
Ertu =¢(3" @) T = (1 0)4 <1) (—aat) + (0 1)4 (0> (€*49g)
= B4 + EUpe Myl
which concludes the proof of the statement. O

From the explicit formulas in Lem. 1.1.11 and the properties of sigma matrices (Lem.
1.1.6 and Lem. 1.1.10) immediately find, for Majorana-Weyl spinors,

(1.20) My = (—1)lINIgrMe

where |¢| denotes the Grassmann parity of £ as in Sec. 1.1.1.

1.2 The Fields and the Lagrangian

In this section, we introduce the fields and the Lagrangian of N' = 4 super Yang-Mills
(SYM) theory in Minkowski space as induced by N'=1 SYM theory in ten dimensions.
The gauge group is SU(N) and the coupling constant ¢ € R. As usual in particle
physics, we adopt units such that h=c=1.

In general, a Lagrangian £ in d dimensions is considered only up to transforma-
tions which leave the action [ d?z £ invariant, thus leading to the same Euler-Lagrange
equations (cf. Sec. 1.4). We assume that every field B(z) goes sufficiently fast to 0 as
|z| — oo. Then, the addition of any exact term to £ is such an invariance transforma-
tion. In particular, we are free to move around the covariant derivative D™ as shown
in the next lemma.

Lemma 1.2.1. Let B and C be matrix valued fields (Grassmann even or odd) which
go sufficiently fast to 0 as |x| — oo. Then

/ddx tr (B(DMC)) = —/ddx tr ((DMB)C')
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Proof. For DM replaced by oM, this follows simply from the product rule, writing
[ = fddx for brevity:

0= / Mir(BC) = / (0 (BC)) = / tr ((0MB)C + B(0"0))

Moreover, using both parts of Lem. 1.1.1, we yield

/tr (B(DM0))

tr (B@MC —igB [AM, C])

tr (BOYC — (~1)FI%gC [B, 4M))

Il
—— — —

tr

(
tr (=@ B)C + (-1)/#I%igC [4M, B])
(=

(oM B C+zg[AM ]C)

— /tr ((DMB)C)

The Field Content

We introduce the field content of N'= 4 SYM. First, denote the gauge field (gluon) by
A. To fix notation, this is supposed to mean that —igA € Q'(R*, su(N)) is a connection
on R* with covariant derivative (in the adjoint representation)

Duf =0uf—1ig [Am f]

for any su(N)-valued field f (cf. [Bau09] and [B&r09] for the general theory of connec-
tions). Let F denote the field strenth, i.e. —igF € Q?(R%,su(N)) is the curvature form
of the connection —igA. This implies that

F = 0,A, —0,A, —ig[A, A)) € C®(RYi-su(N))
such that, obviously, F),, = —F),. Moreover, F' satisfies the Bianchi identity
(1.21) D,F,.=D,F,.+ D.F,,

A gauge transformation translates one connection into another. In general, this is a
diffeomorphism of the principal fiber bundle (here, the frame bundle of Minkowski space)
which is compatible with the action of the Lie group (here SU(N)). In our context, there
is a bijection with the set of smooth maps V : R* — SU(N), and the action of such a
gauge transformation can be written

(1.22) Ay V- (Au+;8#> Vi, Fue V- E, Vi

Yang-Mills theories are constructed such as to be symmetric under gauge transforma-
tions (cf. [Ebe89]). In terms of the next section, gauge transformations are thus finite
symmetries. This applies, in particular, to N' = 4 SYM theory. We leave the proof to
the reader as an exercise.
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The field content further consists of six ”scalar” fields
M e C®°(R*,i-su(N)), M=1,...,6
which are rewritten as fields 4% and ¢ 45 according to (1.15), and fermions
Va0 € CXRYi-su(N), (1) =daa, A€{1,2,3,4}, ade{l2}

It is implicitly understood that the fermions are Grassmann odd, in the sense as ex-
plained in Sec. 1.1.1, while the gauge and scalar fields, being bosons, are even.

Lemma 1.2.2. With the definition (1.13), we have
B — Z-acxﬁAﬁ’V + iaﬂ;yAcW +g [Aa"Y’ A‘Yﬁ}
Proof. This is shown by the following straightforward calculation.

e i . —po 1A —va )
FoB = 5(8MA1, —0,A, —ig[A,, A)) (0“ 50 W _7 AYU’WB>
=0, A, (Ewﬁyauw Al ) +i(—ig) [Au, A" 0P
=075 AT — 0P A% 4 g | A%, AV
Aol ) a8 paf o )
— 075 A% 4 0% A% 4 g [ A0, AT
O

Let A € QYR i . su(N)) be a connection on R!Y and ¥ € C°°(R', Afg ® isu(N))
be an (odd) Majorana-Weyl spinor, such that A and ¥ only depend on the coordinates
z* on R* C R, Then, prescribing,

(1.23) A" =AM for M = € {0,1,2,3}, oM =AM for M € {1,...,6}

and using the explicit form (1.19) for ¥, the fields stated are easily obtained, a technique
referred to as dimensional reduction.

The Lagrangian from Dimensional Reduction

Dimensional reduction allows the canonical construction of a Lagrangian in Minkowski
space out of a Lagrangian in ten-dimensional Lorentz space. Consider thus the NV =1
SYM Lagrangian

1 _
(1.24) Lip :=tr <—2FMNFMN + i\IIFMDM\IJ>

We will see in the next section that it is supersymmetric, from which supersymmetry
of the dimensionally reduced Lagrangian £4 in Minkowski space, to be calculated next,
then easily follows.

Lemma 1.2.3. Dimensional reduction of £19 to Minkowski space yields L4 as follows,
which is referred to as the N'=4 SYM Lagrangian.

1 — _
Li=tr (—QFWF*“’ + 5 (D)D) + 267 [0, 6°) [Bap. G

260 DY = V2guo [Bap, vE] + V2gdaa [6°7, 03] )
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Proof. We calculate

1 1 1
—iFMNFMN = —EF,WF’“’ -3 WwF — F o Fre

thus already obtaining the first term of £4. Since A = 0 by dimensional reduction,
we obtain F% = —ig [A“, Ab]. Lem. 1.17 then yields, for the second term,

1 1
_QFabFab = _5(_19)(_29) [ACH Ab] |:Aa’ Ab:|
g% (68, 6“P] [bap, dcp)

while the third term gives

—FF" = —(D, Aq) (D" A%)
D, A%)(D"A%)

(D) (D" xp)

I
—~

l\DM—t

Moreover, by Lem. 1.1.11, Lem. 1.1.6 and Lem. 1.2.1 we yield
TD, T = 40" Dy} + o a" BDM/:,@
= 21;@AU“dBD#w§ + exact
and, similarly,
WD, = —5*Pe) g Doty + S5 ptp* Dp}
—2 4 Jga(=ig) | Aay 95| + Thpy (—ig) [Aa, v5]
= ~igV20an |17, 0| +igv2ue? [Bap, vE]
This concludes the derivation of L4. O]

Writing A# = AT with generators 7% of i - su(N), and analogous for the other
fields, we obtain the following form of the Lagrangian, which turns out to be useful in
the derivation of the Feynman rules in Sec. 1.5.

Lemma 1.2.4. The Lagrangian L4, written in component form, reads

1 c c 1 C ¢ . Tc & C
Lo= L0 — 0,45 + Zw AB) 01, ) + i O

gfabc(aﬂAlaj)AbuAcu o fabefcdeAa Ab Ac,uAdV

abe a*b C abe pcde pa c*d
+ S FANG (0,0 AB)+—f be pede A AP A G

fzg fg

+ 7/gfabc aﬁAa,uw wa fabc¢ biwcaA fabc(paABw waA

g p— p—
EfabefcaleqsaAqubC’D ¢ZB¢CD
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Proof. The first three terms ~ ¢° follow directly from replacing D* by 0" and using the
normalisation (1.2). The gluon terms (second line) are obtained by Lem. 1.1.3 to be
1 v
£4‘gl,glu0n = _itr(FMVFu )‘gl
=igtr ((Gudy — 0, A,) (A", A7)
g (& C a vV raodbc
= —5(8MA,, — 0, AG) A AV fob
_ _g(aﬂAlc/)AauAbufabc
— _gfabC(auAchL)Ab,uAcu

and, similarly,

1
£4‘g2,gluon = _itr(F,ul/F'uV)‘g?

- _%tl"((—ig [Aus Au))(—ig [A%, A”])

7
= —tr ([4,, A][A", A7)

2
2
g a C, 17 a C
= L ALAL AT AV ([T , Tb} [T , TdD
2
- %AZAZAC"Ad”i pabety (T@ [Tc, TdD
_ _fffabefcdeAZAgAcuAdu
We further calculate the gluon-scalar terms (third line)
£4’g1,gluonfscalar = _%tr ((BM¢AB) [A,u,’ aAB] + [A/u ¢AB] (auaAB))
= —igtr ((9,6"7) [A", dap])
— gfabcAa,uazB(auqbcAB)

and

2 —
£4|g2,g1uon—scalar = _%tr ([Aua ¢AB] [Auv ¢AB])

9 —d
— ZfabedeeAZ(ﬁbABAc#quB

The fourth line with terms containing fermions is immediate, while the four-scalar term
(last line) is obtained by

2
g _ _
£4‘g2,scalar = gtl‘ ([¢AB’ ¢CD] [¢AB’ (bCD])
2
a —c —d - raberpe : Lo
- %¢ AB¢bCD¢AB¢CDtr(Zf T if dfo)

2
9 —c —d
— Efabef6d6¢aAB¢boD¢ZB¢CD

This concludes the derivation of the component form. ]



18 1 N =4 Super Yang-Mills Theory

1.3 Supersymmetry

In general, a (finite) symmetry of a (classical) field theory is a transformation of the
fields which leaves the action invariant. This holds in particular for a transformation
that alters the Lagrangian at most by an exact term. In good cases, the symmetries of
a theory are induced by the action of some Lie group. Differentiation then yields the
corresponding Lie algebra action which acts by derivations that cancel the Lagrangian
(up to an exact term). This is referred to as an infinitesimal symmetry. In the following,
saying ”symmetry”, we will exclusively mean one or several derivations  which are, by
definition, linear and satisfy the product rule

(1.25) §(BC) = §(B)C + B5(C)

where B and C are any two fields of the theory. In particular, we do not care about
whether such a ”symmetry” is indeed an infinitesimal symmetry. Consult [DF99a] for a
more in-depth treatment.

A supersymmetry (finite or infinitesimal) is a symmetry that exchanges bosons and
fermions. Some supersymmetric field theories admit a so called superspace formulation,
in which the fields can all be combined into a single morphism of supermanifolds and
such that ”supersymmetry” really means infinitesimal supersymmetry (cf. [DF99b] and
[Hé109]). For N' =4 SYM theory, such a formulation seems not to be known.

However, N' = 4 SYM does have supersymmetry transformations (in the simplified
meaning explained). They are most conveniently obtained by dimensional reduction
from supersymmetry transformations of the ten-dimensional theory as follows. Let £ €
Afg be a constant (odd) Majorana-Weyl spinor and consider the following derivations.

i - i
(1.26) 00 = 5FMNrMNg o 0Aw =—ifly¥,  Tyy =g (Culy = TaTa)

By the next theorem, they are indeed symmetries.

Theorem 1.3.1. L is invariant under supersymmetry transformations (1.26), i.e.
0L10=0
holds (up to an exact term).

Proof. We proof that the variation of the bosonic part of the Lagrangian cancels with
that of the fermionic part, up to exact terms (which are not of interest) and an expression
trilinear in the spinor field ¥ which can be shown to vanish.

We calculate the variation of the bosonic part:

otr <—;FMNFMN> = —tr ((5FMN)FMN)

= —tr (0(Om AN — OnAn — ig [An, An]))FMN)
= —2tr ((Om0AN — ig [An, SAN]) FMY)

= 2itr (ETNOMY —ig [Am, EDNT])

= 2itr ((E0 N Dy ) FMY)

= 2igpptr (E0 N (DET)FMY)

= —2i grptr (EDNUDEFMY) (4 exact)

= 2i gprptr (UD N DEFMNE) (4 exact)
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where the last two equation are, respectively, due to Lem. 1.2.1 and (1.20).
We calculate the variation of the fermionic part:

§tr (10T DM W) = itr ((00)La DM W) + itr (VT DM W) + itr (VT (5DM) W)
= (1) +(2)+3)
As a side calculation using ¢A € su(N), note that
DMy = (DMw)'T? = pMeTT? = pMy

Further using FT = F as well as (1.20) and 1.2.1, we see that the first two contributions
coincide:

(1) = —%tr (FAB(T456)T y (DM W) = %tr (FABDM\IJFMFAB§>
- %m« (FABDMUT T 4pe) = —%tr (DM FEABYIT T ap€)
= —%tr (UT DM FABT 4 p¢) = itr (UT ), DM 6T) = (2)
Therefore,
(

7
tr (
= —itr (U DM FAPT 4T 5¢)
= —itr (U, Ty DEFMNE)

(1) + (2) = —tr (UTy DM FABT 4 5¢)
S 5@“MDMFAB(PAFB — FBFA)§>

Using the Clifford relation and the Bianchi identity (1.21), we further yield
LTy Dy DEFMN
=TI Tuly <§DLFMN + ;DLFMN>
= I TyTy 2D*FMN 4+ DM LN DN ML)
= I Iyl (DY FMN 4 DMPEY) %FLFMFN (DFFMN 4 DNFME)
= (T + Ty ) Iy DEFMN o %(FLFMFN + Ny T ) DEFMN
= ZgueTNDPEMY L (-Ty TN Ty + 203w Ty + TNT T L) DEEVY
= —gurInDYFMY 4 %(—FLFNFM + NI L) DEFMY

Summarising, we obtain

(1) + (2) = —itr (VI Ty DNy DPFMYVE) = —2igpptr (BT y DV FYMNE)
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But this is exactly minus the bosonic variation.

Up to exact terms, we finally conclude §L19 = (3) ~ tr (WL (XM W)¥). This
expression vanishes by the existence of a normed division algebra in dimension 8. Consult
[BH10] for a very general and self-contained (but abstract) treatment. O

N = 4 Supersymmetry from Dimensional Reduction

Performing dimensional reduction upon (1.26) yields the following result concerning
N =4 SYM theory.

Lemma 1.3.2. £ is invariant under the following supersymmetry transformations.

(1.27a) JAM = —ig A" Bzﬁﬁ — i€s a0 Ppd

(1.27b) 3¢5 = —iv/2 (5“%5 — & Pyd - 6ABCD€acﬁ/7%>

(1.27¢) s = %Fﬂyaﬂ”aﬁgg‘ —V2(D,¢*P)5" ng +ig [677, bpc] €
(1.27d) SS = %F,WE‘M“ Béﬁ +V2(Dudap)ot Pl +ig [ap, 97 €8

In other words, d£4 = 0 holds up to an exact term.
Proof. Lem. 1.1.11 yields
S = g = —i (a0 Py + 245" )
GATHS = —EDHW = —i (—3 AP + T pe Al

By dimensional reduction (1.23), we thus immediately obtain (1.27a), and (1.27b) follows
from

1
5¢AB — \/izaAB(SAa
__L. aAB [ _saCD¢g . Ta @ aC 1 .D
=~ 5T (-5 Pl + Tept )
f_i _ E ol _ aC 1 D
=~ (~2eanopéacdly + (20acdnn — 2apdnc)e“uR)

= iV2 <€ABCD§~o'¢O¢% — &0 + faBlﬂﬁ)
using (1.14) and Lem. 1.1.10. In the following, we blur the distinction between indices

a and a + 3. The respective use should be clear from the context. The curvature term
in the variation of ¥ decomposes into

FMNTy = FPT,,, 4+ F®Ty, 4+ 2FMT,,

Now, according to definitions (1.5) and (1.12), we obtain

. v B
7 o 0
T = (s @9y = 15 @9"7") = 15 @ ( 0 gfww)
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such that

; i v BeA 0
i e (N o (B0t (YO
2F;WF 5 <O ® 0 + 1 & %FMVEMVQBfﬁ

Similarly, we find

Uiarb  sba
M =S(3"" = 4" @ (4°)
K (EGABZIJ’BC _ paBTe 0 ) o1,
—u _
2 0 EAszBC _ ZABEaBC
Inserting F% = —ig [Aa, Ab] (derivatives vanish by dimensional reduction), we thus

yield

iy orabe - (1 [¢AB,¢30]5§> , (0) < 0 )
5 apl V€ = 1ig <0)®< 0 +ig )@ Bas: gszC]gg

Moreover

i i
THe = 247 ® (Y'9° = *9") = i3 @ 4"y

With F,q = 0,44 — ig [Au, Ad) = D, Ag, we thus find

) N
2§Fuarﬂa§ = -D,A.(¥" ® HyP)E

0 EaAB 0 —aH.
= P <EZB 0 > ? (U“‘j‘ﬁ Oaﬁ ¢
1\ _ [ DuAG" 2ABEN (0 0
- <0> ¥ < ag " 1 ? _DuAaU“dﬂiileg

=(0)® <_\/§(D”¢0AB)UZBE§> + (1) ® (Vzo,Bameares)

in the last step using that A, = —A°% Picking up terms in this and the previous
calculations, we arrive at (1.27c) and (1.27d). O

Supersymmetry Generators

For any field O (e.g. O = A*), we define the supersymmetry generators ¢4 and §4¢ by
(1.28) 00 = €5 45(0) + €42 7**(0)

Note that the supersymmetry generators thus defined are odd superderivations rather
than ordinary derivations (1.25).

Corollary 1.3.3. L4 is invariant under the action of supersymmetry generators, i.e.
gi(L) =0,  §Ls)=0

holds up to exact terms.
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Proof. Choosing &7 := 64495, ﬁxes €44 by the Majorana condition (1.19), and the
right hand side of (1.28) becomes (g} + G40%)(0). Similarly, 2 := 644054, leads to

i(q — §40%)(0). By Lem. 1.3.2, both expressions vanish for O replaced by L4 (up to

exact terms) and, therefore, each generator applied to £4 vanishes individually. ]
Lemma 1.3.4. Thus supersymmetry generators act on the fields as follows.
0G(A%0) = 2i @B A (AP) = 2 dya
0% (Ppc) = iV2eapopy™” , ¢ (bpe) = —iV29poY
g3 (") = %Fﬂa5§ i [Facs 65C], P (458) = /2 DIEGAB
G = —VaDRG ., D) = —%Fﬁdag T ig [, Fpe]

Proof. From (1.27a) we immediately find ¢%(A*) = Z'EWBJJE‘ and §A%(A*) = —ia“‘j‘ﬁd}g‘.
By Lem. 1.1.7 and Lem. 1.1.6, we thus obtain

(Aﬁﬁ) =7, BB % (AN = iv, B He wE = i(e ngw 67/3)( 056)¢A
= —2ieP1e1B e (ey5€5¢)0Gy = —2i(ePe” 675)(6756‘/5‘7#14) = -2 eﬁo‘&i
and
q~Aa(A55> _ EﬂﬁBqu(Au) _ _iﬁuﬁﬁapdewA _ —i(eﬁ)‘ﬁ AAGW)( evau 5oa)wA
= 2i€ﬂ)\€j\666765a(6)\ 6>\5)1/) = 2i(e ABeda 56)(€ PreTey, 1/JA) = 22660‘1/}6‘4

From (1.27b), we find ¢%(¢P¢) = iv/2 (5‘431/1“0 — 5‘401/1‘13) and, moreover, §4%(¢B¢) =
i\/ﬁsABCDz/NJ%. We thus obtain

iv2 V2

44(opc) = §EBCDEQ3§(¢DE) = T&BCAEI/JO‘E - TEBCDA¢QD = iv2eapcpy™”
and
~ 1 1 . 1 B
i**(bpe) = §€BCDEq *(pPF) =i 2§EBCDE5ADEF¢% = 2§€DEBC€DEAFw%

= iV2(0apdcr — SacOpr)UE = iV2(5ap0& — Sact) = —i\@l/;fjgfsé]
From (1.27c¢) and (1.27d), we find, respectively,

B = S Fuuo 18— VAD), E + i 07, Fep) €77
= 6 (SEwo 65 +ig [6°7, Goa) ) + EaaVBD 6P
and
572183 = %’FWEWB&&'; + ﬁ(Duch)U”Bng +ig [ppos ¢°7] 5@
= E0V2ADuppA) P + Eas (—;FWUWB%AB +ig [bpo, 697 6d5>

This yields the remaining equations and thus finishes the proof. O
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Corollary 1.3.5. The supersymmetry generators act on derived fields as follows.
g5 (F%) = —2¢* D", 0 — 2e*7 D% 4
qg{(Dmch) = 297 wfp 530} + i\@EABCDmeaD
a3 (DPyF) = SDIFESE 129 [0, 6P| + 2ie0g [§ 40, DP9
i : _
+ §€£a9 [Dﬁ7¢DE7 ¢DE] 5

Proof. We use the supersymmetry generators from Lem. 1.3.4. For the first equation,
we use Lem. 1.2.2 to calculate

¢S (F) = ¢4 (z'agAﬁ i i@%AW tg [AW&’ A%D
= 207 — 2e70° 0, + 2ige™ [@ " Aﬂ + 2igeé [Ay, zm
= —2¢% <37ﬂ.Y — g {Avﬁ, D 1[)21 — 2eY7 (3% —ig [Agﬁ, D @Ezl
— —260‘5D7%/~};YA — 2606FYD£,-Y1;Z
For the second equation, we calculate
4i (D7 dpc) = a3 (D) dpc + D7 ¢4 (bpc)
= —ig [43(47), Bpc| + D¢ (@sc)
= 297 {@Efp 530} +iv2eapopDPyeP
Finally, the third equation follows from
(D7) = g3 (DT 4 Dg5 ()
= 29 [0, 0P| + S DI FESE 1 i gD [0 07C
and
D* [ac 0°C] = [Bac DT9C| + | DF 0, 67C |
r_ . . 1 . .
= |¢ac, DP¢PC| + JEACDEEBCFG [D’BV¢DE7 ¢FG}

r_ . - 1 . -
= _¢ACa DﬁVCbBC_ t3 (5511‘?% + 085S + 5553) [D67¢DE, CZ)FG}

= :aAc, Dmd)BC: + % {D’BvquEv gDE} Xyt
RIS R
= 2[Gac, DP95°] + 2 [DM6PF, G| 68

where we used (1.14) and antisymmetry of ¢”¥ (Lem. 1.1.10). O
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1.4 Euler-Lagrange Equations

We calculate the Euler-Lagrange equations next, that is the equations of motion which
are the critical points of the action functional [ d*z £, corresponding to the N’ = 4 SYM
Lagrangian £4. They are easily obtained from those of L9 by dimensional reduction,
analogous to the derivation of the supersymmetry transformations in Lem. 1.3.2. For a
change, we perform a direct calculation here.

Lemma 1.4.1. The Euler-Lagrange equations of the ' =4 SYM Lagrangian £4 from
Lem. 1.2.3 are as follows.

, i _ o~
D Fl/y, = _59 [D,ud)AB’ ¢AB] +go-36 [%zA, ¢§:|

1 - o V2 - -4
D*D,u¢"P = —g? [[017, 6°P], o) + V29 [v°4, vE] = Zgeancn [dac, U]
DY = iv2g [ 647, 3]
D an =iv2g {5,437 WB}
where the bracket denotes the supercommutator (1.1).

Proof. Since 1 and ¢ are related to each other by complex conjugation, they may be

treated as independent variables. Consider first a variation 1/; = 1[)5 with % =yate=0
and fix the other fields (4,1, ¢). Using Lem. 1.1.1, we then yield

dLy o= d%’otr <2¢ Yaao’ DPYS + V2 gifaa [(ﬁAB, &%D

de
= tr (20500 DI + VEgian [07, 03] + VEgdas [047, 73]
= tr (2960 D0 + V2 gFan [677, 05| — V2975 [dan, 0*F))
= tr (207608 DIy +2v2 gan [047, 03]

The integral thereof is required to vanish for any 7, and thus we are lead to the following
Euler-Lagrange equation.

0= io Dy + V29 047, 0]

Next~, we consider a variation ¥ = Y. with % =~vyate=20 z}nd fix the other fields
(A,1,¢). By Lem. 1.2.1, we replace the term involving ¢ and 1 to yield
dCTL;b = d%h)tr <—2i o8P (DFpaa)bf — V2 g™ [P ap, 1/’5])
= tr (—Qi oiP (D"pan)vs — V2974 [bap, 8] — V290°" [P ap, ’Vf])
= tr (209808 D' as — V3G [Bam, 0Z] + V2078 [6°4, G ) )
= tr (20708 D +2V2 978 [Sap, v°F])

The integral thereof is required to vanish for any «, and thus we are lead to the following
Euler-Lagrange equation.

0=1i04’D'paa+V2g FAB; W}B}
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Next, we consider a variation A = A, with % = B at ¢ =0. Then

dLy d y 1 &
o= gelotr (=3 Fu ™ 4 S0P Bp) + 20 G Do

=1 +(2)+6)
We further evaluate the first term, using Lem. 1.2.1.

(1) = —tr (FW;' (A — 8 Al — g [AF, A”}))

= —tr (F,, (0"B¥ — 8" B" — ig [B", A] — ig[A", B"]))
— —tr (F,,(D"B" — D" B"))

— tr (D" F,,,)B" — (D"F)B")

= 2tr (D" F,,) B")

The second term reads
(2) = Str (Do (=ig) [B", Ga5] + (—ig) [By, 6*7] D*Gap)
= _gtr (Du¢*? [Bap, BY] + DFé 5 [075, B,])
e (B (0,047, 5] + B [PV, 6°7)
- %gtr (B" [Du¢"", dap] = By [bap, D"¢"7])
= igtr (B" [D¢™®, d45))

SN =N =

while the third equals
(8) = tr (2 daao? (~ig) [BY, vf])
= —2gtr (Yaaol? [vf, BY))
— g (B0 [ v4])

The integral over (1) 4 (2) + (3) is required to vanish for any B, and thus we are lead
to the following Euler-Lagrange equation.

0= 2D"Fyy +ig [Duo™?, Ga) — 29057 [dhan, v |
Next, we consider a variation ¢ = ¢, with % =¢ at e = 0. Then

dLy
e 0T 8
V20 [Bap, vE] + V2gian 017, U5))

=M+2)+B)+ (¢

d —_ _ _
dfg’Otr (;(DN¢AB)<DM¢AB) + 192 (048, ¢“P] [é B dop)
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For the first term we obtain, using (1.17),

(1) = 5t (DY) (D) + (D) (DE 1))

1 - _
= =5t (€ DuD 6 + Eap D" Dyg ™)
= —tr (Eog D" Dy ¢"P)

The second term is

@ =5 (164, 6°) (G0 [Pas: o))
= %92‘51“ ([627, ¢°P] ([€an. dep] + [PaB: Ecp)))

— —%g%r ([¢22, ¢“P] [écp» €an])

- —%thr (Ean [[0*7, ¢“"], dcp))

while the third term equals
(3) = V2gtr (WIA (08, Eap]) = V2gtr (€45 [WYA, o))

and the fourth term
(4) = —V2gtr @om [@%7 €ABD = —V2gtr <§AB [1[}@147 T;%D

= —\f gtr (EABCD €A [1;@0’ JJ%D

The integral over —((1) + (2) + (3) + (4)) is required to for all £, and thus we are lead
to the following Euler-Lagrange equation.

1 — 2 ~ -,
0= D“D“QZ)AB + 592 HQSAB, ¢CD] s CZ)CD] - \/59 [¢QA’ wg] + \2[95ABCD [wdc’ QpaD}

This concludes the derivation of the Euler-Lagrange equations as stated. O

Corollary 1.4.2. The first Euler-Lagrange equation of Lem. 1.4.1 can be, equivalently,
written

DHF,T = g [DV6AP, 6 4] +dig |, v
Proof. Supposing that there should be a more elegant proof, we calculate

1 4 i ~ - i
D"F,,a4. = 5DﬂﬁF ~(=Des. Fa + D eg Fj.) = -

A — B, B
BBy~ 7 By) = 7 (D) Fgy + D73 Fy)

Moreover, Bianchi’s identity (1.21) yields
D,"Fs, =" /5" ;. D\ Fyx
(A vV A— —u B A—
— 5(0%50 p 75— UH'YﬁUHB 754)(Dy Fu + D Fyp)

= =k BV A —k BB A=v
oy + 070 o =" ot UA—y)Dqum

_Z.—yﬂ.,u,)\—/{ —v B _K A
—5(07050/\~—0 o 4 Vo,

Y ol B
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We use the Clifford relation for the respective second and third factors in the first and
fourth term to obtain

Jé] . _i —v B . 6 K A—, B K A B v Ao
D, Fgs = Q(QUVW 9"0p, — 0" Oy —T 50 B o T 0 B Thy
. _ A
— 26" 69“'}6" + " 50-'/6 g’;ﬁ./)D Fox
. _ A
= ( ng/m _ 0’ g:u'l’ + o Bo'l’ﬁ O'l;,y — O'V’yﬁo"iﬁ. O'I;’y)D F]/Kj
= (- 20’“’7’\0)\7 +i05,9"" — 105 9" ) Dy Fyy

= 2Dy F,* + 064, D" F, — i055 D" Fy
= 2Dy F,* = 2iD"F,, 5.

Using the first calculation in this proof, we thus yield

3 1
Bp. — A
D, FB# =2DF "+ 5

5 (D’YBFB"Y + DﬁﬁFﬁy)

and
1

; 1 1 3
_ A B _ A B _ B
§D75Fm = QDMFw + §D ﬁng = -2D ﬁFyA + §D vaﬁ = —§D &Fﬁw

Now, going back to the first calculation, we obtain
. _tp 5 8 _ ¢ 8 8 _ B
D"F,,o%, = Z(D,YﬁFm + D" Fgy) = 4 (=3D" Fgy + D", Fsy) = =5 D", Flgy
Using Lem. 1.1.7, we finally arrive at

_,Dﬁvp Y= DVF Mauw

Il
/T\
N | =
Q

39 (D" B + 90 [ vi] ) 7+

- ; (D648, Gap) + 9@ T [, ]
= 29 [DV6", Bap] — 206 [, 0]
= 29 [DV6"%, Bag] +29 [0, 7]
which concludes the proof of the statement. O

1.5 Feynman Rules

Our treatment of A/ = 4 SYM theory has been completely classical so far. We will now,
for the rest of this chapter, derive the Feynman rules, the diagrammatic building blocks
for perturbatively calculating quantum field theoretic expectation values of observables.
This derivation is conveniently done via the path integral, for which no mathematically
satisfying theory exists. For details, consult the usual books such as [PS95], as well as
[Pol05] and [Klell] which are better suited for mathematicians.
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QFT in Zero Dimensions

The usual strategy is to study the zero-dimensional case which is, at least in some
cases, sound, and then extend the resulting formulas to the cases of interest. For self-
containedness, let us briefly repeat the relevant facts. Consider R® = {0} as ”spacetime”
and fields x : ]RO — X that assume values in a parameter space X = R%. The space of
fields can thus be identified with X itself. Consider a Lagrangian of the form

(1.29) L(x) = % (Aw, 2) +gU(z),  S(z) = L(z)

where A is some d X d matrix, U a potential function and g the coupling constant of
the theory. In zero dimensions, the Lagrangian coincides with the action S§. The basic
quantity of quantum field theory is the correlation function

i im 1 d . ~S() i im
(130) <1'1;...75L‘ >U:fdd$€$($)/dxe ()ZL‘ll'

In good cases (most notably, A should be invertible and satisfy some definiteness condi-
tion), it can be calculated perturbatively (order by order in g) as summarised next. In
bad cases, some integrals in the derivation are ill-defined but we still use the resulting
formulas and pretend everything to work, since the infinite-dimensional case, which is
of interest, is even less based on solid ground. In all cases, convergence of the ¢g* series
is another subtle question.

First, assume that U can be expanded to a sum U = ) U; of multilinear maps
of the form U; = Zkl Uky,...ly T k. 2R We think of g - U; as an l-valent vertex
with label gUy, . - Now con81der graphs with n inner vertices (corresponding to ¢g"),
m external legs (univalent vertices) labelled iy, . . .4, (corresponding to 2 ...z"") and
edges, labelled <:1c T >0’ connecting two vertices with labels ¢ and j. We denote the set
of all such graphs which do not contain vacuum diagrams, i.e. components without legs,
by I'7,. Then

n
i1 im\ g i
< ’ ’ >U Terr, |Autr‘ labels edges (7,5) verticesv VLVl < ) >0

The symmetry factor |Autl’| occurs since every graph is considered only up to auto-
morphisms (mapping the graph to itself, thereby only exchanging names of the labels),
whereas the sum ), . leads to vertices being connected in all possible fashions. This
can be rewritten

(1.31) <mi1""’xim>U - ZFEF" !Autf\ Hedges (i, H V(ertices Ly <xivxj>o

zyE{vhz7 v=(V1,-...,V]

where now

(132) I, = L P Zpermutationsa UU(Ul)""7J(vl)

encodes that edges can end in every possible way (permutation) on the corresponding
vertex.

In usual terminology, I, . ., is called an inner vertex while <mi,aﬁj >0 is called a
propagator. As the notation suggests, the propagator coincides with the correlation

function with respect to the potential U = 0. One can show that the propagator

1 o g
fdd _%(Ax . /ddx ef%(Ax,:wxzx] _ (A*l)w
xre ’

(1.33) (z',27), =
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equals the (7, j)-th entry of the inverse matrix of A. I,, and <xi, xl >0 are depicted by an
[-valent vertex and an edge, both with labels as explained above. By (1.32) and (1.33),
they can be calculated directly from the Lagrangian £. Together with the externel legs,
these are collectively refered to as the Feynman rules of the theory.

The formulas stated so far accordingly hold (with the difficulties mentioned) for
complex valued fields, i.e. for z € C%. Moreover, fermionic (anticommuting) fields are,
in the zero dimensional theory, Grassmann generators 67, and the correlation function
involving such generators is defined as in (1.30) but with the usual integral over R?
replaced by the super integral over all even coordinates z* and odd coordinates 7. By
now, the theory of supermanifolds has become a well-established mathematical area.
For a good introduction, which also covers integration, we refer the reader to [Var04].
In the following, let #7 be a complex generator and #*/ its complex conjugate. One can
show that, analogous to (1.33),

) de*idgi le*l —G*iB,-jGj
(1.34) <6k, 9*’> _ (L Jdodor) 6 (B YM
0 (Hlfde*zdel) 6_9 Bije
holds for a suitable matrix B (cf. (9.69) and (9.70) in [PS95]). Unlike the bosonic

propagator (1.33), the fermionic propagator (1.34) is not symmetric in the arguments
but antisymmetric. It is, therefore, depicted by a directed edge (an edge with an arrow).

Gauge Theories and Ghosts

The assumption that the matrix A in (1.29) is invertible was crucial for our previous
considerations. In gauge theories, on the other hand, this is not the case: Assume that
A has [ degenerate directions corresponding to the (free etc.) action of an I-dimensional
Lie group G on X, which leaves the Lagrangian £ invariant. Instead of critical points,
the classical solutions of the Euler-Lagrange equations now come as critical orbits each
of which contains a continuous set of physically equivalent states. Therefore, we should
count each such state only once and reduce integration over X in (1.30) to the integral
over the quotient space X = X /G of G-orbits. In good cases, this is based on solid
mathematical ground and related to the Haar measure.

In "many” cases (with less justification) it seems to work as follows. Let Xy C X be
a submanifold which intersects every G-orbit exactly once, such that there is a bijection
with X, and assume that it is defined by I equations F'(z) = ... = F!(z) = 0 for
some F: X - Rl ie. Xo={zp€eX ’ F(zg) = 0}. Moreover, the orbits should be
intersected transversally such that [ ydr = / Xo dxy |, ¢ dg holds, at least upon restriction
to some tubular neighbourhood of Xy. In such a neighbourhood, we can then treat F'
as a local coordinate in the fiber over xp, and the gauge-fixed partition function (the
denominator of the correlation function) becomes, performing a change of coordinates,

/ d=tpg e=S(@0) :/ dd_lxo/ le5(F)e_S($0)
Xo Xo R!

:/XO dd_l:co/Gdgé(F(g:ro)) det (‘m)'e—é‘(wo)

g
Setting x = gxo, the delta function restricts integration to F(x) =
g=1and x = zg. We thus yield

/ 0y e~ S0) — / 2 5(F () |det(A) e=5@0) | A=
Xo X

F(gxzp) = 0 where

(9F(gx)’
dg =1
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Several difficulties arise with this approach. Firstly, the Fadeev-Popov matrix A should
be invertible, and each orbit should be intersected exactly once. Even if this can be
achieved locally, it might not be possible to ensure for the whole of Xy due to some
complicated topology, which is referred to as the Gribov problem (cf. [EPZ04]).

To continue, let us further assume that the integral over Xy does in fact only depend
on X. The exact form of F is then unimportant, and we may replace F by F — w for
some reference vector w € R!. Let further ¢ € R+ and N (&) be the constant, depending

on ¢, which is defined by N(¢)™! == [dwe™ 2€ (this is a standard Gaussian integral).
Inserting 1 and further redeﬁnmg N (&) to include the sign of det A, we thus yield

/ d g e=S@0) = /dw/ dize” 255 (F(z) — w) det Ae=5@)
Xo
=N E)/ ddxe_s(x)e_T det A
X

To deal with det A, we introduce new (complex) Grassmann generators c!, ..., cl. Anal-
ogous to (1.34) one can show that (for suitable A)
(H / dc*’dci> e~ M = det A
holds. Remembering § = L, our calculations may be summarised
~L(0) * o o—Lar () F(x)* .
(1.35) droe =) = N(§) | dxdc*dce ="\ | Lop =L+ + (c*, Ac)
Xo X 2¢

We are free to choose a convenient value of the parameter £ (a "gauge”). Constant
factors in the correlation function (1.30) cancel out. We have thus solved the gauge
ambiguity problem by introducing new fermionic fields ¢ and ¢*, which are called ghosts,
and replacing the original Lagrangian £ in (1.29) with the gauge fixed Lagrangian Lgp
n (1.35). The first extra term allows for the calculation of Feynman rules for the
gauge field A, while the second introduces new Feynman rules involving the ghosts.

QFT in Finite Dimensions: The Infinite Dimensional Case

Let us now move from zero to four (or any finite number of) spacetime dimensions.
The space of fields is then a non-trivial infinite set of functions. Let us pretend that
the formulas for the zero-dimensional theory have canonical analoga and consider again
N = 4 super Yang-Mills theory.

As mentioned above, gauge transformations are finite symmetries, such that the
original Lagrangian £4 need to be replaced by a gauge fixed Lagrangian. We choose
the Lorentz gauge F(A) = i0"A,(x). The first extra term in (1.35) then becomes

Q%(HMAC“)? To calculate the ghost contribution, note that the group action, previously
denoted gz, is now replaced by gauge transformations (1.22). Let o : R* — su(N). The
set of such maps can be identified with the tangent space at a gauge transformation.
This is a bit subtle but should be OK (cf. similar situations such as the transversality
arguments in Chp. 3 of [MS04]). We thus calculate, using af = —a,

1 . ) 1
Ala] = Z@“W’V:l (VAMVT + gvauvf> [a] = iO* <— (A, a] — g@ua> = gﬁ“DMoz
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After having calculated the ghost propagator and ghost-gluon vertex later in Sec. 1.5.2
and Sec. 1.5.3, we will see that every graph in (1.31) contains exactly the same num-
ber of propagators and vertices such that absorbing the scaling factor 1/¢g into the
normalisation of ¢ and ¢* does not change the result and can be omitted. Writ-
ten as a matrix with respect to the generators T of i - su(IN), we thus arrive at
A = §%0H0,(-) + gf “bcf)“(AZ‘), and the gauge-fixed Lagrangian becomes

1
28
Upon replacing £4 by Lgr we obtain, in particular, the analoga of the formulas

(1.33) and (1.34) for bosonic fields ¢ (and now also A) and fermionic fields ¢ (and
ghosts ¢) in four dimensions:

(1_36) Lop = <£4 _ ((9“140“)2) + C*a(auauca) _ gfabcau(c*a)Azcc

_ I Déexp (i [ d'z L(9)|g0) $(x)(y)

(1.37a) (o(x), o(v)) [Déexp (i [ diz L)
~ B fD@BDw exp (ifd4x E(¢)|90) w(x)iﬁ(y)
(1.37b) <w(w)7 w(y>> = [ DYDyexp (i [ dia L)

where the (ill-defined) integral (the path-integral) goes over the respective space of
all fields. These propagators are calculated analogous to the zero dimensional case as
the matrix elements of the ”inverse” (Green’s function) of the integral kernels which
correspond to the previous matrices A and B.

In fact, the analogy between the respective propagators as stated holds only up to a
factor of —¢. This is another subtlety due to the transition from Euclidean to Minkowski
space. In between, one performs some Wick rotation to translate the Euclidean into the
Minkowski metric. While this is a standard trick that seems to work, it is usually hard to
justify mathematically. For simplicity, we shall use (1.37a) and (1.37b) without further
ado in the following, pressed into the form (1.33) and (1.34) by

(1.38) L— —il

When it comes to Green’s function in the next subsection, we will encounter some
problems which are inevitable relics of this transformation.

1.5.1 Green’s Functions

The infinite-dimensional analogon for the inverse of a matrix A or B, as occurring in
(1.33) and (1.34) is the Green’s function of some differential operator. It is worthwhile
summarising the relevant formulas here before applying the Feynman formalism to N =
4 super Yang-Mills theory in the next two subsections. We need the following lemma.

Lemma 1.5.1. The four-dimensional delta function can be expressed as the Fourier
transform of the constant function 1:

d4 —ip(Tz—
/ (%2)?46 Pay) — 54 (5 _ )

Proof. Tt is well-known that the delta ”function” is a distribution. Likewise, the left
hand side (the Fourier transform of 1) should be regarded as a distribution. For a
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formal treatment, consult e.g. Chp. VIII of [Wer02]. In this context, the formula
appears rather as a definition than a statement.

The left hand side (with 2 — y replaced by x) also appears as the limit (in a distri-
butional sense) of the sequence

d4p ; 2
1.39 () = TPy LeN, 6, —0
( ) k(aj) / (271')46 k
where p2E => u p* - p* denotes the Euclidean square of p (in contrast to the Minkowski
square p® = pupt). For this to see, it suffices to show that dj(x) is a Dirac sequence (cf.
Chp. 2 of [Alt02]): In (1.39), we perform the transformation p°® — p® and p! — —p! for
[ =1,2,3 to obtain

> . il - . 1l > . Ll
/ dpl e —0kp'pt _ / dpl (_1)6110 xt—0ppt Pt / dpl e —ptp
—00 —0oQ

[e.9]

and, therefore,

dp .
sue) = [ (5 et

where p-p z 1= Zup“ - z#. We now make a shift p, = q, — ﬁxu such that

. . 1 ) 1
_’LP'Ex—ék'p?E:_Z((J'EiE—m$%> — O <QJ%3_5kCI'EiU—452$%>
k

1
—_§ 2 - 2
kAR 46k33E

and

oo+ﬁx“ dat 19
op(z) = Hu (/ b ) ek

ook ign 2T
oo+ 355 TH

Now, the function e~%%"?" is holomorphic (without poles) in ¢* and, therefore, the
integral thereof over the boundary of a box (—R,R) x (0, ﬁx“) with R > 0 in the
complex g plane vanishes. For the integral over the right side vertical line, we obtain

g
/ k dg" e~ Ora"-q"
R

2
2 e () o
k

and analogous for the integral over left side vertical line. Therefore, we may replace, for
each p, the integral over the shifted real line by minus the integral over the ordinary
real line to obtain the Gaussian integral

d4p E) 2 —Lagj 1 7T4 —LxQ
5 = = e %PE 40T E — —_ 40" E
b() / ent¢  ° ent\ 6 ¢

By this expression, it is clear that Jx(x) is indeed a Dirac sequence. In particular, it
satisfies the normalisation condition

4
/d4$ o(x) = (271r)4\/§ \/47T(5k4 =1

which is calculated again by the Gaussian integral. ]
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Lemma 1.5.2. The function

dip e~wlz—y)
Glo—y):= _/ @r)3 p? +ie

is a Green’s function for 9,0" (i.e. it satisfies 9,0"G(x — y) = 6 (z — y)).
e—ip(z—y)

p2
defined. This can be remedied by shifting the poles, which are located at (pg)+ = % |p|,

is not well-

Here, we meet the "ie-prescription”: The po-integral [ dpg

i€
2[p]
parameter € > 0. As a result, the pg-integral can now be evaluated as the residue at one

of the poles, depending on whether x( is positive or negative such that the corresponding
arc which closes the integration line vanishes at infinity. In the limit € — 0, the integral
is independent of the convention for the shift, which was chosen such that

p* = (po — Ip)(po + IP|) = (po B <|p| - 22|€p|>> <po+ (|p| B QT;"))

— )~ (191 - 2|p|)

2
—p? e+ ——s
4|p|

slightly parallel to the imaginary axis towards (pg)+ — + (\p\ - with some small

62

4lp
consequence, we can write the shift as p> — p? + ie. Although usually omitted, it is

implicitly understood that € is sent to 0 (in front of the integral).

In the limit ¢ — 0, one can further see that the term 5 18 irrelevant and, as a

Proof of Lem. 1.5.2. This follows from Lem. 1.5.1 by the following calculation.

) 3u/d4pe_imx_y) — _/d4p(_p2)6_imx_y) :/ d'p o~ tp(@—y)
K (2m)* p? +ie (2m)4 p? +ie (2m)4

=W (z —y)

In this calculation, we freely exchanged differentiation, limits and integration without
having checked the hypotheses. We believe that this can be done (and has beed done
somewhere) rigorously and leave the details to the reader. O

Lemma 1.5.3. The function

G~ y)as = sl [ e

(2m)* p? +ie
is a Green’s function for aﬁﬁ oM.

Proof. This follows from (1.6) and Lem. 1.5.1 by the following calculation, where the
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comment in the proof of Lem. 1.5.2 applies accordingly.

~ Bp
Bt 00, d4P TP dp PUOPATy iy
By )4 p? +ie (2m)*  p? e
vBp
_ / Py poo" BT, o—ip(e—y)
(2m)t p? +ie
= 1/ d4p pyp“(a ﬂﬁagﬁ ™ g#ﬁﬂﬁ’é&) eiip(iv*y)
2/ (2m)* p? + i€
vsB
_ / d'p PP oy o~ tP(@—y)
(2m)* p? +ie

. 4
_ 55/ d’p e~ ir(z—y)
v (27T)4
= 5,{:5(4)@ —v)
O

For the integral A4(x) occuring in Lem. 1.5.2 and Lem. 1.5.3, we need an explicit
expression. For dimensional regularisation, to be explained below, it will be neces-
sary to consider the analogous integral in d dimensional Lorentz space with signature
(+,—,...,—) rather than Minkowski space.

Lemma 1.5.4. The integral Ag(x) can be written

dip e reE-1 1 i 1
A = =1 A —
(@) / (2m) p? + ie ' A (1;2)%—1 ’ 1(#) 472 g2

[\]IsH

Proof. Again, the right hand side has to be understood as a distribution (more precisely
also with some kind of ie-prescription). By a simple calculation, one finds that the
application of the operator 0,0" to it vanishes for  # 0. It should be possible to prove
that it is indeed a Green’s function and, moreover, coincides with the Green’s function
on the left hand side.

One could also first evaluate the pp-integral by the residue theorem and then solve
the remaining integral in d — 1 (Euclidean) dimensions by a direct calculation involving
spherical coordinates, following [LFQ*10] and (for d = 4) [GRO09].

Instead, we shall be satisfied by a simple calculation using Schwinger parametrisation
and Gauss integration. This calculation contains several steps a mathematician would
call terribly wrong (the reader is invited to spot all those), yet it seems to provide a
reasonable result. Here is how it works. The Schwinger trick is writing

1 1 [ & 2
o 2/ doe ? = / dre™™P
p Pp= Jo 0

1 > —7-p?—ip-x
Aq(x) = (27r)d/0 dT/ddpe prp

Therefore
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As in the proof of Lem. 1.5.1, we now make a shift p, = ¢, — %mu such that

1 & g2\ L2 ﬁd & _d 1,2
Ad(w):(%r)d/o dT(/ddQe q>e i :(27r)d/() dr 77 2e 47

Besides having tacitly moved the integration line back to R, we have neglected that ¢?
can be negative. To solve the latter problem (and make the calculation even wronger),
we perform a Wick rotation gy — iqg, followed by changing the integration line from ‘R
back to R. This gives an additional factor 4. The substitution o = % then yields

(MY

having introduced the I'-function. For d = 4, this coincides with the expression stated
in Chp. 2 of [GR09]. O

1.5.2 Propagators

With this preparation, we are now in a position to derive explicit expressions for the
propagators of N’ = 4 SYM theory. We consider the gauge-fixed Lagrangian Lgp of
N =4 SYM theory from (1.36), multiplied with a factor —i due to (1.38).

Scalar Propagator

We calculate the scalar propagator. By Lem. 1.2.4 and (1.17), the relevant term can be
written as follows.

1

~iLa(@)|gp = (040" (@ F0p)
= 5 (@0 (@6

_ % (8M8y¢cM) (ZSCM

where the last equality holds upon integration. This is identified with the bilinear form
—% (Ag, ¢) where A denotes the "matrix” with entries A4M N = —j§abgMNg o1 We
use the formula in infinite dimensions which is analogous to (1.33), where as the ”inverse”
of A we take a suitable Green’s function (Green’s functions are not unique), chosen
according to a standard physical argument involving the causal structure of the theory
(cf. Chp. 2 of [PS95]), which is built from the Green’s function G(z —y) = " (9,0*)~1”
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of 9,,0" as stated in Lem. 1.5.2. Further using Lem. 1.1.10, we thus obtain

lam =N

($45@). depv) ) = 3Z4pTcn (6 (@), ¢ (W)

s <N, 1.4
= 5YapXcp(4 byadt oN

=M <N o _
= §ZABECD5 b‘sMN(auau) !

(2m)4 p? +ie
Substituting the expression from Lem. 1.5.4 for the integral A4(x — y), we thus find

—a . 5ab
M e = (B Rt -

as the scalar propagator.

Quantum field theory is a theory of infinities. Besides the convergence problem
of the infinite dimensional analogon of the sum (1.31), already individual graphs can
contribute as infinity due to a vanishing denominator in the propagator (1.40). To solve
this problem, we use a trick which seems to be standard: We make the propagators
depend on a parameter ¢ > 0 (which has nothing to do with the ie-prescription) such
that, in the limit ¢ — 0, the original propagators are obtained. If done neatly, the
individual graphs would then have a finite part plus some summand with a pole in &
and, in the sum over all graphs contributing to some order n of the coupling constant
g, the latter ”infinities” cancel out, leaving a finite result which survives in the limit
e — 0. This technique is referred to as regularisation.

From a mathematician’s point of view, the infinity problem is closely related to the
propagator, and a fortiori the individual Feynman graph, being a distribution rather
than a function (cf. the discussion in the proof of Lem. 1.5.4). Via regularisation,
each graph is approximated by a series of ordinary functions (like a Dirac sequence
approximating the delta function). It seems natural but remains unclear (at least to the
author) whether this approach can be made rigorous.

Of the several possible ways of regularisation, we choose the so called dimensional
regularisation. This works as follows. Calculate the propagators up to the occurrence
of the integral A4(z — y) in the calculation preceeding (1.40); we shall see below that
the same integral appears for the fermion and gluon propagators as well. Then replace
Ay(z —y) by Ag(x —y) (cf. Lem. 1.5.4) and, finally, set d = 4 — 2¢, except that the
Lorentz metric ), is considered in honest d = 4 dimensions (the factor 2 convention
turns out to be convenient). Doing so for the scalar propagator, we immediately yield

—c c ab
(1.41) - -——---- o = <$Z13(95)a E?JD(Z/)> = Fijrz_s) ((;1_9(5)2(5)1_6

as the (dimensionally) regularised scalar propagator. For comparison with the literature,
note that the coupling constant g carries a (physical) dimension in dimensions other
than 4. This can be seen by the necessity of the action being dimensionless, which
appears in the analogon of (1.33) as the argument of the exponential. To make g again
dimensionless, it is often rescaled using a mass scale parameter p which then would
appear in (1.41).
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In the following lemma, we state derivatives of the regularised propagator expression
needed later on, which are easily calculated. Here, the last expression in O(e) does not
completely vanish only because 7, is the metric in d = 4 rather than in d = 4 — 2¢
dimensions (for which then n*n,, = d =4 — 2¢).

Lemma 1.5.5. For z,y € R* with (z — 3)? # 0, we have

1 (37 - y)u
Opyy———————— = —2(1 —¢)———FF—
P e P
1 2(1—¢ T =Y
8@),,8(1,)” ((:E _ y)2)1_€ = — (({E (_ y)2))2—a (nuu - 2(2 — 6)( (Z)i(yy y) )

Replacing the z-derivative
contraction with n*¥ yields

»)u Dy the y-derivative 9., yields a minus sign. Moreover,

1 4e(1 —
8(36) o = — e( ) =20 0

O (- ((z—y)2)*E

Fermion Propagator

We calculate the fermion propagator. By Lem. 1.2.4, the relevant term can be written
as follows.

This is identified with the bilinear form — <1Z, Bw> where B denotes the "matrix” with

entries BaPASB — _ sabsAB 055 O0". We use the formula in infinite dimensions which is
analogous to (1.34), where as the "inverse” of B we take the Green’s function which

is built from the Green’s function G(z — y)ag = (7(0,0") 71" )aa of Jﬁﬁﬁu as stated in
Lem. 1.5.3. We thus obtain

(v @), Php(y)) = =90 PGl@ — Yaa

dip e—ir(z—y)
bsAB u p
=0%¢ &0 / L
p? P2 +ie
At this point, we perform dimensional regularisation as in the calculation of the scalar

propagator to obtain the following expression (using Lem. 1.5.4 and setting d = 4 — 2¢).

,F(l o 5) 5ab5AB —

aa

A 7b
< o (), %B(y)> =1 Ar2—= M((z —y)2)i-e
Calculating the derivative (Lem. 1.5.5), we immediately yield

i1 =) —€) spgap_ (T~ Yac
22 (x—y)?)°

(142) e—w—e = (v3'(a), Up(y)) = -

as the (dimensionally) regularised fermion propagator (without having introduced a
mass scale). For ¢ = 0, this propagator reduces to

(1.43) —p o — < iA(l’)a Q;ZB(?J)> = _271_(5ab5143((x_32;f‘
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Gluon Propagator

We calculate the gluon propagator. Here, we need to consider indeed the gauged fixed
Lagrangian (1.36), and the relevant terms can be written

) 1

26
<(3MA§)(3“AC”) = (0,A7) (0" A%) + 2(8”145)(5’54,3))

—iLar(A)|p = < (0,45 — 9,A5)% + — (9, A™)?

(3
4
i
T2

Z. c 174 1 4 C
=54 <apaﬂn# — <1 — g) 0" > A

where the last equality holds upon integration. From now on choosing Feynman gauge
¢ = 1, this is identified with the bilinear form —3 (C'A, A) where C denotes the "matrix”
with entries C%# = j59bprv 0,0°. We thus obtain

(), ALy) ) = (A1) = —i6™n,(9,00)
The further derivation exactly parallels that of the scalar propagator, and we obtain

_ ab
(1.44) °Q0Q0Q0s = <AZ(:C)7 A’L(y)> = _Fijrzf) ((mn_wy(;z)lg

as the regularised gluon propagator in Feynman gauge. For ¢ = 0, this propagator
reduces to

ab
(1.45) “000000# = (A1(a). A1) = ~ 5

Ghost Propagator
We finally calculate the ghost propagator. The relevant term of (1.36) is
—iLar(c)|,0 = —ic™(9,0"c”)

As in the derivation of the fermion propagator (actually, this is a fermionic propaga-
tor), this expression is identified with the bilinear form — (¢*, Bc) where B denotes the
"matrix” with entries B% = i§%°9,0". The inverse is (B~1)% = —i§®(9,0")~, and we
immediately obtain
I'(l—e¢) §ab

T (@)

as the regularised ghost propagator. For ¢ = 0, this propagator reduces to

R
4r? (x — y)*

(146) w0 = ((a), () = -

(1.47) ® - @ — <ca(:p), c*b(y)> _

1.5.3 Inner Vertices

Having calculated the propagators, we now come to the inner vertices. According to
(1.32), every vertex is obtained from symmetrisation of the correponding interaction
term of the N'= 4 SYM Lagrangian from Lem. 1.2.4 with the addition of the gauge-
fixing terms in (1.36) and multiplied with a factor —i due to (1.38). For the rest of this
chapter, we summarise these calculations and summarise the resulting formulas.
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Antighost-Gluon-Ghost (cgc) Vertex

The antighost-gluon-ghost interaction term of the Lagrangian reads
_Z.Ec*gc — igfabcau(c*a)AZ c _ (igfabcaétl)) (C*GAZCC>

Here, we do not need to consider permutations since we have three different fields such
that I = U. Therefore, we find the following expression for the antighost-gluon-ghost
vertex.

\ ( abuc . rabc ol
é = (Lerge)* ™ =igf 8(1)
b,p
3-Gluon (ggg) Vertex

The 3-gluon interaction term of the Lagrangian reads

—iLyggg = (Z'gfala2a3,r’,ul,u3aﬂ2

(1) (A Az Agiy) = (U210 220 o) (A ATz A7)

Using Lem. 1.1.3, we calculate

a1l a2 azp3
(Iggg)

— . Ualul azp2 a3 3
— permutations of
ajlpl agp2 azpn3

= ig (falaQasnmua 6?12) 4 fazasar e 8{‘23) 4 paser0e ppiapz aél)
+fa1a3a2nulﬂ2aﬁ?3 + fagagalnNSHIaéQ) + fa2a1a3nugu3aé1)>
=g fereees (S Of + uof + oy
g g )

Therefore, we find the following expression for the 3-gluon vertex.

a, 2 ai,p1
— (Iggg)aun azp2 agps
= _Z‘gfalazaa (nu:‘sm(ag) _ 852)) + n#luz (aé% _ aéii))
e (Of) — 1))
az,pn3

4-Gluon (gggg) Vertex

The 4-gluon interaction term of the Lagrangian reads

. 9
. ig
—iLgggq = (4 f“1“2bfa3a4b17“1“317“2“4> (AZ%AZ@AZ@AZ‘;)

—. (T7a1p1 G2/42 A3U3 Q4fid a1 a2 pa3 pa4
_' (U )(AMAMQAMBAM)
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We abbreviate U(1,2,3,4) := U®H1 9242 4343 a4li4 {4 find

. 9
U(1,2,3,4) _ (lifa1a2bfa3a4bnu1u377uzu4)

)
(Zgfaga1bfa4asbnﬂ2u4nﬂllt3>
4

U(2,1,4,3)

and
i92 ai1azb pazagb,  p1p3, 1o pa

(8 gt o )
=U(3,4,1,2)
Applying both symmetries after each other, we thus obtain.
U(1,2,3,4) = U(3,4,1,2) = U(4,3,2,1) = U(2,1,4,3)

Therefore, it suffices to consider permutations of (1234) where 1 is fixed at the first
position, weighted with a factor of 4 as follows.

(Lgggg)™HHt @2hz aks aukis — Z U(1,2,3,4)

permutations
= 4(U(1,2,3,4) —|—U(1,3,4,2) + U(1,4,2,3)
+U(1, 2,4,3) +U(1,4,3,2) + U(1,3, 2,4))
— ng (fa1a2bfa3a4bnu1u3nuzu4 + fa1a3bfa4a2bnu1u4nu3u2

+ fa1a4bfa2a3bnu1u2nu4u3 + falazbfa4a3bnu1u4nuzu3
+fa1a4bfa3a2bnu1u3 nHanz 4 fa1a3bfa2a4bnu1u2 nu3u4)
Therefore, we find the following expression for the 4-gluon vertex.

az, (12 ai,p1 — (Igggg)alm a2 azp3 aqpq
— ng (fa1a2bfasa4b(77u1lt377u2u4 _ 77#1#4”#2/13)

+fa1a3bfa2a4b(nu1u2nu3u4 _ nmwnusuz)

a3, i3 ad,pta + fa1a4bfa2a3b(nu1u2nu3u4 _ nmusnuzm))

Gluon-2-Scalar (gss) Vertex

The gluon-2-scalar interaction term of the Lagrangian reads
. g —b
_Zﬁgss _ 5fabcAa,u¢AB(8#¢cAB)
i by —bs

o a—b2 —b
= (U uifB ?D)(AM¢A2B¢C?’)D)
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such that
apbs by _ ap by b3
(IQSS) ABCD — Zpermutations U ABCD
_ 9 ( pabob p bsb r.

Therefore, we find the following expression for the gluon-2-scalar vertex.
b1,AB b2,CD

N _7 a zg a -
é = (Igss> M?LXQB lgD = _Zf beJEABCD(aé) - 8&))

as,p13

2-Gluon-2-Scalar (gsgs) Vertex

The 2-gluon-2-scalar interaction term of the Lagrangian reads
)
. g —d
—iLgsgs = _Tf abe f CdeAﬁ¢bABAcu¢AB
. 92
1 —b —b
= <_gnuluzfmbwfazszEABCD) (Azll(bAlBAZQZ CQ’D)

b b b1 —b2
= (U 45 " Ep) (AL dapAjadep)

such that
(Igsgs )M bi asu2 bz _ § : [aim by azpso b
989 AB ¢D permutations AB ¢D
ig? b b b b
= _? (77#1112]!‘@1 1Cfa2 205ABCD + nuszcm 1Cfa1 2CEABCD

bac pash bac garb
pfthe fORE fRN e g g 4 Mt fO2026 f0 1CECDAB)

Therefore, we find the following expression for the 2-gluon-2-scalar vertex.

az,i2 ai,p1
b b
— arp1 b1 azpo b2
- ([9895) AB CD
;2
/// \\\ — _%nmungBCD(falblcfagbgc + falbgcfagblc)
7 N
bLAB bQ,CD

Gluon-Fermion-Antifermion (gfa) Vertex

The gluon-fermion-antifermion interaction term of the Lagrangian reads
—iLgra = (9f """ ** 5 ap) (AL YD)

Here, no permutation occurs since there are different types of fields such that I = U.
Therefore, we find the following expression for the gluon-fermion-antifermion vertex.
baA caB

= (Igpa)™ % 5 = gf 5" ““6ap

ap
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Scalar-2-Fermion (sff) Vertex

The scalar-2-fermion interaction term of the Lagrangian reads

. V2g
_Z‘Csff = ( fab1b2 51/62514131514232 (¢A1A2¢21131wb2B2)

Therefore

b b
(Isff)x‘hAz Bllﬁl B2262 =

fg<

fab1b2 '81'825/1131 514232 fab2b1 66261 6A1Bz 614231)

V2g
= Tfab16266162 (514131 0AsB, — 614132614231)
where the sign comes from the oddness of ¥ (7WhiCh gives a sign upon permuting). This
has to be understood upon contraction with ¢4, 4, (which is antisymmetric in (A1 A2)).
Therefore, we find the following expression for the scalar-2-fermion vertex.

b2 B2 B2 b181B1

\/ _ ([Sff)fih/b bélgl 122,82 ﬁgfab1b2651525A1B15A2B2

a,A1As
Scalar-2- Antifermion (saa) Vertex

The scalar-2-antifermion interaction term of the Lagrangian reads

, V29 b vas | (70 b Th
—iLsga = <— 1 JO%%€ 4, Ay By Bo €Y1 (¢A1A2¢d1131wé¢22B2)

such that
7. ya . bidibds _ V29 ([ abibs G1de  pababy dadu
( Saa)A1A2 By B 4 / €A1 A2B1 By € f €A1 A2B2 B €
Therefore, we find the following expression for the scalar-2-antifermion vertex.
szzdz blBldl

\/ — a  bion bade _ \[9 abby Q1o
_(Isaa)AlAgBl By — —f 51411421911’326

|
I
|
a,A1As
4-Scalar (ssss) Vertex

The 4-scalar interaction term of the Lagrangian reads

2
. 19 —c —d
—1Lgsss = 7fabef8de¢aAB¢bCD¢AB¢CD

- 2
g b b —~ai a2 a3 04
— <64fa1a2 fa3a4 EAlB1A333€AngA4B4) (¢A131¢A232¢A3B3¢A4B4)

The symmetries U(1,2,3,4) = U(2,1,4,3) = U(3,4,1,2) = U(4,3,2,1) are obtained
analogous to the calculation of Iy, above, with analogous notation. Therefore, it
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suffices to consider permutations of (1234) where 1 is at the first position, weighted with
a factor of 4 as follows.

Isss5(1,2,3,4)
=> _U(1,2,3,4)
permutations
= 4(U(1,2,3,4) + U(1,3,4,2) + U(1,4,2,3)
+U(1,2,4,3) + U(1,4,3,2) + U(1,3,2,4))
ig2 ajaz2b pazash aiaszb pagaszd
= E (f f 5A131A3336A232A4B4 + f f 6A131A4B4€A333A232
+ foreab pa203be ) g Ay BaEABLAsBs + P FU A Bl AL BAE A By A By
o+ foreabpasadbe ) ponBiEA B AE, + fa1a3bfa2a4b€A1B1A2825A333A4B4)

Therefore, we find the following expression for the 4-scalar vertex.
CLQ,AQBQ a17A131

_ a1 a2 a3z a4
/x\ - (ISSSS)AlBl A2B2 A3B3 AyBy
a3,A3Bs 5 a4,A4By
g

b b
= E <fa1a2 fa3a4 (5A1B1A3B35A232A4B4 - €A131A4B45A232A3B3)

b b
+ fO1987 fO2040 (e 4 Bl A9 ByEAs By AgBy — €Ay By AyBaEAsBsAsBsy)

b b
+ [0 f92930 (e 4 Bl Ay BaE Ay ByAsBs — 8A131A333€A4B4A232))



44

1 N =4 Super Yang-Mills Theory



45

Chapter 2

Supersymmetric Wilson Loops

In this chapter, we derive an extension of the classical Wilson loop which is super-
symmetric in a sense to be explained. We will see that this supersymmetry condition
ensures the existence of a solution which is not unique but has a determined shape.
Our treatment remains purely classical, and we defer the quantum theory to the next
chapter.

2.1 The Super Wilson Loop Ansatz and its Symmetries

As in Sec. 1.2, we denote the gauge field by A such that —igA is a connection with gauge
group SU(N) on Minkowski space R*. Let x : [0,1] — R* be a path in Minkowski space
connecting z(0) with z(1). Parallel transport, which maps a vector vy € Ty)R* = R*
to a vector v(t) € Tx(t)R‘l >~ R4, is defined by the differential equation Dyv(t) = 0. Given
the initial condition v(0) = v, this equation is shown to have a unique solution which
can be written in the form v(t) = B(t)-vg with B : [0, 1] — su(N) being the path-ordered
exponential of igA. Taking the trace and dividing by N defines the classical Wilson line
(for t = 1) as follows.

1 1 R
(2.1) W= NtrB(l) = Ntr?’exp <zg/0 dtthM(:v(t))>
If x is a loop (such that z(0) = x(1)), B is also known as the holonomy around x, and
W is called a Wilson loop. For the classical theory, consult e.g. [Bau09] or [Bar09].

Recently, two approaches appeared for a supersymmetric version of (2.1), which are
both motivated by a proposed extension of the duality of gluon scattering amplitudes
with (quantised) Wilson loops to a duality involving scattering amplitudes with any
kind of ' = 4 SYM particles. We will come back to this duality in Sec. 3.2 and, in
this chapter, solely concentrate on the classical theory. The first approach ([MS10])
originates in momentum twistor space and translates into the integral over some kind of
superconnection. Without having checked, we assume that this can indeed be identified
with the superholonomy of a superconnection in the sense of [Gal09].

The second approach, followed here, is due to Caron-Huot ([CH11]) and works for
polygons with lightlike edges only. It was shown in [BKS12| that, in the common
domain of definition, both approaches agree modulo the Euler-Lagrange equations of
Sec. 1.4. Consider then a polygon with n vertices x; and vectors p; := x; — x;_1 such

m
that z;(t) := x;—1 + tp; connects x;(0) = x;—1 with x;(1) = z;, and dgg = p. We shall
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refer to the p; as "momenta”, a denomination not justified until Sec. 3.2, which we
assume to be lightlike such that p; = A\;\; decomposes according to (1.11). Since the
polygon closes, we trivially observe momentum conservation

(2.2) pr+pet.. +pa=0
We endow the spacetime-coordinates of Minkowski space by Grassmann generators
(2.3) nt,  die{l,...,n}, Ae{l,...,4}

and, for the supersymmetric Wilson loop, make the ansatz

1
(2.4) W, = Ntr (V,ﬂWnVn,l’n WV

where Vj j11 € C®su(N), which is thought of as a vertex operator located at x;, takes
values in the Grassmann algebra generated by the 17;4, and where

(2.5) W; = Pexp (ig/ol dt Sj(t)>

is an extension of the parallel transport along p; with £ = p; - A+ O(n).
x1 T V12 Va3

In—1 Tn—2 Vn-1n Vn—2n-1
In the following, we will derive explicit expressions for V; ;11 and £; by symmetry con-
siderations.

Lemma 2.1.1. Consider the following ”super” analogon of a gauge transformation
(1.22) with V : R* — SU(N).

(2.6) gz(t) — V(xz(t)) <5Z(t) + ;@) VT(iL'l(t)) s Vi,i+1 — V(xi)Vi’iHVT(xi)

Then W,, — W), is invariant under (2.6).

Proof. Denote the "super” extension of the covariant derivative D; along an edge by the
same symbol:

Dy = 0y —ig [&i(1), ]

As for the classical parallel transport, one shows that (2.5) is the unique solution of the
equation DyW; = 0 for a given initial condition &;(0). Under (2.6), D; transforms by
definition as

Dy — 0y —igV (i(t)) <5¢(t) + ;@) VIai(t) = V(i) DV (2i(t))
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and V(xi)WiVT(xi_l) satisfies (VDtVT)(V(mi(t))W,;VT(aci_l)) = 0 if and only if DW; =
0. It follows that W; transforms under (2.6) as

(2.7) W; — V(:BZ)WZVT(Z‘Z_l)

As a consequence, the Wilson loop ansatz (2.4) transforms as

1
Wy =t VatWiVn-1m ... WaViaW1)

5 e (V) (ViWaV @)
.. (V(:Ul)VlgVT(xl)) (V(x1>w1vT(:cn)))
- %m« (V(mn)VmWnVn_Ln WV VT (:cn)>
=W,
where we have used Lem. 1.1.1. O

Lemma 2.1.2. Let Q be a variation such that
1 . . .
Q&i(t) = p (O —ig[&i(t), -]) X(z:i(t)) , QViiv1 = i X (i)Viit1 — Vi1 X ()

for some X : R* — C ® su(N). Then QW,, = 0.

Proof. We denote the gauge transformed edge and vertex operators on the respective
right hand side in (2.6) by &(V) and V;;41(V) and consider first o : R* — su(N) and
X = —ia: R* = i-s5u(N). Analogous to the calculation of the gauge fixing term A[a]
in Sec. 1.5, we find that

d&;(V)]a] = = (9:X — ig[&, X]) = Q&

_1
g
dVii1(V)[a] = iX (2:)Viig1 — Vi1 X (2:) = QViig1
It follows that
dWi(V)la] = dW; 0 d&;(V)[a] = dW; o Q& = QW

and we obtain
1
oW, =Q <Ntr VniWhVn—in ... W2V12W1))

=d <]i[tr Ve WoVn-1m - W2V12W1)> (V)[e]
— AW (V)la] = 0

by invariance W,, = W, (V) from Lem. 2.1.1. The general case (X and « taking values
in C ® su(N)) follows by complex linear extension of the derivatives. O

We have seen that the variation stated in the previous lemma is just the infinitesimal
form of a super gauge transformation (2.6). In the following, we shall need a weaker
form as treated next.
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Lemma 2.1.3. Let Q be a variation such that
1 . . .
Q&i(t) = 9 (O —ig [Ei(t), -]) Xu(t) , QViit1 = 1 Xi11(0)Viip1 — Vi1 X5(1)

for some X; : [0,1] - C ® su(N). Then QW,, = 0.
Proof. If we can find X : R* — C ® su(N) such that X (z;(t)) = X;(t) for all i, the
statement follows immediately from the previous lemma. Otherwise (if X; cannot be
smoothly connected with X;;1) we proceed as follows. Assuming that X; has sufficient
regularity properties, we at least find X;, which is defined in a neighbourhood of the
"interval” [z;_1,z;] € R*, such that X;(z;(t)) = X;(t). Then
QWi =dW; [ONQ(.I'Z(LL))] = ZXZ(-:Uz)WZ - 1W1Xz(xz—1) = ZXZ(l)WZ — W X; (O)
holds with d&; = iX;, using (2.7). We then calculate
QWVii+1Wi) = (QViig1)Wi + Viit1(QW;)
= (iXZ'+1(0)V¢7Z‘+1 — iVi7Z‘+1XZ'(1)) W; + Vi,i—i—l (ZXZ(I)WZ — ZWZXZ(O))
=i X1 1(0)Viipa Wi — Vi1 W5 X3(0)
and
OV it i WiVic1,iWi—1) = QWi ip i Wi)Vic1,iWi—1 + ViipaiWiQ(Vic1,iWi—1)
= (i Xi+1(0)Vi i i Wi — iVi i a Wi Xi(0))Vic1,iWia
+ Vit Wi (1.X5(0)Vieg i Wio1 — Vi1, iWi—1Xi-1(0))
=i X1 ()i WiVisi Wist — iV i Wi Vi1 iWi—1.X5-1(0)
Proceeding by induction, we obtain

QVn—1,,Wn—-1 ... WaVi2 W)
= an<O)Vn_1,an_1 oW VW, — iVn_l,an_l oW VoW X (0)

and, therefore,

1
oW, — NUQ VorWnVa—1m ... WaViaWy)

7
= Ntr (Xl(O)V,ﬂWnVn,Ln WLV W, — VmWnVn,l,n oW VoW X (0))

which vanishes by Lem. 1.1.1. O

Our ansatz (2.4) for the Wilson loop W,, depends on the fields of the theory as well
as on the Grassmann generators (2.3), and we endow the supersymmetry generators ¢%
as stated in Lem. 1.3.4 by generators ()4 which act on superspace as follows.

(0% (0% « (6% « a
(28) QAZ:qA—FQAZ:qA—FCOZiAianiA

Since the two sets of generators act on different spaces, we have added a constant cg
which remains undetermined for the time being. We aim at constructing & and V; ;41
such that W), is supersymmetric in the sense of Q4W,, = 0 (ignoring the second half of

supersymmetries (jAd). By Lem. 2.1.3, this is achieved if we further find X7 (¢) such
that

(2.9a) QuE&i = ; (O —ig &, -]) Xia(t)

(2.9b) QWViit1 = iX24 1 A(0)Viip1 — Vi1 X (1)
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2.2 Derivation of Edge Operators

In this section, we derive a solution of (2.9a) whose shape is determined by this sym-
metry. It turns out that, once X is fixed, (2.9b) has a unique solution, for which an
explicit recursion formula exist. This will be the subject matter of Sec. 2.3. For the
sake of brevity, we write

where the brackets denote the symplectic structures (1.4), and the last equation holds
by (1.10). Moreover, we denote by O(n*) any polynomial in the Grassmann generators

(2.3) of a degree of at least k.

Theorem 2.2.1. We make the ansatz & = p; - A+ O(n) (such that, at lowest order,
W; in (2.5) equals B(1) in the classical Wilson line (2.1)). Then (2.9a) is satisfied with

Z\f)‘lg)‘z 1)’yD YbaB 4 g

1 < 5
C— Z)\.a)\.-ABB 7B A
& = hiphigd” + - >\ A

2c2 (i,1—1) T
~ h A
1 A(i—ns%ak(z’—mwl)ﬁwg BCoD
3 3€ABCD i — 1>2 ORI
PYPEIND VARNVS WO VRN p L) a3
1 (i—DyMi—1DENBNi—1)B A B.C.D
24 45ABCD (i i~ 1>3 U
and
o g)‘?fl 'y¢7
a . J=zl | o9 —
b\ ol i—1) Z\fquBm +€ABCD @ <2, i—1) 771 771
i Ai=1)yAi-1)pF”
—
3 2 ABCD (i i — 1>2 771 m m

This result holds upon the Euler-Lagrange equations of Sec. 1.4.

Proof. We use the notation
=0 +eMN 1P 1P v, =P el

and similarly for X¢, with Ei(k) denoting the term of order (n;)*. Starting with &Y :=
pi- A= %Awa-Aﬁﬁ , we calculate, order by order in the n terms, the supersymmetry

AN

variation Q%(£F) (Lem. 1.3.4). Upon multiplication with 1 = e and using the

Schouten identity (Lem. 1.1.5), this variation can be written as a sum Q%(EF) =
ACER, + A2 | RF, of terms proportional to either A¢ or A& ;. Now

A EF Ek
a pk . iA A g
)\7, EzA (CO Z )\z 8772 > ( o ) QA ( S . CO)
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where S is a symmetry factor depending on EfA. Setting Ei(kJr ) = —n; S’cA, we thus

obtain

Ek
R T A =

S ¢
Ek
A
= —q5 (n; A RE,
qa (m S-co> + A1
= g5 (65) + X, RE,

SOCER 4 A RIS

By recursion, this fixes the edge operator & = &*. Finally, we find that Q%(&) =
A RY, (ie. EYy =0). Moreover we find, again order by order, that there is X, such
that

1 .
(2.11) MRy = g(at —ig (&, ) Xia(t)
The details of the calculations occupy the rest of this section. O

2.2.1 Proof: Part 1 (Calculation of & and R;4)
First Order
Starting with &0 = 1A\;5),54%7, we find

1 3 3 . I . _aB.if a 3 B a
QA(E) = iAiﬁ)\iBQi(AﬂB) = 1AipA5€ P = X 'ZAiBIZ)ﬁ = A E4

such that we find £ = —gALX W = LX .

ZC()’L

Second Order

Furthermore
o i 5 o (7B \/> o Ai )\z Zf o
Q3(EN) = ~ X ai(P) P = —L2X5D00 4l = - TOCEL VSR DG P
Co ( i—1) co

and the Schouten identity yields
WEX Ny s N A o g
« 51 _ DB'Y 5o i D67 ;
QA( i ) co <7, i — 1) ¢AB771 co <Z, i— 1) ¢ABT’Z

= XCBly + M Ry

Now i (5307713771'0) = 5,4(}77@'0 — aBAnZB = 251437713 such that S = 2 and we find

A’L (i—1)
12{ <Blz 1) wDﬂ’y(bBan 77@

AR
[\
©
|
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Third Order

We further calculate, using Cor. 1.3.5:

Q%(&7)
o ( iv/?2 5‘i,@')‘(i—l)v

DB, mBnC A& RE
C(Q) <Z, i_ 1> ¢BC771 n; ) + i—1+Y9A
5 ~
1 )‘if)‘(i—l) Ai,é’)‘(
= —5E€ABCD 77—
c§ (i, 1

i1, D1yl

B, C
1 i1

~ o NB' —

_igv2 2Ny [%" qﬁBC} By 4 A* | R}
0(2] <i, i 1> ;"M i—11%A
A Ai=nedisimn)y D790
= ——5E€ABCD _ 3

- : [ T
AigA ;s A(i—1)y D71 nBnf — igv2 i [W’ ‘ﬁBC} nBnC
A (i, i — 1) v ct (i,i—1) 0

nPnf

+ R,

+ A" | €eaBcp

= N'E}y + A\ R}y

Now 8%, (EBCDEl/JEEmBThCmD) = 3€ACDE1/J§E7)Z-C7]1~D holds such that S = 3, and we find

) X\, BB
) _ 1 Ai—erigr-0 P o p B
Sl. = *368€BCDE (1,i—1)2 UBURI e

Fourth Order

We further calculate, using Cor. 1.3.5,

Ni-nedghi-, DI

3\ 2
QU(&) = a4 33 €BCDE i 1) ni M M| AR
. X BB péer
? AW)‘;Y—l )‘(Z—l)ﬁAiﬂ)‘(Z—l)ﬁD F B C.D 2
- B,CoD | o pf
GC%EABCD <Zl _ 1> <’i, i 1>2 n; M+ T A1
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where 7...”

thus find

refers to the remaining terms of ¢% (D/hw&B ). By the Schouten identity, we
€ACDE — 5
</La 1 — 1>

AinAi— e higAi—1)g DPP
(i,i—1)

T a3
6c;

Q% (&}) = nEnPnE

nSnPn

)
+ ALy | =3€acpE
t 608
3 (78
2¢ )‘iﬁ)‘(i—l)v Vg @WB}
+ 5 3EBCDE 2
(i,1—1)

303
(= 3v 1 BF
%ig AigAi-1)y |PaF DPY¢ }
_ 9. I
3cg PPE (i, i—1)2
~ r o FG JR—
ig NN i—1)y | DV ad’FG]
_ Y. i
6cg " (i i —1)?

nSnPnk

nEnPnk

nEnPnE + Ry

= N'E}y + A R},

Now aﬁ% (5BCDE77?7IZ~C771~DTIZ~E) = 45ACDE7IZ~C771~DTIZ~E holds such that S = 4, and we find

. ) X s BB €
4) A=)y A-1eNigA -1 PP F" g oo p g : : :
& = 311 BCDE D) n;’n;’m;’n;’. This finishes the calculation

of 5Z

The Remaining Terms

To finish the calculation of R;4, we calculate

Ai- 1y Ai-1eNigA i 1)s DY FE
(i,i—1)3

i
Q4(EN = a4 52ABCDE nEnSnPnf | + X RYy
0

To proceed, we calculate, using Cor. 1.3.5,
qf}l(DBﬁF'Yf) _ qzo&(DBB)F'yE + Dﬁﬁqﬁ‘l(F%)
— —ig [a4(47), F¢| + D (~2e°¢ D7, — 2 D%, )
= 2ge*? [§, F] + 42 DY DY)

where the last equation holds upon contraction with A;_1),A;_1)¢. Using the equations
of motion (Lem. 1.4.1), we thus yield

a4 (DP )
& 948 [&ﬁ, va] +4iV2 ge* DB [ 5, P

= 29¢° [, F¢] +4iV2 ge°¢ [DPG,45, 7P| — 4iv/2 geo¢ [DH0, G,
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and

IS 1EBCDEA(I-1)y /\(z‘fl)ﬁj“ﬂ' 7
QAEN = N1 Ry + - (2|0 1
al&) 144 + 24cd (i, 1 —1)° ( ! [%1 }

+4iv2g [D556AK, YK ] —4iV2g [Dﬂﬁ Y, %m] ) nindnPnf
= A Ry

This finishes the calculation of R;4.

2.2.2 Proof: Part 2 (Calculation of X?)

We need to find X such that (2.11) holds. Sorting order by order, this is equivalent to

NB = o 2 )

MBS = 0o [ )Xo i [0, xifY)

AR = (=g 60 ) X0 - [, xe?] - [, xiy"]

AR — ; (0, — ig [€°, ]) X2 :giu), Xﬁfg): i [51,(2), X;;(z)} i [5§3>, X;f;”}

First Order

From the above calculations, we collect

o p) _ VAL Aphiy o g
N R =— DY :
—11%A <o (i, i—1) ® AB";

— _m;&@)\w (865 —ig {A’Bﬁ, D SapnP

1- ; 2iV2 A
— _ g ABB . i—1 B
< ig [2)\15)\1,3 , ]) < co (i, i — 1>¢AB77@
_1
g

(0 —ig [E0, ]) ( 2Zg\c)jll>¢AB77@B>

C()(

1 a
= (o ig[e0 ) Xl

where we used %/N\i)\iD = (9, —ig[€?,"]), thus fixing XfA(l)-

Second Order

From the above calculation, we deduce

ARG = _ngkzﬁAz  [94 e B,C
1+Y%A — Co <Z Z—1> U
~ X D
Ali— 1)€ABC )‘ié)‘z‘[-})‘(i—l)me¢£ B
c5 (i,i—1)° o

_l’_
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We transform the second term by the Schouten identity and the equations of motion
(Lem. 1.4.1):

3 3y, ED 5 3y, D 3 3¢ 1y D
Niehg (N1, DPTEEP) = Nighy 5 (N DP10D) + Mgy g (A1), D647P)
= V290, i - 1) Ay [¢D’<, u?f(} + Niehig A1), DPEyP
In the next step, we combine the two terms with a commutator to obtain

ng)\(z 1) zﬂ
FINSSTE
Zg\f/\z »Aig 1 B C
= m ({fﬁBc, ¢A] + 2€ABCD6DKLM |:¢LM7 ¢K]) Uy
VI A - 1
_ YRy 4] (st - L 2,0
c% G i—1) [¢LM7 Py < ABC QEDABCSDKLM> Mg
Further using (1.14), we obtain for the commutator terms

Zg\/>>\(1 1) zﬁ

SKLM _ sKLM _ sKLM _ sKLMY B C
& (i, i—1) [¢LM’ ¢K} ( ABC —04BC —OpcA — OCAR )772‘ i

- ng)\z 1) zﬂ
gl 1—1>
ngAz 1)

— CO<ZZ_1>([¢B, qﬁCA} [@g, gAB])UiBniC

= M [T/)B’ QZ’AC} nong

(i, i—1)

({43307 ¢A} +€ABCD [¢DK7 ¢KD 771377@'0

[wK, <Z>LM] (SBEAL 4+ 685N B¢

Therefore

ZZg\f)\
e 2 _ (i—1) 7'/3
)\ leA - C% <7J7 i — 1> |:wB’ ¢AC} Us nz
L Ay Aiehighi-1, D700 5
5 EABCD . 5 i 1
€ <Z7 [ 1>

2008\ A1), 7P
(8t —ig [5 D <5ABCD (2 (11) i(—ll);Q 2‘0771‘D>

€0

—1 (M [1/1137 ¢AC} i n; >

CO<,Z—1>

tQ\»—'

1 o 29V20G s
(8,5 — g [5?, ]) (XZA(Q)) —1 (CO<,Z—1)1>/B |:wBa ¢AC} i M )

o , < - 2igV2 A, —
@‘WV‘D“f”‘<k&W%ﬁiﬁmaS%W4>
(0 g [g?. ) (x2f™) —i ([, x2())

, and at the same time provides a consistency check for X

vm\»—n lQM—l @

This fixes Xi o2 a(1 )
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Third Order

From the above calculation, we deduce

A 13(3) =\ z'3 EACDE )\w)\(i_1)5/\i/ﬁ’)‘(i—l)ﬁDﬁﬂF75
¢ 6c

G, i — 1>3 Ny ;M

S‘iﬁ)‘(i—l)v _i’ﬁv @ZﬂB}

Consider the first term. We use the Schouten identity and Cor. 1.4.2 to obtain

)\M)\(i_l)ﬁ]_)ﬂﬁpvﬁ
= Nig(i_1), DPPF¢ — waﬂlpﬂvmﬁ
= XipAi_1), DPPFE 4 Ag\]  DPVE €

= Mgy DPF 4 i i = 1) g [DF6AB, G| 4+ 40 (5,1 = 1) g [0, ]

and thus

i AN p A, DY o g
6 3 ACDE (Z, i 1>3 N 15

a 3 3 FG 1
A1 A i-1)e [quﬁ : ¢FG] CnPuF
(i,i—1)° o

¢F
29 i 1)\ A -1 [wF’w }nCnDnE
(i,i—1)? e

1) =

6 3€ACDE

=: (1a) + (1b) + (1¢)

We identify the first term thereof with

: A (B —ig [, DA imnred_1 F
(la) = 335ACDE 1% zg[z ])( DEAG— L)y CnPpk

(i — 1>3 N ;M

1A

¢@—wkobaﬂ%
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This fixes X, 23). Now (4) cancels with (1b), and we arrive at

A% A b ¢£F]
a pB3) 29 1252 {F’ C D E
A RS =
LRy — (1a) 53A0DE <Z, e i ;
3 78 B
L 29, A digA-nn [d’f" v ] C D E
30 3 BCDE Qi — 1>2 ORI
a X s 3y s BF
C2ig N [far D]
3¢ 3 BCDE <Z, i 1>2 Ny M 1

=: (i) + (92) + (i74)

It remains to show that this equals the sum of the commutators ~ [n,nn] + [nn, 1] of
—i[€, X]. We show that the first two terms can be combined into the form required. In
the first equation, we use that (with ACDE fixed) F' can obtain exactly the values A
and C because otherwise n’s cancel.

(brn")(eacpEnPnT)

ch D ch D E

= EACDE'L;AU 77E + 5ACDE'LLC77

= (Vav)ecapennn® — (beyp© )5ACDE77077D77E
= %ZC¢A(¢A¢0)ECKDE77K77D77E - %ZF¢A(¢F¢F)€ACDEUC77DTIE
= %ZC¢A(¢A¢0)5CKDE77K77D7]E
+ %(@A?ﬁA)é‘ACDEUC??DUE - %(TLF¢F)5ACDEUCnDnE
= %(@Z)A%Z)C)eC’KDEUK n"n” - é(iﬂFwF )eacpen“n"n”
We thus conclude that

2g )\7, 1>\zﬁ>\(’b 1 ~ gc
Cg ﬁ [¢F7h s EACDEYVST M m; ]

i s p 20N 1A G- €C. D
= —A e =]
[c lg%m ) Cg G, i — 1> 5ACDE¢ UA 772

(i) + (i1) =

— _ile® (2)
=—1 [51' , Xf;‘ }
as it should be. We finally show that the last term has the form required.

_ 1 L
epcpEdap D 0Pyt = §€BCDE€BFKL¢AFD¢KL77077D77E

=30SRY b ar D n“nPn”
=3¢ p Dby rn' nnt
=3(Parn”) (D" n")
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Therefore

2ig A" 1 A5\ - 1)y [ -
(iii) = _T# [¢AF77¢F7 DB,YQZ’KLWKWL}
o (i,i—1)

— 2\[)\1,3)\1 )y 57
2¢3 (i,i—1)

— i [, xof]

P K L _2i\/§g>‘?flaAF771F
KLT,Z 77’5 ) CO <Z, Z_ 1)
7
This concludes the verification to third order, thus providing a consistency check for
XM and x2%
iA iA
Fourth Order

From the above calculation, we deduce

I\ e DYPERTVD VARSI g s
o (4) LA_1EBCDEA(i—1)y A\ (i—1)B\i3 B 8
A RYW = 2 ol
“1ha 24ch (i, i — 1)° ( I [d)“‘ ]
+4iv2g [Dﬁ%AK, WK] —4iv2g [DWWK, %m]) nenSnPnf

= (1) +(2)+3)

In the following, we show that each of these three terms equals one of the three terms

n —i[&, X]|pe. This fixes XiaA(4) = 0. We calculate (no sum over A!):

Vaepepen®nnPn” = 4aeacor nnOnPn”

= 4(an™)(eacpenn"n")

= 4(prn" ) (eacpEn“n ")
where the last equation holds since, for CDFE fixed, the value of F' is required to be A
since otherwise the 7 terms vanish. Therefore
XS 1 EBEDEN- 1)y M i—-1)8A

0= 24ck (i, i — 1)°

Pag [iﬁ, P ] nPnnPnF

IGAS TN G—1)3 A 118N
_ RS [l FPeacpn nPnl]
300 < T — 1>

PN A(i—l)vk(i—l)ﬁFw B, C, D
= [ 251/1}7 i 36% €ABCD (71, P 1>3 UG

— i e, x3?)]
As for the second term, we similarly calculate (no sum over A and K):

aAKEBCDEn 77077D77E _4$AK€ACDE77 n-nn
= 12¢ g geaxpen’ " nPn”
= 12(b 4 0™ )(ear NN
= 6(¢ram™n™)(eaxpen”n”)

")
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Therefore

IAY LEBODEN 1) A i—1)8Ns &
_ 1€ BCDEA(i—1)y (3 1)8 zﬁMﬁg
24¢8 (i, i — 1)

[DB%AK, YK } nPnEnPnk

VZ AL N1y A1)k
_ i ( -1)’7 (i-1)6%3 [Dﬁﬁ(b ,w’yKEAKDEnDnE}
e (iyi— 1)3
\[5\)\ D5/3¢ 2908 (A K
V2 ANBAG-DB LM77-L?7M N1 M1y Y eaxpen’n®
23 (i,i—1) T g’

— i [, xo]

(2

Moreover (no sum over A and K):

WX axesopennnn" = W ¢ aekcpen™nnPn®
= —4(excpe?™ 10" n") (G arn™)
= —4(excpe?™nn"n")(Garn®)
Therefore
Z')\qflgBCDE)\(' 1)y )\(~ )55‘" . ; _
(3) = —— — P 4iv2g [DMWK : ¢AK] nong nPnf
24cg (i, 1 — 1)3
2\/59)\-_1)\(7;_1),7)\( )B)\
=- e i [axcpEDﬁ%”KmC nny, qﬁALnﬂ
3¢k (i, — 1)
A .
P N A=y A\ i 1)5D667/ﬂ nBnCnP C20V2900 nk
33ABCD <’171> i i Co<i,i—1> AL

_ i [e, xaY]

This concludes the verification to fourth order, thus providing a consistency check for
XiaA(l) and Xzf) and X?A( ) and fixing Xa(4) 0.

2.3 Derivation of Vertex Operators

For the vertex operators, we make the ansatz V; ;11 = 1+ O(n) and require that it only
depends on the generators 7; and 7;41. By (requested) construction, V; ;41 then consists
of terms with maximal 7 order ~ 77?77?4_1- We can thus expand

4 4 A Ay B B
(2.12) Viit1 = ) 0D o VAred BB -0 0 i

and aim at a result in this form. Similarly, we denote the coefficients of X by

2 1 3
iojﬁl:X ()+Xa( )+X ) = XzaA(A)l m; +X1/§A)1A2nz 771 +X7,CX14(A)1A2A3771 771 771

Proposition 2.3.1. Let V5 =1 (i.e. Vi1 = 14+ O(n)) and require that V;; 1 only
depends on the generators 7; and 7;41. Then (2.9b) with X, as in Thm. 2.2.1 has the
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following unique solution: All coefficients Vg, . p, = 0 for d > 0 (i.e. all "pure 7;41-
terms”) vanish and the remaining coefficients are determined by the following recursion
formula.

Vaa,.A,B.. B
(=)™ N1 41)a

— (1)
. va(2) .va(3)
+2X(i+1)ABl,1Bl Vay.ApBi.Biy T ZX(z'H)ABl,QBl,lBl Vai..Ap BB

. 1 1 . d 2
_2(_1) Vay.. A, B1---BlX34§A)k - Z(_l) Var. A s Bl---Ble‘a/gA)k,lAk

. l 3
—i(—1) Vai..A,_, Bl~~~BlXioj¢§A)k_2Ak_1Ak>
where d = k + [, and we use the notation (2.10).

Proof. For calculations, it is easier to work with an expansion where the generators 7;
and 7,41 can stand in any order:

8
.. — E Ji---J B,
Vz,z—l—l — de OCBl édnjl ...7’]jdd
k jkl jkl
=14 Chnf + Cpening + Chipntninl + Chcpenin nlnin + -
with j; € {i,i + 1} and B; € {1,2,3,4}. By construction the coefficient le'“jd is

totally antisymmetric with respect to index pairs % . Now consider terms with k tlmes

. k
an 7; and [ times an 7;11. There are < +

l ot s
2 ) pOSSlblhtleS to have k n;-terms within a

set of k + [ n-terms, and thus

Aq A, B Ji--Jk+l B1 Byt
VAl...Ak By..B ;- ni—i-l nz—i—l - Z #H#{jm=i}=k C Bk+177j1 : n]k-H
#{jm=i+1}=l

k+1 i itlitl A A, B B
—< k )CAl f4kZBI.33l PR Pl e R/
or, equivalently,

(2.13) Va,..A, BB, = < i )CAI 'AkBtl..Btl

Now, applying from the left a fixed 8%‘ in the C-expansion Kkills the corresponding n
k

terms which can occur at every position, thus giving a symmetry factor of d and a sign.
Therefore

8 ‘C J1+Jd—1 ‘ ki B
— _ ABj..By_1|\o (vFI1--Jd—1 Ba—1
( Z Ak P) A> iit1) = o Zdzl d(-1) Ak CABI Bg—1 77]1 Mgy
7 ‘Ckﬂl Jd ‘ ki B
_ ABj...By a J1---Jd 54
o Zd:() (d+1) AR C ABi...Bg 77]1 Mg

and

QU (Viit1) = 23:0 <Q%(C§1‘:f%d) +co(d+1) (—1)

ki1-dq
‘CAB B ’ a le ]d By
AN CRE T, )t

— eo(—1)l e + (qiw‘ )+ 2e0(— )| et ) 7B+ O0P)
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with the implicit understanding that C' ”with too many indices” vanishes.
=5 d: The

base case d = 0 is already established. Restricting to ~ n¢, the previous calculation
shows that (2.9b) is equivalent to the recursion formula

We now show by induction that the coefficients are of parity ‘C’gl'::_jgd

’Cf;g”ﬁ%‘ a ~kji-ja . B1 By
co(d+1)(—1) v Pal NS Oy B mit -y,

o (J1--Jd B By sy . e
—qa(Cp, g Init - omyt + (X0 AV — Vi1 X7 e

A
j1---7. B B, .
= Qi(C]Bll...]%d)njll s njdd +1 Zk+l:d(Xﬁi-1A|nk i7i+1|nl - Vi,i-ﬁ-l‘nkXiaAMl)

By induction hypothesis, C’ﬁl':"‘jgd has parity d and, therefore, ¢% applied to it has parity
d + 1 as it should be. We further note that the n-coefficient of X7, 4|,» has parity
k + 1 and the coefficient of V; ; 11/, has parity [ (again by induction hypothesis), and
analogous for the last summand, such that the sum term on the right hand side also has
parity kK + 1+ 1 = d+ 1. Therefore, the left hand side has parity d + 1 which was to be
shown.

Also by induction, we see that that all coefficients ng_l.‘_'g:l = 0 vanish: In the
recursion formula so far established, we consider the case j; = ... jg = i+ 1 and multiply
both sides with A;,. Then only the left hand side with k£ =7 4+ 1 remains and

o . —1)d+1 ), . .
Cz—i—l,z—i—l...z—‘rl B1 By ( ) 16 (_qi(cz—i-l...z—i-l) B1 "nfﬁl)

ABy..By  Mit1---Mig1 = (i, i+ Deo(d+ 1) Bi..By if1-

since A\ia X 4 = 0 and X%y = O(n;). For d = 0, the right hand side ~ ¢3(1) = 0

vanishes and thus C’?l = 0. Take this as induction basis and assume that C’g}:g;l =0.
The same recursion formula then implies that ng’i%“'”l = 0, thus proving the claim.
1..-Ba

Now, by multiplying both sides of the recursion formula with A(;;1),, only the left
hand side with k& = ¢ remains and

i1..-d B By
OB By - Wiy

(_1)d+1>‘ i+1 i1...7 B B, . .
=L co((ld J)ral) (—Q%(Cﬁl,,%d}mf et X AV —ZVi,mX&)lnd)

where, with the parities already established,

1 C 1..-Jd— B By_
(X aViir)lye = (X0 4o (CR T8 i)

2 C D 11--Jd— B Bg_
+ (X Ao (CR 2 a2

¢ D E 1---Ja—3 B Bg_
+ (X(Oiﬁ)ACDEmHmHmH)(Cﬁl...]édfg??jf )

_ (yo(d) J1e-Jd—1 B By_1 C
- (X(z'-i—l)ACCBl‘..B,i,l) 77j11 coe My it
a(2) J1--Jd— B Ba—2_ C . D
+ (X(i—l-l)AODCBl...gdiQ) 77j11 .- -77jdd_22 Mit1Mi+1

a(3) Ji-e-Ja— B Bi—z C D  E
+ (X(iJrl)ACDECBL..gdig) U Ujdd,; Nit1Mi+17i4+1
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and

i1 dd— B By_ 1) ¢

(Vii1 X8 ga = (Ch 3t B Py (X2 End)
j1.--Ja—2 B Bq— 2) C,D
(OB B Py (X nP)

i1..a—3 B Bgy_ 3 C D _E
+ (CjBll...JJdBdig,njll : "njd(igs)(Xia/gC)DEni nin;)

o d+1/~J1---Jd— a(l)y ¢ B By
- (_1) (CBllédilXZAC){rh 7]].11 e jdd—ll

d/~J1eJd— 2 C D _B Ba—
+(=ndCnte XA nSnP al

d 1. Jd— 3 C, D _E _B Bq—
+ (D) ORI X ) u Py e

Let k+1 = d and consider only the terms such that #{j,, =i} = k and #{j,,, = i+1} =1
in the recursion formula. For the left hand side, we then obtain, using (2.13)

ij1da B By (kN i il Ay Ay, Bi By
CaB B,y - ‘nmﬂ—( e ) CAdl A B M T i M

(k: + l)
k A Ar B B
- <k+l+1>VAA1...Ak B1..B"; o n; i 771'_,_11 . ni_,fl

k+1
Ck+1
Cd+1

Ay A, B By
VAAl.‘.Ak By.BM; M " - i

For the first term on the right side, we simply obtain

g1.da \, B B _ A Ay B B
Qi(cél_,,éd)ﬁjf = -77jdd|171’?77§+1 =qa(Vayag BB ) mp M My -y
Similarly, the second term yields
(X1 aViit ) lpnt
_ a(1) A Ay, B B, cC
- (X(i+1)ACVA1~--Ak BrBi )M M 771'+l11 it

2 A A, B B2 C D
+ (Xgii)ACDVAl---Ak B1---Bz_2) nite.m; r 77¢+11 e 77¢+l12 Mi+1Mi+1

3 A A, B Bi_s ¢ . D . E
+ (XF;S-;)ACDEVAlmAk Bl...Bl_g) P 7714_11 . -771'_&13 Nir1Mi+1"i+1
and the third
Vi1 Xia) lpt

d )y C. A A1 B B
=(=1) +1(VA1-~~AI€71 Bl~~~BlXiaA(C))ni miton M1 -+ Mit1

d 2 C A Ap_2 B B
+ (=D)(Vay..4,_, BlmBlX?A(C)D) m; m-D P Mid1 -+ Mita
d 3 C D E_ A Ar—3 B B
+ (-1) JrI(VAL..A;C,3 Bl...BlX?A(C)DE) N M Myt n; ks 7714_11 e 77#1
! Dy A A1 _C B B
= (D (Vayodyy B Xesg) n oo B By

d 2 A Ax—2 C. D B B
+ (—1) (VAl...Ak,z Bl...BlX?A(C)D) n; Lo h N M 77i+l1 e 772‘451
Ak—3 C _D_E B

l 3 A B
+(=1) (VAl...AkfaBl...BlXﬂc)DE)m Leem I Mt i

Putting everything together, the statement is proved. ]
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By the recursion formula of Prp. 2.3.1, the coefficients of higher order Grassmann
monomials are uniquely determined by those of lower order ones (and X) and can be
explicitly calculated. The following brackets will be needed throughout the calculations.

o=, i—1), ip=(i+1,4), ir:=(+1,i-1)
such that
2zf 2 g2 2978 A =1y, 7C
1 2 1 1)
X7,Oj4(A)1 ¢AA1 ? X’?14(14)1A2 - EAAlAQC : 212 .
Col— cHr
e ® IGA A=) -1y
iAA; AsAs — EAA1 A2 A3 3081"3
and
2290 2) 2929\ 1p7C
xo bl A x°! - 29N AP T
(i+1)AB1 — coiy ———ap, (i+1)AB; By — SAB1B2C cZi gr
o) _ iGN NipAiy FOY
(i+1)AB1B2Bs EABleBsw

Theorem 2.3.2. Make the ansatz V; ;41 = 1+O(n) and require that it only depends on
the generators 7; and 7;41. Then (2.9b) with X, as in Thm. 2.2.1 is uniquely satisfied
by

V2gis— A \[9 A
Viit1 =1— —- Ay A, M 77 ? + A B, 177z+1

chiiy e
2Zg 14 (_27>\(i+1) + Z+>\ ) 1/17 A A A
ﬁ %% EA A AC T 10 T
219/\(i+1)7¢70 A 2ig iy B

+ 395  SA1A4:BCT]; 1"71 2"7H_1 - +€A1B1B2C ; 1777,—‘,-1177@—&-1

Coly €0+
+0(n")

along with the higher order terms listed next.
Fourth Order
The (non-vanishing) fourth order coefficients (2.12) of V; ;41 in Thm. 2.3.2 are as follows.

gix (2 M1 i+1)y — i=ix A 1)B)‘(i+1)~/ + 3 A1 i-1) B
12002 z+

VA A,4544 = <

IR

EA1 A A3 A
12631223r ) 12

9/\(z‘+1>6/\(z‘+1> F™ 49 i

VA1A2A3B1 - = 3 €A1A2A3B1 — 4. o ¢A131¢A2A3
COZ—F COZ_ T
ghigA i), F7 g — —
VA1A23132 = 9c4:3 €A1A2B1By — 15 WAlAga ¢B132] - ¢A2BQ
cois ol

ghighin Y

VAlBlBQBg, = 778141313233

4.3
3cpi
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Fifth Order

The fifth order coefficients of V; ;11 in Thm. 2.3.2 are as follows.

i\[QQiﬂ: . . -
VA1A2A3A4Bl = 3C ’L Z (4(17)\@'_’_1),7 — Z+)\(i_1)7)5A2A3A4C¢AlBl¢’YC
0 +

_6i—/\(i+1)7¢VC€A1A2310$A3A4)

. 2
VA A2A3B1 By = lf?i:;frl)'g (€A2A331B2 [51410, @Z}BC] + €4, 45 A5C [53132, 1/)60}
— €A1B1B>C [5A2A3, Wc} - 4€A1A2310¢605A332
—8€A2A33105A132¢BC>
+ W6A131320¢ Paya,
00—
VA1A2B1B2Bs = %\?{f?zi’;)w (* (4,05 V] €438, BBy + 3 [Da, B, WCL 6A232330>

where [X, Y], := XY + Y X (regardless of the Grassmann parity of X and Y’) denotes
the anticommutator.

Sixth Order

The sixth order coefficients of V; ;11 in Thm. 2.3.2 are as follows.

V20* N it 1)aAi11)8 3
VA1A2A3A4B1BQ = - 22406'(1 : EA1A2A3A4 |:¢B1B27 Fﬁa:|

0%+

\fg A(i+1)aN(i4+1)8 - -
é L €A1 A2A3B; (FBQ¢A4BQ + 3¢A432Fﬂa>
CO’L+

\fg (

2 1 )\zﬁ/\(erl)'yF ¢A1A4€A2A33132

COZ_ +

\fg (

2 = (2[04,45> 9B,By) Paza, +80a,8,P4,8,94,4,)

i z+

2
366,24 (5A2A3A405A13132D(i2—)‘(i+1)'y>‘(i+1)§)
C07/77/+
+ €41 B, BaCE A3 Az AsD (12 X 1)y A1) + LT Ay A 1)s
— 4i+i:|:)\iv)\(i—1)6)

+ €A2A33105A1A4B2D(GiEA(i+1)7A(i+l)5)) ,l/}'waﬁD
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and

\[9 )\w)\ i+1)a
VA1A2A33132B3 - 9c0; (rA1A27 ] €A3B1B2B3
0’ -‘r

+3 [aAgBlv F’YQ]J’, €A3B;B3A; t+ 3$A183FWQ€A2A33132>

V2 @it NigAigF P d g 4,
+ 6 4 €A3B1B2B3
3eqi—13
2v/2 g3 — —
m (W@c? [¢A1Dv ¢EFH €CDEFEA3B1 B3B3
+6 WA2317 [$A1A37 ¢B2BSH+
_6614133 WAQAB’ aBlBQ] - 24$A133$A231$A332)
49 Xin X (i+1)a
9001+
+ 3643 By BsCEAL A B D [V, Y]
—3€ Ay By BsCE As Ay B, DY O
V26X Nig [F1P, 6A131]+€A232B3B4
30(]@r
29 >‘z"/A 6¢7C¢6D

6,4 €A1B3ByCEA3B1 BoD
Col+

D C
(_€A1A20D8A3B1B233 |:¢0/ 7¢’Y ]+

VA1A23132BaB4 =

Seventh and Eighth Order

The seventh and eighth order coefficients of V; ;1 in Thm. 2.3.2 have the following
structure.

TPy + 7<25<251/1

VA1 A3 A3B1BoB3 By ™~

dﬂbw—i- FF—I— Fqbqb—i- 8d>

2
7
Co
3

VA, Ay A3 AsB1BsBs ™~ 7 o1 + F¢
Co
3
VA1A2A3A4B1BQB3B4 8
Co

Here, we (schematically) denote terms such as @, F } simply by ¢F ~ F¢. We decided
in favour of schematic expressions since the exact formulas (and their calculation) turn
out to be very long and are not needed in the following.

2.3.1 Calculation up to Fourth Order

To proof Thm. 2.3.2, we use the recursion formula in Prp. 2.3.1 to calculate the
coefficients (2.12) of V; ;1. Consider first d = 0, i.e. the coefficients ~ n' of order 1.
We already know that Vp = 0. Considering V4, we observe that the right hand side of
the formula only consists of the (vanishing) variation of V) = 1 such that also V4 = 0
vanishes. The calculation of the higher order coefficients is analogous and occupies the
rest of this chapter.
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Second Order (d=1, k=1 and [ =0)

Ai «@ s
Vaa, :%<_Q%(VA1)+0+0+0—1X1-A(21+0+0)

2 0+
_ e o) _ ﬂgiia
2COi+ 1AA; C%i_’i+ AA;

Second Order (d=1,k=0and [ =1)

AlitDa 2
Vap, = (i+1) (z’Xa(l) ) \fg

Coi+ (7,+1)ABl C%'L+ AB;

Third Order (d =2, k=2 and | =0)

Using Lem. 1.3.4, we calculate

~Ais1) o
Vaaa, = ﬁ <_q;§(VA1A2) - ZX?MAQ)
j c
2+1 \[glzt NG 2igA? |\ (i l'ylm/
- 2¢ —¢
3coty (coz z+( AA; A,0Y° ) AALAC % o)
_ 2igix (—i-AGr1)y + i1y )1/1706
3c3 202 AALA5C

Third Order (d=2, k=1and [ =1)

-A % a ng i
Vaas =~ (<g5(Vas))) = 2% (V2 e, 500"
Ccol4 it
_ 2igMisny ¥
ngi AA1 B C
Third Order (d =2, k=0 and [ = 2)
Now, for k=0 and [ = 2:
_)‘(iJrl)a . va(2) *Zig)\z ¢WC
Vap B, = ool (ZX(i+1)ABlBQ) - T@‘Bl]g?c
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Fourth Order (d =3, k=3 and [ =0)

A i+1)o a . a(l -3
Vaaiasay = ﬁ (_qA(VA1A2A3) — iV, 4, X04, — ZXz'A(A)lAgAg)
_ Mirna (2ig i (i AGry — iAoy, GGOTD)
degiy \ 3¢ %2 e
i _\/igi:ta _22.\/59)‘?11&
Zi_iy A2 coi— A
il igA A -1 -1y 7
AA1 A5 A3 36(%23,

= (1) +(2)+B)

We calculate (1). The term corresponding to the second summand ~ @ A, 9°P ] of the
supersymmetry transformation qj(dﬂo) in Lem. 1.3.4 vanishes upon pairing with the n
terms. This follows from

3 1 — 3
[ans 0°P] ccnyapagnin ni2nt = 3ECDEFEC AL Az As [aps brr] nin i ni2n
1, 4,4,4 - = A, Ay A3
= 5(6D1El[«2 S =) [¢AD: ¢EF] "7;4771' 177¢ 2771{4
=3 [bap, dpr] ninPnint
and
[Gap: Ppr) ninPnEnl = — [bpp, dap) ninPnfnl

= — [bgr. Pap) nEnininP

= — [bap, dpr| ninPnEnl
such that

2ig\ (4 1)a it (1-Nit1)y = 1426-17) (1 prase
(1) = 12c%i+ - Z inz‘i — <2FW5A> A0
i (- Aas1)y — A i—1)y) Ar1)aF7?
- 12¢8% % FAAL A A
Moreover
(3) = )‘(i+1)a6 IN A G—1)a A -1y FPY
dggiy A 3c3i%
_ A enpriy P
12¢83 i, Adidads
such that
L2y iy . 2y . B
gix (ENinsMiry = =i a-nsh ity + BA1sAa1)y) F

(1) +3) = : — . o - = EAA AsAs

4.3 3
12COZJJr
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Moreover

Misia L 22 gAE |
(2) = as) (?g?iéﬁAlAQ) <\fg.1¢>AA3>

degiy cyl—14 cot_
2.2
g3 — Y
= T3 304,4,P44,
COZ_Z+

We calculate (using {CD} = {A1As} in the second equation):

- - A A1 Ay A3
Pa A, PAASTE T M,
1 — A1 As A3
= 5Ea4sCDPa, 4,6 !

1 - AL A - AgAiN. A A As A3
= §(€AA3A1A2¢A1A2¢ 1 + €AA3A2A1¢A1A2¢ ? 1)777, 777, 177i 277i
- AL A A A, Ay A3
= (P4, 4,07 ) (€Aaas,4,m5 M "0 2N )

Here, the sum runs over all AA;AsAsz. For AjAs fixed, the epsilon tensor allows for one
of the two permutation of the remaining indices AAs in 1...4, and the second factor in
parentheses is always the same. Therefore

- = A Al As A3 oF L, CD.1.2.3 4
DA,y P ansi 020 = 200 po” Pnininin;

1-— D A, A1, Az A3
= ﬁgbcmﬁc EAALAL AT T My oM
such that

_ gPitecpe”?
(2) = 12 2
12002_z+

EAA1 A2 A3
thus determining V4, 4,45-

Fourth Order (d=3,k=2and [ =1)

At ) 1 . 1
Va8, = 73(;01.3:1 (*qz(VAlAgBl) + ZXgii)ABlvAlAz + lVAlBlX'?A(A)Q)
A(i+1)a < 2ig(i41),05 (V7C)
- 3 . - 3.2 EAlAgBlC
[ 2iV2900— V2gis—
+1 <_-Z¢AB1> (‘2..¢A1A2
Col+ Col—14+

[ 2v29- 2iV2 g | —
+i (c%i+ ¢A131> (‘c(ﬂ._ b 44,

We calculate (1). As before, the term corresponding to the second summand in the
supersymmetry variation qj(w'yc) vanishes, but now because

A+ 1)a X417 35 ()2 ~ Air1arip),€* =0
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and we are left with

_ Alitva 2961y 0
3coiy it 2

I DA ) FT

c
F7*53ea,4,B,C

= . EAA AsB
30(%@‘:’_ 1425l
Moreover
AitDa [ 4670~ - 89°A 1+ o
2)+3) = - — — + S
(2) +(3) Scois ( i 2 GAB, DAy A, iliy Ga B, PAA,
492ii - - 8g2ii — —
= —_—— _|_ - -
3ebi_iZ ®AB,PA, A, 3eli_iZ ®A,B,PAA,
4g%e , — - L
= 73637;_@3_ (—PaB,Paya, +204,8,044,)
= Cgi_iiéﬁABl(bAlAg

where, as before, "2 denotes equality upon pairing with the corresponding 7 terms.

Fourth Order (d=3, k=1 and [ =2)

Vaa,B,B,
AitDa [ o - a())

 Nita [ 2ighingS(¥70) 2290 2v2g-
) €A1B1B.C T 1 : ¢ABQ 02i+ (Z)AlBl
0

2cot4 cngr

=:(1)+(2)

To calculate (1), we make the following side calculation.

Py CD A, A1, B B
[¢AD7 ¢ ] €CA1B1 B T 177i+1177i+zl =

_ (sA1B1B> B1B2 A1 B2 A1 By - A A1, B Bo
= (0pgpr - +0ppp ' +OpEr ) WAD? ¢EF] M M4

([6anrs Opims) + [Pany Ppan] + [Bapss Saym,)) nin nfimi?

— - A A, B, B
[banys PBymy| M0 M

since the second and third terms vanish by symmetry considerations: For example, for

the third term:
_ _ A A B B — — Al A By B
(0aBy> aymy | 101 M2 = (DB, Gays, ) 1 0 m AN
— — A A, Bi B
= [0a,B,> Pan,| mim; A

— - A A B, B
= - [¢A327 ¢A131] ni 1N, 177i+1177i+21
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where the second equality follows from renaming the summation indices. Therefore

Zg)‘z‘\/)\(z—i-l o a

(1) = v a— YW, BBoC
0°+
Z.g)\i'y)\(i+1)a 7 ,Ya5c . v — cD
= _T §F A =+ 1€ g [¢AD7 ¢ ] ECA1B1B>
0+
~ g)\i'y)\(z-t,-l) e

g J—
€AAB1Bs — 1.9
200’L+ 15152 Céﬁi WAAN d)Ble]

For the second term, we calculate

/\(i+1) 89 AZ 4 2_ 42— _

Fourth Order (d =3, k=0 and [ = 3)

Alit1)a . o(3) gAzﬂ)\wFﬁV

; - . €AB1B>B
i+1)AB1 B2 B3 4.3 15253
() 3epiy

VaB, BB = .
1B2Bs coit

2.3.2 Fifth Order

Fifth Order (d =4, k=4 and | = 0)
It is clear that Vga, 4,454, ~ 7725 =0.
Fifth Order (d=4, k=3 and [ =1)

Now, consider £k =3 and [ = 1.

VAA A2 A3 B,
Ait1)a a(l)
= m (_Q%(VA1A2A331) + Z‘Xv(i.|_1),4]5;1VAlAzz‘\:‘s
+iVA1AzB1X?j41(11¢l) - iVA1B1X;X,§,241)2A3>
(i4+Da [ 9AG+1 5>\ +1 g5 (F7P) 4g%i —
(it)a G ( 7 A A By T gy 4%(P 4,8, P 4545)
4CO“r 3epit Cot—14
Zz\fg/\?gb 2ig i+ (=i A1)y + it Ao )1WC€
col ABy 3c3 2% ArdaAsC
229)\ wﬁC ZZ\fg)\Z 1=
5A1AgBlc’ - COZ* ¢AA3

2f 29— 2908 1 A i—1)y ¥
—1 TQZ)AlBl €AAA3C 22

Cot=
= M+2)+B)+4)+(5)

Using Cor. 1.3.5, we calculate

At DA i1 1745 (F77) ~ Aipnja s, (€7 +e7) =0
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and, therefore, (1) = 0. Moreover, by Lem. 1.3.4,

2.
g Zi)\(-+1) — — — _
(2) = —nga (03(Pa,5,)Pas45 + G415, 05(Pazas))
0l—13
ivV2 %L N i _ _
=— 5 ’L.3(Z Jo (244, 8,0 aya, + Eans 45004, 3,9°C)
0t—"4
Moreover
3)= — 22[95 2ig 1+ (=i-Agr1)y +i4Ai-1)y) ¢705A e
400 coiy AP 3¢ 2% e
V2 g% it (1-Aig1yy — i+ A(i-1)) —
= 305 23 (1) 5A1A2A30¢A31w70
0 -
and
: ; ) BC
iv [ 209AG41)8Y 202 g—
4 =
( ) 460i+l( C%Zi €A1A2B,C Coi_ ¢AA3
Z\/§g27’i>\ i+1)8 —
- i iS(Z ) €A1A2B1C¢BC¢AA3
0l—13
and
iy Q\fgd) . 2071797
4Co’i+ C0Z+ A1B; AA2A3C 0312_
iV2 g% N _
- 6822 Z_: = €AA2A30¢A1B1 w'yC
Now, combining (2) to (5), we find
VaA 4,458, = (2) + (3) + (4) + (5)
iv2 g%y ‘ — . —
= 3528 (=3i- A4 1)afaa; BoVC Paya, — 3i-A(i41)afAAA50Pa, 5, P
(S

+ Z—)‘(i+1)a5A1A2A3C$ABl¢aC - Z'-i-/\(i—l)asAlAzAscaABl ¢ac
—3i—)\(i+1)a€A1A2Blc¢aC¢AA3 + 3i+)\(i71)a5AA2AgC$AlBlwac)
iV2g%s . _ _ .
= 36822 Zi’— (Z+/\(i71)a(—5A1A2A30¢ABl + 3€AA2A30¢A1131)1/1&
+ i Ait1)a(—344,4500 4, B, + €A1 A2 4,048,

—3i_)\(i+1)awac(5AA1B1C'$A2A3 + €A1A2B1C’$AA3))
- i\ngii . oy
= g (AN af A1 424,005,V
0 +
+ 41_)\(2+1)QSA1A2A3C¢A81 le)aC
—6i_)\(i+1)a¢ao€AA1BlC$A2A3)

iV2g%s . —
= Sza (= AMit1yy = M- 1)7)E A1 40 430D, ¥
0 +
—6i_A(i+1),%" €44, B,0P Ay 5)

where the fourth equation holds upon contracting with the n terms.
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Fifth Order (d =4, k=2 and [ = 2)

A i+1 . 1
VaA, 42818, = — 3(;01-):[ (7qj(VA1A2BlBQ) + ZX(O;‘S_%)ABQVAlAQBl
. 2 . 1
+2ngrl))ABlBQVA1A2 - ZVA1B1B2X7,,L§A)2>
Nitha [ 9Ain A i+1)505 (F7P) g*
- 3COY:+ - 20311 €A1A2B1 B2 + 3 2+q14 [¢A1A25 ¢BlBQ]
49
2 ¢A131¢A232)
+
2zfg)f“ 2igA(i41)59°°
Cois AB; TgAlAzBlc
nga)\sz \/igz:l:(b
6 J—
AB1B2C c%z%r cAiiy Ardz
229/\17'¢7 21\/59/\?—16
6 S —
Col+ A1B1B2C Coi_ AAs
= (1) +(2) + +(5) + (6)

Using Cor. 1.3.5 and the last Euler—Lagrange equation in Lem. 1.4.1, we calculate
(1) =— Ali+1)a QAiw/\(iJrl)ﬁ?emDﬁ«ywl
3cpi4 200z+

_g)\(i+1)ﬁD’6¢;Zx
3082‘?|r
_ V20 Nty
30(5)&

€A142B1B;

6A1AQBlBg

|:$AC7 wﬁcj| €A1A3B1 By

Moreover
2
g A H—l
coz+
i\fg >\(i+1)a

R (cas5c [V°C, bB,B,] +EaBiBoC [P a4, ¥°C])

([45(Pa,45)s D518y + [Py as 44(P5,5,)])

and

492)\(2'4-1)05 ( o

(3) =~ 4%(Da,B,)ParBy + Pa, 5,04 (DA,B,))

300z+
41\[9 )‘(i-i-l)oa

loon R C
Y (c441B,0Y" G, 3, +E44:B:00 4, 5,9°)
0%+

2iV2g- 2igA i1 189"
(4) o ( quBg) <(§2B5A1A2310

360 Coly Cois

and

42\/592)\ i1 _
= *#5141‘42310@%)14321/}50
3cpiy



72 2 Supersymmetric Wilson Loops

and
1. 29Ny h7¢ V2gis—
5)=—il¢
( ) 3601’ < ABlB2C C(Q]Z%_ C%i7i+ ¢A1A2
2iv/2 g%z \; o=
= g ey S,
and

- 3cot ol cot—

41\/§g2iix\w ~OT
Y €A1 B BsCY ¢AA2
COZ_1+

iv [ 2ighi ¢ 2iv2 g—
(6) ¢ < 372 €A1B1B:C ¢AA2

We further calculate

_4i\/§92>\(i+1)/5

(3) + (4) = 3057:3 (gAAlBlclbIBCgAQBQ + EAAngCaAlBlwﬁC
0%+
+5A1A231C’$AB2¢BC>
41\/§ng i+1)8 — _
= _W(Z) <€AA13101/}IBC¢AQBQ + 26A1A2B10¢ABQ¢IBC)
0%+
and
2iv/2 g%iL — —
(5) + (6) = 3cPi 43 = (EAB1Bzcw’YC¢A1A2 - 25A1B1Bng’yC¢AA2)
07—+

-~ 22‘\/5927&)\1‘7 SO
E 5 CABBCY ) Paa,
COZ_Z+

and, together,

V292 Nit1)s
3cgi§r
—E€AB1B>C [gAlAza WBC} - 4€AA13101P505A232 - 85A1AzBlC$ABQ”¢ﬁC>
N 2iV/2 g%ix Niy

o—
s EAB B,CY " DA, 4,
007/77/4»

Vaa, 4,88, = ([5,407 Wc} €A1A2B1By T EAAL AC [531327 WGC}



2.8 Derivation of Vertex Operators 73

Fifth Order (d =4, k=1 and | = 3)
Now consider d =4 and £k =1 and [ = 3.

A i+1)a
ma) ( 44 (VayB,B,B;) + ZX( e ))A33VA13132 + ZX(zii)ABngvAlBl>

VA, BiBaBs = — 2c0is
RAGE gAivAiﬁQj(F’YB)g
2cqt4 3céi‘1 A1B1B2B3

20290 2igAiy ¢

+i| ———— -

( Cois ¢A33> < C% %r A1B1B2C

) 2923\ el 22 g—

+7/ <6A32330 2 Z; 9. ¢AlBl

chit cig

=: (1) +(2) + (3)
We calculate, using Cor. 1.3.5 and Lem. 1.4.1,

GG+ DaNiy A
(1) = (l-%)—OC’Y%B a(F’YB)EAlBIBQBB
coz+
GG+ D a Ny A ~ -4
= W <ea5D%w;" + 60‘7D6ﬁ¢1> €A1B1B>Bs
O +
g
3 5 3 </\z'yD’Y '¢A + A ,BD ¢A> €A1B1B>B3
2gAi7D” s
- 7€A13132B3
3coz+
2iv/2 g% \iy Dc, ]
- — 3C ’L gAlBlBQBg,
0°+
Moreover
1 . 21'\/59* 2ig)‘rydﬂo
2) = —— — a5 —
2iv2 g* Ny —
= Tw(ﬁAng’ycgz%BlBQC
0%+
and
i 290,07\ [ 2v2g-
3)=——
(3) 20 <€A32330 2 or ba,B,
22\[g by
= C Z Z’Y¢’YC¢A1316ABZBBC
0°+
such that
-~ 2Z\fg i
2)+3) = 5.3 ———" [bap,, ¥ ] €A, By B5C
0°+
and
2iv2 g* \;
VAAlBlBQBg - -3 9 <7 [EAC? d}“{C] EAlBlBQBg, + 3 @ABlﬂ ¢’70]+6A13233C)

5
3egiy
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Fifth Order (d =4, k=0 and [ =4)

It is easy to see that Vap, B,BsB, = 0.

2.3.3 Sixth Order
Sixth Order (d =5, k=5 and [ =0)

Obviously Vaa, AyA;4,45 = 0.

Sixth Order (d=5,k=4and [ =1)

Obviously Va4, 4,454,B, = 0.

Sixth Order (d =5, k=3 and [ = 2)
Now consider d =5 and k = 3 and [ = 2.

Ai+1)a

—_ ! . a(l)
Vaa,4,438,B, = <_QA(VA1A2A3B132) + ZX(Z'.H)ABQ Va, 4,438,

4C()’L.+
. 2 . )
* ZXgi%)ABlBQVAlAZAS - ZVA1A231BQX1‘QA(A)3
1 2
+ZVAlBlB2X34(A)2A3>

=: (1) +(2) + (3) + (4) + (5)
We denote the terms of (1) corresponding to the six terms of Va, 4,4.8,B, by
(1) =: (1a) + (1b) + (1¢) + (1d) + (1e) + (1)

We calculate (la). It consists of three terms, one corresponding to the variation of
¢ 4,c and two correponding to the variation of B¢, The first term vanishes since it is
proportional to

(1al) ~ Ais1)aAi+1)s [Qfx@mc% WBC} ~ A(i41)aN(i+1)BEAALCD [?#O“D’ WCL =0

and vanishes since it is symmetric a8 but antisymmetric in C'D. The third term is
propertional to

(1(13) ~ )‘(i+1)a>‘(i+1)6 |:$Alc, €6a .. ] =0
and obviously also vanishes. Therefore
Ai1)a V2 9% Nis1)8

la) = —
)= "is  3a

_ V20 A4 1)aNi41)8
24c§it

— 7
€A2A3B1B2 |:¢A107 2Fﬁaég:|

€A3A3B1 By [$A1A> Fﬁa}



2.8 Derivation of Vertex Operators 75

Now consider (1bc) := (1b) + (1c).
~ Alit))a V29 Nis1)p
4degiy 30813’_
o BC
—€4, B, BoC [QA(¢A2A3)7 (0 D

2

. )‘(i+1)ag >‘(i+1)ﬂ ( aD , BC

= : 55 (EA1A3AsCEAB ByD — EAAy A3DEA By B,C) |V, ¢
20014 3cpig +

(1bcl) =

<5A1A2A30 [qﬁ@BIBQ% wﬁc}

_ P Ai+1)a\(i+1)8
6082’3_

D BC
(€A, A2A3CEAB BaD — €EAA2 A3CEA, B1BaD) [@Da , P L

N P X410\ (i+1)5
- 3082’3_

D BC
€A, Ay AsCEAB) BaD [?,Z)a , PP L

As before, (1bc3) ~ )\(Hl)a)\(iﬂ)geﬂa =0 and

)\(i+1)a Z\/§g2)\(2+1)5 - i p_—
(1bC2) = — 4coi+ 36821 <€A1A2A30 |:¢B1Bg7 §F a&A:|
- )
—E€A1 B, B,C [¢A2A37 QFB%‘%} >
V2g°\ +1)aA(i+1)3 — -
- 2(:166);1 o <€A1A2A3A |:¢BIB2’ Fﬂa] — €A1B1B2A |:¢A2A37 Fﬁa:|)
0"+

We calculate (1de) := (1d) + (1e).

(1de)
~ Alif1)a V292 Nit1)p
degiy 3chid
_ V202Nt 1)a N i+1)8
3cbit

<—45A1AgBqu,% (wﬂcaAng) - 85A2A331C‘]%($A132 %Z)ﬁc))

i oz C, D
<5A1A23102FBQ5A¢A332 - EAIAQBlci/Jﬂ Z\/§5AA3B2D'¢&

. i—
+2€A2A331CZ\/§€AA132D¢QD¢BC + 25A2A33102¢A132F6a5g>

\/592)\‘ DaA(i+1 & @
= — s ?Ot Gr1)p <€A1AQB1AF/BOC¢A332 + 2€A2A331A¢A132Fﬂa)

Gcgzi
292/\ i1 A 1
i (1306)?4 e (5A1A2BlC€AA3BzD¢ﬁC¢aD - 25A2A331C€AA1BQD¢QD¢BC)
0Lt
V29°Ni a1 _ _
COZ+
202X (i41)a N (i1
+ (1306??4 (i+1)8 (€A, A9 BLCEAA3BoD — 2€AA, BoCE Ay A3 By D) wﬂCwaD
0l
V29*Nit a1 _ _
~ écgé L EA1A2B1A <F6°‘¢A332 + 2¢A3B2Fﬂa)

292)\ i+ 1) (i+1
+ ¢ Cﬁ); D8 ¢ 1y 4y BL0E A By DY CPP
0Lt
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We calculate (1f).

z+1)o¢ 22[9 2:|:>\z'y

(1f) 40024. C i 13 €A1B1BQCQj(wWC$A2A3)
0L—13
2z\fg T+ A (1) N 7 _ ) _ _
=— 1257 (.14 Ja D e A\ BiBaC <F7a5S¢A2A3 +i€%g [bap, 6] Daya,
Col—15 2
—1/1702'\/5€AA2A3D¢°‘D)
=: (1f1) + (1f2) + (1f3)
with
\/§g2iiA i+1 A\ _
(1f1) = 6.(11 Jorh 6141B1BzAnya¢)AzA3
4001_z+
2 .
GULA G DN
(1f3) = —%EAIBIBQCMAQASDWCW‘D
Col_l+
and
2v2 iy
(1f2) Ac 6 3 €CA1B1Bs [¢AD7 Qb ] ¢A2A3
chi-i%
V248 Zi
= 4e8; 3 CCAIBIBECDEF (ap> PEF] Dasas
0113
V24t . -
266’1/ (61[4)1EBIIBQ + CyChC) WAD7 (bEF] ¢A2A3
0113
V2g3is — — —
= m([@ml, OB, By + [PaB> PBoay] + [PaBys PayBy ] )P ayas
o V2g%is —
- 2681_2+ ([¢AA17 ¢BlB2:| + 2 rAB17 ¢BQA1:|) ¢A2A3
Moreover
(2) = )‘(H—l 22\fg)\f‘¢
4CQZ+ cot+ AB:
9N+ 1A 1, F 4g%.
N 3COZ+ €A1A2A3B1 — Coi_ 1¢A131¢A2A3
V2g p _9)\(1'+1)5>\(i+1)7F57€A o 4g%is Pund
QCOZ AB> 3Céii 1A2A3B1 céz'_zi A1B1P A3 A3
V292 Nt 1) (i41)7 P ap, FPY 2v/2¢° Z:I:
- 60 A €A1A2A3B1 — 061 i3 ¢ABQ¢A131¢A2A3
0 T 0l—15
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and

Alit1)a . 2908 \igpPP
® = Te0i | (5,43132173&)

(229 i (=i A1)y + g AGo1)y) 7€ )
EA1A2A5C

12 ;2
3c0 ol e

_ (ighipyPP 2ig i+ (—i- A1)y i+ AG—1)y) ¥7°
= WEABlBQD 3? Z2 Z%- EA1 A3 A3C
2 i:t)\zﬁ ( )\(i+1) Z+)\ (i—1) ) wBD,(/}'yC

-9 -4 5ABBDgAAAC
152 142A3
?)CO 1-1

and

(1) = Aitta g)\iﬂ)‘(z-i-l)'yFﬁ’yE 7
degig 283 Ardo BB cgi

0+

JAipA i)y P 92
= — 2—€A1A231B2 - 2 rA1A27 ¢Ble]
€+ o3

4 2014 —
492 ¢A131¢A2B2> ' (%QbAAg,)

Coty 251ty

V292 V2g3iys

NN 1) P G an,E 4 A2 BBy (04, 40> DBy By Pass

; 6
4C0’l/7+ 2074’_

Q\fg It —
6 ¢A1B1¢A2B2¢AA3
CO’L ’L+

and

(5) =

29"
- <C?362€AlBlBQD 6AA2A30
05

2 D, ~C
GHizNipAi—1), 0Py
= 6.2 3 E€A1B1B>sDEAA>A3C
COZ 'L+

ANit)a . [ 2ighigpPP 2908 1 Ai—1), 97
40()'i+ 1| — 35 EA1B1B>D EAALA3C 2 )

cgie
Gt (i 1)7@&70
2¢3i% iy

Coly

Collecting terms, we thus obtain

VAA1A2A3BlBQ = VAA1A2A3B1B2 ’(z)F + VAA1A2A3BlBQ |d)3 + VAA1A2A3B1B2 ’w2
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where

2 Supersymmetric Wilson Loops

VAA Ay A3 By By o F

_ \/592>\(i+1 )\(i—i—l),@

B V2¢2 X i+1 AGi+1)8

 V2¢%i

i : Fﬁa]
24002+ €A3A3B1B3 |:¢A1A

\[g A (i+1) (H—l)ﬁ (

E141./4214314 [631,327 Fﬁai| - EAlBlBQA |:$A2A37 Fﬁa])
24002+

G €A, AsBr A (FﬁaaAng + 2$A332Fﬁa>
COZ+

\/ig iiA(i—l—l)a)‘i’Y Yo T

1 €A1 BB AT O 0,4,

degiii

\fg (i+1 ,B)‘ z+1)y¢AB Py

-4 1A42A3D1

47.>\zﬁ>\(z+1 FP ¢AA35A1A23132
COZ_ T

Here, we see that the first and third terms cancel upon contraction with the n terms.
Moreover, the last and third-to-last terms are equal. Moreover, the fifth term equals
(up to factor 2) the second-to-last. Therefore

VAAL Ay A3 BL By loF =

Moreover

V28° N i+ 1)a M i41)8
24001Jr

B V202X i1y N i+1)8
Gcgif%_

V2g%is

2001_ il

€A Ar Az A [53132, Fﬁa}

€A, AsB1 A (FﬁaaAng + 35A3BQFBQ>

)\zﬁ)\(z+1 F ’Y¢AA3EA1A231BQ

VAA1A2A3B1B2 ’(1)3

\fg ( -
D) (rAAl’ ¢B1B2] +2 [QSABN (Z)BQAl]) ¢A2A3
COZ ’l+
Q\fg Zi - V2g%is
5, 3 AR, DA, By Payas + 28, B DA Ay PB1By| Pans
00—15 Cot—15
2v/2¢° Zﬁ:
+ Bi 43 ¢A131¢A232¢AA3
0l—15%
V2giy
=28 B (P44, PB,B,) Pasas +2 [Pan, PByay] Payas
0l—15%
—40 AR, P, B, DAy s T [Pa1Ars OB By) Pans +40a, B, PAyB,PAA,)
fg 'Lﬁ:
= 2a8; = (2[Paa, PB,By] Pasas +2[Pan> PBya,) Pasas + 804, B,04,8,P445)
0113
\fg it

2001 z+

= (2[daa,> OB,B,| Paras + 804, B, P4y, Pa4,)
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and

PN+ 1)a N i4+1)8

D, BC
VAA, Ay A3 B1 By ly2 = €Ay Ay AsCEAB) By D [W , 9P }

3efit +
29 )‘(i+1)a)‘(i+1)6 BC. . aD
+ 6.4 EA A3 ByCEAAB, DY Y
COZJr
2.
9 7’:‘:)\(Z‘Jrl)a/\i'y ~C,aD
— %1 €AB1ByC€AAAsDY Y
CO’L 1,+
D,y C
g% ixAig (- Ais1)yy — iy A—1)y) PP
—i— - EAB1BaDEA; A2 A3C
3c8 i% 4
0 +
D,yC
GHisNigA (1), PP
+ 69 3 €A1B1BaDEAALA3C
COZ Z+
2
g -2 A A
736622 A (L (i+1)y N\ (i+1)6€ A1 Ay A3 DEAB, BoC
0

+i% Ai+1)y A (i+1)6E Ay A3 AsCEAB By D

+ 602 X (i11)y A(141)0E A1 A2 B CE AA3 By D

— 37;_i:tAiryA(Z’+1)6£A1BlBgogAA2A3D

+ iz iy (1-A(i+1)5 — 14\ (1-1)5) EAB1 BoCEAL A2 45D
+ 3i+ii)\¢7)\(i_1)55A1BlBQCEAAQAgD) W%‘SD

Therefore

VAA Ay A3 By By |2
2

Iavl '2
= e (64145450648, By D (12 N it 1)y A (i+1)5)

+ €48, By A As A5 D (12 (i 1)3 A i+1)5 + Bi— it Niy A1)
it iy (- A41)s — 14X (i=1)8) — Bi4i£Ain Aii—1)s)

+ EA1A231C'€AA332D(6i%A(i+1)7 (i+1)6 )) WCWSD
2
m( €Ay As AsCEAB, By D (12 A (i 1)y A(i41)5)
+ €48, By A As AsD (12 N (i 1)y A (i1)5 + Lt Ny A(i1)s — di4 i+ Ay A_1)5)
+ €4, 4281 CEAA; By D (617 N(i1)y A(ig1)s)) 7P

This finishes the calculation.

Sixth Order (d =5, k=2 and [ = 3)

Now consider d =5 and £k =2 and [ = 3.
Ali+1)a
3COi+

. 1
(797%(‘/141142313233) + ZXEJ;S_%)ABB VA1A23132

VAA, 4B BB =

y(2) - a(3)
+ ZX(i+1)ABng VA1A231 + ZX(i—H)ABlBng VA1A2
VA, By By s Xfﬁl)
=L+ @2)+B)+4)+6)
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2 Supersymmetric Wilson Loops
We calculate
(1) = A?f?i 08 (Vas 42, 355
_21’\[992;\;7:\ i+ (—QA thc’ wa} € Ay By By Bs

+3q% [, V7], €A232330)
2ivV2 * Xin A i1 ,
e (—Z 2eamcp [V°7, 7], €4,y
9coz+
+3ivV2ea4,80 [V, V) ea,B,850
_ i ‘ _
- [¢Alc, §FW5§ +i€7%g [ ap, ¢CD]] €AyB1B2Bs

_ i , _
+3 [¢A1317 §F7a5g +1i€"%g [dap, ¢CD]]

<gAngBgC)
+
and

A Do 2Z\fg/\?
(2) = as) i ¢AB;, Va,4,B,B,
3col4

COZ+
_2V2g-
3602

= (2a) + (2b) + (2¢)

¢ABg VA1 A2B1 B2

corresponding to the three terms of Va, 4,5, B,. Now

9q) — 2\59— g)\m)\(z‘ﬂ)aFW
(2a) = @ ABj3 203@& €A1A9B1Bs
\@QQAiM(iH)aaABSFWg
N A1A2B1B
30813_ 1A2B1 By
and
2\[g g° _
(2b) 3 07/ ¢AB'3, < Céla_ |:¢A1A2’ ¢3132])
V248 —
= 36613 ¢AB3 rA1A2’ (bBle]
0%+
and
2v2 g— 49
(20) 3 2 ¢ABS ( é igbAlBl ¢A232>
Sxf 29

3 4By DA, B, DAL B,
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Moreover

A+ 1)a < 2908 Nin 79N ([ 2igA 41y "
3) = ————i| €aB,B:C J ) EA1AsB1D
)= geyi, T g gz e

1 <€A 29)\1711,7(1) 29A(i11 ﬁijeA A
=— By BsC BiD
3co 2 B3 C% %r g 2 14281

492)\i'y)\(i+1 ?WC?MD
= - sABQBgchlAgBlD
300%r

and
Ali+1)a igA Ain XigF7P V2giz—
4 — . 1 YN
(4) 3cot4 ! (8ABlBQBS 3082'3_ > cgz 14 1,
I gAin AigF7P \[gzid)
3¢ AB1 B2 Bs 3032’3_ 0(2]2 n Ard
\/i92ii)\m/\iﬁFwaAlA2
= €AB,B>;B
9cbi_it 1ees
and
Ali+1)a gAinAigF 7P 2iV2 g\ | —
5) — o b PV eIh—l
( ) 3coiy Z( 3COZ+ E141313233) Coi_ ¢AA2
iv [ gGAinNigF P 2v/2g— 3
= — €
3coiy 3cdid 415182 B3 coi_ A2
_ 2V20% i \ipF P44, A BBE
gcgz_li 1010203
such that
V2 gisdin AigF P
(4) + (5) . 15 A €AyB1ByBs

3601 z+

Collecting terms, we thus obtain

VAAlAQBlBQBg = VAA1A23132B3’¢F + VAAlAQBlBQB3|¢)3 + VAAlAQBlBQBg|w2
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where
2iv2 ¢* Ny A (i11)a
9082'%‘_

— 7
asC
VAA1A2313233’¢F = - (_ |:¢A107 §F7 5A:| €A2B1B2B3

— /)
+3 [¢A1317 2F7a5§:| 5A232B30>
Jr
V2 PNy A4 1)o@ ap, F 1
+ 3004 €A1A2B1 B>
0°+
N V2 @it Ny AigF P d a4, e
. B1B2B:
3chiit 2ELERE
fg )‘w)\ z+1
- (FAAN ] €A2B1ByB3

900’L+
+3 [aAlBla FVO‘]+ €A2B2B3A t 3$A33F7a51411423132>

n V2 @it Ny AigF P d a4,
3cfi_if

€A231B2B3

and
2iv2 g* Ny A (i11)a

VAAL A2B1 By Bs g3 = — (= [paycr €9 [daps ¢°P]] €a,8:B.8;

9082'%F
"‘3 [EAIBN ie'yag [gADa ¢0Dj|j|+€AQBQBgc)
2v2 47 — 8255 - -
- 306 3 ¢AB'3, rAlAQ’ ¢BlBg] - 3087/3_ ¢A33¢A131¢A232

2
B 9\/;5 ([ea10: [9aps #°71] Caaimans

-3 WApr [aADv ¢CDH+ €Ay B2B3C
_SgAB;g WA1A27 $BlB2:| - 12$AB3$A1B1$A2B2)
2v24°

- 18602+ (Fz‘hC? [¢AD’ ¢EF” €CDEFE€A2;B1B2Bs

+3[da,B,> [PaD ¢EFH+ ECDEFECA3B2Bs
—6Pap, (04,450 PBiBy) — 2404B,P4,8,P4,8,)
In the last expression, we calculate the second term as follows.
3[04, B> [@aDs ¢EF]]+ECDEF50A2BQBS
6 (04,85 [Pany> PBaBs| + [PaBys PBsas] + [PaB, ¢A282H+
6 (04,5, [Pany B2Bs)] . — 604, [PaBy: dasBs] — 6 [PaB,s dasBs] PaB,
+ 64,5, [Pany> PAsBy] +6 [Pap,, PAsBy] da, B,
=6[Pa,p> [Paas OBoBs)] . — 1204, [PaBy> GasBs) — 12 [P ap,, dasBs) Pay B,
6 [0a,B1 [Panys PBoBs]], — 1204, 8,948, PA2B5 + 1204, 5, PA2B3D B,
—1204p,045B50 4, B, + 1204,B,0 48,04, B,
> 6 [0a,B,: [Paay OBaBs]]

2
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such that
2v2g° —
VAAlAZBlB2BS|¢3 = 1863 (@Alca @AD, ¢EFH ECDEFE€A3B1 B3B3
0+
+6 [¢A1B17 WAAg? ¢BQB3]]+
_6$AB3 [$A1A27 53132] - 24$A33$A131$A232)
Moreover
2iv2 g2 Ny Mi1 .
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This finishes the calculation.

Sixth Order (d=5, k=1 and [ = 4)
Now consider d =5 and £k =1 and [ = 4.

Ait+Da (; yall) a(2)
2coi4+ (ZXi+1AB4VAlBlBQB3 + Z‘X(i—i-l)ABgB4VAlBle

VAA1B1B2B3B4 =

. va(3)
+iX (i1 1) ABs B3 By VAlBl)
= (1) +(2)+(3)
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(1) = €A1B1 BB )
. . 3
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_ \/§92)\1‘7)\%5,434}7755/11313233

3cbit
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@) = )\(i+1)a2. (6,43 ., 029/\?)%@/}70 _Qig)\mmD -
2ci s % it Lo
2% Ay Aigth 1“0
= 64 €AB3B4CEA1B1B2D
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and
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iy \ PRPPTTTR8 iy b
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such that

1)+ (3) _\/592)\1'7)\1‘5 [F7°, ¢ a,B,), €AB, BB,

3cbit

and thus

v V292N [, dap, || ey,

AAlBlBngBAL - 36811
20 My Migt? P
+ 6.1 €AB3B4CEA B1B2D
COZ+

Sixth Order (d =5, k=0 and [ = 5)

Obviously Vap,B,BsB,Bs = 0.

2.3.4 Seventh and Eighth Order

In order 7, there are only two nonvanishing coefficients corresponding to ~ nf’nfﬂ and
~ 7724 7713+1-

Seventh Order (d =6, k =2 and [ = 4)

We consider d =6 and k =2 and | = 4.

~ A+Da
3607:4_

. 1
(_q%(VAlAQBlBQB3B4) + 7’)((0:‘5.2),434 VA1A2BleB3

. va(2) .va(3)
TiX ({1 ABy B, VA1 A B1 By T+ ZX(i+1)ABngB4VA1AQBl>

=M+2)+B)+()

VAA AsB\BaBs By =

where, using ¢(F) ~ Daﬂﬁ ~ g,

2 2 o o 2 o
(1) ~ Z(a(FS) + a(v)) ~ (D376 + i + gb6u) ~ T (P + o)
0 0 0
and
1 5 2 3
m~%2% %ww
1 gy, gF  ¢*0d, g 9 —
(3)Nag(?€)+ ol )N?E¢F+;g¢¢¢
1 gF gy 2
I S
such that

g2 937
VAAlAgBleBsB4 ~ 7F¢ + 7¢¢w
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Seventh Order (d =6, k =3 and | = 3)
We consider d =6 and k=3 and [ = 3.

A1 . 1
VAA1A2A3B1BQB3 - _ Zl(éoij_a (_qg{l(VA1A2AgB1Bng) =+ ZXgii)ABg VA1A2A3B132
cyre(2) . ya(3)
T X i1y ABy By VA1 A2 4B T IX ) ap, By By VAL A2 A
+iVA1AzBleB3X5§,?3 - iVAlBlBng,Xij)Ag)
=: (1) +(2) + (3) + (4) + (5) + (6)
where
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7
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2
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0
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Eighth Order (d =7, k=3 and | = 4)

In order 8, there is only one nonvanishing coefficient corresponding to ~ 77?77?+1' There-
fore, we consider d =7 and k =3 and | = 4.

Ali+1)a
4C0i+

a . val)
(*QA(VA1A2A331323334) + ZX(Z‘+1)AB4VA1A2A33132B3

. a(2) . a(3)
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VAA Ay A3 B BaBs By =

—iVAlAQBleBsBALX?fl(zl‘X)s)
= (1)+(2) + (3)+ (4) + (5)
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where

such that

2 Supersymmetric Wilson Loops
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Chapter 3

Wilson Loops and Scattering
Amplitudes

In this chapter, we study the quantum theory field theory of the supersymmetric Wilson
loops established in Chp. 2. In particular, we compare components of the expectation
value with scattering amplitudes. This matching will provide us with the yet undeter-
mined constant ¢y, which then depends on the coupling constant g. We will explicitly
see that Wilson loops are not dual to scattering amplitudes at tree level.

3.1 The Quantum Theory of Super Wilson Loops

Consider a super Wilson loop W,, as in (2.4). We are interested in the expectation value

[ D®exp (i [ dix L) W,
(3.1) Wi = [DPexp (i [ diz L)

where by [D® we denote the path integral over all fields ® € {¢, 1,1, A} of N = 4
SYM theory. Up to a certain order g* in the coupling constant, W, is the sum over
finitely many integrals over products of fields multiplied with Grassmann monomials.
Exchanging these integrals with the path integral, we can thus apply the machinery
developped in Sec. 1.5.

A typical diagram that contributes to (3.1) is e.g. given by connecting two edges
with a gluon propagator (and integrating over the edges):

% i+1

VR

This diagram, in turn, has several contributions according to the different gluon terms
in the edge operators &; and &;. Similarly, a propagator coming from an edge may end
in a vertex or an inner vertex. This can be depicted by a new set of Feynman rules in
addition to the usual ones derived in Sec. 1.5.



88 8 Wilson Loops and Scattering Amplitudes

3.1.1 Feynman Rules

We summarise, schematically, the edge and vertex terms ig&; and V; ;41 which enter the
Wilson loop W,, according to (2.4). From Thm. 2.2.1 we obtain

g - 9— , 2 & = 9
g€~ gA-1+ =Y i+ 5S¢ () + =5 Ad- ()
co g c

2
0
g 5 g 5 9 g°
+ S0 () + A () + 5 F(n)* + S AF - ()*
CO CO CO CO

where F' ~ A+ gAA. Similarly, Thm. 2.3.2 yields

2 2
9 — g g g~ 2 9 —
vi,iﬂ~1+—2¢-n2+—3w-n3+—4F-n4+—4¢ -n4+*5¢1/}'775
0

6¢>F77+ ¢n+6wn+ Fwn+7¢¢¢n
0

8¢¢wn+ FFn+ F¢¢n %5
0

where the k-fold product of generators 7724 is denoted n*. Here, the constant cq is yet
undetermined. It would seem natural to have it independent of the coupling constant,
i.e. cg ~ ¢ =1, resulting in (W,) = 1+ O(g?) as for the usual Wilson loop. However,
since we want to compare Wilson loops with scattering amplitudes, for which tree level
expectation values do exist, we must choose a different dependence. It turns out (cf.
Sec. 3.2 below) that

(3.2) g~y

is a good choice, that we shall consider from now on.

Edge Contributions

From the above formula, we immediately find
igEi ~ gA - 1+ g - mi+ & (m)* + gAd - (m)”

4 jgw () + VGAD - ()? + ; At + AA@)! + gAAA - ()"

We illustrate the possible edge contributions by the following additional Feynman rules,
where each diagram corresponds to one term of ig&;.

A (& ¢ A Y
|

B v iar Boewr o
| [

A AA AAA



3.1 The Quantum Theory of Super Wilson Loops 89

Vertex Contributions

From the above formula for V;;11, we see that higher order terms factor into terms with
the structure of lower order terms as follows.

LBt @) s 13)
\/§¢n+an+(¢n)+(¢n)<\/§wn

# @) () @ (o) + (o) (570)

@ (Gpor) 60 (Ggo) + (i)

@) (Srnt) + @)’

Vi~ 1+6-7° +

such that
— 1 1
Viji+1 ~ L+é-n*+—¢ 0’ +-F- 4>
it §||( ¢-n \/gtbn PR
— 1 1
ST (5 Lt )
\/§ g

It is understood that this is not an equation but only a similarity to memorise the types
of terms_occurring. We depict the relevant contributions as additional Feynman rules

AA

which are "multiplied” according to 3
n I

Pty ~ |7y

1A I I

1o I I

and analogous for the other contributions. We summarise these Feynman rules up to
order 4 in the generators 77;-4 more precisely as follows.

(0
. /
SRR R
: i iMi+17i+1
) 96
?71:771:77%"721 /‘\z ininin;
L) minimini+ Iy~ 1S mimininiva
9 NiNiMi+17i+1 ,' \ NiNiTi+17i+1
]

TET4+1T+17i+1
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3.1.2 Discussion

Having derived the Feynman rules for the super Wilson loop with (3.2), let us draw
some consequences.

As our first observation, note that (W,) is the sum over Grassmann monomials
whose degree is a multiple of 4. Indeed the structure is such that, connecting any two
edges/vertices with a propagator, we pick up a factor n*, and the reasoning remains
analogous if inner vertices are present (cf. the Feynman rules derived in Sec. 1.5).

Secondly, we run into divergences due to the vanishing of denominators of the prop-
agators. Consider e.g. the following diagram.

As z(t) and y(t) approach the vertex in between the respective edges, the gluon prop-
agator (1.45) becomes infinite. This problem, which is already present for the case of
classical Wilson loops, requires regularisation as explained in Sec. 1.5.2. In particular,
one has to take the regularised gluon propagator (1.44). Regularisation splits a single
diagram into a finite plus a diverging part. However, the sum of all diagrams contribut-
ing to (3.1) should add up to a finite expression without divergences. It remains unclear
whether this is indeed the case here.

There is another possible problem due to (3.2): Our Feynman rules allow diagrams
which are ~ g* for k < 1. However, perturbative quantum field theory (weak coupling)
makes sense only if these diagrams, if not vanishing individually, at least add up to
zero. To make an example, consider the term ~ g% - (n)*(n;)* where i and j are not
neighbours. According to the Feynman rules, this contribution comes from the following
four diagrams.

i i+1 % i+1 7 i+1 i i+1
: % : + % : + g : + é :
j+1 j+1 j+1 J+1

In formulas, we have

L))t = <(ig)2//<5i|<m>4 5j|<nj>4> +i9/<Vu+1|<m>4 5a"(m>4>

“9/ (Eiliny Visstly ) + Grsttl oy ij+1’(nj>4>> B

(W) |

where the integrals refer to the edge integrations. By the explicit formulas for the
edge and vertex operators stated in Thms. 2.2.1 and 2.3.2, each of the four brackets
is proportional to (F*#| () F*7°| 0(y)) or some derivatives thereof. By Lem. 1.2.2,



3.1 The Quantum Theory of Super Wilson Loops 91

this bracket consists of four terms, each of which has the following form.

<iaaBAa55 () 107, AP (y)> = " 7T T 00,0 <Ai(w) A?(y)>

o F(l B 5)—;101 —vy —nﬁﬁ'—)\&; 77"0\5&1]

= Ty 7 5% 0 a(9c)ua(y)VW
F(l _5>— o —vyB B 6ab

= om0 QO (= iz
F(l B 5) vV _« S cab 1

_ — nu € "/eﬁ ) 8(36)“8@)1,W

In this calculation, we used the regularised gluon propagator (1.44), Lem. 1.1.7 and
(1.6) together with the fact that the derivative term is symmetric in g and v. By
Lem. 1.5.5, the last expression goes to zero as € — 0 and, therefore, we arrive at
(Wh) | L) (ny)t = 0. We also managed to show that problematic terms involving the

three-gluon inner vertex vanish. It remains unclear, however, whether all problematic
terms vanish.

3.1.3 Tree-Level Calculations

Having established the Feynman rules, we calculate some tree-level (~ ¢° = 1) contri-
butions. The prescription (3.2) is such that "tree-level” diagrams may contain inner
vertices. Consider the following example. F(x;)

F(xy)

It contains (vanishing) problematic as well as bFot(laijgree—level and one-loop (~ g') con-
tributions.

To make life simple, we restrict our study to tree-level components proportional to
the product of four Grassmann generators, where the contributing diagrams contain
propagators but no inner vertices. For the rest of this section, we calculate some of such
contributions. As explained above, we actually need to consider regularised propagators
due to divergences. However, it is also possible to start with un-regularised calculations
and only later argue at which places in the calculation regularisation plays a role. We
will encounter integrals as in the next lemma.

Lemma 3.1.1. Setting z;; := x; — z; and assuming that p; = x;;_1 is lightlike, the
following formula holds.

! 1 1
dt 4= 2 2
o (j—wi1—tpi) Tii—1T54
Proof. With t := (1 —t), we transform
Tj— w1 —tp; = Tj — L1 — 1w + 1
= (25 — i) (1 =) + () — @)t
= (xj — l‘i_l)f + (.lej — .TUZ')t

= sz’—ﬁ + x4t
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For computing the square thereof, we need the following side calculation.

—(a:?j — a:?k — x?k) = —(:z:f + a:? —2xxj — xf — a:% + 2x;x) — :v? — xz + 2z x),)
= 27,75 + 2:()% — 2z — 2w
= 2(zi(z; — xx) — w(@; — 7))
= 2(z; — xx)(z;j — 7))
= 22T
We thus find
72 —
(x]‘ — Tij—1 — tpi)Z = x?i,lt + x?itQ + 2tt{L'j i—1Zj ¢
2 32, 2.2 702 2 2
=yt +ajt” — (@i — 251 — 255)
=22, (F + 1) + 22,(t* + )
Now, by the substitution rule with s(t) = x?i_lf + a:?it and s (t) = —x?i_l + x?i, we

yield

1 1 1 1
dt = / dt =
/0 () — i1 —tp)* 0 (x?iflt + x?it)2

2

1 Ty 1
- — 2 + 22 2 ds 872
ji—1 jiJag,_

1

1 1 1
- .2 2 2 02
Tt \Tii Ty

1

) 2
Lii—1%54

Lemma 3.1.2. The following expressions hold for tree-level contributions with two
vertices being connected by a scalar propagator.

<Vi,z’+1 (z;) ‘nmi+1 Vjj+1 (x]) ’77,7'77,7'+1 >

2/ \T2
A B C, D €ABCD g° (N —1)
=Cop-n; Ni+17; 77j+1< Co = (

) (g 1) (@) Nes
<Vi,i+1(l‘i)|mm Vij+1 (xj)|77j’7j+1>

AP CpD eapep(i+1li—1)

CEIHR G = 1) (i 1) (G5 + 1) (i — )2

:CO./,’]

The constant Cj is independent of the coupling constant g through (3.2).
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Proof. We calculate the first bracket, using §%°§%° = §% = dim(su(N)) = N2 — 1.

Vi1 (@) iy Vig1 (@)l )

1 2V2g A B 2V2g - C, D
=yt <Cg G 1) G a5 (Ti)0; Nit 20+ 1j>¢cD($g)77j Mi41
892 —a —b
_ A B C D , AT
=T Mty M+ NC% <ZZ + 1> <,7,7 + 1>tI' <¢AB($1)TG (Z)CD(xJ)T >
8g*tr(TT"?) <fa —b >
A B C D
— pApB Cpl T xj
0 Mix17; nj“Ncé i) G40 b ap(@i) dop(;)
— B P 4975 <1€ABOD5‘“’>
AT N G (i 1) (G5 4+ 1) \4r2 (3 — a5)?
_ g (N? 1) ninB nSnP €ABCD
Nr2c§ ) I G 1) (5 + 1) (2 — 25)?

Similarly, we obtain the second equality as follows.

Viir1 (@) lims Vige1(25) lnjmer )

1 V2g(i4+1i—1) — A5 2V2g9 - o b
= —tr{ - ApApB  _2V29 el
N I‘< C%<ZZ—1> <i+1i>¢AB($z)nz n; cg<j+1j>¢CD($])7]j N1
Grlic1 ] 239 - a o 2B - oo
=— —t NpApB  __2VE9 O
2<Z’L—1> N r C% <z+1z>¢AB($Z)772 U C% <]+1j>¢CD(x])T]j 773+1
(t+1i—1) A4 B c p €ABCD
— T oA Byl
2(ii—1) OGN G L) (- )2
= Cy- i nBnCnP eacp (1 +1i—1)

I S Gy G 1) (5 1) (2 — )2

O]

Lemma 3.1.3. The following expressions hold for tree-level contributions with a vertex
being connected with an edge (and integrated over) by a scalar propagator, where Cy is
the constant as defined in the previous lemma.

3 B
AigANi—1)7T} 11 EABCD B CnP
(=) G+ 1)ag; a0

i0 [ (€ Vi1 @) bymn) = Co
3 B
Aj’Y)‘in;‘yi_lgABCD A B C

D
: . U S

Z.g/ <ij+1($j)|77j7lj+1nj+1 gi|77i> =Cop-

IR
)\(]'-i-l)’Y/\in]'iflEABCDnAanCnD
2<]+1j>2$j2171x?l v g Yy g+l

ig/<vjj+1($j)"iamnj+1 5i|m> =—Co-

Here, and in the following, it is implicitly understood that the respective left hand side
is restricted to the tree-level (~ ¢° = 1) part.
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Proof. We calculate the first term.

i9/<gi|mm Vj7j+1($j)|njnj+1>

g o _Z'\/Qs‘iﬂ')‘(i—l)'yaﬁ’yaAB(x) 1B 2V2g
N Joei s, 2c3 (ii—1) B+ 1)

501)(%’) nch’jD—O—1>

_ 2925\,-[3)\(1'71)7 A B, C. D / 15(117 <857$a (x) 61; (x)>
NC% <'LZ _ 1> <] + 1]> 77’5 T]Z 77_] 77]—}—1 o1t AB CD\*)

°NigAi—1,EaBeDd8” o / g1
= — . 1T Tl T — 22
4r2Ned(ii—1) (+14) Y i+ x=x;_1+tp; (x —x5)?

_ <92(N2 - 1)) ) )‘iﬁ')‘(i—l)ngBcD 77-A7]-B?7-C77D / M
APN ) G- DG I L, (=)

The numerator is independent of ¢,

S‘Zﬂ')‘(i—l)'y(xj — )" = S\ig')\(i—l)fy(fﬂj —zig —tp)’T = Aig)\(i—nyﬂfﬁ_l

and the first equality follows by Lem. 3.1.1.

ig/ (Eilnins Vigt1(@)lnmsin)

3
_C AiBA(ifl)ijz—l €ABCD o /1 i 1
=Co- — . : AnPns n;
2(i—1)(j+15) I (35— mimg — tpy)*
3 B
/\iﬁ'/\(i—nywj;{,l EABCD 4 B o b

0 9 <ZZ — 1> <‘7 + 1])$§i_19€?¢m ;i 77] 77]4—1

Similarly, we obtain the second equality as follows.

ig/<vjj+1($j)|njnj+1nj+1 8i|m>

ig 2igA i1 () A B B, V5 8 F
== tr ( —— 5 €AB BoC i i1 My — N s ()
N v—i 1 +ipi < cg <] + 1j>2 1b2 7 i1 5+1 o BT F i

;2 3\ ab
19" Ajy NigEABI B,0O” 4 g

_ Ba ~Cay,.. \ 7Bb
= 70 1 1] / <1/1 () (x)>
Ncé (j + 1]>2 SRR x=x;_1+tp; e

_ g2(N2 — 1) Aj’Y)\iﬁthBlBQC C, A By B> (xj - x)%@
- g Y e—
r=x;—1+tp;

; ; R
GmN )21t (wj — o)
S
)‘jw)‘iﬁ'x;plf:‘ABCDnAanc P /ldt 1
p 0' . . . .
2(i+15) 7T (g — i — o)

Y LB
Ajr AT i-1EABCD ninByC P
=00 — - i M5 M1M41
2<]+1]>21’3171$31 v g Mg+l
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Similarly, we obtain the third equality as follows.

io / (Vi 541 gy Eilne)

. . C
19 2igA(j 1), Y7 (25)
= N tr< (] ),Y 2 ! AlAQBC 773 11734217]+1 zﬁwF( ) F
T=x;_1+tp;

(G +14)
- 92 g
tg /\(j+1)v)‘i55A1A2BC(5 F._Ay / Ca ~3b
== — 0l gt <W () (ff:)>
NC%<J+1J>2 P T=x;_1+tp; e
AGH1RAGEABCD 4 p oo (zj —z)7”
=—Cp - M5 N5 Mg —— 7
2<] + 1]> T=x;—1+tp; (l‘] $)
VB
)\(j+1) )\zﬁ ji— 1€ABCD77A77B7IC77D
= —Cp- 1
2(]4—1]) %21 1:U]2-Z- o

Having calculated some building blocks of tree-level components in Lem. 3.1.2 and
Lem. 3.1.3, we now study some examples Consider (Wn) |nanynena> Which is the sum of
all components of (W,,) proportional to na 771; Mg ndD for any values of A, B,C, D.

Example 1 (n >4 and (a,b,c,d) = (1,2,k, k + 1) with k£ > 2)

Consider the component ~ mnengnr+1 of (Wy) with £ > 2 and n > 4. It comes from
only one diagram involving two vertex terms.

1 2

==

k+1 k
By Lem. 3.1.2, we immediately find
(W) ‘77177277k7lk+1 = <V1,2(x1)|771772 Vk,k+1($k)‘nknk+1>

— O - pApBpC D €ABCD
0" T 72 "k Mk+1 <12> <kl€—|—1> (1'1_3%)2

Example 2 (n =4 and (a,b,c,d) = (1,2,3,4))
Consider the component ~ ninen3ns of (Wy). This time, there are two graphs involved.

<> - <>

2 3 2
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By Lem. 3.1.2, we calculate

<W4> ‘771772773774

= V12(21) |nyne V3a(23)lnsna) + (Vo3(22) |nang Var (@4)[nan, )
EABCD
34> (.261 — :L’3)2

€BCDA
23> <4 1> (332 — 51:4)2

=Co-nf‘n23n§nf<12>< +Co-77237730774D7714<

12)(34) (x1 —x3)?  (23)(41) (2 — 24)?
1 1
= Conim i 2ascp <<1 2) (34) (23) 23] ' (23) (41) (34)[3 41>
(14)[34] — (12) [23]
23) (34) (12) (14) [23][34]

1 1
= Co - mimgn§nfeapcp ( < 1 >

= Co - mimn§nteapcp <

=0
using (2.10) and momentum conservation (2.2) in the form

(14) [34] = Mar3aPT® = —Aarsa (P + p5% + p§%) = (12)[23]

Example 3 (n >4 and (a,b,c,d) = (1,1,n— 1,n))

Consider the component ~ n1m17,—11, of (W),) with n > 4, which is the sum of three
graphs.
2 2 2

+
_l_

n n
n—1 n—1 n—1
In formulas, we yield

(W) ’7717717777.—17777, = ig/ <Vn1(xn)|77n771771 gn—1|77n—1> + <V12(371)\,71,71 Vn—l,n(xn—l)‘nn—1nn>

+ig/<51’771771 Vn—l,n(xn—l)lnnflﬁn>
— )+ () + Q)

Consider the terms (1) and (2). In each case, the numerator in the expression stated in
Lem. 3.1.3 vanishes due to

(1) ~ Ay A1) (@ — xn_Q) = )\m)\( 13O+ Pn1)?T =0
(3) ~ 5‘15'/\717( — Tn— 1) )‘ /\mpn =0

However, the denominators also vanish, and we conclude that we should have performed
regularisation. Going back to the proof of Lem. 3.1.3, we observe that regularisation
replaces the integrands by terms depending on € which, for ¢ — 0, go to the original
integrands, leading to a finite plus a diverging contribution. Yet the numerator outside
the integral remains unchanged and, therefore, our original reasoning remains valid
such that both the finite and the diverging part (for both graphs individually) vanish.
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Therefore, only (2) remains which, by Lem. 3.1.2 reads

eaBcp (2n)

Yy (n—1n)(x; — xp_1)
€ABCD (2n)

2(n1)?(12) (n—1n)[n1]

A B, C D
W v —vnn = (2) = Co - 1001 1170 2(n1)(12 ’

= Co - mi'ni’n vy

For the cases n = 4 and n = 5, we thus obtain

. ampcp_ €aBcp(24)
(Wa lnwningna = Co - 11im1 057714 2(14)2(12) (34)[41]

. ap.cop_ €aBep(25)
{(Ws) lpymunans = Co - 1100114 715 2(15)2(12) (45)[51]

Example 4 (n =5 and (a,b,c,d) = (1,1,3,4))

Consider the component ~ nyn1n3n4 of (W,,) with n > 4.
4 4

1
Compared to the previous example, there are two simplifications: Here, there are only

two diagrams contributing and, as we will see in a minute, there is no need for regular-
isation. Moreover, it is an easy exercise to generalise this example towards n > 5 and
(a,b,c,d) = (1,1,k,k+ 1) with 2 < k < n — 1. Using Lem. 3.1.2 and Lem. 3.1.3, we
calculate

(Ws) ‘711711713714 = <V12($1)|mm V3,4($3)|n3n4> + ig/ <51|mm V3,4($3)|n3n4>

— . A B C D €ABcD (25)
= Co M8 I8 5 5 19 (34) (w1 — 732

5\ /\yl‘gg@mcz) A B C.D
TEPTEFR L

(25) (25 — 23)% + (12) X, s X5 (23 — 25)77
= Co i eancn <§<§<>m—ﬁ@@1$2
(12

:Co-nf‘mBngcﬁszeABCD2<51><1 >< ><23>[ ]< 454

- (25)[45] + (21) [41]
——CO'”flnlB’???”f“BCD2<5 1) (12) (34) (23) [23] [54]

+ Cp -

By momentum conservation (2.2), we further transform
(25) [45] + (21) [41] = XoXa(ps + p1) = —AeAa(p2 + ps + pa) = — (23) [43]

such that we arrive at

B eaBcp (23) [34]
(W) lysmnons = Co - mimt'ns i’ (51) (12) (34) (23) 23] [45]




98 8 Wilson Loops and Scattering Amplitudes

3.2 Scattering Amplitudes in N =4 SYM

Supersymmetric Wilson loops as studied so far have been introduced in [CH11] with
the aim of obtaining a duality with scattering amplitudes. After summarising the rel-
evant background we will, in this section, explicitly compare components of the two
observables.

Consider n particles {|i)} ;, each of which with a fixed momentum p; (such that
|i) = |i(pi))) and of one of the following types corresponding to the field content of
N = 4 SYM theory: A gluon |i) = |g;") of positive helicity, a fermion |i) = WZA>, a
scalar [i) = |¢;45), an anti-fermion |i) = ‘1@-,4> or a gluon |i) = |g;") of negative helicity.
The scattering amplitude A, (a1, |1),...,an,|n)) further depends on the colours a; and,
as in any quantum field theory, is calculated as a sum over graphs resulting from the
Feynman rules as derived in Sec. 1.5, however Fourier transformed to momentum space.

While in principle possible, actual calculations, even at lowest order ~ g° (tree level),
turn out to be nearly impossible, containing too many and complicated diagrams and
variables. In the last two decades, there has been much progress in the calculation of
scattering amplitudes by means of more sophisticated methods, whose proof of validity,
of course, still relies on Feynman rules (cf. [Dix96] and [Drul0]). As a first step, it
is possible to separate the colour structure from the rest by eliminating the structure
constants f%° in favour of generators 7% (Lem. 1.1.3) and then using the identity of
Lem. 1.1.4. At tree level, one arrives at the colour decomposition

AD (a1, ]i) - ans In) = oo (7% - T) AD(jo(1)) ..., |o(n)))

O'ESn/Zn

where AS)) is referred to as the colour ordered (tree-level) amplitude. At higher orders
in g, one obtains a similar formula, however containing multi-trace terms which vanish
only in the planar limit (N — oc0). A convenient way to calculate the colour-ordered
amplitudes is to use BCFW recursion (cf. [BCFWO05]).

Following [Nai88] and using the notation of [CH11] we introduce, for each i €
{1,...,n}, four Grassmann generators ﬁf and put the different on-shell state into a
single on-shell superstate as follows.

4\ A AN L LA o 1 “A-B~C

@) = |97 ) + 77 [f) + 5 i |Giam) + 1 EABCD; i ;i

. 1
. bin) + 51 |97)

where we set (7;)% := ¢ ABCDﬁzAﬁZ'B ﬁic ﬁiD . Extending the colour ordered amplitudes A%O)
by (super-)linearity over the generators 77;4, one can thus define the super-amplitude
A%O) (|®1),...,|®,)) which, in turn, by definition contains the original amplitudes as the
coefficients of the products of generators in the Grassmann expansion. It turns out (cf.
[DHKS10]) that the super amplitude can be factorised

AD(|®1),...,|Dy,)) = AiLOK/IHV : (1 + qu,olleHv + MT(LOlzINMHV +... M,E%TV)
where the subscripts MHV="maximally helicity violating” etc. correspond to the type
of amplitudes and, as a consequence, the terms in parantheses on the right hand side
have respective Grassmann degrees 0,4,8,...,(4n — 16). Moreover, all terms on the
right hand side now depend only on the momenta \; and i (the theory is massless such
that p; = \;\; as in (1.11)) and the generators 7.
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In the following, we shall focus on the next-to-MHYV subamplitude MT(LO&MHV of Grass-
mann degree 4, which can be written as a compact and explicit expression in terms of
momentum super-twistors as summarised next. Consult [Hod09] and [MS09] for mo-
memtum twistors as well as [WW90] for a general introduction to twistor theory. Let
n{ (untilded) denote the Grassmann odd coordinates of the momentum super-twistor
associated to the ¢-th particle, which turns out to be a linear combination of the tilded
generators with coefficients depending on the (half-)momenta \;. In terms of these
momentum super-twistors, the next-to-MHV subamplitude can be written as follows

([DDH12], cf. also [MS09] and [BMS10]).

(0) . .. ..
(338’) MnNMHV - Zl<i<j<n [1 11+ 1] J+ 1]

6% (n, (bede) + cyclic)

(3.3b) [abede] : = (abed) (bede) (cdea) (deab) (eabe)

where (abcd) is the totally antisymmetric contraction of the momentum twistor coor-
dinates, which satisfies

(3.4) (i +1kk+1) = (z; —ap)?- (i, 5+ 1) (k, k+1)
The Grassmann delta function is defined as

(3.5) 6% (ng (bede) + cyclic) := H4

et (77;4 (bede) + cyclic)

In the following lemma, we calculate some examples using (3.3a).

Lemma 3.2.1. For brevity, we set M,, := MTEOI%MHV. The four-point amplitude M4 = 0
vanishes. For n > 4, we obtain

. _ A B.C.D €ABCD k> 2
nlmmames = 02 M Mt (12) (kk+1) (21 — )2’
Y _ A B.C.D €ABCD
nlnymansne = 1112 13 M (12) (34)(23)[23]
while the five-point amplitude M; has components
45) [34]
5lnimmens = ML ML M2 N3 2 (12)*[12](23)[23](51)
23) [34]
5lomnsns = M 10 N3 Ny 2 (51)(12)(23)(34)[23][45]
DEABCD <2 3> [3 4]

A B, C

Msbvamonans = A0S e ) (12) 5 1]
Proof. 1t is well-known that, for n = 4, the only non-vanishing amplitudes are MHV
such that, in particular, My = M ﬁ\)IMHV = 0. This can also be seen directly from (3.3a)
as follows. The only summand is [12334]. However, the five-bracket vanishes if two
entries are the same: For simplicity, assume a = b. Then, in each of the 4 factors on the
right hand side of (3.5), antisymmetry of the four-bracket is survived only by the sum
nA (acde) +n2 (cdea), which vanishes for the same reason.

For the calculation of the amplitudes with n > 4, observe the following remark. The
delta function (3.5) is a sum of terms of Grassmann order 4. Consider, in the corre-
sponding such term, the coefficient of ningngnﬁ. By construction, it remains unchanged
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under any permutation of the indices abcd. The coefficient in front of 77&477{,3 7700775 thus
equals the coefficient of néngng’nﬁ multiplied by e4pcp, which arises from permuting
the n variables such that the upper indices ABC D are translated into 1234. As usual,
the product e s4pcp nfnf nfnf must be multiplied by a symmetry factor S if any of the
lower indices abcd are equal. If only a = b, we obtain S = 1/2. It is clear that the same
remarks apply to MT(LOI%MHV.

Consider the component ~ n1n2npng+1 with k& > 2 of the n-point NMHV subampli-
tude. Only one term contributes to the sum (3.3a), and we calculate

Mn"’ll"]2nk7ik+1 - [123kk+ 1] ’7717727]k77k+1
nit (23kk+1)n Bkk+11)n{ (k+1123)nP. , (123k)
(123k) (23kk+1) (3kk+11) (kk+112)(k+1123)

A B.C., D €ABCD
=M Uk+1m

= EABCD

The first formula stated now follows immediately from (3.4), and the second is the case
k=3,using r1 —x3 =21 — To + T2 — T3 = —pg — P3.

Now consider the amplitude Ms. In this case, (3.3a) has only one summand such
that M5 = [12345]. For the component ~ nyn1m2n3 of My, we thus obtain

M5|771771772773 = [1 2345] ‘771771772773

=i =5 (12 ;24?; ?5? 23)
_ EABCD (23) (45) (w2 — x4)?
= T B () (5 1) 28] (75— 2]
_ _A_B . DEABCD (23) (45) (43) [43]
— T s T T oy 34y (32) [32] (5 1) (23) (21) [21]

which equals the expression stated. Similarly, the component ~ 111113174 reads

2345)
u A B C DEABCD (
5|n1771775774 117 M3 14 2 (1234)(3451)

_ EABCD (23) (45) (w2 — 24)?
= nimt'nsni 2 (12) (34) (21 — 23)2 (34) (51) (23 — a5)2
DEABCD (23) (45) (34) [34]

= ninrns g = (12) (34) (23) [23] (34) (5 1) (45) [45]

while the component ~ n;n1m475 evaluates to

2345)
M _ A B C DEABCD <
5lnuminans = 1110 14 5 2 (3451)(4512)

B EABC (23) (45) (z2 — 24)?
= 771477137740775? B; z (34) (51) (x5 — x5)2 <425> <142> (24 —x1)2
DEABCD (23) (45) (34) [34]

= ni'ni'n{ n 2 (34)(51)(45)[45] (45) (12) (51) [51]

This finishes the calculation. O
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3.2.1 Comparison with Supersymmetric Wilson Loops

Gluon scattering amplitudes have been known to be dual to Wilson loops along lightlike
polygons. In [CH11], a similar duality (at weak coupling) between the full (super)
scattering amplitudes of N' =4 SYM theory and super Wilson loops has been claimed
with the following identification of parameters. The number n of particles corresponds
to the number n of polygon vertices while the particle momenta p; are translated into
the differences x; —z;_1. By construction, the latter are lightlike which matches with the
massless theory. Moreover, the (odd) momemtum supertwistors 7/ are identified with
the Grassmann generators (2.3) which occur in the construction of the super Wilson
loop.

We will now check this proposal at tree-level through the examples worked out in
this and in the previous section. First, observe that both observables are the sum
over monomials of Grassmann degree 0,4,8,.... As our first test, we try to match the
components ~ n1ankNk+1 (with n > 4 and k > 2) with the result

<Wﬂ> |77177277k77k+1 =Co- Mn|77177277k77k+1

which perfectly agrees upon setting Cy = 1 which fixes the so far undetermined constant
¢p in (2.8) to be

4_92(N2—1)
o= — 5 —

(3.6) ~

In particular, we see that 0(2) ~ g in agreement with (3.2). Similarly, we obtain an
agreement for the components ~ n17m2m31n4 in the case n = 4, where both vanish.

(Wy) |771772773774 = M4|771772773774 =0

For n = 5 and the components ~ 11111374, we yield

<W5> ’mmmm - M5|771771773774

with the implicit use of the normalisation (3.6).

There exist, however, components for which the agreement is explicitly broken. Con-
sider, for example, the components ~ n11m11m3m4 with n = 4. While the scatting amplitude
vanishes, the super Wilson loop does not.

<W4> |771771773774 # M4‘n1n1n3n4 =0

The mismatch is also obtained for the components ~ n1m1m4m5 with n = 5. We calculate

M5’7717717I4775 - <W5> ’771771774775
_ A B _C, DEABCD (25) B (23)[34]
- T <<15>2<12><45>[5u <51>2[451<45><12>[51]>
_ APy CpD SABCD (25) [45] +(23) [43]
PEE 2 (51) [45](45) (12) [51]

By momentum conservation (2.2), we further transform

(25) [45] + (23) [43] = AaAa(ps + p5) = —AeAa(p1 + p2 + pa) = — (21) [41]
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and thus

EABCD [41]
M. — (W = b
5‘7117]17]47]5 (W5) ‘771771774775 771 771 774 UB 9 & 1>2 [4 5] (45) [5 1] #

We expect an analogous behaviour for the components ~ mymin,—17m, with arbitrary
n > 4.

To summarise, we have shown that scattering amplitudes are not dual to super
Wilson loops. On the other hand, the remaining partial duality is still striking. We
wonder whether there is a way to repair the mismatching problem. We have seen that the
problematic terms are connected with diverging diagrams which require regularisation.
We have also seen that, then, both the finite and the diverging parts of these diagrams
vanish individually. Therefore, the use of a different regularisation method should not
make a difference. In the next section, we consider a natural variant of the super Wilson
loop which, however, turns out not to solve the problem.

3.3 A Natural Variant

The solution for the edge and vertex operators found in Thm. 2.2.1 and Thm. 2.3.2
is not uniquely determined by the supersymmetry conditions (2.9a) and (2.9b). More
precisely, the edge operators are not unique while the vertex operators are determined
by the edge operators, as we have seen.

By construction, & and X7 depend on p; and p;—1. By using the Schouten identity

in the proof of Thm. 2.2.1 with 1 = G ljfi’; instead, one obtains a different solution
depending on p; and p;1. The proof goes through verbatim with \;—; and (ii — 1)
replaced by A; 1 and (ii + 1), respectively. For future reference, we state the first terms

next. In fact, there are many more solutions which, however, seem unnatural.

Proposition 3.3.1. The following edge operator satisfies the ansatz & = p; - A+ O(n)
as well as (2.9a):

\f)\l/g)\(zﬂ D¥ap A B
AP+ O((m)?
22 Gt 1) 0 M; ((m:)”)

1 A
&= §>\i5)\ LAPB 4 2 )\151/15

with
o _ _22'\/59)‘@'0#15 0P+ eanen 29081 X i1,
AT e i 1) AP Z(ii+ 1)
As for the vertex terms, it would be no difficulty to establish a recursion formula
along the lines of Prp. 2.3.1. For the few terms needed below, we provide a direct proof
instead.

0 +O0((m)?)

Proposition 3.3.2. The following vertex operator satisfies the ansatz V; ;11 = 1+0O(n),
only depends on the generators n; and 1,41 and satisfies (2.9b) with X% as in Prp. 3.3.1.

2\/>g a 4 \/§g<ii+2>
T2+ 1) ABTE Rlit1)(i+1it2
2ig ((i + 1) Aggayy — (104 2) Ayr)y) 7€

R Py By B>
Vz,z—i—l = >¢AB771'+1771'+1

A By, Bs
€AB1B2C"; Mi1"ii

s (i+1)2(i4+1i+2)
2ig Ai1)y¥7

A
Cg <ii+1>2 €A1A2BCT; 1772 77z+1 +O((77%+1) )+O( )
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Proof. 1t is clear that the first order terms vanish. As in the proof of Prp. 2.3.1, we find
Q% (Vi) = 2c0M\yCgn?
(Z’XEH)AVZ;M - iV%,z‘+1X34> iyt = 1 Xl oy
such that (2.9b) implies

deprpChiy = V2N 5
REAB T g (i 1) A8

Multiplying both sides with, respectively, A(; ;1) and Aiq, we obtain

V2g

Cip=0, Cip'= —W@‘B
Similarly, we find
a
200/\§C%§+1 = iXG yialmr = mAB
such that
Chig™ = o7 .ﬂg <” - 2>. ban
cgii+1)(i+1i+2)

thus determining the terms of second order. As for the third order, we find
1,041 ki+1,i4+1\ . By . B
Qi Viis )iy = (43(CH BT = 3ot CRE )l
(iX(0§+1)AVi,i+1 - in‘,iHXfZ) lis1)? = 12X Gy al (ig1)?
such that (2.9b) implies

o k‘,’i-}—l,’i-‘rl_ o i+1,i+1 v
300)%0,43132 _qA(CBlBQ )_ZX(i+1)A|(m'+1)2

Therefore
. s o
ii+1li+1 (i+1a i+1,i+1 ;
CABB: = 3oy (it 1) <q3‘( B1Be )_ZXEEH)A'(”MV)
2ig ({1 +1) Miga)yy — (17 4 2) Aig1)y) 7€ B
=53 BB
3¢t (ii+1)2(i4+1i+2) e

Similarly, we find
it ki i1
Qi(Viyi"Fl”nierl =2 (q,CYA(C,LBZlEQ) - 300)\%014]23;;2) nzBlniB—i-Ql
(Z.XE)Z{-&-l)AViﬂ'-H - i‘/;,i+1XiOéA> |77i77i+1 =0
such that (2.9b) implies

cirisitl Ali+1)a a( i,i+1)_@)‘(i+1)vdﬂc

ABLB2 = oo (i 4 14y AV BB T 33Ty SABBC

Moreover, we find CﬁiBC = 0, thus determining the terms of order three stated. ]
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Tree-Level Calculations

We shall now calculate some tree-level components of the expectation value (3.1) with
respect to the variant Wilson loop with edges and vertices as in Prp. 3.3.1 and Prp.
3.3.2. Comparison with scattering amplitudes will then give a result analogous to the
original case in the previous section.

The ~ 7;m;41 component of V; ;41 remains unchanged. Therefore, the connector

EABCD
L) G+ 1) (@ — )

A B _C D
<Vi,i+1($i)|nmi+1 Vij+ (ij)’njnj+1> = Co - i M1, 77j+1<

between two vertices remains as in Lem. 3.1.2. Moreover, V;;y1y;,,n,, of the variant
equals the original V;; 1]y, upon changing the index i to i + 1 and, therefore,

<Vi,i+1($i)’m+1m+1 Vj7j+1(xj)’77j77j+1>
EABCD <Z + 2 Z>
i+ 1) (i +1i+2) (55 + 1) (5 — 25)?

A B _C. D
= Co  Ni}1mi31M; 77j+12<

Similarly, &y, is changed by ¢ — 1 — i + 1, while Vj j11]y,5,9,4, and &y, both remain
unchanged. As in Lem. 3.1.3, we thus find

3 B
AipAi+1)y ji7 1€ABCD ninBuSnP.,
(i +1)(j+1g) a3, qa3, " Y T

ig/ <gi‘nmi Vj’j+1(xj)|77j77j+1> =Co- 2

/3
‘)‘(]'Jrl) /\26 ji— l‘gABCD A B C.D

N M5 N5 M1
2(j+15) 2z a%, x5, B

ig/ <ij+1($j)|77ﬂ7ﬂ7j+1 €i|m> = —Co

Having derived the expressions for some connectors, we are now in a position to
calculate tree-level components and compare them with scattering amplitudes. The
first observation is that (W) [, nnen,, (With n >4 and & > 2) remains unchanged and
continues to match with the amplitude

(W) ‘771772"7k77k+1 =Co- M”‘W1W277k77k+1

thus leading to the same constant fixing (3.6) as before. The component ~ 71117374
with n = 5 is the sum of two diagrams

<W5> ‘771771773774
— (Vs(@5) s Voa(@3) o) + i / Exlomn V3.a (@3) )

(25) A gheza]
2(51) (12) (34)

(25) [23] +
2(12)(34)(51)
_ (45) [4
—2<12><34>< 1) (45)[45 }[32]5ABCD771477{B77:’?77£

A B _C, D
T €ABCD
x5 —x3)?  2(12) (43) 2223, RN

(
(15) [13]
(4
3]

5) [4 5] [3 2] €ABCD771 771 773 774

= M5’771771773774

and, therefore, also continues to match with the amplitude.
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Consider next the component ~ n1711m9n3 with n > 4. It consists of three diagrams

(Wn> ‘771771772773 = <Vn,1(93n)’mm V2,3(x2)|772773> + <51‘n1n1 V2,3(332)’772773>
+ W 2(351)‘171171172 53‘173>
=:(1)+(2)+(3)

of which the second and third
(2) ~ Apghasain =0, (3) ~ Aoy Agsa]s =0

vanish. Here, the denominators also vanish, but the regularisation argument of Exp. 3
in Sec. 3.1.3 above goes through verbatim. We thus arrive at

(2n)
2(n1) (12)?[12] (23)

A
(Wh) ‘771771772773 = (1) =eaBcpm 77137720773D

For n = 4, this expression does not vanish, and we conclude that

<W4> |771771772773 7é M4|771771772773 =0

Similarly, for n = 5, we obtain

M5|?71?71?72?73 - <W5> |771771772773

A B ¢ _DEABCD (45) [34] B (25)
RCRCRCRE (<12>2[1 2 (23)[23](51)  (51) (12)2[12] <23>>
= ni'nfng np A2 21

2 (12)%[12](23)[23]
£ 0

We expect an analogous result for arbitrary n > 4.

To summarise, the variant of the super Wilson loop considered has an analogous
behaviour as the original. In particular, it is partially, but not completely, dual to
scattering amplitudes.
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