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Chapter 1

Introduction to the theory and
detectors

In recent years Astroparticle Physics has been a field of steady growth and increasing in-
terest. Only since the last 15 years, has one been able to measure and observe phenomena
which are completely new and which have significant impact toour picture of the universe,
distant galaxies and black holes. In my thesis I will report on the analysis of the large, per-
sistent very high energy gamma-ray (shortcut
-ray) flaring of the active galactic nucleus
Mkn 421.

In this chapter I wish to describe the essential theory whichis needed for this Thesis.
First the properties and the origin of cosmic rays will be summarized. This is followed
by a classification and description of the active galactic nuclei (AGNs). A very simple jet
model which accelerates the parent particles of very high energy (VHE)
’s1 will be de-
scribed. This is needed to understand the properties of Mkn 421. The very high energy
gamma ray absorption by the cosmic infrared background, which might affect the observed
spectrum, is quantified and simulated. Then I will explain the various possibilities for de-
tecting cosmic rays and describe the HEGRA experiment. Later in this chapter, Cherenkov
telescopes will be discussed, including how they function.Emphasis is put on the HEGRA
CT1 telescope which was used to record the data used in this thesis.

1.1 Cosmic rays

Every second about 1000 high energy cosmic particles (integrates flux above 10 GeV) per
square meter hit the Earth’s atmosphere. Up to an energy of approximately 1 PeV the
chemical composition has been measured directly (for an overview see [LON97/1]). Most
of them are ionized nuclei. Approximately 90% of them are protons, 9% are alpha particles,
a small fraction are ionized nuclei of heavier elements and afraction of a percent (0.1%) are
high energy gammas [Gai90]. Neutrinos (�’s) are also present but their number is unknown
because of their extremely small interaction cross section.

Charged particles are deflected in the intergalactic and galactic magnetic field. There-
fore, they no longer point back to their origin. Only neutralparticles can be extrapolated
back to their sources. Among the neutral particles, neutrons2, �’s and
’s, only the lat-
ter type are sufficiently abundant.
’s aremessenger particleswhich give us information
about the source, its flux, spectrum, timing information andabout the
 propagation in the
path between the source and the observer.

1Throughout this document the abbreviation ’
’ refers to a high energy (> 1 GeV) photon.
2Neutrons decay with a life time of 940 s. Still, extremely high energy neutrons (>1018 eV) could reach us

before they decay from close objects as the center of our galaxy.
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12 CHAPTER 1. INTRODUCTION TO THE THEORY AND DETECTORS

The main questions today are: (1) Where do theycome from ? (2) What is thecom-
position of cosmic rays ? and (3) What are theacceleration mechanismsthat are able to
accelerate particles to these high energies ?

1.1.1 The spectrum of cosmic rays

As of today, it isnot fully known where the cosmic rays (CR) come from and how they
are accelerated to such high energies (in the GeV to PeV energy range). It is commonly
agreed that there exist three populations of cosmic rays: (1) Particles emitted by the sun
which relatively low energies up to about 10 GeV, (2) galactic cosmic rays which dominate
the spectrum up to 1 PeV and (3) extragalactic cosmic rays which have highest energies
[LON97/2]. For simplicity I will restrict myself to the latter two types above energies
of 10 GeV which are relevant for Cherenkov telescopes. Lets have a closer look at the
spectrum of cosmic rays.

Fig. 1.1 shows the all particle spectrum of cosmic rays. The typical spectrum follows a
power law and it is usually characterized by a constant called spectral index�:

dN

dE

/ E

�� (1.1)

Of interest is the region around 5 PeV, the so-called knee position, where the spectral
index changes from� � 2:7 to � � 3:0. The partbelow the knee is believed to be
quite well understood [LON97/1]. The dominant portion of the particles is ofgalactic
origin . The current belief is that shock wave acceleration in supernovae remnants (SNR)
is the major source of galactic CR. Particles and ionized nuclei are emanated by red and
blue giants and are boosted to higher energies in the shock fronts of SNRs. The chemical
composition of the CR up to the knee can be explained by a combination of intrinsic source
composition and aspallation processwhereby heavier elements are broken down to lighter
elements. It is believed that the CR are deflected andconfined in the magnetic field of our
galaxy. By measuring the abundance of radioactive isotopesit has been found that CR are
confined from106 to 10

7 years inside our galaxy. This explains the high isotropy of the CR
in this energy range.

Above 1 PeV, shock wave acceleration becomes ineffective and the CRleak out of
our galaxy (leaky box model [LON97/1]) because the galacticmagnetic field is not strong
enough to confine the particles in our galaxy. The chemical composition has not been
measured above the knee and it is not clear as of today where these cosmic rays come from.
Thespectral indexof the cosmic raysabove the kneecan be explained by the assumption
that very high energy cosmic rays escape from the galaxy. Thestrongest argument for this
theory is theincreasing anisotropywith increasing energy of the particles [LON97/1]. A
large part of the CR up to103 PeV would therefore still be of galactic origin.

Above 10

4 PeV it is widely agreed that these CR must beextragalactic since their
Larmor radii in the galactic magnet field is larger than the size of our galaxy [Gai90] and
canno longer be confined. Another argument is that theanisotropy changesand that
the highest energy particles appear to originate mainlyfrom high galactic latitudes, most
likely from the local super-cluster [LON97/1], while for lower energies the anisotropy
points to thegalactic plane. For the highest energy particles (up to10

21 eV) no satisfactory
acceleration model exists.

1.1.2 Sources of cosmic rays

Candidates for cosmic accelerators are objects that have significant magnetic fields and/or
very large extensions and at the same time have extremely fast moving shock fronts. The
most important candidates for the production of high energyCR are the following.

� Supernova remnants which accelerate particles in their shock front.
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Figure 1.1:All particle differential spectrum multiplied withE2:75 for better illustration of the knee
at approximately 5 PeV (Taken from [Wie94]).

� Pulsars and neutron stars.

� Active galactic nuclei (AGN): Probably super massive black holes with more than
106 solar masses that emit plasma jets with high Lorentz factors(up to�10). Shock
fronts inside these jets are able to accelerate particles tovery high energies.

� Gamma ray bursts: Huge explosions of still unknown origin, visible almost uniquely
in the soft
-regime.

� Binary star systemswith a neutron star or ablack hole.

In this work I will discuss active galactic nuclei (AGN), with focus on Mkn 421 which
belongs to the group of BL LAC objects, for which the jet is pointing towards the earth.

1.1.3 
-rays and
-ray production processes

As already mentioned, the only particles which are sufficiently abundant and which can
be traced back to their origin are
-rays. Therefore
-spectroscopy is the method to learn
more about the physics of cosmic sources. There are several physical processes which are
believed to generate gamma ray photons. These are:

� �

0 -decay: High energy protons interact with matter and produce a variety of hadronic
particles. Approximately 30% of them are�0, which decay almost instantaneously
into two gammas (with branching ratio > 99%).

� Bremsstrahlung: If a charged particle is accelerated or decelerated (in an elec-
tric field), it emits photons. This could be a high energy electron or proton in the
Coulomb field of a nucleus or ion. The of Bremsstrahlung spectrum of high energy
electrons has the same spectral index as the electron spectrum itself, provided that
the latter follows a power law.
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� Synchrotron radiation: This is similar to the acceleration in an electric field: If a
charged particle is accelerated (deflected) in a magnetic field, it emits photons. The
peak emission of synchrotron radiation is given by:

E

Peak

= 5 � 10

�9

�H � 


2 (1.2)

H is the perpendicular magnetic field component in Gauss,
 is the
-factor of the
electron and the energyE

Peak

is given in eV. For example, in the relativistic jet
of an AGN, the magnetic field is about H=0.1 G. The electrons are accelerated by
shock-waves up to
 = 10

6. The peak emission of synchrotron radiation occurs
at approximatelyE

Peak

= 500 eV . One can see that in order to get high energy
photons (> 1 GeV), relativistic electrons and a reasonably strong magnetic field are
required. This is normally not the case. On the other hand, these low energy photons
may produce a dense photon field with high energy electrons that they become a tar-
get for interaction: Namely, forinverse Compton scattering. This process becomes
very important for the generation of ultra high energy gammarays.

� Inverse Compton scattering: Relativistic electrons up-scatter low energy photons
to higher energies. The synchrotron radiation and the inverse Compton scattering
will be discussed in detail in the sectionconcerning the synchrotron-self-Compton
(SSC model).

All these processes can take place in active galactic nuclei, which will be described in the
following section.

1.2 Active galactic nuclei and the class of BL LACs

In this section I will briefly summarize some relevant features ofactive galactic nuclei
(AGN) . The term AGN refers to a class of galaxies which have avery large massin the
order of106 to 10

10 solar masses concentrated in a region of thesize of our solar system.
It is believed that these central objects must be super massive black holes. The energy
source of these objects is thought to be converted gravitational potential. There are several
different classes and types of AGN which are all believed to be connected by asingle
model,namely the unified AGN scheme [Pad1/99, Pad2/99].

1.2.1 Classification of active galactic nuclei (AGN)

The classification [Pad1/99, Pad2/99, Gui98] is based on thegalaxy shape and various phys-
ical properties like emission lines, microwave emission spectra and gamma ray emission
(See fig. 1.2)

All of these objects are divided in two large groups: Spiral galaxies and elliptical galax-
ies. Members of the first group are called Seyfert galaxies and these are subdivided into
Seyfert galaxies I and II. Type I galaxies have broad emission lines while the latter type
galaxies have narrow emission lines. The elliptical galaxies are subdivided, according to
their radio emission, in weak and strong radio emitters. Members of the class with weak
radio emission are called Radio Quiet Quasars. Members of the class with strong radio
emission are again subdivided in two big groups, one with strong and one with weak opti-
cal emission lines. The ones with strong optical emission lines are called Radio Quasars,
which themselves are subdivided in two groups:Flat Spectrum Radio Quasars (FSRQ)
and Steep Spectrum Radio Quasars (SSRQ). The first type, having weak or no optical emis-
sion lines are grouped into Radio Galaxies having no gamma emission, while theBL LAC
objects which have some gamma emission, into a group with flatradio spectrum and optical
polarization. Finally, BL LACs and FSRQ together form the class ofBlazars. All blazars
emit
-rays.
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Figure 1.2:Classification of AGN, taken from [Böt97]

It has been tried to relate all these different classes and subdivisions to a general picture
of AGNs. Fig. 1.3 shows a schematic sketch. At the center of each AGN is asuper-massive
black hole between106 to 10

10 solar masses surrounded by ahighly relativistic rotating
accretion disc [Liv02]. Due to friction the disc heats up to temperatures in the order of
keV, thus transforming the gravitational potential into thermal energy. The plasma emits
a thermal spectrum which peaks in the (soft)x-ray region. Photons emerging from the
discexciteatoms and molecules in gas clouds, either close to the disc, which yields strong
Doppler broadened optical emission lines, or further away from the torus, which produce
narrow lines (because they are colder and have smaller velocities).

The different spectral differences are believed to originate fromdifferent observation
anglesand also fromdifferent physical parameters, like theaccretion rate and thespin
of the black hole.

Sometimes there are strongly collimated,highly relativistic jets or blobs emitted per-
pendicular to the accretion disc from the poles of the black hole. Theradio emission is
related to synchrotron emissionof relativistic (i.e. electrons) particles in the jet. The
-
emission is also believed to be produced by the jet. Since thejet has relativistic velocities,
the radiation is beamed in forward direction and the
-emission can only been seen if the
observation angle to the jet is less than� �

1

�

(-> Blazars), where�is the Lorentz factor of
the jet or blob.

The acceleration mechanism isyet not fully understood. The general ideas are pre-
sented in the next section.

1.2.2 Disc dynamics and the expulsion of jets

The accretion disc plays animportant role in the emission of jets. Thekey point seems
to be thecollapseof the disk. The theory of accretion discs predicts that thedisc becomes
unstablewhen it overheats and becomes optically too thick (Eddington limit) such that the
thermal energy can no longer escape in the form of electromagnetic radiation [Mag01]. At
this points the disk collapses and the inner part of the accretion disc falls into the black hole
[Mei01].

Recently, hints have appeared of aconnection between thecollapseof the accretion
disc and theejection of a jet [Mar02]. This phenomenon has been observed in the case
of 3C120, a radio quasar. The collapse of the accretion disc has been associated with the
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Figure 1.3:The AGN model is supposed to unify the different classes and subdivisions of AGN
into one general picture. At the center of each AGN is asuper-massive blackhole between106

to 10

10 solar masses surrounded by ahighly relativistic rotating accretion disc [Liv02]. Due to
friction the disc heats up to temperatures in the order of keV, thus transforming the gravitational
potential into thermal energy. The plasma emits athermal spectrum which peaks in the (soft)x-
ray region. Photons emerging from the disc andexcite atoms and molecules in gas clouds, either
close to the disc, which yields strong Doppler broadened optical emission lines, or further away from
the torus, which produce narrow lines (because they are colder and have smaller velocities). The
different spectral differences are believed to originate from different observation anglesand also
from different physical parameters, like theaccretion rate and thespin of the black hole. Sometimes
there are strongly collimated, highly relativistic jets orblobs emitted perpendicular to the accretion
disc from the poles of the black hole. Theradio emission is related to synchrotron emissionof
relativistic (i.e. electrons) particles in the jet (Picture taken from [Pad95]).
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so-calledx-ray dip, which is a spontaneous and significant decrease in the thermal (soft)
x-ray emission of the disk. The soft x-rays have been clearlyidentified by an iron emission
line, believed to originate from the inner part of the accretion disc. The dip is only seen in
the soft x-ray emission. Aclear correlation between thex-ray dip and theejection of a
radio blob has been observed.

To get a better understanding of the acceleration mechanismof jets, alaboratory ex-
periment was setup [Hsu02]. The system of a central object and an accretion disk was
simulated by a plasma (in form of a disc) together with a magnetic field generated by a
magnet and an electric field between the central object (a round electrode) and the disc (an
electrode ring). The jet was ejected when the electric field was switched on. In this experi-
ment the jet wasmagnetically driven and also magneticallycollimated. The experiment
also showed that jets with helicity appear naturally in sucha system (See Fig. 1.4).

Furthermore,general relativistic magnetohydrodynamic (MHD) 3-D simulations of
the accretion-disk/black-hole system have shown that jetsare a natural consequence of a
rotating disk in thepresenceof a magnetic field [Mei01, Kud99, Koi02]. The simulations
seem to suggest that mainlyvery fast rotating Kerr black holes (massM ) with spins from
a = 0:90M up toa = 0:95M (maximally rotating isa = 1:0M ) are able to accelerate
jets up to Lorentz factors ofÆ = 10: The accelerated plasma most likely originates from the
outer halo of the accretion disk. The jet ismagnetically driven and and also magnetically
collimated. The particles accelerating from the plasma aremost likely electrons. Heavier
particles and ions are slower and remain in the disk halo [Mag01]. This would imply that
the jet mainly consists ofelectronsandelectromagnetic radiation.

Evidence for thecollimation of the jet at a distance to the nucleus between 30 and
100 Schwarzschild radii was recently observed in the radio galaxy M87 by J. Biretta et al.
[Bir02]. During jet collimation, very close to the black hole, the jet opening angle appears
to increase while at larger distances it decreases.

Other theories claim that the black hole acts like ahuge dynamo in a magnet field
generated by the accretion disc. The event horizon behaves like an electric conductor and
builds up an electric field between the equator of the black hole and its pole. The static
magnetic and electric field densities (Poynting flux) reach such a strength thate+e� pairs
are createdout of the vacuum. These electrons are accelerated by the electric field and
focused by the magnetic field [Mag01]. Such jets are purely electromagnetic.

Future measurements and simulations will clarify the question whether the jet only
consists of electrons or if hadrons are present as well.

1.2.3 Jet models and the SSC model

It has been tried to explain the
-emission by two different models:

1. Thesynchrotron self Compton (SSC) modelattempts to explain the production
of very high energy gammas (TeV range). An elegant and apparently natural way
to explain the existence of very high energy gammas is by inverse Compton up-
scattering of soft photons that are produced by the same highenergy electrons that
are involved in the scattering by synchrotron radiation.

2. In hadronic jet models the jet contains hadrons (e.g. protons) which produce�

0’s
in collisions. These�0s decay into two
s and the high energy
 emission can be
explained in this way. This model also would explain theexistenceof hadronic high
energy cosmic rays.

Even that it seems veryprobable that a jet also contains a hadronic component, in the
moment it seems that the (at least the pure) hadronic model has beendiscarded because
the shape of the observed
-spectrum to its theoretical prediction. On the contrary, the SSC
model fits the shape of the observed spectrum very well. In this work I will restrict myself
to the SSC model only.
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(a) Development of a jet without helicity

(b) Development of a jet with helicity

Figure 1.4: Images of a laboratory experiment to designed to simulate jetemission which show the
expulsion and development of a jet in a series of pictures. Plot a) shows a straight jet and plot b)
shows a jet which develops a helical instability. Taken from[Hsu02].
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Figure 1.5:Illustration of the shock acceleration mechanism. The particle is scattered several times,
forth and back over the shockfront. In each cycle it gains energy due to the movement of the shock-
front.

The mechanism necessary to efficiently accelerate charged particles (e.g. electrons) to
extremely high energies (> 1 TeV) is believed to be the so-called shock wave acceleration
[Gal02].

Shock wave acceleration model

The just mentionedshock wavesor shock fronts are naturally present in jets and super
novae remnants (SNR). Particles are randomlyscattered by local magnetic irregulari-
ties (Alfvén- and hydromagnetic waves [LON97/2]), thus passingmany times from down-
stream of the shock front into the upstream interstellar medium (or if the shock front is
inside the jet, from the downstream shock over to the slower upstream plasma in the jet)
and back (see fig. 1.5). Atevery cyclethe particle willgain energydue to the fast move-
ment of the downstream shock [Gal02]. For nonrelativistic shocks the following formula
shows the energy gain compared to the initial energy, averaged over all inclination angles.

�

E

f

E

i

�

= 1 +

4

3

�

rel

(1.3)

�

rel

is the velocity of the jet in units of c. The particle has aprobability to escape the
acceleration front volume by being scattered away from the shock front. Taking this proba-
bility into the calculation the resulting spectrum has apower law shape. In nonrelativistic
shocks the angular distribution of the movements is uniformand for a strong nonrelativistic
shock this leads to power law spectra with spectral index� = 2.

dN

dE

/ E

�� (1.4)

For ultra relativistic shocks, which is the case for jets emitted by AGNs, the escape
probability and the average energy gain per cycle is more complicated due to the relativistic
movement. The angular distribution of the high energy charged particles is not isotropic
anymore. In [Gal02] it has been demonstrated, that by assuming different scenarios, the
spectral index for ultra relativistic shocks is in the rangeof �=2.2 to�=2.3.

A very important question concerns themaximum energy that can be reached by this
mechanism. The hard limit of the maximum energy depends mainly on two aspects.
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1. The radius of the emission region must belarger than the Larmor radius of the
particle.

E

max

' qB
R

jet

(1.5)

B is the magnetic field in the jet,R
jet

is the radius or jet scale,q is the charge of the
accelerated particle and
 is the relativistic gamma factor of the particle. According
to Equ. 1.5 for a jet radius ofR

jet

= 0:01 pc =3 � 1014 m, a gamma factor of
 = 10

and a magnetic field ofB = 0.1 G the absolute maximum energy is in the range of
10

14 eV or 100 TeV. These numbers give the order of magnitude that is generally
expected in such jets.

2. The electrons are constantly beingcooled down due to two effects and limit the
maximum reachable energy if the cooling is becomes faster than the acceleration:

(a) Emission ofsynchrotron radiation (which depends on the magnetic energy
densityu

B

in the jet)

(b) Inverse Compton scattering (which depends on the soft photon densityu

soft

).

The SSC model and relativity

As already mentioned, the idea behind the Synchrotron Self Compton model is that the ob-
served high energy
’s are produced by aninverse Compton up-scatteringof low energy
photons (UV and soft x-rays) by high energy electrons. The required densesoft photon
field is assumed to be produced viasynchrotron emissionby the same high energy elec-
trons by magnetic irregularities in the jet (the relevant parameter is the magnetic energy
densityu

B

). The SSC model is described in detail in Appendix A.
As an alternative (which is not SSC), the soft photons could also originate from the

accretion disc if the latter is not too far away from the blob. This possibility will be
discussed in the last chapter.

The typical SSC model spectrum consists of two emission peaks (see Fig. 1.6). One
synchrotron peak (the soft photon field) which peaks in the UV or soft x-rays region and
oneinverse Compton peakwhich peaks in the GeV-region.

Due to therelativistic motion of the source (along the jet axis), the emission intensity
is boosted in the direction of motion and becomes stronger and more energetic for an
observer for whom the jet approaching as compared to an observer in the moving (blob)
frame [Mag01]. The so-called beaming effect is characterized by the Doppler factorÆ:

Æ = [
 (1� �
os#)℄

�1 (1.6)

where� is the velocity in units of c with

� =

r

1�

1




2

(1.7)

where
 is the relativistic Lorentz factor of the motion and the observer sees the jet at an
angle#.

The Lorentz-transformations of the local comoving jet system (whose observables
are primed here, eg.dt0, I 0(�0)) relative to the distant observer system (whose observables
are unprimed, eg.dt, I(�)) yield:

� All longitudinal length scalesand time scalesmust to be divided by the Doppler
factorÆ:

dt = Æ

�1

dt

0 (1.8)

dx = Æ

�1

dx

0 (1.9)

.
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Figure 1.6:This figure shows an example of the double peak structure of a possible SSC model.
Here the low and high states of the multi-wavelength spectrum of Mkn 421 have been fitted with a
SSC model using a laminar geometry for the emission region. Taken from [Mas99]. Parameters used:
variability time scale t=500s, with a Doppler factor ofÆ = 20 (for low state, while for high states
Æ is by a factor four higher), with a magnetic field of B=0.4 G, and a maximum electron energy of



max

= 1:4 10

5).

� Theintensity scales withÆ3 as:

I(�) = Æ

3
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0
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0
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where� = Æ � �

0 and� is the photon frequency. The opening angle of the light cone
due to relativistic beaming is

� ' tan � =

1




(1.11)

where theta is the opening angle of the cone and
 the Lorentz factor of the blob.
Any (
-) radiation emitted by the jet is beamed in forward direction.

1.2.4 Jets of Mkn 421 and Mkn 501 as seen by microwave telescopes

The jet properties are discussed on the basis of the two AGNsMkn 421 andMkn 501 .
The former is subject of this thesis and the latter will be used later for comparison.

The contemporary picture of a jet is a blob of relativistic particles that is ejected by
the AGN. TheLorentz factor has been estimated for the case of many Blazars and radio
galaxies by measuring thesuperluminal motion of the blob seen by radio telescopes.
Radio telescopes have the necessary angular resolution to aprecision of miliarcseconds, a
resolution that is impossible to achieve for optical wavelengths. The general conclusion is
that the Doppler factor of most blazars and radio galaxies istypically Æ = 10 [Pad2/99].

Superluminal motion is anatural effect of relativity in which the blob moves at angles
of approximately 30Æ-60Æ in direction to the observer, who measures an apparent speed
that is faster than light [Mag01]. Theobservedspeed of the motion is:

�
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(1.12)
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=

� sin�

1� � 
os�

(1.13)

where�!n is the observer direction,� is the observation angle,
�!

� the velocity of the blob in
the observer frame and�

ob

is the apparent velocity observed by a telescope.
It is believed that the jet has a very high Lorentz factorimmediately after its expulsion

and collimation. Later it rapidlycools downby emission of synchrotron and inverse Comp-
ton radiation. The Lorentz factor of the blob decreases withincreasing distance from the
nucleus. At high Lorentz factors it radiates predominantlyin the form of hard x-rays and
(i.e. BLAZARS) in
-rays. Eventually, when the jet is much further away from thenucleus
and it has cooled down significantly, the jet emits synchrotron radiation in the microwave
energy range at which time it transparent to microwaves .Only then will it becomevisible
in the radio frequency range [Mar02]. At the point when the jet becomes visible to radio
telescopes its distance from the AGN is already hundreds of parsecs.

Both objects, Mkn 421 and Mkn 501, have been observed withradio telescopes(see
Fig. 1.7). As previously explained, it is assumed that the jets of these two objects move in
the direction of the observer within an angle of� �

1




� 0:1 rad � 6

Æ (
 = 10) from the
fact that we see
-radiation that is emitted in the forward direction. Unfortunately, the exact
observation angle isunknown. However, we do know that the movement is not exactly
in the line of sight because moving blobs with superluminal velocity have been observed.
These blobs are relatively slow. Mkn 421 blobs exhibit a velocity of only v = 2 � 0:1 


and Mkn 501 blobs have velocities of approximatelyv = 2:5� 0:1 
 [Mar99]. Theseslow
superluminal velocitiesof the radio blobs have two explanations:

1. The jet initially had ahigher bulk Lorentz factor of close to ten when it radiated x-
rays and
-rays (by synchrotron and
-radiation emission) and subsequentlycooled
down rapidly , more rapidly than other typical radio galaxies. Later the observed
radio blob only shows a Lorentz factorof approximately 3.

2. Theobservation angle is very smallsuch that the superluminal motion has only
small values between 2.0 and 2.5. This would allow a high Lorentz factor of the blob
close to 10.

It should be mentioned that the jet structure of both objectsis significantly different. This
can be seen for example in the magnetic field (can be seen in thepolarization of the radio
emission [Mar99]) which is perpendicular to the jet in case of Mkn 501 and for Mkn 421
the magnetic field is parallel to the jet.

1.2.5 Fast variablity and other properties of AGN flares

As of today, several Blazars which emit gamma rays in the TeV range have been detected.
The most significant of these are Mkn 501, Mkn 421, 1ES1426, 1ES2344 and 1ES1959,
while astronomers have discovered about 60 AGN in the GeV range mainly by the EGRET
satellite (see Fig. 1.8). All the known GeV Blazars are radioload. The radio emission
is assumed to be synchrotron radiation of very high energy particles (mostly electrons but
with a possible (weaker) contribution from protons) in the jet. The synchrotron emission
extends up to the soft x-ray where it can be detected with satellites like ASCA or RXTE.
Synchrotron radiation hints to the SSC model.

A very important feature of the AGN flares is its extremely fast variability. Mkn 501,
assumed to be a black hole of10

8 solar masses, and Mkn 421, smaller with approximately
10

6 solar masses are rather extended objects with Schwarzschild radii of the order of 1
AU and 1/100 AU respectively and with distances from the black hole to the accretion
disc between 10 and 100 Schwarzschild radii. The distances from the black hole to the jet
extend even further, with Schwarzschild radii at the order of 104 to 10

10. The observed
variability is very rapid . Typical timescales area few hours for Mkn 501 and about15
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(a) Mkn 421 (b) Mkn 501
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Figure 1.7:Shown here are VLBA radio images of the two objects Mkn 421 andMkn 501, taken
at 15 GHz. Picture a) shows Mkn 421, taken on July 1997 and picture b) displays Mkn 501, taken
on August 1997. Mkn 421 is very core-dominated which could bedue to a small observation angle.
Mkn 501 shows a bending in the jet of almost 90Æ. Both radio jets show superluminal motion excep-
tionally slow for typical radio galaxies. Mkn 421 blobs haveapproximately a velocity of�

obs

= 2:0


and blobs of Mkn 501 have approximately�
obs

= 2:5
. These plots were taken from [Mar99]. Plot
c) shows the superluminal speed as a function of the observation angle (in degrees) for three different
Lorentz factors (
=4, 
=6 and
=10). The vertical line shows the position of the light cone.Since
from these two objects
-emission is observed the actual observation angle must be smaller than this
limit.
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Figure 1.8:The as sky seen by the EGRET satellite above 100 MeV. Most of the emission comes
from the region of the galactic plane but at higher galactic latitudes are some objects which are
extragalactic. Many of them are Blazars.

minutes for Mkn 421 . This can be partially explained by a high Doppler factor (Equ. 1.6)
of the relativistically moving source and by small emissionregions (which are tens of AU
(1 AU' 15 light minutes)) .

But even with small emission regions and high Doppler factorscommon SSC models
have problems to explain this fast variability of Mkn 421. New theories tryto explain
this behavior. They range from smallconical sub shock frontsinside the jet (Model for
Mkn 421 [Sal98]),laminar rather than spherical emission regions[Mas99], andmod-
ulation of the soft photon field for Compton up-scattering via a hot spot in the accretion
disc [Bed96].

It should be possible to differentiate between these modelsby examining thecorre-
lation of x-ray flux and light curve measurements of x-ray satellites and the GeV-TeV
emission. If the soft photons for up-scattering come from the accretion disc, there should
only be a very weak correlation of the flares in the UV/x-ray and the TeV range. This would
point to a modulation version.

If there is astrong correlation, like in the case of Mkn 501, this points toward theSSC
model, possibly withconical shocksor thin laminal shocks traversing the jet (See Fig.
1.6).

A very precise measurement of aflare of Mkn 421 in the x-ray region (see Fig. 1.9)
has been recorded byASCA in April 1998 which seems to show a correlation between
x-ray flux and
-ray flux. The x-ray and TeV curves of Fig. 1.9 match perfectly, when
superposed. In the analysis chapter the correlation between the x-ray flux as measured by
ASCA in 1998 and various TeV instruments will be examined in detail. The ASCA x-
ray flux measurement seems to show two components. A slow flarecomponent (�7 day
duration) and a fast (sub-day) flare component.

1.3 The Gamma Ray Horizon

The universe is filled with isotropically distributed diffuse photons of low energy from the
microwave energy range (i.e. cosmic microwave background or CMB) peaking at 2.7 K up
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Figure 1.9:Multi-wave length observation of Mkn 421 in 1998 with ASCA inthe x-ray region and
with several Cherenkov telescopes in the TeV energy range. The integrated TeV flux is measured
in units of the (constant) crab flux and the x-ray flux (rate) incounts/sec. When the x-ray curve is
superposed on the TeV curve it can be seen that the TeV curve follows the x-ray curve. This will be
discussed in detail in chapter B.
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Figure 1.10:Actual measurements of the cosmic infrared background. Thegreen points are upper
limits, the blue ones are lower limits from galaxy counts, the red ones are trusted measurements and
the hollow black one is a tentative measurement. The data hasbeen taken from [Hau01]. The model
is from T. Kneiske and K. Mannheim [Kne02]. The increase of the energy density on the left side is
the CMB.

to the infrared (i.e.cosmic infrared background or CIB) and the visible light range. The
interaction of the very high energy (VHE)
’s with the low energy background radiation
(VLE photons) plays an important role in gamma ray astronomy.

This interactionlimits the observable energy range as a function of
-energy. Therefore
one would expectcutoffs in the spectra. This attenuation effect of the VHE
 on their way
to the earth, which depends on the red shift of the source, is calledgamma ray horizon
(a more precise definition will be given later, Equ. 1.23). The source of the interaction is
electron positron pair production from high energy and low energy photons.
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The VLE photons have different origin. The 2.7 K microwave background radiation
is a remnant of the Big Bang with a thermal spectrum from10

5

�m to 10

3

�m. Another
important contribution from thefar infrared ( 100 �m) to the UV (0.1�m) comes from
redshifted star light that has been occurring throughout the history of the universe. Star
formation processes in the early universe play an importantrole here. Thus the precise
measurement of the spectrum of these background photons provides detailed information
about the history of our universe.

Unfortunately the direct measurements of the extragalactic infrared background by
satellite borne instruments arevery difficult because of foreground infrared light in our
galaxy, i.e. dust reflecting the (infrared) light from the sun and stars inside the galaxy. The
actual measurements of the infrared background can be seen in Fig. 1.10. The numbers
have been taken from [Hau01]. The region between a few�m and 100�m has not been
measured at all. Only upper and lower limits exist. The lowerlimits come from galaxy
counts and are hard limits [Hau01]. The plotted curve shows amodels developed by T.
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Kneiske and K. Mannheim [Kne02]. This model is quite complexand involve convolu-
tions of measured star formation rates, initial mass functions and the history of dust and
light densities.

In order to calculate the absorption that VHE photons experience we need tofold the
cross section of the pair-production process with the low energy photon density.The cross
section for the process described in Equ. 1.14 is (in
m

2) [Ste95]:
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E is the energy of the gamma ray photon," is the energy of the soft photon,z is the
redshift of the source andx = (1 � 
os (#)) is the angle between the photon directions.
The threshold energy conditionis
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The cross section, plotted in the range between 100�m and 0.1�m, for a 1 TeV, a
3 TeV, a 10 TeV and a 30 TeV photon from a head on collision (solid line) and averaged
over all angles (dashed line), together with the measurements of the infrared background
can be seen in Fig. 1.11. This time the photon density insteadof the energy density has
been plotted, because this is the quantity which determinesthe absorption. This plot illus-
trates which soft photon range interacts with which high energy photon. The higher energy
photons (10 TeV and 30 TeV) fall into an energy range of the cosmic ray background which
has not been measured yet. The measured spectrum of Mkn 421 puts strong constraints and
upper limits on the soft photon density in that range.

To get the optical depth� (attenuation toe�� of the original flux) for one specific
energy, one mustfold the cross section with the cosmic infrared spectrum and average
over the whole solid angle
 of photon collision angles and integrate this result over the
redshiftz. Since the object of this work (Mkn 421 withz=0.03, z� 1) is relatively close
to the earth (440 million light years away), it is not necessary to integrate overz, which
simplifies the relation.

The absorption probability per unit length (in cm) is [Ste01, Bla01]:
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is thedifferential soft photon density (in units of number of photons per
m3and
eV) and must be calculated from the cosmic infrared backgroundspectrum (Intensity� dI
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whereas" denotes the photon energy in eV. The distance to the object is, to first order, (for
z� 1):

l =


 � z
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(1.21)

H
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se
�Mp


is the Hubble constant (1 pc =3:086�1018 cm). Finally the attenuation
of the flux becomes:
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Figure 1.11:a) The upper plot displays, for comparison,the cosmic infrared background mea-
surements in terms of differential photon density together with different models of [Kne01] of the
CIB. The blue points are lower limits, the green ones are upper limits and the red points are accepted
measurements. b) The lower plot shows thecross sectionfor a 1 TeV (blue), a 3 TeV (red), a 10
TeV (green) and a 30 TeV photon from a head-on collision (solid line) and averaged over all collision
angles (dashed line).
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Figure 1.12:The attenuation of TeV gammas originating from Mkn 421 and according to the
models [Kne02] shown in Fig. 1.11. According to these modelsthe attenuation starts above 1 TeV
but the effect becomessignificantly strong after 10 TeV.
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Fig. 1.12 shows theattenuation of gammas originating from Mkn 421 atz=0.031 for the
models shown in the Fig. 1.11. It should be noted that thecutoff that has been observed,
for example, in the spectrum of Mkn 501 (z=0.034) [Ste01] can have two possible reasons.
One is theabsorption due to the cosmic infrared background. The other is that the cutoff
could be anintrinsic feature of the BL LAC emission spectrum. As of today, it is not
clear which of these hypotheses is actually responsible forthe cutoff. It could even be a
mixture of both . These possibilities will be discussed later in the last Chapter concerning
the analysis of the Mkn 421 flares of 2001.

The gamma ray horizon (Fig. 1.13) is defined as the red shift for which

� (E; z) = 1 (1.23)

This is the distancez for which the attenuation becomes1=e.

1.4 Theory of air showers

There are two ways of detecting gamma photons. One is such that the gamma photons are
detected directly in space. This is done via the x-ray and gamma-ray satellites. Satellites
have a limited detection area of a fewm2 and have therefore a limited sensitivity. The
second possibility uses theatmosphereas a part of thedetector.

The VHE gamma flux is so low, that huge detection areas (� 10

5

m

2) are needed to
collect a reasonable number of events per observation time.Above 10 GeV the collection
area of current satellite borne
-detectors is too small and only the method ofground
based instrumentscan be used. This section is therefore dedicated to explain how the
atmosphere reacts with cosmic rays.
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Figure 1.13:The gamma ray horizon plotted against the red shift. Taken from [Bla01]. As of today,
it is not exactly known where the horizon is located. The different curves show the attenuation for
different cosmic parameters and CIB models. The location ofthe gamma ray horizon gives important
information about CIB and is a very actual field of research.

When cosmic rays enter the atmosphere, they generate so-called air showers. The cos-
mic ray particles interact with the molecules of the atmosphere by hadronic and electromag-
netic interaction.Electrons, muons and
’s interact electromagnetically, which means
they generate secondary particles by pair production and bremsstrahlung. The secondary
particles are mostly again non-hadronic particles asElectrons, muons and
’s.

Hadronic CR, namelyProtons and ionized nuclei interact via thehadronic interac-
tion , which means that they produce as secondary particles mainly �’s, � and K’s. These
latter particles either decay or produce more secondary particles by hadronic interaction.
�

0 decay almost instantly into two photons and thereforefeed the electromagnetic com-
ponent of an hadronic shower.

In this way, a cascade of secondary particles is initiated. These highly relativistic parti-
cles, mainly electrons, emit Cherenkov radiation during their travel through the atmosphere.
The air showers extend, depending on their energy, from the upper levels of the atmosphere
down to sea level (see Fig. 1.14).

There are two types of air showers: Theelectromagnetic type, which haveno hadronic
particles and thehadronic showers, which contain all types of particles.

1.4.1 Electromagnetic cascades

The electromagnetic shower is easier to discuss mathematically because to first order it
only containselectromagnetic particles, consisting ofelectrons, muons andphotons.
Photons are produced bybremsstrahlung and by theannihilation of positrons. Electrons
and positrons are produced bypair production . The energy of the original photon is
transfered to the secondary particles whose numberincreasescontinuously.

The particleslose energyby multiple scattering and also byionization of the sur-
rounding air molecules. The number of particles increases until the shower maximum.
From that point on the average particle energy decreases because of energy losses due to
ionization and bremsstrahlung. The cascade equations can be found in [Gai90]. For the
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Figure 16. Longitudinal development of 
-ray and proton-induced showers and their images in the focal

plane of the telescope.

Figure 1.14:a) Top row: Images of two typical air showers, for a gamma photon (left side) and a
proton (right side) , calculated by Monte Carlo simulation and 2) Bottom row: their Cherenkov image
seen by a telescope, taken from [Kra01]
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Figure 1.15:Electron number of a 0.5 TeV (green), of a 1 TeV (red) and a 3 TeV (blue) shower vs
depth in units of radiation lengths.

case of electromagnetic showers solutionsexist for the cascade equations which assume
several approximations.

Themean free path lengthof an electron (distance at which the 1/e part of the elec-
trons did not interact) is called theradiation length � and has the size of� = 36:2

g


m

2

.
This quantity has to be divided by the density of the air to getthe unit of a length (at sea
level� = 0.0011 g


m

3

it equates to approximately 350 m). For the following discussion four
parameters are introduced:

� Thedepth T along the shower axis in radiation lengths�..

� The shower ages = 3=(1 + 2 � (y=T )), which ranges from 0 to 2. The shower
maximum is found at s=1.

� Thecritical energy E




= 80 MeV, where the energy loss through ionization, equals
the energy loss through particle multiplication.

� And avariable y = ln (E=E




), whereE is the energy of the initial gamma photon.

The approximate longitudinal electron number then becomes[Gai90]:

N

e

(s) =

0:31

p

y

e

T (1�1:5�ln s) (1.24)

Theelectron number vs depth for a 3 TeV, a 1 TeV and a 500 GeV shower is plotted in
Fig. 1.15.

By introducing a very simple exponential atmospheric model(neglecting temperature
changes), one obtains an approximate shower shape as a function of height. The following
equation relates the depthT (in radiation lengths) with the heightH (in m ):

T =

X

0

� 
os#

e

�

H

H

0 (1.25)

WhereX
0

= 1013

g


m

2

is the column height of air at ground,H
0

= 8400 m is the height
at which the atmospheric pressure reduced to 1/e from the oneat ground and# = 0 is the
inclination angle of the shower axis.

The resulting plot in Fig. 1.16 shows a 3 TeV, a 1 TeV and a 500 GeV shower with
respect to height according to the simple model described above. The shower maximum
for a 1 TeV shower can be seen at approximately 9500 m. The shower maximum for
showers with higher energyreaches deeperinto the atmosphere.
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Figure 1.16:Electron number of a 0.5 TeV (green), of a 1 TeV (red) and a 3 TeV (blue) shower
shower vs theheight in m counted from ground. For higher energies the shower maximum reaches
deeper into the atmosphere.

In order to understand theasymmetric shapeof shower images seen by the camera,
we analyze theelectron density seen under an observation angle by the telescope (the
Cherenkov image itself is far more complicated and will not be treated here). The trans-
formation from the height coordinate to the viewing angle coordinate involves atangent
of that angle. This results in avery asymmetric shower image. Fig. 1.17 shows the same
three showers developing at an impact parameter of90 m. Here it can be seen clearly
that the shower image in the telescope camera is very asymmetric. The shower maximum
moves to largerdistancesfor in the camera for higher energies.

The camera of the CT1 telescope has an opening angle of approximately1.4 degrees.
Comparing this with our image, it can be concluded that the recorded camera image will be
truncated . For these reasons, two new image parameters have been introduced, as will be
explained in detail in a later chapter. They are: anasymmetry parameter,and aleakage
parameter, which describes thedegree of truncation of the shower image due to a too
small camera. The latter parameter will be used for energy estimation purposes.

There also exists an analytical solution for thelateral width of the shower. Unfortu-
nately it is only valid for1 � s � 1:4 and is thereforenot very useful for developing an
analytical model for the shape of
-showers. (Such a model might be useful for
/hadron
separation using log-likelihood techniques). It is the so-calledNKG-formula displayed in
Fig. 1.18:

xf(x) = K x

s�1

(1 + x)

s�4:5 (1.26)

whereK is a normalization constant and

x = r=r

M

(1.27)

is the radial distance from the shower core in units ofMoliere radii

r

M

� 9:3

g


m

2

The following expression defines the normalization constant K in Equ. 1.26:

2�

Z

1

0

xf (x) dx = 1 (1.28)

Finally, thelateral electron density �
N

(r; T ) becomes
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Figure 1.17:Electron number of a 0.5 TeV (green), of a 1 TeV (red) and a 3 TeV (blue) shower
vs theviewing angle from ground in degrees. For higher energies the shower maximum is found at
larger distancesin the camera.

�

N

(r; T ) =

N

e

(T )

r

2

M

f (x) (1.29)

As a result, it can be stated that thelateral spread increaseswith the shower age.
From the view of the camera the image develops from the center(if the center of the cam-
era points to the source) tobigger viewing angles while the lateral spread continuously
increases.

Hadronic showers are more complicated than electromagnetic ones and the cascade
equations cannot be solved analytically. UsuallyMonte Carlo simulations are needed to
understand the difference between electromagnetic cascades and hadronic cascades.

1.4.2 Hadronic cascades

A hadronic shower hasthree components,a hadronic, an electromagneticanda muonic
one. The shower develops as follows: A high energy hadron interacts with the nucleus of
an atom in the air and produces mainly pions (and a few kaons).

h+Nu
leus ! m�

�

+ n�

0 (1.30)

The shower consists of a hadronic high energy core that continuously feeds the electromag-
netic part because the�0 instantly decay into two photons.

�

0

! 
 + 
 (1.31)

Each high energy photon emerging from thehadronic core creates anelectromagnetic
sub-shower. Lower energy charged K’s and�’s feed themuonic componentby decaying
into muons and neutrinos. At each hadronic interaction,approximately one third of the
energy goes into theelectromagnetic component. Since the hadrons usually re-interact,
a large part of the initial energy finally ends up in the electromagnetic part and is dissi-
pated through ionization losses and Cherenkov radiation. The most numerous particles in a
hadronic shower are therefore positrons and electrons. It should be noted that in a hadronic
shower asizeable fraction of the energy is transported away by invisible neutrinos and
muons and so thatonly a fraction of the initial energy isdeposited in the atmosphere.
Therefore hadronic showers producelessCherenkov light than their electromagnetic coun-
terparts.
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Figure 1.18:The functionxf(x) with correct normalization demonstrates the lateral electron dis-
tribution for s=1.0 (red), s=1.2 (green), s=1.4 (blue). Thelateral distribution getswider with shower
age due tomultiple scattering.

A Cherenkov telescope sees the Cherenkov radiation basically only from electrons and
positrons because a) they are more likely to beabove thresholdof Cherenkov light pro-
duction and b) they form theoverwhelming fraction of particles in a shower. The image
of an hadronic shower seen by such a telescope is wider and larger and has muchlarger
fluctuations than that of a pure electromagnetic shower (see Fig. 1.14). The fluctuations
are larger because the hadronic radiation length is almost double the size of the electro-
magnetic radiation length:�

h

= 70

g


m

2

. The lateral spread of the hadronic shower is
mainly caused by thetransverse momentumof the secondary hadrons after a hadronic
interaction while in the case of electromagnetic showers the lateral spread is a function of
multiple scattering resulting in a much slimmer shower.

Since one is interested only in gamma ray induced showers, the hadronic showers must
be separated from the electromagnetic ones. This difference in thegeometrical image
structure, and to a certain extent thetime structure, can be used to distinguish between the
gamma induced events and the hadronic background, providedthe instrument has sufficient
resolution (e.g. a finely pixelized camera and sub-nanosecond time resolution).

It should be noted that an incoming high energy
-photon (or a
 in the shower) can
develop secondary hadrons with low probability (1%) via photoproduction which initiate
a hadronic shower. Such showers, induced by a
-photon, cannot be distinguished from
a normal hadronic shower and therefore add to the background. However, most will be
eliminated by selection cuts.

Below 100 GeV there exists a small butnon-negligible contribution of electrons in
the primary CR flux. These electrons initiate electromagnetic showers as primary
’s and
are therefore indistinguishable from
 induced showers and so form a non-reducible back-
ground. However, like all the other charged CR, they areisotropically distributed . It is
therefore essential to achieve a good angular resolution toreduce thee� background in the
case of point source searches.

All the structure of extended air showers can be seen throughthe Cherenkov light emit-
ted by the particles (with� � �




) in the shower. Cherenkov telescopes are especially
sensitive to thedirectionality of the Cherenkov light. This is an important difference to air
fluorescenceexperiments.
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1.4.3 Cherenkov light production

A highly relativistic particle emits Cherenkov light during its travel through the atmosphere
[Jel58, Lon1/92]. Cherenkov light is always produced when the particle velocity isfaster
then the velocity of light in the air (� � �




). The condition for Cherenkov light production
therefore is:




n (�; !)

< v = �
 = (1�

1




2

)
 (1.32)

wheren (�; !) is the refraction index of the atmosphere whichdependson thedensity
of the air and thewavelength, � is the velocity of the particle in units of
 and
 is
the relativistic Lorentz-factor. The condition above alsolimits the spectral range of
the Cherenkov-light since the refraction index of the air depends on the wavelength. The
Cherenkov light is radiated in a light cone of opening angle


os (�) =

1

�n (�; !)

(1.33)

The maximum opening angleincreasesas the particle enters deeper in the atmosphere due
to the increasing air density. This is illustrated in Fig. 19.The Energy radiated per unit
length and unit frequency is [Lon1/92]:
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(1.34)

The Cherenkov light seen from the ground is thesuperposition of all the light emitted
in cones by all the electrons and positrons integrated over the whole shower development.

In order to determine the total light distribution on the ground, thelateral spread of
the electrons and more importantly, theangular distribution q (�; h) of thepropagation
direction of the electrons, which defines thedirection of emissionof the Cherenkov cone,
has to be taken into account. Fig. 19 shows the distribution of Cherenkov light emitted by
a 1 TeV shower.

.1 The principle of Cherenkov imaging telescopes

Air showers develop practically with the speed of light, resulting in very short Cherenkov
light flashes. Typical numbers for the arrival time of Cherenkov photons are 2-4 ns for an
electromagnetic shower. Hadronic showers have a wider timespread (10 ns - 15 ns) due
to the development of many sub showers. Fig. 20 shows the Cherenkov photon density on
ground for different CR particles. Thephoton density for electromagnetic showers on the
groundscales to first order with the energy(for E > few GeV; the light output is used
as the main energy estimator) while for protons this relation does not hold below 1 TeV.
Reasonable mirror areas are needed to collect a sufficient amount of light for detection.

For example, for a1 TeV electromagnetic showeronly about 100 photons/m2 arrive
the ground in the main impact parameter region of a radius of about 120 m, within the
wavelength region of 300 nm (the ozone cutoff) to 600 nm (the sensitivity limit of the
PMT). Assuming a collection mirrorarea of� 10m

2 for the CT1 telescope and taking
into account losses in the optics,only about 800 photonswill arrive to the (whole) camera
during a few nanoseconds. During this time also light from thenight sky (NSB) is continu-
ously being collected by the mirror. On the Roque de los Muchachos in La Palma at 2300 m
(the location of the CT1 telescope, the NSB accounts for approximately4:3 10

12

photons

sm

2

sr

[Sch00]. For� 10m

2 and a pixel diameter of0:25Æ (corresponding to the CT1 telescope)
this results in approximately0.6 photons per ns and per pixel. This number depends
strongly on the sky area and weather conditions and can easily change by a factor of 2 or
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Figure 19:This figure sketches the Cherenkov light production of a 1 TeVphoton. It illustrates how
the opening angle increases with the density of the air. Mostof the light is emitted between a height
of 10 km and 6 km. (taken from [Hil96])
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Figure 20:Cherenkov photon density (300 nm-600 nm) of different cosmic ray particles at 2000 m
averaged over50000m2 collection area (impact parameter< 125m), taken from [Ose01]

more in time scales of 20 minutes, depending on the humidity of the air. During moon
light, the night sky background can be up totwo orders of magnitude higher.

Thebrevity of the light flash defines the properties that a camera must have: Single
photon counting capability, ultra short recording time of a few nano seconds, and the
ability towithstand a rather high continuous photon background rate. This can beachieved
with a camera consisting of pixels of photomultipliers, which are run at a sufficiently low
gain to avoid damage by high currents, but still high enough to resolve at least a few photon
pulses.

The size of the pixels should be smallerthan 0.3Æ to at least be able to resolve the
lateral spread (To see the fluctuations in the lateral distribution, the pixel diameter should
ideally be below 0.1Æ) because the main advantage of an imaging telescope is to be able
to distinguish between background (hadronic showers) and signal (gammas showers)by
seeing differencesin the image of the showers.

To bolster the above mentioned numbers lets give a numericalexample: For a 1 TeV
gamma shower the maximum is located at about an altitude of 10km and the interaction
length is about 1 km at that air density. Assuming the telescope is located at 2.2 km el-
evation, then the interaction length corresponds to� 0:1

Æ viewing angle in longitudinal
direction for an impact parameter ofp = 100 m. According to the NKG formula Equ. 1.26,
the lateral spread for such a shower is half width half maximum d=65 m at s=1 (shower
maximum) at that altitude of 10 km. A movement of 64 m perpendicular to the center-
core connection line at the same impact parameter results inapproximately 0.3Æ which
corresponds to one CT1-pixel in lateral direction in the camera (see Fig. 1.14).

In the following sections I will give an overview of the HEGRAexperiment and how
the CT1 telescope, a major prototype for all Cherenkov telescopes has been implemented.

.2 The HEGRA experiment: An overview

The original HEGRA experiment (see Fig. 21) was proposed by the institute of physics the
Universität Kiel and was built as a small scintillator arrayin 1988 on the Canary Island
La Palma (28.75Æ N, 17.89Æ W). Gradually more institutes joined and the detector was
enlarged. At present, the HEGRA collaboration consists of seven institutes: Universität
Hamburg, Max-Planck-Insitut für Physik in Munich, Max-Planck-Institut für Kernphysik
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Figure 21:The HEGRA experimental site 1998. A collage shows the new MAGIC telescope which
is currently under construction. On the right one can see theCT1 telescope which has been used to
record the data for this thesis.

in Heidelberg, Universität Kiel, University of Madrid, Universität Wuppertal and the Yere-
van Physics Institut in Armenia. The HEGRA experiment is located at the site of the
Observatorio del Roque de los Muchachosat about 2200 m above sea level. In its 1997
setup, the experiment consisted of 17 Geiger counters, 244 scintillator counters, 77 wide
angle Cherenkov counters and 6 Cherenkov telescopes. In thepast year parts of the exper-
iment have terminated and have been removed. At present onlysix Cherenkov telescopes
are in use. Five of them are operated together in stereo mode in the so-called CT-system.
The oldest telescope and original prototype of the experiment, is run in a stand-alone mode.
This is the CT1 telescope. Only data from the CT1 telescope has been used for this thesis.

The CT1 telescope was installed 1992. In the beginning it had5m

2 of mirror area
and a camera of 37 pixels with� 3

Æ field of view (FOV) [Mir94]. In December 1994
the camera was replaced by a higher resolution camera with127 pixelsand a� 3

Æ FOV
[Rau95]. CT1 was operated in this configuration until November 1997, at which time it
was upgraded to� 10m

2 of mirror collection area made from aluminum mirrors. This
represents the current setup used for this thesis. In this configurationit has a threshold of
approximately 750 GeV.

The second HEGRA Cherenkov telescope, CT2, was installed in1993. In contrast to
CT1, which has an equatorial mount, CT2 uses an alt-azimuth mount and is equipped with
8:5m

2 mirror area. In the beginning CT2 had a camera with only 61 pixels, but it was
upgraded in 1998 to a high resolution camera of 271 pixels and4:9

Æ field of view. CT2
was also operated in stand-alone mode until 1998, when it wasincluded in the CT-system.
In 1997 it had a threshold energy of approximately 1 TeV.

The Cherenkov telescope system, calledCT-system, consists of a set of four telescopes
(namely CT2 to CT5). Together they areoperated in stereo mode. This means that all
of the telescopes watch the same object and simultaneously record the same air shower. In
this way the impact parameter and therefore the energy can bereconstructed much more
precisely. The advantage of having several images of the same shower leads to a much
improved gamma/hadron separation. It is possible to obtain analmost perfectly clean
data set of gamma showerswhen operating in a� 3-fold telescope coincidence. The first
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telescope of the CT system, CT3 was installed in 1995. CT4, CT5 and CT6 followed and
were fully constructed end of 1996. All of these telescopes have a segmented mirror of
8:5m

2 and a high resolution camera of 271 pixels and 4.9Æ FOV. The energy threshold of
the system is 500 GeV.

.3 The HEGRA CT1 telescope

The CT1 telescope has always been referred to as the ’prototype telescope’ because it was
the first telescope of the HEGRA collaboration (see fig. 22) . It was constructed in order
to gain experience with these types of telescopes and to see if Cherenkov telescopes, in
general, are able to record weak astrophysical signals withsufficient signal to noise ratio
to observe astronomical objects and to perform real physics. It has been one of the first
imaging Cherenkov telescopes in the world. In contrast to most Cherenkov telescopes it
has an equatorial mount instead of an alt-azimuth mount. This has both advantages and
disadvantages.The advantages are

� The operation of an equatorial mounted telescope is simplerbecauseonly one axis
and one motor are necessary to rotate withconstant speedin order to counteract
the rotation of the earth.

� Thecoordinate systemof the cameradoes not rotatewith respect to the coordinate
system of the sky. All of the bright stars in the field of view ofthe camera stay in
the same position. This simplifies the Monte Carlo simulation and the analysis, as
described later in chapter A.

The disadvantages are

� The axis of the telescope isnever aligned perfectly to the earth’s rotation axis and
therefore the data needs apointing correction 3 later on.

� The constructionrequires a heavy counter weightfor the mirror dish. This sets
limitations on the accessible angular range. The use of counterweights requires a
very stable and thereforeexpensive construction.

Nowadays Cherenkov telescopes are constructed only withalt-azimuth mounts.

.3.1 Technical details

In the present setup CT1 is equipped with segmented hexagonal aluminum mirrors of
490 cm focal length. A so-called Davis-Cotton configurationhas been chosen in order
to obtain an optimal shape of the reflector with respect tobest images(least distortion).
The total mirror area is� 10m

2 with a reflectivity better than 80%.
The camera consists of 127 10-stage EMI-9083A PMTs connected to hexagonal light

concentrators, so-called Winston cones’ which accept onlylight coming from a limited
angular range in the direction to the mirrors in order to block stray-light and background
light emerging from the side. The PMTs are operated at mediumgain with only 8 stages
coupled to fast preamplifiers to compensate for the reduced gain. This is done to avoid high
anode currents generated by the light of the night sky (NSB) and bright stars in the field of
view.

During dark nights (without moon light), theNSB gives approximately0.6 photon/(ns*pixel).
This corresponds to approximately0.3 photoelectron/pixel(integrated over a gate length

3The word ’mispointing’ is used in the sense that the center ofthe camera does not coincide exactly with the
coordinates of the object to which the telescope is pointingto. A ’pointing correction’ corrects the data for slight
misalignments.
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Figure 22:An image of the CT1 telescope in present state in La Palma on the Roque de los Mucha-
chos. The data used in this thesis has been recorded with it.

of around 30 ns). This number increases by a factor of two withdifferent weather condi-
tions and by afactor of up to 20 during moon light hours. In the latter case the high voltage
(HV) of the PMTs is reduced to keep the current in an acceptable range. The diameter of
one pixel is 0.25Æ (=̂ 21mm). This is barely sufficient to resolve the lateral distribution of
air showers. The camera is the most expensive part of an air Cherenkov telescope. There-
fore one has to make compromises in the choice of the pixel-diameter and FOV. The total
FOV is 3Æ. The maximum quantum efficiency (QE) of the PMT is 26% at 375 nm. The
tracking error of the equatorial mount is 0.03Æ and the pointing error < 0.15Æ. The output
of the pre-amplifiers is transfered to the counting container via coaxial cables.

.3.2 The trigger of CT1

The telescope triggers on incoming air-showers on the condition that within 6 ns (8-2 ns
minimum overlap) two neighboring pixels out of any 127 show asignal higher than 50 mV,
which corresponds to a superposition of approximately 13 photoelectrons in the PMTs.
The trigger signal opens the gate of 127 charge sensitive (LeCroy) ADCs and initiates a
readout signal. For each triggered event the direction of the telescope (via shaft encoder
values) and a time stamp (via a rubidium clock) are recorded.The trigger rate depends
on theHV of the PMTs, thezenith angleof the telescope and weatherconditions on the
mountain. The camera and the readout electronics are described in more detail in [Rau95].
For zenith angle# = 0 the trigger rate is approximately 5-8 Hz and theenergy threshold
is about 750 GeV.

.4 The All Sky monitor of the RXTE satellite

Sources that emit high energy (HE)
-radiation normally also show strong keV-MeV
-
emission. These measurements have been carried out by satellite borne instruments be-



42 CHAPTER 1. INTRODUCTION TO THE THEORY AND DETECTORS

b) a)

Figure 23: a) Principle of the Shadow Camera b) Schematic diagram of theScanning Shadow
Camera of the all sky monitor of the RXTE satellite.

cause the earth’s atmosphere is an efficient shield. In chapter B, concerning the analysis of
Mkn 421 observations, I will make use of x-ray observation data from theRXTE satellite.
Here I give a brief overview of this instrument.

The RXTE satellite [Bra93], launched on December 30, 1995, was designed to probe
cosmic X-ray sources on variability time scales in the rangeof milliseconds to years. On
board of the satellite three experiments have been installed which span an energy range of
2 keV to 250 keV. They are:

� Proportional Counter Array (PCA ): The PCA consists of five xenon gas propor-
tional counters with a collection area of about 6200
m

2. The PCA is sensitive to
X-rays in the energy range from 2 keV to 60 keV and can measure short term vari-
ability down to the microsecond level.

� High Energy X-ray Timing Experiment (HEXTE ): HEXTE consists of two inde-
pendent clusters of four NaI/CsI phoswich scintillation detectors. The energy range
is 15-250 keV and the time resolution is again a few microseconds.

� All Sky Monitor (ASM ): The ASM is the detector whose data has been used in this
thesis. The ASM consists of three Scanning Shadow Cameras (SSCs) and covers an
energy range from 2 to 12 keV. The SSC has a slit mask at the entrance (see fig.
23), that produces a characteristic shadow pattern in the Position Sensitive Propor-
tional Counters (PSPC) which are filled with Xenon. The idea is that each source
in the sky produces such a pattern in the detector and that thepattern of all sources
superpose. Deconvoluting the image delivers the intensityand direction of the indi-
vidual sources. The ASM scans 80 % of the sky every 1.5 h and is used to measure
long-term variability (hours to months) of bright X-ray sources due to the rotation
of the satellite. All three SSCs point in different directions of the sky.The data is
delivered in 90 second bins.

For a more complete description of ASM and HXTE see [Lev96, Gru96].



Appendix A

The Analysis of shower images

In the first chapter, concerning theory and detectors, I gavea short overview of
1-rays from
their production in the source up to their development as airshowers and their detection
by Cherenkov telescopes. A much higher quantity of hadronicparticles impinge onto the
earth’s atmosphere than
-rays, which themselves only account forless than 0.1%of all
cosmic rays. One of the main challenges of
-astronomy is therefore the separation of
’s
from the hadronic background. Acertain gamma/hadron separation is already applied by
the telescope trigger, which only responds to signals in a limited time window and takes
advantage of the fact that Cherenkov photons from hadronic showers arrive with alarger
time spread and have a lower light yield for the same energy as compared to
’s. From
the moment that they have been recorded and measured in the form of Cherenkov images,
the key issue becomes toseparategamma shower events from hadronic shower events as
efficiently as possible.

The data used in this chapter are a part of the complete dataset of Mkn 421 from Febru-
ary to May 2001 and account for approximately167 hours of observation time (from a
total of 250 hours that will be analyzed in the last chapter).It was recorded by theCT1
telescope of the HEGRA collaboration on La Palma on the Roquede los Muchachos. The
data has been preprocessed by a filter and the preproc-program written by Dirk Petry of
the Max Planck Institut für Physik in Munich. The filter checks the data for some simple
errors in mainly two ways: a)rejection of noise triggered eventsby applying a two next
neighbor software-trigger and b) checks forcorrect positioning of the telescope. After the
filter cuts, the trigger rate in zenith position is approximately 2.6 Hz to 3 Hz. Then, the
preprocessing program which does thecalibration is applied. It converts the signal into
photoelectrons for each pixel and determines their pedestal RMS values from calibration
runs. The next steps are done by a software package written inC++/ROOT which con-
sists of about 50.000 lines of code that I developed. The software reads the calibrated data
output and perform all the algorithms and analysis procedures discussed in this chapter.

For telescope efficiency studies, flux calculations and energy calibrations, Monte Carlo
(MC) studies are essential. The MC simulation of air showersplus their imaging on the
telescope have been done by Dorotha Sobczynska of the University of Lodz in Poland.

In the shower and telescope simulation by Dorotha Sobczynska the simulation of the
night sky background (NSB) is not included and must be performed separately for each
source analyzed. Therefore thesimulation of the NSB is done within the program package
developed for this work and will be described in the following sections.

This chapter is structured in the following way. After a quick description of thecalibra-
tion procedure of preproc, an overview of theMonte-Carlo simulation is given. The next
section deals with theclassical image parametersand variousseparation methods(for
instance, static cuts, dynamic cuts and amodified linear discriminant method (LDA))

1Note: Throughout this document the abbreviation ’
’ refers to a high energy photon (>1 GeV)
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which are used to quantify the discriminating power of a given image parameter set.New
image parametersare introduced and classified by using theLDA . In the last section the
estimation of energy, pointing corrections2, unfolding of spectra, flux calculationsand
determination of theintegrated light flux (above 1 TeV -> light curve) will be discussed.

A.1 The calibration of the telescope data

Here I wish to briefly discuss how the raw data from the CT1-telescope is calibrated. The
calibration is done via a software ’preproc’ which was written by Dirk Petry of the Max
Planck Institut für Physik in Munich and significantly modified and improved by Martin
Kestel, also in Munich. It directly reads the recorded rawdata of the telescope, which con-
sists ofpedestal runs, calibration runs andobservation runs. The data simply consists
of the ADC-values of each pixel that is recorded when a trigger occurs.

During pedestal runs random trigger images of the sky at the position of a source are
taken. As the name implies, they are used to determine the pedestal position (in ADC
counts), which means the zero line, and its RMS value of the pedestal peak. The RMS
value is a measure of the light of the night sky and is proportional to the square-root of the
PMT current. This will be explained in more detail in the nextsection concerning Monte
Carlo simulation.

The calibration runs consist of a train of LED light-pulser events of equal amplitude.
From the position of the signal peak, its RMS and the positionof the pedestal,the num-
ber of photoelectronscan be calculated using the so-calledexcess noise factor method
[Mir00, Sch01].
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where� and�
0

are the signal and pedestal position and� and�
0

are the standard deviations
of the signal peak and the pedestal peak. By assuming thatN

PhE

is equal for each pixel
(so-called flat-fielding) and by knowing the average excess noise factor for all PMTs in the
camera aconversion factor for ADC-channels->PhE for each pixel is calculated.

The precision of this method is estimated to be approximately 10 % [MirCom]. The
conversion factors are calculated by evaluating the calibration and pedestal runs. Once the
conversion factors are known they are used by the ’preproc’ program todetermine the
number of PhE for each pixel of all the events in an observation run.

A.2 Monte Carlo Simulation of air showers

The Monte Carlo (MC) simulation of air showers and their imaging on the telescope camera
is a very important part of the analysis, since it helps to understand the difference between
gamma showers and hadronic showers. The simulation of the trigger of the telescope and
the imaging of the shower onto the focal plane are absolutelymandatory to calculate the
cut and trigger efficiencies, which ultimately determine theeffective areasafter cuts and
the flux. Theenergy calibration of the data is done by using MC data. This is done by first
finding a good estimation of the shower energy of MC gamma showers and then applying
this result to real data. This topic will be discussed later on.

The showers have been simulated by a base program from the MaxPlanck Institut in
Karlsruhe/Germany calledCORSICA which uses experimentally determined cross sec-
tions and complex atmospheric models to simulate the extended air showers by track-
ing each particle in the shower individually. As mentioned above, the simulation of the
showers and especially the telescope reflector simulation have been performed by Dorotha

2The word ’mispointing’ is used in the sense that the center ofthe camera does not coincide exactly with the
coordinates of the object to which the telescope is pointingto. A ’pointing correction’ corrects the data for slight
misalignments.
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Sobczynska. For the imaging onto the camera, the exact mirror and camera geometry have
been taken into account, including optical imperfections.To obtain good agreement with
the real measurement, the influence of thenight sky background (NSB) and the light of
starfields also need to be simulated. This is explained in thefollowing section.

A.2.1 Simulation of the night sky light

In between to the normal data taking runs (for the observation of an astronomical object),
calibration runs andpedestal runs are also performed. The calibration runs are used
to determine theconversion factor of ADC-channel/PhE. The pedestal runs consist of
images of the night sky using random triggers to ensure the exclusion of shower light. The
pedestal runs are used to measure thezero line of the ADC (pedestal) and itsRM S. The
pedestal RMS of each pixel is calculated by taking the variance of the measured signal
in each pixel. Both, the electronic noise and the light of thenight sky (NSB) including
starlight, contribute to the RMS. The NSB accounts to approximately 0.8-3 PhE per pixel
(depending on observation conditions) within the time window of the ADC (approximately
30 ns).

To understand theshapeof the resulting pedestal distribution, which we want to sim-
ulate, it is necessary to understand the camera electronicsin significant detail. The light is
recorded by PMTs which have a photocathode which converts photons into photoelectrons
with a certain QE. The signal seen at the output of the PMT is the amplified signal of the
PhEs hitting the first dynode. The number of PhE within the time window of the ADC is
Poisson distributed. The further amplification has fluctuations due to its statistical nature.
The dominant contribution comes from the first dynode. Thisadditional noise is called
excess noise(F ). For PMTs it is defined as

F

2

= 1 +

var(Single PhE Peak)

mean

2

(Single PhE Peak)

(A.2)

The definition of F simply describes the increase of the noiseof an incoming signal af-
ter amplification through the dynode system of a PMT. More generally (for any type of
amplifier):
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The noise at the input and at the output is understood as noisewithout the electronic
noise of the amplifier�2 = �

2

real

��

2

el

. In the simulation thePoisson distributed signalof
the PhE, with mean�, has to befolded with aGaussian distribution (coming from excess
noise and electronic noise). The output signal of the PMT (the gain has been normalized to
one) is then:
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with a variance of
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is the variance of the pedestal which is equal to the electronic noise contribution�2
0

=

�

2

el

. A consistency crosscheck of the output distribution function f
�

(x) to the definition of
the excess noise factor can be found in Appendix A.

The variance of the electronic noise�
el

in the case of the CT1 camera electronics is
estimated to be equivalent to 0.5 PhE. The excess noise istypically approximatelyF 2

=

1:3.
A very important point that has to be taken into account is that the output of the PMTs

is coupled to the transimpedance amplifier via acapacitancesuch that only fast pulses are
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Figure A.1:This plot shows the simulation of the night sky background. Here the electronic noise
was set to only 0.15 PhE in order to be able to see the single PhEpeak.

amplified.Only the fluctuations of the DC like NSB are amplified. Therefore the average
has to be subtracted:

f

LONS

(x) = f

�

(x) � � (A.6)

f

LONS

(x) is the final simulated night sky background (NSB). Fig. A.1 shows a simulated
NSB with a total RMS of 0.6 PhE. Here the electronic noise was set to only 0.15 PhE in
order to be able to see the single PhE peak.

For subsequent data analysis an electronic noise of 0.5 PhE was used which corresponds
to the estimated electronic noise of the CT1 camera read-out.

In order to treat the night sky background correctly, the pedestal distributions for each
pixel are simulated on top of the MC shower images according to the measured pedestal
RMS of the recorded data run. Since the starfield changes fromobject to object and the
night sky background depends strongly on the zenith angle, the night sky background is
simulated differently for each dataset. For the optimization of cuts or the training of the
LDA it is very important to divide the recorded data into zenith angle bins and simulate the
NSB exactly with the same zenith angle distributionon top of the MC shower images
because the NSB depends on the zenith angle, which will be shown later. Within each
zenith bin angle the available events are distributed in equal numbers among the recorded
runs. Then for each run the pedestal information is taken andthe NSB is simulated ac-
cordingly. By this procedure it has beenensured that the night sky background of the MC
showers resembles as much as possible the NSB in the recordeddatawith the same zenith
angle distribution .

Finally, after our gamma data sample has been prepared to be comparable to the recorded
data set and selection cuts have been applied, we are interested in determining the flux.

A.2.2 Trigger efficiencies, cut efficiencies and effective areas

The fluxes seen by the telescope have to be calculated out of the measuredevent rate and
theefficienciesof the telescope. In general thedifferential flux is defined as

dF

dE

=

dN

dE dAdt

(A.7)

WhereF is the flux,E is the energy,A is the area,N is the number of particles (
’s) and
t is the time. The telescopeefficienciesare defined as the ratio of the number of so-called
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Theexcess eventsN
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are the measured events by the telescope
which passed the
-selection cut minus the background events. The efficiencies of the
telescope can only be obtained byMC simulation since we do not have a test beam with
cosmic
’s. Thus, theefficienciesare defined as theratio of the events that passed the

-selection cutN
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The number of events that passed the selection cut (selection efficiencies) aredepen-
dent on theenergy E, the zenith angle � and theimpact parameter r. The total ef-
ficiency and can be split intotwo parts, the trigger efficiency of the telescope trigger
electronics and the cut efficiency of the selection cut (in the data analysis):
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The best way tointroduce theconcept of effective areasA
eff

(E; �; r) is by calcu-
lating the excess events out of theflux:
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The integral over the time has been transformed into a sum over zenith angle bins�i

because the effective areas depend on the zenith angle and a binning of the recorded tele-
scope data into zenith angle bins is unavoidable. The integration over the impact area has
been separated into an integration over the radiusr (rotational symmetry) and the azimuth
angle�.

The effective area is therefore the integral over the efficiencies (which are obtained
from MC studies):
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The effective areadependson theenergy and thezenith angle (see Fig. A.2).r
up

(i)

andr
low

(i) are the upper and lower edge of the impact parameter bini, respectively. Abin-
ning in impact parameter, energy and zenith angle isunavoidable.As aboveN
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ted

(E

k

; �

l
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i

)

is the number of events in the according energy/zenith angle/impact parameter-bin that
passed the selection cut andN

Simulated

(E

k

; �

l

; r

i

) is the number of events that have been
simulated originally for the same bin.
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The effective areas are also slightly dependent on the shapeof the flux spectrum be-
cause of the binning in energy bins. In order to avoid systematic errors, each MC event is
weighted withW (E) in such a way that the weighted MC distribution forms the desired
spectrum. The desired spectrum should be similar to the spectrum of the source that is
measured. This can be achieved by an iterative process for which the measured spectrum is
placed back into the effective area calculation. The systematic error here is reduced when
taking small energy bins. The weights are normalized to one.

Theeffective areais the conversion factor from theexcess event rateto gamma ray
flux which is calculated in the following way:
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The errors on the fluxes are calculated via Gaussian error propagation from errors on
N
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. The errors on the effective areas are statistical Poissonian fluctuations
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A.3 Gamma/hadron separation methods

For this analysis I used an approach which first describes theshower image by usingso-
called image parameters. The distributions of the image parameters for
’s and hadrons
exhibit some differences. A cut method which uses these differences separates the two
event types using image parameters was developed. Another approach, which has not been
used in this thesis, is to directly apply amaximum-likelihood fit to the shower images
themselves [CAT89]. This approach depends on how well it is possible to model the shape
of gamma showers and hadronic showers which need to be used astemplates for the fit.

In this section I wish to introduce as a first step the classical image parameters, called
’Hillas parameters’ which are named after A. Hillas who invented them in 1985 [Hil85].
Afterwards, simple static cuts and a linear discriminant analysis (LDA) will be described.
Eventually the LDA will be used mainly as a tool to quantify the discrimination power of
different image parameter sets as it increases in discrimination power of a given parameter
set, compared to the static cuts.

A.3.1 The classical Hillas parameters to describe shower images

As shown in chapter 1, concerning theory and detectors, the main differences between
gamma photon initiated showers andhadron initiated showers lie in their geometrical
structure and, to a lesser extend in their time structure (which is not discussed in this the-
sis). Due to the longer interaction length of the hadronic interaction, thehadronic showers
showmore fluctuations in their image than do the electromagnetic showers. In addition,
hadronic showers have awider lateral distribution . Therefore, A. Hillas therefore pro-
posed to calculate the geometrical variances of the shower image which are different for
hadronic and gamma showers. He introduced the first and second moments of the shower
image. In the following, I describe a form withgeneralized weightsw

i

which will be used
later on (wherex

i

andy
i

are the coordinates of pixeli). In case of the classical Hillas
parameters, the weightw

i

is the charge collected by pixeli in photoelectronsw
i

= q

i

.
Fig. A.3 illustrates the geometric meaning of the image parameters.

Thefirst moments are
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Figure A.2: The upper plot shows thetotal simulated MC event distribution (blue histogram)
and theevents that passed the selection cut(red curve), integrated over all impact parameters.
The lower plot shows theeffective areasfor the selection cuts developed in this thesis using a power-
law spectrum with spectral index� = �2:8. The three curves represent the effective areas forthree
zenith angles: 12Æ (blue) , 32Æ (green) and 50Æ (red).
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Figure A.3:An illustration of the geometric meaning of the image parameters.
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Thevariancescan be calculated in the classical way:
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The variances can be put together to form the so-calledcovariance matrix
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The covariance matrix can be used to describe atwo dimensional Gaussian distribution
function
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and
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The two dimensional Gaussian distribution isrotated in the camera coordinate system by
an angle given by
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By diagonalizing the matrix M , one obtains the longitudinal (LENGTH) and the lateral
(WIDTH) variances of the shower image. By introducing the helper variables
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Additionaluseful image parametersinclude:
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Camera

Figure A.4: The CT1 camera with a simulated gamma shower with its Hillas ellipse after image
cleaning.
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whereDIST (Equ. A.27) is the distance from the camera center to the center of gravity of
the shower in degrees and it depends on the energy, the impactparameter and the zenith
angle of the
 (see section 1.4.1 and Fig. A.3).

AZWIDTH (Equ. A.28) has not been used in this thesis because it does not improve
the discrimination power anymore.

ALPHA (Equ. A.29) is the most important cut parameter for point sources. It is defined
as the clockwise angle from the longitudinal axis of the shower to the connection line
between the center of the camera and the shower center of gravity. Since the center of the
camera of the telescope usually points towards the point source itself, the shower axis of
gamma showers points toward the center. Conversely, hadronic showers arrive from all
directions and the distribution is flat for all angles for an infinitely large camera (for a finite
size camera the ALPHA distribution is no longer uniform). Equ. A.29, shown above, gives
values between 0Æ and 90Æ. ALPHA defines an angle between 0Æ and 180Æ or equivalently,
from -90Æ to +90Æ. For some calculationsthe sign of ALPHA is needed. It can be obtained
from Equ. A.31.

Another very basic parameter isSIZE (Equ. A.32). This is simply the total charge
collected in units of photoelectrons (PhE). It is themain estimator for the energy, but
depends also strongly on the zenith angle of the source and the impact parameter.

CONC (Equ. A.33) is the ratio of the sum of the two highest pixel charges to the total
charge. Gamma showers have a smaller lateral and longitudinal electron distribution and
peak more in the center of the image, in contrast to hadronic showers.

Therefore,CONC is bigger andWIDTH and LENGTH are smaller for gamma
showers than for hadronic showers (see Fig. A.5). Since the camera of CT1 has rather
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Figure A.5: The distributions of the four most important image parameters: WIDTH, LENGTH,
ALPHA and DISTANCE . MC gammas are blue and recorded off-datais red.

large pixels (0.25Æ diameter), CONC is not very smoothly defined and shows a rather large
spread. The following two figures show a) atypical gamma shower imagewith applied
tail cut (see section about image cleaning) in the CT1 camera(Fig. A.4) and b) thedistri-
butions of the four most important image parameters (Fig. A.5). The second hump in
the DIST distribution results from shower images that wherelarger than the radius of the
camera and were therefore cut at the camera border (see leakage parameter). A selection
cut of SIZE > 100 photoelectrons (PhE) has been applied.

Expression A.20 can be used to define a so-calledcovariance ellipse, a line of equal
probability, of 1 sigma (defined by WIDTH, LENGTH, DIST and ALPHA), around the
center of weight. It is the so-calledHillas ellipse. It is a description of the shower image
(see Fig. A.4).

The definition of the image variances given above assumes that there is no noise back-
ground in the image. Unfortunately, this is never the case because we have NSB as we
know. In Equ. A.17 it can be seen that the distance of the pixels enters as a square in the
sum and, consequently, the calculation of the variances of the shower image gives entirely
incorrect values. Therefore, an image cleaning (sometimescalled a tail-cut), becomes nec-
essary to remove, at least in part, the effect of the NSB.

A.3.2 Image cleaning algorithms to remove the night sky background
in the camera

The image cleaning (or tail cut)removesthe night sky background (NSB) in the camera.
Without this it would not be possible to calculate the image variances, as explained above.
Traditionally a dynamical image cleaning has been used [Pet97]. The RMS values of the
pixels are measured in independent pedestal runs and the signal of the pixels are compared
to their RMS values in order to decide if the pixels should be included in the parameter
calculation or not.

In this analysisthree different algorithms have been tested. In all three cleaning
methods two cleaning parameters were introduced: The ’image core limit’ �




and the
’ image border limit ’ �

s

.
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The ’classical’ cleaning method

1. All pixels that have a signallarger than�



(image core limit) times the Pedestal
RMS are retained.

2. All pixels that have a signallarger then�
s

(image border limit) times the Pedestal
RMS are retainedif they have a neighbour with more than�




sigma.

3. Single pixels areremoved if the signal issmaller than 5 times the Pedestal RMS.

The ’island’ cleaning method

First, the ’classic’ cleaning algorithm is applied. Afterwards, the image is being analyzed
for islands (islands are isolated clusters of pixels which remain aftera classical cleaning.
The meaning of ’island’ is illustrated in Fig. A.24.). Only the largest island (in terms of
charge; this is the main shower image)is retained, all the others are removed. The island
finding algorithm is explained in detail in the section concerning mountains and islands.

The ’mountain’ cleaning method

The method is based on thequantification of fluctuations in the shower image, which are
different for hadronic showers and electromagnetic showers.

In the first step, the ’classical’ image cleaning is again applied. Then a complex image
structure analysis is performed with respect to the’mountain’ structure (The meaning
of ’mountain’ is illustrated in Fig. A.24.) of the image. This will be described in detail
in section A.4 where new image parameters are introduced. Ina recursive procedure the
image is divided into mountains. (The analogy of mountains or valleys is with respect to
their signal content). Thecut lines are the valleysbetween the mountains. The charge
in each cluster (mountain) is summed up and thelargest mountain is retained while the
others are cleaned away.

Later, these three algorithms will be compared with each other, with respect to their
capability of delivering the best image parameters.

General comments

Dynamical3 image cleaning procedures have the advantage ofretaining as much as pos-
sible of the image in order to have thelargest amount of information about the shower
available. On the contrary, ’dynamical’ cleaning procedures also have somedisadvantages
compared to fixed level image cleaning methods. When the tail-cut becomesdependent
on the pedestal RMS, which is actually a measure of the NSB andthe starlight, then as a
consequence, the values for WIDTH and LENGTHalso becomedependenton the NSB.
In other words, WIDTH and LENGTH will change at different night sky and weather con-
ditions and dependencies that have not been there before areartificially introduced into the
analysis.

A.3.3 Static cuts and dynamical cuts: Dependence of the Hillas pa-
rameters on the energy, the zenith angle, the impact parameter
and the night sky background

Having introduced the parameters that describe the shower image we now wish to use them
for hadronic backgroundsuppression. In the following section the image parameters have
been calculated in the classical way with weightsw

i

= q

i

.

3The expression ’dynamical’ is understood in the sense that the cleaning level is chosen as a function of the
NSB (pedestal RMS).
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Static cuts and the optimization of cut intervals

The simplest method for gamma/hadron separation consists of a static cut on the image
parameter values. These cuts are commonly calledsuper cuts(Wipple collaboration, Ref.
[Rey93]). The following values have been obtained by following the procedure described
below and using a data set of Mkn 421 (flares Feb 8/9, 2001):Æ

0:05

Æ

�WIDTH � 0:11

Æ (A.34)

0:1

Æ

� LENGTH � 0:42

Æ

0

Æ

� ALPHA � 12

Æ

0:31

Æ

� CONC � 0:7

Æ

0:5

Æ

� DIST � 1:0

Æ

Thecut on ALPHA is a geometrical cut and only works forpoint sources. The lower
cut on DIST is applied because images with too small impact parameters yield showers
that are too round and too close to the center of the camera (bad definition of ALPHA)
which makes a discrimination impossible. The upper limit isused to remove showers that
are excessively affected by a limited camera size and that are truncated at the border.

Thecut efficienciesfor 
’s: "
G

= N

G

C

=N

G

tot

and hadrons:"
H

= N

H

C

=N

H

tot

describe
the percentage of events that have been selected after application of the cuts on simulated
MC events.NH

tot

andNG

tot

are the number of all triggered
-events and hadron-events.
They have been simulated with a certain spectral index (power law, spectral index�=1.5)
. The quantity"

G

should be as large as possible, usually at least 50 %, and"

H

should be
as small as possible. Usually it is 0.5 % (Background reduction factor 200). Thequality
factor is defined by

Q =

"

G

p

"

H

(A.35)

It is a measure of how well the background has beensuppressedby keeping enough
signal events. Typical values for the static cut are aboutseven.

The algorithm forcut interval optimization changes the intervals in small systematic
steps in order to maximize either thequality factor or thesignificance (applied to pure
MC-samples). The significance is the signal to noise ratio:

S =

N

on

�N

off

p

N

on

+N

off

(A.36)

=
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H
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andN
off
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C

for Monte Carlo samples.S converges to

S ! Q

q

N

G

tot

(A.37)

for
N

G

C

� N

H

C

(A.38)

Unfortunately, the quantityNG

C

is usually rather of the same order asN

H

C

which means
Equ. A.38 is not fulfilled and as a consequence, the optimization of the quality will not
optimize the significance. That implies that it ismore appropriate to optimize on the
significanceEqu. A.36, rather than on the quality Equ. A.35.

Further, if the significance is used for cut optimization then ratioNG

tot

=N

H

tot

(if applied
to MC samples) has to have thesame valueof approximately 0.005 which is observed in
nature.
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Figure A.6: The dependence of the parameters WIDTH and LENGTHon SIZE and DIST. MC
gamma distribution is blue and recorded off-data is red.

The significance as defined above Equ. A.36 isnot Gaussian distributed and is there-
fore not appropriate to estimate theprobability . This is important if one would like to
claim a discovery with a small significance. An expression for the significance with Gaus-
sian distribution has been defined by [LiMa83] as a log-likelihood ratio.

S =

p

2
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+ (A.39)
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T
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is the ratio of the observation times of the off-data sample and the on-data
sample. This form of calculating the significance has been used in this analysis.

By experience it has been found that the optimization on the quantity

P = S �

p

N

ON

�N

OFF

(A.40)

yields good results, because it forces the optimization algorithm to not only maximize the
significance but to also keep a reasonable number of excess eventsN

Ex

= N

ON

�N

OFF

.
The maximization procedure is nontrivial because each variation of a cut changes the

sample and also because the data distribution has statistical fluctuations. The algorithm
has to be able to handle these obstacles. The results of most algorithmsdepend on the
initial value and arenot reproducible, only within a certain range and error. The result
also varies slightly with small changes in the training datasample. This also pertains to
dynamical cuts which are described in the following paragraph.

The optimization of dynamical cuts

The values of WIDTH, LENGTH, SIZE, DIST and CONC depend not only on thenight
sky background (expressed in pedestal RMS values) but also on theenergy (estimator
SIZE), theimpact parameter (estimator DIST) and thezenith angleof the object in the
sky (which is known and measured during the run).
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Figure A.7: This figure illustrates the imaging of a shower onto the telescope camera. It clarifies
how a changing shower core position (changing energy and zenith angle) and a changing impact
parameter effects the shape of the image.
It should be noted that Cherenkov light is not isotropy emitted but rather is only in the forward
direction in light cones whose opening angle changes with the density of the air and the velocity of
the particle.

The height of the shower maximum from the ground depends on theenergy of the
primary particle. The larger the energy, the deeper the shower develops in the atmosphere
(see chapter 1, concerning theory and detectors). This changes the view of the shower and
the image seemsbigger and with a larger DIST, as illustrated in Fig. A.7.

A variation in thezenith angle has a similar effect. If this angle changes, thedis-
tance of the shower maximum to the telescope also changes. Torlarger zenith angles the
maximum movesaway from the telescope and the image seems generally smaller (smaller
SIZE, WIDTH and LENGTH).

Similarly, a differentimpact parameter for the shower changes theellipticity of the
image.

Fig. A.6 shows the dependence of WIDTH and LENGTH on SIZE and DIST. It can
be seen that forhigher energies, gammas and protons arebetter separated,due to more
available pixel information. In the figure a selection cut ofSIZE > 100 PhE and a zenith an-
gle < 30Æ has been applied.

To take into account the dependencejust mentioned, thestatic cut intervals of
Equ. A.34 need to bereplaced by variable ones. This means that thecut intervals be-
comefunctions of SIZE, DISTANCE and the zenith angle. This has been examined by
Daniel Kranich in his PhD thesis [Kra01]. The dependence of WIDTH and LENGTH to
the NSB can be corrected, as has shown Martin Kestel [Kes01].

Now let us assume that the cuts (static or dynamic) have been optimized and that we
wish to apply them on a real dataset in order to extract the signal that we are interested
in. It is clear that a pure signal dataset cannever be achieved. The background can be
suppressedto some degreebut there will always be some background remaining together
with the signal events. Apart from the fact that many hadronic showers look very similar
to 
-showers just for statistical reasons, there exists also a certain fraction of hadronic
showers that produce already at the first interaction a largefraction of energetic�0 such
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that these showers develop almost as pure electromagnetic showers. These showers are
indistinguishable from the signal.

Optimization of cuts using real recorded data instead of Monte Carlo samples

It is possible to optimize cut values by only usingrecorded data and without touching MC
data. The essential point is toknow the background in the dataset, either by OFF-data or
by some other kind of background estimation.

The procedure goes as follows:One can make agood guessfor the initial values of the
cut intervals, apply it to a set of real ON-data and estimate its background content after cut.
Now the cut intervals can be optimized bymaximizing the significance.

Then the optimized cuts can be used on orthogonal datasets for analysis. This technique
has been used by Daniel Kranich [Kra01].

A.3.4 Background determination by using the ALPHA-plot

Earlier it was mentioned that it is never possible to obtain apure
-events sample from
a recorded data set because it will always becontaminated with hadronic background.
For the calculation of the signal amplitude and its significance the background needs to
be subtracted from the contaminated dataset. Therfore, a precise information about the
background is needed. There are basicallytwo possibilities:

1. Two separatetelescoperuns are taken, one with the telescope pointing to a source
(ON-data run ) and the other one with the telescope pointing a few degrees away
from the source (OFF-data run ). After the selection cut are applied to both runs, the
background can be determined precisely from the OFF data runand can be subtracted
from the ON data run. Using Equ. A.39 the significance of the detection can be
calculated.

2. For point source studies, theALPHA plot can be used for this purpose since (see
Fig. A.8) the
 events accumulate in the region up to about 12Æ, owing that the
images point towards the center of the camera. Byinterpolating the shape of the
background (which should be as flat as possible) the background in the region up
to 12Æ can be estimated.

The latter method works quite well and was originally workedby G. Hermann in Hei-
delberg and has been successfully applied by Daniel Kranich[Kra01] in his thesis. The
background estimation is achieved by fitting asimple polynomial to the distribution. The
required conditions for the polynomial is that it has ahorizontal tangent at 0Æ (because
of the symmetry of the signed ALPHA distribution to the y-axis). While Daniel Kranich
[Kra01] used a polynomial of second order, in this analysis apolynomial of order2:5 is
applied because background shape studies have shown that this is the function that provides
the best fit to the background distribution.

f(ALPHA) = a+ b jALPHAj

2:5

; ALPHA � 0 (A.41)

Assuming that the signal distribution of ALPHA is to first order approximated by aGaus-
sian distribution , it can be used to estimate the signal events [Kra01]:

g(ALPHA) =

N

Signal

p

2��

e

�

ALPHA

2

2�

2 (A.42)

Thecombination of bothh(�) = f(�)+g(�) has 4 free parameters and gives a very good
measure of the excess events by estimating the background from the ALPHA distribution
in the region [20Æ, 70Æ] (see Fig.A.8).
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Figure A.8:This plot shows the data of a part of the dataset of Mkn 421 during its flare period from
February to May 2001 (red line). The simple static cuts of Equ. A.34 have been applied. Background
and excess events are estimated by fitting a combination of a Gaussian distribution (green line) and
a polynomial (black line). For comparison, the blue line shows an off data dataset which has much
lower statistics. We will see that the linear discriminant method and new image parameters improve
the separation significantly. The new method finds almost a factor 3 more excess-events and it also
doubles the significance. The expression ’significance of the fit’ denotes the ratio of excess events and
its error, both of them obtained by the fit. The expression ’significance (Li/Ma)’ is the significance
that has been calculated by using Equ. A.39 (with� = 1).
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This procedure works well if the ALPHA background distribution is quite flat , which
unfortunately is not necessarily the case since the limiteddiameter of the cameratruncates
events that are large or have sizable impact parameters. Events that are truncated by the
camera border are reconstructedincorrectly with an ALPHA close to 90Æ. Consequently,
for this method to work properly, the distribution must beforced to become as flat as
possible. This can be accomplished , for example, by excluding events with a large DIST.

A.3.5 The linear discriminant analysis as a dynamical cut and as a
tool to quantify the discrimination power of image parameters

The linear discriminant analysis (LDA ) is used to find optimized and unbiased linear
combinations of variables in order to separate classes of events [Fab97]. The method was
invented by Fisher [Fis37]. In this case, the classes are signal and background events.
It deals naturally with dependencies between variables andis not useful if they are NOT
dependent on each other. In this case, normal cuts give better results. In this section I show
how a combination of static cuts and the LDA achieves a good separation.

As practical side information, an estimator, calleddiscriminating power , of how well
two samples can be separated, is obtained. The linear discriminant method is nothing more
than a simplelinear neural net with onlyone neuron, a so-called perceptron withlinear
output , trained by an analytical method (linear least squares method), rather than doing
stepwise optimization.

The mainadvantageof the LDA, compared to a neural net and to other cut-optimization
methods as well, is that it isanalytically optimized while all other methods need aniter-
ative maximization procedure whose result depends oninitial values and which are often
not reproducible.

It is exactly this reproducibility that is needed when seeking anestimator that quanti-
fies how good a given parameter set is able to separate two classes of events.

Description of the method

The method findsdiscriminant factors which arelinear combinations of the input pa-
rameters. For the case oftwo classes, there is only one discriminant factor which is called
discriminant variable and which is the optimum linear combination for the separation
between the two classes. The method is first described for thecase of q classes and then
simplified to two classes.

Each class hasN
i

events. The total number of events is:
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and for all events ofall classes combinedwe have:
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The overallcovariance matrix element between the variablesx
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andx
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The covariance matrix can besplit into two parts , the ’within’ matrix W and the ’between’
matrix B
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W describes the variances of one parameter within the group whereasB describes the
differences between groups. Let us now introduce the linearcombination of the input
parameters
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whereyT is the transposed matrix ofy andy is the equivalent ofweight vectors in the
case of neural nets. The variance ofu(n) is given by
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The first term in the last line is equivalent to the variancewithin the classes while the
second term describes the differencesbetween the classes. To optimize the discrimina-
tion, the first term must beminimized while the second one must bemaximized. The
discriminating power is defined as
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By
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Ty

(A.54)

and theoptimization is done by derivingf(u) and setting it equal to zero:

�f(u)
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This leads to the expression
T

�1

By = f(u)y (A.55)

which means thatf(u) is maximal if it is aneigenvalueof T�1B and thaty (the weight
vector) is the corresponding eigenvector.

Now in our case oftwo classes: We have gamma events and hadronic events. They will
be denoted with indices G and H, respectively. Theexpectation valuesof the two classes
for each parameter can be expressed as a vector:
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The matrix becomes
B = v

T

v (A.57)
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ALPHA WIDTH LENGTH CONC DIST log SIZE 
os � RMS

ALPHA 100 -0.5 -0.1 1.0 0.4 -0.5 -0.3 -0.1
WIDTH 100 42.6 -59.6 -5.9 36.5 15.4 -7.6

LENGTH 100 -70.0 -21.1 35.7 10.3 -3.8
CONC 100 22.0 -47.7 -14.7 5.8
DIST 100 -7.5 0.3 0.5

log SIZE 100 5.6 -1.6

os � 100 -20.0
RMS 100

Table A.1: The table shows the correlation in percent for the most important image parameters.
WIDTH, CONC and LENGTH are strongly correlated. SIZE and CONC also show a dependence.
Interesting is the correlation between zenith angle and NSB(pedestal RMS). ALPHA is not correlated
with any of the image parameters.
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Now the solution to the maximization problem (Equ. A.55) forour weights y gets the
simple form

y = T

�1

v (A.59)

Thediscrimination power is a very useful quantity as we will see later. It can be used to
quantify how well the datasets have been discriminated. It shows how well the parameter-
set is able to discriminate between the two classes. Its value ranges from ’zero’ to ’one’.
’One’ means perfect separation and ’zero’ means no separation.

D = f(u) = v

T

y ; D 2 [0; 1℄ (A.60)

Equ. A.50 can be used to calculate the center (offset of origin) between the two distributions
u

i

(n) for gammas and hadrons (i=G,H) by taking theaverage of the two expectation
vectors:
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Finally, theoutput of the LDA (similarly to the output of a neural net) takes the form

LDA

out

(n) = u(n)� u

0

= y

T

x(n) (A.62)

Before applying the method, theimage parametersthat enter as inputs to the method must
bechosen.

Application of the LDA to Monte Carlo Data samples

As a first step it must be stated that the separation isbest if the number of events in both
samples areequal. If this is not the case, the datasets have to benormalized to the same
number of events.

As explained above, the LDA is expected to achieve animprovement in separation
only in the case ofcorrelated variables. It uncorrelates dependencies. All parameters that
arenot correlated should be treated by astatic cut. Tab. A.1 shows thecorrelation matrix
for a real data sample (mainly hadronic events).

The correlation matrix for MC gamma events looks similar butis not exactly the same.
The table shows thatALPHA has absolutelyno correlation to the other parameters at
all. It is used separately toestimate the background. It is interesting to see that there is
significant correlation between the night sky background (pedestal RMS) and thezenith
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Figure A.9: Distributions of the four parameters SIZE, DIST, Pedestal RMS and the zenith angle,
for gamma events (blue) and hadronic events (red) after normalization. The SIZE distribution shape
for hadrons and gammas is quite different because of a) a different spectral index of the
-MC and the
OFF-data and because of b) different effective areas for hadrons and
’s. The pedestal RMS (NSB)
distribution is almost the same because the NSB has been simulated to the
-MC in a way that it is
equal to the OFF-dataset.

angle. The correlation betweenSIZE and the other three parameters:WIDTH, LENGTH
andCONC is logical. The parameterCONC has such a high degree of correlation that it
is essentially represented byWIDTH andLENGTH .

The image parameters can be divided into two groups:

1. cut parameters for background suppression and

2. non-cut parameterse.g. estimators.

The distributions of thenon-cut parameters as SIZE , DIST , pedestal RMS and the
zenith anglehave to beequal for both, gamma events and hadronic events, because wedo
not wish to cut on them. Still they are included in the LDA input parameters tocorrect for
dependenciesof the cut parameters on them (similar to dynamic cuts).

To make the distributions of the non-cut parameters equal

1. the night sky background is simulated in the MC gamma sample in a manner such
that it has thesame distribution with respect tozenith angle as the OFF-data set
(which is used as hadronic events).

2. The zenith angle distribution was normalized to beflat in both data sets since it is
important to have equal cut efficiencies for all zenith angles.

In this analysis theSIZE distributions and theDIST distributions arenot normalized to
each other. The experience showed that the separation does not improve when they are
normalized. Fig. A.9 shows the distribution of these four parameters after normalization.

If the parameters are includedlinearly , the LDA represents acut plane in a multi-
dimensional space, separating the two datasets (represented by vectors) maximally with
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respect to discriminating power. Figure A.10 shows the output of equ. A.62 after optimiza-
tion (equ. A.59and equ. A.60). The discriminating power is 0.62. The parameters included
are:

Input[0℄ = WIDTH (A.63)

Input[1℄ = LENGTH

Input[2℄ = CONC

Input[3℄ = SIZE

Input[4℄ = 
os �

Again, ALPHA is not included in this list, since it is aindependent parameter. It is
used toestimate the background.

A cut in theone dimensional output of the LDA can be chosen. Depending on the
position of the cut, a higher or lower percentage of background is removed while retaining
the signal events respectively. Fig. A.11 shows the cut efficiencies"

G

and "
H

against
each other. Fig. A.12 demonstrates the performance of the LDA for a cut which achieves
maximal significance. The cut efficiency increases for increasing energy and remainsflat
for increasing zenith angle, as it should be.

If higher orders and combinationsof image parameters are included in the LDA then
it no longer corresponds to a linear cut plane, but rather to amultidimensional surface
that follows the multi-dimensionalshapeof the parameter distributions in a moreadaptive
manner (in a similar way as dynamic cuts). Consequently, theseparation improves. The
following terms have been appended to the previous parameter list:

Input[5℄ = WIDTH

2 (A.64)

Input[6℄ = LENGTH

2

Input[7℄ = CONC

2

Input[8℄ =

WIDTH � LENGTH

SIZE

Fig. A.13, Fig. A.11 and Fig. A.10 show the improvement in separation using higher orders
and a combination of these parameters. The excess events found with linear input gives
11400 +- 190. This increases to 12600 +- 200 for the LDA with higher order inputs.

The Fig. A.14 shows the excess events found as a function of the cut position of the
LDA output. A plateau appears on the left side of the plot which can be interpreted as the
total signal eventsin this data set. A fit on the plateau givesN

Ex

= 15030� 71. When
compared with the number of excess events found at maximum significance (12600 +-
200), this number results in atotal cut efficiency of 83 %. It must be noted that before
application of the selection cut, a’precut’ on the minimum SIZE < 60 PhE, on the zenith
angle < 50Æ and on the distance 0.4 < DIST < 1.05 was performed, thus previously reducing
the total number of signal events in the dataset. It is clear that this plot here doesnot tell
us anything about thetrigger efficiency nor about the efficiency of the ’precut’.

A.3.6 Comparison of the discrimination power of the LDA and the
dynamical cuts, tested with real Mkn 421 data

For the comparison ofdynamical cuts of the analysis program ’jacuzzi’ at MPI Munich
[Kra01] with theLDA of this thesis, thesamedataset was usedwithout pointing correc-
tions (pointing corrections increase the significance of the signal). For case of the dynam-
ical cuts a correction of the parameter with respect to the NSB (the so-called ’zonking’
[Kes01]) and also a cut on theasymmetry was applied (see the following section). Both
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Figure A.10:Output of the LDA A.62 for gamma events (blue) and hadronic events (green). The
areas are normalized to one. In (a) the parameters are included linearly (D=0.62) and in (b) higher
polynomial orders are included as well (D=0.748). It is clearly shown that the discrimination in-
creases by including higher orders of the parameters.
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Figure A.11:(a) Gamma cut efficiency vs background cut efficiency and (b) Quality factor for the
LDA vs LDA-output. Both plots show the performance of LDA with only linear inputs and with
higher order inputs. The inclusion of higher orders in the LDA improve the quality factor and its
separation capability significantly.
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Figure A.12:These two plots show the
 cut efficiency for the LDA with parameter input of only
linear order and for a cut which achieves maximal significance. In the upper the
 cut efficiency is
plotted against the logarithm of the energy in log(GeV) and in the lower plot against the zenith angle.
The cut-efficiency increases with energy and is flat with zenith angle as it should be.
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Figure A.13: The linear discriminant analysis is applied to a sample Mkn 421 dataset of 167 h
observation time. a) The upper plots shows the result for theLDA with linear inputs. It yields in
a significance (Li/Ma) of 60.8. b) The lower plots shows the result for the LDA with higher orders
of image parameters for the input. The background is more suppressed while more signal is found
(increase from 11400 events to 12600 events). The significance improves by 10 %. Here a previous
filter cut on SIZE > 60 PhE, the 0.4 DIST > 1.05 and on the zenith angle <50Æ was applied.
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Figure A.14:When moving the LDA cut position a plateau appears on the leftside which indicates
the maximum excess events in this dataset. This maximum represents the total signal events in this
dataset. Here a previous cut on SIZE > 60 PhE, the 0.4 DIST > 1.05 and on the zenith angle <50Æ

was applied. After the LDA selection (higher order inputs) about 83 % of the total events have been
selected.

improvementshave not beenincluded in theLDA procedure up to now. The result of the
dynamical supercuts can be seen in Fig. A.15.

As a result of not applying pointing corrections, the ALPHA distribution is wider and
unfortunately, ’jacuzzi’ was fitting the ALPHA distribution with a fixed variance for the
Gaussian distribution, expecting a narrower distribution(it was not made for that). Conse-
quently, the fit has large chisquare. Still, the fit result canbe roughly compared with the
result achieved by the LDA. The excess events found by ’jacuzzi’ are 7700 +- 130 and the
LDA (in this simple version) found 12600 +- 200. The significance of the LDA is around
20% higher. It has to be kept in mind that jacuzzi also finds higher significances when a
pointing correction has been applied beforehand.

As a conclusion it can be stated that the LDA is at least as efficient than dynamical
cuts.

A.3.7 Conclusion about the efficiency of the LDA separation method
and an outlook

The LDA proves to be a very efficient separation method that can well compete with classic
methods like static cuts and the dynamic cuts and hasequal or betterperformance. It
shows to be especially efficient for very low energy events (<1 TeV) and very high energy
events (> 10 TeV).

Themain advantageof theLDA is clearly the cut optimization algorithm that isan-
alytically solvable. This does not only speed up the optimization process but it does also
not dependon any initial value as any other stepwise optimizing methods (e.g. ’MINUIT’-
package). Its results are 100 % reproducible unlike any other kind of separation methods
as dynamic cuts or neural networks.

For this reason it is especially suited toquantify the separation power of different
image parameters sets in order to find the most efficient one. The LDA will be used in the
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Figure A.15:Significance determined by the ’jacuzzi’ program (dynamic selection cuts) as applied
on the whole Mkn 421 dataset from February 2001 to April 2001 without pointing correction.
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following section for this purpose.
For future improvements of the performance the author suggests to interested people

to introduce a binning in energy and optimize the LDA ineach energy bin separately.
This will solve the difficulty of havingdifferent energy spectra for thebackground and
thesignal and will furtherincreasethe separation power.

A.4 New image parameters and cleaning algorithms

The LDA has been defined and can be used to check the separationability of new image
parameters. Each new parameter can be included as anadditional parameter in the LDA.

There aretwo estimators that tell us about theseparation power of the parameters.
These are thediscriminant power (Equ. A.60) and thefinal significancecan be compared
with different parameter sets, upon application to the data. With both we canjudge whether
an improvement has been achieved. Three things were tested here.

1. New image parameters were developed which describe more features in the image
structure,

2. Weights were introduced in the calculation of Hillas parameters and

3. Thecleaning levelof the ’dynamical’ image cleaning has been varied systematically
in order to find the one which results in the highest separation power for the image
parameters.

A.4.1 Introduction of weights in the calculation of Hillas parameters

Up to now, in the definition of the Hillas parameters presented above, Equ. A.25 to Equ. A.33the
weight has always been assumed to be equal to the charge in onepixel (w

i

= q

i

). Here
weights of the following form have been tested:
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= q
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i

(NONE) (A.65)

w

i

=

q

n+0:5

i

p

q

i

+ �

2

i

(REL) (A.66)

In Equ. A.65 (these weights are denoted in the following as ’NONE ’), q
i

is potentiate with
an exponentn. This has the effect that pixels withmore signal havemore weight in the
calculation of the HILLAS variances. This makes them less sensitive to noise fluctuations
(coming from NSB).

Equ. A.66 (these weights are denoted as ’REL ’ ) a weight is introduced that represents
thestatistical error of the signal in the pixel (�

tot;i

=

p

q

i

+ �

2

i

). A value0:5 has been
added to the exponent to keep theeffective exponentin both casesequal. The exponent
become comparable in this manner. For a small NSB the weights’REL’ converge to the
weights ’NONE’.

A program has been written whichsystematically comparesthe separation power of
a MC Gamma dataset and a hadronic background dataset that wasrecorded by CT1. The
NSB has been simulated in the MC gamma dataset to have a zenith angle distribution
equivalent to that of the hadronic dataset (See section A.2.1).

The program tries systematically

1. Differentimage cleaning levels,

2. Differentcleaning typesand

3. Four differentexponents(n=0.5, 1.0, 1.5, 2.0).
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This is done forboth types of weights , ’NONE’ and ’REL’ (Equ. A.65and Equ. A.66).
To be able to judge the separation,two parameters were introduced. I called them:

1. Separation
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H

(A.67)

which is the difference in the mean value of the parameter divided by its combined
variance. It should be aslarge as possible for good separation. This parameter does
not take into account theshapeof the distributions.

2. Theoverlapping integral is sensitiveto the shape of the distributions
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It measures theoverlap of the two distributions and should be assmall as possible
for good separation.

With the combination of these two parameters we have atool to judge possible improve-
ments inseparation for different configurations.

The results for the parameter WIDTH, LENGTH, CONC are shown in Fig. A.17,
Fig. A.16, Fig. A.18, Fig. A.19, and A.20. The exponent is expressed in different col-
ors. Blue isn = 0:5, green isn = 1:0, pink is n = 1:5 and red isn = 2:0. Different
cleaning algorithms are expressed in different marker styles and line styles.Circles and
a continuous line represent’classic’ cleaning,triangles and adashed lineare ’island’
cleaning andstars with dotted line are’mountain’ cleaning.

Separation of WIDTH, LENGTH and CONC

Tab. A.2 illustrates thecleaning levelsfor the best separations and overlaps for thetwo
different cleaning algorithms,’classical’ and ’island’ cleaning. The weights REL and
NONE show almostidentical results (see Fig. A.17, Fig. A.16, Fig. A.18 and Fig. A.19).
The first two rows show the old classic version of HILLAS parameters. The cleaning
level consists of two numbers, the ’image core limit’ and the’image border limit’. The
best cleaning algorithms for WIDTH, LENGTH and CONC are printed in bold. A cut of
0:4 < DIST < 1:05 , SIZE > 100 and12 deg � Zenith angle � 22 deg was applied
beforehand (’precut’).

As a conclusion can be stated the following:

1. There isno visible differencebetween the weights ’NONE’ and ’REL’

2. Slightly reducing the cleaning level to 2.7/2.0increasesthe separation a little for
’classic’ cleaning.

3. Thebest separationandoverlap (for all three parameters) is achieved for the’is-
land’ cleaning method with avery low cleaning level of 1.0/0.3.

4. In case of the parameterWIDTH the separationincreasesby increasing theexpo-
nent n from n = 1 to n = 1:5.

5. In case ofLENGTH n = 1 remains the best choice.
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Figure A.16: This figure shows theseparation and theoverlap for the parameterWIDTH for
NONE -weights (Equ. A.65) for different ’core’ cleaning levels.Theexponentn is coded incolors.
Blue is n = 0:5, green isn = 1:0, pink is n = 1:5 and red isn = 2:0. Different cleaning
algorithms are expressed in different marker styles and line styles. Circles and continuous line
represent’classic’ cleaning,triangles and dashed lineis ’island’ cleaning andstars with dotted
line are ’mountain’ cleaning. The best separation is obtained with ’island’ cleaning, an exponent of
1.5 and a cleaning level of 1.5.
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Figure A.17: This figure shows theseparation and theoverlap for the parameterWIDTH for
REL -weights (Equ. A.66) for different ’core’ cleaning levels.The exponent n is coded incolors.
Blue isn = 0:5, green isn = 1:0, pink isn = 1:5 and red isn = 2:0. Different cleaning algorithms
are expressed in different marker styles and line styles.Circles and continuous line represent
’classic’ cleaning,triangles and dashed lineis ’island’ cleaning andstars with dotted line refer
to ’mountain’ cleaning. The best separation is obtained with ’island’ cleaning, an exponent of 1.5
and a cleaning level of 1.5. REL weights give results identical to NONE weights.
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Figure A.18:This figure shows theseparation and theoverlap for the parameterLENGTH for
NONE -weights (Equ. A.65) for different ’core’ cleaning levels.Theexponentn is coded incolors.
Blue isn = 0:5, green isn = 1:0, pink isn = 1:5 and red isn = 2:0. Different cleaning algorithms
are expressed in different marker styles and line styles.Circles and continuous line represent
’classic’ cleaning,triangles and dashed linerefer to ’island’ cleaning andstars with dotted line
are ’mountain’ cleaning. The best separation is obtained with ’island’ cleaning, an exponent of 1.0
and a cleaning level of 1.5.
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Figure A.19:This figure shows theseparation and theoverlap for the parameterLENGTH for
REL -weights (Equ. A.66) for different ’core’ cleaning levels.The exponent n is coded incolors.
Blue is n = 0:5, green isn = 1:0, pink is n = 1:5 and red isn = 2:0. Different cleaning
algorithms are expressed in different marker styles and line styles. Circles and continuous line
represent’classic’ cleaning,triangles and dashed lineis ’island’ cleaning andstars with dotted
line are ’mountain’ cleaning. The best separation is obtained with ’island’ cleaning, an exponent of
1.0 and a cleaning level of 1.5. REL-Weights give results identical to NONE-weights.
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Figure A.20:This figure shows theseparation and theoverlap for the parameterLENGTH for
NONE -weights (Equ. A.66) for different ’core’ cleaning levels.The exponent n is coded incol-
ors. Different cleaning algorithms are expressed in differentmarker styles and line styles.Circles
and continuous line represent’classic’ cleaning,triangles and dashed lineis ’island’ cleaning
andstars with dotted line are ’mountain’ cleaning. The best separation is obtained with ’island’
cleaning and a cleaning level of 1.0.
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Parameter Cleaning type Level Exp. Sep. Overlap

WIDTH ’classic’ 3.0/2.5 1.0 1.278 0.0238
LENGTH ’classic’ 3.0/2.5 1.0 1.057 0.0279

WIDTH ’classic’ 2.7/2.0 2.0 1.464 0.0200
WIDTH ’island’ 1.3/0.3 1.5 1.630 0.0139
LENGTH ’classic’ 3.5/2.7 1.5 1.235 0.0345
LENGTH ’island’ 1.3/0.3 1.0 1.676 0.0151

CONC ’island’ 1.0/0.3 / 1.584 0.0180

Table A.2:The table shows thecleaning levelsfor thebest separations and overlaps for WIDTH,
LENGTH and CONC for thetwo cleaning algorithms,’classical’ and ’island’ cleaning. The
weights REL and NONE show almostidentical results (see Fig. A.17, Fig. A.16, Fig. A.18 and
Fig. A.19). The first two rows show the old ’classic’ version of HILLAS parameters. The cleaning
level consists of two numbers, the ’image core limit’ and the ’image border limit’. ’Exp’ denotes the
exponentn and ’Sep’ is the separation.
The best cleaning algorithms for WIDTH and LENGTH are printed in bold.

Cleaning type Level Exponent Mean Variance

’classic’ 3.0/2.5 1.0 12.8 11.8

’classic’ 3.0/2.5 1.5 10.0 8.4
’classic’ 4.0/3.0 1.5 8.4 6.4
’island’ 4.0/3.0 1.5 3.9 3.9

Table A.3: The table shows the best conditions to obtain the sharpest ALPHA distribution
for point sources. The mean and the variance are the quantities that quantify the sharpness.
The first row shows the sharpness of the ’classic’ ALPHA as defined by HILLAS. The
sharpest ALPHA distribution is obtained by increasingn to n = 1:5 and by removing the
’islands’ with the ’island’ cleaning algorithm.

Conditions to obtain the sharpest ALPHA distribution

The same procedure was applied to analyze theconditions to obtain thesharpestALPHA
distribution (for
-events and for point sources). The twoquantities that characterize the
sharpnessare thevariance and themean of the ALPHA distribution and they should be
kept assmall as possible. Thesmaller these two the quantities, thebetter the background
suppression. Fig. A.21 illustrates both values for different cleaning levels, cleaningal-
gorithms and differentexponentsn, as before. The colors and markers are coded in the
same way as described above.

A cut of 0:4 < DIST < 1:05 , SIZE > 100 and12 deg � Zenith angle � 22 deg

was applied beforehand (’precut’). It has to be mentioned that the cut on the zenith angle
results in a sharper distribution than the total average has. The conditions for the sharpest
ALPHA distribution are listed in Tab. A.3. The very best one is printed in bold.

As a conclusion of these studies we can summarize:

1. Increasing theexponentn to n = 1:5 results in a sharper ALPHA distribution.

2. Increasing thecleaning level to 4.0/3.0also reduces mean and variance of the AL-
PHA distribution.

3. Thelargest effect is obtained byremoving the islands from the image before cal-
culating ALPHA.

Unfortunately the miss-pointing of the CT1 telescope is quite large and even after a pointing
correction of the recorded data the ALPHA distribution doesnot have the sharpness that
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Figure A.21: This plot shows the variance and the mean of the ALPHA distribution of gamma
shower images for different ’core’ cleaning levels. The smaller these quantities, the better for the
background reduction. The exponent n is coded in colors. Blue isn = 0:5, green isn = 1:0, pink
is n = 1:5 and red isn = 2:0. Different cleaning algorithms are expressed in differentmarker
styles and line styles. Circles and continuous line represent classic cleaning, triangles and dashed
line is ’island’ cleaning and stars with dotted line are ’mountain’ cleaning. The sharpest ALPHA
distribution is obtained for high cleaning levels above 3 and exponents of 1.5.
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Figure A.22:The asymmetry distribution for gammas and hadrons. 0Æ points towards the camera
center and 180Æ points away from the camera center. The histogram has been filled after a cut
on ALPHA < 15Æ and DIST < 1.0. The cut on ALPHA has been performed to demonstrate that
only in the case of
-evens the asymmetry is correlated to ALPHA and not for hadronic events. For
that reason it is possible tosuppress in the ideal case half of the background(for a cut on the
asymmetry angle at 90Æ). The hadron distribution has been scaled up for better visibility.

would be expected from MC studies. We will only be able to takelittle advantage of the
sharper ALPHA distribution.

A.4.2 The head-tail asymmetry defined in a such way that it over-
comes the finite resolution of the CT1 camera

In the chapter 1, concerning theory and detectors, it was mentioned that all shower images
(including hadronic ones) have ahead-tail asymmetry with respect to the direction from
where they originated (Fig. A.22) due to the imaging processwhich involves atangent of
the viewing angle. For point sources this knowledge can be used to further reduce the
background since the hadronic shower arrive randomly from all directions and the gamma
showers only arrive from the center of the camera (if the center points to the source). This
idea is not new and has already been used by other experiments. They defined the asym-
metry in the following way [Pet97]:

�!

A =
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HP

� h
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x i (A.69)

This is the difference between the coordinates of the highest pixel and the shower center
of gravity (Equ. A.16). However, this definition has a problem. Since the difference be-
tween��!x

HP

andh�!x i and the resolution of the CT1 camera (0.25Æ) are of the same order of
magnitude doesn’t yield good results.

The definition of the asymmetry angle

Here I introduce another formalism which uses theweighted averageof all pixels com-
bined and avoids the pixel size problem. The idea behind thismethod is the fact that as
the exponent n in Equ. A.65 increases, the weighted mean (Equ. A.16) movesin the
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direction to the shower maximum and vice versa. Consequently, thederivative of the
weighted mean with respect to the exponent leads consequently to a vector ofsteepest
descent (as seen from the shower maximum) which characterizes an asymmetry in the
image.
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where� is the angle between the asymmetry vector and the vector fromthe shower
mean to the center of the camera (similar as ALPHA). The parameter� will be called
asymmetry angle. The value of the angle� ranges from 0 to 180Æ, where 0Æ points
towards the center and 180Æ points outside of the camera.

In case of
-events (not in case of hadrons!) ALPHA is stronglycorrelated with the
asymmetry angle�. This formula is still not perfect since many events are truncated at
the camera border. With these truncations the asymmetry vector is no longer calculated
correctly and it points outside of the camera instead of at the center. To avoid this problem,
only the pixels within aradius of r = Min (1:5� j

��!

x

HP

j ; 0:25) around thepixel with
largest signalare included in the calculation.

Finding the best cleaning conditions and exponentsn for the asymmetry

Just as with the other parameters, tests have been performedby systematically changing
the values and algorithms for image cleaning and the exponentsn. To determine which are
the best conditions, another parameter calledcut efficiency was introduced. It is the ratio
of the number of events below 90Æ (of the asymmetry angle) to the total number of events
" = N(Asymmetry < 90

Æ

)=N

Tot

.
In Fig. A.23 thecut efficiency is plotted for (recorded)hadronic eventsand for MC

gamma events. As before, circle markers represent ’classic’ image cleaning, triangles
’island’ image cleaning and stars ’mountain’ image cleaning. The colors blue, green, pink
and red represent the exponents (n=0.5, 1.0, 1.5 and 2.0).

As a conclusion it can be stated the following:

1. In case of the asymmetry ahigh cleaning level, just as for the ALPHA distribution,
is favored.

2. The best asymmetry distribution results from acleaning levelof about4.0/3.0using
the ’island’ cleaning algorithm and anexponentof n = 2:0.

The resulting distribution can be seen in Fig. A.22. The asymmetry of the hadron distribu-
tion originates from events which have been partially truncated at the camera border. A cut
of 0.4<DIST<1.05 , SIZE>100 and 12Æ<zenith angle<22Æ was applied beforehand.

A.4.3 The problem of truncated images due to the limited sizeof the
CT1 camera and the leakage parameter

As mentioned above, shower images that have large impact parameters or high energies are
larger than the camera’s field of view so that the image istruncated at the camera border.
Unfortunately, this occurs for themajority of the showers since the number of
 events
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Figure A.23:In this figure thecut efficiency of gamma showers (upper plot) and hadronic showers
(lower plot) for a cut ofAsymmetry < 90 deg is plotted for different ’core’ cleaning levels and
algorithms. Theexponentn is coded in colors. Blue isn = 0:5, green isn = 1:0, pink isn = 1:5

and red isn = 2:0. Different cleaning algorithms are expressed in differentmarker styles and
line styles. Circles and a continuous linerepresentclassic cleaning, triangles and adashed line
refer to’island’ cleaning andstars with a dotted line represent’mountain’ cleaning. The highest
hadronicsuppression (60 %) while retaining most gamma events (78%) is obtained for cleaning
levelsabove 3 and anexponent ofn=2.0. The cut efficiency for gammas does never reach 100%
since a cut of 0.4<DIST<1.05 , SIZE>100 and 12Æ<zenith angle<22Æ was applied beforehand.
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Figure A.24:The figure illustrates what is meant with the expressions’mountain’ and ’island’ .
Islands can formafter performing a ’classic’ image cleaning of a shower image, depending on the
cleaning level. They are isolated clusters that have no connection to other clusters. For simplicity
’islands’ are also called ’mountains’ . In an ’island’ image cleaning only islands are removed. In a
’mountain’ image cleaning all the mountains and islands areremoved apart of the largest mountain.

increases linearly with the impact parameter. If part of theshower is outside the camera
then not all of the light will be collected and measured. Thisleads to an incorrect energy
estimation for showers with largeimpact parametersand highenergy.

Therefore, a parameter thatquantifies the truncation is needed. For this purpose, I
introduce a simple parameter, calledLEAKAGE , defined as:

LEAKAGE =

P

Border pixels

q

i

SIZE

(A.72)

It is the ratio of the charge content of the border pixels and the total charge (i.e. SIZE). In
Fig. 1.17 we see the profile of a typical shower. It is clear that by knowing the amplitude
at say DIST=1.5Æ and also its integral from 0Æ to 1.5Æ we can estimate the content of the
tail quite well. Later, I will show later that this parameterincreases the resolution of the
energy estimation.

A.4.4 Mountains and islands in the shower image: Differencebetween
electromagnetic showers and hadronic showers

The main difference between hadronic showers and electromagnetic showers is the larger
WIDTH and largerfluctuations of hadronic showers. An hadronic shower has a core
of high energy hadrons that developelectromagnetic subshowers. Seen by a Cherenkov
telescope a hadronic shower looks like thesuperpositionof several, dispersed,low energy
electromagnetic showers. As a consequence, the Cherenkov image of a hadronic shower
has more’mountains’ in the sense of Fig. A.24. The electromagnetic shower consists
ideally of one large peak. I tried to quantify this difference by carrying out a structure
analysis, i.e. bycounting the ’mountains’ in the image.

The mountain finding algorithm

I performed arecursive cluster analysis, by separating the image into individual clusters.
Each cluster contained one mountain. The mountain search method was as follows:

� Perform a’classic’ image cleaning (without removing islands).



84 APPENDIX A. THE ANALYSIS OF SHOWER IMAGES

� In a first step, find thepeak pixelsusing a recursive algorithm. The peak pixels are
the ones that have alarger content than all the neighbour pixels. Afterwardssort
this list, in ascending order.

� Introduce acluster object for each peak pixel.

� Start with thelargest signal pixel (top) and search recursivelydownhill from the top
to thevalley around the mountain. Put all these pixels,including the valley pixels,
into the cluster. Treat each pixel onlyonce andmark those already used. Valley
pixels are defined such: There is no unmarked neighbour pixelwith lower content.

� Repeat the procedure until all the pixels have beenassignedto clusters.

� Count thenumber of mountains (-> this is the parameterNumber-Mountain ) and
count the chargein all the mountains, except from the largest mountain. (-> this is
the parameterMountain-SIZE ). This parameter quantifies the charge which isnot
inside the largest mountain (for
-showers ideally zero).

The two new parameters Number-Mountain and Mountain-SIZE give a good estimate of
which part of the charge is found in sub-showers. This quantity is verydifferent for gamma
showers and hadronic showers.

The island finding algorithm

Before continuing with finding the bestconditions for these two parameters I want to
introduce another algorithm which is used for the’island’ image cleaning. It is similar to
the cluster/mountain analysis and I called it the ’island’ analysis. An ’island’ is a cluster
that is isolated in a cleaned camera. A shower image (after ’classic’ cleaning) usually
consists of one main island (the main shower image) and some additional islands which are
muchsmaller.

The algorithm does the following:

� Perform a’classic’ image cleaning

� Loop over the pixel list and call arecursive algorithm finding the neighbour pixels
for each pixel. Continue the recursion with the neighbour pixels. Mark each seen
neighbour pixel and stop at theborder of the island. Treat only unmarked pixels.
Introduce acluster object for each new unmarked pixel and assign all the pixels of
oneisland to this cluster.

� Count thenumber of islands and calculate thecharge of each island.

The cluster list obtained by the island or mountain analysiscan be used forimage cleaning,
leaving only the largest island or mountain. I call these cleaning algorithms’island’ and
’mountain’ cleaning.

Gamma/hadron separation

In this work only the mountain analysis is used for gamma/hadron separation purposes. As
before, a systematic procedure was used to check the bestconditions in terms of cleaning
level, to provide fore for best separation of gammas and hadrons. The parameters ’separa-
tion’ and ’overlap’ are shown in Fig. A.25 and Fig. A.26.

The results are displayed in Tab. A.4. In these two cases the smallest overlap does not
coincide with best separation because of completely non-Gaussian distributions. The value
that was chosen asoptimal cleaning level was 3.5/2.7. (The cleaning level consists of two
numbers. A ’core’ limit and a ’border’ limit.).
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Figure A.25:The separation (above) and the overlap (below) for the parameterMountain-SIZE .
Optimal values for these two parameters are found for’core’ cleaning levels between3 and 4. The
optimal values for the cleaning level for both parameters don’t coincide, therefore the average of a
level of 3.5 has been chosen.

Parameter Cleaning level Separation Overlap

MultMountain 3.5/2.7 0.983 0.1083
MountainPhe 3.5/2.7 0.890 0.0512

Table A.4:The table presents the cleaning levels which provide the best separation and the smallest
overlap. The cleaning level consists of two numbers. A ’core’ limit and a ’border’ limit.
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Figure A.26:The separation (above) and the overlap (below) for the parameterNumber-Mountain .
The parameters separation/overlap have optimal values for’core’ cleaning levels between2 and 4.
They cleaning levels in the lower and upper plot . An intermediate value of a level of3.5 was chosen.
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Figure A.27: Distribution of the Mountain-SIZE parameter, plotted as the logarithm of its ratio
of Mountain-SIZE with SIZE for better illustration, for gammas (red) and for hadrons (blue). This
distribution is not useful for hard cuts, but it improves theseparation if used as a input in the LDA.
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Figure A.28: Distribution of the Number-Mountain parameter for gammas (red) and for hadrons
(blue). A hard cut on Number-Mountain < 2 removes a sizable portion of the background while
leaving most
’s.
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Parameter Cleaning procedure Level Exponent

ALPHA ’Island’ 4.0/3.0 1.5
WIDTH ’Island’ 1.3/0.3 1.5

LENGTH ’Island’ 1.3/0.3 1.0
CONC ’Island’ 1.3/0.3 /
DIST ’island’ 1.3/0.3 1.5

Asymmetry ’classic’ 4.0/3.0 2.0
NumberMountain ’classic’ 3.5/2.7 /

MountainSize ’classic’ 3.5/2.7 /

Table A.5:The table summarizes the optimal cleaning levels for the different image parameters.

TheNumber-Mountain distribution andMountain-SIZE distribution are plotted for
both, gammas and hadrons in Fig. A.28 and Fig. A.27.

The Number-Mountain distributions for gammas and hadrons are quitewell separated,
but the one of the Mountain-SIZE parameter shows significantoverlap and it isnot useful
for hard cuts . However, it still improves the separation when used as anadditional input
to the LDA together with other parameters. This will be shownin the next section.

A.4.5 Improvement in gamma/hadron separation

As all of the new parameters have been now presented, we can proceed to check whether
they give an improvement in discrimination of the total image dataset. The tool for this
procedure is theLDA . More parameters will be introduced, step by step, to see if an im-
provement can be achieved.

Improvement of the gamma/hadron separation by including the new parameters in
the LDA

Now we include the new parameters, that were defined above, inthe analysis and see if this
increases the discrimination power. The new parameters are

� Parameters withweights (exponentsn) on q
i

:

� Parameters obtained bydifferent image cleaningprocedures.

� Asymmetry

� Number-Mountain

� Mountain-SIZE

Tab. summarizes the optimal cleaning levels for the different image parameters as ob-
tained in the studies above. The image parameters ofthree datasetswere calculated ac-
cordingly. These are theMC gamma dataset, a(recorded) OFF data set and theMkn 421
dataset (flares in 2001, 167 hours observation time).

Thestepwise improvementis shown infour steps:

1. First the parametersWIDTH , LENGTH , CONC , zenith angle 
os �, SIZE and
somehigher orders are included in the LDA input parameter list, as described in
section A.3.5. The gives us the first nine inputs from input[0]...Input[8]:

Input[0℄ = WIDTH (A.73)

Input[1℄ = LENGTH

Input[2℄ = CONC
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Input[3℄ = SIZE

Input[4℄ = 
os �

Input[5℄ = WIDTH

2 (A.74)

Input[6℄ = LENGTH

2 (A.75)

Input[7℄ = CONC

2 (A.76)

Input[8℄ =

WIDTH � LENGTH

SIZE

(A.77)

2. Then theasymmetry angle� of Equ. A.71 and the its cosine were included.

Input[9℄ = � (A.78)

Input[10℄ = 
os�

3. After this the mountain classification parametersNumber-Mountain , Mountain-
SIZE andMountain-Size/SIZE were included.

Input[11℄ = NumberMountain (A.79)

Input[12℄ = MountainSize

Input[13℄ = MountainSize=SIZE

4. In the end theremaining rest was included, which give stillsmall corrections and
improve separation

Input[14℄ = Leakage (A.80)

Input[15℄ = Leakage

2

Input[16℄ = Distan
e

Input[17℄ = AveragePedestalSigma

At each step the LDA was trained with the MC-gamma-dataset and the OFF-dataset which
gives us as a result thediscriminating power . Then the trained LDA was applied to
the dataset ofMkn 421 (flares in 2001, 167 hours observation time). This yielded the
number ofexcess events, thebackground and the resultingsignificance (Li/Ma). The
following static fix quality selection cut has been applied before the LDA procedure:0:5 �
DIST � 1:05, SIZE > 60PhE, Zenith angle < 50 deg, WIDTH > 0:25 and
LENGTH > 0:4.

The results are presented in the Tab. A.6. In the first row the result of thesimple
static cut is shown. The next two rows show the results using classic image parameters
with 1. linear input and 2.higher order input. The lastfour lines show the stepwise
improvement by using parameters with weights and new parameters as listed before.

The final ALPHA plot for theMkn 421 test sample (167 hours of observation) can be
seen in Fig. A.29. An OFF-data sample with lower statistics is also plotted in the same fig-
ure todemonstratethat the background estimation by fitting a polynomial is in agreement
with the OFF-data distribution. The ALPHA distribution is wider than the previous using
classical image parameters because much moreadditional low energy events(which have
an unsharper ALPHA distribution) were found. The final result are about 16000 +- 250
excess events with a significance (Li/Ma) of about 83 sigma.

Fig. A.30 shows the output of the LDA. Fig. A.31 displays the cut efficiency of the
final version plotted against zenith angle and energy. The low energy cut-efficiency im-
proved quite significantly and it’s almost flat in zenith angle response. The average cut
efficiency (after trigger and ’precut’) is now as high as 80 %.To avoid confusion it has
to be mentioned that theprecut on DIST is dependenton the exponentn=1.5. For this
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Step Disk. power Excess events Backg. Sig.

static cuts / 5942.9+-134 3869 47.9

classic parameters linear 0.678 11389+-189 9681 60.8
classic parameters quad. 0.736 12592+-204 9158 67.3

1. Parameters quad. 0.755 14486+-256 11760 70.4
2. Plus asymmetry 0.766 16079+265 10886 77.8
3. Plus mountains 0.769 15636+-242 9275 80.0

4. Plus rest 0.777 16182+-245 9060 82.8

Table A.6: The table presents the stepwise increase of discriminatingpower, excess events and
significance while reducing the background by including thenew image parameters. The first line
contains the results of the static cuts. The next two lines show the numbers for classic HILLAS
parameters using linear and higher order inputs in the LDA. The next four steps show the increase in
discrimination of hadrons and gammas by using image parameters with weights and including new
parameters. In the first step the parametersWIDTH , LENGTH , CONC , zenith angle
os �, SIZE
and somehigher orders are used as inputs for the LDA. In the next three step the list is expanded by
the asymmetry, mountain classifications and in the end by parameters that correct for correlations.
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Figure A.29:The ALPHA plot of the final LDA cut. The plot shows the final result with the maxi-
mum significance of 82.8 sigma that achieved for the dataset of Mkn 421 of 167 hours of observation
time.
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Figure A.30: The histogram shows the output distributions (normalized to one) of the LDA for
(recorded) hadrons and (MC) gammas after introducing all possible improvements.

reason the average cut efficiency after precut herecannot be compared directly with the
value obtained at the beginning when using classical HILLASparameters (the average cut
efficiency after precut was around 70 %, but the sample was smaller due to a different def-
inition of DIST withn = 1:0). Apparently the cut efficiency increased only by 13 % while
the excess events increased by 30 %, which isno contradiction. The precut on DIST has
always been chosen to result in amaximally large significance.

Fig. A.32 shows the effective area according to the LDA selection cut (which was op-
timized for maximal significance). In the calculation of theeffective areas the telescope
trigger efficiency is also included. This is why the collection area for energies below 1 TeV
is rather small while the cut efficiency is still very high, approximately 60%. The effective
areas for thelowest zenith angleareabove 55 000m2 (below 1 TeV). They reach almost
95 000m2 for the largest zenith angle of45Æ.

A.4.6 Conclusion about the introduction of new image parameters
and new image cleaning algorithms

It has been shown that the introduction ofexponentson the charge in each pixel gave clear
improvements of theseparation power of the image parameter set in case of the param-
etersALPHA , WIDTH andLENGTH while the introduction of weightsdepending on
the noisein each pixeldid not improve the discrimination.

New image parameters like theasymmetry angle of the a shower,mountains and
leakage where clearly able to further reduce the background.

A significant improvement came from the usage of adifferent cleaning algorithm ,
the ’island’ cleaning which allowed todecreasethe cleaning level and thus keep more
information for the separation. This improves the separation for small energy events.

Altogether (also by using the LDA as separation tool) it was possible todouble the
significanceof the detected signal and to almost triple the amount ofsignal (excess) events
(always at maximum significance).
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Figure A.31:The upper plot shows the cut-efficiency vs log(Energy/GeV) and the lower plot shows
the
 cut efficiency vs zenith angle (in degrees). The LDA has a quite good cut efficiency for energies
smaller than 1 TeV. Above 500 GeV the cut efficiency is still better than 60 % to 65 %. Above 10 TeV
the efficiency decreases slightly because very big showers (high energy) are always truncated at the
camera border. The cut efficiency is measured after the trigger and after applying a filter cut of0:5 �
DIST � 1:05, SIZE > 60PhE, Zenith angle < 50 deg and a two-next-neighbour software
trigger. The lower plot shows an average cut efficiency of 80 %for a cut that results in maximal
significance. The DIST pre-cut is dependent on the exponentn. For this reason the improvement
shown here seems smaller than it actually is, compared to Fig. A.12.
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Figure A.32:The lower plot shows the effective areas calculated for the LDA selection cut using
a power law spectrum with a spectral index of� = 2:9 for three zenith angles. The blue curve is
for a 12Æ, the green curve for a 32Æ and the red curve for a 45Æ zenith angle. The upper plot shows
the simulated MC events before cut (the blue curve) and the triggered events after LDA cut (the red
curve).
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A.5 Energy estimation by the least squares method

Now, that we established our separation methods, we would like to use the selected events
to calculate the physical quantities that we are interestedin. The first step is to estimate the
energy from the image parameters and to determine the energyresolution that we can get
for CT1.

Here I use a very simple method based on image parameters and themethod of linear
least squaresto estimate the energy. As we will see, the formalism is quite similar to
that of the LDA.

The method of linear least squares and its application

We have a set of parameters for each eventi

�!

p

i

=

0

B

B

B

�

1

p

i

1

...
p

i

n

1

C

C

C

A

� P

i

k

(A.81)

which parameterize the image. The ’ONE’ in the first row is important as it is needed for
the offset. We wish to find an estimatorEi

est

for the energyEi of each eventi in such a
way that thesum of differences
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with the linear ansatz
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beingminimal. This is the case if
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This procedure is calledlinear least squaresand can besolved analytically. (It is almost
identical to the calculation of the weights of the LDA. In case of the LDA theEi correspond
to the different groups. For the case of 2 groups it becomesE

i

= �1 for gammas and
E

i

= +1 for protons. The ’ONE’ above corresponds to the subtractionof the average
output given by Equ. A.61). It only remains to calculate theweightswk using Equ. A.86
which involves the calculation of aninverse matrix. The inverse matrix calculation was
done by the Gaussian elimination algorithm using a precision of 24 digits.

The following parameters have been used to estimate the (log) energy.
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The main estimator is SIZE (and expressions of it) which is corrected with thecosine
of the zenith angle(shower distance changes with cosine). The other parameters are in-
troduced to obtainsmall corrections. SIZE is dependent on the impact parameter (->
estimator DIST). For the training a MC-gamma data sample wasused. A preselection cut
of ZenithAngle � 50 deg, SIZE � 60PhE and0:5 deg � DIST � 1:05 deg was
applied beforehand.

Additional energy dependentweightsE1:5 on each event have been introduced in the
method tocorrect for the fact that the MC was produced with a steep spectrum ofE

�1:5

while we want that high energy events are treated with thesame priority as low energy
events. The whole procedure is calculated in the log-scale.Equ. A.85 and Equ. A.86
become:
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The result can be seen in Fig. A.33. SIZE was introduced in parallel with several exponents
(1, 0.5 and 2). This improves thelinearity of the estimation.

Improvement of the energy resolution by including the LEAKAGE parameter into
the Least square fit

Now we will see how the resolution and the shape can still be improved by introducing a
new parameter called LEAKAGE into the least square fit. It is introduced as anaddi-
tional input to the least squares method of Equ. A.87:

P

6

= LEAKAGE (A.90)

p

7

= LEAKAGE

2 (A.91)

The result can be seen in Fig. A.34. The distribution becomesmorenarrow and Gaussian.
The distribution is not perfectly linear and exhibits a slight curve. Without unfolding the
spectrum this would introduce a systematic error. The unfolding procedure corrects for this
and in fact any shape of the energy estimation would be translated correctly as long as it is
monotonically.

A.5.1 Conclusion about the energy estimation using the linear least
squares method

Using an algorithm likelinear least squaresto estimate the energy has the main advantage,
as theLDA , that the problem isanalytically solvable (reproducibility, no dependence on
initial values) unlike other methods like neural nets or nonlinear equations which need an
iterative optimization. A matrix of the size8x8 has to be inverted (best done with 24
digits precision or more). The applied energy estimation isdone by calculation of a simple
polynomial which is fast. The energy estimation is linear (above 1 TeV) and Gaussian
distributed. The introduction of the LEAKAGE parameterincreasesthe resolution a little
and results in an output which is more Gaussian.

A.6 Mispointing of the telescope and its correction

Unfortunately the hour angle axis of the CT1 telescope isnot perfectly aligned with the
earths axis of rotation and in addition, the telescope structure bends slightly under its
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Figure A.33: Energy estimation and itsresolution with the LEAKAGE parameter. For energies
above 10 TeV (the upper plot) it can been seen that the effect of truncated images at the camera
border disturbs the energy estimation. The lower plots shows a rather asymmetric shape which is not
Gaussian.
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Figure A.34:The shape of the estimated energy distributionafter introduction of theLEAKAGE
parameter. The energy estimation becomes sharper and more precise as can be observed in the upper
plot. Above 1 TeV the estimation is very linear. The lower plot demonstrates a symmetric Gaussian
distribution with a variance of approximately 24 %.
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Figure A.35:A false source plot for a) a small zenith angle (15Æ), used to determine the mispointing
of the source Mkn 421. The center of the source appears as a round spot. b) False source plot for a
high zenith angle (45Æ). The source seems not to be focused very well in one point. This effect could
be partly due to statistics but a mispointing correction onrun basis results in asharper ALPHA
distribution, suggesting that for different runs with thesamehour angle (= ’signed’ zenith angle) the
mispointing is different.

weight. This introduces in amispointing of up to 0.15Æ and has a strong effect on the
sharpnessof the ALPHA distribution. Monte Carlo studies show that thestandard devi-
ation of the ALPHA peak should be approximately 6Æ for small zenith angles and up to
7.5Æ for high zenith angles of 45Æ (showers with higher zenith angles show a wider alpha
distribution due to a smaller image in the camera resulting in a worse determination of the
shower axis). With Mispointing, these valuesincrease to a standard deviation of up to
15Æ for high zenith angles. If in such a scenario a fixed alpha cut of only 12Æ is applied,
it is easy to imagine that the measured flux will suddenly depend strongly on the zenith
angle. This introduces alarge systematic error in lightcurve calculation. Thus, a pointing
correction is mandatory.

Up to now, so-called point-runs have been performed where the telescope systemati-
cally scans a star (whose coordinates are known) in small steps. The DC current informa-
tion of the pixels allows a precise determination of the mispointing at a given hour angle
and declination. This procedure can be repeated for many hour angles and declinations. A
correction based on values obtained from this procedure improved the Mispointing but did
not yield completely satisfactory results and adifferent strategy has been tried here in this
thesis.

The false source plot method

A mispointing correction can also be obtained byonly using the measured data ofMkn 421.
The construction of a false source plot is a simple method to find thereal position of a
source in the camera. Since the coordinates for Mkn 421 are known themispointing can
be calculated.

The algorithm proceeds as follows: The camera center ismoved artificially (and AL-
PHA is recalculated accordingly) in a grid around the cameracenter. Acut ofALPHA

new

<8Æ

is applied to the new ALPHA value for each position and the remaining events arefilled in
a 2D histogram which binnedaccording to the grid. After the histogram has been filled, a
tail-cut at the half maximum is performed by subtracting thehalf maximum from each bin.
Bins below zero are set to zero. The position of the source is obtained by calculating the
mean of the 2D histogram.

The new ALPHA is calculated from the old (signed) ALPHA as follows (see Fig. A.36):
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First a vector pointing in the direction of the shower
������!

Alpha

old

is obtained by rotating
the mean position vector

����!

hX

old

i of the image by ALPHA (ALPHA

old

). The new posi-
tion vector

����!

hX

new

i is calculated by translating the old center with
�!

dX . The new ALPHA
ALPHA

new

(unsigned) is obtained from the scalar product of the old direction vector and
the new position vector.

Binning the data in (signed) zenith angles

The mispointing is assumed to be a function of the hour angle and the inclination. The
inclination remainsconstant for astronomical objects. Since the parameter hour angle
was not available in the dataset a binning insigned zenith angle was performed instead
(positive sign for azimuth angles larger than 180Æ, and negative sign for azimuth angles
smaller then 180Æ). This binning isequivalent to binning in shaft-encoder values (and to
the hour angle) of the telescope.

For each signed zenith angle bin afalse source plotis calculated. By examining the
false source plots one can see that for high zenith angles especially the pointing isnot
sharp in one spot (see Fig. A.35). This effect could be partly due tostatistics, but as
we will see a mispointing correction on run basis results in asharper ALPHA distribution,
suggesting that for different runs with identical hour angle (equivalent to ’signed’ zenith
angle) the mispointing is different.
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Figure A.37: a) The ALPHA distribution before applying the pointing correction. The sigma of
the ALPHA peak is 9.3Æ. The Off-data distribution (much lower statistics) has been included into
the plot for illustration. b) The ALPHA distribution after applying the pointing correction procedure.
The distribution gets significantly sharper. The average sigma of the (full) Gaussian fit curve is only
7.6Æ . The tail of the ALPHA distribution between 20Æ and 30Æ does not fit very well to the Gaussian
function. This is caused by a still imperfect mispointing correction. The high zenith angles have a
wider ALPHA distribution. To avoid confusion it has to be stated that he data used here is the full
dataset of Mkn 421 of 250 hours of observation time. This dataset contains more signal than the test
data set used for the development of an improved analysis.

Binning in runs

To circumvent this problem, in addition a pointing correction for each run was introduced.
A false source plot was then calculated foreach run. The correction in run bins isonly pos-
sible if there isenoughsignal in that specific run data (the problem of a flaring source). The
procedure applied was the following: If the signal in the rundata wastoo small (smaller
than5 sigmaof the background fluctuations), the pointing correction onzenith angle bin
basis was applied (the zenith angle bins have amuch larger statistics and there isno dan-
ger of optimizing on fluctuations). If the signal was large enough during that run (larger
than5 sigma) then the mispointingbased on single runbins is chosen. The mispointing
correction on arun to run basis improves the sharpness of the ALPHA distribution sig-
nificantly when compared to a mispointing correction on the basis ofsigned zenith angles
only. This seems to point out that the mispointing for the same hour angle but on different
days is different.

Results of the mispointing correction

Tab. A.7 shows the resultsafter the pointing correction. Listed are thevariances of the
alpha distribution for each signed zenith angle bin. The total standard deviation was im-
proved from9.3Æ (before correction) to7.6Æ (after correction). The correction on the basis
of signed zenith angle bins only gave a standard deviation ofapproximately8.3Æ. The table
clearly shows how the alpha distribution becomes wider withincreasing zenith angle. For
all zenith angle bins the alpha distribution iswider than the corresponding distribution in
theMC which points to stillimperfect mispointing correction.

Conclusion

In conclusion, it can be stated that the result is stillnot perfect. The variances of the alpha
peak should bemore narrow . However, they aregood enoughto ensure a reasonable
(without systematics coming from the ALPHA distribution) lightcurve. In the following
chapters all of the cuts on the alpha distribution are performed very high at 18Æ. In this
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Signed zenith angle Sigma of alpha distribution

-(45-50) 10:3� 0:15

-(35-45) 8:9� 0:10

-(25-35) 6:7� 0:12

-(15-25) 7:0� 0:11

(-15)-(+15) 7:2� 0:13

15-25 7:4� 0:07

25-35 8:1� 0:11

35-45 8:6� 0:15

45-50 8:9� 0:18

Total 7:6� 0:08

Table A.7:The table shows the final variances of the ALPHA distributionfor different zenith angle
bins. The variances increase with increasing zenith angle.

way it can be made sure that most of the signal events are inside the cut limit and that the
resulting measured flux no longer depends on the zenith angle.

The spectrum before and after applying this pointing correction remains the same which
can be taken as a proof that no artificial effect has been introduced by optimizing on fluc-
tuations.

A.7 Differential flux spectrum calculation

The differential flux is one of the main physical quantities that we are interested in. It is a
measurement which can be compared with the theory and that tells us something about the
mechanism that produces jets and high energy gammas inside the jet. The calculation of
the differential flux is a rather complicated procedure thatinvolves several steps.

1. The energy of the observed events is reconstructed. Then theexcess eventsN i

Ex
ess

for different energy bins are determined by estimating the background in each energy
bin (this results in theexcess event distribution). The reconstructed energy can
derivate, both systematically and statistically, from thetrue one.

2. Therefore the spectrum calculation requires theunfolding of these effects (of the
excess event distribution).

3. Finally, thedifferential flux is obtained by dividing each bin by the total observation
time T

obs

, the bin width�E
Bin

and its effective collection area. The observation
time has to be taken separately for each zenith angle bin.

dF

i

dE
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i
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A.7.1 Determination of the energy excess event distribution

The energy excess event distribution is thefirst step to the differential flux spectrum
(dF=dE). The events are sorted in energy bins according to their estimated energy. The
binning has been chosen to be of the size of the average energyresolution (~24 %). In
logarithmic scale a constant binning(for simplicity) was introduced. The resolution is
to first order constant in this frame (See Fig. A.38).

For each energy bin, a histogram for theALPHA distribution was filled and the corre-
sponding background was estimated by performinga fit as was done earlier.
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Figure A.38:a) This figure shows theexcess event distributionof the totalMkn 421 data set for
all six zenith angle bins in different colors (red: 0Æ-16Æ, blue: 16Æ-21Æ, green: 21Æ-28Æ, yellow: 28Æ-
33Æ, violet: 33Æ-40Æ, light blue: 40Æ-50Æ, black: all together). The figure illustrates how the threshold
changeswith zenith angle. Due todifferent observation times the total amount of excess events is
different for different zenith angles. The black points arethesum of the data of all the zenith angles.
b) The estimated energy and the MC energy are plotted againsteach other and normalized to one
(Probability distribution of the estimated energy). It demonstrates that in first order the resolution
is constant in logarithmic scale. The curved shape of the distribution for energies below 1 TeV is
corrected later on by the unfolding procedure.
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The ALPHA distributions and their background fit are listed in Appendix B. The sys-
tematic error introduced by the background estimation is believed to be smaller than 5%-
10%. The effect of all possible systematic errors, which canaffect the spectrum, will be
discussed in detail in the conclusion. As will be shown, the spectral shape remainsvirtu-
ally unchangedby artificial changes in the amount of background of +-10%.

The energy distribution of the excess events can be seen in Fig. A.38. The different
zenith angles are represented by different colors (red: 0Æ-16Æ, blue: 16Æ-21Æ, green: 21Æ-
28Æ, yellow: 28Æ-33Æ, violet: 33Æ-40Æ, light blue: 40Æ-50Æ, black: all together). As expected
the threshold increases with increasing zenith angle.

A.7.2 Unfolding the spectrum

The spectrum of a real source should beunfolded with the distribution of the estimated
energy. This is important not only to correct fornonlinearities in the energy estimation.
It also corrects forspill over from each energy bin into the neighbor bins on the left and
right side and a possible cutoff would change its position.

The energy estimation allows us to determine the transfer function of the telescope as
the simulation describes the total system. As in Fig. A.34, we can fill a matrixM which
yields us for each (real, simulated) energy bin theprobability distribution (normalized to
one) of the estimated energy. Naturally, the binning ofM and the binning of the excess
event distribution (i.e. data distributionD

k

) must be the same. KnowingM we can can
calculate the spectrum of thefolded spectrum

�!

F for a givenunfolded spectrum
�!

U :

M

�!

U =

�!

F (A.97)

The reverse of this procedure is calledunfolding:

M

�1

�!

F =

�!

U (A.98)
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Even though this procedure is mathematically valid, it doesnot usually yield decent results.
Since the spectrum vector

�!

F and M also has statistical fluctuations (it has been determined
by Monte Carlo studies), the resulting vector tends to artificial oscillationsbetweenneigh-
boring vector entries (in ’energy’-space). There are various methods available which
attempt to suppress these completely unphysical high frequencies by means of regulators
or low pass filters in the frequency space.

The method used here is a stepwiseiterative method which is especially suitable for
our situation. It is described in [Des95]. The procedure hasbeen slightly modified to work
efficiently for our case. The algorithm systematicallyadjusts the folded MC distribution
F

k

to thereal data distributionD
k

until the chisquare between the two distributions be-
comesminimal. The originalunfolded MC distribution is then the distribution that we
are interested in. The regulation here consists ofinterrupting the iteration before it can
develop high frequency oscillations.

The exact procedure is as follows:

1. First ainitial unfolded spectrum isestimated. The closer the initial distribution to
the final result, the better the convergence. In this case simply thefolded data spec-
trum is taken (along with its errors) since it is already very similar to the expected
unfolded result.

2. In aniterative loop the following stepsl are executed for each bini:

(a) Thefolded spectrum is calculated from the unfolded distribution with (same
as above)
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(A.99)

(b) The ratio of the folded MCF
k

and the real data distributionD
k

is back-
propagated into proportional factors�
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which are then applied to theunfolded data distribution
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(A.101)

in such a way that thefolded MC distributionconvergesto thereal data dis-
tribution. The row vectors (estimated energy distribution) of the matrixM

ik

must be normalized in a manner such that for each indexi the sum over all en-
triesk give one.N l+1 is a normalization factor which ensures that the integral
over the previous spectrum and after application of the proportional factors�

i

is preserved.

(c) The ratio Equ. A.100 is potentiate withexponents�
k

2 [0; 1℄ which depend
monotonically on the difference between the data distribution and the folded
MC distribution, weighted by its error (�2 for one bin), in order to achieve
smooth and equivalentconvergence simultaneouslyalong theentire spec-
trum.
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Figure A.39: The unfolding procedure is illustrated in the two plots. a) The experimental dis-
tribution (blue) is stepwise approximated by a folded MC distribution (red). b) The unfolded MC
distribution is shown in the plot below. a) The folded spectrum changes its shape after unfolding es-
pecially in the energy region below 1 TeV and above 10 TeV (log(E=GeV ) = 4:0) the cutoff appears
stronger. Abovelog(E=GeV ) = 4:2 the method becomes inaccurate due to very low statistics.
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The sigmoid-like function has been introduced to assure that the exponents
�

k

are within the interval[0; 1℄. Excessively large�
k

values accelerate the
convergence up to a point where the oscillations can no longer be controlled.

(d) The errors on the unfolded spectrum are calculated byGaussian error propa-
gation from the involved unfolded data bins and from the error on thetransfer
matrixM

ik

.

(e) The�2 of the difference between the data spectrumD and the folded MCF is
computed for each step
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X

k

s

k

(A.105)

in each step. When the�2 starts toincreasethe iteration procedure terminates.

3. The procedure converges rapidly withinfive iterations. However, after a maximum
of eight iterations the procedure is terminated to ensure that the high frequency os-
cillations do not develop.

Conclusion

The procedure begins with the excess event distribution obtained by using the energy esti-
mation described above. The iteration process corrects thespectrum fornonlinearities and
biases that were introduced by the energy estimation. In particular, it corrects forspill over
effects from lower energy bins into higher energy bins. Without application of this un-
folding procedure, the resulting spectrum would be flatter than the true one and a possible
cutoff would be measured at a wrong position.

Because of statistical effects the unfolding procedure canonly approximate the true
spectral shape. This has been ensured by using the exponents�

k

which are obtained by
weighting with the variances (i.e. statistical fluctuations) in each bin.

The resulting distribution fits better to the effective areas that were obtained by MC
studies as experience showed. Fig. A.39 demonstrates the result. The upper plot shows
the original data distribution and the folded MC distribution. The lower plot shows the
unfolded spectrum. Above 20 TeV virtually no significant signal (too low statistics) is seen
so that this part of the distribution is discarded.

A.7.3 The spectrum, fitting and reverse check of the result

The data has been sorted intoseveral zenith angle binsbecause the effective collection
areas and the telescope threshold vary with zenith angle. The observation timesfor each
zenith angle bin were carefully determined. In addition to the spectra for each zenith angle,
the total spectrum was calculated by computing the effective areas and the normalized
inversion matrixM

ik

for the given zenith angle distribution as found in the dataset.
Fig. A.40 shows in the upper plot the spectrum of the crab nebula and in lower plot

its excess event distribution which was used to obtain the spectrum. The spectrum (upper
plot) has been fitted with a normal power law ansatz:

dF

PowerLaw

dE

= F

0

E

�� (A.106)

with a differential spectral index� and a flux constantF
0

. Thefit results here areF
0

=

(3:0� 0:3)10

�11

TeV

�1


m
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s

�1, � = 2:5� 0:1 with a�2/NDF=5.5/9.
Since unfolding processes in general arenot completely satisfactoryand mathemati-

cally stable one might wish tocross checkthe obtained results. Therefore also the reverse
process was also examined. Out of a given differential flux the expected number of excess

events per energy bin
h

E

k
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; E

k

right

i

can be computed:
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Figure A.40:a) The upper plot shows the unfolded spectrum of the Crab nebula. The fit results here
areF
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= (3:0� 0:3) 10

�11

TeV

�1


m

�2

s

�1, � = 2:5� 0:1 with a�2/NDF=5.5/9.
b) The plot shows the experimental excess event distribution of the Crab nebula. The theoretically
expected excess event distribution for a power law spectrum(blue curve) has been fitted to the original
excess event distribution (data points). Mathematically,this is more satisfactory because, as opposed
to an unfolding process, is involved a folding process in this case and the expected errors are smaller.
The fit results are:F

0

= (2:8�0:2) 10
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m
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s

�1, � = 2:5�0:08 with a�2/NDF=6.1/9.
The values are consistent with the result from the upper plot. The fit error are slightly smaller due
to the unfolding procedure applied in the upper plot. The Crab nebula is usually used as a standard
candle and as a cross check to compare analysis results with other
-ray experiments.
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The reverse process does not need anunfolding algorithm of the data spectrum, but rather
a folding algorithm of an assumed unfolded spectrum. Mathematically, this is much more
satisfactory, reliable and precise. A folded power law function has been fitted to the original
excess event spectrum and can be seen in Fig. A.40 (lower plot). The fit results are:
F

0

= (2:8 � 0:2)10

�11

TeV

�1


m

�2

s

�1, � = 2:5 � 0:08 with a �2/NDF=6.1/9. Both
methods give practically the same fitting results and are thereforeconsistent. The fit to
the original folded excess event distribution gives more precise results andsmaller fitting
errors.

A.7.4 Discussion of systematic errors and the reliability of the ob-
tained spectrum

The results of the analysis depend on several potential systematic errors which are dis-
cussed here.

1. Thefirst error comes from thecalibration of the absolute energy scale. The pixels
in the camera were calibrated by the so-calledexcess noise factor methodwhich
was already described above. Due to several unknown parameters and uncertainties,
a miss-calibration of the absolute energy scale of up to 15 % is easily possible.
A forced translation of the energy scale by a small amount (+-10 %) changes the
position of the threshold of the telescope relative to the threshold in the effective ar-
eas which consequently changes the shape of the spectrum in the region of the left
slope of the excess event distribution. The resulting spectrum is no longer linear and
results in a curved spectrum (in the threshold region), in either an upward or down-
ward direction.
However the total shape of the calculated spectrum isnot very sensitive to a change
of 10 %. The spectral index of the differential flux changes slightly. The spectrum
of the crab nebula shows a clearpower law spectrum as it should without any dis-
tortion of the power law close to the threshold. For this reason it is believed that the
calibration of the absolute energy scale isnot worse than 10 %.
The change in the slope by artificially changing the energy scale by +-10% is only
about�

sys

(�) = �0:1 for a spectral index of approximately� = 2:5. Due to the
uncertainty in absolute energy scale a possible cutoff position (Mkn 421) cannot be
determinedmore precisely than approximately�

sys

(E


ut

) = �1TeV .

2. Thesecondsystematic error originates in theestimation algorithm for theback-
ground. The estimated miss-determination of the background is believed to beless
than 10%. Surprisingly, a forced change of�10% in the estimated background did
not produce anysignificant changein the steepness of the spectrum. But for a forced
overestimated/underestimated background thecutoff position (for Mkn 421) moves
down/up by approximately�

sys

(E


ut

) = �1TeV . However, comparisons with the
flux of the HEGRA CT-System and correlation studies with the RXTE/ASM satellite
show that the origin of this analysis coincides with theorigins of the other instru-
ments. Therefore it is believed that that the background estimation isbetter or equal
than 5%.

3. The third systematic error originates from the calculation of the effective areas
which are calculated by applying the sameselection cut to the data and to the MC.
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This assumes that the MC describes showers and their imagingin a reasonable way.
Systematic errors on the absolute flux due to slightly wrong effective areas are esti-
mated to be approximately10 % or �

sys

(F

0

) = �0:1F

0

.

A.8 Calculation of lightcurve and hardness ratio

The lightcurve is another important measurement which provides us with valuable infor-
mation about the time structure of the flares of Mkn 421. It gives us hints about the size
of this object and its emission regions and about the mechanisms that produce high energy
gammas (SSC).

A.8.1 The mathematical background of integrated flux measurements

The lightcurve (Fig. A.41) consists of integrated flux measurements for small time bins:
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The so-calledhardness ratio is the ratio of integrated fluxes of two energy intervals, an
upper energy interval and a lower energy interval
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(A.109)

It is used to detect changes in the steepness of the spectrum,which might change with flare
intensity.

For the lightcurve, the data is binned with thegranularity a single run . For each run
bin, the durationT

obs

, the average zenith angle� and the center noon-MJDt are found.
Three differentenergy intervals were treated simultaneously.

1. For thenormal lightcurve , an interval[1:0; 20℄ TeV was taken. A hard cut at
E

est

> 1.0 TeV was applied in order to leave out the region that is too close to the en-
ergy threshold of the telescope so that the systematic errorin the lightcurve could be
reduced. This region is very sensitive to the zenith angle because of strongly varying
collection areas there.

2. The othertwo energy intervals are needed for thehardness ratio calculation and
are kept variable (this will be discussed later).

Theexcess-rateRate
Ex
ess

(t) and the background-rateRate
Off

(t) are

Rate

Ex
ess

(t) =

N

On

(t)�N

Off

(t)

T

obs

(A.110)

Rate

Off

(t) =

N

Off

(t)

T

obs

(A.111)

The’On’-events are the events for which ALPHA issmaller than 18Æ. The cut on ALPHA
was chosen to bevery generousin order to ensure that most signal events were retained so
as toreduce the systematic error on zenith angle dependence (as was already mentioned
above). The background events between 0Æ and 18Æ areestimated by fitting the ALPHA
distribution for each run between 20Æ and 80Æ only with a polynomial. Due to low statistics,
the ALPHA peak was not fitted with a Gaussian in this case.

The background rate isuseful to detectcorrupted runs (from bad whether or other
problems). The background rate is slightly dependent on thezenith angle and decreases



A.8. CALCULATION OF LIGHTCURVE AND HARDNESS RATIO 109

MJD
51930 51940 51950 51960 51970 51980 51990 52000

)2
/(s

 m
-1

1
Fl

ux
 in

 1
0

0

1

2

3

4

5
Chi2 / ndf = 26.56 / 32

 0.1075 ±p0       = 1.993 
Chi2 / ndf = 26.56 / 32

 0.1075 ±p0       = 1.993 

(a)

MJD
51928.84 51928.86 51928.88 51928.9 51928.92 51928.94 51928.96 51928.98 51929 51929.02

)2
/(

s 
m

-1
1

F
lu

x 
>

 1
 T

eV
 (

in
 1

0

-1

0

1

2

3

4

5

6

7
Chi2 / ndf = 9.938 / 10

 0.3746 ±p0       = 2.064 
Chi2 / ndf = 9.938 / 10

 0.3746 ±p0       = 2.064 

(b)

Figure A.41:a) The light curve of the crab nebula from February to April 2001 averaged over one
day bins and b) an example light curve of the crab nebula of onenight with run flux points. The crab
nebula emits a constant flux. According to the�

2 value, the fluctuations are in the order of magnitude
which would be expected from the errors on the flux points. This tells us that the error calculation of
the lightcurve is consistent with the observed fluctuations.
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Figure A.42:Consistency checkof lower energy interval flux ([1.0, 2.0] TeV) andhigher energy
interval flux ([2.0, 20] TeV) calculation (for the Mkn 421 data set). Thesum of both fluxes is
plotted against thetotal flux (energy interval [1.0, 20.0] TeV). The background estimation and also
the effective area calculation for the curved spectrum is done separately for the different energy
intervals. The plot provesconsistencyof the sum and the total.

with increasing zenith angle. All the runs with background rates ofless than 10 events/hour
(usually the rates are in the order of 40 events/hour) arerejected in a quality selection cut.

Hence, theintegrated flux for a given energy interval is defined as the excess rate
for this energy interval divided by itsaverage effective areafor the corresponding zenith
angle:
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In order to obtain the average effective area thedifferential fluxes from the spectrum calcu-
lations are used because these numbers arevery dependenton theshapeof the spectrum.
The effective area isinterpolated for the zenith angle needed. The average zenith angle
changes from run to run. Figure A.42 shows in a cross check theconsistency of the flux
calculation. The sum of the lower energy [1.0, 2.0] TeV and higher energy [2.0, 20] TeV
interval fluxes are plotted against the total flux (energy interval from [1.0, 20] TeV).

The average effective area is aweighted averageof the flux summed over all energy
bins inside the given interval [WitCom].
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The events are sorted into theenergy intervals by using the estimated energy. For
this calculation of the lightcurveno unfolding was performed due tovery low statistics.
Since rather large energy intervals are integrated, this should not introduce excessively
large systematic errors. The only potential systematic error originate from the region of the
energy threshold that islargely excluded (with the cut at 1 TeV).

The error in the flux is derived from Gaussian error propagation and its nature is purely
statistical.
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A.8.2 Discussion about systematic errors and the reliability of the mea-
sured lightcurve

Two potential systematic errors can influence the lightcurve measurement.

1. The first one results from theimpossibility of performing an unfolding procedure
on the basis of run, due to a lack of available statistical information. This error can
be significantlyreduced a lot by performing a hard cut on the lower energy region.

2. The second one is related to thebackground estimation. As explained in the section
concerning the differential flux measurement, a maximum systematic error of 10%
is assumed. However, comparing the flux results to the one of the HEGRA CT-
system and also to correlation studies with the RXTE/ASM satellite (both in the next
chapter) show that theorigin of the flux calculation is in good agreement with the
other two instruments. For this reason it is believed that the background estimation
is better than or equal to 5%.
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Appendix B

Analysis of the flares of Mkn 421
in 2001

In chapter 1 and A the necessary foundation was established to now discuss the analysis of
the Mkn 421 data. This data was recorded betweenFebruary 2001 and May 2001when
Mkn 421 exhibited large flares. The total observation time amounts to 249 hours.

Two main characteristics will be examined. One is the lightcurve which containstim-
ing information of the flares and time correlations to x-ray measurements. The second
concerns thespectral propertiesof the flux. Calculated will be the total average spectrum
and the spectrum in different flare states including hardness ratio changes.

B.1 Light curve and timing of the flares of Mkn 421

In this section, the measurement of the lightcurve using theCT1 telescopeand other in-
struments like thex-ray satellites RXTE andASCA and theCT-system telescopes are
described and compared. In addition, fundamental timing properties and time correlations
are discussed here.

B.1.1 The light curve of Mkn 421 as measured by CT1

The algorithm of the lightcurve calculation was explained in detail in chapter A. The data
is binned in runs which aretypically of 20 minutes duration. Smaller binning was
disregarded because the statistics would be unacceptably low. The lightcurve of the whole
period is shown in Fig. B.2 and the complete night by night setcan be seen in Appendix
B. Some runs have high fluxes of up to(10� 15) 10

�11

(TeV m

2

s)

�1. The lightcurve
exhibits five main observation periods which are interrupted by moon periods during which
observations was only restricted possible. In three of these five periods Mkn 421 showed
high fluxes. Moon observation data is not included in this plot and was not analyzed in this
document. A lightcurve with daily averages was already shown in Fig. A.41.

Estimation of rise and fall times

Measurements taking during twelve days and containing significant flares were selected
and are shown in Figures B.3, B.4 and B.5. There is some evidence that some of the flares
are faster than the resolution of the run bins. It is difficultto estimate the rise time in some
cases. To obtain numbers for the doubling rise time, the halving fall time and the average
FWHM duration of a typical flare,three different approaches were used.

113
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Figure B.1:This figure shows the total excess of the Mkn 421 dataset whichamounts to 17400 +-
210 signal events over approximately 8800 background events and which was recorded between
February 2001 and May 2001 with a total observation time of 249 hours.
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Figure B.2:The light curve for the complete period between February 2001 and May 2001 is shown.
Each point corresponds to a single run which is typically of approximately 20 minutes duration.
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Figure B.3:Selected flux measurements from the nights 51928, 51929, 51930 and 51934. The flares
have been fitted with a simple flare model described below.
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Figure B.4:Selected flux measurements from the nights 51938, 51939, 51942 and 51968. The flares
have been fitted with a simple flare model described below.
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Figure B.5:Selected flux measurements of the nights 51988, 51990, 51991and 51993. The flares
have been fitted with a simple flare model described below.
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Figure B.6:Fit to obtain the doubling time. The flare taken occurred in the night 51967. It shows a
doubling time of 8.2�7.0 minutes. Even the worst case scenario (blue line) still has a doubling time
of only 23 minutes.

1. For a simple characterization,a flare model has been fitted to each night.
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(B.1)

This function behaves like an exponential in the limits of minus and plus infinity.
Rises and falls are supposed to have exponential character (corresponding to sudden
outburst and exponential cooling). It has doubling rise andhalving fall times
 and
d. This model assumes that several small fast flarespile up to a single very large
flare. This means that the flare doesn’t start from zero but rather from aconstant
background which is estimated bya. This fit is used to estimate the average duration
of fast flares and the rise and fall times starting from a constant background.

2. For very fast flaresfour points are taken with the rise or fall in the middle (see
Fig. B.6). Three segments of straight lines are fitted to these four points byintegrat-
ing over the run period. In this manner we can approximate the slope of the middle
segment by using the information from the points on the left and the right and obtain
its error from the fit. The fit containstwo free parameterswhich are the slopes of
the first and second segments. The offset from zero on is givenby the first and last
point which lay on the first and last straight line. The doubling time is calculated
here by assuming the a flare starts fromzero and not starting from an offset as by
fitting the flare model. In this way the rise time is calculatedconservatively.

3. Since the 4 point fit is not useful in all the cases, the doubling rise time betweentwo
neighbouring points is calculated by means of asimple line connection between
two points. The error is obtained from the errors of the fluxes. Since this method is
very sensitive to statistical fluctuations, the doubling and falling times are calculated
by taking theworst case scenario. The flux values used are the measured fluxes
plus/minus their one sigma errors. (The ends of the error bars are connected, see
Fig. B.6).
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Figure B.7:FWHM duration of 21 large flares obtained by fitting the flare model above. The typical
duration for fast flares ranges betweenone hour and three and a half hours. The distribution of
the duration is obtained by fillingGaussian distributions into a histogram. The mean and sigma of
such an Gaussian distribution corresponds to the measured value and its errors. Theunderlying blue
line is thenoise background that was obtained by simulating a lightcurve with Gaussian random
distributed data points around a mean of the daily average flux. Then the same flare model was fitted
as to the real light curve. For each night100 lightcurves were simulated. The blue line shows that
for random lightcurvessignificantly lessflares are found.
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Figure B.8:These two plots show the parameter values
 (doubling rise time) andd (halving falling
time, see Equ. B.1) obtained from fitting 21 large flares. Typical time scales in this model range
from upwards 25 minutes. The distributions are obtained by filling Gaussian distributions into a
histogram. The mean and sigma of the Gaussian distribution corresponds to the measured value and
its errors. Theunderlying blue line is the noise background that was obtained by simulating a
lightcurve with Gaussian random distributed data points around a mean of the daily average flux.
Then thesameflare model was fitted as to the real light curve. For each night100 lightcurves were
simulated. The blue line shows that for random lightcurvessignificantly lessflares are found.
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Type MJD Doubling/halfing time (in minutes)

Fall 51967.05 11.7 +- 11.3
Fall 51990.06 14.1 +- 16.3
Fall 51991.12 12.8 +- 14.9

Rise 51934.18 13 +- 10.7
Rise 51956.06 15 +- 15.2
Rise 51967.17 8.24 +- 6.9

Table B.1:The results of the four point, three segment fit are presentedhere. The shortest fall time
is 12.8 +- 14.9 minutes and the shortest rise time is 8.24 +- 6.9 minutes. Taking into account the large
errors, there is evidence of flares that have rise and fall times of 15 to 25 minutes.

Fitting the flare model

The starting values for the fit are set as follows:a=average flux during night,a=8.0,

=30 minutes rise time,
=30 minutes fall time andt

0

=the position of the highest flux
in that night. In order to select nights with significant flares, first a straight line fit is per-
formed. If the reduced chi-square is less then 1.5,�

2

=NDF < 1:5, then the night is not
used for the fit of Equ. B.1. The most interesting major flares are shown in Fig. B.3, B.4
and B.5 while the complete set can be seen in Appendix B.

Only fitting values with errors less than 100% are allowed (asa quality selection cut)
for the reminder of the process. 21 fitted flares fulfilled thiscriteria. The plots in Fig. B.8
and Fig. B.7 are obtained by filling area-normalizedGaussian distributions into a his-
togram. The mean and sigma of the Gaussian distribution corresponds to the measured
value and its error, respectively. In this way, it is possible to graphically illustrate the dis-
tribution for only few measurements. In order to estimate the significanceof the obtained
result, the same procedure was applied to lightcurves that were generated by aGaussian
random generator. The mean of the Gaussian distribution is the average daily flux and
the variance is the error of each data point. For each night 100 lightcurves were simulated
and fitted by the same procedure like the real one. The obtained distribution shows that in
random distributed lightcurvesmuch lessflares are found and thus the measured rise time
distribution is significantly higher than the background.

Theaverage duration of fast flares ranges fromone hour to three and a half hours
FWHM. The typical doubling rise and halving fall times in this model range from upwards
of 25 minutes. A significant difference between rise and falltimes is not observed.

Four point-three segment fit

The results of the four point, three segment (three straightlines) fit are presented here. A
sample of rise and fall times faster than 15 minutes are listed in Tab. B.1. The flares can be
found in the Fig. B.3, B.4 and B.5 by its MJD.

Taking into account the considerable errors on the measurements, there is evidence that
there exist flares that have doubling and halving times of only 15 to 25 minutes.

Worst case scenario: Two point straight line connection

Since the four point fit with two free parameters introduces large errors and since not all
fast flares have two neighboring points, the rise and fall time were also calculated from a
straight line connection, butsubtracting one sigmafrom each of the two points (the worst
case scenario). Some of the points which are faster then 20 minutes are listed in Tab. B.2.

When considering the errors one should take into account that in this worst case sce-
nario already one sigma had already been subtracted/added on eachof the two points and
one obtains still a rise time of 8.24 +- 7.0 minutes. Therefore it can be safely stated that
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Type Noon MJD Doubling/halfing time in minutes

Rise 51932.01 8.31+- 4.9
Rise 51989.90 9.7 +- 6.6

Fall 51929.05 19.4 +- 13.8
Fall 51992.14 9.57 +- 7.5

Table B.2: In this table some fast rise and fall times are listed. They have been calculated out of
a two point connection from which one sigma has been subtracted already (worst case scenario, see
Fig. B.6). It can be stated that in a few cases thedoubling rise and halving fall times seem to be
equal or faster than 15 minutes.

in a few cases thedoubling rise and halving fall times are for sureequal or faster than
15 minutes.

Conclusions from lightcurve, rise and fall time measurements

The lightcurve measurement made by the CT1 telescope shows avery fast variability of
the source. There is evidence that the fastestdoubling times and halving times areequal
or faster than 15 to 25 minutes.The fit of a flare model to the lightcurve shows that the
typical FWHM duration of the fast flares arebetween one hour and three and a half
hours while in that model thetypical doubling/halving times are approximately upwards
of 25 minutes. A significant difference between rise and falltimes has not been seen.

In addition, high fluxes of up to(15� 2) � 10

�11

TeV

�1

s

�1

m

�2 can be observed spo-
radically during the four months flare period.

B.1.2 Comparison of the lightcurve to the one measured by theCT-
system

To testredundancy, the obtained flux was compared with the flux obtained by theCT-
system. This could only be done for time-coincident bins. As Mkn 421is a very rapidly
flaring source, if the flux is not measured by both the CT1 and the CT-System exactly at
the same time then it cannot be expected that the measured fluxes precisely coincides. This
results in a few points that don’t fit perfectly in the trend. However, it can be checked
whether both measured fluxes are correlated, whether the scale is the same and whether the
origins coincide as well. Fig. B.9 shows the correlation of time coincident bins of quarter
day size. The measurements are in good agreement. A straightline fit with y = p0 + p1 � x

to the data shows that the origins of both telescopes coincide (p0 � 0). The CT1 flux is
approximately 13%�6% lower than that one determined by the CT-System.

It should be mentioned that a completely different calibration procedure for CT1 and
and CT system has been used. In this respect the difference of13%�6% is surprisingly
good.

B.1.3 The 2 keV-12 keV lightcurve measured by the All Sky Monitor
of the RXTE satellite

Flares of February 2001 to April 2001 have also been detectedin the x-ray domain at
2 keV to 12 keV by the All Sky Monitor (ASM ) of the RXTE satellite. This allows
multi-wavelength observations. Some basic predictions of the SSC model can be tested.
It claims that X-rays are produced by synchrotron radiationof said accelerated electrons
while the GeV/TeV
’s are produced by inverse Compton upscattering of said x-ray pho-
tons.

Unfortunately the measurements of the All Sky monitor are only a few, short, 90 s
measurements per day with very poor statistics and big errors. This does not allow precise
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Figure B.9:Correlation of the flux above 1 TeV obtained by the CT-system when compared to the
fluxes of CT1 for time-coincident bins of quarter day size. A straight line fit withy = p0 + p1 � x

shows that theorigins of both telescopes coincideand that the CT1 flux is approximately13%
smaller than the one of the CT-System. The points which are significantly away from the straight
line fit are a result from not completely time coincident measurements of the two instruments.
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measurements of the development of the flares. However the measurements can be aver-
aged over bigger time bins. Figure B.10 shows (middle plot) the ASM lightcurve averaged
over 12 hour bins and (above) a 24 hour sample of the day 51966.On the small time scale
the data is highly noisy.Almost simultaneous points show large differences.If the data is av-
eraged over a bigger time period acceptable results are obtained. In the bottom plot the
corresponding CT1 half day bin lightcurve is displayed for comparison. In the next session
the time correlation between the two instruments will be discussed in detail.

B.1.4 The discrete correlation function applied to TeV and X-Ray light
curves

Looking at Fig. B.10, one may surmise that the fluxes of CT1 andRXTE are correlated with
each other. Such a correlation provides very important information about the processes that
create x-ray photons and
-photons.

The empirical correlation function

Theempirical correlation � of two vectorsF 
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In our case the situation is more complicated since the measurements are completely non-
equidistant distributed in time. Both datasets have been re-binned intoequidistant time
bins of size�T , as described in Equ. E.35 (Appendix A). The correlation is measured for
systematic time shifts�t between the two datasets, the flux bins for
-raysF 
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) and
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), to see if the light of the
-flares arrives earlier or later than the light of
the x-ray flares. Only the time coincident time bins are summed up, using the following
formula:
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The finer the bin size is chosen, the fewer coincident time bins are found. The error in-
creases because the fluctuation of smaller binned measurements are larger and because less
time-coincident bins are found. The error calculation of the empirical correlation function
is described in Appendix A.

Correlation of the data recorded by CT1 and ASM in 2001

Fig. B.11 shows the correlation for time shifts between�40 days. In Fig. B.13 the RXTE
flux and the CT1 flux are plotted against each other for time coincident bins and Fig. B.12
shows both lightcurves for comparison. For better visibility, only coincident time bins are
included in the plot. Tab. B.3 shows thecorrelation for different bin sizes. It increases
with bin size.

Correlation of the data recorded by the ASCA x-ray satellite in 1998 and several
Cherenkov-telescopes

In the introduction chapter the measurement of theASCA x-ray satellite and several
Cherenkov telescopes (Wipple, HEGRA, CAT) between April 23, 1998 and May 1, 1998
were already presented (see Fig. B.14). The ASCA measurement is significantly more de-
tailed and precise than that of ASM. Unfortunately, the TeV data is presently very sporadic
and contains large error bars. However, thecorrelation between the x-ray flux and
-flux
was also analyzed.
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Figure B.10:The upper plot shows: a) A 24 hour sample of a ASM measurement for the day 51964.
It can be seen that the ASM data isvery noisy. Almost simultaneous points show large differences.
The middle plot shows: b)The light curveaveraged over 12 hour bins. The lower plot shows: c)
The CT1 light curve for comparison. The ASM curve is continuous while the CT1 observation is
interrupted by moon periods. From the upper two plots it is evident that while the ASM is very noisy
when averaged over 12 hour bins it displays thetrend of the flux. The flux outbursts seem to happen
simultaneously for x-rays (ASM) and for
-rays (CT1).
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(a) ASM-CT1 correlation
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Figure B.11: a) The upper plot shows the correlation between x-ray data and the
-ray flux, as
measured with CT1. Themaximum correlation 0:74 � 0:06 is reached at a time lag of the x-rays
of -12h. It has to be mentioned that in this plot the timelag isnot significant. The time lag will be
discussed later in detail. The bin size was 1.0 days. To obtain a smooth curve, the time lag between
bins was sampled in steps of 1/3 days. b) The lower plot is the autocorrelation of the CT1 data. The
data seems to contain periodicities, which also appear in the upper plot.

Bin size (days) Correlation

5.0 0:91� 0:07

2.0 0:83� 0:06

1.0 0:74� 0:05

0.5 0:73� 0:05

0.2 0:65� 0:05

Table B.3: The table shows the correlation for different bin sizes. Itincreaseswith bin size. It
cannot be clarified in this thesis whether this has a physicalorigin or if this originates from larger
errors when using smaller bin sizes.
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Figure B.12:a) The upper plot shows the CT1 flux and b) the lower plot shows the ASM flux. Note
that, for better visibility only the time coincident bins ofCT1 fluxes and ASM fluxes are plotted. The
correlation is clearly visible now.
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Figure B.13:In this plot the time coincident measurements are plotted against each other using a bin
size of two days. The y-axis gives the CT1 flux in and x-axis theASM x-ray flux in counts (/Flux).
A function defined asF = a+mx

b was fitted to the data. It reveals analmost linear dependence of
the ASM flux on the CT1 flux , which is given by an exponent of b=1.0�0.2. The chisquare exhibits
a large value since the correlation coefficient has a value ofsmaller than one (0.83 +- 0.06).
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(b) Subtracted background

Figure B.14:These plots show multiwavelenth measurements of Mkn 421 forthe period between
April 23, 1998 and May 1, 1998. a) The upper left hand plot shows TeV measurements by Wipple,
HEGRA and CAT. The middle left hand plot shows x-ray measurements by ASCA. b) In the upper
right hand plot the x-ray measurement is displayed with a background fit and the lower right hand plot
shows the x-ray measurement with subtracted background andwith superimposed TeV data points
for illustration.
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Remarks / bin size Time lag Fit range

1 day -0.5 +- 0.39 days +- 2 days
0.5 day -0.45 +- 0.15 days +- 2 days
0.25 day -0.21 +- 0.15 days +- 2 days
0.2 day -0.35 +- 0.15 days +- 2 days
0.1 day -0.25 +- 0.1 days +- 2 days
1 hour -0.41 +- 0.04 days +- 2 days

0.5 hour -0.5 +- 0.04 days +- 2 days

no bin / interpolation -0.38 +- 0.07 days +- 2 days

jacuzzi / 1 hour bin -0.36 +- 0.1 days +- 2 days
jacuzzi / interpolation -0.45 +- 0.078 days +- 2 days

Table B.4:The table below displays the fit results for different bin sizes. All measurements show a
systematic time lag of x-rays of approximately 10 hours. As acrosscheck for the analysis program
also the lightcurve of ’jacuzzi’, a completely different lightcurve program, written by Daniel Kranich
in Munich, was taken to calculate the correlation. It shows the same result. To crosscheck that
the effect is not an artifact of binning the correlation was also calculated without binning but by
interpolating between neighbouring CT1 measurements.

The analysis is based on the idea that the x-ray flares consistof two components: a
slow flare background component and afast flare component which is faster than 0.5
days. The objective in this case is to determine whether TeV flaresare correlated to the
total x-ray flux or only to the fast flare component. Therefore, the empirical correlation
function is calculated for both the total x-ray flux and for the fast x-ray flares for which the
slow component has been subtracted(see Fig. B.14). The slow component was estimated
by fitting the slow flare (of approximately seven day duration) with a Gaussian distribution
function.

Figures B.15 Fig. B.16 display the results. The highest correlation for both datasets,
with and without background, is achieved for asmall time lag of a few hours(gamma-rays
arrive earlier). The effect has only one sigma and is notsignificant.

The correlationincreasesfrom 0.63 +- 0.18 (3.5�) to 0.70 +- 0.16 (4.3�) when the
slow x-ray component (i.e. the background) is subtracted. The increase isnot significant.

Time lag between the
-light flux and the x-ray light flux

For systematic studies of the time lag the data from CT1 in 2001 were taken. If one looks
at Fig. B.17 which used abinning of one 1 hour and displays time lags�t of +-6 days
one gains the impression that the curve is slightly shifted to the left. This would imply that

-rays arrive slightly earlier than x-rays .

To clarify the question about the time lag, a Gauss-distribution was fitted to the region
around the origin of the correlation plot. First the time lagwas determined for different bin
widths. Figure B.18 has a bin width of one hour. The fit gives atime lag for the x-rays of
9.8 +- 0.9 hours. Tab. B.4 displays the fit results fordifferent bin widths .

To cross check that this effect isnot an artifact of binning , the correlation was also
calculatedwithout binning . Since the measurements from ASM/RXTE and CT1 do not
precisely coincide, for each 90 s measurement of ASM/RXTE, the value from CT1 wasin-
terpolated between two measurements, if the points were not further apart than 2.5 hours.
If there is no CT1 measurement which can be properly interpolated, the measurement is
discarded. To ensure that the single correlation points arenot correlated, the step size was
also chosen to be 2*2.4=4.8 hours (24/5 h). Fig. B.19 shows the fit to the correlation when
calculated with interpolated CT1 fluxes. The fit gives atime lag of 9.1 +- 1.9 hours. The
range for the fit has been chosen to be +-2 days.
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(a) ASCA Autocorrelation
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(b) Correlation with slow component
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Figure B.15:Plot a) shows an ASCA x-ray autocorrelation plot that illustrates the periodicities in
the dataset. Plot b) shows the empirical correlation function before background subtraction which
is maximally 0.63 +- 0.18. Plot c) shows the correlation function after background subtraction. It
increases to 0.71 +- 0.16 which is insignificant. The two lower plots are very similar if smoothed.
The plots b) and c) show a slight tendency for a time shift of a few hours.
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Figure B.16:This plot shows the TeV-gamma Fluxes and the x-ray fluxes plotted against each other.
When subtracting the slow flare component from the total x-ray flux it was ensured that the origins
of TeV flux and x-ray flux coincide. The fit ofF = ax

b reveals an almost perfect linear correlation
between the two datasets (b=0.86+-0.2).
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Figure B.17:In this plot with a binning of one 1 hour and time lags�t from -6 days to +6 days
one gets the impression that the curve is slightly shifted tothe left. Which would mean that
-rays
arrive slightly earlier than x-rays.
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Figure B.18:In this figure only a small range (between +- 2 days) is plotted. The bin size is only 1
hour. The fit shows a time lag of 9.8 hours +- 0.9 hours.
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Figure B.19: In this figure the correlation was calculated without binning, but by interpolating
between neighbouring CT1 measurements which are not further apart than 2.5 hours. To ensure that
the data points are not correlated the step size of the time shift was chosen to be 4.8 hours (24/5 h) as
well. The fit gives a time lag of 9.1 hours +- 1.9 hours.
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All the measurements with different bin sizes are consistent within the errors and show
a time lag of the x-rays of approximately10�1

stat

�3

sys

hours. Since the shape has large
fluctuations, a change in the fit range alters the fitted time lag considerably. This means that
this result also depends on the fit range. Therefore thesystematic uncertaintyis estimated
to be approximately3 hours. Taking this into account, the effect is not much larger than
approximately three to four sigma for small bin sizes.

The data, especially that from the ASM/RXTE, is too noisy to give an answer of greater
precision. Yet, it can be stated that in all of the plots, without exception, asystematic shift
to the left (
-photons arrive a few hours earlier) has been observed. The result has been
cross checked with the light curve calculated by ’jacuzzi’ (written by Daniel Kranich in
Munich), another light curve calculation program of a completely separate analysis soft-
ware.

Still, it cannot be clarified whether the time lag in the discrete correlation function is
due to areal physical time lag. This subject will be discussed in detail in chapter 4.

B.1.5 Conclusion about the
-ray/x-ray correlation studies

CT1-
-flux and ASM-x-ray-flux:

It can be concluded that there is asignificant correlation of 0.74 +- 0.05 (in 1 day bins)
between the x-ray flux and the
-ray flux. The correlation between these fluxes can clearly
be seen even by eye in Fig. B.13. A fit of a functionF = ax

b shows that thecorrelation is
almost linear (b=1.0+-0.2). The empirical correlation coefficient increases monotonically
with bin size probably due to the improved statistics of the bins that are involved. It is
possible that this increase with bins size has a physical reason as well.

The hint about a possibletime lag between the x-rays and the gammas of a few hours
(~10 � 1

stat

� 3

syst

hours) is of considerable interest. This time lag has not only been
observed with the CT1 lightcurve calculated by this programpackage in C++/ROOT, but
also using the lightcurve calculated by the’jacuzzi’ program written by Daniel Kranich in
Munich. This proves redundancy of the lightcurve calculation. The apparent time lag of
the x-rays can be also explained with an asymmetric shape of the (longer) flares. Different
parameters for the rise (acceleration) and fall time (cooling) could result in such an effect.

ASCA-x-ray measurement:

The ASCA x-rays measurement from a flare of Mkn 421 in April/May 1998 is much more
detailed than the ASM measurements. The x-ray flares can bedivided into a slow flare
component (of ~seven days duration)and a very fast flare component(shorter than
0.5 days duration). Also for the measurement from ASCA aclear correlation between
x-ray flux and TeV
-flux can be observed. It was studied whether the
-flux is mainly
correlated to the fast x-ray component or to the total x-ray flux. For both cases a rather
high correlation was found. The maximum correlation for theTeV flux and the total x-ray
flux is 0.63 +- 0.22. If the slow component is subtractedthe correlationincreasesto
0.71 +- 0.16 which isinsignificant.

The correlation between the TeV
-flux and x-ray-flux is almost linear just as above
(b=0.85 +-0.2) and, as before, a weak hint of a time lag between x-rays and
’s of approx-
imately 4 hours was be observed.

The observed timelag:

The observed timelag of the x-rays has only an estimated significance ofthree sigmasince
the said systematical error is large. However, a potential timelag could originate from either
opacity effects(x-rays escape later and
 escape immediately from the surface) orcooling
effectsof the VHE electrons in the jet (in the beginning many
-rays are produced but later
when the electrons cooled down they only emit x-ray-synchrotron radiation).
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The timelag could even be a first sign of quantum gravity effects where theoreticians
expect changes in the speed of light for photons with energies close to the Planck mass. The
time lag of x-rays would point to anincreaseof the speed of light for increasing photon
energies. Even that the energy of TeV photons is far away fromthe Planck scale, the long
distance from Mkn 421 to earth could help to amplify even tinyeffects.

Still, it cannot be clarified whether the time lag in the discrete correlation function is
due to areal physical time lag. The effect could also be due to a veryasymmetric shape
of the x-ray flares. This subject will be discussed in chapter4.

B.1.6 The hardness ratio as measured by CT1 in 2001

The hardness ratio describes thesteepnessof a differential spectrum for a given source
(e.g. Mkn 421) in smalltime bins (which correspond to single runs in our case). It is
calculated together with the lightcurve as was described indetail earlier. Itsadvantage
over a spectrum is that itneeds less statisticsand can be calculated for single runs. The
hardness ratio gives us thepossibility to see whether the spectral index of the power law
spectrumchangesduring different flare states. Figures B.20, B.21 and B.22 show the
hardness ratio for different energy intervals as a functionof the total flux.

The hardness ratio is the ratio of the integrated flux of a higher energy interval and that

of a lower energy interval. For an assumed power law spectra,
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For a given hardness ratio the differential spectral index�

i

can be obtained numerically.
To detect a change in the hardness ratio as a function of the flux in the data of the very

fast flaring source Mkn 421 the following procedure was applied.
First the fluxes in the lower and upper energy interval were calculated for each run.

Unfortunately the statistics of a single 20 minute run does not contain enough statisti-
cal information to calculate the hardness within that run. To collectmore statistics, the
measurements of the fluxes in the low energy interval and the high energy interval werere-
binned into total flux bins (consisting of approximately 10 bins), as described in Equ. E.35
(Appendix A). Since some of the measurements had huge errors, a quality cut ofF

i

> �

i

was introduced. This quality cut did not change the shape of the fit result but it did reduce
the fluctuations in the re-bins significantly.

Tab. B.5shows the quantitative fit results for different energy intervals (LI=Lower
energy interval, UI=upper energy interval). For each plot aconstant (y = a, denoted as
’CO ’) and a straight line (y = a + mx denoted as’SL ’) were fitted and the quantity
�

2/NDF and its significance of rejection (of the constant fit only) were computed. For a
straight line, the parameters (in units of hardness ratio) are ’a’ (a constant) and ’m’ (the
slope). For a constant fit there is just the single parameter ’a’. The last two columns
contain the spectral index for an assumed power law spectrumfor a flux of F = 4:0 �

10

�11


m

�2

s

�1 and forF = 12:0 � 10

�11


m

�2

s

�1.
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Figure B.20: These plots display the hardness ratio for the intervals [0.7, 1.3] TeV and
[2.5, 10.0] TeV and the correlation between the flux in the lower energy interval and the higher
energy interval. a) Thehardness ratio clearly changes with flux. A constant fit was rejected with
4.2 sigma. In figure b) the flux in the lower energy interval [0.7, 1.3] TeV is plotted against the
flux in the upper energy interval [2.5, 10.0] TeV as a cross check. This is a plot to cross check the
distribution. The�2/NDF values are listed in Tab. B.5.
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Figure B.21: a) This plot displays the hardness ratio for the intervals [0.9, 1.3] TeV and
[2.0, 5.6] TeV. It shows that thehardness ratio again increases with flux. Although the effect
is smaller than that of the previous plot, a constant fit was rejected with 3.3 sigma. In figure b) the
flux in the lower energy interval ([0.9, 1.4] TeV) is again plotted against that in the upper energy
interval ([2.0, 5.6] TeV), as a cross check. The�2/NDF values are listed in Tab. B.5.
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LI/TeV UI/TeV Fit a /10�2 m/10�2 �

2

=NDF Sig

[0.7, 1.3] [2.5, 10] CO 24�4 57.3/9 4.2
[0.7, 1.3] [2.5, 10] SL 8:1� 2:7 1:9� 0:3 17.5/8

[0.9, 1.4] [2.5, 5.6] CO 17�4 83.5/7 5.6
[0.9, 1.4] [2.5, 5.6] SL 5:5� 2:3 2:1� 0:3 12.6/6

[1.0, 2.0] [2.5, 5.6] CO 24�3 15/9 1.2
[1.0, 2.0] [2.5, 5.6] SL 22� 2:0 0:2� 0:2 13.9/8

[1.6, 2.2] [2.5, 5.6] CO 80�7 9.47/12 0.4
[1.6, 2.2] [2.5, 5.6] SL 80� 7:0 0� 1:0 9.47/11

LI/TeV UI/TeV Fit �(F lux = 4:0) �(F lux = 12:0)

[0.7, 1.3] [2.5, 10] CO 2:5� 0:1

[0.7, 1.3] [2.5, 10] SL 2:7� 0:1 2:3� 0:1

[0.9, 1.4] [2.5, 5.6] CO 2:75� 0:15

[0.9, 1.4] [2.5, 5.6] SL 3:1� 0:15 2:4� 0:15

[1.0, 2.0] [2.5, 5.6] CO 2:65� 0:2

[1.0, 2.0] [2.5, 5.6] SL 2:68� 0:3 2:62� 0:3

[1.6, 2.2] [2.5, 5.6] CO 2:8� 0:2

[1.6, 2.2] [2.5, 5.6] SL 2:8� 0:2 2:8� 0:2

Table B.5: The table showsthe quantitative fit results for different energy intervals (LI=Lower
energy interval, UI=upper energy interval). For each plot aconstant (y = a, denoted as’CO ’) and a
straight line (y = a+mx denoted as’SL ’) were fitted and the quantity�2/NDF and its significance
of rejection (of the constant fit only) were computed. For a straight line, the parameters (in units
of hardness ratio) are ’a’ (a constant) and ’m’ (the slope). For a constant fit there is just the single
parameter ’a’. The last two columns contain thespectral index for an assumedpower law spectrum
for a flux ofF = 4:0 � 10

�11


m

�2

s

�1 and forF = 12:0 � 10

�11


m

�2

s

�1.
It can be seen that the hardness ratio increases with increasing flux but only for the lower energy
interval just above the threshold. There, the constant fit was rejected with 4.2 sigma.
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Figure B.22:Plot a) shows the hardness ratio for the intervals [1.0, 2.0]TeV and [2.5, 5.6] TeV. The
change in hardness ratio becomes much smaller for higher energies. In the region above 2 TeV the
hardness ratio is almost constantbut still displays a slight increase with increasing flux. Figure b)
displays the cross check for the intervals [1.0, 2.0] TeV and[2.5, 5.6] TeV. Here the correlation plot
shows almost a straight line. The hardness ratio is virtually constant. The�2/NDF values are listed
in Tab. B.5.

It can be seen that the hardness ratio increases with increasing flux but only for the
lower energy interval just above the threshold. There, the constant fit wasrejected with
4.2 sigma.Lower energy intervals above 1.6 TeV show a constant hardness ratio. This will
be discussed in detail in the conclusions below.

Conclusion concerning the hardness ratio calculation

In the figures above it could already been seen thatthe hardness ratio increases with
increasing flux. However, the changeincreaseswith decreasingenergy. The effect is
largest just above the threshold. Above 2.0 TeV the hardnessratio stays virtually con-
stant. To determine whether this is a significant effect, potential systematic errors must be
discussed carefully.

Energy intervals close to the threshold introduce large systematic errors in the calcula-
tion of the hardness because the slope of the effective detection area is very steep in those
regions. However, thesesystematic errors in the calculation of the hardness are static ,
they do not change with time or run. Toexclude any biasfrom varying thresholds due to
different zenith anglesonly events with zenith angles between 10Æ and 20Æ were consid-
ered. The threshold remains virtually unchanged in this region. Even if there are systematic
errors in the flux calculation (and thus in the hardness ratiocalculation), due to incorrect
collection areas too close to the threshold, the effect of achangein the hardness ratio will
persist.

Thespectral indices, obtained from the hardness ratios,are consistent with the spec-
trum which is presented in the following section. In general, they clearly show that the
spectral index (at energies of approximately 1 TeV) isincreasing from about � = 2:4

up to about � = 3:0 from low fluxes (F = 4:0 � 10

�11


m

�2

s

�1) to high fluxes (F =

12:0 � 10

�11


m

�2

s

�1).
How could a different hardness ratio behavior for differentenergy intervals be ex-

plained ? An explanation could be that the peak emission of inverse Compton scattered

-photons is not far away from the measurement (lets say at about 10 to 100 GeV). Below
1 TeV the spectrum does not have a power-law shape anymore. Itis curved there and only
above 1 TeV it gets a power law shape. During flare the peak moves slightly to higher
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energies. The hardness ratio only changes if parts of the lower energy interval is below
approximately 1 TeV. This result will be compared with observations from the spectrum.

B.2 Spectrum of Mkn 421

The last aspect of the Mkn 421 data sample, that is going to be analyzed is the shape of the
spectrum. Theenergy bin size(in logarithmic scale) has been chosen to be of the double
size (two sigma) of the average energy resolution (~23 %).

In the second stage the spectra of different flux-states are compared to each other. As
predicted by the studies of the hardness ratio a change in theslope of the spectrum at lower
energies is expected.

B.2.1 The spectrum averaged over all flares

The average spectrum was calculated out of the complete dataset of the flares of Mkn 421
in 2001 (which accumulate to 259 hours of observation time).

Power law with exponential cutoff hypothesis

Figure B.23 shows the average spectrum of Mkn 421 for the period between 59125 MJD
and 59250 MJD. Two differential fluxF (E)

dE

functions have been fitted to the spectrum.

1. The first hypothesis is a simplepower-law spectrum with spectral index�:

F (E)

dE

= F

0

E

�� (B.6)

2. The second hypothesis is apower-law with an exponential cutoff E



:

F (E)

dE

= F

0

E

��

e

�

E

E


 (B.7)

The first hypothesis of a power-law spectrum gave a spectral index of� =2.96 +- 0.04 but
has beenrejected with a chi-square of�2/NDF=74/9. This has a probability of p=10�21

or 6.6 sigma (Gaussian normal distribution).
The spectrum has been fitted with a power law having an exponential cutoff (upper

plot). Thespectral index is� =1.88 +- 0.15and thecutoff is located atE



=3.1 +-
0.5 TeV. The points withdifferent colors represent 6 different zenith angle binsrang-
ing up to 50Æ. Theblack points are data fromall zenith anglescombined. In the lower
left hand plot the expected excess event distribution for a power law with cutoff has been
fitted to the experimental excess event distribution. Thefit to the excess event distri-
bution is expected to yield the preciser results because the unfolding procedure intro-
duces additional errors. The spectral index found here is� =2.1 +- 0.07 with a cutoff
of E




=3.1 +- 0.26 TeVand is therefore perfectly consistent with the upper plot. The plots
for the background estimation for each (unfolded) energy bin can be found inAppendix
B . The background for the measurement at 12 TeV was difficult toestimate and could have
a higher systematic uncertainty.

The systematic uncertainties, as already discussed in the last chapter, have their origin
mainly in imperfect calibration of the absolute energy scale and in imperfect MC studies.
It is estimated that the systematic uncertainty of the spectral index is�(�

sys

) = 0:1, that
of the energy cutoff is�(E


ut

) = 1TeV and that of the flux is�(F
0

) = 10%F

0

.
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Figure B.23:Plot a) shows the average spectrum. It was fitted with a power law having a exponential
cutoff. Thespectral index is 1.88 +- 0.15and thecutoff is located at 3.1 +- 0.5 TeV.The points
with different colors represent 6 different zenith angle bins ranging up to 50Æ. The black points are
data from all zenith angles combined. In plot b) the expectedexcess event distribution for a power
law with cutoff was fitted to theexperimental excess event distribution. This avoids the unfolding
procedure and yields smaller errors for the fit parameters. The spectral index found here is 2.1 +-
0.07 with a cutoff of 3.1 +- 0.26 TeV.Plot c) shows the fit of a pure power law fit which is rejected
with a�2/NDF=74/9.
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Figure B.24:The curvature in the spectrum shown here might not only originate from a cutoff, but
from an intrinsic curvature of the spectrum, since what is observed, is supposed to be a portion of the
inverse Compton peak. A function that is proportional to theluminosity and contains a parabolic term
was fitted here:L / E

dF

dE

= F

0

E

���� lnE . The chisquare is�2

=NDF=4.1/6, which is perfectly
acceptable. The fit gives a value for the curvature term of a=0.22, which will be used later when
the spectra of different flux states are analyzed. The spectrum was plotted in units ofE2

dF=dE for
better illustration.

Power law with a parabolic term

The observed curvature in the spectrum mightnot only originate froma potential cutoff
(for example from the absorption of the cosmic infrared background) but also from an
intrinsic curvature of the spectrum. What we are supposed to observe is a portion of
the inverse Compton peak,which naturally posses a curvature rather than a pure power
law shape. This idea will be studied further when the spectraof different flux levels are
examined.

To first order the peak shape can be approximated by aquadratic term . The resulting
function is a parabola (in log-log scale). Usually SSC modelpredictions are presented in
terms ofluminosities. For this reason the ansatz for the fit function isproportional to the
luminosity L / E

dF

dE

. Naturally, the quadratic term is introduced in log-log scale and the
parabola ansatz becomes:

E

dF

dE

= e

�a(lnE�lnE
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 (B.8)
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The last line shows that the ansatz is equal to a usual power law with a quadratic term� if

F

0

= e




� e

�a lnE

peak (B.10)

� = 2a lnE

peak

� = a
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Instrument Cangaroo Whipple CAT

Years 1992-1996 1995-1998 1996-2000
Range [TeV] 7-50 0.5-5 0.3-20

F

0

2:8

+1:9

�1:2

3:20� 0:17� 0:6 2:2� 0:05� 0:6

� 2:53� 0:18 2:49� 0:06� 0:04 2:80� 0:03� 0:08

Reference [Tan98] [Hil98] [Mas01]

Instrument CT-System CT1

Years 1997-1999 2001
Range [TeV] 0.5-20 0.7-20

F

0

2:79� 0:02� 0:5 3:0� 0:33� 0:5

� 2:59� 0:03� 0:05 2:5� 0:1� 0:1

Reference [Aha00] [TW]

Table B.6:The table lists the actual flux measurements of the Crab nebula with different instruments.

Fig. B.24 shows that this ansatz fits quite well to the shape ofthe spectrum. Thechi-square
is �2/NDF=4.1/6. The fit gives us a value for thequadratic term of a=0.22,which will
be used later when the spectrum for different flare states is examined. The fit also provides
us a value for the peak of the parabola. Since the shape of the inverse Compton peak is not
known and since SSC models do not predict a parabolic inverseCompton peak, this value
only provides a very rough hint of the position of the real luminosity peak.

B.2.2 The Crab nebula spectrum for consistency cross check

The Crab nebula is a pulsar that permanently feeds a shock front which produces
-rays.
The spectra of shock wave acceleration have a power law shape. It has become a standard
candle or calibration light source since it emits a time constant flux with apower law
spectrum, given by:

dF

dE

= F

0

E

�� (B.11)

where� is the spectral index andF
0

is the flux constant. The spectrum of the Crab Nebula
was measured by many experiments. It can be used to check if the one’s own analysis is
consistent with common accepted results.

Fig. B.25 shows the spectrum as recorded by CT1 during the same period as Mkn 421
in 2001. The spectrum is flatter (or harder) than that of Mkn 421. Since the Crab nebula is
in our galaxy no absorption from the cosmic infrared background is expected. Thespectral
index, as measured in this work, is� = 2:5 � 0:1 � 0:1 and the flux constantF

0

=

3:0 � 0:33 � 0:5TeV

�1


m

�2

s

�1. The energy range is, as can be seen in the figure,
650 GeV to 15 TeV. The second figure below shows the zenith angle dependence of the flux
which is negligible (as is should be). Tab. B.6 shows the results from several Cherenkov
telescopes.

B.2.3 Analysis of the Mkn 421 spectrum during different flarestates

Remembering the results from the analysis of the hardness ratio we expect a change of
curvature in the spectrum in the region at approximately 1 TeV and eventually a slight
change of the spectral index of the spectrum in dependence todifferent flare states.

The data has been separated in essentiallyfive intervals of different fluxes ([0:5; 1:0℄ ;
[6:0; 10℄ and[10; 15℄ in 10

�11

TeV

�1


m

�2

s

�1). For all of these flare states the spectrum
has been calculated.



142 APPENDIX B. ANALYSIS OF THE FLARES OF MKN 421 IN 2001

Energy  in TeV
1 10

-1
 s

 T
e
V

)
2

d
F

/d
E

 i
n

 (
c
m

10
-16

10
-15

10
-14

10
-13

10
-12

10
-11

10
-10

10
-9

10
-8

Chi2 / ndf = 5.563 / 9
 3.274e-12 ±p0       = 2.979e-11 

 0.1106 ±p1       = 2.515 

Chi2 / ndf = 5.563 / 9
 3.274e-12 ±p0       = 2.979e-11 

 0.1106 ±p1       = 2.515 

-p1
F(E)=p0*E

(a) Crab Spectrum

Zenith angle in deg.
0.8 0.85 0.9 0.95 1

c
m

^
-2

s
^

-1
-1

1
F

 i
n

 1
0

-4

-2

0

2

4

6

8
Chi2 / ndf = 94.34 / 120

 2.573 ±p0       = 0.5523 
 2.702 ±p1       = 1.496 

Chi2 / ndf = 94.34 / 120
 2.573 ±p0       = 0.5523 

 2.702 ±p1       = 1.496 

(b) Flux vs zenith angle with straight line fit

Figure B.25:The Crab nebula has become a calibration light source for Cherenkov telescopes since
it emits a constant flux of
-rays with a power law spectrum. Plot a) shows the spectrum when fitted
by a power law. As usual, different colors represent different zenith angles bins and the black points
are the sum of all zenith angles combined. The fit gives aspectral index of� = 2:5�0:1 and aflux
constant ofF

0

= 3:0 � 0:33. b) A straight line fit (y = p0 + p1 � x) shows that the zenith angle
dependence of the flux above 1 TeV is negligible.
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Interval T

obs

F

0

� �

2

=NDF

in TeV in h TeV

�1


m

�2

s

�1 Fixed cutoff, free slope

[0:5; 1:0℄ 21:7 2:05� 0:26 10

�11

2:50� 0:2 1:0=4

[1:0; 2:5℄ 82:9 3:17� 0:17 10

�11

2:22� 0:08 2:3=5

[2:5; 4:5℄ 79:8 7:07� 0:28 10

�11

2:04� 0:04 3:9=5

[7:0; 10:0℄ 23:9 13:4� 0:53 10

�11

1:88� 0:04 2:8=5

[10:0; 15:0℄ 11:8 19:0� 8:13 10

�11

1:83� 0:05 5:8=5

Table B.7: A power law with fixed cutoff ofE



= 3:2 TeV (result from overall spectrum) was
fitted. For lower fluxes the spectrum becomessteeper.

Interval T

obs

F

0

�

2

=NDF

in TeV in h TeV

�1


m

�2

s

�1 Fixed cutoff, fix slope

[0:5; 1:0℄ 21:7 2:05� 0:26 10

�11

17:8=5

[1:0; 2:5℄ 82:9 3:17� 0:17 10

�11

30:7=6

[2:5; 4:5℄ 79:8 7:07� 0:28 10

�11

25:6=6

[7:0; 10:0℄ 23:9 13:4� 0:53 10

�11

4:0=6

[10:0; 15:0℄ 11:8 19:0� 8:13 10

�11

5:8=6

Table B.8: A power law with fixed cutoff ofE



= 3:2TeV and fixed slope (slope of high-
est flux curve) was fitted.The fixed slope hypothesis was rejected by�2/NDF=30.7/6
(maximum value) or3.7 sigma.

Power law with exponential cutoff

The first hypothesis tested is a power law with cutoff. FigureB.26 shows theE2

dF

dE

spectra
plots of these five flux intervals.
a) A power law with fixed cutoff ofE




= 3:2TeV (result from overall spectrum) has been
fitted. It was necessary to fix one parameter to reduce the errors on the fit parameters to
obtain meaningful results. The spectral index of the different flare states changes
considerably.For lower fluxes the spectrum becomes steeper. The fit results are listed
in Tab. B.7.

b) To check the significance of the change in slope during different flaresthe slope was
fixed to� = 1:8, that with the highest flux (green points) and the�

2 was obtained from
each fit.The fixed slope hypothesis was rejected by�2/NDF=30.7/6(maximum value)
or 3.7 sigma(for a Gaussian normal distribution). Tab. B.8 shows that none of the other
four curves fit the fixed shape well.

c) In the first fit ’a)’ the cutoff has been fixed and the spectralindex was free. Now we
check if the fit is also compatible with afixed slope of� = �2:0 (slope of overall,
average spectrum) and afree cutoff . The fit proves that the data isalso perfectly
compatible with a fixed slope and a free cutoff. Thecutoff moves tohigher energies
with increasing flux. The information available is not sufficient to differentiate between
the different models. Tab. B.9 lists the fit results.
d) To check the significance of theexistenceof acutoff (or a curvature) apure power
law was also fitted.The pure power law was rejected by a chisquare of�2/NDF=49/5
(maximum value).The fit results are listed in Tab. B.10. The values in the table illustrate
how the spectrumhardens with increasing flux.
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(a) Powerlaw with fix cutoff
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(b) Lowerlaw with fix cutoff and fix
slope
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(c) Pure powerlaw fit

Figure B.26:These areE2
dF

dE

spectra plots of various flare states. The data was separatedinto five
intervals of different fluxes. a) The spectra for each interval was calculated and a power law with a
fixed cutoff of E




= 3:2 TeV was fitted to the data. To obtain meaningful results it was necessary
to fix one parameter so that the errors on the fit parameters arereduced. The spectral index of the
different flare states changes considerably. In the plot b),to check the significance of the change in
slope during different flares, the slope has was to the one with the highest flux (the green points)
and the�2 was obtained from the fits. The fixed slope was rejected by�

2/NDF=30.7/6 (maximum
value), or3.8 sigma. c) To check the significance of the existence of a cutoff a pure power law was
fitted to the data. The pure power law was rejected by�

2/NDF=49/5 (maximum value).
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Figure B.27:This figure shows the fit of a power law with a fixed spectral index of � = �2:0

and a free cutoff. The�2-values also agree to such a solution (See Tab. B.9). The cutoff moves
from 1.9 TeV up to 4.3 TeV. The data is not good enough to distinguish between these different
possibilities.

Interval T

obs

F

0

Cutoff �

2

=NDF

in TeV in h TeV

�1


m

�2

s

�1 in TeV Free cutoff, fixed slope

[0:5; 1:0℄ 21:7 2:4� 0:55 10

�11

1:9� 0:4 0:8=4

[1:0; 2:5℄ 82:9 3:4� 0:27 10

�11

2:5� 0:23 3:5=5

[2:5; 4:5℄ 79:8 7:1� 0:35 10

�11

3:1� 0:18 4:0=5

[7:0; 10:0℄ 23:9 13:0� 0:60 10

�11

4:0� 0:25 2:8=5

[10:0; 15:0℄ 11:8 18:1� 0:84 10

�11

4:3� 0:3 3:4=5

Table B.9:Here theslope was fixedandcutoff was kept free. As expected the cutoff moves to
higher energies forincreasing flux. The chisquare values are acceptable. The slope and the cutoff
are highly correlated parameters. The information available does not permit to differentiate between
different models.

Interval T

obs

F

0

� �

2

=NDF

in TeV in h TeV

�1


m

�2

s

�1 Pure powerlaw

[0:5; 1:0℄ 21:7 1:7� 0:19 10

�11

3:50� 0:14 7:4=4

[1:0; 2:5℄ 82:9 2:5� 0:12 10

�11

2:90� 0:06 11:6=5

[2:5; 4:5℄ 79:8 5:8� 0:20 10

�11

2:83� 0:04 49:0=5

[7:0; 10:0℄ 23:9 10:9� 0:37 10

�11

2:66� 0:04 42:5=5

[10:0; 15:0℄ 11:8 15:5� 0:58 10

�11

2:6� 0:04 23:4=5

Table B.10:To check the significance of theexistenceof a cutoff (or a curvature) also apure
power law was also fitted.The pure power law was rejected by a chisquare of�2/NDF=49/5.
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Figure B.28:A power law with a quadratic term describes the curvature of the spectrum very
well. In plot a) Each spectrum has been fitted with a fixed curvature of a=0.22. This value was
measured previously from the overall spectrum. From the fit the peak position of the parabola was
calculated.It moves significantly from 13 GeV to 78 GeV. Plot b): The peak position was fixed to
E

peak

=78.8 GeV in order to check the significance of the movement. It is evident that the resulting
curves do not describe the shape of the lower flux spectra. Thefits arerejected with a chisquare of
�

2/NDF= 33/6 (maximum value). This corresponds to a probability of5 10

�8.

Power law with a quadratic (parabolic) term

As already mentioned, the curvature of the spectrum can alsobe explained also by the fact
that one observes a part of the inverse Compton peak. Therefore, it makes sense to perform
a fit using apower law with a quadratic curvature term . This means that the inverse
Compton peak is approximated by a parabola. SSC models normally give predictions about
luminosities. Our ansatz for the fit function is

L / E

dF

dE

= I

0

E

���� lnE

where� is thecurvature , � is spectral index andI
0

is thepeak intensity (flux times
energy). Using Equ. B.10, thepeak position of the parabolacan be calculated. It must
be kept in mind that this value isnot the position of the luminosity peak but rather a
very rough estimate since the inverse Compton peak doesnot have a parabolic shape!
Fig. B.28 shows the spectra for the five different flux intervals to which a power law with
quadratic a curvature term was fitted.

What we want to test is whether the change in spectral index (or equivalent the cutoff),
can be explained by theidea of a moving peak. The curvature was fixed to a value of
a=0.22as previously measured from the overall spectrum. The hypothesis is that the peak
only moveswith increasing fluxes but doesnot change its shape. The fixing ofa is also
necessary to limit the number of free fit parameters to two (just as was done for the cutoff
fit). This reduces the errors on the fit parameters sufficiently to obtain meaningful results.

The fit results show that thepeak of the parabola moves from 13 GeV to 78 GeV.
The value for the intensityI

0

, which is proportional to thepeak luminosity suggests that
the luminosity at peak does not change very much. This simple model seems to show
that the increase in flux (in the TeV) is mainly caused by ashift of the peak! Tab. B.11 lists
the exact numbers.

To check the significance of the movement, the peak position has been fixed toE
peak

=78.8 GeV.
The fits arerejected with a chisquare of�2/NDF of 33/6 (maximum value). This corre-
sponds to a probability of5 10�8 (or 3.8 sigma). This means that the change in spectral
index is indeed compatible with the idea of a moving peak, even if we are not able to
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Interval T

obs

F

0

Peak �

2

=NDF

in TeV in h 
m

�2

s� 1 GeV

[0:5; 1:0℄ 21:7 7:2� 6:1 10

�10

13:2� 5:7 1:5=4

[1:0; 2:5℄ 82:9 2:9� 0:9 10

�10

30:5� 5:7 2:8=5

[2:5; 4:5℄ 79:8 4:0� 0:7 10

�10

45:4� 5:1 7:3=5

[7:0; 10:0℄ 23:9 4:7� 0:7 10

�10

68:6� 7:4 3:7=5

[10:0; 15:0℄ 11:8 5:7� 0:9 10

�10

78:8� 9:25 2:8=5

Table B.11:The table shows the fit results of the powerlaw fit with parabolic term. The numbers
show that thepeak of the parabola movesfrom 13 GeV to 78 GeVand that theincrease in flux
(in the TeV) might be mainly caused by ashift of the peak rather than by an increase of thepeak
luminosity.

Interval T

obs

�

2

=NDF

in TeV in h Fix curvature a, fix peak at 78.8 GeV

[0:5; 1:0℄ 21:7 26:2=5

[1:0; 2:5℄ 82:9 30:8=6

[2:5; 4:5℄ 79:8 33:0=6

[7:0; 10:0℄ 23:9 5:4=6

[10:0; 15:0℄ 11:8 2:8=6

Table B.12: To check the significance of the movement, the peak position has been fixed to
E

peak

=78.8 GeV (curve with highest flux) . Three of the fits (curves with lower fluxes) are rejected
significantly.

give a good estimate of the real position of the inverse Compton peak. Tab. B.12 lists the
chisquare values.

B.2.4 Conclusions and a discussion of the results

Average spectrum of Mkn 421

The spectrum of Mkn 421 showsclear evidencefor a cutoff atE



= 3:1� 0:5� 1TeV .
The pure power law was rejected at the 6.0 sigma level. The powerlaw has a spectral
index of� = 2:96� 0:04� 0:1. It was possible to demonstrate that apower law with a
quadratic curvature term of a = 0:22� 0:05 describes the shape of the spectrum up to
10 TeV equally well as a power law with exponential cutoff.

Spectrum of the Crab nebula

The fit of a pure power law to the spectrum of the Crab nebula gives a flux constant of
F

0

= 3:0�0:33�0:5TeV

�1


m

�2

s

�1 and a spectral index of� = 2:5�0:1�0:1 which
is in good agreement with current measurements of other experiments.

Spectra of Mkn 421 during different flare states

The spectra of different fluxes show asignificant hardening with increasing fluxes, which
is in agreement with the results from the hardness ratio measurement. The decrease of the
spectral index with increasing flux was shown by fitting a power law with fixed cutoff (at
E




= 3:2TeV ). A fit with a fixed spectral index was rejected at the 3.7 sigmalevel.
The fit of a power law withfixed spectral indexandfree cutoff also gives acceptable

�

2-values. The cutoff moves from 1.9 TeV up to 4.3 TeV.
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Figure B.29:The figure illustrates the model of the moving peak. The fit of aparabola to the spectra
seems to show that a good part of thehigh variability of the flux in the TeV range is mainly caused
by a shift of the inverse Compton peak to higher energies (Fig. B.29 illustrates the hypothesis)
rather than bya high variability of the peak luminosity.

Mkn 421 flare spectra fit by using a powerlaw with parabolic term

By fitting a power law with a quadratic curvature term (which very roughly approximates
an inverse Compton peak) it was possible to show thatthe hardening of the spectrum is
compatible with the idea of an moving inverse Compton peak. The movement of the
peak luminosity of the parabola from 13 GeV for low fluxes up to78 GeV for high fluxes
is significant while afixed parabola peak position was rejected with 3.9 sigma. It must
be kept in mind that this rough approximation is not appropriate to estimate the real peak
position of the luminosity.

The fit seems to show that a good part of thehigh variability of the flux in the
TeV range is mainly caused by ashift of the inverse Compton peak to higher ener-
gies (Fig. B.29 illustrates the hypothesis) rather than bya high variability of the peak
luminosity.

Conclusion about spectra during different flare states

As a conclusion it can be noted that asignificant change (a hardening for higher fluxes) in
the spectrum for different flux levels could be detected. A fixed cutoff and fixed slope fit
was rejected as well as a pure power law fit.

But it was not possible todifferentiate betweendifferent models to find out whether
thecutoff changes (fixed spectral index) or rather thespectral index (fixed cutoff). The
hypothesis of a moving peak with a parabolic fit also gives acceptable�2-results. The truth
might involve a combination of these effects.



Appendix C

Comparison with Mkn 501 and
Conclusion

In this final chapter I wish to discuss the measurement results of the large
-flares of
Mkn 421 in 2001 and how the results fit into the global picture of jet emission. I will
compare the observational properties of Mkn 421 with the properties of another AGN,
Mkn 501, in order to obtain a clearer picture of jet emission.Mkn 501 has become quite
famous in TeV-
-Astronomy. It was the second AGN which emits
-rays that has been
discovered [Qui96] after Mkn 421. It is of virtually the samedistance as Mkn 421 and is
therefore very interesting for purposes of comparison. It behaves very similar to Mkn 421
but it has longer variability time scales and a different spectrum [Kra01].

This chapter is divided into two parts. In the first part,spectral properties of the jet
emission are discussed. In the second part,time scales and correlationsbetween x-ray
and
-ray emissions are presented.

C.1 Spectral properties of
-flares

The spectra of Mkn 421 and Mkn 501 exhibit somequite similar characteristics. Both of
them are strongly curved and show a cutoff. On the other hand,the spectrum of Mkn 501
exhibits ancutoff at higher energiesthan Mkn 421. The best average (over all flare states)
spectrum fit of Mkn 501 is [Kra01]:

dF

dE

= (10:1� 1:2) 10

�11

�

E

1TeV

�

�2:0�0:19

e

�

E

(6:1�1:2)TeV

TeV

�1


m

�2

s

�1 (C.1)

while for Mkn 421 it is [TW]:

dF

dE

= (7:0� 0:4) 10

�11

�

E

1TeV

�

�1:88�0:15

e

�

E

(3:1�0:5)TeV

TeV

�1


m

�2

s

�1 (C.2)

Tab. C.1 shows the most important spectral parameters in an overview. Measurements
in the x-ray region by ASCA and RXTE [Kat01] show that the synchrotron (luminosity)
peak of Mkn 421 changes itsposition only slightly from 0.5 keV in the quiescent state
to 2.0 keV in high flare state (see Figures C.1a) and C.2). For the case ofMkn 501 the
position changestwo orders of magnitude, from 1.0 keV to 100 keV (see Figures C.1b)
and C.2). Fig. C.2 shows a measurement of the synchrotron peak position in the x-ray
region as a function of the luminosity.
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(a) Mkn 421 (b) Mkn 501

Figure C.1:Plots a) and b) show the spectrum of AGN Mkn 421 and Mkn 501, respectively, over
the complete frequency range from radio to TeV for various flare states. The dotted line represents
the best fit SSC model for the quiescent/flare state. It can be seen that in the case of Mkn 501 the
synchrotron peak shifts two orders of magnitude from 1.0 keVto 100 keV, while for Mkn 421 the
position changes only slightly from 0.5 keV in the quiescentstate to 2.0 keV in high flare state. Taken
from [Kat01].

Figure C.2:This figure shows the synchrotron peak position vs. synchrotron peak luminosity for
the objects Mkn 421 and Mkn 501 . For the case of Mkn 501 the peakposition of the luminosity in
relation to the luminosity itself at that point changes muchmore than for the case of Mkn 421. There
the luminosity at peak changes by one order of magnitude while the peak position itself only changes
slightly. Taken from [Kat01].
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Figure C.3: Plot a) shows the effect of the cosmic infrared background (CIB) on a power law
spectrum with spectral index 2.0 and for a source that is the same distance from earth as Mkn 421.
Strong absorption effects that could lead to a cutoff appearmainly above 10 TeV. Plot b) shows the
model for the CIB from T. Kneiske and K. Mannheim [Kne02] and is in good agreement with the
actual measurements (red points). Green points are upper limits and blue points are lower limits. Plot
c) shows a fit to the power law spectrum that has been attenuated by the CIB model. The fit yields an
exponential cutoff at 13.5 TeV. The spectrum decreases faster than exponential above 20 TeV which
can be seen in the last point which is far below the fit curve.
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Parameter Mkn 421 Mkn 501

Average flux constantF
0

7:0� 0:4 [TW] 10:1� 1:2 [Kra01]
Spec. index� (with cutoff) �1:88� 0:15[TW] �2:03� 0:19 [Kra01]

Cutoff in TeV 3:1� 0:5[TW] 6:0� 1:4[Kra01]
Harden. of spec. dur. flare yes[TW] yes[Pir01]

Shift of synch. peak in keV 0:5� 2:0 SSC[Kat01] 1:0� 100[Kat01]
Shift of Comp. peak in GeV � 20� 200 [TW], SSC[Kat01] 10� 1000[Kat01, Pir01]

Table C.1:The table lists the spectral properties of Mkn 421 and Mkn 501. For case of Mkn 501 the
cutoff is found at higher energies than for Mkn 421. The synchrotron peak of Mkn 501 shifts by two
orders of magnitude from low state to high state while the oneof Mkn 421 only shifts by a factor of
four. The shift of the inverse Compton peak has been guessed by the fit to a SSC model.

This shift in the x-ray range also implies a potentialshift of the inverse Compton (lu-
minosity) peak (in the
-ray range), which can only beestimatedby a fit to the SSC model
[Kat01]. For the case of Mkn 421, it probably shifts from approximately20 GeV to about
200 GeVwhile for Mkn 501 it should shift from about10 GeV up to1000 GeV[Pir01].

The difference in the average spectrum (i.e. the differentcutoff ) for the two objects
could be explained by the idea that the inverse Compton (luminosity) peak for the case of
Mkn 501 shifts tohigher energies than for the case ofMkn 421 . A movement of the
position of the inverse Compton peak should show up as ahardening of the spectrum for
higher fluxes. This effect has been observed in this work and also by the Whipple telescope
[Kre02], which has a much lower energy threshold and by the CAT telescope [Pir01].

Analysis results

As was shown in the last section ahardening of the spectrum for higher fluxes was ob-
served. Fits with bothfixed cutoffs and fixed slope(-> no change in shape) wererejected
at the 3.8-sigma level, as was apure power law fit (rejected with 5.8 sigma).Three dif-
ferent hypothesis were fitted to the data of five different fluxlevels. This were

1. a) fix-cutoff/free-slope hypothesis: Byfixing the cutoff to 3.3 TeV a significant
change in the spectral index for increasing fluxes was observed (� decreased from
2.5 to 1.8).

2. b)free-cutoff/fix-slopehypothesis: Byfixing the slopeto�=2.0 a significant change
of the cutoff was observed (E




increased from 1.9 TeV to 4.3 TeV).

3. c) A hypothesis of amoving inverse Compton peak was tested: By fitting a power
law with a quadratic term(parabolic fit) the position of the peak of the parabola
shifted significantly from approximately15 GeV up to80 GeV.

All three fits gaveacceptablechisquare values.
The parabola is only avery rough estimate of the true shape of the inverse Compton

peak and the values obtained are only demonstrating the compatability with the idea of
a moving peak and say nothing about thetrue inverse Compton (luminosity) position.
The fit of the parabolasuggeststhat thehigh variability of the flux in the region between
500 GeV and 20 TeV (where Cherenkov telescope measure) mightnot only originate from
a variablity of the (inverse Compton) peak luminosity but also from theshift of the inverse
Compton peak, since the slope of the spectrum in the region between 500 GeV and 20 TeV
is very steepand any movement of the peak immediately results in alarge changein the
flux there (See Fig. B.29).

It wasnot possible to clearlyaccept or reject any one of these hypothesis. The true
behaviour might involve a combination of these effects.
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Parameter Mkn 421 Mkn 501

Correlation x-ray/TeV (1 day bin) 0:74� 0:12[TW] 0:76� 0:14[Kra01]
F lux

b

xray

/ F lux




: b 1:0� 0:2[TW] 1:96� 0:07 [Kat01]

Doubling time of flare (TeV) 15min:[TW] � 2h[Kra01]
Doubling time of flare (keV) � 15min[Car99] � 2h[Kra01]
Average flare duration (TeV) 1� 3h[TW] � 2 days[Kra01]

Table C.2:The table lists the most important properties concerning time scales and correlations for
the objects Mkn 421 and Mkn 501.

The question about the cutoff in the spectra of Mkn 421 and Mkn501

In an attempt to clarify theorigin of the cutoff , one could start examining the effects
of the CIB (Fig. C.3). The question is whether the cutoff is anintrinsic feature of the
real emission spectrum or a result of theabsorption of 
-rays due to the cosmic infrared
background (gamma ray horizon). In Fig. C.3a), theeffect of the CIB absorption on a
power law spectrum of�=2.0 is displayed. The model used for the CIB is [Kne02] that fits
the actual CIB measurements very well. Due to thesteepnessof the spectrum, a truecutoff
effect can only be observedabove 10 TeV.A fit to the attenuated power law spectrum
yields an exponentialcutoff at 13.5 TeV while it has to be kept in mind that the attenuation
above 10 TeV is much stronger than exponential. This suggests that thedominant reason
of observed cutoff in the spectra of both Mkn 421 and also of Mkn 501 might favor the
hypothesis of an intrinsic cutoff (increasing cutoff energy with increasing flux) and a
moving inverse Compton peak.

C.1.1 Time scales, correlations and jet models

Time scales of flares and correlations between x-ray emission and
-ray emission also
provide us with hints of the physical mechanisms inside the jets. Tab. C.2 provides an
overview of the most important parameters.

Correlation of x-ray emission and
-ray emission

Both sources show astrong correlation between the x-ray flux and the
-ray flux. For
Mkn 421, a correlation coefficient of0:74 � 0:12 (this analysis, one day bins) and for
Mkn 501, a correlation coefficient of0:76� 0:12 [Kra01] was observed. This correlation
provides hints about the mechanism of
-ray production. Today it is widely assumed that
high energy gammas are produced via inverse Compton up-scattering of soft photons. The
question is whether the soft photons emerge from theaccretion disc or whether they are
producedinside the jet. The high correlation can only be explained if both production
mechanisms arecoupled and very close to each other in distance. If the soft photons (i.e.
x-ray photons) would originate from the accretion disc thenthe correlation would bezero
or evennegative(x-ray dip). This means that an existing correlation clearly favors a SSC
model and as a consequence, potential quasi-periodicities(like the 23 +- 2 day periodicity
of Mkn 501 [Kra01])cannot be explained by amodulation of soft photonsemerging from
the accretion disc [Bed96]. Quasi-periodicities should be explained by othermodels like
helical jets, periodic ejection of the jet by a big rotating object close to the innermost stable
orbit of the (Kerr-) black hole [Mas99] or binary black holes[Beg80, Man00].

The ASCA x-ray measurement

Interesting results are obtained from the ASCA-x-ray/
-ray correlation study that also
shows astrong correlation between x-ray flux (ASCA measurement from April 1998)
and the
-ray flux. In addition, we divided the x-ray flux into aslow flare component
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(of several days duration) and afast component(of a few hour duration). It appears that
the correlation between x-ray and
-ray increasesfrom 0.63 +- 0.18 to 0.70 +- 0.16 when
the slow x-ray component (the background) is subtracted. However, the increase is not
significant and does not allow further conclusions.

Relation between the x-ray flux and
-ray flux

In the case ofMkn 501 the x-ray/
-ray relation isquadratic (F lux
xray

/ F lux

1:96�0:07

Gamma

[Aha99/2]) while forMkn 421 it is linear (F lux
xray

/ F lux

1:0�0:2

Gamma

) (see the previous
chapter). The latter measurement is in agreement with [Aha99/1] and is also confirmed
by theASCA-x-ray/
-ray correlation study (see the previous chapter). This difference
between the objects can be explained by the fact that the peakposition (of the inverse
Compton peak) of Mkn 501 shiftsmuch stronger with changes in its luminosity.

The argument is the following. The change in flux that we observe in the small TeV
window might not only originate from areal increasein the luminosity (at peak) but also
from amovementof the inverse Compton peak. Since the movement for the case Mkn 501
is presumed to belarger , the change influx in the 500 GeV to 20 TeV window is expected
much larger (it is quadratic ) in contrast to Mkn 421 in which case the change influx
(in the TeV window) should beless (since the inverse Compton peak ismoving less it
is linear ). This means that the difference in the relation between x-ray fluxes and
-ray
fluxes is strongly related to thequestionat whichpositionswe find the synchrotron/inverse
Compton peaks, whichshape they have and in whichenergy intervals we measure the
flux.

In the future, more precise multiwavelength measurements will provide the possibility
to reject or accept different SSC model theories.

Observable and intrinsic parameters of the classic SSC model

The simplest SSC model (assuming only a singlespherical emission region) was pre-
sented in the introduction chapter (in detail in Appendix A)and has the following seven
independent parameters: The normalization constantK, the energy break energy


b

, the
radius of the emission regionR, the magnetic fieldB, the Doppler factorÆ and the posi-
tions of the peak luminosities of the synchrotron radiation�

s

and of the inverse Compton
radiation�

C

[Ino96].
The spectral observations in the x-ray and the
-ray energy region are theshapeof the

spectra, the two peakluminosities, thevariability time scales and a potentialtime lag
between the x-rays and the
-rays. The structure of the equations allows to express strong
constraints onB andÆ [Tav98]. For the case of Mkn 421, using the single emission region
model and a variability with avery conservativetime scale oft

var

= 1h, the magnetic
fieldB and the Doppler factorÆ result inB ' 0:25 Gauss andÆ ' 25. Thisatypical high
Lorentz factor is meant to provide an explanation for thevery rapid variability time scales
observed.

Variability t

var

and the size of the emission regionR

The time scales of the flares are quite different for the two sources. Mkn 421 showsdou-
bling times of equal to or faster than15 minutes(see the analysis of the previous chapter)
while Mkn 501 has doubling times of about 2 hours [Kra01]. Thetypical (fast) flare dura-
tion (FWHM) for Mkn 421 is approximately 1-3 hours [TW] whilefor Mkn 501 it is about
2 days .

These variabilities can be explained by varying thedimensions of the emission re-
gions of the jets of these objects and bydifferent Doppler factors due to varying bulk jet
Lorentz factors.
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For the case of Mkn 421, for reasons of causality, the small variability time scale of
t

var

= 15 minutes putshard constraints on thesizeof the emission region and/or on the
Doppler factorÆ:

R � 
t

var

Æ (C.3)

This implied that for Mkn 421, assuming atypical Lorentz factor ofÆ = 10 (which cannot
be much higher for Blazars as explained in the introduction chapter), that the emission
region must bevery small, less thanR = 210

12

m ' 10AU' 10

�4

p
. Typical jet
scales are approximately0:01� 0:03 p
. Jet dimensions arestrongly constrained by the
transparency or photon-photon opacity condition which sets lower limits [Mas99] on
them. Therefore jet scales with sizes of order10

�4

p
 are virtually ruled out for the
observedluminosity .

The other possibility for this model is toincrease the Lorentz factor up to values
of Æ=80. This scenario isunrealistic, especially since it is known that the (cooled) radio
blobs (the superluminal motion is only 2-3) of these objectsareslower than those of typical
blazars and radio galaxies.

Shock-in-jet models

Obviously the standard jet model of a spherical emission region seriously breaks down
when it attempts to explain thevery short variability time scales. For this reason, new
models have been developed which are able to explain the fastvariabilitieswithout in-
creasing the Doppler factor. All of them introducemoving laminar shock fronts inside
the jet instead of a spherical emission region. Thin’sheets’ of shock fronts move in-
side the jet towards the observer. Typical source dimensions haveradii of approximately
R = 10

14

m � 0:01 p
 andthicknessesof d = 7 � 10

11

m � 5 � 10

�5

p
. These so-called
shock-in-jet models provide a natural explanation for very short variabilities [Mas99] (a
more detailed discussion can be found in [Sal98]).

When looking at the recorded flares of Mkn 421 (intra day variability, lightcurves for
each night) one gets the impression that alarge flare (several days duration) is mainly a
superposition of manysmall flares. This image was used as abasis for the flare model
that was fitted to the intraday lightcurves (last chapter, fitting of flare times): The flux of a
single flare isF (t) = a+

b

(

2

(t�t

0

)=


+2

�(t�t

0

)=d

)

. In this model aconstant background ’a’

(the pile-up of many flares), anexponential rise time ’c’ (the acceleration inside laminar
shocks-in-jet) and anexponential cooling time ’d’ (the cooling via synchrotron radiation
and inverse Compton scattering) was assumed. This picture naturally emerges from shock-
in-jet models because there one expects many shocks inparallel which cross the jet at the
same time.

In addition, the measurements ofASCA in the x-ray energy region (last chapter, corre-
lation measurements between x-rays and
-rays) seem to show aslow flare component and
fast overlapping flares. The slow component covering several (about seven) days refers to
theemerging of a bloband the fast short flares refer to theshocks-in-jet that traverse the
blob. This would explain why the correlation seems to increase if the slow component (in
the x-ray) is subtracted from the total before calculating the correlation.

Potential timelag of the x-rays

In the analysis of the Mkn 421 flares in 2001 we have observed a hint that the x-rays may
bedelayedwith respect to
-rays by approximately10 hours.

Theobserved timelagof the x-rays had only an estimated significance ofthree sigma
since the mentioned systematical error is large. However, apotential timelag can originate
from four possible situations:
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1. Asymmetric x-ray flare shape: A significantlyshorter rise time thanfall time of
the x-ray flares could result in an effect as seen in the last chapter. The resulting shape
of the discrete correlation function would also beasymmetric [Bad98, Jor01] and
the observed effect thus cannot be interpreted as aphysical timelag. This means that
a non-linear and complicatedtransfer function of the x-ray flux to 
-flux could
result in anasymmetry of the discrete correlation function around zero time lag.
Unfortunately, the ASM data does not allow to give answers about the shape of x-
rays flares and the transfer function.

2. Opacity effects: Different optical opacities of the jet for x-rays and
-rays can
have the effect that x-rays arrive later. The x-rays aretrapped and scattered inside
the jet and can only escape the jet when it is sufficiently cooled down whereas the

’s escape immediately[MagCom].

3. Cooling effects:Another explanation could involvecooling of the high energy elec-
trons. Thee�in the jet are cooled down via synchrotron radiation and inverse Comp-
ton scattering. A natural consequence of electron cooling is atime lag of soft x-rays
with respect to hard x-rays. The argument is the following: In high state the x-ray
spectrum ishard and becomessofter as it cools down. The more energetic x-rays
appear first and later (after cooling)soft x-rays dominate the spectrum. This in-
troduces the time lag. Since the inverse Compton peak is sortof mirror of the
synchrotron peak, a time lag between soft x-ray and
-rays is also observed. The
estimated order of magnitude of the time lag between soft andhard x-rays is (i.e. the
decay time of electron energy) is given by [Dar97]:

t

lag

� 10

3

H

�3=2

?

Gauss

E

�1=2




keV

Æ

�1=2

� a few hours (C.4)

H is the magnetic field in Gauss,E



id the energy of the electron in keV andÆ is the
Lorentz factor.Common electronic jet models [Dar97](with a spherical emission
region) havedifficulties to explain the fast cooling times of electrons that are at the
same timeefficiently acceleratedto ultra high (TeV ranges) energies. Shock-in-jet
modelsavoid these problems because acceleration and cooling are separated and
happen atdifferent positions in the jet [Sal98]. It should be mentioned that short
fall times that have been measured for
-ray flares don’t imply that x-ray flares also
have short fall times (cooling). It is probable that x-ray flares have a different shape
than
-flares.

4. Quantum gravity: The timelag could be afirst sign of quantum gravity effects
where theoreticians expect changes in thespeed of light for photons with energies
close to the Planck mass. The time lag of x-rays would point toan increaseof the
speed of light for increasing photon energies [Ame00, Ame96]. Even that the energy
of TeV photons is far away from the Planck scale, the long distance from Mkn 421
to earth could help to amplify even tiny effects.

As a conclusion we can only give an upper limit on the time lag of about13� 3 hours.
Future multiwavelength observations with advanced instruments will clarify these ques-

tions in greater detail. Larger, future Cherenkov telescopes record with higher statistics and
will provide the possibility to find time lags within GeV/TeVdata only.

Fast variability and the mass of the black hole

The variability time scale is approximately 15 to 20 minutes. The appearance of the fast
flares isentirely random . Therefore, they are not a result of helical jets or objects close to
the innermost stable orbit of the black hole but rather an effect of the jet dynamics itself. A
very plausible explanation for this are thelaminar shock fronts inside the jets, which was
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just discussed. The jet hasnot a direct relation to the size of the central black hole. This
implies that an estimate of the mass of the black holecannot be found here.

Generally, it is assumed that the nucleus of Mkn 501 has a massof 108 solar masses.
Mkn 421 is considered to be smaller than Mkn 501 by 2 orders of magnitude, with an
estimated mass of5� 10

6 solar masses because of the shorter variability. The mass ofthe
black hole is generally presumed to scale withm / t

var

because the circling time around
the black hole scales linearly with mass.

C.2 Outlook

Future Cherenkov telescopesas MAGIC on the island of La Palma, HESS in Namibia or
VERITAS havelower energy thresholds, higher sensitivitiesand muchhigher effective
detection areas.They record with a much higher event rate and achievebetter statistics
and abetter separability of 
s and hadrons. It will be possible to clarify to a higher level
the following questions which have been touched in this work:

1. It might be possible to directly observe theenergy of the peak luminosity with
lower energy thresholds or at least to give precise estimates by fitting the SSC model.
It will be for sure possible to significantly clarify the question whetherpeak moves
with varying luminosity or not. This gives an answer to the question of theorigin of
the cutoff .

2. Preciser data might allow to see if the observed spectrum containscontributions of
gamma photons from�

0-decayand will therefore detecthadronic componentsin
the jet and confirm whether the jet is purely electronic or not. Neutrino experiments
like Amanda and Ice Cube at the South Pole and Antares in the Mediteranian Sea
will help answering the question about hadronic contributions in jets (the detection
of neutrinos prove the existence of hadrons). The detectionof hadrons would help
to solve one of the most urgent questions in cosmic ray physics: Where do the high
energy hadrons come from ?

3. Since the threshold of the new instruments islower, more objectsbehind the actual
gamma ray horizon will be seen. This gives information abouttheexact positionof
the gamma ray horizon and therefore about theevolution of star formation during
the history of the universe (cosmic infrared background) and also about cosmic pa-
rameters as for example thecosmological constant[Bla01]. The determination of
the position of the gamma ray horizon will also clarify theorigin of the cutoff in
the spectra.

4. Measurements over two to three orders of magnitude of the high energy scale (30 GeV
to 30 TeV) with high statistics will open the possibility to detectpossible time lags
of fluxes in lower energy regions (<100 GeV) to fluxes in higherenergy regions
(>1 TeV)within the same
-ray dataset only.

5. With higher statisticsrise times (acceleration) andfall times (cooling) of the flares
can be measured in a more accurate way. It will be possible to observe whether long
flares are asuperposition of many small flares or if other components come into
play. This will gives us a better understanding of the jet model and the mechanisms
that are active in jets.

Simultaneous multiwavelengthcampaigns with precise x-ray measurements are manda-
tory for the following reasons:

1. It will be possible to determine the exacttransfer function of x-ray flux to
-flux,
the acceleration time and the cooling time of the high energyparticles in the jet.
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This will tell us which processes take place in jets, whetherthere arelaminal shock
fronts or not and how
-rays are produced.

2. When the transfer function is known, the question about the time lag of x-rays to

-rays will be solved in a more accurate way. It might be possible to detect signals
of quantum gravitation.



Appendix D

Summary

Today astroparticle Physics is one of the most booming fieldsin modern physics. Gamma
ray astronomy is amajor tool to analyze and understand theorigin of cosmic rays. The
BL LAC object, Mkn 421 , belongs to a class of objects thatemits cosmic rays, the so-
calledactive galactic nuclei(AGN). In a stochastic but regular manner it switches from a
quiescentstate to a state ofhigh activity in which it starts to emit photons in the x-ray and
TeV energy range. FromFebruary 2001 until April 2001 it exhibited especially large and
longflares,which have been observed by many telescopes in the TeV energyrange as well
as by the CT1 telescope of the HEGRA collaboration at La Palmaand in the x-ray energy
range by theAll Sky Monitor (ASM) of the RXTE satellite. Another flare happened in
April 1998 which has been observed by theASCA x-ray satellite and simultaneously by
several Cherenkov telescopes includingWipple . I present here an analysis of the large
gamma flares of 2001and also of the short flare in April 1998.

Theclassicalanalysis and gamma/hadron separation methods of Cherenkovtelescopes
have been improved by severalnew techniques, which have been tried and tested for the
first time here. A complete analysis package of approximately 50.000 lines of code has
been developed inROOT/C++ which contains, apart from the items of a standard analysis
for Cherenkov telescopes, the followingnew features:

� A modified linear discriminant analysis to enhance thegamma/hadron separa-
tion . It is also used as a tool toquantify the separation capability of differentsets
of (new) image parameters and new image cleaning algorithmsthat have been tested
and studied in detail.

� Different algorithms that perform so-calledimage cleaning,a technique which is
widely used to remove noise background in the image, have been tried and tested
with respect toimprovement of gamma/hadron separation.

� Introduction ofnew image parameters that improvegamma/hadron separationand
the

� Introduction ofweights in the calculation of theimage parameters, the so-called
’Hillas’ parameters, which improvegamma/hadron separation

� A systematic algorithm that tests virtually all possible combinations of parameters
and image cleaning to find the one with optimalgamma/hadron separation.

� A new method to correct themispointing of the telescope. This ensures zenith angle
independent integrated flux measurements.

� Unlike the usual case, the characteristic parameters and features of the emission
spectrum have not only been deduced from theunfolded flux spectrum but rather,
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vice-versa, by fittingraw excess event energy distribution.In this way an unsat-
isfactory and potentially unreliableunfolding process is avoided and the fit results
(i.e. the spectrum parameters) have less errors and are morerobust.

In addition to these improvements, thestandard items have also been implemented. They
are:

� A program toestimate the energyon the basis of theleast squaresmethod. It
achieves an average energy resolution of approximately 24 %.

� A program to calculateeffective areas.

� A program to calculate thespectrum by unfolding theenergy resolutionobtained
from MC generators. This not only solves thespill-over problem from higher energy
bins to lower energy bins, but it also corrects for systematic biases introduced by an
energy estimate that isnot completelylinear.

� A program to calculate the time dependent integrated flux (light curve ) in various
energy ranges. The According effective areas have been determined from the actual
shape of the spectrum, which was previously calculated.

� A program to calculate thehardness ratio of the lightcurve.

� A program to calculate thecorrelation between x-ray lightcurves and
-ray lightcurves.

� A program thatsimulates the night sky backgroundin the MC gamma data sample.

The improved analysis has beenapplied to the measurements of thelarge gamma flares
in 2001 of Mkn 421. 249 hours of observation time have been accumulated, which allows
several detailed studies with good statistics:

� A detailed lightcurve with 20 minute bin size granularity, which reveals the extremely
fast flares of this object. The minimal doubling and halving times and the typical
FWHM duration of fast flares were estimated.

� The flux dependence of thehardness ratio was examined for different energy inter-
vals. Evidence of a change in spectral index below 2 TeV from low to high fluxes
has been observed.

� Thecorrelation between the
-TeV-flux and the x-ray light flux as measured by the
ASM/RXTE (0.5 keV to 10 keV) has been calculated.

� Theaverage spectrumand it characteristics have been calculated and determined.

� Thespectral behaviour of the source duringdifferent flare states has been care-
fully analyzed in order to see if the effect observed, using the hardness ratio, could
also have been observed directly from the spectrum.

In brief, thefinal results are the following:

� The spectrum of the Crab nebula was calculated and yielded a pure powerlaw with
a spectral index of� = 2:5 � 0:1 � 0:1 and a flux constant ofF

0

= 3:0 � 0:33�

0:5 TeV

�1


m

�2

s

�1 which is in good agreement with the measurements of other
Cherenkov telescopes.

� A pure power law fit to the averaged spectrum of Mkn 421 wasrejected by a
chisquare of�2/NDF=74/9. Apower law fit with exponential cutoff was accepted
by a chisquare of�2/NDF=6.3/8. The spectral index is� = 1:88� 0:15� 0:1. The
cutoff was found atE




= 3:1� 0:5� 1:0 TeV.
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� The spectrum forfive different flux levels were calculated and it was possible to
show that the spectrum changes significantly with increasing flux: It getsharder.
The hardening of the spectrum in the region below 2 TeV could be verified by an
independent analysis using the hardness ratio.

� Three different hypothesis were fitted to the five spectra. For statistical reasons
only functions withtwo free parameters were used. All three hypothesis yielded
acceptablechisquare values. The hypothesis were:

– A power law hypothesis withfixed cutoff at E



= 3:2TeV and free slope:
The spectral indexdecreasedsignificantly with increasing flux (a fixed spectral
index with fixed cutoff was rejected at the 3.8 sigma level).

– A power law hypothesis withfixed slope� = 2:0 and free cutoff: The cutoff
moved significantly from 1.9 TeV up to 4.3 TeV.

– A power law with aparabolic (quadratic) term: The peak (luminosity) of the
parabolamoved significantly from 13 TeV up to 78 TeV (a fixed parabola peak
was rejected at the 3.5 sigma level) indicating that the change of the spectrum
is compatible with amoving inverse Compton peak. The peak of the parabola
is only avery rough estimateof the real luminosity peak. Still, themovement
wassignificant.

� The TeV lightcurve has been examined atsingle night basis. The rise and fall time
were estimated inthree independent different manners.

– A fit of a simple flare model allowed to determine some flare parameters as
rise time, fall time andaverage duration (FWHM). The model assumes a
constant backgroundandexponential rise and fall times. Theaverage short
flare duration (FWHM) is of the order of1 to 3 hours. The model shows
that most of the fast flares havedoubling rise times andhalving fall times of
about25 minutes. No significantdifference between rise and fall times could
be found.

– The doubling rise time and halving fall time were calculatedby using a4-
point/three-straight-line fit. The fit values show that the fastest flares have
doubling times ofat most 15 to 25 minutes.

– The doubling rise time and halving fall time were calculatedby only measur-
ing the rise and fall betweentwo points. Since this method issensitive to
fluctuations in the flux data points and therefore can result in underestimated
rise/fall times, the slope of the straight line connection between the two points
was calculated bysubtracting/adding one sigma on each beforehand (worst
case scenario). The fastest flares showed rise and fall times ofat most 15 min-
utes.

� The x-ray flux measured with ASM/RXTE shows aclear and significant correla-
tion to the TeV data of approximately0.74+-0.12(for one day bins).

� Both correlation studies, with CT1/ASM data and ASCA/TeV data, yielded alinear
relation between x-ray flux and
-ray flux.

� A hint of a potential time lag (about 10 h+-2 h) of the x-rays to the
-rays showed
up. It appears that the hypothesis of a x-ray time lag of several hours compared to

-rays couldnot besignificantly proven because of the uncertainty in theestima-
tion of the systematic error. However, every correlation curve shows a systematic
time lag for the complete range of time-bin widths, from 1 daydown to 0.5 h. The
apparent time lag could be a result of anasymmetric shapeof the x-ray flares with
a short rise time and a very long fall time. Therefore only anupper limit on the time
lag of13� 3 hours is given here.
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� A flare of Mkn 421 in April 1998 as measured by the ASCA x-ray satellite was ana-
lyzed and the correlation to
-ray measurements of several telescopes was calculated.
A significant correlation was found. The x-ray data was splitted into aslow flare
component (seven days duration) and afast flare component (several hour duration).
The correlation of the TeV flux to the total x-ray flux was0.63+-0.18and increased
to 0.70+-0.16when theslow component wassubtracted from the lightcurve. The
increase is not significant enough to give further conclusions.



Appendix E

Appendix A: Theory and
calculations

E.1 Verification of the NSB distribution function

In the introduction chapter theexcess noise factor Fhas been introduced with the follow-
ing general definition:
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The noise at the input and at the output is understood as noisewithout electronic noise
from the amplifier�2
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The output distribution of a PMT (Gain normalized to Gain=1)when exposed to dif-

fuse night sky background (NSB) has been described as thePoisson distributed sum of
Gaussian normal distributions.
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� is theaverageamount of photoelectrons that hit the first dynode,n is the number of pho-
toelectrons,�2

n

is the variance of the individual photoelectron peak and�
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is thevariance
of the pedestalwhich is equal to theelectronic noisecontribution�2
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Now we want tocross checkif the proposed output distribution (Equ. E.2) isconsistent

with the definition of the excess noise factor.
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2) We calculate thevariance of f
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E.2 The synchrotron self Compton (SSC) model

In the SSC model1 the gamma-ray photons are produced by the inverse Compton scattering
of soft photons. These soft photons are generated by the sameelectrons stemming from
the synchrotron emission (see Fig 1.6). The model discussedhere has been described in
[Ino96, Blo96]. It is based on the following assumptions:

1. A spherical emissionzone which is stationary and has a parameter R that describes
all length scales.

2. An electron distribution N(
) which is parameterized as abroken power law (K
is a normalization constant,� is the spectral index of the shock acceleration (eg.
� = 2:2), 
 is the electron lorentz factor and


b

is the breaking energy)
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3. The soft photons2 needed for the inverse Compton scattering aresynchrotron pho-
tons.

4. All particle and photon distributions areisotropic in the jet frame.

The electron spectrum has the shape of abroken power law because ofcooling effects
during the shock acceleration process. The high energy electrons are continously cooled
by synchrotron radiation and inverse Compton scattering. The breaking energy results to
be
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with magnetic field density
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The electron energy is given in terms of the Lorentz-factor
, B is the magnetic field in
Gauss,K is a normalization constant,�

T

is the Thompson cross section andm is the mass
of the electron in EGS units.


b

breaks the spectrum by one power in the index.

Synchrotron radiation

Thebasic formulas for the synchrotron radiation are described in the following.

1. The spectral densityis
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2. wherej
�

and�
�

are theemissionandabsorption coefficient for the synchrotron
radiation, which are calculated in the following way:
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1Note: The two expressions ’hard photons’ and ’high energy
-rays’ denote the same objects.
2Note: In general soft photons are (soft) x-ray photons or (hard) UV photons
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. The electron densityN (
) was shown
in Equ. E.9.

Inverse Compton scattering

The emission coefficient of the inverse Compton scattering is obtained from the energy
spectrum of the electrons Equ. E.9 as follows [Ino96]:
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can be calculated from the

2. Differential hard photon production rate shown in Equ. E.18 (number of hard
photons" produced per energy interval per unit volume per unit time) which is a
convolution of the electron distribution and the soft photon distribution (where the
photon density isn ("

0

), the soft photon energy is"
0

, the final photon energy is"
and the electron energy is
 , and everything is in units of electron masses)
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The probability for a soft photon to be up-scattered is called the

3. Compton kernel C and is given by:
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Theallowed kinetic energy rangefor the up-scattered photon energy is
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The hard photons can interact with the soft photons(and also with soft external
thermal photons from the accretion disc) by creating electron-positron pairs, if their CM
energy exceeds 1024 eV. This results in anattenuation of the hard photons and introduces
an upper limit for the energy of the hard photons that can escape from the source. This
gives ahard limit on thesizeof the emission region (opacity condition). For simplicity,
we will neglect this effect here.
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E.3 Error calculation of the correlation function

The empirical correlation function that has been used to findcorrelations between the x-ray
flux and the
-flux has been defined as:
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� = � (�t) is the empirical correlation coefficient,F 
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) is the
-flux at time t
k

,
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) is the x-ray flux at timet
i

, �t is the time lag between the two datasets and�

F
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x are the errors on the individual time bin measurement.
The error of the correlation has two components. One part�

�;flux

, comes directly
from Gaussian error propagation of the errors on the fluxes [WitCom] and the second one
�

�;stat

is of statistical nature [Bro90, WitCom] of the correlation. Both of them have to be
added. The uncertainty of the correlation coefficient whichcomes from the errors in the
flux measurements are given in terms of the shortcuts above (for space reasons).
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N is the number of samples that is being summed up. It is at the order of 80 (for the
whole lightcurve in one day bins). The second term�2

�;stat

is in this case smaller than the
first one but has to taken into account as well.
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E.4 Re-binning and averaging of flux bins

For several reasons the flux bins must be re-binned or averaged over larger time periods (for
correlation calculations or comparisons with other telescopes, for example see Fig. A.41)
or flux level bins (for the hardness studies). The averaging has been done by weighting
with the observation time of the corresponding run bin.
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F is understood asF =

R

(dF=dE) dE. Here�2
hF i

is variance of the mean andN
eq

is
the so-called equivalent number of events. It can be obtained by error propagation and it is
needed to obtain the correct variance of the mean in the case of weighted averages.
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Figure F.1: Lightcurve of the nights 51928, 51929

F.1 The complete daily lightcurve

The following pages present the daily lightcurves of Mkn 421with more than 7 runs per
night from February 2001 until June 2001 as recorded with theCT1 telescope in La Palma,
altogether 259 hours of observation. As explained before, asimple flare model

F (t) = a+

b

�

2

(t�t

0

)=


+ 2

�(t�t

0

)=d

� (F.1)

has been fitted to each night, if a simple straight line fit gavea reduced�2/NDF worse
than 1.5. As starting values have been chosen: a=the constant term from the line fit, b=8.0,
c=d=25 minutes,t

0

=the highest flux point in the curve. The fastest flares are notcovered
by the fit. Some nights like 51966 contain flares that are very fast and are significantly
outside the flare model.
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Figure F.2: Lightcurve of the nights 51930, 51931, 51932 and51933
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Figure F.3: Lightcurve of the nights 51934, 51935, 51936 and51937
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Figure F.4: Lightcurve of the nights 51938, 51939, 51940 and51941
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Figure F.5: Lightcurve of the nights 51942, 51928, 51929 and51930
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Figure F.6: Lightcurve of the nights 51959, 51960, 51961 and51963
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Figure F.7: Lightcurve of the nights 51964, 51966, 51968 and51970
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Figure F.8: Lightcurve of the nights 51982, 51983, 51984 and51985
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Figure F.9: Lightcurve of the nights 51986, 51987, 51988 and51989
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Figure F.10: Lightcurve of the nights 51990, 51991, 51992 and 51993
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Figure F.11: Lightcurve of the nights 51994, 51996, 51997 and 50210
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Figure F.12: Lightcurve of the nights 52012, 52013 and 51927
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Figure F.13:ALPHA plots for energies from 0.4 TeV to 1.3 TeV

F.2 The estimation of the background for the spectrum

For completeness the plots for the background estimation for the spectrum calculation are
shown here. For each energy bin a ALPHA plot has been made and the background from
zero up to 18Æ is estimated by means of a polynomial fit with two free parameters in the
ALPHA region without signal. The fit regions have been chosenenergy dependent and are:
30Æ-80Æ for energies below 1 TeV, 15Æ-70Æ for energies from 1 TeV to 5 TeV and 10Æ-50Æ

for energies above 5 TeV. These values have been chosen to be adequate to the width of
the ALPHA distribution of the signal (which becomes wider for lower energies) and to the
shape of the background (which becomes more curved for higher energies).
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Figure F.14: ALPHA plots for energies from 1.3 TeV to 7.5 TeV
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Figure F.15: ALPHA plots for energies from 7.5 TeV to 31.6 TeV
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