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1. Introduction

Particle detectors are a valuable theoretical tool to probe the state of a quantum field. Particularly noteworthy is the one known as
Unruh-DeWitt detector, which is modeled as an idealized atom with a two-level energy system interacting with a free real scalar field
by means of a monopole coupling [1,2]. Thanks to its versatility, in the past years it has been used in several contexts, especially in
connection to the analysis of the Unruh effect and of Hawking radiation, see e.g. [3-6]. As explained in detail in these references, the
fundamental quantity of interest in this model is the probability of a transition between the energy eigenstates, which is computed at first
order in perturbation theory.

Recently, it has been shown that Unruh-DeWitt detectors can measure apparently counter-intuitive effects dubbed “anti-Unruh effect”
and “anti-Hawking effect” [7-9]. The standard reasoning is that a non-inertial observer perceives a vacuum state as a thermal bath with
temperature proportional to its acceleration. One could expect that this implies that also the response of a detector interacting with this
state is proportional to the detector proper acceleration. In general, this is not the case. When a detector “clicks less at positions of
higher temperature”, we call it anti-Unruh or anti-Hawking effect, depending on the specific underlying scenario. The existence of these
phenomena is deduced by analyzing the transition rate of the Unruh-DeWitt detector, which, in turn, depends critically on the two-point
correlation function of the underlying matter field.

In this paper we study the emergence of the above-mentioned phenomena by considering an Unruh-DeWitt detector traveling on static
trajectories on a BTZ black hole, and on its universal cover, Rindler-AdSs, interacting with both a ground state and a KMS state of a real,
massless, conformally coupled scalar field. These correspond, respectively, to the Boulware and Hartle-Hawking-Israel states in the exterior
region (r > ry,). Yet, since the underlying spacetimes are asymptotically AdS, contrary to globally hyperbolic spacetimes, the construction of
a ground as well as that of a KMS state at fixed temperature is not unique. One needs to specify boundary conditions for the underlying
field which affect drastically the form of the two-point function. In particular, we are interested in considering boundary conditions of
Robin type and we discuss them following a procedure which has been thoroughly investigated in [10-14]—see also [15,16], for related
analyses.
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Fig. 1. Rindler-AdS3 spacetime and its static trajectories highlighted in the corresponding region on the conformal diagram of AdSs.

Our results expand previous works on BTZ spacetime by considering and comparing the two different states and by including more
general boundary conditions [3,7]. Hence, on the one hand, we are able to extend the results of [7,8] to all boundary conditions of Robin
type. On the other hand, we observe that neither the anti-Unruh nor the anti-Hawking effect is manifest for the KMS states.

First, in Section 2, we outline the geometry of the spacetimes considered. In Section 3, we describe how to obtain the two-point
functions and write an explicit expression for the transition rate. The numerical analyses and main results are in Section 4.

2. Geometric data

In this work we consider two distinguished solutions of vacuum Einstein’s equations with a negative cosmological constant A nor-
malized to —1, namely a static BTZ black hole [17] and its universal cover, Rindler-AdSs spacetime (or wedge) [18]. Their associated line
element reads

ds? = —(r? —rd)de? + (* —r})~dr* +r2de?, 1)

where t € R while r, > 0 is a constant which, in the case of BTZ spacetime, encodes the information of the black hole mass M = rﬁ. In
addition, r € (ry, 00) and 6 runs over the whole real line on the Rindler-AdSs background, while 6 € [0, 277) in the case of a BTZ black hole.
Focusing on the Rindler-AdSs wedge, notice that the surface r =ry is an observer dependent acceleration horizon seen by supercritically
accelerated observers with proper acceleration a = r(r% — rﬁ)*l/ 2 > 1. Their trajectories correspond to complete integral lines of the Killing
field o, see Fig. 1.

The Killing vector &£ = d; generates a bifurcate Killing horizon at r =r;, and accordingly, we define the local Hawking temperature as

Kh
Thi= —
271 /1800l

where kp =y, is the surface gravity computed at the horizon. The Hawking temperature as per Equation (2) is defined so to take into
account time-dilations effects introduced by the r-dependence of gpg. As a consequence, it diverges at the horizon and it vanishes at
infinity. This is in sharp contrast with the counterpart in asymptotically flat black hole spacetimes which tends to a finite quantity
at infinity. At the same time, it does coincide with the effective Unruh temperature obtained by the global embedding on a higher-
dimensional flat spacetime procedure, that is: Ty = %«/az — 1, with a defined as before [19,20].

(2)

3. The transition rate

In this section we consider an Unruh-DeWitt detector either on Rindler-AdSs or on a static BTZ spacetime following static trajectories
parametrized by their proper time 7 and at fixed spatial coordinates x. Observe that, from Equation (1), one can infer dt = ,/r? — r,zldt.
The detector interacts with a real, massless, conformally coupled scalar field. Following the standard theory, see e.g. [3,5,21], in the infinite
interaction time limit, the instantaneous transition rate can be evaluated as the Fourier transform of the pull-back along the detector
trajectory of the two-point function w, (7, x, T/, X') of the underlying field. In other words, recalling that the underlying spacetime is static
and that the detector lies at fixed spatial coordinate, x = x/, the transition rate reads:

f:/dse’msa)z(s), (3)
R

where s = T — t/ while wy(s) is the above-mentioned pull-back of the two-point function of the underlying field. In the following, we find
an explicit form for w, both for a ground and for a KMS state. Although we are interested both in Rindler-AdSs; and BTZ spacetimes, we
shall mainly focus on the latter. Since the procedure is almost identical in both scenarios, we focus on one highlighting only the necessary
differences to translate our results to the other case.
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Let W: M — R be a real scalar field where M is either Rindler-AdSs3 or a static BTZ spacetime. The dynamics is ruled by

<D—%)‘P:O, (4)

where O is the D’Alembert wave operator built out of Equation (1). We consider solutions to (4) that can be written as linear combinations
of separable solutions:

w(t,r,0) = / dje(e) / e e Ry, o (1), (5)
o (A1) R
where A1 = —% is the one-dimensional Laplacian whose eigenfunctions are e!®’. If the underlying spacetime is Rindler-AdSs, ¢ runs
over the real line and fg(A1>d,lL(E) = fR d¢, while on BTZ, ¢ is integer valued and fg(A]>du(£) = zeZZ' Inserting Equation (5) in Equation
(4) it turns out that the remaining unknown is a solution of
2 2 2
r £ w 3
2 2\a2 h
r“—r)of +(3r——]0r— 5+ -——5-— - (Rau,()=0. 6
2_ .2
In order to solve Equation (6), it is convenient to introduce the coordinate z = i rzr“ € (0,1) and, using Frobenius method to infer the

behavior of R, ¢(r) close to the endpoints z=0, 1, we set

Rut(2) = 2(1 = 2)1v4 4 (2), (7)

where o = i%. The function v, ¢(2) is in turn a solution of the hypergeometric differential equation

d?v dv

z0-2)—+(c—(a+b—-1)2))— —abv =0, (8)
dz? dz

where we have dropped, for simplicity of notation, the subscripts w, ¢ and where, setting Y, = i%,

3

a:a+zl+Tz, (9a)
3

b:Ol+:1—T(, (9b)

c=1+2a. (9¢c)

A reader who is comparing the above construction with the existing literature should keep in mind that we are adopting slightly different
conventions in comparison with [22]. As discussed thoroughly in [22], a criterion to select a specific solution of Equation (8) consists of
assigning a boundary condition of Robin type at z =1, following the general theory of Sturm-Liouville ordinary differential equations, cf.
[23].

In other words, we consider

Ravt.y (2) = 2(1 = 2) (cos(y)vi) (2) +sin(y)van) ), (10a)

where

vimy=F@b;a+b+1—-c;1-2), (10Db)

vay=(1—-2 " Fc—a,c—b;c—a—b+1;1-2). (10c)
In Equation (10a), y is a parameter which codifies the Robin boundary condition assigned at the endpoint z =1 and here, we allow

1/4
¥ € [0, yc) where . = arctan (—% ’%

existence of bound state modes in the two-point function, a scenario whose physical relevance is still under investigation. In addition,
notice that ¥ =0 and y = % correspond respectively to Dirichlet and Neumann boundary conditions.

As studied in detail in [13,22] for the case of a BTZ spacetime, considerations from spectral theory allow us to start from Equation
(10a) to construct both the two-point function for the ground state and for a KMS state at inverse-temperature g = 2 /ry. The same
procedure used in these papers applies slavishly to the case of Rindler-AdSs spacetime changing accordingly the behavior of the angular
component of the two-point function. Hence we can limit ourselves to report the final result, namely

2
> € (%n) Observe that one discards values of y greater than y, since they entail the

. d : /I I i0(0—0'
w20, X)= lim [ f 4o O(@)e T TON Ry, 1 (2)Ro .y (2)e 00, (1n)
o (A1) R
) die ea)/THe—iw(t—t’—ie) + e+iw(t—t’+ie) o
w2, 1y (X, X)) = Ellrg+ o / dw®(w) |: ol Tn — 1 ,/\/'[Rw’g’y(Z)Rw’g’y(Z/)ell(G o). (12)
o (A1) R

Here ® is the Heaviside function, while N; is a normalization constant:

3
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Fig. 2. ¢ = 0 contribution to the transition rate for the ground state as a function of the Hawking temperature for r, =1, Q = —0.1 and different boundary conditions; from
top to bottom, respectively, ¥ = (0.50, 0.47, 0.40, 0.25, 0)7.

1 (AB — AB)

Ny = — , 13
‘T |Asin(y) — B cos(y)|? (13)
where the coefficients A and B are given by:
'c)'(c—a—->b
_Lorc-a-b (14a)
I'c—a)'(c—Db)
I'(c)r b—
_Tr@r@+b-o (14b)

F@T(b)

Starting from Equations (11) and (12), we obtain the transition rate as per Equation (3) for an Unruh-DeWitt detector with energy gap
Q and following a static trajectory x(t) = (7, zp, 6p) where the subscript D indicates that (zp,0p) are the fixed spatial coordinates of the
detector. With reference to the ground state, we obtain, for Q < 0:

r dﬂé 2

Fo= | EENiRwy (2 ‘ , 15
0 f oy M .,y (Zp) w=—TE00l2 (15)

o (A1)
while, for the KMS state at inverse-temperature 8 = 27 /ry, we end up with

. sign(2)

Fiu = et | # 16
TH = Gsign(@0/Th — 1 lo=tyTgnal” ° (16)

4. Numerical analysis

In this section we state the main results of this paper based on the numerical analyses performed on the transition rate for both the
ground state and the KMS state on both Rindler-AdSs and BTZ spacetimes. First, we study the £ = 0 contribution to the transition rate as
a function of Hawking temperature, since z,(Ty) = (1 + 4772T5)*1. Secondly, since the transition rate is given by an infinite sum in ¢, we
analyze the behavior with respect to the truncation order, dubbed £pqy.

Notice that all plots are normalized with respect to its own maximum value. The numerical analysis summarized here is available at
[24].

4.1. The detector response as a function of Hawking temperature

Since the only difference between Rindler-AdSs and the static BTZ case at the level of two-point function lies in the angular coordinate,
the ¢ =0 term of the detector response with respect to the Hawking temperature is the same in both cases. In other words, the outcomes
presented in Figs. 2 and 3 are valid for both Rindler-AdSs and for a static BTZ spacetime.

Approaching the AdSs boundary, namely as

r-oo=z—>1=Ty— 0,

for both states, the transition rate goes to zero for all boundary conditions. The detector response when coupled to the KMS state is
compatible with the behavior of the Hawking temperature. As one can infer by direct inspection, both are increasing towards the horizon
and diverging there, as Ty — oo, which is not the case for the ground state.

Figs. 2 and 3 show an interesting unexpected behavior regarding the contrast between the response of the detector when coupled to
the ground state and when coupled to the KMS state. The anti-Unruh effect or anti-Hawking effect occurs when the derivative of the
transition rate with respect to Ty assumes negative values. It is worth emphasizing that Ty is not the temperature of the Boulware-like
ground state, but rather the temperature of the KMS state at the corresponding locus. As it emerges from Fig. 2, we observe that, when
coupled to the ground state, for the ¢ = 0 mode, the anti-Unruh effect is manifest for all boundary conditions. On the other hand, when
interacting with the KMS state, as in Fig. 3, for the £ =0 mode, the detector responds with a monotonically increasing transition rate
towards the horizon.
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Fig. 3. £ =0 contribution to the transition rate for the KMS state as a function of the Hawking temperature for r, =1, Q = —0.1 and different boundary conditions; from top
to bottom, respectively, y = (0.50, 0.47, 0.40, 0.25, 0)r.
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Fig. 4. Transition rate for the ground state summed over the natural numbers up to ¢mqy at several temperatures for r, = 1, 2 = —0.1 and Dirichlet boundary condition, from
top to bottom in the zoom plot Ty = (1,5, 10, 20, 50, 100). It indicates that the transition rate converges to a monotonically increasing function of temperature.
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Fig. 5. Transition rate for the ground state summed over the natural numbers up to ¢ at several temperatures for r, =1, Q = —0.1 and Neumann boundary condition,
from top to bottom Ty = (1,5, 10, 20, 50, 100). The curves are manifestly separated, and curves of smaller temperatures remain higher than curves of higher temperatures.

In Fig. 2, we notice that the effect is distinctly manifest for Neumann boundary condition, while it is almost imperceptible for Dirichlet
boundary condition. For this reason, in the next section we include the analysis of the £-sum focusing on these two cases. However,
the behavior with respect to the £-sum does not affect much the behavior of the transition rate for the KMS states, in the sense that it
continues to be a monotonically increasing function with respect to Ty.

We can draw the following conclusion. While, for the ground state, the results, already known in the literature, do extend to Robin
boundary conditions, neither the anti-Unruh effect on Rindler-AdSs nor the anti-Hawking effect on a static BTZ black hole is observed by
a detector interacting with the KMS state. Since KMS states are natural candidates to be used when describing thermal effects, this result
encourages future investigations regarding the relation between the effects and KMS states.

4.2. With respect to the £-sum

The scenario r, = 1 Our analysis strongly suggests that both the anti-Unruh effect and the anti-Hawking effect are still manifest after
performing the ¢-sum for an horizon lying at r, =1 and Neumann boundary condition. For Dirichlet boundary condition, on the contrary,
we observe that the effects could be cancelled by performing the ¢-sum. To illustrate this, we have included Figs. 4 and 5 showing the
transition rate seen as a function of the number of ¢-terms which are summed (£mqy).
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Fig. 6. Transition rate for the ground state summed over the natural numbers up to ¢;qx at several temperatures for r, = 0.1, & = —0.1 and Dirichlet boundary condition,
from top to bottom Ty = (1,5, 10, 20, 50, 100).
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Fig. 7. Logarithmic plot of the ¢ =1 term of the transition rate as a function of the BTZ mass for the ground state with @ =—0.1, y =0, z, = 0.5, normalized with respect
to the £ =0 term.

Note that the figures above show only the discrete sum over the natural numbers. However, including the negative integers £-terms
for the BTZ case or numerically integrating the transition rate over real numbers for the Rindler-AdSs case, does not alter the conclusion.

The scenario r, = 0.1 For sufficiently small ry, such as r, = 0.1, the £ =0 term becomes by far the dominant one. The numerical analysis
firmly indicates that for all boundary conditions the anti-Hawking effect is still manifest on a static BTZ black hole. We obtain plots
analogous to Fig. 5 for both boundary conditions, such as Fig. 6, which also shows a fast convergence with respect to the ¢-sum.

Fig. 7 shows the logarithmic behavior of the transition rate for the £ =1 term normalized with respect to the £ =0 term for some
values of ry. Since its normalized, the plot holds for both the ground state and the KMS state. The aim is to illustrate that, on a BTZ
spacetime, for smaller values of ry, the term ¢ =0 dominates.

5. Conclusions

Our main results are the following. We confirm and we extend to all boundary conditions of Robin type the results existing in literature
concerning the anti-Unruh and the anti-Hawking effect for the ground state of a real, massless, conformally coupled scalar field either on
Rindler-AdSs or on a BTZ spacetime. In addition, we show that neither the anti-Unruh nor the anti-Hawking effects are manifest for the
KMS states considered.

The results we obtained concerning the ground state on Rindler-AdSs and on a static BTZ black hole are compatible with the results of
[7], where it was shown that for the ground state of the massless conformally coupled scalar field on the three-dimensional AdS spacetime,
an Unruh-DeWitt detector following Rindler trajectories, seeing a horizon at r, = 1, would experience the anti-Unruh effect for Neumann
boundary condition, but not for Dirichlet or transparent boundary conditions. On a static BTZ spacetime, with a sufficiently small black
hole mass, the anti-Hawking effect would be manifest for all three of these boundary conditions. Nevertheless, the framework invoked
here considers more general boundary conditions and it allows to extend the analysis also to the case of massive arbitrarily coupled real
scalar fields.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to
influence the work reported in this paper.



L. Campos and C. Dappiaggi Physics Letters B 816 (2021) 136198

Acknowledgements

We are grateful to Jorma Louko and to Benito A. J. Aubry for fruitful discussions and comments on the manuscript. The work of L.S.C
is supported by a PhD scholarship of the University of Pavia, which is gratefully acknowledged. Both authors also acknowledge the INFN
for travel support, which played a key role in the realization of this project.

References

[1] W.G. Unruh, Phys. Rev. D 14 (1976) 870.
[2] B. DeWitt, General Relativity; an Einstein Centenary Survey, Cambridge University Press, Cambridge, UK, 1980.
[3] L. Hodgkinson, J. Louko, Phys. Rev. D 86 (2012) 064031, arXiv:1206.2055 [gr-qc].
[4] ]. Louko, A. Satz, Class. Quantum Gravity 25 (2008) 055012, arXiv:0710.5671 [gr-qc].
[5] J. Louko, A. Satz, Class. Quantum Gravity 23 (2006) 6321-6344, arXiv:gr-qc/0606067.
[6] KK. Ng, L. Hodgkinson, J. Louko, R.B. Mann, E. Martin-Martinez, Phys. Rev. D 90 (6) (2014) 064003, arXiv:1406.2688 [quant-ph].
[7] LJ. Henderson, R.A. Hennigar, R.B. Mann, A.R.H. Smith, J. Zhang, Phys. Lett. B (2020) 135732, arXiv:1911.02977 [gr-qc|.
[8] W.G. Brenna, R.B. Mann, E. Martin-Martinez, Phys. Lett. B 757 (2016) 307-311, arXiv:1504.02468 [quant-ph].
[9] LJ. Garay, E. Martin-Martinez, J. de Ramon, Phys. Rev. Lett. 94 (1999) 104048, arXiv:1607.05287 [quant-ph].
[10] C. Dappiaggi, H. Ferreira, A. Marta, Phys. Rev. D 98 (2) (2018) 025005, arXiv:1805.03135 [hep-th].
[11] C. Dappiaggi, H.R.C. Ferreira, B.A. Juarez-Aubry, Phys. Rev. D 97 (8) (2018) 085022, arXiv:1802.00283 [hep-th].
[12] C. Dappiaggi, H.R.C. Ferreira, Phys. Rev. D 94 (12) (2016) 125016, arXiv:1610.01049 [gr-qc].
[13] F. Bussola, C. Dappiaggi, Class. Quantum Gravity 36 (1) (2019) 015020, arXiv:1806.00427 [gr-qc].
[14] L. Campos, C. Dappiaggi, Phys. Rev. D 103 (2) (2021) 025021, arXiv:2011.03812 [hep-th].
[15] A. Garbarz, J. La Madrid, M. Leston, Eur. Phys. J. C 77 (11) (2017) 807, arXiv:1708.04905 [hep-th].
[16] A. Ishibashi, R.M. Wald, Class. Quantum Gravity 21 (2004) 2981-3014, arXiv:hep-th/0402184.
[17] M. Banados, C. Teitelboim, J. Zanelli, Phys. Rev. Lett. 69 (1992) 1849-1851, arXiv:hep-th/9204099.
[18] M. Parikh, P. Samantray, J. High Energy Phys. 10 (2018) 129, arXiv:1211.7370 [hep-th].
[19] S. Deser, O. Levin, Class. Quantum Gravity 14 (1997) L163-L168, arXiv:gr-qc/9706018.
[20] S. Deser, O. Levin, Phys. Rev. Lett. 59 (1999) 064004, arXiv:hep-th/9809159.
[21] CJ. Fewster, B.A. Juirez-Aubry, ]. Louko, Class. Quantum Gravity 33 (16) (2016) 165003, arXiv:1605.01316 [gr-qc].
[22] F. Bussola, C. Dappiaggi, H.R.C. Ferreira, I. Khavkine, Phys. Rev. D 96 (10) (2017) 105016, arXiv:1708.00271 [gr-qc].
[23] A. Zettl, Sturm-Liouville Theory, American Mathematical Society, 2005.
[24] https://github.com/lissadesouzacampos/unruh_deWitt_on_RindlerAdS_and_static_BTZ. (Accessed 23 August 2020).


http://refhub.elsevier.com/S0370-2693(21)00138-6/bib0D90ED79AF7F8AAEE1EA482CEAFC0DDEs1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bibAF076E9B2526EC3B74CA2482047C42D9s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib05DCBECC2A1379E7E7A6A181BA89A29Cs1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib3AFC2283BFCBDD61C69DE371952C1088s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bibEE8CB0B8450DE00B6C01BB5C76C45E53s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib105EF280214CB2D52D33BCAAC0D04C65s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib1650B0090AAC0C070660EF5F8E4D9D40s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bibA18B949531B069D7700E30F96A2FC488s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib10A6C9FA9EC1CD710436075850F05BB5s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib4B07119BE779772520744E621FCD393Cs1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib68A30CDFA70D6C483D9C55A56535FFADs1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib74CF81CE34ABAF5DD338C2F459D13B36s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib7813679B154749662ABD46734C66F491s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib70524423A7BAC2697768CF50489E64E8s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib7CEB737108DBA74E2F27B0272E0A6473s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bibE2FB9C1F3FD5985BF1F90D7AA66AF5BFs1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bibFE1DA059E1FAAAA4EC7E2A0BA0698CAEs1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib26184F306AAD69DEA7A4964B07A6B720s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bibD0AB831DF5BE0C5024E4F4FC9157DD79s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib9895D93D3C9DDCEC75E03CC0F59A0ADAs1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bibF55FC76E865E263DE217B00D7B187C53s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bib4885CD064D16E68AE1588C4A94C7FA68s1
http://refhub.elsevier.com/S0370-2693(21)00138-6/bibD9CF9C889AE9C08F24D2FB4675D234C4s1
https://github.com/lissadesouzacampos/unruh_deWitt_on_RindlerAdS_and_static_BTZ

	The anti-Hawking effect on a BTZ black hole with Robin boundary conditions
	1 Introduction
	2 Geometric data
	3 The transition rate
	4 Numerical analysis
	4.1 The detector response as a function of Hawking temperature
	4.2 With respect to the l-sum

	5 Conclusions
	Declaration of competing interest
	Acknowledgements
	References


