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Abstract

In a generalized longitudinal strong focusing (GLSF) ap-
proach employed in steady-state microbunching (SSMB)
storage rings, the objective is to achieve complete cancella-
tion of modulations by ensuring that a particle’s longitudinal
position remains unchanged after passing through both mod-
ulators. This requires effective control over the deviation
in longitudinal position, which arises from lattice nonlin-
earities. This paper derives analytical formulations for the
mean and standard deviation of the particle position devia-
tion, expressed in terms of the beam and lattice-dependent
parameters. The aim is to provide valuable insights into
the system’s behavior and enable optimization of the GLSF
unit’s performance.

INTRODUCTION

Steady-state microbunching (SSMB) [1-4] storage rings
have emerged as a promising candidate solution for high-
average-power extreme-ultraviolet (EUV) light sources. In
principle, SSMB rings are capable of producing nanometer-
long bunches on a turn-by-turn basis, which is a desirable
feature for coherent EUV radiation generation. The ability of
SSMB to generate ultrashort bunches is enabled by the use of
laser modulators with modulation wavelengths significantly
shorter than RF cavities employed in conventional storage
ring systems.

The generalized longitudinal strong focusing (GLSF) ap-
proach [5, 6] has been proposed as an insertion unit within
the SSMB storage ring, with the aim of further reducing the
achievable bunch length at the radiator location. The mech-
anism is to leverage the ultra-low vertical eigen-emittance
inherent to SSMB storage rings, and project it, rather than
the longitudinal eigen-emittance, onto the bunch length at
the radiation spot through deliberate vertical-longitudinal
coupling.

In a typical layout of a GLSF unit, there are four vertically
dispersive lattice segments, denoted as parts 1-4 accordingly,
with two laser modulators, MOD1 and MOD2, as demon-
strated in Fig. 1. Bunch compression is achieved through
the coupling manipulation of part 1, MODI1, and part 2.
Given that the SSMB mechanism operates on a turn-by-turn
eigen-state basis, the beam status must be recovered to an
uncoupled and unmodulated state after radiation and prior
to being returned to the storage ring. Accordingly, part 3
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is introduced to form, together with part 2, an isochronous
achromat that is transparent in the longitudinal dimension,
such that MOD2 can directly cancel the impact imposed
on the beam by MOD1 through opposite modulation. And
finally, part 4 addresses any residual vertical-longitudinal
coupling effects.

The modulation cancellation process functions effectively
within the realm of linear beam dynamics. However, when
accounting for the nonlinear effects arising from the lattice
between the laser modulators, the prospect of perfect cancel-
lation can be compromised by the deviation in longitudinal
particle positions. This deviation can lead to residual energy
spread, which may then degrade the beam dynamics. To
address this issue, a straightforward approach is to perform
particle tracking and quantify the deviation through statis-
tical analysis. However, this can be time-consuming and
require substantial computational resources, as the particle
count may be considerable to achieve the desired precision
in the statistical results.

The paper proposes an analytical approach to obtain the
longitudinal deviation arising from nonlinear effects. It first
establishes the connection between the deviation and the par-
ticle coordinates at the entry of the lattice of interest via the
second-order Taylor-map coefficients. Then, by calculating
the second- and fourth-order beam moments at the lattice
entrance, the mean and standard deviation of the longitudi-
nal deviation can be derived. These turn out to be functions
of beam parameters, such as emittances and natural energy
spread, as well as lattice-dependent parameters, including
the Taylor-map coefficients and Courant-Snyder functions.
This analytical methodology can avoid the need for exten-
sive particle tracking, while directly providing the result.
Furthermore, the analytical expression of the longitudinal
deviation induced by lattice nonlinearity delivers valuable
insights into beam dynamics of the system. We believe this
approach can also be applied to various research concerning
lattice nonlinear effects.

METHODOLOGY

The nonlinear behavior of a lattice segment can be char-
acterized by the Taylor-map representation, which takes the
following mathematical form:

A oy = Z Tkl inUi_in (i.j,k=1,--,6) (1)
iE
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Figure 1: GLSF unit layout and modulation cancellation
components (yellow dashed box)

In this representation, u; through u¢ denote the particle

coordinates (x, x, y, ¥, z, 8), respectively. The subscripts
_inand g, denote the entry and exit of the lattice segment of

interest. 7 are the Taylor-map coeflicients, which specify
the contrlbutlon of the product of coordinates u; and u;, at
the lattice entry to the coordinate u; at the lattice exit.

Returning to the issue of GLSF modulation cancellation,
the lattice segment of interest is situated between MOD1
and MOD2, as marked by the yellow dashed box in Fig. 1.
Its entry is denoted as s5. The key particle coordinate at
the exit of this lattice segment is the nonlinear deviation Az,
whose statistical properties, specifically the mean (Az) and
standard deviation o »,, are of importance.

The workflow of this analytical method can then be sum-
marized as follows:

» Express Az in terms of the particle coordinates at s,
using the Taylor-map representation.

* Derive the expressions for (Az) and o 4.

* Evaluate the 2nd and 4th-order beam moments at s,
and substitute them into (Az) and o », expressions.

* Sort expressions for (Az) and o , by beam parameters,

namely €,, €y, 05, @S well as h.
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Here, ¢, and ¢, denote the horizontal and vertical eigen-
emittances, while o 5 represents the natural energy spread.
And h is the modulation strength of MOD1. The first three
steps of the workflow are covered here, while the results of
the final step are demonstrated in the following section.

For a lattice segment with vertically bending magnets, the
nonlinear deviation Az can be expressed as:

_ 2 ’ 2 2 ’
Az = Tsyyxx + 2T 55 x5 X5 + Tsp0Xx" + Ts33Va + 2T543YAY4

+ Tsa4yi2 + 2T563Y08a + 2T564YA04 + Ts660

@)
Then for (Az) and o5, = ((Az)z) — (AZ)2, there are:
(Az) = Tsy 1 (x3) + 2T 501 (xaxp) + Tspa(X7)
+ Ts33(03) + 2T543 (YY) + Tsaa(yi) (3

+2T563(Ya84) + 2T564(YA8 ) + Ts66(52)

0. = T3, ((x*) = (x%)?) +4T5; 1 Tspy ((3x") = (x?)(xx"))
+ 2751 Tspo ((62X72) — (x2)(x"2)) +4T2, ((x2x"?) - (xx")?)

+ T2, (X" - (x’z) ) + 4T 55, Tsnon ((xx"3) = (xx")(x"?))

+ 2T Ts33 ((x%y?) — (x2 )( 2)) + 2T 511 Tsaq ((X2y'2) = (x2)(y"2))

+ 4751, Ts43 ((xzyy )— < YY) + 2Ts11Tse6 ((x78%) = (x%)(87))

+ 47511 Tse3 ((%y8) - 8)) +4Ts1 1 Tses (X% 8) = (x*)(y'6))

+ 47551 Ts33 (¢xx'y?) = (xx ) %)) +4Ts21 Tsgq ((xx'y"2) = (xx")(y"?))
+ 87521 Tsaz ((xx"yy") = (xx")(yy")) + 4T551 Tsee ((xx”82) = (xx")(82))
+ 8755 Ts3 ((xx’ y5 (xx )(y5>) + 8551 Tseq ((xX"y'8) = (xx")(y' 8))
+ 2755, Ts33 ((x7? ¥?2)) + 2T 505 Tsaq ((X72"2) = (x"2)(y2))
+4T5p,T543 ((XQW ><W )) + 2T 555 566 ((X'28%) = (x"?)(87))

+4T5p;Ts63 ((x"2y8) — '2)(y6)) +4T52,Ts64 ((X"2Y'8) —
+T355 (0" = (0)?) + 4Ts33Ts43 (PY) = 2 0))

+ 47345 (P2 = (0")%) + 2Ts533Ts44 (7Y ) = 7))
+ T3s (') = (9%)%) + 4T 543 Tsa0 (097 = (09" )0"2))

()’ 8))

+4T533T563 ((778) = (2 )y8)) + 4Ts33T 564 (V7Y 8) = (¥ )y 8))
+ 87543 563 ((2Y'8) = (0¥ )(¥8)) + 8T543Ts64 ((yY28) = (39" )(y'8))
+4T544Ts63 ((vY?6) (ylz)(y5>) +4Ts544Ts6q (Y2 8) = (V2N 8))
+2T533Ts66 ((7287) = (y?)(8%)) + 2T544Ts66 ((¥'28%) = (y'*)(6%))
+4T543Ts66 (0 82) = (v )(62)) + 8Ts63Ts64 ((yy'8%) = (y8)(y'6))
+ 47355 ((7287) - y6)2) +4T563T566 ((787) = (y8)(82))
+4T364 ((728%) = (¥ 8)?) +4Ts64Ts66 (v 8) = (¥ 8)(87))
+ T5266 ((8%)=(82)?).

4)

Note that for the sake of conciseness, the subscript of 5 has
been omitted for (x, x’, y, y’, &) in the expression above.
The second-order beam moments at s, are given by:

X§> xﬁxA ()CAX‘,/\) = TExUxp (x/?) = €ExYxA
(V2) = €,Bya + DRo5, (yada) = Dproj,
OR) = 6,750 + D203, OL8A) = Dho3, ®)

2

;2 2y _ 2
—€yayp + Dp\Dyoy, (S3) =05, + %

(YaYa) =
Here, (a, B, y) and (D, D’) are the Courant-Snyder and

vertical dispersion functions, and k is the modulation wave
number of MOD1.
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Additionally, the beam is uncoupled between the (x, x”)
and (y, y’, 8) dimensions at s5. Consequently, the following
beam moments vanish:

(Xa¥a) =
<x//Q’A> =

(xp04) =
(x//\‘SA) =

0 =0 0
(x/jy //.\> 6)
0 (xAyA> =0 0
The fourth-order beam moments can be derived from the
second-order moments using the following relationship:
XXX, X,) = (XX ) (X X,) + (XX XX, + (XX, N XX (T)
It should be noted that this law applies for multivariate Gaus-
sian distributions X. Appropriate adjustments must be made
when handling the non-Gaussian distribution of § 4 due to
the sinusoidal modulation introduced by MOD1.

RESULTS

The expressions for the mean (Az) and standard deviation
0 a of the nonlinear deviation Az are then sorted by beam

parameters, namely €, €ys 0549 and A, as shown below:

(AZ) = €XQI + €yQ2 + 0'%093 + 2]{294
i =€ +ei% + 2+h2 (®)
O'AZ— € 2 € 0'5 3 €yk2
h? n*
+0§025+U%0k_2 k427

The corresponding coefficients Q - Q4 and X - £ are all
composed of lattice-dependent parameters and are given as
follows:

Q, = Tsnﬂx
Q, =Ts338y = 2Tsu30y + Tsasy
Q, = T533D? + 2T53 DD’ + Tsy,D'? + 2Ts3D + 2Tsu D’

—2Ts51a, + Tspoy

+ Tse6
Q4 =Ts66
X, =207 +4(T5; — Ts11Ts2)
T, =2Q3 +4 (T35 — Ts33Ts44)
3= 492 (Q3 = Ts66)

4(T2 343 = Ts533T544) (}’yDz + 2’1 DD/ + B, D/z)

(Tgssﬂ) — 2T563 5600ty + T564y)) Tse6

8 (Ts45Ts64 — Ts44Ts63) (7,0 + a,D")
+8(Ts43Ts63 — Ts33Ts564) (ByD" + a,D)
X,=2 (T5263.By = 27563 5600ty + T52647y)
Y5 =202

2
L6 =2 (Tse3D + Tse4D’ + Tse6)
1

X, = §T5266
)

For conciseness, the subscript 4 has been omitted in the
expressions above for (@, By, ¥ y» @y, By, 7y, D, D).
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DISCUSSION

The expressions given in Eq. (8) provide valuable insights
into the contribution of various beam parameters to the non-
linear deviation Az, and further outline the criteria for con-
trolling the corresponding coefficients. For instance, the
beam parameters are assumed to be (¢, €ys T4 |hl, k) =
(1 nm-rad, 1 pm-rad, 2.5x1074, 4000 m~!, 6.28x10° m‘l).
If the nonlinear deviation o, is to be controlled below 1 nm,
the corresponding coefficients should be limited by at least
the following constraints: (X, ,, X3, 24, X5, X¢, 27) <
(1, 1x10°, 16 m, 2 m, 2x10™ m?, 4x107> m?, 6x10~° m?).
These conclusions are expected to prove valuable in future
lattice optimization.

In practice, the X coefficients of o 5, are perhaps of greater
focus than the Q coefficients of (Az), as controlling o ,,
is more likely to result in a controlled (Az), whereas the
opposite is not necessarily the case. Additionally, the effects
of (Az) can be somewhat compensated by introducing a
phase shift in the MOD2 modulation. A ¢4, of 0.1 nm has
been realized in recent work under the following conditions:

+» =5.1 nm-rad, €y = 4.6 pm-rad, O, = 9.4 x1074, h =
2560 m~!, and k= 1.2 x10” m~
(Az)is 0.05 nm.

Furthermore, the analytical approach detailed in this work
is anticipated to find broader application in research explor-
ing the nonlinear effects within lattice segments, such as
the evaluation of distortions to the beam distribution in the
transverse phase space.

1. And the corresponding

CONCLUSION

In this paper, we present an analytical approach for evalu-
ating the nonlinear deviation of the longitudinal position Az
within the lattice segment situated between modulators in
the GLSF unit. By adopting the Taylor-map representation
of lattice nonlinearity and the beam moments at the lattice
entrance, the statistical properties of Az, sorted by beam
parameters, are provided. This analytical approach can elim-
inate the need for extensive particle tracking simulations
and is foreseen to have wide applicability across nonlinear
investigations. The derived expressions for the mean (Az)
and, in particular, standard deviation o, of Az are believed
to be capable of providing useful insights for future lattice
design and optimization efforts.
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