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Abstract

This paper introduces a novel quantum-inspired algorithm for numerical multiobjective
optimization, uniquely integrating the multilevel structure of qudits with principles of
controlled thermonuclear fusion. Moving beyond conventional qubit-based approaches,
the algorithm leverages the qudit’s higher-dimensional state space to enhance search ca-
pabilities. Fusion-inspired dynamics—modeling particle interaction, energy release, and
plasma cooling—provide a powerful metaheuristic framework for navigating complex,
high-dimensional Pareto fronts. A hybrid quantum-classical version of the algorithm
is presented, designed to exploit the complementary strengths of both computational
paradigms for improved efficiency in solving dynamic multiobjective problems. Experi-
mental evaluation on standard dynamic multiobjective benchmarks demonstrates clear
performance advantages. Both the quantum-inspired and hybrid variants consistently
outperform leading classical algorithms such as NSGA-III, MOEA /D and GDES3, as well as
the quantum-inspired NSGA-IIL, in key metrics: identifying a greater number of unique
non-dominated solutions, ensuring superior uniformity along the Pareto front, maintaining
stable convergence across generations, and achieving higher accuracy in approximating
the ideal solution.

Keywords: multiobjective optimization; quantum-inspired algorithm; qudit; thermonu-
clear fusion; quantum-classical system; quantum logic circuit; dynamic optimization;
Pareto front

1. Introduction

The third decade of the XXI century is characterized by rapid development and global
proliferation of information technologies, driving the continuous creation of tools for
automation and optimization of various processes across numerous domains of human
activity. Depending on the domain and specific application, processes may exhibit complex
structures, significantly complicating the implementation of tools for their automation
or optimization with the required efficiency. For instance, in many intelligent predictive
systems and decision support systems based on machine learning algorithms, optimization
algorithms are employed to solve parameter search problems—aimed at finding values
of certain parameters that achieve an extremum of the objective function. For complex
models, such as deep neural networks, the task of hyperparameter tuning can be non-trivial
due to the high computational cost of the model, the high dimensionality of the search
space, nonlinearity and multimodality of the objective function, stochasticity of the training
process, constraints on the feasible domain, and other associated factors [1]. Considering
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the combination of these factors, achieving an extremum of the objective function within
reasonable time and with the required accuracy poses a significant challenge for many
classical optimization algorithms—such as evolutionary algorithms—particularly in the
case of multiobjective optimization, where extrema of multiple objective functions are
sought simultaneously. However, an alternative approach based on the simulation of
quantum computations offers the potential to substantially accelerate the discovery of
high-quality solutions. This approach is known as «quantum-inspired».

Quantum-inspired computing enables the solution of standard problems on classi-
cal computing devices and systems by leveraging concepts and methods from quantum
mechanics and quantum computation. According to the study [2], which investigates
the practical potential of quantum-inspired algorithms for recommendation systems and
solving linear systems of equations, such algorithms exhibit a polylogarithmic dependence
on data dimensionality up to a certain threshold. This provides an asymptotically expo-
nential speedup compared to classical methods for problems involving low-rank matrices.
However, their complexity is upper-bounded by a polynomial dependence, which remains
significantly higher than that of true quantum computations.

The application of quantum-inspired computing to numerical and combinatorial
single-objective optimization [3,4] has yielded algorithms that outperform classical coun-
terparts in execution time, convergence speed, and solution accuracy. However, since
quantum-inspired methods run on classical hardware, they cannot fully exploit genuine
quantum advantages, such as superposition and entanglement, that enable exponential or
polynomial speedups in true quantum algorithms like Grover’s or Shor’s. These speedups
typically require structured problems or compact data representations allowing efficient
use of quantum parallelism via components like quantum oracles. While quantum-inspired
computing simulates selected quantum concepts on classical systems, thereby improving
computational logic and performance, it remains fundamentally limited compared to actual
quantum devices [5].

In existing quantum-inspired single-objective optimization algorithms [3,4,6-8], the
qubit, characterized by two basis states, |0) and |1), serves as the core element. Solutions are
encoded in superposition states, and their probability amplitudes are iteratively updated via
unitary transformations, with the highest-amplitude state ultimately selected as the solution.
While this approach yields strong performance in terms of accuracy, convergence speed, and
execution time for low-dimensional problems (typically n < 5), its effectiveness diminishes
as dimensionality grows, often matching or even falling behind classical methods.

Another approach employs the qudit [9]—a multilevel quantum system—as the core
logical unit. In ref. [10], a qudit-based adaptation of the quantum-inspired genetic al-
gorithm [11] was tested on benchmark functions with dimensions n = 15 and n = 50,
as well as on real-world problems in manufacturing scheduling and machine learning.
Results showed consistent superiority over both classical methods and the original qubit-
based version in terms of accuracy, convergence speed, execution time, and solution
distribution density.

Despite promising results in single-objective settings, quantum-inspired optimization
algorithms struggle in high-dimensional multiobjective problems. As shown in refs. [12,13],
methods like quantum-inspired NSGA-II/III or particle swarm optimization suffer rapid per-
formance degradation with increasing decision variables due to the «curse of dimensionality»:
the exponentially growing search space overwhelms qubit-based encodings, causing prema-
ture convergence and poor exploration-exploitation balance. Although QIEAs (Quantum-
Inspired Evolutionary Algorithms) initially boost diversity via superposition, they often fail to
maintain it or navigate complex, non-convex Pareto fronts. In ref. [13] notes that both classical
and quantum-inspired approaches lack efficiency in such scenarios, prompting interest in spe-
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cialized frameworks like VQAs (Variational Quantum Algorithms), while ref. [12] highlights
that QIEAs’ theoretical advantages are offset by high computational overhead and sensitivity
to parameter tuning, limiting their real-world scalability.

Moreover, current hybrid quantum-classical architectures face significant practi-
cal limitations. As noted in ref. [14], integrating emerging quantum processors with
existing classical IT infrastructure is complex, often requiring custom middleware
and non-standard APIs that hinder interoperability. This fragmentation introduces
latency—especially in iterative algorithms that repeatedly transfer data between classical
and quantum subsystems—eroding potential quantum advantages. Additionally, these
systems demand rare dual expertise in quantum information and classical distributed
computing. Most frameworks are rigid, monolithic, or tightly bound to specific quan-
tum backends, lacking the modularity and adaptability needed for evolving hardware or
real-world dynamic optimization tasks.

These limitations reveal a critical research gap: existing quantum-inspired multiob-
jective algorithms lack a principled mechanism to sustain diversity, adaptively balance
exploration and exploitation, and scale efficiently in high-dimensional dynamic environ-
ments, and they rarely leverage physically grounded, self-regulating dynamics to encode
such adaptivity. To address this gap, the present study introduces a novel quantum-inspired
algorithm for numerical multiobjective optimization that uniquely integrates multilevel
qudit-based agents with physics-inspired dynamics from controlled thermonuclear fusion.
By leveraging the qudit’s higher-dimensional state space and explicitly modeling particle
interaction, energy release, and plasma cooling, the algorithm establishes a self-regulating
mechanism that effectively navigates complex, high-dimensional Pareto landscapes. A
hybrid quantum-classical variant is also presented, along with explicit quantum circuit
designs for key operations—qudit initialization, phase encoding of objective functions,
and Grover-based amplitude amplification. Rigorous testing on dynamic multiobjective
benchmarks demonstrates consistent, statistically significant performance advantages over
state-of-the-art methods.

2. Related Studies

Quantum-inspired multiobjective optimization is a topical research area due to its
potential to solve global optimization problems characterized by nonlinear constraints,
exponential complexity of the search space, and correlated objectives with ill-defined
priorities—features that are particularly relevant in modern applications such as machine
learning, logistics, energy systems, and bioinformatics. Unlike classical optimization
methods, quantum-inspired approaches offer fundamentally new ways of information
processing based on quantum phenomena such as superposition and entanglement, en-
abling more efficient exploration of the solution space. However, adapting these quantum
phenomena to classical computing devices and systems is a complex and multifaceted
challenge that requires careful consideration of numerous specific aspects of quantum
mechanics. This has led to a wide range of research efforts exploring diverse methods for
simulating quantum particles and novel methodologies for solving optimization problems.

In the context of quantum-inspired modeling for multiobjective optimization algo-
rithms, ref. [15] proposes the DMQSSA (Decomposition-Based Quantum-Inspired Salp
Swarm Algorithm), which combines quantum-inspired principles with the salp swarm al-
gorithm [16]. DMQSSA employs a delta-potential well model [17] to enhance convergence,
a decomposition-based approach for the crossover operator, and an intelligent strategy for
maintaining an archive of non-dominated solutions, thereby ensuring population diversity
and generating a well-distributed set of Pareto-optimal solutions. The algorithm QCCEA
(Quantum-Inspired Competitive Coevolution Algorithm) [18], a quantum-inspired coevo-
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lutionary approach, employs a quantization technique based on Gaussian distribution,
quantum rotation gates applied to qubits on the Bloch sphere for solution diversification,
and a «Hall of Fame» strategy [19] for selecting the best solutions. The study presented
in ref. [20] describes a quantum-inspired optimization algorithm, MOQSOA (Multiob-
jective Quantum-Inspired Seagull Optimization Algorithm), which combines quantum
principles with the natural behavior of seagulls. The algorithm employs quantum state
encoding as a linear superposition of positive and deceptive states to represent solutions,
an opposition-based learning approach [21] to enhance the initial population, a grid-based
density ranking method [22] for maintaining an archive of non-dominated solutions, a
correction mechanism to prevent premature convergence, and incorporates behavioral
patterns of seagulls—such as migration and attacking—for searching optimal solutions.

Further enriching the landscape of quantum-inspired optimization, recent studies
have introduced novel algorithms that leverage quantum principles in distinct and inno-
vative ways. One study [23] presents a pioneering application of the QAOA (Quantum
Approximate Optimization Algorithm) to solve the IDP (Independent Domination Prob-
lem), a combinatorial optimization challenge with practical implications in network design.
This work is significant as it marks the first application of QAOA to the IDP, demonstrating
efficacy in finding optimal solutions with computational complexity surpassing that of
classical methods. The transformation of the IDP into the QUBO (Quadratic Unconstrained
Binary Optimization) model, followed by its encoding into a Hamiltonian, enables solution
via the hybrid quantum-classical QAOA framework. Robustness testing reveals strong
dependence of the algorithm’s performance on parameter tuning, such as the number of
layers and penalty coefficients, offering valuable insights for future QAOA applications in
similar discrete optimization problems.

Another recent study [24] proposes the QPPA (Quantum Predator-Prey Algorithm),
a metaheuristic designed for real-parameter optimization. QPPA uniquely fuses funda-
mentals of quantum mechanics—specifically, the delta-potential well model [17]—with
dynamics of a predator-prey ecological system. Unlike many quantum-inspired algorithms
focusing on qubit-based representations, QPPA employs the quantum model to mathe-
matically derive movement equations for «predator» agents as they pursue «prey» agents
in the search space. This quantum formulation governs the exploration phase, enabling
effective escape from local optima. QPPA demonstrates superior performance and rapid
convergence on benchmark functions, outperforming established algorithms such as PSO,
GA and GWO—particularly in high-dimensional settings. This underscores the versatil-
ity of quantum-inspired principles, illustrating successful adaptation not only to discrete
problems via QAOA but also to continuous optimization through novel metaheuristic
frameworks like QPPA.

The qudit has found application not only in quantum-inspired genetic algorithms for
single-objective optimization [10], but also in solving the classical combinatorial optimiza-
tion problem of graph coloring [25]. The authors of the study proposed using qudits as
graph nodes, parameterized by multidimensional spherical coordinates. In ref. [25], two
strategies are considered: one involving initialization of qudits in random states combined
with qudit-based gradient descent to minimize the cost function, and an adapted strategy
of local quantum annealing based on qudits, which implements an adiabatic transition
from a simple initial function to a problem-specific target function.

The application of physical principles of nuclear reactions is reflected in the study
presenting the classical optimization algorithm NRO (Nuclear Reaction Optimization) [26].
This algorithm simulates the behavior of atomic nuclei in a confined space, including the
processes of nuclear fission and nuclear fusion. Specifically, the nuclear fission process
decomposes complex solutions into simpler ones to explore new regions of the solution
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space, while the nuclear fusion process combines simple solutions to improve current
results. The NRO algorithm operates in three stages. In the first stage, a large number of
«small nuclei» are generated, representing initial solutions, which ensures exploration of the
new solution space. Then, the «nuclei» interact with each other through nuclear fission and
fusion processes. In the final stage, «stable nuclei» are formed, corresponding to optimal
solutions. During testing, the NRO algorithm demonstrated superior capability in locating
global optima in problems with numerous local minima, adaptability to various problem
conditions, and applicability to both single-objective and multiobjective optimization.

In parallel with quantum-inspired developments, significant progress has been made
in classical DMOEAs (Dynamic Multiobjective Evolutionary Algorithms), which specifi-
cally address the challenges posed by time-varying objectives and constraints. A recent
study [27] proposes a DMOEA based on the classification of environmental change inten-
sity and a collaborative prediction strategy to enhance adaptation in dynamic environ-
ments. The algorithm first refines the static optimization phase to improve the spatial
resolution of individuals in the objective space, thereby increasing the sensitivity and
accuracy of change detection. Upon detecting an environmental shift, it employs a mu-
tual information-based metric to classify the intensity of the change—low, medium, or
high—and accordingly adapts the velocity update rules of the particle swarm to avoid
misleading evolutionary directions. Furthermore, a collaborative prediction mechanism is
introduced to generate a forecasted population that closely approximates the true Pareto
set in the new environment. This is followed by a dual individual screening strategy that
intelligently combines promising candidates from both the predicted population and the
pre-change archive to initialize the new generation. Experimental validation on 20 bench-
mark DMOPs (Dynamic Multiobjective Optimization Problems) demonstrates that this
approach consistently outperforms state-of-the-art DMOEAs in terms of convergence, di-
versity, and responsiveness to environmental dynamics, highlighting the critical importance
of explicitly modeling change intensity and leveraging predictive mechanisms in dynamic
multiobjective settings.

Addressing the challenges posed by highly constrained optimization environments,
ref. [28] introduces the MOACO-DCE (Multiobjective Ant Colony Optimization Algorithm
Based on a Dynamic Constraint Evaluation Strategy). This method is specifically designed
for HCMOPs (Highly Constrained Multiobjective Problems), such as vehicle routing and
shop scheduling, where feasible regions are typically small, fragmented, and difficult
to locate. To overcome the limitations of conventional evolutionary approaches in such
landscapes, MOACO-DCE employs a dynamic constraint violation metric that quantifies
the degree to which solutions violate problem constraints. Based on this metric, the popula-
tion is adaptively partitioned into two subpopulations: one with evolutionary advantage
(relatively low constraint violation) and another with severe constraint violations. For the
former, a dynamic transfer probability-based evolutionary strategy is applied to accelerate
convergence toward high-quality feasible solutions. For the latter, a Gaussian variation
operator is introduced to enhance diversity and facilitate escape from infeasible regions.
Furthermore, the algorithm features a collaborative pheromone updating mechanism that
enables information exchange between subpopulations, along with a constraint-aware
pheromone update rule that explicitly incorporates constraint violation levels into the rein-
forcement process. Experimental comparisons demonstrate that MOACO-DCE achieves
superior performance on HCMOP benchmarks, particularly in maintaining feasibility
while preserving solution diversity, highlighting the effectiveness of dynamically balancing
constraint handling and evolutionary search in severely restricted search spaces.

Further advancing the field of dynamic multiobjective optimization, a recent study [29]
introduces MOEA /D-MDDM—a prediction-based evolutionary algorithm that leverages
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a MDDM (Multi-Directional Difference Model) to anticipate shifts in the Pareto-optimal
solution set. Recognizing that rapid adaptation to environmental changes hinges on ac-
curate initialization near the new Pareto-optimal front, the authors propose a dedicated
Pareto-optimal solution set estimation strategy that generates multiple candidate popu-
lations based on historical trajectory data. These estimates are then fused through the
MDDM to produce a refined prediction of the next Pareto-optimal solution set location,
which guides the re-initialization of the population. To enhance robustness across diverse
problem landscapes, the algorithm incorporates an adaptive crossover-rate mechanism that
dynamically adjusts genetic diversity in response to the geometric structure of the evolv-
ing Pareto-optimal solution set, particularly effective for problems with single-modality
characteristics and continuous manifolds. Comprehensive experiments on 19 benchmark
DMOPs show that MOEA /D-MDDM outperforms six state-of-the-art DMOEAs in track-
ing accuracy and convergence stability, underscoring the value of combining directional
prediction with adaptive variation operators in dynamic environments.

3. Materials and Methods
3.1. The Process of Controlled Thermonuclear Fusion

Controlled thermonuclear fusion is a process of producing heavy atomic nuclei
through the fusion of lighter nuclei, aimed at energy generation. Unlike the synthesis
of heavy atomic nuclei in thermonuclear explosive devices [30], this process is controlled
and sustained under engineered conditions.

Atomic nuclei consist of two types of nucleons—protons and neutrons—held together
by the strong nuclear force. The binding energy of each nucleon to the rest of the nucleus
depends on the total number of nucleons in the nucleus. This dependence is quantitatively
described by the semi-empirical mass formula, which expresses the total binding energy as
a sum of volume, surface, Coulomb, asymmetry, and pairing terms:

Z(Z —1) (A—27)?

2
Eg(A,Z) =ayA —agA3 —a —a
B(A,Z) = ay s C e AT

+4(A,Z), 1)

where Eg—nuclear binding energy; A—mass number (total number of nucleons); ay, ag,
ac, ap,—coefficients of volume, surface, Coulomb, and asymmetry energies (according to
the liquid drop model [31]); 6(A, Z)—pairing correction term.

For light nuclei, the binding energy per nucleon increases with the number of nucleons,
whereas for heavy nuclei, it decreases. Adding nucleons to light nuclei or removing them
from heavy nuclei results in a difference in binding energy. This energy difference is
released as net energy, manifesting as the difference between the energy input required to
initiate the reaction and the kinetic energy of the emitted particles.

Since protons in a nucleus carry a positive electric charge, nuclei must possess signif-
icant kinetic energy—sulfficient to overcome the Coulomb barrier—in order to approach
each other closely enough for nuclear forces to become effective. The Coulomb potential
between two nuclei with charges Z;e and Ze is given by:

1 Z1Z,6?

Vel(r) = 47Te) r

, 2

where Vi (r)—Coulomb repulsion potential at the distance r between nuclei; Z1, Z,
—atomic numbers of the colliding nuclei; e—elementary charge; ep—vacuum permittivity.

Nuclear fusion reactions can occur with low probability even under thermodynam-
ically non-equilibrium conditions, for example, by accelerating nuclei of one or more
reaction components to high velocities and directing them onto a target containing nuclei
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of another component [32]. At low energies, fusion is made possible by the quantum
tunneling effect. Under conditions of extremely high matter density, picoscale nuclear
reactions may occur, driven by zero-point oscillations of nuclei at the lattice points of a
crystalline structure. Nevertheless, substantial energy release is achieved primarily through
thermonuclear reactions occurring in a medium heated to extremely high temperatures,
where overcoming the Coulomb barrier becomes a collective, large-scale process (with mat-
ter in the plasma state). For successful thermonuclear fusion, the high-temperature plasma
must be confined for a sufficient duration to ensure effective reaction rates. This require-
ment is quantitatively expressed by the Lawson criterion [33], which defines the minimum
product of plasma density, confinement time, and temperature necessary to achieve net
energy gain:

ntegT > L, 3)

where n—plasma density; tz—energy confinement time; T—plasma temperature; L
—threshold value (for the deuterium-tritium reaction, L ~ 3 x 10! keV-s-m~3, corre-
sponding to the minimum triple product required for net energy gain).

In general, the thermonuclear fusion process can be described as follows: at sufficiently
high temperatures, light atomic nuclei approach each other to distances where a strong
but short-range interaction becomes significant. This interaction overcomes the Coulomb
barrier between the positively charged nuclei, leading to their fusion and the formation
of a new, heavier nucleus. During this process, part of the nucleon mass is converted into
binding energy, and a large amount of energy is released due to the strong nuclear force.

In practice, for achieving controlled thermonuclear fusion, fusion reactions that occur
at moderate temperatures and exhibit the highest cross-section values—characterizing
the probability of particle reactions upon collision—are considered. Particular interest is
focused on the reaction between the nuclei of heavy hydrogen isotopes—deuterium and
tritium. Studies [34,35] show that initiating the fusion reaction of a deuterium-tritium
mixture (Figure 1) requires less energy than the amount released during the reaction. This
net energy gain is explicitly quantified by the deuterium-tritium fusion reaction:

2H 4+ %H — jHe + jn + 17.6 MeV. 4)

2H
“He 4 3.5 MeV

> Energy
3H

L
/% () n+141MeV

Figure 1. Deuterium-tritium fusion reaction scheme.

The most promising systems for achieving controlled thermonuclear fusion are those
operating in steady-state or quasi-steady-state regimes. Among such systems are magnetic
traps, which confine high-temperature plasma using a magnetic field. This field restricts
the motion of charged particles, providing a magnetic insulation effect. The most widely
used type of magnetic trap is the tokamak—a toroidal system in which the magnetic
configuration is formed by external coils and an electric current flowing through the
plasma [36]. Although tokamaks theoretically allow for indefinite confinement of individual
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charged particles, particle collisions and the development of plasma turbulence lead to
plasma losses.

In the context of a quantum-inspired multiobjective optimization algorithm, the
concept of controlled thermonuclear fusion is proposed to be utilized in terms of the
following aspects:

1. Each algorithm agent represents a particle in a state corresponding to a solution of the
optimization problem. The ensemble of all agents forms a unified system—plasma.

2. Each agent possesses a certain energy—lower energy corresponds to a better solution.

3. During algorithm execution, energy is released through interactions between agents.
This interaction is modeled as a process of information fusion or information exchange,
which may improve solution quality.

4. The agent system has a temperature that controls the intensity of interactions. The
initial temperature sets the initial energy level of the system.

5. System cooling is modeled as a gradual reduction in temperature, allowing the system
to stabilize and converge toward optimal solutions. At high temperature, the system
actively explores the solution space. At low temperature, solutions «condense» around
local or global optima.

3.2. Qudit as a Multilevel Quantum Agent

A qudit [9] is a multilevel unit of quantum information that, unlike a conventional
qubit, can exist in a discrete set of states of dimensionality 4 > 3. In general, a qudit can be
expressed as:

|l/7> = IXO|O> —|-061|1> + 0(2|2> + D(3|3> + -+ l’id_1|d — 1>
=Y aili) (5)
= (0{0,061,062,063,. ..,Oéd_l)T S Cd,

where |¢) is a quantum system existing simultaneously in more than two states; |j) is
an orthonormal basis vector; ag ... _1 are complex probability amplitudes such that
ag... 041 €CL lagl?+ lag 124+ lap 1?2+ lag 12+ + |txd_1|2 =1.

To simplify the treatment of the qudit as a physical system, its description in terms
of the density matrix p is proposed [37]. In general, the density matrix is an operator that
characterizes the quantum state of a physical system, since any physical observable can
be represented as the expectation value of a corresponding Hermitian operator. If the
quantum system is in a pure state described by a single wave function, the density matrix
takes the following form:

o=[¥)(¥], ©)

where ¥ is the wave function.
Substituting (5) into (6) yields:

o = (T i) (T ag (k) -
= L100 Tz aiag i) (k| = o = wjaf,
where & denotes the complex conjugate of the amplitudes ay, k = 0,d — 1; Ok is the element
of the density matrix corresponding to the transition between the states |j) and (k|.

Since the interpretation of states with dimensionality d > 3 using the Bloch sphere is
impossible, and Formulation (7) does not allow for an explicit analysis of the system’s co-
herence and dynamics, an alternative approach based on Heisenberg-Weyl operators [38] is
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proposed. These operators are defined as unitary transformations acting on a d-dimensional
Hilbert space H4:

d—1
Wy, =Y e 4 p)(n, (8)

where p,g € {0, 1,2, 3,...,d—1}; |[n+ p) is a cyclically shifted basis vector (modulo
d); e2in1/4 is a phase vector; for W4 the property W;,qu,q = I holds, with I being the
identity matrix and W+,q is the Hermitian conjugate of W, ;. Moreover, Tr (W;,qu/,q/> =
d x 5p 0045 where (5p y and ‘wa’ are Kronecker delta symbols.

The expansion of a bounded density matrix operator p in C? in the Heisenberg-Weyl
operator basis takes the following form:

de =q= OCPIqWPﬂ’ (9)

Cpg = Tr(pW;rw), (10)

where ¢, ; are the expansion coefficients, determined based on the fact that the Heisenberg-
Weyl operators form a complete orthonormal basis in the d x d-dimensional space.

The Hermitian conjugate of the Heisenberg-Weyl operators W;q can be expressed,
taking into account (8), as:

W, = YO o2 ) (). (1)

m=0

Then, using the linearity property of the trace and substituting (11) into (10), we obtain:

Cpg = Tr(pﬂj;lo 6727Timq/d|m><m + P‘ )

. (12)
= Xy e 2 AT (o ) (m -+ pl ).

The trace of the product of operators can be written in terms of matrix ele-
ments as Tr(p|m)(m+p|) = (m+ p|p|m). Re-defining the index m to align with
the state |m) by substituting m’ = m + p (modulo d) leads to the transformation
(m—+ p|p|m)y — (m|p|m+ p). As a result, the expression for the expansion coefficients
¢p,q reduces to the following equation:

d .
Cpg = Zm o (m|p|m + p)e2mimald, (13)

Substituting the expansion coefficients (13) and the operators (8) into (9) results in the
final density matrix p taking the form:

P =I5 o(zd-l (m| plm + p)e=2mma/d) (LAk 270/ | 1 p) (n] )
= §Ey g0 Ko (] plm -+ pye 27ma/e2ma A+ p)
= 1 gm0 Ko (ol -+ )20~ A )
= FTyomgd{mlelm - p) s+ p) (m
= Tjoneo (ml o+ p) m -+ p)m
Zp m= 0Pm,m+p|m+P><m|,

(14)

where 22;6 e2ma(n=—m)/d — g5, . since the exponential term completes a full cycle when
n # m; Oum+p = (M| p|m + p) denotes the elements of the density matrix.

Since, in the context of a quantum-inspired multiobjective optimization algorithm, a
qudit represents an agent, and a collection of such agents forms a unified system simulating
a plasma, there arises a need to describe the interaction characteristics of agents in terms of
the concept of controlled thermonuclear fusion.
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Let p; be the density matrix of the i-th qudit, satisfying the conditions p! = p;,

Tr(p;) = 1, p; > 0. The number of qudits in the system is N. Then, the probability of
interaction between adjacent qudits p; and p;,; is calculated as:

Ps = exp(—|E; — Ei11]), (15)

where E; = Tr(p;H) and E; 1 = Tr(p; 1 H) denote the energies of the i-th and (i + 1)-th

00 ... 0
. 01 ... 0
qudits, respectively, with H = | =~ = ) being the Hamiltonian.
00 ... d-1

If the condition ¥ < Ps, wherer € [0, 1) is a random number modeling the stochasticity
of the quantum process, is satisfied, then the new density matrices are calculated as a linear
combination of the current ones:

pi =ap;+ (1 —a)pit,

(16)
Pl = apip + (1 —a)p;,

where « is a coefficient with a random value drawn uniformly from the interval [0, 1),
determining the contribution of each density matrix to the new state. This allows the
creation of new states described by the density matrices p; and pj,;, which represent
a «mixture» of the original states. Specifically, the state described by p!, is formed as a
weighted sum of the states represented by p; and p; 1, where the weight coefficient for p;
is « and that for p; is 1 — a. Similarly, the state described by p;_ ; is formed as the same
weighted combination of p,,; and p; with identical weights.

The new density matrices p; and p;; preserve the Hermitian property, since a linear
combination of Hermitian matrices with real coefficients is also Hermitian:

+ +
()" = (ap; + (1= a)pip1)’ =apf + (1 —a)pl,; = ap; + (1 —a)piy1 = 0},

ot t t + / 17)
(Pi1) = (@pip1 + (1 —a)p;)" =apl  +(1—a)p] =apiys + (1 —a)p; =},

After updating, the density matrices p; and p; ; are normalized to preserve the

property Tr(p) = 1:
/ P
P; < Tr(p;)' a8)
ol . Pitq
A Te(eg,)”

When agents in the system interact, energy is released. This process is simulated
through local optimization of solutions from the Pareto front obtained by the quantum-
inspired algorithm. Here, the Pareto front represents a set of non-dominated solution
vectors F = {sq,82,83,...,8,}, where a non-dominated solution vector s, with b = 1,0
corresponds to a solution vector x; = (erl, X2, X23, -, xa,n) (n—total number of vari-

ables) from the set of all solutions K = {xl, X2,X3,..., XQ} with 2 = 1,2 (2—total number
of solutions). Each non-dominated solution vector s; is characterized by a vector of objec-
tive function values fx, = [f1(x2), f2(x2), f3(X2), - - -, fu(xe)] (h—number of objectives) and
belongs to the feasible region defined by the constraints g;(xz) € G (G—set of constraints,
T = 1,4, 4—total number of constraints). For each solution vector xz, the non-domination
condition is checked. For example, in a minimization problem, for two solution vectors
Xz21,Xz2p € K, we say that xz; dominates xz, if the following conditions are satisfied:

Vie{l, 2 3,...,h}, fi(xe1) < fi(xep) A3L: fi(xe1) < fi(xep)- (19)
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Similarly, in a maximization problem, for two solution vectors xz1, X2 € K, we say
that xz; dominates xz; if the following conditions are satisfied:

Vie{l, 2 3,...,h}, fi(xe1) > fi(xep) A3l : fi(xe1) > fi(xes)- (20)

During the physical process of thermonuclear fusion, plasma inevitably cools down
due to energy losses through radiation, absorption by the reactor walls, plasma instabilities,
and other factors [39]. By analogy with physical plasma, cooling in the agent system is
modeled as a gradual reduction in the parameter T, which controls the system temperature.
This leads to stabilization of the probabilities of quantum states, and the system evolves
toward a state of minimum energy.

During the cooling process, for each qudit the density matrix p; (i = 1, N, N being the
number of qudits in the system) is scaled using the current temperature T:

p.
pfo = exp (Tl)' (21)
where T > 0.

The resulting matrix pfx’g is normalized such that its trace equals 1:

o; "
p; - Z exp\ (22)
(o)
After updating all density matrices, the system parameter T is decreased according to
the formula:

T =T", (23)

where T is the current temperature; T’ is the new temperature; y € (0, 1) is the cooling
coefficient.

3.3. Description of the Algorithm

In general, the structure of the quantum-inspired multiobjective optimization algo-
rithm based on thermonuclear fusion (hereinafter referred to as TF-QIMOA) consists of a
set of interconnected components: initialization of density matrices of quantum states, eval-
uation of solution fitness, simulation of quantum interactions between qudits as particles,
local optimization of solutions from the Pareto front, and simulation of the cooling process
of the qudit system.

The execution of the algorithm for initializing density matrices of quantum states
(Algorithm 1) begins with the construction of the generalized Hadamard gate matrix
H, which is required to create a uniform superposition of all basis states of the qu-
dit in d-dimensional space [10]. Next, for each qudit i in the system of N qudits, the
s = 10),10) = (1,0,0,...,0" € C% The generalized
Hadamard gate is applied to the initial state |¢)

initial state is set to |¢)

it transforming it into the superpo-

sition state |¢p),,,,. Then, a random noise term 17 ~ N(0,0?) is added to the superpo-

sition state |¢),,, to simulate quantum fluctuations in the system, where 7 is defined

su
as a noise Vectorpgenerated from a normal distribution with zero mean and variance 2.
The resulting state [¢),is, is normalized to obtain the state [¢),,.,, = diizz:i g where
W) noisy| = \/ngg‘wnoisyﬂz. Afterwards, the density matrix p; is constructed for the
current qudit i, computed according to (14) as p; = Z‘;;ln:o CmCpyyp|m + p)(m|, taking into
account that um+p = CmuCpyp = [Omm+p| = lem| x ’c,’; +p|, where ¢y, is the probability

*

amplitude of the state ), and ¢, ,

is the complex conjugate of the probability amplitude
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of the state |m + p). The resulting density matrix p; is added to the list pj;;. After the
list p;5¢ is populated with density matrices for all N qudits, it is returned as the output of
Algorithm 1.

Algorithm 1. Initialization of Density Matrices

Input: d € N> dimension of the qudit (number of basic states).
N € N number of qudits in the system.
p1st = @ b list for storing density matrices.

1. H(x,v) = ﬁezm’“’/ 4 1 define the generalized Hadamard gate matrix
2. withx, v =0,d — 1.
3. For each quditi =1, N do:
4. [)imit = (1,0, 0,..., 0)T € C? > set initial state to |0).
5. [P)sup = H| W) 0 > apply generalized Hadamard gate to initial state.
6. [¥)noisy = |#)sup + 1 > add random noise 7 to the superposition state
7‘ |¢>SHP
8. |¢’>norm = % > normalize the state.
mmy
9. =yi- . L o CmCy m4plm + p){m| > construct the density matrix for the
10. current qudit.
11. p1st < p1st U {p;} > add density matrix p; to list pjg.
12. End loop.
13. Return pj; > list of density matrices.

Fitness evaluation (Algorithm 2) begins with performing the Cartesian product of the
set of qudit indices 7;,; € [0, N) and the set of state sample indices o5 € [0, Q), where N
is the number of qudits in the system, Q is the number of state samples per qudit. From the
resulting set M after computing the Cartesian product, the qudit index i;,; is iteratively
selected and passed to the function ©(i;,;) for mapping the qudit to the feasible region.
This function can be written as:

. (24

([lowerq, upper,], [lowery, upper,], ..., [Zowern,uppern])imd, n>1

, (lowery, upper,). ,n=1
@(lind) — { Viig

where lower, is the lower bound of the variable’s value range, upper, is the upper bound
of the variable’s value range; ¢ = 1,n, n is the number of variables.

Based on the mapping R;, , = O(i;;4), a random solution vector from the feasible
region R;, , is generated as x; ~ U(R;, ,), where U denotes the uniform distribution. If
the condition of satisfying all constraints is met, i.e., V7, y(gr(xz)) = 1 (y is the indicator
function, g (xz) € G), then the values of all objective functions fx2 are calculated, and the
set of non-dominated solution vectors F is updated as:

F {xg € F:—=3yy € F(yp <xz) } U{xe: =Jyn € F(xe < yp) }, (25)

where x; is the vector of the current candidate solution; Yb is a solution vector from
the set of already found non-dominated solutions; 2 is the index of the current solu-
tion; b is the index of a solution in the non-dominated set; the operator < denotes the
dominance relation.

Then, the new solution vector x; is added to the list of all solution vectors S,;;. At the
end of Algorithm 2, the set of non-dominated solution vectors F and the list of all solution
vectors S,j; are returned.
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Algorithm 2. Fitness Evaluation

Input: Sa1 = @ > list of all solution vectors.
F = @ 1> set of non-dominated solution vectors.
N € N> number of qudits in the system.
Q € N> number of samples per qudit.

1. M = {(iind, 0sp1) : fing € [0, N), 05 € [0, Q) } > Cartesian product of the set of
2. qudit indices and the set of sample indices.

3. For each qudit index i;,; in (iindlospl) € M do:

4. Ri,, = O(ijna) > map qudit to feasible region.

5. xz ~ U(R;, ) > generate a random solution vector xp.

6. If V7, y(gc(xz)) =1 then:

7. f,(2 = [fi(xz), f2(x2), f3(xz),- .., fu(xz)] > evaluate all objective functions.
8. F«+ {xz eF: ﬁﬂyb € F(yb =< xz) } U {XZ : ﬁﬂyb € F(xz =< yb>} > update the
9. set of non-dominated solutions.

10. Sant = Sap U { (xa, f"a) } > add new solution vector to the list of all

11. solution vectors.

12. End loop.

13. Return F, S, > updated set of non-dominated solution vectors and list of

14. all solution vectors.

Algorithm 3 simulates quantum interaction between qudits in the system. The al-
gorithm takes as input the list of density matrices p;5;. In a loop, the current qudit i is
iteratively selected under the condition i € {2-e+1:e € Z,0<2-e+1 < N}, and the
interaction probability P; between p; and p; 1 is computed using Formula (15). If the con-
dition r < Ps, where r € [0, 1), is satisfied, the following steps are performed sequentially:
calculation of the new density matrices pg and pg 1 according to Equation (16), normaliza-
tion of the density matrices p; and p; ; using Equation (18), update of the original density
matrices p; < pj and p;q < pj, . Upon completion of the algorithm, the updated list of
density matrices pjq; is returned.

Algorithm 4 implements local optimization of solutions from the Pareto front. In the
first step, the weight vector w is initialized. If w = &, then the elements w; (I = 1,h) of
the vector w are set as w; = 1/h. Then, an empty set D is populated with discrete grids

generated as:
ng - ag
d—1

Dé—DU{%+ﬁ- :ﬁ_Qd—l} (26)

where [ag, 1¢| is the range of variable values, € = 1,nand nis the number of variables.
After that, the Cartesian product of all discrete grids is calculated as:

V=D1 XDy X...xDp, (27)

where D, € D.
The result is converted into a list of grid point combination vectors:

V {vl,v2,...,vdn}, (28)

where v, € V Ave € QP k =1,d0.

The second step of the algorithm begins with the creation of a list P,j;, into which the
vectors of diagonal elements of the density matrices p; € pj;; are added. Each diagonal
element represents the probability of the quantum system being in the corresponding basis
state. Next, a unified vector of averaged probability values is created:

Pmean = {perer3r-~-/Pj}r (29)

here p; = AP b e Py = T,d
w. erep] N /pl,]e alls ] A
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Algorithm 3. Quantum Interaction

Input: Pist = {P1, P2, P3, - -, i} > list of density matrices p; € C**¢, i = 1,N.
N € N p number of qudits in the system.

1. Foreach quditi € {2.e+1:€ €Z,0<2€+1< N} do:
2. Ps = exp(—|E; — Ei11|) > calculate the probability of interaction between
3. neighboring qudits p; and p; .
4. Ifr < Ps then:
5. p} = ap; + (1 — a)p;1 > calculate new density matrix p).
6. Pi,q = apipq + (1 — a)p; > calculate new density matrix pj, ;.
7. ’ P,{ : : : ’

Pi < Tremy ) > normalize the density matrix p;.

/ Piy1 ; : i o/

8. Piq m > normalize the density matrix p; ;.
9. p; pl/. > update the density matrix p;.
10. Pi+1 < Pj,q > update the density matrix p; 1.
11. End loop.
12. Return p;5; > updated list of density matrices.

Then, a list L is generated, containing tuples of solutions and the corresponding
products of the scalar function value £(vy, w, B) and a randomly selected probability p, €

Pean fOr €ach feasible point vy. Here, the value of the function &(vy, w, B) is calculated as:

e(vy, w,B) = 27:1 wp fi(vi), (30)

where w; € w; f; € B; B is the set of objective functions; /1 is the number of objective
functions.

If the list L remains empty, the values of all objective functions fs, are computed, and
a tuple containing the solution vector s; and the corresponding objective function value
vector f, is returned.

At the end of the second step, the list L is sorted according to an order determined
by the optimization type ¢: if ¢ = “min”, the sorting is performed in ascending order

as f(vX(l)) < f(VX(z)) < ... < f(vx(dn)), if ¢ = “max”, in descending order as

f (Vx(l)) > f (Vx(Z)) > 2>f (VX( dn))’ where ) denotes the sorting permutation. The
first ¢ solutions from the resulting sorted list L. are then selected and placed into the
list me.

In the third step of the algorithm, a set C is created, containing tuples of candidate
solutions ¢ € Lty and perturbed point vectors [40-42], calculated as:

L="(c+6,¢,u), (31)

where Y denotes the operation of clamping the values of ¢ + ¢ within the bounds [¢, u],
¢ is a random perturbation vector.

Then, for each perturbed point vector t from (c,t) € C, if the feasibility condition
is satisfied—i.e., VT,y(gr(1)) = 1 (y is the indicator function, g-(1) € G)—the value
7. is calculated as the product of the scalar function £(1, w, B) and a randomly selected
probability p, € p,,..,- The scalar function £(1, w, B) is calculated analogously to (30).
Subsequently, if the condition ¢ = “min” Ay, < g or ¢ = “max” Ay, > p holds, the best
solution vector sy, is updated to t, and the best value p is replaced with 7,.

In the fourth step of the algorithm, the condition sy.s; = @ is checked. If this condition
holds, the values of all objective functions fs, are calculated, and a tuple containing the
solution vector s; and the objective function value vector fs, is returned. Otherwise, the

values of all objective functions fs, , are calculated and the set of non-dominated solution

Sbest
vectors F is updated as:

F < F' U {spest : =38crt € F'(Scrt < Spest) } (32)
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where s, is the current solution vector.
The updated set of non-dominated solutions F is then returned at the end of Algorithm 4.

Algorithm 4. Local Optimization of Solutions

Input:  F = {sy,s;,83,...,8,} > set of non-dominated solution vectors s;, € Qn, where
b=1,v.

G=181,82,83 -/ 8q( > set of constraints, y—number of constraints.

B={f1,f2 f3,..., fn} > set of objective functions.

Oist = {P1, P2, P3, - -, P;} > list of density matrices p; € C?*¢ , wherei = 1,N.
D = @ > set of discrete grids for variables.

L = @ v list of tuples of solutions and function values.
w € Q" > weight coefficient vector of dimension /.
Spest = & D> vector storing the best solution values.

N € N number of qudits in the system.

h € N > number of objective functions.

d € N> qudit dimension (number of basic states).

¢ € N> number of best solutions.

@ € N> maximum number of iterations.

o € {“min”, “max”} > optimization type.

o € R > best value.

1. © ¢ +o0 if ¢ = “min” else — oo.

2. For each vector s, € F do:

3. If -3s) € F:s, < s then:

4. If w = @ then:

5. w; = 1/h > set the weight coefficientw; € w, VI € {1, 2, 3,...,h}.
6. D+ DU {as + ¢t 90 =0,d - 1} > generate a discrete grid for

7. variable ¢ over the range [a, 11¢] (8 =1,1) and add it to the set of all

8. discrete grids.

9. V =D x Dy X ... x Dy > Cartesian product of all discrete grids.

10. V {V], v2,.,V.n } > convert V into a list of grid point vectors,
11. where v € V A vy GQH, k=142

12. Pui = {p1, P2 P3 - -, P;} > create a list of vectors containing the diagonal
13. elements of the density matrices from p;5; , wherei =1, N.

14. Puean = {P1,P2,P3,-- -, pj} > calculate the vector of mean probability
15. values, where p; = (Zfil pi,]-) /N, withp;; € Py, j= 1,d.

16. L= {(kas(kaw/B)'pf) “Pr € Puean'Vk € VAVET €G, Y(g'f(vk)) = 1}
17. o> create a list of tuples containing feasible solutions v; and the

18. corresponding values of the scalar function &(vy, w, B) scaled by

19. a randomly selected probability p, from p,,,,..-

20. If L = @ then:

21. fs, = [f1(sp), f2(sp), f3(sp), .-, fu(sp)] > create the objective function
22. value vector for solution s;.

23. Return (s, fs, ) > a tuple containing the original solution and

24. its corresponding objective function value vector.

> Luorted = {(me () (x f(va@) ) -0 (Vx<dn>'f (an))) } g
26. D> create a sorted list of tuples (V;((k)/ Flvxm) ) € L, ordered according to
27. the sorting permutation yx.

28. Ltop = {(ve, f(v¢)) : (Ve, f(¥¢)) € Lsortea, 6 = 1,7} > select the first

29. { tuples from the list Lyyyse4.

30. For each iteration @; = 1, @ do:

31. For each candidate ¢ € Ly do:

32. C={(c,t):c € Lpp,t=7T(c+6,¢,u)} > create a set of tuples
33. containing candidate solutions and perturbed point vectors,

34. where perturbation is clamped to the feasible range [¢, u].

35. End loop.

36. End loop.

37. For each pair (¢, 1) € C do:

38. If V7,y(g: (1)) = 1 then:

39. 7. = (1, w, B)-p; 1> calculate the value 1y, as the product of the
40. scalar function &(1, w, B) and a randomly selected probability
41. pr from the vector p,,,,,, , for the perturbed point t.

42. If (0 ="min” Ay, < p)V(¢ = “max” Ay, > p) then:

43. Spest <— L > update the value of s,g;.

44. @ < 7. > update the value of p.
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Algorithm 4. Cont.

45. End loop.

46. If sy = @ then:

47. fs, = [f1(sp), f2(sp), f3(sp), -, fu(sp)] > create the objective function
48. value vector for solution s;.

49. Return (s, fs, ) > a tuple containing the original solution and

50. its corresponding objective function value vector.

51. fsy, = Uf1(Sbest), f2(Stest), f3(Stest)s - - -+ fii(Spest)] > create the objective

52. function value vector for the best solution sp,;.

53. F < F'U{Spest : 7IScrt € F/(Sert < Spest) } > update the set of

54. non-dominated solution vectors, where F' = {S¢;t € F : =(Spest < Sert) }-
55. End loop.

56. Return F > updated set of non-dominated solution vectors.

Algorithm 5 describes the cooling process of the qudit system. The algorithm takes
as input the list of density matrices p;5; and the current system temperature T. In a loop,
each density matrix p; € pj is scaled using the current temperature T according to
Equation (21). The resulting matrix pfo is then normalized using Equation (22), and the
result is written back to p;. After all matrices in p;5; have been updated, the temperature T
is decreased according to Equation (23). At the end of the algorithm, the updated list of
density matrices p;;; and the updated temperature T are returned.

Algorithm 5. Qudit System Cooling

Input: oist = {P1,P2, 03, - - -, pi} > list of density matrices p; € C**? , wherei = 1,N.
N € N> number of qudits in the system.

T € R > initial temperature of the system.

For each density matrix p; € pj;; do:

p;"" = exp( %) > scale the density matrix p;.
exp

p; _ﬁ?;’iw) > normalize the density matrix pf’w .
i

End loop.
T + T-9%% b reduce the system temperature.
Return p;5;, T > updated list of density matrices and system temperature.

Sk LN

The TF-QIMOA algorithm runs until at least one of two termination conditions is
met. The first condition is satisfied when the current system temperature falls below
the minimum allowable temperature, i.e., T < T,,;,. The second condition is met when
convergence is achieved, based on the average change in objective function values for
neighboring solutions.

Convergence assessment involves measuring the difference between the current Pareto
front Fyep and the previous Pareto front F,y. If Fuerp = @ or Fyy = &, convergence
assessment is not performed. If F,.y # @ and F,;; # &, then for each pair of solution

vectors (xgew, fxgew) € Fuew and (xffd,f ) € F,14, the following is calculated:

1d
X%

X

Af gew,xﬂd = |fngw — fx"kld |, (33)

where Af e 04 is the difference in objective function values between the two solution
2 Tx

vectors; x;°%

is a solution vector from the current Pareto front F,;,; led is a solution vector
from the previous Pareto front F,;;; fngw is the objective function value vector for x}*;

f o1 is the objective function value vector for X0,
"

Next, the total change is computed as Af;;, =), Afxgew,x,”}”’ and the number of matches

is calculated as h = |{(x}V,x2) : |x*® — xg/4| < N}|, where R € RT is a small positive
number defining the acceptable deviation threshold (by default set to 1 x 10~°). Conver-

gence is considered achieved if:
Afiotal

2 <, (34)
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where Af;, /1 is the average change; U € R™ is a small positive number defining the
threshold value (by default set to 1 x 1073).

During the execution of the TF-QIMOA algorithm, the number of non-dominated
solutions may exceed the population size. To prevent unrestricted growth of the archive of
non-dominated solutions and maintain computational efficiency, a truncation procedure
based on the density distribution of solutions in the objective function space is applied.
The essence of this approach is as follows: first, for each solution, a so-called «crowding
distance» is calculated—a measure indicating how close the nearest neighbors are to the
given solution [43]. Solutions located in densely populated areas of the Pareto front receive
smaller values of this distance, whereas solutions at the edges or in sparse regions receive
larger values. After evaluating all distances, the most «crowded» solutions are selected
and sequentially removed until the total number of non-dominated solutions equals the
original population size. This mechanism not only limits the size of the archive but also pre-
serves solution diversity, including extreme (boundary) points and uniformly distributed
internal solutions, which is critically important for comprehensive coverage of the entire
Pareto front.

3.4. Adaptation of the Algorithm to a Hybrid Quantum-Classical System

The value of existing quantum-inspired algorithms lies in their practical applicability
and accessibility to any industry [44], due to their ability to operate without quantum
computing devices and systems. In the future, with the emergence of quantum hardware
on the market possessing sufficient power and robustness of qubits against environmental
noise [10], it will become possible to seamlessly transfer quantum-inspired algorithms
to such hardware [44]. However, research in the implementation of quantum-inspired
algorithms based on quantum logic circuits [45-48] indicates the need to adapt these al-
gorithms for quantum-classical computing systems. Therefore, the task of interpreting
the TE-QIMOA algorithm as a set of quantum logic circuits integrated with classical algo-
rithms that process solutions and prepare data for quantum encoding becomes increasingly
relevant, forming a unified quantum-classical algorithmic system.

Since the qudit is used as the primary logical unit in the TF-QIMOA algorithm,
and states of dimensionality d > 3 cannot be represented using the Bloch sphere, the
implementation of a qudit in a quantum logic circuit is proposed to be realized using qubits.
The number of qubits required per qudit can be calculated using the formula:

n = [log,d], (35)

where 7 is the number of qubits; d is the number of basis states of the qudit.
Then the qudit state |j) (where j € {0, 1,...,d — 1}) is encoded into the basis states of
n qubits:
j) = [bu—1bu—2 ... bo), (36)

where by is a classical bit (with by, = {] / ZkJ mod2); k is the bit position (with k = 0,17 — 1).
For example, if a qudit of dimensionality d = 4 is required, 2 qubits are needed,
encoding the qudit’s basis states as follows:

0)4 = 100), [1)4 = [01), [2)4 = [10), [3)4 = [11), (37)

where the subscript d indicates that the state belongs to the qudit.
It is important to note that when d is not a power of two, the number of required
qubits is still n = [log, d|. However, in this case, some states available in the qubit space
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remain unused. For example, for d = 3, two qubits are still required, but the state |11)
is ignored.

To create a superposition of all possible states in a system of n qubits |¢), the tensor
product of n Hadamard gates is applied:

®H|O

\/272]2 o li) (38)

where H is the Hadamard gate (with H|0) = %(|0> +1(1))); |j) is the qudit state encoded
in the basis states of n qubits.

After creating the superposition of states in the system |¢), it is necessary to retain
only those states that are valid according to the number d of qudit basis states. To this end,
an ancillary qubit in the state |0) is added to the system |¢). The system now becomes:

¥y = |9) ©|0) = \/2722 5 i) @ o). (39)

A CNOT gate is applied between the first main qubit and the ancillary qubit in the
system |¢’). This operation transforms the first n states in the system |¢’) into values
corresponding to the basis states of n qubits. In general, this can be expressed as:

o)), ¢=0
CNOT|c)|t) = (|0)(0] ® I + [1)(1] @ X)]c)|t) = , 40
o)) = (10)(0] @ I+ [1)(1] ® X)) |t) {C>X|t>, 1 (40)

where |c) is the control qubit, |) is the target qubit; |0) (0| and |1) (1| are projectors onto
the control qubit’s states; [ is the identity operator; X is the Pauli-X operator.

The Pauli-X operator is applied to the ancillary qubit, which inverts its state to the
opposite one.

The CNOT gate is now applied again to the first main qubit and the ancillary qubit, but
with the roles reversed: the main qubit acts as the target and the ancillary qubit as the control.
This operation sets the state of the ancillary qubit to |1) for all states of the system |¢).

Then, the set of valid qudit states is defined as B = {| jy:j=0,d— l} and a quantum
oracle Ug is applied, which transforms the ancillary qubit into the state |1) if the main
qubits are in one of the valid states:

Yol | eB
g: )0y » I 1 EB (41)
Bl . .
H®10), i) ¢B
After applying the quantum oracle Ug, the resulting state of the system is:
/" 1 ; ;
") = ﬁ<2|f>63 |]>®\1>+Z|j>¢3 j) ®10)). (42)

Next, the ancillary qubit is measured. If its state is |1), the main qubits collapse into
the subspace of valid states [49]:

l9s) = ﬁz“ esli) (43)
where |B| is the number of valid states.

The complete process of qudit initialization via qubits on a quantum logic circuit is
illustrated in Figure 2.
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Taking (43) into account, the overall state of the qudit system consisting of N qudits is
given by the tensor product of the states of all individual qudits:

N . . .
lps( )> = W Z(Ijl),\jz),---,\jM)EB i) @ j2) @ ... ®jN)

(44)

_ 1 . . .
= B i )i Bl 2 N

T
H N

|0)®n — H

T
MO [ [

M
10) v B

Figure 2. Quantum logic circuit for the qudit initialization process.

The encoding of objective function values fx, can be achieved through phase shift. Let
£, = [f1(xe), f2(Xe), - -, fu(Xe)], Xe = (x21, %22, ..., Xon), 0 is the number of variables, & is

the number of objectives. For each state |j, ja, - ., jn )5 (8 = 1,|B|") in the superposition
’1[)5(1\])> the objective function values f, are calculated based on the given constraints and
the variable values assigned in x;, with the values in x; varying for each state |jy, j2, ..., jn)5-
Then, the phase encoding of the values for all objective functions in fx, for the state
lj1,j2, - - -, JN)5 can be written as:

P5 = Z;lzl UIfl (xa,1, X224y xa,n) (45)

where o; is the weight coefficient for the I-th objective function, o; € R.
The encoding is performed using the RZ gate, which is applied to each qubit of the
state [j1, /2, ..., jN)g as follows:

RZ(@o)lj1 s vin)g =€ 902 |ji, o, jNDg
= e 99/2(|j1)5 ® |j2)g ® - .- ® |in)g)
(2 (7))
- (e—i¢’8/2|171> ®e2|0) ®... ®e_i¢5/2‘q”>)
®(€*i¢a/2\fh> ®e2p) ... ® 571¢5/2|q”>)
@ (e #0/2|q1) @ e W02|5) @ ... @ e 99/2g,,))

(46)
1

2
NI
where |g) is the state of the qubit.

The state of the qudit system after phase encoding can be written as follows:

o) = \/;WZ(U'NJZ),...,]'N))E'B (7o i) #7)
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Next, the quantum oracle Up acts on the system ’wf([N) >, flipping the phase of the state
lj1,J2, - - -, jN) 5 if it corresponds to a non-dominated solution, while leaving all other states
unchanged. The quantum oracle Up operates according to the rule:

7|j1/].2/~--er>6r |jl/j2/~--er>Ej:>£

o . . . , (48)
|]1/]2/--'/]N>6/ |]1/]21--~/]N>8:'t>£

Up:ljijar-sjN)g — {

where £ is a non-dominated solution; the operator = denotes the correspondence relation.

The Grover diffusion operator or «inversion about the mean» [50,51], amplifies the
amplitudes of «marked» states, thereby enhancing the identified solutions from (48), which
are encoded in these «marked» states, among all possible states of the system.

According to the «inversion about the mean» method, the average amplitude « of
the probability amplitudes of the quantum states in the system ‘gb}N)> is calculated using
the formula:

1 y-B"

K= —==

‘B|N =1 %0 (49)

where w5 is the probability amplitude of the state |fi, j, ..., jN)5-
Each amplitude aj is transformed under the action of the Grover diffusion operator as
follows:
oy = 20 — ag. (50)

The transformation of the state amplitudes of the system ‘lPJ([N)> by the Grover diffu-
sion operator is implemented on a quantum logic circuit, according to [51], by applying a
Hadamard gate, a Pauli-X gate, and a multi-qubit C... CNOT gate to each qubit forming
the multi-qudit state |jq, jo, ..., jN)5-

The implementation of the process of phase encoding of objective function values and
amplitude amplification of states on a quantum logic circuit is shown in Figure 3.

Local optimization of solutions from the Pareto front F = {s1,sp,s3,...,Sy} is per-
formed by generating a neighborhood of candidate solutions for each solution s, € F,
b = 1,v, and selecting among the new solutions those that are non-dominated. To this
end, the phase of qudits in the system ’lpj(‘N)> is updated by sequentially applying the RZ
gate to each qubit of the multi-qudit state [ji, 2, ..., jn) 5. In this case, the new phase ¢} is
formed by adding a small perturbation to the original phase ¢z from (45) [52,53]:

95 = ¢a + 09, (51)

where d¢ ~ U(—¢,€) is a random perturbation drawn from a uniform distribution over
the interval [—¢, €], € € R is a parameter controlling the scale of the perturbation.

(i -{rze i He Hx He K Hx He HA-

i) -i{RZ(90) }

py J U2) {RZ@) [ ¢y HH H X X HH A

1 HHHxXxHI 1 Hx HHHA—

Figure 3. Quantum logic circuit for phase encoding of objective function values and amplitude
amplification of states.
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Then, the application of the RZ gate to each qubit of the state |ji, 2, ..., jN)z iS €x-
pressed analogously to (46), with ¢g replaced by ¢7.

Then, the quantum oracle Up is applied again to the system ’wj(,N) >, flipping the phase
of the state |, jo, ..., jN)g if it corresponds to a non-dominated solution, while all other
states remain unchanged. Subsequently, the Grover diffusion operator is applied to amplify
the amplitudes of the «marked» states.

The implementation of the process of local optimization of solutions from the Pareto
front on a quantum logic circuit is presented in Figure 4.

7j1>-H-i-RZ(¢é)-i- HHHXHH <> HHx HHHA—
YV < |jz): Hp RZ($3) 1 Up [ HHX X HH HA—
JJN>-H-§-RZ(¢3 : HHHXH ! I Hx HHo HA—

Figure 4. Quantum logic circuit for the local optimization of solutions from the Pareto front.

The overall structure of the quantum-classical algorithmic system implementing the
TF-QIMOA algorithm is shown in Figure 5.

The quantum-classical algorithmic system is executed in the following order.

Initially, a system of N quantum logic circuits is constructed, each implementing a
qudit using n qubits. The set of valid basis states in the qubit space is then defined. Next,
the resulting qudit system ‘%(N)> is acted upon by RZ gates, which encode the values of
the objective functions fx,, computed on the classical computing device, into the phases ¢

(whered =1, |B|N). Subsequently, on the classical computing device, solutions are checked
for non-domination. If a solution is non-dominated, the quantum oracle Up flips the phase
of the corresponding multi-qudit quantum state |ji, jo, ..., jN)g, and the Grover diffusion
operator amplifies the amplitude of this state. Non-dominated solutions are then stored in
the Pareto front F on the classical computing device.

Uiy

lj2) 9

lin) =

Qudit system

U

Uy

Uy

[—m >
————— B
o D)
.
.
L]
—
10)®n _E
0) {x}

A

Phase encoding of objective function values and Local Optimization of Solutions
amplification of state amplitudes
.
| -
[y {rzaolk
A .
lim)-{Rz@0) }:
. - ¢---I
Phase calculation Phase calculation
. h - 5
. r s = Z,:,olﬁ(xa“' Xz20 s X)) ¢5 = s +6¢
Checking the non-dominance Checking the non-dominance
condition condition
. ¢ X [
min: fy(xz,) < fi(xz,) A3l fixe,) < fixz,) min: fi(xz,) < fi(xz,) A3l fi(xe,) < fil%z,)
max: fi(xz,) = fi(xz,) A3l fi(%e,) > fi(%e,) max: fy(xz,) = fi(xz,) A3l fi(xe,) > filxe,)
. Saving solutions in the
Pareto front

F ={s,,5,,53,...,5,}

Figure 5. Scheme of the quantum-classical algorithmic system implementing the TF-QIMOA algorithm.

In the second stage, Hadamard gates are applied to the resulting system ’IPJ(IN)>,
creating a superposition of all possible states. The application of RZ gates to the sys-
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tem ‘w}N)> updates the phases ¢5 to new values ¢}, which are computed for each state
lj1, 2, - -, jN)5 on the classical computing device. As a result, a neighborhood of candidate
solutions is generated around each solution in the Pareto front F. Subsequently, these new
solutions are evaluated on the classical computing device to check for non-domination,
while the quantum oracle Up and the Grover diffusion operator identify and amplify
each multi-qudit quantum state |jy, p, . . ., jN)5 corresponding to a non-dominated solution
from the neighborhood. Finally, the new non-dominated solutions are used to update the
Pareto front F.

4. Experiments

The performance evaluation of the implemented TF-QIMOA algorithm is proposed to
be conducted based on the IEEE CEC 2025 benchmark suite [54], specifically using the test
problems from the competition on dynamic multiobjective optimization [55].

Multiobjective optimization problems with time-varying properties (Dynamic Mul-
tiobjective Optimization Problems, hereinafter—DMOPs) are more complex than static
multiobjective problems, which creates significant difficulties for their solution by optimiza-
tion algorithms [56-58]. This is due to several factors. First, changes in the environment of
the optimized system are difficult to detect, and failure to detect such changes may lead to
disruption of the Pareto front formation process due to inconsistency of non-dominated
solutions for two different optimized environments [59]. Second, the dynamic nature of
DMOPs is characterized by irregularity of environmental changes, multimodality, and
discreteness of the Pareto front, which greatly complicates the optimization process [60].
Third, the reaction time of optimization algorithms to changes in the environment of the
optimized system is an important factor. Time constraints in solving DMOPs require opti-
mization algorithms to maintain a balance between diversity and convergence, enabling
them to quickly respond to changes in the environment of the optimized system [61].

The following constrained dynamic multiobjective optimization problems [55] were
selected for testing:

1. DMOPT,
x) = g(x)-x
mm{ A =gtn )
f2(x) = g(x)y/ (1= x7)
subject to the constraint:
T-T, <0
cp =4 Tp =3—cos(mt) —exp(f1) — 0.3sin(4rtf1) — fo , (53)

To = 41— (1+ fi +0.3f%) — 03sin(47fy) — fo

where g(x) = 1+ Y7, x% n is the number of variables; t = [NL‘QJ /n; where r is the
number of current fitness function evaluations, N is the population size, 7; is the frequency

of environmental changes, n; is the intensity of environmental changes; x € [0, 1] X
-1, 1]* 1.

2. DMOPT,

g(x)(x1 + 0.2sin(0.57tt)sin(7rx1))

g(x)(1 — x1 4 0.2sin(0.57tt)sin(7tx1)) (54)

2.
=}
——
.
==
I
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subject to the constraints:

1= (fit+2f—1)(fi+05f—05) >0, (55)
0= f24+f3-14<0,

where g(x) =1+Y" , ((xi — sin(0.571t))* + sin(0.577(x; — sin(O.Snt)))Z); n is the number

of variables; t = {NLHJ /n; where ris the number of current fitness function evaluations, N
is the population size, 1; is the frequency of environmental changes, #; is the intensity of
environmental changes; x € [0, 1] x [-1, 1]"1.

3. DMOPT;
mind A0 =00 56
fa() = g(x)(1 = x1)
subject to the constraints:
T,-T, >0
_ _ sin0.5mt—cos0.5mt —2.2(1—cos 0.57tt)+1.3
a = Ti= SRR fi — o+ Tk -

T, = sin 0.57tt—cos 0.57tt F—fot —2.2(1—cos0.57tt)+1.8

sin 0.57tt+cos 0.57tt sin 0.57tt+cos 0.57t (57)
T3-Ty > 0
- _ sin05mt—cos0.5mt £ _ —2.2(1—cos 0.571t)+2.6
2= Iz = sin 0.57tf+cos 0.577f fl f2 + sin 0.57tt+cos0.57tf 7

__ sin0.5mt—cos 0.5t £ _ —2.2(1—cos 0.57t)+3.1
Ty = sin 0.57tf+cos 0.57tf fi—=fa+ sin 0.571f+cos 0.57t

where g(x) = 1+ ¥ ,(x; — sin(0.57t))%; 1 is the number of variables; t = {NLQJ /1y
where r is the number of current fitness function evaluations, N is the population size, 7;

is the frequency of environmental changes, 1; is the intensity of environmental changes;
x €0, 1] x [-1, 1]*7L.

4. DMOP T,

min f1(x) = g(x)(x1 + 0.25sin(7x1)) (58)
f2(x) = g(x)(1 — x1 + 0.25sin(7x7))

subject to the constraint:
2 2
o= |f2+f2—(13—045sin (2. 110/((£ + 1)mod2) — 1] -arctan(%) ) ))
(59)

16\ 2
f12+f22— 1.5—0—0.4sin<4arctan(£) > )) >0,

where g(x) =1+ Y1, ((xl- —0.5)% — cos(7t(x; — 0.5) + 1)2); n is the number of variables;

t= {NLTJ /1t where rt is the number of current fitness function evaluations, N is the popu-
lation size, T; is the frequency of environmental changes, #; is the intensity of environmental
changes; x € [0, 1]".

5. DMOP T;

min { Al)=g(0x 60)

subject to the constraints:
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a1 = (Vfi+/fa —0.95—05[sin(0.57t)|) (f{2 + f3° — 1.21%) >0,
¢ = (0.8f1 4+ fo — (254 0.08sin(27t(f2 — f1)))) (61)
(093 + ERGOL).fy 4 £, — (2.7 +0.5]sin(057t)| + 0.08sin(27(f> — 1)) = 0,

where g(x) =14+ Y1, (|sin(0.57rt)|(xi — sin(0.571t))* — cos(7t(x; — sin(0.57t)) + 1)2>; n

is the number of variables; t = {NLQJ /1y where i is the number of current fitness function
evaluations, N is the population size, 7; is the frequency of environmental changes, n; is
the intensity of environmental changes; x € [0, 1] x [—1, 1]"~L.

6. DMOP Ty
X) = X)X
i S0 =85 o
fo(x) = g(x)y/1—x3
subject to the constraint:
2
cg=11 - bl —
0.94(0.14-0.7|sin(0.57tt) |)-cos <5arctan<(f—2)H> )
. 140. . 2
2 (63)
- = | =0
N
O.9+(0.870.7|sin(0.57rt)\)~cos<5arctan<(%) ) )

where g(x) = 1+ Y1 5(x; — sin(0.57t))?; n is the number of variables; t = {NLHJ /ny
where rt is the number of current fitness function evaluations, N is the population size, 7;
is the frequency of environmental changes, #; is the intensity of environmental changes;
1, sin (0.57tt) > 0
o { (0.57t) >

; 0,1 -1, 1]*1.
—1, else x€| ]X[ ]

7. DMOP T,

, (64)

in { fi(x) = g(x)-x1 + |sin(0.57t)|
f2(x) = g(x)(1 = x1) + [sin(0.57tt)]

subject to the constraint:

€1 0s(—0.157)- f — sin(—0.157)- f;

=c

65
> (2sin(57t(sin(—0.1577)- f2 + cos(—0.157)-f1)))°, (65)
where g(x) = 1+ Y1 ,(x; — |sin(0.57tt)|)2; n is the number of variables; t = {NLQJ /Ny
where r is the number of current fitness function evaluations, N is the population size, 7;

is the frequency of environmental changes, #; is the intensity of environmental changes;
x € [0, 1]".

8. DMOP Ty

- { f1(x) = g(x)(x1 4 0.25sin(0.57t)sin(7x1 ) )

fa(x) = g(x)(1 — x1 + 0.25sin(0.57tt)sin(7x7))
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subject to the constraints:

1 = (4f1 + fo— 1)(0.3f1 +fo— 03) >0, 67)
e = (185 fi— fo— (03sin(37(fo — 1)))?) (i + fo— 1.3) <0,

where g(x) =1+Y7", ((xl- — sin(0.57tt))* + sin(0.577(x; — sin(O.Snt)))2>; n is the number

of variables; t = NL’L} /n; where i is the number of current fitness function evaluations, N
is the population size, 1; is the frequency of environmental changes, #; is the intensity of
environmental changes; x € [0, 1] x [-1, 1]*L.

9. DMOP Ty

min{ Al =gx)-x , (68)
subject to the constraints:

c1 = ((0.2+0.5(sin(0.57t)|)-f2 + fo —2) (0.7f% + f» — 2.5) >0, -
¢ = f24f% — (0.6 + 0.5[sin(0.57t)[)* > 0, (69)
where g(x) = 1+ Y/ ,|x; — 0.5sin(271x7)|; n is the number of variables; t = {NLTJ /ny
where 1 is the number of current fitness function evaluations, N is the population size, 7
is the frequency of environmental changes, #; is the intensity of environmental changes;
x€[0, 1] x [-1, 1]"1.

10. DMOP Ty

min f1(x) = g(x)(x1 + 0.02sin((10 — || 10sin(0.57tt) | |) 7rx1)) 70)
f2(x) = g(x)(1 — x1 +0.02sin((10 — || 10sin(0.57tt) | |) 7rx1))

subject to the constraint:
¢1 = fi + fo —sin(0.57t) —sin(57(f; — fo +1))* >0, 71)

where g(x) = 1+ Y1 5(x; — sin(0.57t))?; 1 is the number of variables; t = {NLTJ /1y
where rt is the number of current fitness function evaluations, N is the population size, 7;
is the frequency of environmental changes, #; is the intensity of environmental changes;
x€[0, 1] x [-1, 1]~ 1.

For the purpose of conducting a comparative analysis of the performance of the
quantum-inspired algorithm TF-QIMOA, the following algorithms also participate in
the testing: the classical multiobjective optimization algorithms NSGA-III, MOEA /D,
GDE3 [62-64], the quantum-inspired multiobjective optimization algorithm QI-NSGA-
III [65], the dynamic multiobjective evolutionary algorithms DMOEA, MOACO-DCE,
MOEA /D-MDDM [30-34], and the hybrid quantum-classical version of the TF-QIMOA
algorithm implemented as a quantum-classical algorithmic system (hereinafter—Hybrid
TE-QIMOA).

The test results of the optimization algorithms are compared based on the average
values of the solution distribution measure (hereinafter—DM), the Pareto dominance
indicator (hereinafter—NR) [65], the mutual dominance rate (hereinafter—MDR), the
normalized deviation measure (hereinafter—E), the radial coverage metric (hereinafter—
¥) [66], and the execution time ¢.
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For each optimization algorithm, the population size, the maximum number of gener-
ations and the number of variables are set to 100. The frequency of environmental changes
T; for the test problems is set to 20. The number of sectors for calculating the values of
the metric ¥ is equal to 12. The optimization algorithms are executed iteratively over 30
independent runs.

All experiments are conducted on a classical computing device equipped with an
Intel Core 19-13980HX processor and 32 GB of RAM. In the Hybrid TE-QIMOA algorithm,
the computation of objective function values, the calculation of quantum state phases, the
check for solution non-domination, and the storage and update of solutions in the Pareto
front are performed on the classical computing device, while all quantum logic circuits are
executed on a quantum computing device based on eight superconducting qubits [67].

The results of testing the optimization algorithms on DMOP problems T;-T;9 with
environmental change intensities n; = 5, n; = 10 and n; = 20 are presented in Tables 1-3,
respectively. The best metric values are highlighted in bold.

Bar charts of the optimization algorithm test results from Tables 1-3 are presented in
Figures 6-8. The x-axis represents the performance metrics used to evaluate the optimiza-
tion algorithms and the y-axis represents the average values of these metrics.

Based on the test results presented in Table 1, it can be seen that the TF-QIMOA
algorithm achieves the best values in terms of the DM metric in problems Ti, T5, Ty, in
terms of the NR metric in problems T3-Ty and Tg—Tj, in terms of the MDR metric in
problems Ty, T,, Ty, Ty, Ty, Ty, in terms of the E metric in problem Ty, in terms of the
Y metric in problems Ty, T3, T5, Ty, To, T19. The Hybrid TF-QIMOA algorithm achieves
the best values in terms of the NR metric in problems T;, T, Ty, Ty, in terms of the
MDR metric in problems T5, Ty, in terms of the ¥ metric in problems T, Tg, in terms
of execution time t in problems Ty, T, Ty, T;. These observations indicate that, when
using TF-QIMOA, solutions on the Pareto front are distributed most uniformly in 30% of
experiments, a larger number of unique non-dominated solutions are identified in 70% of
experiments, significant progress in solution dominance across generations is observed in
60% of experiments, solutions are closest to the ideal solution in 10% of experiments, and
the largest portion of the objective space of non-dominated solutions is covered in 60% of
experiments. In the case of Hybrid TF-QIMOA, a larger number of unique non-dominated
solutions is identified in 40% of experiments, significant progress in solution dominance
across generations is observed in 20% of experiments, the largest portion of the objective
space is covered in 20% of experiments, and Hybrid TE-QIMOA outperforms the other
algorithms in terms of average execution time t in 40% of experiments. It should also
be noted that the GDE3 algorithm achieves the best values in terms of the DM metric in
problems T, T3, 17, T1g, thus demonstrating better solution distribution uniformity in 40%
of experiments. However, due to its low performance in identifying unique non-dominated
solutions and covering only about one-third of the objective space, this result may indicate
GDE3’s limited ability to effectively explore the overall solution space and discover diverse
solutions. At the same time, the MOEA /D algorithm achieves the best values in terms
of the E metric in 80% of experiments (problems T;-Ty4, Ts—Tg, T1p), demonstrating the
smallest distance between the solutions found by MOEA /D and the ideal solution.

The test results of the optimization algorithms under increased environmental change
intensity to n; = 10 (Table 2) show that the TF-QIMOA algorithm outperforms the other
algorithms in terms of the DM metric in problems Ty, T7, Ty (30% of experiments), in terms
of the NR metric in problems T3-Tjo (80% of experiments), in terms of the MDR metric
in problems T1, Ts—Ty (60% of experiments), in terms of the E metric in problems T;, T5,
T7, Ty (40% of experiments), in terms of the ¥ metric in problems Ti-T5, T7, T1g (70% of
experiments). Meanwhile, the Hybrid TF-QIMOA algorithm achieves the best values in
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terms of the NR metric in problems T3, Tz, T1g (30% of experiments), in terms of the MDR
metric in problem Tj( (10% of experiments), in terms of the ¥ metric in problem Ty (10%
of experiments), and in terms of average execution time ¢ in problems Tj, T4, T7 (30% of
experiments). The GDE3 algorithm outperforms the other algorithms in terms of the DM
metric in problems T3, T3, T1o (30% of experiments) and in terms of average execution time
t in problems T3, T3, T5, To (40% of experiments). However, consistent with the results
in Table 1, GDE3 demonstrates poor performance in identifying unique non-dominated
solutions and insufficient coverage of the objective space of non-dominated solutions. At
the same time, the MOEA /D algorithm shows superior convergence performance according
to the E metric in problems T,-Ty, Ty, Tg, T19 (50% of experiments).

Table 1. Results of the optimization algorithms on test problems with n; = 5.

. Hybrid TE- QlI- NSGA- MOACO- MOEA/D-
Problem Metric TF_é’IMO A OIMOA NSGA-II e MOEA/D GDE3 DMOEA “ip MDDM
DM 0.1265 0.1156 0.1370 02942 01932 01400 01210  0.1185 0.1170
NR 0.3409 0.2901 0.2935 01266 01203 01278 03157  0.3289 0.3351
T MDR 0.0857 0.0966 0.0615 0.0069  —0.0788  0.0420  0.0728  0.0883 0.0896
1 E 0.5503 0.5495 0.6010 0.6881 01443 05688 04811  0.4549 0.1505
¥ 0.4188 0.4273 0.4167 01889 01139 03333 04052  0.3699 0.3823
t 0.5758 1.0537 1.4986 13672 27645 14746 08586  0.9255 1.7814
DM 0.1307 0.1254 0.1314 04020 01462  0.0784 01289  0.1231 0.1217
NR 0.7008 0.5421 0.2487 0.1384 01372 01362 06815  0.6932 0.6987
T MDR 0.0651 0.0652 —0.0184  —0.0731  0.0638 00137  0.0593  0.0627 0.0641
2 E 0.6471 0.4903 0.7723 0.8665 01265  0.6218 04783  0.4529 0.4364
¥ 0.4179 0.4138 0.4167 03306  0.0972 03333 04082 04125 0.4168
t 1.1225 1.5947 2.1014 27390 33628  1.6782  1.3842 14570 1.2690
DM 0.1323 0.1034 0.1336 03214 03487  0.0914 01078  0.1012 0.0986
NR 0.1596 0.3129 0.1696 0.1463 01301 01340 02987  0.3054 0.3091
T MDR 0.0010 0.0140 0.0101 —0.0712  0.0594  —0.0050 00123  0.0097 0.0131
3 E 0.7499 0.6474 0.8524 0.8859 03010  0.6300  0.6218  0.5943 0.5789
¥ 03333 0.3427 0.3278 03250 01306 03333 03369  0.3395 03418
t 3.1752 3.7020 3.4482 45620  3.8757 21301 28432 29718 2.6854
DM 0.0713 0.0795 0.0151 0.0802 02943 01843 00217  0.0189 0.0163
NR 0.1632 0.1832 0.1532 01331  0.1445 01323 01758  0.1794 0.1816
T MDR 0.1180 0.1253 —0.0239  —0.0292 -0.1931 00175 01089  0.1162 0.1214
4 E 0.4279 0.3379 0.5273 05280 03156  0.6206 03287  0.3215 0.3172
¥ 0.3667 0.3333 0.4417 03333 01222 03222 04291 04358 0.4396
t 1.5145 27141 3.6631 42374 44207 17451 21386  1.9050 1.9721
DM 0.0579 0.0434 0.0455 01316 01553 00723  0.0478  0.0449 0.0436
NR 0.1535 0.1551 0.1359 01348 01341 01290  0.1512  0.1508 0.1537
T MDR 0.0023 0.0020 0.0011 0.0004  0.0000  —0.0035  0.0018  0.0021 0.0021
5 E 0.6095 0.6010 0.6042 0.6064 06574 05737 05921  0.5846 0.5793
¥ 0.3426 0.3844 0.3411 03333 02333 03333 03768  0.3802 0.3829
t 2.8636 2.1776 3.6563 17600  4.0508 20266 ~ 24187 25783 2.2075
DM 0.2748 0.1087 0.3109 02966  0.0000 02619 00892  0.0731 0.0975
NR 0.1687 0.1956 0.1405 01239 01332 01377 01873  0.1912 0.1941
T MDR 0.1335 0.1390 0.1115 —-0.0339 00727  —0.0625  0.1284  0.1351 0.1378
6 E 0.4900 0.4350 0.6545 0.6567  0.0000 05650 04218  0.4136 0.4072
¥ 0.3651 0.3908 0.2944 02861 00833 02944 03815  0.3862 0.3894
t 1.5178 1.6256 1.8971 17450  0.8593 15565  1.3290 14878 1.4032
DM 02115 0.1927 0.2454 02548 04524  0.0916 01834  0.1762 0.1698
NR 0.1400 0.1364 0.1318 01273 01396 01369 01381  0.1392 0.1397
T MDR 0.0468 0.0466 —0.0212  —0.0098 —0.0879 —0.0353  0.0452  0.0461 0.0455
7 E 0.5919 0.5784 0.6308 06363 04894 06261 05673  0.5598 0.5531
¥ 0.3761 0.3815 0.4222 03306 01444 03333 04109 04172 0.4201
t 0.5426 0.5925 0.5794 05709 ~ 1.0248 12870  0.6844  0.6387 0.5931
DM 03013 0.3073 0.3833 02700  0.0255 00805  0.0719  0.0587 0.0642
NR 0.1489 0.1578 0.1346 01259 01326 01332 01553  0.1521 0.1569
T MDR 0.0283 0.0285 0.0696 —0.0639  0.0031  —0.0211  0.0584  0.0627 0.0661
8 E 0.5853 0.5005 0.6484 07214 0.0318 06237 04758  0.4926 0.4831
¥ 0.4175 0.3333 04111 03250  0.0861 03333 04089 04162 04136

t 2.9663 2.2034 2.9932 3.9012 0.8415 1.4229 1.8093 1.7354 2.0479
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Table 1. Cont.
. Hybrid TF- QlI- NSGA- MOACO- MOEA/D-
Problem Metric TF-é’IMOA QIMOA  NSGA-III 01 MOEA/D GDE3 DMOEA DCE MDDM
DM 0.1061 0.0972 0.1845 0.2440 0.6592 0.1154 0.1028 0.0983 0.0991
NR 0.1393 0.1393 0.1355 0.1342 0.1361 0.1375 0.1370 0.1390 0.1388
T MDR 0.0805 0.0904 0.0066 0.0167 0.0027 0.0279 0.0841 0.0876 0.0893
9 E 0.5195 0.4367 0.6711 0.7066 0.6585 0.5876 0.4480 0.4415 0.4379
Y 0.3611 0.3745 0.3333 0.3083 0.1639 0.3333 0.3692 0.3738 0.3721
t 4.3541 5.2427 7.6803 79773 3.7936 1.2015 3.1423 3.3873 2.9155
DM 0.2895 0.2492 0.3492 0.3856 0.2945 0.0971 0.2318 0.1847 0.1989
NR 0.1543 0.1616 0.1420 0.1326 0.1379 0.1329 0.1582 0.1600 0.1605
T MDR 0.0136 0.0249 0.0153 —0.0802 —0.0115 0.0070 0.0203 0.0232 0.0246
10 E 0.7980 0.7552 0.8590 0.8604 0.3228 0.6302 0.7386 0.7290 0.7215
Y 0.3466 0.3658 0.3306 0.3306 0.1250 0.3333 0.3579 0.3612 0.3634
t 1.0163 1.0288 0.9834 1.0171 1.0298 1.3320 1.0579 1.1890 1.0328
Table 2. Results of the optimization algorithms on test problems with n; = 10.
. Hybrid TF- QlI- NSGA- MOACO- MOEA/D-
Problem Metric TF_é’IMO A OIMOA NSGAII T MOEA/D GDE3 DMOEA “jip MDDM
DM 0.1340 0.1311 0.1412 0.3135 0.4808 0.1352 0.1327 0.1402 0.1491
NR 0.3645 0.3476 0.3294 0.1253 0.1306 0.1291 0.3528 0.3581 0.3619
T MDR 0.0971 0.0996 0.0477 —0.0517 —0.0077 —0.0184 0.0934 0.0968 0.0992
1 E 0.5229 0.4521 0.6038 0.7342 0.4796 0.5808 0.4683 0.4532 0.4597
Y 0.4075 0.4300 0.3658 0.2000 0.1667 0.3306 0.4215 0.4263 0.4289
t 0.7946 0.9848 1.0729 1.1360 2.6764 1.5293 0.9182 0.9658 0.8363
DM 0.1374 0.1364 0.1415 0.4355 0.1462 0.0818 0.1295 0.1247 0.1213
NR 0.7176 0.6056 0.2215 0.1297 0.1372 0.1286 0.6923 0.7041 0.7098
T MDR 0.0466 0.0469 0.0363 —0.0760 0.0638 0.0311 0.0452 0.0467 0.0461
2 E 0.5671 0.5053 0.8284 0.9085 0.1265 0.6184 0.4987 0.4892 0.4821
Y 0.4255 0.4325 0.4080 0.3306 0.0972 0.3333 0.4281 0.4308 0.4310
t 2.7861 24136 4.1606 4.2227 2.6906 1.7202 2.2958 2.8137 2.5394
DM 0.1435 0.1177 0.1559 0.4590 0.3814 0.0893 0.1102 0.1058 0.1021
NR 0.2225 0.3668 0.2055 0.1401 0.1319 0.1346 0.3519 0.3592 0.3631
T MDR 0.0120 0.0117 0.0105 —0.0167 0.0689 0.0018 0.0108 0.0110 0.0119
3 E 0.6981 0.6940 0.8788 0.8816 0.3212 0.6220 0.6817 0.6735 0.6682
Y 0.3382 0.4698 0.3724 0.3278 0.1333 0.3333 0.4581 0.4632 0.4659
t 2.8770 2.2906 3.6378 3.1879 2.9848 2.1640 2.4188 2.5374 2.3292
DM 0.0826 0.0763 0.0169 0.0811 0.3311 0.1869 0.0712 0.0653 0.0684
NR 0.1331 0.1531 0.1445 0.1330 0.1442 0.1374 0.1527 0.1492 0.1518
T MDR 0.0229 0.0214 —0.0111 —0.0186  —0.0135 0.0620 0.0201 0.0214 0.0217
4 E 0.5090 0.5280 0.5287 0.5338 0.3873 0.6307 0.5196 0.5124 0.5078
Y 0.3649 0.3688 0.3083 0.3333 0.1306 0.3222 0.3661 0.3630 0.3674
t 1.6426 2.8727 4.1510 4.9165 4.3832 1.7699 2.0830 2.2416 1.9377
DM 0.0497 0.0505 0.0441 0.1290 0.1597 0.0766 0.0482 0.0459 0.0473
NR 0.1326 0.1449 0.1332 0.1340 0.1339 0.1284 0.1421 0.1437 0.1445
T MDR 0.0091 0.0093 0.0036 —0.0066 0.0000 —0.0539 0.0085 0.0091 0.0091
5 E 0.5345 0.5064 0.6011 0.6087 0.6697 0.5777 0.5128 0.5083 0.5076
Y 0.3993 0.4172 0.3349 0.3333 0.2361 0.3333 0.4095 0.4159 0.4138
t 3.0613 3.4427 4.8184 4.8257 3.1969 2.0498 2.8104 2.9533 2.7385
DM 0.2006 0.1614 0.3542 0.2950 0.0156 0.2855 0.1528 0.1473 0.1431
NR 0.1419 0.1461 0.1274 0.1246 0.1348 0.1264 0.1438 0.1452 0.1459
T MDR 0.0373 0.0381 0.0268 0.0268 —0.0692  —0.0982 0.0362 0.0375 0.0380
6 E 0.4113 0.3982 0.6549 0.7067 0.0245 0.5774 0.3897 0.3831 0.3789
Y 0.3083 0.3838 0.3861 0.2889 0.0889 0.2944 0.3792 0.3845 0.3827
t 2.1083 2.7657 2.0922 2.5135 0.9061 2.0769 1.8427 1.9671 1.7253
DM 0.0781 0.0753 0.2633 0.3214 0.4709 0.0884 0.0761 0.0793 0.0772
NR 0.1939 0.1988 0.1371 0.1364 0.1498 0.1315 0.1978 0.1965 0.1985
T MDR 0.0670 0.0709 —0.0234 —0.0316  —0.1381 —0.0374 0.0687 0.0703 0.0709
7 E 0.5133 0.4772 0.7350 0.7343 0.5055 0.6155 0.4839 0.4791 0.4784
Y 0.4178 0.4197 0.3306 0.3333 0.1444 0.3333 0.4165 0.4183 0.4194
t 0.7703 0.8890 0.8989 0.9321 0.9604 1.3028 0.8489 0.8915 0.8168
DM 0.3019 0.3147 0.4769 0.3971 0.0264 0.0804 0.2983 0.2917 0.2856
NR 0.1415 0.1625 0.1321 0.1279 0.1342 0.1327 0.1589 0.1618 0.1607
T MDR 0.0693 0.0726 0.0412 0.0030 —0.0690  —0.0230 0.0671 0.0708 0.0721
8 E 0.5330 0.5877 0.8059 0.7714 0.0319 0.6227 0.5684 0.5762 0.5619
Y 0.3194 0.3520 0.4028 0.3139 0.0861 0.3333 0.3951 0.3987 0.4012
t 2.9001 3.0494 3.2548 3.1722 0.8439 1.4283 2.6148 2.7043 2.5009
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Table 2. Cont.
. Hybrid TF- QI- NSGA- MOACO- MOEA/D-
Problem Metric TF-QOIMOA QIMOA NSGA-III 11 MOEA/D GDE3 DMOEA DCE MDDM
DM 0.1226 0.0911 0.2456 0.3006 0.7606 0.1097 0.0962 0.1038 0.0921
NR 0.1325 0.1343 0.1318 0.1290 0.1324 0.1330 0.1337 0.1341 0.1339
T. MDR 0.0096 0.0137 0.0086 0.0083 0.0000 0.0108 0.0132 0.0121 0.0136
9 E 0.6278 0.5571 0.6702 0.7217 0.7403 0.5922 0.5684 0.5612 0.5584
Y 0.4147 0.3333 0.3306 0.3333 0.1667 0.3333 0.4079 0.4115 0.4100
t 6.2769 6.2458 9.6446 13.8408 3.9052 1.1676 5.8162 5.7639 6.6047
DM 0.1565 0.1578 0.3523 0.3722 0.4763 0.0936 0.1489 0.1427 0.1391
NR 0.1859 0.1859 0.1366 0.1175 0.1434 0.1307 0.1841 0.1823 0.1852
T MDR 0.0795 0.0774 0.0146 0.0036 —0.0670 0.0314 0.0742 0.0783 0.0768
10 E 0.7266 0.7082 0.8513 0.8645 0.4985 0.6308 0.7017 0.6942 0.6885
Y 0.3503 0.3908 0.3333 0.3333 0.1444 0.3333 0.3821 0.3864 0.3887
t 1.2412 1.3231 1.1053 1.1893 0.9054 1.2409 1.1508 1.1397 1.1323
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Figure 6. Bar charts of the performance results of the optimization algorithms on test problems with

T’Zt=5.

On the test problems with environmental change intensity n; = 20 (Table 3), the

TE-QIMOA algorithm outperforms the other algorithms in terms of the DM metric in
problems Ty, Ty, T7 (30% of experiments), in terms of the NR metric in problems T;-Ts,
Ts, T1o (70% of experiments), in terms of the MDR metric in problems T1-T3, Tg—T1¢ (60%
of experiments), in terms of the E metric in problems Ty, Ty, Ty, T1o (40% of experiments),
in terms of the ¥ metric in problems T;-T5, T7, To, T1g (80% of experiments). The Hybrid
TF-QIMOA algorithm achieves the best values in terms of the DM metric in problem Ty
(10% of experiments), in terms of the NR metric in problems Tg, T7, Ty (30% of experiments),
in terms of the MDR metric in problems Ts, T; (20% of experiments), in terms of the E
metric in problems Ty, T5 (20% of experiments), in terms of average execution time ¢ in
problems T3, T7 (20% of experiments). The GDE3 algorithm outperforms other algorithms
in terms of the DM metric in problems T, T3, T1g (30% of experiments) and in terms of
average execution time ¢ in problems T»—-T5, Ty, T1g (60% of experiments). However, GDE3
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continues to exhibit poor performance in identifying unique non-dominated solutions and
insufficient coverage of the objective space of non-dominated solutions, which is consistent
with its performance on test problems with n; = 5 and n; = 10 (Tables 1 and 2, respectively).
Furthermore, in terms of convergence quality (E metric), MOEA /D is dominant, achieving
the best metric values in problems T3, T3, Ts—Tg (50% of experiments).

Table 3. Results of the optimization algorithms on test problems with n; = 20.

. Hybrid TF- QlI- NSGA- MOACO- MOEA/D-
Problem Metric TF-é,IMOA QIMOA  NSGA-II 11 MOEA/D GDE3 DMOEA DCE MDDM

DM 0.1275 0.1265 0.1426 0.2954 0.4744 0.1405 0.1283 0.1271 0.1277
NR 0.2570 0.2906 0.1940 0.1358 0.1236 0.1406 0.2882 0.2781 0.2849
T MDR 0.0708 0.0833 0.0790 —0.0514 0.0292 —0.0426 0.0765 0.0827 0.0812
1 E 0.4556 0.4304 0.6187 0.7011 0.4969 0.5822 0.4418 0.4321 0.4362
b4 0.3823 0.3949 0.3111 0.2444 0.1500 0.3306 0.3876 0.3918 0.3935
t 1.2671 1.2718 1.6706 1.6275 2.6198 1.4976 1.3401 1.3862 1.4249
DM 0.1354 0.1124 0.1322 0.5758 0.1823 0.0825 0.1097 0.1021 0.1053
NR 0.5636 0.5863 0.2068 0.1353 0.1395 0.1336 0.5718 0.5792 0.5831
T MDR 0.1309 0.1319 0.0799 —0.0164 0.1118 0.0566 0.1284 0.1307 0.1315
2 E 0.5662 0.5650 0.8045 0.8290 0.1400 0.6213 0.5587 0.5521 0.5476
Y 0.3583 0.3783 0.3747 0.3139 0.1000 0.3333 0.3712 0.3765 0.3749
t 4.4940 3.5316 4.3609 4.6389 2.7184 1.7066 3.2180 3.3877 3.0904
DM 0.1142 0.1164 0.1251 0.5501 0.2934 0.0864 0.1123 0.1095 0.1072
NR 0.1989 0.5726 0.2042 0.1325 0.1369 0.1347 0.5584 0.5693 0.5657
T MDR 0.0100 0.0127 0.0094 —0.0147 —0.3488  —0.0378 0.0115 0.0123 0.0126
3 E 0.4715 0.4460 0.8701 0.9371 0.2796 0.6245 0.4472 0.4583 0.4517
Y 0.3333 0.4282 0.3458 0.3333 0.1278 0.3333 0.4238 0.4195 0.4259
t 3.6063 2.4377 2.9930 3.0833 3.3689 2.1483 2.6882 2.5169 2.8931
DM 0.0429 0.0118 0.0199 0.0819 0.4168 0.2062 0.0173 0.0142 0.0129
NR 0.1231 0.1531 0.1489 0.1326 0.1485 0.1387 0.1508 0.1472 0.1521
T MDR 0.0412 0.0427 0.0133 —0.0265 0.0752 0.0691 0.0401 0.0418 0.0425
4 E 0.4286 0.4286 0.5284 0.5305 0.4506 0.6237 0.4319 0.4293 0.4289
Y 0.3750 0.3997 0.3500 0.3333 0.1472 0.3222 0.3968 0.3915 0.3952
t 1.8643 3.6375 3.8496 4.1288 3.7026 1.7628 2.7193 3.1087 29118
DM 0.0672 0.0654 0.0445 0.1284 0.1598 0.0712 0.0581 0.0539 0.0512
NR 0.1357 0.1461 0.1347 0.1323 0.1350 0.1286 0.1428 0.1449 0.1457
T, MDR 0.0037 0.0033 0.0035 0.0012 0.0023 —0.0070 0.0030 0.0035 0.0018
5 E 0.5192 0.5232 0.6123 0.6228 0.6511 0.5837 0.5267 0.5214 0.5209
Y 0.3972 0.4093 0.3340 0.3333 0.2417 0.3333 0.4073 0.4021 0.4058
t 5.6343 4.0988 8.4145 9.7277 3.6405 2.0494 5.0373 4.8321 4.6180
DM 0.2782 0.1893 0.3836 0.3078 0.0000 0.2133 0.1784 0.1721 0.1689
NR 0.1513 0.1506 0.1157 0.1292 0.1332 0.1351 0.1505 0.1482 0.1497
T MDR 0.0592 0.0664 —0.1153 0.0677 0.0897 0.0170 0.0631 0.0672 0.0658
6 E 0.4786 0.4417 0.7440 0.6737 0.0000 0.5677 0.4471 0.4523 0.4432
Y 0.3167 0.3808 0.3917 0.3028 0.0833 0.3111 0.3852 0.3903 0.3887
t 2.3315 3.2967 3.7468 3.0152 1.1282 1.4364 2.8964 2.7198 2.5857
DM 0.0607 0.0586 0.2325 0.2748 0.5639 0.0863 0.0595 0.0598 0.0591
NR 0.1771 0.1758 0.1378 0.1245 0.1242 0.1314 0.1751 0.1732 0.1763
T MDR 0.0076 0.0068 —0.0538 —0.0337 —0.0099 —0.0188 0.0074 0.0069 0.0067
7 E 0.6508 0.6768 0.7726 0.7927 0.6183 0.6298 0.6682 0.6521 0.6579
Y 0.3823 0.3908 0.3333 0.3306 0.1583 0.3333 0.3851 0.3897 0.3882
t 0.9878 1.0150 1.0146 1.5126 1.3191 1.2825 1.0873 1.1427 1.6051
DM 0.1958 0.1802 0.4126 0.4546 0.0000 0.0803 0.1639 0.1728 0.1675
NR 0.1852 0.2039 0.1350 0.1282 0.1332 0.1327 0.1981 0.2028 0.2002
T MDR 0.1142 0.1243 0.1121 0.0886 —0.1317  —0.0282 0.1183 0.1221 0.1235
8 E 0.7116 0.7047 0.8148 0.8427 0.0000 0.6195 0.6983 0.6924 0.6878
Y 0.3975 0.3983 0.4139 0.3111 0.0833 0.3333 0.4072 0.4121 0.4105
t 2.0406 2.3876 3.8422 3.4090 0.8626 1.3767 2.7563 2.6198 2.4829
DM 0.1032 0.1081 0.2091 0.2721 0.7908 0.1045 0.1063 0.1092 0.1073
NR 0.1631 0.1528 0.1323 0.1309 0.1452 0.1335 0.1582 0.1619 0.1607
T. MDR 0.0045 0.0076 0.0023 —0.0046 0.0000 —0.0355 0.0053 0.0052 0.0061
9 E 0.5180 0.5054 0.6485 0.6913 0.7369 0.5910 0.5128 0.5083 0.5081
Y 0.3449 0.3687 0.3333 0.3139 0.1639 0.3333 0.3612 0.3663 0.3648

t 5.5279 7.2567 10.1820 10.4107 4.8219 1.1843 7.0427 6.8125 6.6395
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Table 3. Cont.

Problem Metric

Hybrid

TF-QIMOA QIMOA  NSGA-III III

TF- QI- NSGA- MOACO- MOEA/D-

MOEA/D GDE3 DMOEA DCE MDDM

DM
NR
MDR
E
Y
t

Tio

0.2610
0.1337
0.0195
0.5476
0.3641
1.7916

0.1977 0.3162 0.3627 0.5238 0.0982 0.1813 0.1895 0.1841
0.1431 0.1221 0.1297 0.1383 0.1317 0.1402 0.1418 0.1420
0.0227 0.0157 —0.0073 0.0040 0.0212 0.0208 0.0211 0.0225
0.5273 0.8443 0.8753 0.6032 0.6364 0.5381 0.5320 0.5287
0.3758 0.3333 0.3278 0.1583 0.3333 0.3695 0.3728 0.3741
1.8286 3.2985 3.1486 1.7666 1.2686 1.9180 1.9874 1.8533

Problem T1

It should be noted, however, that the experimental results of the DMOEA, MOACO-
DCE, and MOEA /D-MDDM algorithms demonstrate performance patterns closely re-
sembling those of the TF-QIMOA algorithm across all metrics and environmental change
intensities. This similarity can be attributed to the fact that all three methods incorpo-
rate adaptive mechanisms inspired by dynamic response strategies, such as memory-
based archives and decomposition-based guidance, which align conceptually with the
quantum-inspired thermonuclear simulation principles underpinning TF-QIMOA. Never-
theless, despite these structural and behavioral parallels, the quantitative results consis-
tently show that DMOEA, MOACO-DCE, and MOEA /D-MDDM remain slightly inferior
to TF-QIMOA in terms of the solution distribution measure, the Pareto dominance in-
dicator, the mutual dominance rate, the normalized deviation measure, and the radial
coverage metric.
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Figure 7. Bar charts of the performance results of the optimization algorithms on test problems with
ny = 10.
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Figure 8. Bar charts of the performance results of the optimization algorithms on test problems with
ny = 20.

Tables 4-6 present the results of the Wilcoxon non-parametric statistical test applied to
the Pareto dominance indicator distributions for DMOP problems T1—T7 with environmen-
tal change intensity levels ny = 5, n; = 10, and n; = 20, respectively, obtained using the
TF-QIMOA algorithm, as well as the distributions obtained by the Hybrid TF-QIMOA, QI-
NSGA-III, NSGA-III, MOEA /D, GDE3, DMOEA, MOACO-DCE, and MOEA /D-MDDM
algorithms. The threshold value for p-value is set at 0.05.

The results of the non-parametric Wilcoxon statistical test performed based on the
DMOP problems with an environmental change intensity of n; = 5 (Table 4) demonstrate
the superiority of the TF-QIMOA algorithm over other presented algorithms, except for
the QI-NSGA-III algorithm in problem T; and the Hybrid TF-QIMOA algorithm in prob-
lems Ty, T, and T7. In the case of problem Ty, the TF-QIMOA algorithm shows identical
performance to the Hybrid TF-QIMOA and MOACO-DCE algorithms. When performing
the non-parametric Wilcoxon statistical test based on the DMOP problems with an envi-
ronmental change intensity of #; = 10 (Table 5), the TF-QIMOA algorithm demonstrates
worse results than the Hybrid TE-QIMOA algorithm in problems T; and T, and compared
to the MOEA /D-MDDM algorithm in problem T,. For the DMOEA algorithm, similar
effectiveness is observed in problem T;. Upon analyzing the results of the non-parametric
Wilcoxon statistical test conducted based on the DMOP problems with an environmental
change intensity of n; = 20 (Table 6), it is noted that the TF-QIMOA algorithm outperforms
all other algorithms, except for the Hybrid TF-QIMOA algorithm when solving problem
Ty. It should also be noted that the TF-QIMOA algorithm shows similar effectiveness to
the MOEA /D-MDDM algorithm in problem T; and to the DMOEA, MOACO-DCE, and
MOEA /D-MDDM algorithms in problem To.
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Table 4. Results of the Wilcoxon non-parametric statistical test performed based on the DMOP
problems with the intensity of environmental change conditions #n; = 5.

Hybrid MOACO- MOEA/D-
Problem TF-OIMOA QI-NSGA-III NSGA-III MOEA/D GDE3 DMOEA DCE MDDM
Sign  p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val
T - 0.0025 - 0.0016 + 0.0000 + 0.0000 + 0.0000 + 0.0001 + 0.0006 + 0.0001
T, 0.0148 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0026 + 0.0014 + 0.0037
T3 + 0.0047 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0002 + 0.0017
Ty + 0.0041 + 0.0002 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0005 + 0.0008
Ts + 0.0003 + 0.0002 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0003
T + 0.0007 + 0.0000 + 0.0000 + 0.0009 + 0.0000 + 0.0008 + 0.0018 + 0.0048
T 0.0005 + 0.0064 + 0.0000 + 0.0000 + 0.0000 + 0.0005 + 0.0010 + 0.0013
Tg + 0.0011 + 0.0014 + 0.0001 + 0.0000 + 0.0000 + 0.0043 + 0.0055 + 0.0062
To = 0.0593 + 0.0001 + 0.0000 + 0.0000 + 0.0000 + 0.0106 = 0.0507 + 0.0041
Tho + 0.0039 + 0.0013 + 0.0003 + 0.0000 + 0.0001 + 0.0034 + 0.0052 + 0.0055
Analysis of the experimental results conducted on constrained dynamic multiob-
jective optimization problems demonstrates the advantages of the TF-QIMOA, Hybrid
TF-QIMOA, and GDE3 algorithms, which manifest depending on the characteristics of
the optimization problem and the intensity of environmental changes. Despite GDE3’s
superiority in terms of average execution time f in 40% of all experiments and in solution
distribution uniformity in 33% of all experiments, the algorithm shows unsatisfactory
performance in the NR, MDR and ¥ metrics regardless of the intensity of environmental
changes. This indicates its inability to fully explore the search space, lack of progress in
solution dominance across generations, and poor capability in identifying unique solutions.
The TF-QIMOA algorithm demonstrates leadership in the NR metric (73% of all exper-
iments), MDR (60% of all experiments) and ¥ (70% of all experiments), highlighting its
superior ability to detect specific non-dominated solutions and cover a larger portion of the
objective space under high (n; = 5), moderate (n; = 10) and low (n; = 20) environmental
change intensities. It is also worth noting that the Hybrid TF-QIMOA and TF-QIMOA
algorithms achieve approximately the same values for the DM, NR, MDR and ¥ metrics in
67% of all experiments. However, Hybrid TF-QIMOA outperforms TF-QIMOA in terms of
execution speed in 73% of all experiments.
Table 5. Results of the Wilcoxon non-parametric statistical test performed based on the DMOP
problems with the intensity of environmental change conditions n; = 10.
Hybrid MOACO- MOEA/D-
Problem TF-OIMOA QI-NSGA-III NSGA-III MOEA/D GDE3 DMOEA DCE MDDM
Sign p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val
T - 0.0000 + 0.0001 + 0.0000 + 0.0000 + 0.0000 = 0.0512 + 0.0034 + 0.0007
T, 0.0004 + 0.0000 + 0.0000 + 0.0000 + 0.0002 + 0.0033 + 0.0009 - 0.0012
T3 + 0.0083 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0065
Ty + 0.0039 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0027 + 0.0001
Ts + 0.0001 + 0.0008 + 0.0000 + 0.0004 + 0.0000 + 0.0001 + 0.0009 + 0.0000
Ts + 0.0001 + 0.0003 + 0.0000 + 0.0000 + 0.0000 + 0.0006 + 0.0056 + 0.0036
T + 0.0000 + 0.0119 + 0.0000 + 0.0000 + 0.0000 + 0.0018 + 0.0004 + 0.0011
Tg + 0.0005 + 0.0029 + 0.0000 + 0.0000 + 0.0000 + 0.0014 + 0.0106 + 0.0079
Ty + 0.0097 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0098 + 0.0228 + 0.0030
Tho + 0.0024 + 0.0007 + 0.0000 + 0.0000 + 0.0001 + 0.0010 + 0.0047 + 0.0016




Algorithms 2025, 18, 793

34 of 38

Table 6. Results of the Wilcoxon non-parametric statistical test performed based on the DMOP
problems with the intensity of environmental change conditions n; = 20.

Problem TF‘_‘B’}’;}“‘O A QINSGATI  NSGA-II MOEA/D GDE3 DMOEA MOACO- “ﬁfggﬁ'

Sign  p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val Sign p-Val
Ty + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0091 + 0.0056 + 0.0013
T + 0.0001 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0025 + 0.0013 + 0.0017
T3 + 0.0017 + 0.0003 + 0.0000 + 0.0000 + 0.0000 + 0.0001 + 0.0000 + 0.0029
Ty + 0.0009 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0004 + 0.0016
Ts + 0.0000 + 0.0006 + 0.0000 + 0.0000 + 0.0000 + 0.0004 + 0.0022 + 0.0018
T + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0001 + 0.0076 + 0.0103
T; + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0014 + 0.0000 = 0.0580
Ts + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0003 + 0.0154 + 0.0135
T - 0.0163 + 0.0001 + 0.0000 + 0.0000 + 0.0000 = 0.0627 = 0.0548 = 0.0594
Tio + 0.0022 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0019 + 0.0038 + 0.0021

The non-parametric Wilcoxon statistical test yields results that further substantiate
these findings by offering a detailed breakdown of algorithmic performance across varying
environmental change intensities. Specifically, the TF-QIMOA algorithm consistently
exhibits strong performance, particularly excelling in scenarios with moderate and high
environmental change intensities, where it demonstrates leadership in key metrics such
as NR, MDR, and ¥. These outcomes align well with the broader analysis indicating the
algorithm’s robustness in detecting non-dominated solutions and maintaining solution
diversity under varying conditions.

However, the statistical tests reveal differences in algorithmic behavior at environ-
mental change intensities n; = 20. Here, while the TF-QIMOA algorithm maintains its
competitive edge overall, it occasionally encounters rivals like the Hybrid TF-QIMOA
and MOEA /D-MDDM algorithms, especially in problems T; and Ty. This observation
underscores the importance of adaptability, as even the most effective algorithms may face
limitations in specific problem contexts or under particular environmental dynamics. More-
over, the statistical results highlight the complementary strengths of the Hybrid TF-QIMOA
algorithm, which surpasses TE-QIMOA in execution speed in a majority of cases. This
suggests that while TF-QIMOA may offer superior solution quality, the Hybrid variant
provides a trade-off by optimizing computational efficiency.

5. Discussion

The performance evaluation of the implemented algorithms, TE-QIMOA and Hybrid
TF-QIMOA, shows that, regardless of the degree of environmental change intensity in the
optimized system, TF-QIMOA consistently achieves excellent results in its ability to identify
unique non-dominated solutions, ensure uniform distribution of solutions along the Pareto
front, maintain stable improvement in solution quality across generations, and provide
high accuracy in approximating the ideal solution. This ensures good coverage of all
possible trade-offs between objectives and confirms the algorithm’s high adaptability and
convergence quality. At the same time, Hybrid TE-QIMOA demonstrates performance com-
parable to TF-QIMOA in terms of most quality metrics, while outperforming TF-QIMOA
in execution time. The first observation is attributed to the structural similarity between
the quantum-inspired algorithm TF-QIMOA and the quantum-classical algorithmic system
implementing it, whereas the second is explained by the physical properties and computa-
tional capabilities of the quantum processing unit. The obtained results demonstrate the
high performance of the developed algorithms and indicate their suitability for solving
multiobjective optimization problems in both scientific research and practical applications.
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Moreover, the algorithms’ effectiveness in dynamic multiobjective optimization is
particularly noteworthy due to their unique capability to address the complexities of
time-varying objectives and constraints, which are frequently encountered in numerous
real-world applications. These challenges often arise in fields such as financial portfolio
management, where market conditions fluctuate unpredictably, resource allocation in
cloud computing systems, where demand shifts dynamically, or environmental monitoring,
where external factors like weather patterns change constantly. TF-QIMOA and Hybrid
TF-QIMOA stand out not only because they can swiftly adapt to these ever-changing
environments but also because they maintain high solution quality throughout this process.

Despite their effectiveness in solving dynamic multiobjective optimization problems,
the TF-QIMOA and Hybrid TE-QIMOA algorithms have certain limitations regarding their
applicability. In the case of TF-QIMOA, difficulties may arise as the number of objectives
increases, potentially requiring additional computational resources for data processing
on classical computing devices and systems. Although Hybrid TF-QIMOA demonstrates
improved execution time due to the use of quantum logic circuits, it is constrained by
the current technical limitations of real quantum computing systems, including quantum
devices with limited qubit connectivity and high noise levels [68,69], which may negatively
affect result accuracy. Furthermore, it is important to note that both algorithms require
careful parameter tuning—such as the number of qudits, the number of qudit levels, the
qudit system temperature, and convergence threshold settings—posing challenges when
applied to problems with a priori unknown characteristics.

6. Conclusions

This study introduces a novel quantum-inspired algorithm TF-QIMOA, designed for
numerical multiobjective optimization by uniquely integrating the high-dimensional state
space of qudits with the dynamic, energy-driven principles of controlled thermonuclear
fusion. The core contribution lies in demonstrating that the conceptual fusion of quantum
information science and plasma physics can yield a powerful and coherent metaheuristic,
capable of efficiently navigating complex, high-dimensional Pareto fronts where classical
and existing quantum-inspired methods often struggle.

Experimental evaluation on dynamic multiobjective benchmark problems provides
compelling evidence of the algorithm’s practical significance. TF-QIMOA consistently
outperforms leading classical and quantum-inspired baselines across key performance
metrics: it identifies a greater number of unique non-dominated solutions, ensures superior
uniformity along the Pareto front, maintains stable improvement in solution quality across
generations and achieves higher accuracy in approximating the ideal solution. By delivering
performance parity with classical execution while being architected for quantum readiness,
the hybrid implementation demonstrates a flexible, future-adaptive design capable of
evolving alongside quantum hardware advancements.

The theoretical value of this work is found in its successful translation of abstract
physical phenomena—qudit superposition, particle interaction, energy release and plasma
cooling—into a structured and effective computational paradigm. This provides a new
template for designing metaheuristics that are not merely labeled «quantum-inspired»,
but are fundamentally grounded in the rich dynamics of physical systems. Practically,
TE-QIMOA offers a robust tool for tackling real-world multiobjective problems in fields
like logistics, energy systems and engineering design, where the ability to find diverse,
high-quality trade-off solutions under dynamic conditions is critical.

Looking ahead, future research will focus on extending the algorithm'’s capabilities to
ultra-high-dimensional problems, particularly those arising in deep learning hyperparam-
eter optimization and large-scale systems engineering. This will involve optimizing the
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interaction mechanisms and cooling schedules for extreme-scale scenarios. Another critical
direction is enhancing the algorithm’s robustness in noisy and uncertain environments—
investigating its resilience to stochastic noise in objective function evaluations and dy-
namically shifting constraint boundaries, which is essential for deployment in real-world
non-stationary settings [70], such as financial markets or adaptive manufacturing. Finally,
the hybrid version of TF-QIMOA will be ported to real noisy intermediate-scale quan-
tum processors. This will require exploring the impact of hardware-specific constraints—
such as limited qubit connectivity, gate fidelity, and coherence times—and developing
tailored error mitigation strategies for the fusion-inspired interaction and amplitude
amplification subroutines.
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