
:7-.ili' • , Samir K. PAUL •• , a# 
(rt.§!;:k!¥= 

IFFitE 'c, li, l fp M§ 
l-r g; "too U/lll!]lliO)/j'('t<?li, IJ -7 IJ -7 

ci1<<?g; 'f 1!-
7'- ?m?, \ prime form '<:Fill c;O<t>;Q,.., c\ [1],(2] a 

-::0, ffl\' ::Oit (3], ( 4], (5] li, 2 :!o\ foO)<? 

n -r g; t:a \ Virasoro algebra 

O)t<m<: t".., -r VJ, IJ -7 t:l::t "-:; -rsm 
n 0)<? a 

i\1ij\ \ genUS 0) I) -7 :-'[!jj(:;(, {II;\\ genUS 0) 1) -7 :-'[!jj'<: 'ii-V-\t-z:' !EJj)(; l "(\' ( ..: c;()i 
-cg; u, l, ..:0) 

Alvarez-Gaume, Gomez, Moore loJ:Lf Vafa[7] li, Bogoliubov 

c J:.., -r, r.JJ\' genus 0) 1! -7 c '<:if; 
l, U/lll!ii:J10)::0$Ti!l GM:*i'ill!i1<, iBi G 0)/j'('t<?Qtb>I<::Jl}'t c l -r 7;--tl:t:a '!;; 

Bogoliubov ci1>-cg; 

c ..:;;, c, :!o\ '-r li, li, \ 'V 

$i<:.ll!;'f\ 'cJi:i'T -::0, lEd;!l!l'fiti<:.ll!;'f\ 'c:li:J:\:{tE n, -t..: 
IC::;:E;Jli,\Mtt: 2 f*O) T-!iiHl\'c, -t..:c, 

< tJ\' i1'c \'?..: lEd;!l 
'c 1::t, l, itt.., -r, <: l-r" 

< Jv 1- =-7 

* ml±' *'lii:k!¥=f!!!'f:llil 
** ... Institute of Physics,Sachivalaya Marg,Bhubaneswar 7510005,India 
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15, ;Jo \ 'c li, li tJ:i».., te <DC' il5 -5o fol?Ji811<= li, 1:1lll 

Ufi!<D-'¥lf<D j;: "'I<= J: .., -5 C:. 1:: :0>-c 1) -7 :..-[!!j:Q>fijjli'j<Dl:@\@;-1<:: It, * 
L:O>L, ffl81tJ: 

l?il,u c:. 1:: 1:: -3 G n -c \ 'tJ: :0>.., teo 

1987 J:j:, Krichever 1:: Novikov[8] 1:: I<=J:.., -cfJI]§£2:nte KN formalism I<= :lot 'eli, 

if2:<D genus 1:f!i-::> 'J -7 ::--[!!jJ:I<=, global -5 C:.I:::O>:if;"'n, 'J -7 :..-

[lij:Q> c:. <DII'!jra,il!'liJ11<=J:.., -c parametrize "'n-5 C:.l:: :O<"i:>iJ>.., teo L te:O<".., -c, -7 :..-

[lijJ:ie" Jv 1<=-7 C:.<Dt;'illk if2:<D genus 

1:f!i-::> 'J -7 6 C:.l:: :0>-c c:. n G fbft 

2, Krichever-N ovikov Algebra 

Compact tJI}-7/[!!j M(genus g) J:lc: 2 R, P+ 1:: P_ 1:--iii<D{\'Ii!'f l<=l::-5o c:.n 
G 2 gl.'<Dfo)pJi@it;l1:, "'2-n-'C'"n z+, z_ (z+(P+) = 0, z_(P_) = 0) l::i"-5o C:.<D 'J -7 

:..-[lijJ:i<=li, l'fl!l!ll'!f'*ilil( f. <D{i!ll<=-"':7 c 1v ±@\e., w, 2-Jf;:r\ st. q!z 
t z t t 

6 c:. 1:: f!>-c 6 o c:. c:.-c, index i li genus <Df,I\*TI<=i!t.., 1:: 1J, 

f,, ei'. eyi:I:"'C-ic'C'nl'fl!l!:'l'ifJillil(, -":7 c Jv±@\, ... -ct '6a R, P± 

i:i .\-1.1\5} (.\-)f;i\) JP'·l = fP.l(z)(dz)>. (f(o) =f.. f( 2l = \1 , etc.). 
z t z z' t z 

1:: C:./::IC:T6o 

f;(z±) = atz!i-gf2 [1 + O(z±)], 

wi(z± ) = ;3fzfl+g/ 2
-

1 [1 + O(z±)] , 

(2.la) 

(2.lb) 

l::tJ:6o C:.C:.l.', ai, ;3i liJElil(l.'il56o i = -g/2, ... ,g/2-1, l<=xtLciL Weierstrass 

gap theorem I<=J: IJ pole 

f,(z_) = a;z::i-g/ 2 - 1 [1 + O(z_)], 

wi(z_) = ;3£ + O(z_)] , 
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(2.lc) 

(2.ld) 



!
912

(z) = 1, 

w
912

(z) = w(z) , 

(2.1e) 

( 2.1!) 

ciJ!.J;.::cli:T7.lo .::.::"C', w(z) it. M l:I.:)E;jl;!;ntc!il\3 fi7--"JYiJjl(:$}-c'il;7.lo -":7 e;y 

±g,, P ± O.Ji!l:i'?fi.:loiH it., -{- n-{-'n, 

e,(z± ) = 'i'fz;£i-go+l[l + O(z±)] , 

O(z ) = 8±z'Fi+go-l[l + O(z )] 
i± ;±  ±' 

"C'l§:;tGn7.>o .::.::"C', g0 = 3gj2, 'i';> 8,,<; 

-"" :7 e ;y±g, e. l;i.(;:O.J KN commutation relations: 
• 

go 
[e,, e) = L C[je•+i-' , 

(2.2a) 

(2. 2b) 

(2.3) 

{2.4) 

1:-llllEi"-<>o Cfi J!fl-1?, -":7 e Jy±g, {e;} it. KN f"W[Hl4AAi"7.>o .::O.JJ:\;O.J 

centra! extension 

Cf1·e.+. + x(e., e.), 
t J -s 1 J 

(2.5) 
s=-go 

li:J:.·oC:-I::j.;tGn7.>o .::.::"C', x(e,,e;)'s I;! cocycles 1:-AAL li+jl > 3g. -r· 0 (;:to:7.>.::b'J; 

);JJG1'c''-"o 
')-7Y[li]:Oie-7;>;0.Jl:g,,§;, -":7 eMJ,I en Weierstrass 

l:t ""0 
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<Tn- 112(z- z )<T(z + 2nz ) <Tn+lf2(2z ) e (z) = o o o 
n <Tn+l/2(z + z0 ) <T((2n + 1)z0 ) 

e (z) = <T2(z) <T(2z0 ) 

-1/2 <T(z + z0 )<T(z- z0 ) <T2(z0 ) 

i:J: 1---7 3 ± z0 i:J:, 1--7 :o\J:CI) 2 ,¢l_ P± i<=xtrc;-t7.>o L:CI) 

J:?icL--c.!§:;tGn7.> l--7:o\J:CI)«:7 1-Jvf:!IJen 

c3/2 = n- m mn ' 

3/2 

[em, enJ = L cfnnem+n-1 
1=-3/2 

= 3(m- n)((2zo) + (n- m + 1)(((2m + l)zo) 

+ (n- m- 1)(((2n + 1)z0 ) + (m- n)((2(m + n- 1)z0 ), 

-1/2-- ,\(m),\(n) -
cmn - ,\(m + n + l/2)<T(2z}3(m n)((2zo) 

+ (m- n + 1)(((2m- 1)z0 ) + (m- n- 1)(((2n- 1)z0 ) 

- (m- n)((2(m + n + 1)z0 )], 

c-3/2 = (m- n)A(m),\(n) 
mn ,\(m + n + 3/2)<T3(2z0 )' 

,\(m) = <T((2m- 1)z0 ) 

<T((2m + 1)z0 ) 

((z) = <Tl(z) 
<T( z) 
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1)-"</ili] M 3 fil!7--"'Jv1J!j;)J-w iJifi':tf-t-<>o ept;, 
'" li M \ {P+, P_} J:-ciEJll]c\ #, P+ -z:'O)'i!Ill!(iJ> +1, P_ -c -1, -'E- L -c imaginary 

periods w M 

p 

r(P) = j(w + w), (P0 -1- P± ). (2.6) 
Po 

C, = {P EM; r(P) = r E R} . (2.7) 

Lc, M C, <:ciJ>-c;H>o C7 O)M i-t9Lt:fJI:O) 

k!!IJ-cas-<>c:>s.:t-<><:ciJ>-ci'<-<>o ,::0) c, M 

p 

w(P) = r(P) + iu(P) = J w , 
Po 

p 

u(P) = ;i j(w-w). 
Po 

__!__,ff.(r,u)w.(r,u)du = 6 .. , 
27rt t J t) 

__!__,fx.(r,u)x .(r,u)du= 8 ... 
27rl t -) t) 

C, 
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(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 



{S "D - functions" L ·c "K - functions" M 

-5 L J: -5o 

'CL-r 

K(w, w') = f{(+l(w, w') + f{H(w, w1) , 

00 

g(+l(w,w') = L e/w)ll1(w') ,r > r 1
, 

l=-go+2 
-go+l 

KH(w,w') = L e/w)ll/w') ,r < r 1
• 

l=::-oo 

(2.13) 

(2.14a) 

(2.14b) 

(2.15a) 

(2.15b) 

(2.16) 

K R( w, w') = -e( r- r')K( w, w') , (2.17) 

KA(w,w1
) = e(r' -r)K(w,w')' (2.18) 

K F( w, w') = e( T- r')K(+)( w, w') - e( T1 - r)KH( w, w') ' (2.19) 

forT> T
1 

forr'<r 
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(2.20) 



3. b-e system 

;: section !<:::I<H'''C b- c system 1<::)(:)-t genus g -<' 

:--ffii M J::t':lEAftlJ:.?o A'Jmicl'ill:J:.?I<::, M J:l;: 2 F.J.P+ c P_ 

&0' z_ i/> z+(P+) = 0, z_(P_) = 0 

!if< AJF3B'li<::.:L-:7 'J ., rlfi: 

ds 2 = p(z, z)dzdz. (3.1) 

form: b = b(z)(dz)>- &O'c = c(z)(dz) 1->. ;::_ 

;: -c:', b(z) c c(z) li:lo:!'i:\ 'i<=;ild9:tJ:ij!-c:'<IS.., -c, :--7 * -< 7. 1::' :-- A &0' 1 - A 

·n' -15 o ;: action li 

S[b, c] = J d2z-/9(z)b(z)'V'c(z), 
M 

t(z) = -Ab(z)'V'c(z) + (1- .X)('V,b(z))c(z). 

b(z) = I')kJY)(z), 
k 

c(z) = L crf?->.)(z), 
l 

{bk, c)= '6k+l,o, 

{bk,b1} = {ck,c1} = 0. 
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(3.2) 

(3.3) 

(3.4a) 

(3.4b) 

(3.5a) 

(3.5b) 



(3.6) 
n 

CD.t? IC!ID'71]2:h6o <:fiJi:l;i:'l!flc, ::1 ;/7 * -< JvA t::';/ A= 2 bosonic string 

theory CD ghost system ICXilGT ?a A = 2 

b(z) = I>kS1-k(z)' 
k 

c(z) = Lc1e/z), 
I 

(3.7a) 

(3.7b) 

l:::;!;'l:t6b>, c_c_-c {e/z)} 1;1: "''i' KN basis <:06o A r 

;/'/ Jv t(z) li 

k,l k,l 

go 

Kn = L L C/mb_k-n+sck' 
k s=-go 

(3.8) 

(3.9) 

1:: c_ 6 -c, A r 7 Y '! Jv t( z) 1;1:, 7 x Jv < G'±:f 
61l'ffi'JtJ:j(iJ!fi,ICJo -o ·c_ ;/ '! ;J,ICI;i:tJ: -o c\ 'tJ:\ 'o t( z) 1;1: holomorphic 

tJ:J;tW! z _, w CD T-c 
dz t(w) = t(z)(-) 2 + w), 
dw 

(3.10) 

IH '7 1< t(z) li Jlil:jl[;tJ::e;IIO!i-c 2-form IC 

IHhc\'tJ:\'C:i::;b>;/?;b>i,So (3.6) b>G:/?b>6Jo?lc Kn z-> w CDT<: Kn IC)lt:h 
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g, 

[Km, Kn] = L + "'Xmn ' 
3=-go 

(3.11) 

-::hl;t, (3.9) c m c n 1:1:, 

it:, t<= 

Xmn = f e_m(w) a; e_n(w)da-
c. 

IJ: K N :I -<t 1 1 Jv -c' <I;., -c, I m + n I > 3g 0) c ill 0 I;: t,i: '.> o 

;;:1.:, ::1- ;z, 1- I ¢0) 

f b(z)v(z) J¢0 ) = 0, 

c. f c(z)q(z) J¢0) = 0, 
c. 

(3.12) 

(3.!3a) 

(3.13b) 

I<:J:., L J:? o ,: -: -c', v(z) &rf q( z) 1:1:, 1:-Wi:':h P + 1::171<: pole 1 1- Jv 

J:J.l\C: 2-form Hl<n"To HP-ts, 

v(z) = {ej(z);j -g0 + 1}, 

q(z) = {rlj(z);j 2': -g0 + 2}, 

bj J¢0) = 0 for j 2': g0 - 1 , 

cj J¢0) = 0 for j 2': -g0 + 2. 

(3.14a) 

(3.14b) 

(3.15a) 

(3.15b) 

(¢0 J P_ 1::171.: pole 1- Jvi:J.l\c 2-form cil>-ciJ! 

'.>o *if]ll;i:i:):O)J:? 1<:.16 >?:h'.>o 

(3.15c) 
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(3.15d) 

w = r(P) + iO'(P) (2.8) 

r(P) :loJ:tF <7(P) (2.6) c (2.9) Co:J@H:lFH!l 

\ 'c b- c system LJ: -5o '{7 ;<- 5 r(P) i:t ') -< :.-iiiJJ:-c" Mi%'l'' 0) 

'C'o:J*;!il!!,, M J:o:JJ;!0\0)" 'J-<:.-iiiJ 

7.> 1 ;<- /il>i!J. Gt17.>o 

)tf', M Lagrangian i'f.'IX £ 

£ = _i_b(w)(f)f) +if){) )c(w). 
271' T 0' 

(3.16) 

(3.17) 

(3.18) 

ct..:<,o cc.-c, c= fJc(<7,r)/fJr.Hamiltonian H i:J: 1i curve Cr -cfji5J'f''->C: 

i?i!J.GtL<>o 

H = f Hd"' = 2
1
7!' f dO'b(O', r) :"' c(O', r). (3.19) 

Cr Cr 

(3.20) 
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&-</>(w) = (fjfj + ifjfj )</>(w) = 0 
w T U 

(3.21) 

CC."C </>(w) 1;1: b(w) it:li c(w) :;:.£i::b"to l(;<ViDJJJ:Ii 

'f fJ P = -
1 

dub(u, r)-fj c(u, r) . 271' T 
(3.22) 

c. 

c.? Hamiltonian H 1: HI! P l;i:(,:j.'ll'!\!IUJ:-ocl'-<>o (3.19) &.'Cf (3.22) 

,<!'!,P± -c<V pole H%\'ciEJ11J-c;J;;-,-c H &.rf P 1;1: r 

iJl:biJ•-<>o Bonora, Russo, Lugo[9],[10] 1:' Konishi, Saito, Takahashi[ll] it 
r.:J:. i&:G<Vl:li\i';l.:l;t, * 3!lfi7-""'"ifu:l' w 2g 

g:;,.;@ L c H 1;1: T C. I: iUJ: -<>o -15, =f.ltJ;> <Vl:li\i';li:l;l:, W 

if H <Vfi1!1;1:, CT iJl W <V 2g 

K F(w, w1
) = (¢>0 1 T(c(w)b(w 1

)) l</> 0 ) 

=B(r- r 1
) (¢>0 1 c(w)b(w') l</>0 ) 

- B(r'- r) (</>0 1 b(w')c(w) l</>0 ) 

00 

KF(w, w') =B(r- r1
) L ek(w)Ok(w') 

-go+l 

- B(r1
- r) L ek(w)O(w'). 

k=-oo 
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(3.23) 

(2.19) 

(3.24) 



{c(w), b(w')} = K(w, w1
) (3.25) 

00 

K(w, w') = 21r L ek(w)!1k(w'). (3.26) 
k=-oo 

:A c v 7.-:r:;;, Jv'i'·--r :/'I 1v t( w) li, :/'I Wc'litJ 1 'n', M 1: 
-c holomorphic -cil5 _, -c 

(3.27) 

(3.28) 

C:C:c, R T(w) l:t(w) 
{Rf.Fi" .;s local counterterm t p( w) -c.Ej.;t Gn 

T(w) = t(w) +tp(w), 

tP = -2o;logpw}. 

[t( w ), b( w')] = - 28wK( w, w')b( w') + K(w, w')ow' b( w') , 

[t(w), c(w')] = 8wK(w, w1)c(w1
) + K(w, w1)8 ,c(w'), w 

(3.29) 

(3.30) 

(3.3la) 

(3.3lb) 

[t(w), b(w')]r=r' = 21r{ -28w8(!T- IT
1
) + 8(!T- 1T

1)8w,}b(w') , (3.32a) 
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[t(w), c(w')]r=r' = 21r{8.,8(<r- <r1) + 8(<r- <r1)8.,,}c(w1
). (3.32b) 

[t(w), t(w')] =- w1
)- 28.,K(w, w1)t(w1

) 

+K(w,w1)8.,,t(w1
), 

[t( w), t( w')]r=r' =- <r1
) 

- 411"8w8( cr- cr')t( w1
) 

+ 21r8(cr- <r1)8.,,t( w') . 

(3.33) 

(3.34) 

4. b-e system {> Ward-Takahashi 

;: 0) section "C'I<i:, ilrlliiit --r -it0 Ward- (WT) 

'c;:, J:. -? o ;t Mt®U<I: o: ;t- lv-¥-7 "'I 1v t ( w) '>: 

(T(t(w),P1 (w1 ) · · · ,PN(wN))) -'(:> (T(t(x)t(w),P1 (w1 ) · · · ,PN(wN))) '!i\'"C'i5-"'o ;: ;: "C', 

(T(· · ·)) = (¢0 1 T(- · ·) i¢0 ) 1<1: T(·· ·) l;t b(wk), 

c( wk) \ 

t( w) Ward-Takahashi J:. -5 l<:l§:;t GhJ.>o 

8w \T(t(w),P1(w1) · · · ,PN(wN))) 

= \ T(8,;,t( w),P 1 ( w1) · · · ,P N( w N))) 

N 

+ 2::: \ T( ,Pl ( w) ... ,Pk-1 ( wk-l)[t( w), ,Pk( wk)],p k+l ( wk+l) ... ,P N( w N))) 8( T- rk) 
k=l 

N 

=211" l::{hk8.,8 2(w- wk) + 82(w- wk)8w,} \T(,P 1(w1) · · · ,PN(wN))) , (4.1) 

k=l 
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h = { -2 for b( wk) , 
k 1 for c(wk) , 

i]ijjfrj(,l) (3.27) :loJ:V: (3.31) 

go-2 

= L r!j(w)\T(Kj<f;l(wl)· ·1>N(wN))J 
i=-go+2 

N 

+ L{hkawJ{F(wk- w) + KF(wk- w)aw.} 

( 4.2) 

( 4.3) 

7.> Teichmiiller deformation li 3g - 3 @(,I) Teichmiiller parameters 

y. 1:: partition function Z >a:-ffl\ 'c 
J 

go-2 

L 6yj \T(I{j</;l(wl)···</;N(wN))J = 
j=-go+2 

( 4.4) 

(r(Kj¢1(wl)· ··</;N(wN))J- (Kj) (r(<f;l(wl)···<f;N(wN))J 

=a: \T(<j;l(wl). ' (4.5) 
J 

\KjJ = 0:logZ. 
J 

( 4.6) 

(4.6) >a:- (4.4) 

-81-



N 

+ L{hk8W,KF(wk- w) + KF(wk- w)8w.} 
k=l 

(4.7) 

'>:i!j.-5o ;;<. 1- v:;<.-.:r.;t.Jv'f'-7";;"/Jv'>: 2 Ward-Takahashi 

.:: c ;6>C' !§ (i;:CD J: ? i<='!fij" -5o 

8x ( T(t(x)t( w)4>1 ( w1) · · · 4>N( wN))) 

= ( T(8xt(x )t( w)4>1 ( wJ · · · 4> N( w N)) J 
+ ( T([t(x ), t( w)]4>1 ( w1) · · · 4>N ( wN))) 15( rx- rw) 

N 

+ L(T(t(w)4>1 (wl) ... 4>k-1 (wk-l)[t(x), 4>k(wk)] 
k=l 

X 4>k+l(wk+1)···4>N(wN)))/!(rx-rw). (4.8) 

(3.27), (3.32), (3.34) 

8x ( T( t(x )t( w )4>1 ( w1) · · · 4>N( wN))) 

([{ 
1fl< 3 

= -68x8(<Tx- O"w) -41f8xb(<Tx- O"w)t(w) 

+ 27rb(<T x- <Tw)8wt( w)}4>1 ( w1) · · · 4> N( w N)])/5( rx- rw) 

N 

+ L { hk8w, /5(0" k- 0" x) + b(<T k - <Tx)8w.} 
k=l 

(T(t(x)t(w)4> 1(w1 ) · · · 4>N(wN))) 

OG-2 

= L i\(x) (T(I1}(w)4>1(w1 ) · · · 4>N(wN))) 
j;:;:-gn+2 
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- r.;8;KF(x- w) \T(</> 1(w1)···</>N(wN))) 

- {28xKF(x - w) - K F(x- w )8w} ( T(t( w )1> 1 ( w1) · · ·1> N( wN))) 

N +I: {hk8w,K F(wk- x) + KF(wk- x)8w,} 

(4.10) 

( T(t(x )t( w )1>1 ( w1 ) · · ·1>N( wN))) 

,= (t(x)) (r(t(w)1>1(w1) · 1>N(wN))) 
go-2 

+ I: (T(t(w)</>1(w1) </>N(wN))) 
j=-go+2 J 

</>N(wN))) 

- {28xKF(x- w)- K F(x- w)8w} ( T(t(w)</>1 (w1) · · ·1>N( wN))) 

N 

+ 2:.::{hk8W,KF(wk- x) + KF(wk- x)8w,} 

(4.11) 

01: KN jf)J'I;(f"W) c-t-tv>o·:fiJFIJLt: 1J-<YllU M tJ;l 

:i"-7. 1- '-":Ar.b.1<:i!N··d:tJ>, ,::(7)fl!J1<:t,J91J*.1i:Ah 7- l&\1<:;ttL-ct,illC91>c·f5J 

L i.l'i-<> o {§. L, 7- fJ 7- J&\1<:-::> \ 'c 1-l:, Weierstrass gap < :'/Sill!: 

-1J!.i2:•\!:!fJ>il5-, c§;:J>fj!l\ft!UJ: -1Jo 

y,<IJ 1-tJ: ') -? YllUJ:1<:, ciJ> 
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