
Journal of Physics G: Nuclear and Particle Physics

J. Phys. G: Nucl. Part. Phys. 49 (2022) 055102 (25pp) https://doi.org/10.1088/1361-6471/ac58b3

Towards modeling cluster structure of 8Be
with chiral interaction

Tokuro Fukui1,∗

Yukawa Institute for Theoretical Physics, Kyoto University,
Kitashirakawa Oiwake-Cho, Kyoto 606-8502, Japan

E-mail: tokuro.fukui@yukawa.kyoto-u.ac.jp

Received 10 November 2021, revised 30 January 2022
Accepted for publication 25 February 2022
Published 28 March 2022

Abstract
How the nuclear force behaves in cluster states, in particular those consisting
of the α clusters, has been investigated so far, but not yet elucidated. Today the
chiral effective field theory (EFT) is established and it would shed new light on
the microscopic understanding of the cluster states. We aim to address a pos-
sible source of the attraction in the cluster states of 8Be in view of the pion
exchange. Namely, we investigate whether the two-pion-exchange interaction
acts as a dominant attraction in the α+ α system as predicted by a previous
work. We describe theoretically the cluster structure of 8Be by the Brink model,
for which the effective interaction is designed from the realistic nuclear force
derived through the chiral EFT. The two-body matrix elements of the chiral
interaction with the local-Gaussian bases are formulated within the approx-
imation of the spin–isospin saturation forming an α particle. Introducing a
global prefactor to the chiral interaction phenomenologically, the ground and
low-lying excited states of 8Be, the scattering phase shift of the α–α system
as well, are satisfactorily depicted. The attraction in the cluster states is found
to be stemming from the two-pion-exchange contributions dominantly, along
with nonnegligible short-range terms. The present work can be the foundation
towards constructing realistic cluster models, by which the cluster states will
be revealed microscopically in the next step.
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1. Introduction

Clustering is one of the fundamental aspects of many-body nuclear systems. With the aim of
understanding cluster states of light nuclei in view of realistic nuclear force, an enormous num-
ber of theoretical studies have been carried out so far. For instance, there have been approaches
to the microscopic description of α-cluster structure and its scattering based on the Brueck-
ner generator coordinate method (GCM) [1–3], the Brueckner antisymmetrized molecular
dynamics [4–7], the quantum Monte Carlo methods [8–10], the no-core shell model (NCSM)
[11–16], the symmetry-adapted NCSM [17–19], the NCSM with the resonating-group method
[20, 21], the NCSM with continuum [22], the fermionic molecular dynamics [23, 24], and the
nuclear lattice effective field theory (EFT) [25–33]. We also refer the readers to a recent review
paper [34] on related topics.

In spite of intensive studies by the above works, the mechanism how nucleons gain the
attraction in the α-cluster states needs to be further clarified. In reference [35] the two-pion
(2π)-exchange interaction was assumed to be a source of the attraction in the α-cluster states
of 8Be, relying on the fact that there is no attraction stemming from the one-pion (1π) exchange
in the direct term (Hartree term) between nucleons, each of which belongs to different α par-
ticles. However, this assumption has not been confirmed yet. In the 1960s, when reference
[35] was published, the dynamics of nucleons and pions had not been fully revealed. Today,
we understand that such dynamics is constrained by the chiral symmetry, and the chiral EFT
[36–38] based on this symmetry controls the pion-exchange contributions of the nuclear force
in a hierarchical way. Thus, we expect the above assumption can be inspected by employing
the chiral interaction.

An important concept to characterize the α clustering is ‘internally strong but externally
weak’ [39, 40], indicating that each of α particles is bound strongly but they weakly inter-
act with each other. The Volkov interaction [41], a phenomenological effective interaction
commonly employed, realizes the above nature, namely ‘externally weak’, by introducing
the unnaturally strong odd-state repulsion. In contrast, by a microscopic approach of the
Brueckner-GCM [1], the property ‘externally weak’ was explained by the realistic tensor force,
which becomes weaker in 8Be compared to that in 4He. Thus, the saturation mechanism was
naturally understood. It is intriguing to investigate the above concept from the view point of
the chiral EFT.

In the present work, we concentrate on the typical cluster states of 8Be in the α+ α config-
uration, and aim to address which terms of the chiral interaction (the contact, 1π-exchange,
and/or 2π-exchange contributions) account for the origin of the attraction in the α-cluster
states, using a simple model. To this end, we adopt the Brink model [42] presuming the
spin–isospin saturation forming an α particle. The effective interaction relevant to the Brink
model is phenomenologically prepared from the realistic nucleon–nucleon interaction of the
chiral EFT at next-to-next-to-next-to-leading order (N3LO), where a high-precision nuclear
potentials are available [38, 43–45].

We emphasize that the relative strengths among the contact, 1π-exchange, and 2π-exchange
contributions, are expected to be unchanged in the effective interaction in the present work.
This is the reason why we employ a phenomenological approach, which is sufficient to fulfill
our purpose that we address only the source of the attraction in the α+ α system. Of course,
what we can elucidate in this paper is limited. Therefore, we regard this work as the first step
towards fully microscopic approaches, by which the whole picture of the nuclear force in the
clustering is expected to be revealed. Indeed, the two-body matrix elements (MEs) of the chiral
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interaction at N3LO within the local-Gaussian states formulated here is applicable to realistic
cluster models such like the Brueckner GCM.

This article is organized as follows. Section 2 is devoted to the overview of the theoretical
framework, namely the Brink model and the effective Hamiltonian. In section 3, the calculated
energies, radii, and phase shifts are compared with the measured data. We also argue the pos-
sible source of the attraction in the α-cluster states. A summary and future perspectives are
given in section 4. We show in appendix A that our conclusion is robust against the variation
of parameters we use. The formalism of the two-body MEs is relegated to appendix B. The
constants we adopt are listed in appendix C.

2. Theoretical framework

2.1. Brink model

We describe the cluster states by the Brink model [42], where the single-particle wave function
is given by

〈r|φiχa〉 = φi(r)|χa〉 =
(

2ν
π

)3
4

exp
[
−ν(r − Ri)2

]
|χa〉. (1)

Here r is the position of nucleon, while Ri is the position of the α clusters, and ν determines
the range of the Gaussian. The index a specifies the spin–isospin states;

|χa〉 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

|↑σ↑τ 〉 (a = 1) ,

|↑σ↓τ 〉 (a = 2) ,

|↓σ↑τ 〉 (a = 3) ,

|↓σ↓τ 〉 (a = 4) ,

(2)

where ↑σ and ↓σ stand for the spin-up and spin-down states, respectively, and similar to
the isospin with the symbol τ . Within the Brink model, the α cluster is presumed as the
spin–isospin-saturated four nucleons, i.e. the (0s)4 configuration is adopted. Naturally, the
Brink model is tailored for systems described as α clusters only. In such an ansatz, the
many-body wave function is given by the Slater determinant as

|ΨBrink〉 =
√

A!ÂA

[
|φ1χ1〉|φ1χ2〉|φ1χ3〉|φ1χ4〉

× |φ2χ1〉|φ2χ2〉|φ2χ3〉|φ2χ4〉
...

× |φNαχ1〉|φNαχ2〉|φNαχ3〉|φNαχ4〉
]

, (3)

with the number of the α particles Nα = A/4. Here, four nucleons are located in a point of the
coordinate space by sharing the same Gaussian center Ri, while their spin and isospin states
are different with each other to form an α particle. The A-body antisymmetrizer ÂA, which is
a projection operator, is expressed symbolically as

ÂA =
1
A!

∑
P

(−)PP̂. (4)
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The summation over P results in A! terms, and (−)P is 1 or −1 depending on the even or odd
permutation respectively. The permutation operator P̂ is symbolic of any possible permutation.
For example, the two- and three-body antisymmetrizers can be respectively written by

Â2 =
1
2

(
𝟙− P̂12

)
, (5)

Â3 =
1
3!

(
𝟙− P̂12 − P̂23 − P̂31 + P̂12P̂23 + P̂12P̂31

)
, (6)

where P̂12 is the permutation operator exchanging the particles 1 and 2.
The many-body states |ΨBrink〉 are projected onto the eigenstates of the angular momentum

J as

|ΨJ
MM′ 〉 =

2J + 1
8π2

∫
dΩDJ∗

MM′(Ω)R̂(Ω)|ΨBrink〉, (7)

where DJ
MM′ is the Wigner D-function with the eigenvalues M and M′ of the z-component of J,

while R̂ is the rotation operator acting on the coordinate and spin states. The integration over
the three-dimensional Euler angle Ω is performed numerically.

As regards 8Be, two α clusters can be settled in a one-dimensional configuration, namely
R1 = dez/2 and R2 = −dez/2 with the unit vector ez of the three-dimensional Cartesian coor-
dinates. When the Hamiltonian is given, the corresponding energy eigenvalues can be obtained
as a function of the α–α relative distance d within the limit of the single-Slater determinant.

In order to describe the system more precisely, we superpose the Slater determinants
associated with different values of d based on the GCM [42, 46, 47] as

|ΨJ
MM′ 〉GCM =

∑
k

ck|ΨJ
MM′(dk)〉. (8)

Here the subscript k of d is shown explicitly. The coefficient ck is obtained by solving the
Hill–Wheeler equation [42, 46, 47]. The phase shift of the α–α scattering is also calculated
based on the Kohn–Hulthén variational principle with the GCM [48, 49].

Since the α-cluster structure is presumed, we cannot discuss the intrinsic structure of 4He
by the Brink model. Therefore, the calculated energy of 4He is always subtracted from that
of 8Be, as explained in section 3.1, and thus we address the relative energy of the 8Be-ground
state measured from the α+ α threshold.

2.2. Hamiltonian

The many-body Hamiltonian in the present framework is given by

Ĥ =

A∑
i=1

T̂ i − T̂G +

A∑
i< j

[
V̂ (N)

i j + V̂ (C)
i j

]
, (9)

where T̂ i is the kinetic-energy operator of the ith nucleon and that of the center-of-mass con-
tribution T̂G is subtracted. We here consider only the two-body interaction consisting of the
nuclear interaction V̂ (N)

i j and the Coulomb interaction V̂ (C)
i j .

We employ the chiral interaction at N3LO [38, 43–45] as V̂ (N)
i j , which can be classified into

seven terms as

V̂ (N)
i j = V̂ (0)

ct + V̂ (0)
1π + V̂ (2)

ct + V̂ (2)
2π + V̂ (3)

2π + V̂ (4)
ct + V̂ (4)

2π. (10)
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Using the chiral-expansion power nχ, the superscripts stand for the interaction at leading
order (LO) with nχ = 0, next-leading order (NLO) with nχ = 2, next-to-next-to-leading order

(N2LO) with nχ = 3, and N3LO with nχ = 4. The 2π-exchange interaction V̂
(nχ)
2π and the con-

tact interaction V̂
(nχ)
ct depend on nχ, while the 1π-exchange interaction V̂1π contributes only

at LO.
Then we need to derive the effective Hamiltonian Ĥeff relevant to the Brink model from

the realistic Hamiltonian Ĥ. In order to be consistent with the concept of constructing realis-
tic nuclear forces, a microscopic way to derive Ĥeff such as the Brueckner-GCM approach is
necessary. However, in this paper, we obtain Ĥeff in a phenomenological way as the first step
towards the realistic cluster model based on the Brueckner theory. We introduce the prefactor
c0, and thus Ĥeff is given by

Ĥeff =

A∑
i=1

T̂ i − T̂G +

A∑
i< j

[
V̂ (N;eff)

i j + V̂ (C)
i j

]
, (11)

V̂ (N;eff)
i j = c0V̂ (N)

i j . (12)

The prefactor c0 is fixed so that the relative energy of the 8Be-ground state measured from the
α+ α threshold obtained with the GCM coincides with the experimental value.

Here we emphasize that, in spite of the introduction of the phenomenological prefactor
globally, the relative strength of each term of the chiral interaction remains realistic, i.e. the
low-energy constants (LECs) are unchanged from those of the realistic force. Therefore we can
address which term of the interaction in view of the pion exchange plays an essential role on
the cluster states. In appendix A.1 we show that our conclusion is robust against the variation
of c0 from unity to a certain value fixed by the strategy mentioned above.

In the Brink model, due to the ansatz of the spin–isospin saturation with respect to the α par-
ticle, the antisymmetrized two-body MEs of the noncentral terms involved in V̂ (N)

i j become zero.
In appendix B we formulate the two-body MEs of the chiral interaction at N3LO within the
Brink model. The formalism of the two-body MEs is applicable to the Brueckner–Brink/GCM
model, which will be constructed in future.

As mentioned in section 1, the effective interaction derived from the Brueckner theory,
which can handle the tensor force in a straight-forward way, is desirable to account for the
concept ‘internally strong but externally weak’. In the present approach, however, the intro-
duction of c0 may not be adequate to explain this concept, namely ‘internal strong’. Instead, this
paper provides a basis towards such a fully microscopic approach. Therefore, the derivation of
the effective interaction by the Brueckner theory starting from the chiral-EFT interaction will
be a vital work in future, and thus, the tensor-force effect and three-nucleon force of the chiral
interaction on the clustering will be clarified.

Furthermore, we comment on the noncentral contribution to the cluster states of 8Be, in
particular the tensor-force effect. In references [50, 51], within the framework of the antisym-
metrized quasicluster model, the authors have shown that the tensor force plays a dominant
role inside 4He, corresponding to the shift of the 2α’s-threshold energy. It results in the tensor-
force effect acting repulsively in the relative energy of the 8Be-ground state measured from the
threshold, when the two clusters approach.

2.3. Model setup

The size parameter ν is fixed so that the calculated root-mean-square (RMS) matter radius RM

of 4He is consistent with the observed value R(exp)
M =1.45 fm. Note that R(exp)

M is extracted from
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Table 1. The prefactor c0 fixed by the comparison of the GCM-calculated relative energy
of the 8Be-ground state with measured values.

Λ = 450 MeV Λ = 500 MeV Λ = 600 MeV

c0 1.37 1.79 2.15

R(exp)
M =

√
R2

C − R2
p − (N/Z)R2

n with the proton and neutron numbers Z and N, respectively, the

measured charge radius RC = 1.68 fm [52] of 4He, and the squared proton (neutron) charge
radius, experimentally obtained as R2

p = 0.832 fm2 [53] (R2
n = −0.115 fm2 [52]). Choosing

ν = 0.26 fm−2, corresponding to the harmonic-oscillator energy, h̄ω = 2h̄2ν/mN ∼ 22 MeV,
we compute RM as 1.47 fm, where mN is the average nucleon mass. Although the choice of
ν = 0.26 fm−2 gives the proper RM, our model cannot result in the reasonable value of the
4He-ground-state energy at the same time, as shown in section 3. Therefore, in appendix A.2,
we investigate the sensitivity to ν in the description of the 8Be-cluster state, and confirm the
validity of the current value of ν.

We test three sets of the parameterization of the chiral interaction, depending on the cutoff
Λ, namely, the widely adopted value, Λ = 500 MeV [38, 45], as well as Λ = 450 [54, 55] and
600 MeV [38]. The physical constants and LECs we use are summarized in appendix C. The
prefactor c0, which is determined from the comparison of the calculated relative energy of the
8Be-ground state based on the GCM with the measured value, also depends on Λ. Thus, all
the calculations below are carried out with c0 = 1.37, 1.79, and 2.15 for Λ = 450, 500, and
600 MeV, respectively, as listed in table 1. See also appendix A.1, where we show how the
results vary when c0 is evolved from unity to the value given in table 1.

The GCM calculations are performed with the twelve Slater determinants (the maximum
value of k is 12) specified by dk from 1.0 to 8.7 fm with the 0.7 fm interval. The same basis
functions are applied to the phase-shift calculations.

3. Results and discussion

3.1. Energies, radii, and phase shifts

In table 2, we list the ground-state energy of 4He, denoted by Eα, computed with the present
setup. The calculated values of Eα are not far from the experimental data [56], except for the
case of Λ = 600 MeV. Note that, Ĥeff with c0 fixed for the ground state of 8Be does not give
the optimal Eα at around ν = 0.26 fm−2. Therefore, the description of 4He must be improved
in a forthcoming work, where Ĥeff will be derived in a fully microscopic way.

In order to address the relative motion of the clusters, we define the relative energy E(Jπ)
of 8Be measured from the α+ α threshold as

E(Jπ) = EBe(Jπ) − 2Eα, (13)

where EBe(Jπ) is the eigenenergy of Ĥeff associated with the total spin and parity Jπ state of
8Be, and Eα listed in table 2 are used.

Figure 1 shows the calculated results of E(0+) as a function of the α–α distance d. The
solid, dashed, and dotted lines are obtained withΛ = 450, 500, and 600 MeV, respectively. One
finds that the energy minimum appears at d ∼ 3.0 fm with the 450 MeV cutoff and d ∼ 3.5 fm
with the other cutoff values. Since the 450 MeV-cutoff potential is less repulsive compared
to that of the higher cutoffs, it describes the more compact ground state of 8Be. In reference
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Table 2. The ground-state energy of 4He calculated with Ĥeff defined by equation (11).
The experimental value given in the rightmost column is taken from reference [56].

Λ = 450 MeV Λ = 500 MeV Λ = 600 MeV Exp

Eα (MeV) −33.0397 −34.3761 −58.6637 −28.2957

Figure 1. The relative energy E(0+) of 8Be measured from the α+ α threshold as a
function of the relative distance between the clusters. The solid, dashed, and dotted lines
are the results obtained with the cutoffs Λ = 450, 500, and 600 MeV, respectively.

[58], it has demonstrated that, if the nucleon–nucleon potential is too repulsive, such energy
minimum is not realized. Thus, we find the current parameterization of Ĥeff properly accounts
for the attraction, and the present results are qualitatively comparable to the results in reference
[58], where the phenomenological Volkov-No. 2 [41] and Tohsaki-F1 [59] interactions are
employed. The energy curves converge to a constant value at large d. This is because E(0+) at
large d, where the nucleon–nucleon interaction between the clusters vanishes, can be estimated
by the center-of-mass kinetic energy, h̄ω/4 ∼ 5 MeV, in addition to the small Coulomb energy.

In figure 2, we compare the low-lying energy spectra of 8Be computed by the GCM with
the experimental values [57] displayed in the left side of the figure. Tuning c0, we obtain the
0+ energies (0.135, 0.146, and 0.050 MeV, respectively for Λ = 450, 500, and 600 MeV) that
coincide well with the measured energy, and the 2+ energies are also consistent with the exper-
imental one. The calculations for the 4+ state overestimate the measured data by a few MeV
and become worse for the higher cutoffs. This is probably due to the failure of the bound-
state approximation of the present model, which cannot describe properly the 4+ state as the
broad resonance. Indeed, as mentioned below, the scattering phase shift of the 
 = 4 state are
reasonably depicted, in particular, with Λ = 450 MeV (see figure 3). We obtain the RMS-
matter radius RM of 8Be(0+) calculated by the GCM as 2.71, 2.76, and 2.79 fm associated
with Λ = 450, 500, and 600 MeV, respectively.

Figure 3 shows the scattering phase shift δ
 with the orbital-angular momentum 
 associated
with the relative motion of the α + α system, as a function of the center-of-mass energy ECM

between the clusters up to 50 MeV. The solid, dashed, and dotted curves are the theoretical
results corresponding to Λ = 450, 500, and 600 MeV, respectively. The experimental δ
 repre-
sented by the circles are taken from reference [67], in which the original data were compiled
from references [60–66]. In figure 3(a), one finds that the three curves slightly underestimate
the data of δ0, whereas the underestimation by the 500 MeV and 600 MeV cutoffs is much
more visible for the 
 = 2 and 4 cases exhibited in figures 3(b) and (c), respectively, indicating
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Figure 2. The low-lying spectra of 8Be, referred to the α+ α threshold. The calculated
levels denoted by Λ = 450, 500, and 600 MeV are compared with the observed data
(Exp) [57] in the left side.

Figure 3. The scattering phase shift of the α+ α system of (a) 
 = 0, (b) 
 = 2, and (c)

 = 4, as a function of the center-of-mass energy. The solid, dashed, and dotted lines,
respectively corresponding to the calculated results with the cutoffs Λ = 450, 500, and
600 MeV, are confronted with the measured data [60–66] represented by the circles.

the lack of the attraction. The 500 MeV- and 600 MeV-cutoff potentials have more contribu-
tions from high momentum components compared to the 450 MeV-cutoff case. In addition,
these higher-cutoff potentials have relatively small components of the momentum less than the
cutoff because of the moderate regulator with small n (see table C2). These characteristics may
lead to better results for Λ = 450 MeV.

Our results on the phase shift are basically consistent with those in reference [67], where
the data were reasonably explained by employing a nucleon–nucleon potential of Hasegawa
and Nagata [68]. This potential was designed to account for the binding energy of 4He and
the α–α scattering phase shift by tuning the even-state attraction of the Tamagaki-A realistic
potential [69].

Let us focus on the ground state of 8Be. Even though the 0+ energies computed with the
three values of Λ are almost equivalent with each other as shown in figure 2, the phase shift
δ0 is significantly sensitive to the detail of the Hamiltonian. Indeed, the Λ dependence of the
scattering states can be clearly seen in the reduced-width amplitude (RWA), y
, expressing the
α–α relative wave function. The detail of calculating y
 can be found in references [70, 71],
and its explicit form is also given in appendix of reference [72]. Figure 4 displays the RWA of

 = 0 multiplied by the relative-cluster coordinate R, as a function of R. The solid, dashed, and
dotted lines correspond to the results with Λ = 450, 500, and 600 MeV, respectively. One finds
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Figure 4. The RWA of the scattering state with the orbital-angular momentum 
 = 0 as a
function of the relative-cluster distance. The solid, dashed, and dotted lines are obtained
using Λ = 450, 500, and 600 MeV, respectively. The thick lines (thin lines) correspond
to ECM = 1 MeV (20 MeV).

that, at ECM = 1 MeV, where the phase shifts associated with the differentΛ are consistent with
each other, the RWAs expressed by the thick lines do not strongly depend on Λ. In contrast, at
ECM = 20 MeV, the deviation of the phase of y0 is visible among the thin lines, in accordance
with the difference appearing in the phase shift. The similar correspondence between the phase
shift and RWA is confirmed for the 
 = 2 and 4 states, although the Λ dependence of the RWA
becomes drastic in these excited states.

3.2. Possible origin of attraction

Since the direct 1π exchange between nucleons inside the different α particles is forbidden,
sources of the attraction in the α-cluster states need to be verified. In order to make the dis-
cussion clear, we put our focus on the ground state of 8Be. We show E(0+) as a function of d
in figure 5, where the solid, dashed, dotted, and dash–dotted lines are obtained with the full
contributions V̂ (N)

i j defined by equation (10), the contacts V̂ (0)
ct + V̂ (2)

ct + V̂ (4)
ct , the 1π-exchange

term V̂ (0)
1π, and the 2π-exchange terms V̂ (2)

2π + V̂ (3)
2π + V̂ (4)

2π, respectively. The corresponding val-
ues of Eα are listed in table 3. We employ c0 given in table 1. As expected, the 1π-exchange
interaction in the α+ α system is crucially repulsive, expressed by the dotted lines. The con-
tact interactions corresponding to the dashed lines are repulsive at small d, but they seem to act
attractively for Λ = 500 and 600 MeV (450 MeV) at d ∼ 4.0 fm (∼3.5 fm), where the energy
minimum is produced, being qualitatively consistent with the results of the full calculations.
How the separated nucleons interact with each other via the contact force is explained later.
The 2π-exchange interactions are strongly attractive, and thus we confirm the assumption [35]
that the main source of the attraction stems from these interactions.

Here, we mention two points; (i) the attraction by the 2π-exchange interactions alone is not
sufficient to explain the ground-state property of 8Be, and (ii) the 2π-exchange interactions of
Λ = 450 MeV behave quite differently from the others. As regards the point (i), the short-range
attraction originating from V̂ (0)

ct plays also an essential role, consistent with the fact that the
energy minimum is realized by the contact interactions alone in figure 5. The attraction by the
LO-contact term is demonstrated in figure 6, where the thick-dashed, thin-solid, thin-dashed,

9
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Figure 5. The relative energy of the 8Be-ground state measured from the α+ α thresh-
old computed with the chiral interaction at N3LO (solid lines), the contact terms (dashed
line), the 1π-exchange term (dotted lines), and the 2π-exchange terms (dash–dotted
lines). The results of the cutoffs Λ = 450, 500, and 600 MeV are shown in the left,
middle, and right panels, respectively.

Table 3. Contributions of each pion-exchange term to the ground-state energy of 4He.
The value of c0 fixed from the full contribution is commonly used.

Λ = 450 MeV Λ = 500 MeV Λ = 600 MeV

Eα (MeV) Full −33.0397 −34.3761 −58.6637
Contacts −22.5984 −16.5547 −33.4038
1π 97.5687 112.8210 125.9402
2π −9.3107 −31.9431 −52.5009

and thin-dotted lines are E(0+) computed with V̂ (0)
ct + V̂ (2)

ct + V̂ (4)
ct (equivalent to the dashed line

in figure 5), V̂ (0)
ct , V̂ (2)

ct , and V̂ (4)
ct , respectively. The values of Eα computed with these terms are

given in table 4. In figure 6, one finds that the behavior of energies are qualitatively independent
of Λ.

The point (ii) is due to the different constituents of the 2π-exchange terms, namely the
N2LO terms V̂ (3)

2π and the N3LO terms V̂ (4)
2π, since the LECs ci of Λ = 450 MeV are different

from those of higher Λ (see table C2). To see this clearly, we show in figure 7 a breakdown of
the 2π contributions to E(0+), computed with V̂ (2)

2π + V̂ (3)
2π + V̂ (4)

2π, V̂ (2)
2π, V̂ (3)

2π, and V̂ (4)
2π, respec-

tively represented by the thick-dash–dotted, thin-solid, thin-dashed, and thin-dotted lines. The
corresponding calculations for 4He result in Eα given in table 4. One finds that, independently
of Λ, V̂ (3)

2π is attractive accounting for the intermediate-range attraction of the nuclear force
as we know [38], while V̂ (4)

2π acts repulsively as comparable as V̂ (0)
1π. With decreasing Λ, the

repulsion by V̂ (4)
2π becomes modest, but the attraction by V̂ (3)

2π is also suppressed, resulting in
the less-attractive interaction totally of the 2π-exchange contributions V̂ (2)

2π + V̂ (3)
2π + V̂ (4)

2π. The
contact terms at LO, V̂ (0)

ct , is another source of the attraction as shown in figure 6, but it is
not enough to compensate a loss of attraction in V̂ (3)

2π of Λ = 450 MeV. The full results are
obtained by summing up all individual contributions coherently, and thus, the interference
through such a coherent process brings about the whole interaction V̂ (N)

i j showing relatively

10
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Table 4. A breakdown of the contact and 2π terms contributing to Eα.

Λ = 450 MeV Λ = 500 MeV Λ = 600 MeV

Eα (MeV) Contact at LO V̂ (0)
ct −124.4714 −155.1972 −200.8181

Contact at NLO V̂ (2)
ct 144.9496 187.2175 212.5949

Contact at N3LO V̂ (4)
ct 55.6226 50.1244 53.5186

2π at NLO V̂ (2)
2π 59.8968 62.7673 66.0032

2π at N2LO V̂ (3)
2π −78.6510 −127.9064 −173.1798

2π at N3LO V̂ (4)
2π 108.1427 131.8953 153.3750

Figure 6. The contact-term contributions to E(0+). The thick-dashed, thin-solid, thin-
dashed, and thin-dotted lines correspond to the results obtained with V̂ (0)

ct + V̂ (2)
ct + V̂ (4)

ct ,
V̂ (0)

ct , V̂ (2)
ct , and V̂ (4)

ct , respectively, for the case of (a) Λ = 450 MeV, (b) Λ = 500 MeV,
and (c) Λ = 600 MeV.

weak Λ dependence. Since E(0+) computed with the contact interactions has the minimum
point reasonably, we also investigate the behavior of the phase shift calculated with the con-
tacts alone. Figures 8(a)–(c) show δ0 computed with Λ = 450, 500, and 600 MeV, respectively.
The thick lines are obtained by the full calculations including up to the N3LO contributions,
while the dashed lines correspond to the results of the contact terms. In figure 8(a), the two
lines qualitatively agree with each other, although the contact contributions are less attrac-
tive, as deduced also from figure 5(a). The gross behavior of the dashed curves in figures 8(b)
and (c) is not far from that of the solid line, but we can find a distinguished difference at low
ECM; an unphysical peak appears around ECM ∼ 1.5 MeV. This is due to the poor reproduction
of E(0+), which essentially determines the phase shift at lower-scattering energies. Indeed,
with the contact terms alone, the GCM calculations result in E(0+) = −0.0344, 1.1130, and
1.1029 MeV for Λ = 450, 500, and 600 MeV, respectively.

In conclusion, we can state that the attraction between nucleons in theα-cluster states seems
to originate dominantly from the 2π-exchange terms, and the contact forces also plays an
important role; V̂ (3)

2π and V̂ (0)
ct are attractive but the other terms are repulsive. An intuitive picture

to explain how the contact interactions contribute to a pair of separated nucleons in the clus-
ter states of 8Be is shown in figure 9. The two clusters are located having the relative distance
∼3.0–3.5 fm, as illustrated by the red circles. The Brink model we adopt describes the nucleon

11
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Figure 7. Same as figure 6, but for the 2π contributions, and now the thick-dash–dotted,
thin-solid, thin-dashed, and thin-dotted lines are obtained by adopting V̂ (2)

2π + V̂ (3)
2π +

V̂ (4)
2π, V̂ (2)

2π, V̂ (3)
2π, and V̂ (4)

2π, respectively.

Figure 8. The phase shift of α + α scattering with 
 = 0 computed with the chi-
ral interaction at N3LO (solid lines) and the contact terms alone (dotted lines) for
(a) Λ = 450 MeV, (b) Λ = 500 MeV, and (c) Λ = 600 MeV.

distribution by the Gaussian-wave packets, the range of which is about 2 fm, corresponding
to ν = 0.26 fm−2. The two wave packets, φ1 and φ2, which are settled at the center of each
cluster, overlap as expressed by the shadow. Thus, we find that, even if the two clusters are sep-
arated from each other, nucleons can interact through the contact forces in the overlap region,
besides the main contribution of the attraction by the 2π-exchange interactions. In Ref. [35],
where the 2π-exchange interaction was assumed to be a source of the attraction, the authors
did not consider the short-range attraction. Instead, they used the short-ranged-repulsive inter-
action expressed by a Gaussian function of the range ∼0.4 fm. Although their assumption is
consistent with our outcome, such modeling of the nuclear force seems to result in a picture
different from that of the chiral EFT. In reference [32], the chiral interactions at only LO are
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Figure 9. Intuitive picture explaining the mechanism how separated nucleons interact
with each other via the contact force. Twoα particles are illustrated as the red circles, and
the nucleon-wave packets, φ1 and φ2, have the overlap region expressed by the shadow.
See the text for detail.

included in the nuclear-lattice EFT, by which the simulations of the eight-nucleon system rea-
sonably explained the α–α phase shift in the low-energy region. The contact-origin attraction
they adopted is not in contradiction with our consequence.

At the end of this section, we mention the relationship between the chiral EFT and the con-
ventional meson theory of nuclear forces [73, 74], since it can support our results. Both theories
provide high-precision nuclear potentials, which are quantitatively equivalent, and hence, there
is the correspondence between them. The 1π-exchange contribution is common but the other
contributions are not bijection between both theories. Roughly speaking, the σ-exchange con-
tribution in the meson theory responsible for the intermediate-range attraction is fragmented
into the 2π-exchange terms order by order in the chiral EFT, indicating that 2π-exchange con-
tributions V̂ (2)

2π + V̂ (3)
2π + V̂ (4)

2π totally would be attractive. Similarly, theω-exchange contribution
characterizing the repulsive core at short distances corresponds naively to the chiral-contact
terms order by order [38], and thus we expect V̂ (0)

ct + V (2)
ct + V̂ (4)

ct would be repulsive at short dis-
tances. These correspondences are consistent with our results, although, as mentioned above,
they are not bijection completely. Hence, one of the 2π-exchange (contact) contributions can
be repulsive (attractive), as confirmed by our calculations.

4. Summary and perspectives

With the aim of searching the possible source of the attraction in the cluster states of 8Be, we
have phenomenologically prepared the effective interaction originating from the chiral EFT,
which can classify the pion-exchange contributions order by order. Although we have intro-
duced the phenomenological prefactor into the chiral potential, the LECs are unchanged, and
thus the relative contributions of each term of the chiral interaction remain realistic.

Adopting the Brink model, the relative energy of 8Be measured from the two-α threshold
has been calculated and it has found to have a minimum point around 3.0 to 3.5 fm of the α–α
relative distance. Performing the GCM calculations with respect to the relative-cluster distance
as the generator coordinate, we have computed the low-lying energy spectra and the scattering
phase shift, which are satisfactorily comparable to the experimental data.
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We have investigated the individual contributions of the pion-exchange interactions at each
chiral-expansion order, and found that the 2π-exchange terms can be a dominant source
of the attraction in the ground state of 8Be, confirming the assumption of the previous
work [35]. However, the short-range attraction originating from the contact terms in addi-
tion to the 2π-exchange interactions is also the important mechanism relevant to the α-cluster
states.

Our outcome in the present paper is not based on a fully microscopic approach, and therefore
further investigation is necessary, since (I) we have introduced a phenomenological prefactor,
and (II) the three-nucleon force and the tensor-force effect are disregarded. To overcome the
point (I), we are now working on constructing cluster models based on the Brueckner theory to
microscopically drive the effective Hamiltonian starting from the chiral interaction. It will be
interesting to investigate whether the individual contributions of the chiral interaction remain
unchanged in the effective interaction after solving the Bethe–Goldstone equation with the
original force. The formalism of the two-body MEs reported in the present article is applicable
to such models. In parallel with the construction of the realistic cluster model with the chiral
interaction, in order to tackle the point (II), we will take into account the chiral three-nucleon
force at N2LO [37, 38, 75, 76], which is dominated by the 2π-exchange terms, contributing to
the tensor force. As demonstrated in reference [77] the chiral three-nucleon force acts attrac-
tively in the p-shell nuclei including 8Be, while the two-body tensor force provides repulsive
effect [50, 51]. The interplay between them in the cluster states of 8Be needs to be clarified to
draw a robust conclusion on the origin of the attraction on such states.
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Appendix A. Investigation of parameter dependence

A.1. Global prefactor

Here, we discuss how the results depend on the variation of c0 from unity to the value fixed from
the relative energy of the 8Be-ground state, listed in table 1. Figure A1 displays E(0+) as a func-
tion of d computed with each term of the interaction of Λ = 450 MeV. In figures A1(a)–(d),
where the legends are same as those in figure 5, c0 is varied gradually from 1.00 to 1.37. Inde-
pendently of c0, we can draw the conclusion as in section 3.2, i.e. the 2π-exchange interaction
plays a dominant role for the attraction for the cluster state, the 1π-exchange interaction is
strongly repulsive, and the contact interaction acts attractively at d ∼ 3.5 but basically repul-
sive at the short distances. Note that the corresponding energies of 4He is listed in table A1.
Figures A1(e)–(h) represent the c0 dependence of E(0+) for the full contribution, contact
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Figure A1. The c0 dependence of E(0+) of 8Be for the Λ = 450 MeV case. (a)–(d) The
solid, dashed, dotted, and dash–dotted lines are obtained with the full, contact, 1π, and
2π contributions, respectively. (e)–(g) Thick lines correspond to the results of c0 = 1.37,
while thin-solid, thin-dashed, and thin-dotted lines are those of c0 = 1.00, 1.10, and 1.20,
respectively. See text for details.

Table A1. The calculated ground-state energy of 4He with Λ = 450 MeV when c0 varies
from unity to 1.37 fixed from the relative energy of the 8Be-ground state.

c0 Full Contacts 1π 2π

1.00 Eα (MeV) −10.7886 −3.1672 84.5460 6.5319
1.10 −16.8024 −8.4189 88.0657 2.2501
1.20 −22.8162 −13.6706 91.5853 −2.0317
1.37 −33.0397 −22.5984 97.5687 −9.3107

terms, 1π-exchange term, and 2π-exchange terms. The thick lines are the results of c0 = 1.37,
while those of c0 = 1.00, 1.10, and 1.20 are the thin-solid, thin-dashed, and thin-dotted lines,
respectively. These lines are fragmented into figures A1(a)–(d); the thin-solid, thin-dashed,
thin-dotted, and thick lines in figure A1(e) are equivalent to the solid lines in figuress A1(a)–(d),
respectively, and similar for the other lines in figuress A1(f)–(h). One sees that the energies
associated with each contribution vary gradually with respect to the evolution of c0.

We confirmed numerically that the similar results are obtained for Λ = 500 and 600 MeV,
even though the range of the c0 variation is rather large compared to the 450 MeV-cutoff case.
Thus we confirm that our conclusion is robust against the variation of c0.

A.2. Gaussian-range parameter

To investigate the ν dependence of E(0+), we perform the calculations with ν = 0.24, 0.26, and
0.28 fm−2. When ν is changed, c0 also needs to be modified slightly to describe the measured
value of the relative energy of 8Be. For Λ = 450 MeV, we obtain E(0+) computed by the
GCM as 0.0453, 0.135, 0.122 MeV with (ν, c0) = (0.24 fm−2, 1.36), (0.26 fm−2, 1.37), and
(0.28 fm−2, 1.39), respectively.
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Figure A2. The ν dependence of E(0+) of 8Be for the Λ = 450 MeV case. The solid,
dashed, dotted, and dash–dotted lines are respectively the results for the full, contact,
1π, and 2π contributions with ν = 0.26 fm−2. The filled areas associated with each line
are obtained when ν varies from 0.24 to 0.28 fm−2. See text for details.

Table A2. The ground-state energy of 4He calculated with Λ = 450 MeV for different
values of ν.

ν(fm−2) Full Contacts 1π 2π

0.24 Eα (MeV) −31.0406 −24.9839 87.2218 −2.1090
0.26 −33.0397 −22.5984 97.5687 −9.3107
0.28 −35.2337 −19.2930 108.6771 −18.3912

Figure A2 shows E(0+) of 8Be as a function of d computed with Λ = 450 MeV. The legends
are same as those of figure 5 but now the lines have the bands. The lines correspond to the
result with ν = 0.26 fm−2, as those in figure 5(a). The calculations with ν = 0.24 fm−2 (ν =
0.28 fm−2) determine the lower (upper) limits of the band of the full, contact, and 1π cases for
small d, while they oppositely results in the upper (lower) limits for the 2π case. A breakdown
of Eα computed with different ν is listed in table A2.

One finds from figure A2 that our conclusion drawn in section 3.2 remains unchanged even
when ν varies; the 2π-exchange contribution is a dominant source of the attraction, the 1π-
exchange one gives strong repulsion, and the contacts bring about the nonnegligible attraction
at the intermediateα–α distances with mainly repulsive nature. Similar numerical calculations
confirmed that the variation of ν does not affect our conclusion even for the other Λ.

Appendix B. Formulation of two-body matrix elements

B.1. General expression of matrix elements

We derive the two-body MEs of equation (10) with the antisymmetrized two-body states
defined by
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|i jab〉A =
1√
2

[
|φiχa〉|φ jχb〉 − |φ jχb〉|φiχa〉

]
. (B.1)

Owing to the spin and isospin saturation in the Brink model, only the central-force contri-
butions of V̂ (N)

i j remain, and thus all the antisymmetrized two-body MEs are reduced to the
form,

4∑
a=1

4∑
b=1 A

〈
klab

∣∣∣V̂ (nχ)
X

∣∣∣ i jab
〉

A

= Ai jkl

∑



(−)
P
(xi jkl)

×
∫∫

dpdp′ p2 p′2g(p, p′)un

(
p, p′

)
j

(
ri jp

)
j

(
rkl p

′)M(nχ)
X;


(
p, p′

)
. (B.2)

Here the symbol X is a representative for each pion-exchange contribution (X = ct, 1π, or 2π),
and M(nχ)

X;
 is the multipole-expansion (MPE) function, the explicit form of which is given in
appendix B.2. The center-of-mass contribution is factored out as Ai jkl defined by

Ai jkl =
1

(πν)
3
2

exp
[
−ν

(
Ri j − Rkl

)2
]

, (B.3)

Ri j =
1
2

(
Ri + R j

)
. (B.4)

Two nucleons interact with each other characterized by the relative momentum p (p′) in the
initial channel (final channel), associated with the orbital-angular momentum 
. We define the
relative vector,

ri j = Ri − R j, (B.5)

and its magnitude ri j, which appears in the argument of the spherical Bessel function j
, is
equivalent to the cluster distance d introduced in section 2.1. The Legendre polynomial P
 has
the argument xi jkl defined by

xi jkl =

⎧⎪⎨
⎪⎩

1 (i = j and/or k = l),

cos θi jkl =
ri j · rkl

ri jrkl
(i 
= j and k 
= l),

(B.6)

with the angle θi jkl between the vectors ri j and rkl. The function g is given by

g(p, p′) = exp

[
− 1

2ν

(
p2 + p′2

)]
, (B.7)

while the regulator un has the nonlocal form [38] as

un

(
p, p′

)
= exp

[
−
( p
Λ

)2n
−
(

p′

Λ

)2n
]

, (B.8)

with the cutoff momentum Λ.
Equation (B.2) is the expression relevant to the calculations before the angular-momentum

projection. To perform the angular-momentum projection by equation (7), we need to rotate
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the two-body states |i jab〉A. As a result, we just have to transform the vectors Ri j and
ri j as

Ri j → R(R)
i j =

1
2

[
R̂(Ω)Ri + R̂(Ω)R j

]
, (B.9)

ri j → r(R)
i j = R̂(Ω)Ri − R̂(Ω)R j. (B.10)

The spin states are invariant under the spin-space rotation within the Brink model presuming
the spin-singlet-nucleon pairs. Furthermore, we do not need to rotate the vectors Rkl and rkl

associated with the bra states, since the Hamiltonian we employ is rotationally invariant.
Note that it is necessary to multiply the conventional chiral potential [38] by 1/(2π)3, orig-

inating from our convention of the normalization, 〈p|p′〉 = δ(p− p′). See references [78, 79]
for similar prefactors involved in the chiral three-nucleon potential.

B.2. Multipole-expansion function

The potential of the chiral interaction defined in the momentum space depends on pand p′ [38],
or equivalently the magnitude of the transferred momentum q and the average momentum Q,
respectively defined by

q = p′ − p, (B.11)

Q =
1
2

(
p + p′) . (B.12)

We perform the MPE with respect to x = cos θ with the angle θ between p and p′. Note that
we do not need to perform the MPE for the contact terms, while for the long-range terms, we
need to do so. More explicitly, for the former, the angular integration in the MPE function can
be done analytically owing to the absence of the pion propagator. However, for the latter, the
pion propagator prevents from performing the integration analytically, and therefore numerical
integration is necessary.

The LECs involved in the MPE functions defined below are explicitly given in appendix C.
Let us start to write the MPE function of the contact terms at LO as

M(0)
ct;


(
p, p′

)
=

4
π

[
Cpp

S + Cnn
S + 4Cnn

S − 3
(
Cpp

T + Cnn
T

)]
δ
0, (B.13)

where the LECs CS and CT depend on the nucleon charge. Obviously there is only the s-wave
contribution here, and it is natural since 
 contributing to the pure contact terms at LO should
be zero.

The next term is the 1π-exchange contribution at LO, the MPE function of which reads,

M(0)
1π;


(
p, p′

)
=

6
π

(
gA

fπ

)2

̂2

2

∫ 1

−1
dx P
(x)

q2

q2 + m2
π

, (B.14)

where gA, fπ, and mπ are the axial vector coupling constant, the pion-decay constant, and
the average pion mass, respectively. Their values, the average nucleon mass mN as well, are
summarized in appendix C. We adopt the abbreviation 
̂ =

√
2
+ 1.

At NLO of the contact terms, the p wave starts to contribute as

M(2)
ct;


(
p, p′

)
=

2
π

[
(12C1 + 3C2 − 12C3 − 3C4 − 4C6 − C7) (p2 + p′2)δ
0

+ 2 (20C1 − 5C2 + 12C3 − 3C4 + 4C6 − C7) pp′δ
1
]

, (B.15)
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where Ci are the LECs.
The MPE function of the 2π-exchange terms at NLO is expressed by

M(2)
2π;


(
p, p′

)
=

1
(2π)3 f 4

π


̂2

2

∫ 1

−1
dx P
(x)

[
W (2)

C (q, Q) + V (2)
S (q, Q)

]
, (B.16)

W (2)
C (q, Q) =

1
2

L(q)
[
4m2

π

(
5g4

A − 4g2
A − 1

)
+ q2

(
23g4

A − 10g2
A − 1

)
+ 48g4

Am4
πw

−2
]

, (B.17)

V (2)
S (q, Q) = −6g4

Aq2L(q), (B.18)

and

L(q) =
w

q
ln

w + q
2mπ

, (B.19)

w =
√

4m2
π + q2. (B.20)

At N2LO we have

M(3)
2π;


(
p, p′

)
=

3g2
A

(4π)2 f 4
π


̂2

2

∫ 1

−1
dx P
(x)

[{
4(−)
 − 1

}
V (3)

C (q, Q)

+ W (3)
C (q, Q) + V (3)

S (q, Q) + W (3)
S (q, Q)

]
, (B.21)

V (3)
C (q, Q) = 8

[
g2

Am5
π

16mNw2
−
{

2m2
π (2c1 − c3) − q2

(
c3 +

3g2
A

16mN

)}
w̃2A

× (q) − g2
A

16mN

{
mπw

2 + w̃4A(q)
}]

, (B.22)

W (3)
C (q, Q) = − 1

mN

[
3g2

Am5
πw

−2 −
{

4m2
π + 2q2 − g2

A

(
4m2

π + 3q2
)}

w̃2A(q)

+ g2
A

{
mπw

2 + w̃4A(q)
}]

, (B.23)

V (3)
S (q, Q) =

g2
A

2mN

[
3q2w̃2A(q) + q2

{
mπ + w2A(q)

}]
, (B.24)

W (3)
S (q, Q) = −8

[
q2A(q)

{(
c4 +

1
4mN

)
w2 − g2

A

8mN

(
10m2

π + 3q2
)}

+
g2

A

8mN
q2

{
mπ + w2A(q)

}]
, (B.25)

with the LECs ci, and

A(q) =
1

2q
arctan

q
2mπ

, (B.26)

w̃ =
√

2m2
π + q2. (B.27)

The contact terms at N3LO is characterized by
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M(4)
ct;


(
p, p′

)
=

1
π

[(
24D1 +

3
2

D2 − 24D5 −
3
2

D6 − 8D11 −
1
2

D14

)

×
{

(p2 + p′2)2 +
4
3

p2 p′2
}
δ
0

+ (6D3 + 4D4 − 6D7 − 4D8 − 2D12 − 2D13) ×
{

(p2 + p′2)2 − 4
3

p2 p′2
}
δ
0

+ 4

(
40D1 −

5
2

D2 + 24D5 −
3
2

D6 + 8D11 +
1
2

D14

)
pp′(p2 + p′2)δ
1

+
8
3

(
24D1 +

3
2

D2 − 6D3 − 4D4 − 24D5 −
3
2

D6 + 6D7 + 4D8 − 8D11

+ 2D12 + 2D13 −
1
2

D14

)
p2 p′2δ
2

]
− 1

15π

[{
16(−)
 − 4

}
D4 − 12D8

]

×
2∑

Λq=0

2∑
ΛQ=0

(−)ΛQ ̂2−Λq ̂2−ΛQ

[(
5

2Λq

)(
5

2ΛQ

)]1
2 (

Λq0ΛQ0|
0
)

×
(
2−Λq, 0, 2−ΛQ, 0|
0

){ Λq 2−Λq 2
2−ΛQ ΛQ 


}
pΛq+ΛQ p′4−Λq−ΛQ

+
288
π

D15

∑
Lq=0,2

(
−1

2

)Lq(
1010|Lq0

)2
{

1 1 1
1 1 Lq

}

×
Λq∑

λq=0

ΛQ∑
λQ=0

(−)λQ ̂Lq−λq ̂Lq−λQ

[(
2Lq + 1

2λq

)(
2Lq + 1

2λQ

)]1
2

×
∑
λK

(
λq0λQ0|λ0

) (
Lq−λq, 0, Lq−λQ, 0|λ0

) (
λ0 K0|
0

)2

×
{

λq Lq−λq Lq

Lq−λQ λQ λ

}
pλq+λQ p′ 2Lq−λq−λQ

×
[

1
4

[{(
p2 + p′2

)2 − 4
3

p2 p′2
}
δK0 −

8
3

p2 p′2δK2

]
δLq0 + δK0δLq2

]
, (B.28)

where Di are the LECs and the binomial coefficient is defined by

(
n1

n2

)
=

n1!

(n1 − n2)!n2!
. (B.29)

As regards the 2π-exchange terms at N3LO, it is convenient to classify the MPE function
into the c2

i , ci/mN, m−2
N , and two-loop (2L) terms [38];

M(4)
2π;


(
p, p′

)
= M(c2

i )
2π;


(
p, p′

)
+M(ci/mN)

2π;


(
p, p′

)
+M(m−2

N )
2π;


(
p, p′

)
+M(2L)

2π;


(
p, p′

)
. (B.30)
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Then, the MPE of the c2
i terms reads

M(c2
i )

2π;


(
p, p′

)
=

1
2π3 f 4

π


̂2

2

∫ 1

−1
dx P
(x)

[{
4(−)
 − 1

}
V

(c2
i )

C (q, Q) + W
(c2

i )
S (q, Q)

]
, (B.31)

V
(c2

i )
C (q, Q) = 3L(q)

[(c2

6
w2 + c3w̃

2 − 4c1m2
π

)2
+

c2
2

45
w4

]
, (B.32)

W
(c2

i )
S (q, Q) = c2

4q2w2L(q), (B.33)

while that of the ci/mN terms is given by

M(ci/mN)
2π;


(
p, p′

)
= − 1

(2π)3mN f 4
π


̂2

2

∫ 1

−1
dx P
(x)

×
[{

4(−)
 − 1
}

V (ci/mN)
C (q, Q) + W (ci/mN)

C (q, Q) + W (ci/mN)
S (q, Q), (B.34)

V (ci/mN)
C (q, Q) = 2g2

AL(q)
[
(c2 − 6c3)q4 + 4(6c1 + c2 − 3c3)q2m2

π

+ 6(c2 − 2c3)m4
π + 24(2c1 + c3)m6

πw
−2
]

, (B.35)

W (ci/mN)
C (q, Q) = −c4q2L(q)

[
g2

A

(
8m2

π + 5q2
)
+ w2

]
, (B.36)

W (ci/mN)
S (q, Q) = 2c4q2L(q)

[
g2

A

(
16m2

π + 7q2
)
− w2

]
. (B.37)

The m−2
N terms have the MPE function of the form,

M(m−2
N )

2π;


(
p, p′

)
= − 1

(2π)3m2
N f 4
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, (B.39)
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N )
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V
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N )
S (q, Q) = −4g4

Aq2L(q)

[
Q2 +

5
8

q2 + m4
πw
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, (B.41)
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W
(m−2

N )
S (q, Q) = −1
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q2L(q)
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4g4

A

(
7m2

π +
17
4

q2 + 4m4
πw

−2

)
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Lastly, we write the MPE function of the 2L terms as

M(2L)
2π;
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V (2L)
S (q, Q) = −64g2

A f 2
π

(
d̄14 − d̄15

)
q2w2L(q), (B.47)

W (2L)
S (q, Q) = 3g4

Aq2w2A(q)
[
w2A(q) + 2mπ

(
1 + 2g2

A

)]
, (B.48)

where d̄i are the LECs.

Appendix C. Constants

The constants necessary for the ME calculations are the average nucleon mass mN, the aver-
age pion mass mπ, the pion-decay constant fπ, the axial vector coupling constant gA, and
LECs

(
CS, CT, Ci, Di, ci, and d̄i

)
, as well as the regulator parameters (the exponent n and the
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Table C1. The average masses (mN and mπ) and the pion-decay constant fπ are in units
of MeV, while the axial vector coupling constant gA is dimensionless.

mN mπ fπ gA

938.9187 138.0394 92.4 1.29

Table C2. The regulator parameter n and the LECs for three sets of Λ. The LECs ci and
d̄i involved in the 2π-exchange terms are respectively in units of GeV−1 and GeV−2,
while CS and CT at LO having the charge dependence are in units of 104 GeV−2. The
LECs Ci at NLO and Di at N3LO are in units of 104 GeV−4 and 104 GeV−6, respectively.

Λ = 450 MeV Λ = 500 MeV Λ = 600 MeV

n

1π term 4 4 4
LO contacts 3 3 3

All other terms 3 2 2
c1 −0.81 −0.81 −0.81
c2 3.28 2.80 2.80
c3 −3.40 −3.20 −3.20
c4 3.40 5.40 5.40
d̄1 + d̄2 3.06 3.06 3.06
d̄3 −3.27 −3.27 −3.27
d̄5 0.45 0.45 0.45
d̄14 − d̄15 −5.65 −5.65 −5.65
Cpp

S −0.011 603 −0.009 991 −0.009 943
Cnn

S −0.011 610 −0.010 011 −0.009 949
Cnp

S −0.011 619 −0.010 028 −0.009 955
Cpp

T 0.000 229 0.000 523 0.000 695
Cnn

T 0.000 236 0.000 543 0.000 701
Cnp

T 0.000 245 0.000 561 0.000 707
C1 0.055 936 0.051 949 0.046 433
C2 0.092 976 0.163 34 0.174 354
C3 −0.003 346 0.003 249 0.006 562
C4 −0.045 017 −0.048 954 −0.050 066
C5 −0.072 187 −0.075 081 −0.086 978
C6 −0.004 651 −0.013 343 −0.013 639
C7 −0.173 839 −0.225 500 −0.214 188
D1 0.027 479 −0.016 761 −0.026 710
D2 2.573 138 2.478 838 3.054 553
D3 1.773 384 0.915 937 0.100 079
D4 −1.735 485 −0.810 894 −0.047 571
D5 0.132 598 0.144 506 0.131 379
D6 1.810 399 1.324 597 1.324 064
D7 0.608 374 0.103 610 0.236 467
D8 −0.512 382 −0.189 115 −0.268 515
D9 −0.462 892 −0.547 244 −0.633 636
D10 1.717 083 2.502 115 2.152 571
D11 −0.123 624 −0.129 033 −0.154 661
D12 −0.069 623 0.110 915 −0.121 515
D13 −0.101 480 −0.012 318 −0.010 343
D14 −0.916 369 −1.368 423 −0.860 344
D15 −0.051 120 0.147 177 −0.013 131
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cutoff Λ). These constants are listed in tables C1 and C2. We employ natural units in which
one assumes h̄ = 1 and c = 1.

The LECs of Λ = 500 and 600 MeV are taken from reference [38]. Note that the LECs Di

listed in table F.1 of reference [38] are slightly modified because n = 2 is now used consistently
for all fourth order contact terms [80]. The new values of Di are given in table C2. We also
test the lower-cutoff parameters, Λ = 450 MeV [54, 55], which are now represented by the
partial-wave-independent expression [80].
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[1] Bandō H, Nagata S and Yamamoto Y 1970 Prog. Theor. Phys. 44 646–62
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