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Introduction

Ever since the discovery of the J/ψ in 1974, and of the Υ only a few years later, heavy quarkonia have been
the subject of extensive study, both experimentally and theoretically. As bound states of a heavy quark
and a heavy antiquark, they provide ideal opportunities to investigate various features of QCD, due to
the presence of largely different scales. Having masses much larger than the typical hadronic scale ΛQCD
at least part of their description can be done in perturbation theory due to asymptotic freedom, while
the other scales like the inverse quarkonium radius, relative momentum or the kinetic energy may or may
not lie in the non-perturbative regime.

Among the first approaches to describe quarkonia were potential models in a non-relativistic Schrödinger
formulation, where the basic ingredients, the potentials, were at first introduced phenomenologically and
fit to experiments, but can also be obtained in various other ways. One of those is the Wilson loop
approach, which will be presented in the first part of this thesis.

A more systematic treatment was found in the description of the lower energy scale dynamics through
effective field theories. Two years after the formulation of a non-relativistic effective theory for QED
(NRQED in [1]) the QCD analogue NRQCD was developed (see [2]), in which the mass scale m is
integrated out and quarks and antiquarks are described separately through Pauli spinors. Since in this
theory the energy and momentum scales are still not well separated, one can go on and integrate out
all scales except for the kinetic energy. The relevant degrees of freedom are now the quark-antiquark
pair in a colour singlet or a colour octet configuration plus low energy gluons and light quarks, or in
the non-perturbative case only the singlet field and other light colour neutral objects like pions. The
potentials enter as Wilson coefficients in the matching to NRQCD, which is why this theory has been
called potential non-relativistic QCD (pNRQCD in [3], [4]).

With the original paper [5] by Matsui and Satz another application for heavy quarkonia has opened up.
It has long been hypothesized that quarks and gluons at sufficiently high temperatures may undergo a
phase transition into a deconfined state, the quark-gluon plasma, which is supported by recent lattice
simulations as well as experimental data from heavy ion collisions. In their article they argue that heavy
quarkonia pose an excellent probe for the properties of this plasma, since once the colour screening
radius rD gets smaller than the quarkonium binding radius, their formation should no longer be possible,
thus providing a relation between the suppression rate of certain quarkonium states and the plasma
temperature. The real situation has turned out to be more complicated, with quarkonium suppression also
arising from cold-nuclear-matter effects and the possibility of secondary quarkonium production through
recombination effects in heavy ion collisions, while the the results obtained from effective theories show,
that the suppression is not purely related to screening effects. This necessitates a very careful treatment.

A very nice overview over all these topics with further literature, from which also this short summary
was derived, can be found in references [6] and [7], shedding light on the historic development as well as
the present status and future prospects of heavy quarkonia.

While perturbative approaches are usually limited to the weak coupling regime, lattice QCD computa-
tions have no such restrictions. Therefore several operators involving heavy or static quarks in a hot
medium have been proposed and investigated both on the lattice and analytically, among them the
Polyakov loop correlator, the singlet free energy in Coulomb gauge and the cyclic Wilson loop (compare
references [8], [9], [10]). The latter is closely related to the Wilson loop in the vacuum, which we have al-
ready referred to as a quantity from which the static quark-antiquark potential can be derived. However,
both suffer from divergences when calculated perturbatively even after charge renormalization, and while
these have been well understood as cusp divergences in the vacuum case, there exists no such treatment
for the cyclic Wilson loop yet. This will be the aim of this thesis.

The thesis is organized as follows. In the first part we will consider the Wilson loop in the vacuum. After
a section introducing the Wilson loop and investigating some of its properties, a full calculation will be
given at tree level and the renormalization of the cusp divergences will be discussed. This is followed by
a calculation of the static quark-antiquark potential at O(α2

s). In the second part we turn to the cyclic
Wilson loop in thermal QCD. We calculate it at O(α2

s) and consequently deal with its renormalization.
The last section contains a summary and our conclusions. The appendices then present a lot of the details
of our calculations, which were mostly omitted from the main text, and some in-depth discussions.
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Part I

The Wilson Loop in the Vacuum

1 The Static Quark Potential

1.1 Colour Singlet States and Wilson Lines

Building on the original paper [11] by K. G. Wilson the connection between the static quark-antiquark
potential and the Wilson loop has been shown in reference [12] and can also be found for example in
references [13] and [14], which we will follow here. Let us start by defining colour neutral quark-antiquark
states, because for a state to be observable it needs to be a colour singlet. Simply combining two quark
field operators ψ is not enough, because quark and antiquark are in general not positioned at the same
point in space. Thus under a local gauge transformation V ∈ SU(Nc) in the fundamental representation

(on details of the gauge group see appendix A): ψ(x)ψ(y)
V−→ ψ(x)V†(x)V(y)ψ(y), which is generally not

the same. But if we introduce an operator U(x, y) which compensates this transformation behaviour, we
can get an invariant state:

|φαβ〉 = φ̂αβ(x, y)|0〉 =
1√
Nc

ψ i
α(x)U

ij(x, y)ψ j
β(y) |0〉 , (1.1)

where α and β are spinor indices, i and j colour indices, and x0 = y0 = t. The operator U is given by

U(x, y) = P exp

[
ig

∫

C(x,y)

dzµAµ(z)

]
, (1.2)

and we will show its behaviour under a transformation in colour space shortly. P denotes path ordering
along the path C from y to x. This operator U is called a Wilson line. For the states |φαβ〉 we will always
take C to be a straight line, but the following properties of Wilson lines are true for a general path C.

Path ordering means that we have to expand the exponential and order the (generally not commut-
ing) operators along the path C. So let xµ(s), s ∈ [0, 1] be a parametrization of C, then for instance
P{O(s3)O(s1)O(s4)O(s2)} = O(s1)O(s2)O(s3)O(s4) if s1 > s2 > s3 > s4. Let us demonstrate how this
works for the Wilson line by examining the second order term in the expansion of the exponential.

1

2
P
(
ig

∫

C

dxµAµ(x)

)2

=− g2

2

∫

C

dxµ1

∫

C

dxν2PAµ(x1)Aν(x2)

=− g2

2

∫ 1

0

ds1
dxµ(s1)

ds1

∫ 1

0

ds2
dxν(s2)

ds2
PAµ(x(s1))Aν(x(s2))

=− g2

2

∫ 1

0

ds1
dxµ(s1)

ds1

∫ s1

0

ds2
dxν(s2)

ds2
Aµ(x(s1))Aν(x(s2))

− g2

2

∫ 1

0

ds1
dxµ(s1)

ds1

∫ 1

s1

ds2
dxν(s2)

ds2
Aν(x(s2))Aµ(x(s1))

=− g2

2

∫ 1

0

ds1
dxµ(s1)

ds1

∫ s1

0

ds2
dxν(s2)

ds2
Aµ(x(s1))Aν(x(s2))

− g2

2

∫ 1

0

ds2
dxν(s2)

ds2

∫ s2

0

ds1
dxµ(s1)

ds1
Aν(x(s2))Aµ(x(s1))

=− g2
∫ 1

0

ds1
dxµ(s1)

ds1

∫ s1

0

ds2
dxν(s2)

ds2
Aµ(x(s1))Aν(x(s2)) . (1.3)

This procedure can be easily generalized to all orders, each of the n! orderings of the operators Aµ(xi)
gives the same contribution after a redefinition of the integration variables, thus cancelling the factor 1

n!
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from the expansion of the exponential. So the Wilson line can be expressed as

U(C) =

∞∑

n=0

(ig)n
∫ 1

0

ds1
dxµ(s1)

ds1

∫ s1

0

ds2
dxν(s2)

ds2
. . .

∫ sn−1

0

dsn
dxρ(sn)

dsn
Aµ(x(s1))Aν(x(s2)) . . . Aρ(x(sn)) .

(1.4)

This expression of the Wilson line is the most convenient one for perturbative calculations, since it is an
expansion in powers of g and path ordering has been taken care of. First, however, we want to study
the behaviour of a Wilson line under a gauge transformation. For this let us have a look at a different
method to achieve path ordering by discretizing the integration along C. We can split up the path C
into n infinitesimal pieces εi with n+ 1 endpoints xi, εi = xi − xi−1. With this we can write

U(C) =P exp

[
ig

∫

C

dxµAµ(x)

]
= lim

n→∞
P exp

[
ig

n∑

i=1

Aµ(xi)ε
µ
i

]

= lim
n→∞

exp [igAµ(xn)ε
µ
n] exp

[
igAν(xn−1)ε

ν
n−1

]
· · · exp [igAρ(x1)ερ1]

= lim
n→∞

(1 + igAµ(xn)ε
µ
n)
(
1 + igAν(xn−1)ε

ν
n−1

)
· · · (1 + igAρ(x1)ε

ρ
1) +O(ε2i ) . (1.5)

Let us note that the effect of the path ordering operator is seen in the second line. This is an exact
equality, all the commutators that would usually turn up when writing exp[A+B] = exp[A] exp[B] + . . .
vanish because of path ordering. The O(ε2i ) terms in the last line vanish in the limit. Both expressions
for U(C) are equivalent. This can be seen by expanding the product in (1.5):

U(C) = lim
n→∞

(1 + igAµ(xn)ε
µ
n)
(
1 + igAν(xn−1)ε

ν
n−1

)
· · · (1 + igAρ(x1)ε

ρ
1)

= lim
n→∞



1 + ig

n∑

i=1

Aµ(xi)ε
µ
i + (ig)2

n∑

i=1

i∑

j=1

Aµ(xi)ε
µ
i Aν(xj)ε

ν
j + . . .



 . (1.6)

In the limit we can replace the sums by integrals and get back the expression (1.4).

Now, using the transformation properties of the gauge field (for Dµ = ∂µ − igAµ)

Aµ(x)
V∈SU(N)−−−−−−→ V(x)Aµ(x)V†(x) +

i

g
V(x)∂µV†(x) , (1.7)

let us first look at the behaviour of a single factor in (1.5).

1 + igAµ(xi)ε
µ
i

V∈SU(N)−−−−−−→1 + igV(xi)Aµ(xi)V†(xi)ε
µ
i − V(xi)∂µV†(xi)ε

µ
i

=1 + igV(xi)Aµ(xi)V†(xi − εi)ε
µ
i − V(xi)

(
V†(xi)− V†(xi − εi)

)
+O(ε2i )

=V(xi) (1 + igAµ(xi)ε
µ
i )V†(xi−1) +O(ε2i ) . (1.8)

With this we can show the transformation properties of the Wilson line.

U(C) = lim
n→∞

(1 + igAµ(xn)ε
µ
n)
(
1 + igAν(xn−1)ε

ν
n−1

)
· · · (1 + igAρ(x1)ε

ρ
1)

V∈SU(N)−−−−−−→ lim
n→∞

V(xn) (1 + igAµ(xn)ε
µ
n)V†(xn−1)V(xn−1)

(
1 + igAν(xn−1)ε

ν
n−1

)
V†(xn−2)V(xn−2) · · ·

· · · V†(x1)V(x1) (1 + igAρ(x1)ε
ρ
1)V†(x0)

= lim
n→∞

V(xn) (1 + igAµ(xn)ε
µ
n)
(
1 + igAν(xn−1)ε

ν
n−1

)
· · · (1 + igAρ(x1)ε

ρ
1)V†(x0)

⇒ U(x, y, C) = P exp

[
ig

∫ x

y

dzµAµ(z)

]
V∈SU(N)−−−−−−→ V(x)U(x, y, C)V†(y) . (1.9)

Thus the states |φ〉 indeed transform as singlets, because

ψ(x)U(x, y)ψ(y)
V∈SU(N)−−−−−−→ ψ(x)V†(x)V(x)U(x, y)V†(y)V(y)ψ(y) = ψ(x)U(x, y)ψ(y) . (1.10)
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The transition amplitude of these states after time t is given by

Gα1α2β1β2(t,x1,x2,y1,y2) = 〈φα1α2(t,x1,x2)|φβ1β2(0,y1,y2)〉

=
1

Nc
〈0|ψiα2

(x2)U
ij(x2, x1)ψ

j
α1
(x1)ψ

k

β1
(y1)U

kl(y1, y2)ψ
l
β2
(y2) |0〉 . (1.11)

This can be further transformed as follows. We will take the static limit, which means that we let the
heavy quarks propagate only in time by dropping the spatial parts of the covariant derivative in the
Lagrangian, and integrate out the heavy quark degrees of freedom. Doing this we can replace the heavy
quark fields by static propagators in the presence of an external gluon field and the path integration is
now taken only over gauge fields and light quarks. The remnants of the heavy quark field integrations
is a functional determinant, which in a diagrammatic expansion consists of closed heavy fermion loops
with any number of gluon fields attached. In the infinite mass limit this determinant approaches a
constant, which can be taken up in the normalization of the path integral. This is called the quenched
approximation. The details of this derivation can be found in appendix B, here we will just give the
result.

Gα1α2β1β2(t, r) =− δ3(x1 − y1)δ
3(x2 − y2)(P+)α1β1(P−)β2α2e

−i(m1+m2)t

1

Nc
Tr

〈
P exp

[
ig�

∫

Γ

dxµAµ(x)

]〉
, (1.12)

where Γ represents a rectangular path running in the clockwise direction with sides of the respective
time-like and space-like distances t and r = x1 − x2 = y1 − y2, the trace acts on the colour space, and
the average is taken over the gauge fields A and the light quark degrees of freedom.

In the following we will for convenience define

1

Nc
Tr[M] = T̃r[M] . (1.13)

From this the static quark potential can be obtained via

G = 〈φ(t)|φ(0)〉 =
〈
φ(0)|e−iHt|φ(0)

〉

=
∑

n

〈φ(0)|ψn〉 〈ψn|φ(0)〉 e−iEnt, (1.14)

where we have introduced a complete set of energy eigenstates of the static Hamiltonian. This Hamilto-
nian can be obtained through quantization of the corresponding Lagrangian

L(0) = ψ†iD0ψ + χ†iD0χ− 1

4
Fµνa F aµν + Lq , (1.15)

where Lq stands for the light quark degrees of freedom. This is the Lagrangian of NRQCD, which was
introduced in reference [15] after the development of NRQED in reference [1], with only the terms ofO(m0)
included, corresponding to the infinite mass limit, which is in agreement with the approximations made
in the above derivation of the Wilson loop. ψ and χ are Pauli spinor fields, where ψ annihilates a heavy
quark and χ creates a heavy antiquark. The next order correction would be L(1) = ψ† 1

2mD2ψ−χ† 1
2mD2χ

(see for example reference [6]).

Since the lowest energy eigenvalue gives the quark-antiquark static energy,

⇒ V (r) = E0 = lim
t→(1−iǫ)∞

lnG

−it , (1.16)

under the assumption of a non-vanishing overlap with the ground state 〈φ(0)|ψ0〉 〈ψ0|φ(0)〉.

So for our purposes the relevant part of G is 1
Nc

Tr
〈
P exp

[
ig
∫
Γ
dxµAµ(x)

]〉
, since the other terms drop

out in the limit, or give the rest mass term (m1 +m2). This quantity is what we will call the Wilson
loop for short, or more exactly the vacuum expectation value or vacuum average of the Wilson loop.
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To avoid confusion, let us note that we are working in the Heisenberg picture. However, the states |φ〉
do have a time dependence due to the fact that they are defined via time dependent operators. As
a consequence they transform with the opposite sign in the exponential compared to the Schrödinger
picture:

|φ(t)〉 = φ̂(t)|0〉 = eiHtφ̂(0)e−iHt|0〉 = eiHt|φ(0)〉 . (1.17)

We can also represent the Wilson loop as the product of four Wilson lines:

〈W 〉 = T̃r
〈
U0

(r
2
,−r

2

)
U− r

2
(0, t)Ut

(
−r

2
,
r

2

)
U r

2
(t, 0)

〉
. (1.18)

The superscripts of those straight Wilson lines denote the time or space components which are kept
constant, so that we only have to show the relevant components for the start and endpoint in the argument
of the Wilson line operators. We will call the contours of U0 and Ut the strings, and the contours of U± r

2

the quark lines or, if we want to distinguish them, quark and antiquark line for the upper and lower line,
respectively. An illustration of the Wilson loop can be found in the following section, where the tree level
expansion diagrams are shown in figure 2.1.

1.2 The Perturbative Series for the Wilson Loop

Now, in perturbation theory the Wilson loop average can be represented as a series of diagrams γn
multiplied by a factor (ig)n. These γn consist of all diagrams contributing to the n-point functions
〈Aµ(x1) · · ·Aρ(xn)〉 with the n endpoints xi ordered along the path Γ. Note that n is not an index
labelling the different diagrams, but just denotes the number of endpoints a diagram has on the contour.

After calculating these contributions to the n-point functions we have to take the trace over the colour
matrices and integrate over the endpoints xi along the contour Γ as specified in equation (1.4). We can
take this into account by introducing a line vertex at every point xi on the contour. The corresponding
Feynman rule for this line vertex is

= ig

∫
dxµi , (1.19)

where the limits of the contour integration are given by path ordering. The colour factors will be
considered separately.

According to references [16], [17], [18], the expectation value of the path ordered exponential can be
re-expressed as an exponential of the sum over two-particle-irreducible (2PI) diagrams with their colour
factors replaced by certain coefficients, which are called the “maximally non-Abelian” ([17]) or “colour-
connected” ([18]) part of the corresponding colour factor.

T̃r

〈
P exp

[
ig�

∫

Γ

dxµAµ(x)

]〉
=

∞∑

n=0

(ig)n
∑

γn

C(γn)W (γn)

= exp




∞∑

n=2

(ig)n
∑

γn∈{2PI}
C̃(γn)W (γn)


 . (1.20)

Here W (γn) denotes the value of a diagram γn without its colour factor, C(γn) the colour factor and
C̃(γn) the colour-connected coefficient of that diagram.

So for the static quark potential this means that we just have to sum over all 2PI diagrams, provided we
know their colour connected coefficients, which greatly reduces the number of diagrams to be considered.

V (r) = lim
t→(1−iǫ)∞

1

−it
∞∑

n=2

(ig)n
∑

γ∈{2PI}
C̃(γn)W (γn) . (1.21)
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Figure 1.1: An example of a two-particle reducible and an irreducible diagram.

1
Nc

Tr[T aT aT bT b] + 1
Nc

Tr[T aT bT aT b] + 1
Nc

Tr[T aT bT bT a]

= 1
2(

1
Nc

Tr[T aT a] )2 + 1
Nc

Tr[T a[T b, T a]T b]

Figure 1.2: Diagrams contributing to O(g4) without internal vertices.

Two-particle irreducible in this context means that the contour Γ of a diagram cannot be divided into
two separate parts, which are not connected by any gluon line (or other internal lines like ghost and
light fermion propagators), by cutting it in two places. In figure 1.1 two examples are given, where for
simplicity the path Γ is represented as a straight line whose endpoints are to be identified (the details of
the contour are not important here). If we cut the first diagram as shown, the two pieces are disconnected.
The second diagram however can not be separated no matter which way we cut it (all possible ways of
cutting Γ are equivalent to one of the two ways shown). So this second diagram is two-particle irreducible,
while the first is reducible.

To illustrate how the coefficients C̃(γn) arise, let us have a look at figure 1.2. It shows the three uncon-
nected tree level diagrams of O(g4). By unconnected we mean diagrams whose endpoints xi are not all
connected to each other via gluons or other lines. It is not to be confused with two-particle reducible,
although connected diagrams are of course always irreducible. The diagram in the middle is two-particle
irreducible, while the other two are reducible (compare figure 1.1).

If we neglect the colour factors for a moment it can be easily shown by a rearrangement of the integration
variables that the sum over the three γ4 diagrams in the first line factors into the square of the γ2
diagram of O(g0) and we have to include a combinatoric factor 1

2 . But since we have a non-Abelian
theory, the 2PI diagram in the middle has a different colour factor compared to that of the other two
diagrams. But still we can split that colour factor into its “Abelian” part and a rest: T aT bT aT b =
T aT aT bT b + T a[T b, T a]T b. Then we can sum up the three terms with the coefficient T aT aT bT b, using
the fact that T aT a is proportional to the unit matrix, and keep the middle diagram with the coefficient
T a[T b, T a]T b. This leads to the second line in figure 1.2. The first term contributes to the second order
of the series expansion of the exponential (1.20), while the second term belongs to the first order of that

expansion. It is the only 2PI γ4-diagram of O(g0) and its colour factor T̃r[T aT bT aT b] has been replaced

by its colour connected part T̃r[T a[T b, T a]T b].

The general case is explained in detail in appendix C.
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a) b ) c)

d ) e) f )

t

r

Figure 2.1: Tree level one-gluon diagrams.

2 Calculation of the Static Quark Potential

2.1 Tree Level Calculations

To lowest order in perturbation theory we have to compute the following contour integral (compare
equation 1.4):

− g2

2
�

∫

Γ

dxµ1�

∫

Γ

dxν2 T̃r 〈PAµ(x1)Aν(x2)〉 = −g2CF
∫ 1

0

ds1

∫ s1

0

ds2
dxµ

ds1

dxν

ds2
Dµν(x(s1)− x(s2)) . (2.1)

The six diagrams contributing to this are shown in figure 2.1 (for gauges in which the propagator is
diagonal in time and space components, D0i = 0).

In the gauges we will consider, which are Feynman and Coulomb gauge, only diagrams a) and d) are not
divergent and only a) will give a contribution to the potential. The reason for choosing these particular
gauges is, that Feynman gauge is quite commonly used, which is helpful for comparisons to literature,
while Coulomb gauge is especially apt for the Wilson loop, because it separates time- and spacelike
components in a way that makes it easy to determine whether a diagram contributes to the potential or
not, a feature we will make use of when calculating one-loop contributions. The divergences are treated
using dimensional regularization in D = 4 − 2ε dimensions. The explicit calculations can be found in
appendix D. In the course of the calculations we have to slightly rotate t in the complex plane, so that
in the following result t is assumed to have a small negative imaginary part. We get

− g2µ−2εCF

{
− 1

2π2ε
− 1

2π2

[
2 + γE + lnπ + ln itrµ2

]
−

− 1

2π2

[
it

r
arctan

it

r
+
r

it
arctan

r

it

]
+

1

4π2

[
ln

(
1 +

(it)2

r2

)
+ ln

(
1 +

r2

(it)2

)]}
. (2.2)

In this expression it is easy to go to Euclidean space by substituting it = τ , so that we can compare it to the
QED calculation of the Wilson loop found in reference [19]. We see that the second line in equation (2.2)
is identical to their result apart from the colour factor CF . This second line gives the contributions from
diagrams a) and d) in Feynman gauge for both calculations. However, they used a different regularization
for the divergent integrals b), c), e), f), so we cannot make a meaningful comparison for the terms in the
first line.
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If we want to get the result for real time, we have to substitute t→ t− iε and take the limit ε→ 0, which
gives

−g2µ−2εCF

{
− 1

2π2ε
− 1

2π2
[2 + γE + lnπ]− i

4π

(
2− r

t

)
Θ(r − t)−

− it

4πr
Θ(t− r) +

1

4π2

(
t

r
+
r

t

)
ln

t+ r

|t− r| +
1

2π2
ln

|t2 − r2|
t2r2µ2

}
. (2.3)

If we neglect the divergence for a moment and take the limit t→ ∞, we get

Vtree(r) = −CF
αs
r
. (2.4)

This is the classical Coulomb potential, modified by a gauge group dependent factor CF .

Turning now to the divergence, it has been shown in reference [16] that all the divergences turning up for
a loop with a smooth contour can be dealt with through a renormalization of the coupling constant and in
some renormalization schemes also a “loop mass” renormalization. The divergences related to the latter
case can be factored out and exponentiated, and the exponent is linearly divergent and proportional
to the length L(Γ) of the contour. If we multiply the Wilson loop by a factor exp[−mL(Γ)], these
divergences can be taken up into the renormalization of the parameter m. In dimensional regularization
these divergences are automatically put to zero, so we do not have to worry about this.

There may however be additional cusp divergences for loops with angles or intersections. These can be
cancelled by multiplicative renormalization constants Z(γi) to the Wilson loop, which only depend on
the cusp angles γi ([20], [21]). Since these renormalization constants only depend on the cusp angles,
they may be calculated using any convenient loop.

Following the calculation in reference [21] the tree level contribution to the simple case of a loop consisting
of two straight lines, which have an angle γ and are connected at infinity, is given by

g2µ−2εCF (γ coth γ − 1)

[
− 1

8π2ε
− 1

8π2

(
γE + ln

µ2

Λ2
+ lnπ

)]
. (2.5)

In Minkowski space the angle γ between two vectors pµ and qµ, which are here used to give the directions
of the two lines the loop consists of, is defined by cosh γ = p·q√

p2q2
, while Λ is a cutoff parameter used to

regulate the infrared divergence in the considered loop due to its infinite length.

Taking γ = iπ2 , the corresponding renormalization constant at O(α1
s) in the MS-scheme is

Z
(
i
π

2

)
= exp

[
−αsCF

2πε̄

]
. (2.6)

Not only the Wilson loop, but all closed loops can be expressed as an exponential of the sum over 2PI
diagrams. Therefore also the O(αs) cusp divergence exponentiates and is removed by a renormalization
constant in the form of an exponential. Since the Wilson loop has four angles, it has to be renormalized
by [

Z
(
i
π

2

)]4
= exp

[
−2αsCF

πε̄

]
. (2.7)

If we look at equation (2.2) (which only shows the logarithm of the Wilson loop), this is indeed the case.
In addition, the cusp anomalous dimension, defined as the derivative of the Wilson loop with respect to
− lnµ, also depends only on the cusp angle for any loop and again both results agree by a factor 4.

2.2 One-Loop Contribution

Some of the diagrams contributing to the next order in the perturbation series are shown in figure 2.2.
Basically, we have self energy corrections to the tree level one-gluon diagrams (a), connected diagrams of
order O(α2

s), involving one three-gluon vertex (d) and the unconnected 2PI diagrams of O(α2
s), involving

10
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Figure 2.2: Typical diagrams contributing to O(g4).

two gluons at tree level (b, c, e, f). Actually, b), c), e) and f) are of the same configuration, if we only
consider constituents and path ordering, but it is useful for our calculations and further discussion to
count them as separate diagrams. We already did so with the tree level diagrams, which also basically
consist of just one free gluon propagator. The colour structures are the same, so b), c), e) and f) all have

the same colour connected coefficient T̃r{T a[T b, T a]T b} = − 1
2CFCA, whose derivation has been shown

in figure 1.2.

In Coulomb Gauge b) and c) include scaleless integrals, which vanish in dimensional regularization.
Figure e) gives zero and d) and f) vanish when taking the limit t→ ∞. The same is true for all diagrams
connecting to the vertical sides of the Wilson loop. So the only relevant diagrams left are a) and a similar
one with the gluon loop replaced by a light fermion loop. The details of the calculations can be found in
appendix D.3.

It simplifies the calculations a lot to take the limit t→ ∞ before performing the loop momentum integra-
tions, because this basically turns

∫
dt exp[−itk0] into δ(k0), so the quantity we really have to compute

in a) is the vacuum polarization Π00(0,k). Therefore no expression for the Wilson loop expectation
value will be given, but just its contribution to the static potential. The result is in agreement with
references [22], [23] and reads:

V MS
1loop(r) = − α2

s

4πr
CF

[(
31

9
CA − 20

9
TFnf

)
+

(
11

3
CA − 4

3
TFnf

)(
lnµ2r2 + 2γE

)]
(2.8)

Since the ghost fields do not couple to the 00-component of the gluon propagator in Coulomb gauge, they
need not be considered here. However, there are some ambiguities concerning ghosts in Coulomb gauge.
For example one ghost loop coupling to the spatial parts of the gluon propagator leads to integrals of the
type ∫

dk0
2π

∫
d3k

(2π)3
ki(qj − kj)

k2(q− k)2
, (2.9)

which is not regulated by dimensional regularization due to the divergent k0 integration. These issues
are treated for example in references [24], [25]. We will not delve further into this matter, since at no
point will we have to explicitly calculate the self energy of spatial gluons in Coulomb gauge.
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Part II

The Cyclic Wilson Loop

3 Wilson loops in thermal QCD

Having completed our discussion of the Wilson loop operator in the vacuum, we can turn to the in-
medium case. In the imaginary time formalism, which is well suited for equilibrium systems, the biggest
changes come through the introduction of periodic boundary conditions for bosons on the imaginary time
axis, so φ(β + τ,x) = φ(τ,x), with β = T−1. For fermions we get antiperiodic boundary conditions,
ψ(β + τ,x) = −ψ(τ,x).

In momentum space this means that fields are no longer represented by a Fourier transform in the time
variable, but by a Fourier series with discrete frequencies, called the Matsubara series and frequencies,
respectively. When performing these sums, one always gets a vacuum part, which is equal to the cor-
responding expression in vacuum calculations after performing the k0 integration, and a thermal part,
which involves the Bose-Einstein distribution function nB(k) for bosons and the Fermi-Dirac distribution
function nF (k) for fermions.

The difference, then, between a regular Wilson loop at an arbitrary imaginary time τ < β in the ther-
mal medium and in the vacuum, apart from the transition to Euclidean spacetime, lies solely in the
thermal parts. These do not introduce additional ultraviolet divergences, because they are exponentially
suppressed at high momenta. But there may be additional infrared divergences, because the bosonic
distribution functions introduce another pole at small momenta. These can be removed through a partial
resummation of the perturbative series, which is best performed systematically through an effective field
theory approach. However, our aim is to treat the ultraviolet divergences, and for those there is no
difference to the vacuum case. Therefore, we will not discuss this scenario further.

In the previous section we took the limit t → ∞ in order to obtain the static quark-antiquark potential
from the Wilson loop. The corresponding procedure to get the proper thermal potential would be to
rotate τ back to real time and then let it go to infinity, in other words τ → i∞. But we could also pursue
a different line of investigation and take the limit τ → β. In this case the Wilson loop spans the whole
of the imaginary instead of the real time dimension. This quantity will be called the cyclic Wilson loop,
because we go full circle on the imaginary time axis, and doing this has a lot of interesting consequences,
as we will see. There are a lot of cancellations and some diagrams of O(α2

s) we could not calculate in
the non-cyclic case turn out to be quite simple or at least manageable. Integrating all the way from 0 to
β also mixes thermal and vacuum parts, and we will find that the ultraviolet divergences turn out to be
very different from the non-cyclic case and cannot be removed in the same fashion.

The aforementioned infrared problems of thermal field theory make it necessary to assume a hierarchy of
scales, because otherwise it is unclear which theory should be used for the contributions from different
energy scales. The one which is most useful for our discussion is 1

r ≫ T ≫ mD. The last relation follows
immediately from the weak coupling regime, since the thermal mass mD ∼ gT . With 1

r being the biggest
scale in our system, the ultraviolet divergences must come from the contributions of this scale and we
can use the unresummed thermal QCD Feynman rules to calculate them. Infrared divergences from
higher scales must cancel against ultraviolet divergences from lower scales, calculated in the resummed
theory. However, at O(α2

s) all infrared divergences in contributions from the scale 1
r cancel against each

other, as it will turn out. This suggests that the contributions from the lower scales will enter at higher
orders in the coupling constant, and in any case makes it unnecessary for the treatment of the ultraviolet
divergences to consider the lower scales at all, so we will only concern ourselves with the contributions
from the scale 1

r .
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Figure 4.1: Tree level one-gluon diagrams.

4 Calculation of the Cyclic Wilson Loop to O(α2
s)

4.1 Tree Level One-Gluon Diagrams

In figure 4.1 above, all the tree level diagrams contributing to the cyclic Wilson loop are shown, which are
obviously the same as in the vacuum case. Using our previous calculations, they can be easily computed.
We will be using Coulomb gauge throughout all of the cyclic Wilson loop calculations, because it quite
simplifies things.

Diagram a)

−(ig)2CF

∫ β

0

dτ1

∫ β

0

dτ2
∑∫

k

eik0(β−τ1−τ2)−ir·k

k2
=g2CF

∑∫

k

β2δnk,0 e
−ir·k

k2

=g2CFβ

∫

k

e−ir·k

k2

=
αsCF
rT

(4.1)

Diagrams b)+c)

(ig)2CF

∫ β

0

dτ1

∫ τ1

0

dτ2
∑∫

k

eik0(τ1−τ2) + e−ik0(τ1−τ2)

k2
=− g2CF

∑∫

k

β2δnk,0

k2

=− g2CFβ

∫

k

1

k2

=0 (4.2)

Diagram d)

− (ig)2CF

∫ 1

0

ds1

∫ 1

0

ds2
∑∫

k

e−ik0β+ir·k(s1+s2−1)

k2

(
r2 − (r · k)2

k2

)

= 2g2CF
∑∫

k

1− cos(r · k)
(r · k)2k2

(
r2 − (r · k)2

k2

)
(4.3)
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Diagrams e)+f)

(ig)2CF

∫ 1

0

ds1

∫ s1

0

ds2
∑∫

k

eir·k(s1−s2) + e−ir·k(s1−s2)

k2

(
r2 − (r · k)2

k2

)

= −2g2CF
∑∫

k

1− cos(r · k)
(r · k)2k2

(
r2 − (r · k)2

k2

)
(4.4)

So we see that diagrams b) and c) vanish because they contain scaleless integrals, while diagram d) has
exactly the negative value of diagrams e) and f). This means that diagram a) is the only one which gives
a contribution. This makes the O(αs) result fairly simple:

ln 〈Wc〉 =
αsCF
rT

+O(α2
s) . (4.5)

We already see here that the ultraviolet divergences for the cyclic Wilson loop are very different from the
non-cyclic case, because there are none at O(αs).

4.2 Systematic Cancellations

Before we go on with our calculations, it should be pointed out that for the cyclic Wilson loop a lot of
diagrams cancel systematically, which greatly reduces the number of diagrams we have to consider. Of
this we just saw the simplest example in the three tree level diagrams d), e) and f).

Another example would be encountered in the next section about diagrams involving the gluon self
energy. Apart from the diagrams similar to the tree level ones, there could in principle appear additional
contributions from another set of diagrams. Since the off-diagonal self energy components Π0i(k) are
not necessarily zero, even in gauges where this is the case for the free propagator, self energy diagrams
with one gluon leg attached to a quark line and the other attached to a string are not trivially vanishing.
However, the four possible diagrams of this sort cancel in pairs:

• left string + quark line:

(ig)2
∫ β

0

dτ

∫ 1

0

ds
∑∫

k

e−ik0τ−
i
2 r·kD00(k)Π0i(k)Dij(k)rje

ir·k(s− 1
2 )

= g2
∫

k

D00(0,k)Π0i(0,k)Dij(0,k)rj
e−ir·k − 1

ir · k

• right string + quark line:

(ig)2
∫ β

0

dτ

∫ 1

0

ds
∑∫

k

e−ik0τ−
i
2 r·kD00(k)Π0i(k)Dij(k)(−rj)eir·k(

1
2−s)

= −g2
∫

k

D00(0,k)Π0i(0,k)Dij(0,k)rj
e−ir·k − 1

ir · k

• left string + antiquark line:

− (ig)2
∫ β

0

dτ

∫ 1

0

ds
∑∫

k

e−ik0(β−τ)+
i
2 r·kD00(k)Π0i(k)Dij(k)rje

ir·k(s− 1
2 )

= g2
∫

k

D00(0,k)Π0i(0,k)Dij(0,k)rj
eir·k − 1

ir · k

• right string + antiquark line:

− (ig)2
∫ β

0

dτ

∫ 1

0

ds
∑∫

k

e−ik0(β−τ)+
i
2 r·kD00(k)Π0i(k)Dij(k)(−rj)eir·k(

1
2−s)

= −g2
∫

k

D00(0,k)Π0i(0,k)Dij(0,k)rj
eir·k − 1

ir · k
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Figure 4.2: Some examples of diagrams that vanish because of cyclicity cancellation.

This result is a direct consequence of the fact that the loop is cyclic. In order to arrive at a more general
statement, let us look at the Wilson loop as the expectation value of four Wilson lines:

〈Wc〉 = T̃r
〈
U0

(r
2
,−r

2

)
U †
− r

2
(β, 0)U †

β

(r
2
,−r

2

)
U r

2
(β, 0)

〉
. (4.6)

In perturbation theory we may expand each Wilson line individually. All diagrams where the quark or the
antiquark line has no gluons attached to it correspond to the zeroth order expansion of the corresponding
Wilson line, which is unity. But if we insert the unit matrix for one of the quark lines, we get

T̃r
〈
U0

(r
2
,−r

2

)
U †
β

(r
2
,−r

2

)
U r

2
(β, 0)

〉
= T̃r

〈
U r

2
(β, 0)

〉
= 〈WP 〉 , (4.7)

which is the Polyakov loop. The strings vanish because in the imaginary time formalism τ = 0 and τ = β
are identified, so the two Wilson line operators representing the strings are inverse to each other.

However, if we also expand the strings in equation (4.7), a comparison between left hand and right hand
side shows, that all the non-zero order terms must cancel. These cancellations happen order by order in
g, and also individually for sets of diagrams that have the same constituents and differ only in that some
line vertices are switched from one string to the other.

An illustration of this statement is given in figure 4.2, where the sum over each row gives zero. The
bubble may represent any diagram, as long as it stays the same in each row, and may or may not connect
to one of the quark lines, but never to both. This picture shows only some of the simplest cases, but the
statement is true for any number n of gluons attached to the bubble and the strings. The n+1 diagrams
that differ only in which string these gluons are attached to, while not changing their ordering along the
path, cancel when summed.

This statement is true in any gauge and we can rephrase it a bit. Whenever a diagram has at least
one gluon attached to a string and at least one quark line is not connected to the other quark line or
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Figure 4.3: Diagrams contributing to the gluon self energy.

the strings, there will always be other similar diagrams to cancel it. We will refer to this result quite
frequently in the following sections, so let us dub it “cyclicity cancellation”, since it only works for the
cyclic Wilson loop. Together with the restriction to 2PI diagrams this reduces the number of diagrams
to be considered even more.

4.3 Gluon Self Energy Contribution

Now we can turn to the next order calculations. Let us first consider the diagrams involving the gluon self
energy. Because of the cyclicity cancellation explained in the previous section, we only have to consider
the tree level diagrams a), b) and c) with the free gluon propagator replaced by the 1-bubble propagator
shown in figure 4.3. We can write their contribution as:

g2CFβ

∫

k

e−ir·k − 1

k2
(−Π00(0,k))

1

k2
. (4.8)

The minus sign in front of the self energy Π00(k) comes from expanding

〈
Aa0(x1)A

b
0(x2)

〉
=
∑∫

k

δabeik(x1−x2)

k2 +Π00(k)
=
∑∫

k

δabeik(x1−x2)

(
1

k2
− Π00(k)

(k2)2
+ . . .

)
, (4.9)

and the Kronecker delta from the contour integrations
∫ β
0
dτ eik0τ = βδnk,0 requires k0 = 0.

In order to calculate the self energy Π00(0,k), we have to consider the diagrams shown in figure 4.3.
There is no ghost loop, because the 0-component of the gluon does not couple to ghost fields in Coulomb
gauge. We can always split the calculation into a vacuum and a thermal part, because performing the
thermal sums leads to a factor of 1

2q

(
1± 2nB/F (q)

)
for all contributions, as we will see shortly. We can

then take over the result for the vacuum part from previous calculations, suitably adapted for Euclidean
space (at 1-loop order and in the MS-scheme):

−Π
(0)
00 (0,k) =

αsk
2

4π

[(
31

9
CA − 20

9
TFnf

)
+

(
11

3
CA − 4

3
TFnf

)
ln
µ2

k2

]
. (4.10)

The details of the thermal part calculations can be found in appendix E.1. Since I know of no way to
solve the last integration analytically, except for the case of the tadpole diagram, the result will be given
up to that point.

Π
(T )
00 (0,k) =

4αsCA
π

∫ ∞

0

dq
q

eqβ − 1

{
1− k2

2q2
+

(
q

k
− k

2q
+

k3

8q3

)
ln

∣∣∣∣
2q + k

2q − k

∣∣∣∣
}

+
8αsTFnf

π

∫ ∞

0

dq
q

eqβ + 1

{
1 +

(
q

k
− k

4q

)
ln

∣∣∣∣
2q + k

2q − k

∣∣∣∣
}
. (4.11)

This expression is finite for q → 0, which can be seen by expanding the logarithm. It is also finite for
k → 0, however if we expand the logarithm as a Taylor series at k = 0, we get a series of divergent
integrals. This means that our result cannot be represented as a power series in k.

However, we can still derive an approximation for the limit k ≪ T through a different approach. As
explained in references [26] or [10], if we return to the start of the self energy calculation, but this time
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perform the q integration first, then expand in k2

q20
and perform the Matsubara sum last, we arrive at

a series in k2

(πT )2 and some non-analytic terms. Since the details of this calculation can be found in

appendix E.2, we will just give the result here:

Π
(T )
00 (0,k) =

αsCA(2πT )
2

3π

{
1− 3π

2

k

2πT
− 11

2

[
γE +

1

33
+ ln

k

4πT

](
k

2πT

)2

+
π3

8

(
k

2πT

)3
}
+

+
2αsTFnf (πT )

2

3π

{
2 +

[
γE − 4

3
+ ln

k

πT

](
k

πT

)2
}

+O
[(

k

πT

)4
]
. (4.12)

The non-analyticity of the gluon self energy is contained in the logarithms and the linear and cubic terms.
The calculation shows that those come from

√
k2 terms, which is in accordance with equation (4.11) being

even in k, so to be totally accurate we should write |k| instead of just k. There are no more non-analytic
contributions from higher order terms, starting from the quartic terms we only have even powers of k

πT .
This result is in agreement with the one found in reference [27], which however does not give all of the
terms above:

Π
(T )
00 (0,k) = 4παsCA

(
T 2

3
− kT

4
− 11

48π2
k2 ln

k2

T 2

)
+O(k2) . (4.13)

Unlike the case of the small k expansion, for large k we can expand the logarithm in negative powers of k
without getting divergent integrals in q and thus derive the following expression (details in appendix E.2).

Π
(T )
00 (0,k) = − 1

18π
αsCA(2πT )

2 +
1

15π
αs(2πT )

2

{
11

15
CA +

7

6
TFnf

}(
2πT

k

)2

+O
[(

2πT

k

)4
]
. (4.14)

These expansions show that equation (4.8) is infrared (and ultraviolet) finite, because the thermal part of
the gluon self energy approaches a constant for both limits k → 0 and k → ∞ and has no singular points
in between, while the other part of the integrand is integrable in three dimensions. However, when we turn

to the renormalization of the Wilson loop, we will consider the parts proportional to exp(ir·k)
k4 and to 1

k4

separately, which both are infrared divergent on their own. So we will just assume that these divergences
have been cancelled through the inclusions of contributions from the scales T and mD, without giving
explicit values for them. The renormalization properties are unaffected by that.
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4.4 3-Gluon Diagrams

A

B

C

D

E

1 2 3 4

r

1 / T

Figure 4.4: All diagrams of O
(

g4
)

with a 3-gluon vertex.

Figure 4.4 above shows all the diagrams of O
(
g4
)
with a 3-gluon vertex, arranged in rows of similar

structures. Most of them give zero contribution to the cyclic Wilson loop, as we will show now. In
the following calculations the momenta of the propagators are denoted k, p, q in counterclockwise order
starting from the upper left corner. The arrows indicate the direction of the contour integration, and as
always the quark lines run horizontally, the strings vertically.

Row A

All of these diagrams are zero. Since the Coulomb gauge gluon propagator is diagonal in time and space
indices the vertex factor has to be taken with all Lorentz indices equal zero and thus vanishes:

(−ig)fabc [(k0 − q0)δ00 + (p0 − k0)δ00 + (q0 − p0)δ00] = 0 . (4.15)
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Row B

Here all diagrams cancel because of cyclicity. This example is rather similar to the previous one involving
the gluon self energy. The two pairs of diagrams have the same value but different sign because of the
different integration direction.

Diagrams C1, C2

These two diagrams are the only ones that give a contribution. Here we cannot invoke cyclicity cancel-
lation. When one switches the horizontal gluon line from one side to the other, one also changes the
order of the gluon legs. This gives a relative minus sign, which together with the minus from the reversed
integration direction has the effect, that the diagrams C1 and C2 are actually equal, each having a value
of 1

2CFCAα
2
s. The calculation itself is quite lengthy and will be given in appendix E.3.

Diagrams C3, C4 and Row D

All of these six diagrams vanish because of cyclicity, cancelling as triplets (C3, D1, D3) and (C4, D2, D4).
But even if this were not the case, they would still give zero individually, because they all involve a
Matsubara sum over an expression that is odd in the frequency. This will be shown for diagram C4, the
expressions for the other diagrams are similar and differ only in the terms in front of the Matsubara sum:

(ig)3(−ig)fabcT̃r
[
T aT bT c

] ∫ 1

0

ds1 ri

∫ β

0

dτ

∫ 1

0
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∑∫
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k2
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1
2 )×
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i
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p2

δjj′ − qjqj′

q2

q2
e−iq0β−ir·q(

1
2−s2)δi′j′ (k0 − q0)

(2π)3

T
δ(3) (k+ p+ q) δ−np,nk+nq

=− i

2
g4CFCA

∫ 1

0

ds1

∫ 1

0
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k
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q

r2 − (r·k)2
k2 − (r·q)2

q2 + (r·k)(r·q)(k·q)
k2q2

(k+ q)2k2q2
×

× e−ir·ks1+ir·q(s2−1)βδnk+nq,0 (k0 − q0)

=− i

2
g4CFCA

∫

k

∫

q

r2 − (r·k)2
k2 − (r·q)2

q2 + (r·k)(r·q)(k·q)
k2q2

(k+ q)2

(
e−ir·k − 1

) (
1− e−ir·q

)

(r · k)(r · q) ×

×
∑

k0

2k0
(k20 + k2) (k20 + q2)︸ ︷︷ ︸

odd ink0

= 0 . (4.16)

Row E

The diagrams of row E vanish again because of cyclicity. But furthermore, E1 cancels against E2 and
E3 against E4. There is a nice graphic explanation for that. If we consider only the contour integration
of the last gluon (the one with momentum q) in diagrams E1 and E2 and think of the other two gluons
as fixed for the moment, there are three regions this integration can cover: below the other two gluons,
between them or above them. In the end every region will give the same value, which can be shown by
parameter substitutions like those in appendix C. Now, in diagram E2 this integration covers all three
regions of the string, but runs in the opposite direction than that of diagram E1, which covers only the
lower region. So in the sum of E1 and E2 the contributions from the lower region obviously cancel, leaving
the contributions from the middle and upper region. But since the ordering of the gluons for the middle
region differs from that of the upper region by an odd permutation, the 3-gluon vertex gives rise to a
relative minus sign, which is not compensated by a different ordering of the colour matrices, so those two
contributions also cancel. An exact calculation of this can be found in appendix E.4.

Result

Seeing as how many diagrams cancel or give zero contribution, the sum over all 3-gluon diagrams becomes
fairly simple:

lnWc

∣∣∣∣
3g

= CFCAα
2
s . (4.17)
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4.5 Unconnected Diagrams

X T T’ S S’

1

2

3

r

1 /T

Figure 4.5: The unconnected 2PI diagrams of O(g4).

In figure 4.5 there are shown all the unconnected 2PI diagrams of O(g4). (For the use of the term
“unconnected” see appendix C.) The columns are labelled with letters that more or less resemble the
diagrams they are supposed to represent. Rows 1 and 2 vanish, but diagram 3X gives a divergent
contribution, as we are about to show.

Row 1

All of these diagrams vanish individually. In Coulomb gauge the 00-component of the propagator, which
is the only one relevant for these diagrams, does not contain Matsubara frequencies in the denominator.
This leads to scaleless integrals, which can be neglected in dimensional regularization, in the cases 1T,
1T’, 1S, 1S’, since a gluon with both ends attached to the same quark line does not have any dependence
on r. But even if this were not the case, they would still vanish because of the contour integrations and
Matsubara sums. We will perform this calculation explicitly for the 1X diagram, the other cases are
similar.

The value of 1X is given by

−g
4

2
CFCA
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∑∫
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∫ τ1

0

dτ2
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= x

3X a) d )

Figure 4.6: Factorization of diagram 3X (disregarding colour coefficients).

Although the Matsubara sums actually lead to an infinite sum of delta functions:

∑

k0

eik0τ =
∑

n

δ(τ − nβ) , (4.19)

their arguments lie inside the integration region only for n = 0.

Row 2

Again, these diagrams cancel because of cyclicity. Since this is a more complex example, the interested
reader is referred to appendix E.5 for a detailed demonstration of how this cancellation works.

Diagram 3X

In this diagram the integration regions of the gluon propagator endpoints do not overlap, which means
that its contribution factors into the product of two tree level diagrams with their colour factors replaced
by the colour connected coefficient of the 3X diagram. As we saw in the tree level calculations, the
contribution of the gluon connecting the two strings is divergent. However, unlike in the tree level case,
here we have no other diagram left which could cancel this divergence. The diagrams where one gluon
starts and ends at the same string are two-particle reducible and thus do not contribute here. Or to put
it another way, the three tree level diagrams related to the strings, which individually are divergent but
cancel each other, no longer have the same colour coefficient once we add a gluon connecting the quark
lines. This leaves us with a net divergence. While we did not need to calculate diagram d) for the tree
level calculations, we now have to. In addition we also have to calculate the contribution of diagram a)
in d dimensions to get the correct finite parts for diagram 3X.

Let us begin with the calculation of a). Without the colour factor this is given by:
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)
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∑∫
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)
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. (4.20)

To be honest, once we renormalize the cyclic Wilson loop in the next section, these finite terms from the
O(ε1) expansion of diagram γa) will really be of no importance, since the counterterm will generate the
same constant terms and they will be cancelled together with the divergence. At this stage however, we
should include them.

We can split up the calculation of d) into a into a divergent “vacuum” part and a finite “thermal” part.
The reason for putting in those quotation marks is that, while this nomenclature comes from the two
terms in the result of the Matsubara sum 1

2k (1+2nB(k)), if we take the results of the vacuum Wilson loop
calculation from the previous part and substitute it = β, we get a different split up into a vacuum and a
thermal part. So, if we calculated this diagram for a generic τ and then let τ → β, the divergence would
actually come from the thermal contribution. However, the distinction between vacuum and thermal part
is of no real importance here. One could also argue, that the cyclic Wilson loop should not be viewed as
the limit τ → β of an ordinary Wilson loop in imaginary time, but as a different object altogether. We
will return to this in the next section about the renormalization of the cyclic Wilson loop. For now, let
us proceed with the calculations:

W
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0
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∑∫

k

r2 − (r·k)2
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∑∫
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Now the vacuum part can be taken over from the tree level vacuum Wilson loop calculations, diagrams
e) and f):

W (0)
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2k

2− 2 cos(r · k)
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1
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+ 1 + γE + lnπ + lnµ2r2

)
+O (ε) . (4.22)

The calculation of the thermal part turns out to be more problematic and the result will only be given as
an integral representation, or as a series expansion for rT ≪ 1. This series expression will be used more
often in subsequent results, since it is more concise and in accordance with our assumed hierarchy, but
it should be understood that only the integral representation is valid for all values of rT and should be
substituted whenever expanding is not allowed. (The details can be found in appendix E.6.)
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The series expansion is obviously divergent for rT > 1, since the zeta function approaches 1 for large
arguments and an exponential of positive n diverges more rapidly than a power of n. For rT = 1 it
converges, because for large n it behaves as 1

n3 , and a numerical calculation gives an approximate value
of 0.519237 (for the sum only). So we see that the series converges for rT ≤ 1.

The complete contribution of diagram 3X is then given by:
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2
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]
.

(4.24)

In order to compare this to the result of the calculation in [8]:
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which only gives the leading term for small rT , we need to do one more calculation:
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Since the logarithm is not multiplied by the singularity, we could do this calculation in three dimensions.
So we can rewrite equation (4.25) to give:
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∫
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eir·k
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1

ε
+ 1 + γE + lnπ + lnµ2r2

]
. (4.27)

The square brackets now correspond to what was called W (0)
(
γb)
)
in our calculations, and it is easy to

see that the coefficients are the same, apart from a factor 1
4πr that is still hidden in the k integration,

while the rest of the constant terms comes from expanding that integral to O(ε). So our result agrees
with that of [8].

4.6 Result

We can now put everything together to get an expression for the cyclic Wilson loop at order α2
s, which

is in agreement with reference [8]:
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5 Renormalization of the Cyclic Wilson Loop

In this section we will assume, unless otherwise specified, that a renormalization of the charge and fields
has already been carried out, so that we only have to concern ourselves with the divergences due to
singular points on the contour. By that we mean points where C is not differentiable (compare [16]).

As we saw in the previous section, a peculiar thing happens for the cyclic Wilson loop: The cusp diver-
gences of O(αs), which we found for the vacuum case, have disappeared. But the divergence resurfaces at
O(α2

s), this time multiplied not by a constant, but by a term depending on r and T . In order to explain
this, it may be useful to look at the Wilson loop from a different angle.

Due to the periodic boundary conditions in the imaginary time formalism of finite temperature field
theory, we work in a cylindric space with d infinite space dimensions and one circular time dimension.
The cyclic Wilson loop wraps once around the whole of this time dimension, so that the two strings
run along the same line. This means that the cyclic Wilson loop no longer has cusps, but intersections.
(compare figure 5.1)

Figure 5.1: The contours for the non-cyclic (left) and the cyclic Wilson loop (middle) are shown, together with
the Polyakov loop correlator (right). One can see that the cusp points turn into intersection points.

It has been shown in reference [20] that the expectation values of loops with intersections cannot be
renormalized by a single multiplicative constant. One rather has to consider sets of loops and loop
correlators that mix under renormalization. These sets consist of all possible path ordering prescriptions
for contours that occupy the same points in space-time and retain the same direction everywhere except
at the intersection points. Taking different path ordering prescriptions at the intersections will inevitably
lead to contours with several disconnected loops. In this case each loop is traced separately, so as to
preserve gauge invariance, and each trace is divided by the number of colours. An illustration of this is
given in figure 5.2 for the simplest case of a smooth curve that intersects with itself once at a single point.

Figure 5.2: The two possible path orderings for a loop with one intersection.

Following this contour and arriving at the intersection point, there are two possible ways how to go on:
one can either go straight ahead, thus following the rest of the contour, or make a turn onto the way
one has come, splitting the contour into two separate loops. To highlight this last feature the two loops
on the right of figure 5.2 are drawn apart, while it should be understood that they still connect at the
intersection point.

Each of those two loops on the right, taken on its own, would have a normal cusp and be renormalizable
through a multiplicative constant. However, when taking the average over the product of both loops
there is a new source of divergences from gluon exchanges between the two loops. In order to get rid of
those one has to add a multiple of the expectation value of the smooth loop on the left, for which similar
divergences arise at the intersection. By choosing appropriate coefficients, combinations of both loops
can be made finite.
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Figure 5.3: The four different path orderings of the contour of the Wilson loop. The string is represented in the
middle and the endpoints at the right and left should be identified.

In general a loop may cross an intersection point more than twice and the angles at which the different
lines enter that point may all be different. In that case the set of all associated loops is renormalized
by a matrix of renormalization constants, which depend only on the angles at the intersection point.
When a loop has more than one intersection point, then the set of associated loops takes on a tensor
like structure with a renormalization matrix for each intersection point. If there are additional cusp
divergences present, then those can be taken care of by multiplicative constants. So the general formula
looks like this:

W
(R)
i1i2...ir

= Zi1j1(β1)Zi2j2(β2) · · ·Zirjr (βr)Z(γ1)Z(γ2) · · ·Z(γs)Wj1j2...jr . (5.1)

Here the indices ik label the different possible path ordering prescriptions at the r intersection points, βk
denote the angles at those intersection points and γl stand for the cusp angles at the s additional points
of non-differentiability. As mentioned above, the loop functions W are defined such that there is a trace
over each closed Wilson line, and each trace is divided by the number of colours.

Now we want to apply these results of reference [20] to the cyclic Wilson loop. Strictly speaking, we have
a continuously infinite number of intersection points, namely the whole of the string. However, only the
string endpoints are of real importance, as we will see shortly.

Let us first understand, which loop functions can appear, when we consider different path ordering
prescriptions only at the string endpoints. We will label the loop functions Lij , where i, j = 0 stands
for taking the same path as the Wilson loop contour at the upper (i) or lower (j) intersection point and
i, j = 1 taking the other possible path. This means that the cyclic Wilson loop is represented by L00.
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An illustration of this is given in figure 5.3. We can see that all other options of path ordering lead
to the same loop function: the expectation value of two traced Polyakov loops, or as we will call it,
the Polyakov loop correlator Pc (also shown in figure 5.1 on the right). Now, if we would take into
account additional intersection points along the string, this would essentially give nothing new, because
any choice of path ordering different from the cyclic Wilson loop contour will lead to the Polyakov loop
correlator. Furthermore, it is reasonable to take the renormalization matrix of intersection angles (0, π)
to be unity, since both possible path orderings of an otherwise smooth loop with this intersection are
finite. This is, because the contour can either be smooth at this point, which does not give rise to
divergences, or have two cusps of angle 0, which are also finite (compare equation (2.5)). This means
that we can disregard any intersection point of angles (0, π), because the tensor components this would
create transform trivially under renormalization. So the case of considering N → ∞ intersection points
along the string is completely analogous to having just two at either string endpoint.
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Instead of working with the tensor Lij we can also represent it by a four component vector L =
(L00, L01, L10, L11), which gets renormalized by the tensor product of the two renormalization matri-
ces. Since the angles at both ends of the string are equal, also the renormalization matrices have to be
equal.




W
(R)
c

P
(R)
c

P
(R)
c

P
(R)
c


 =




Z00

(
Z00 Z01

Z10 Z11

)
Z01

(
Z00 Z01

Z10 Z11

)

Z10

(
Z00 Z01

Z10 Z11

)
Z11

(
Z00 Z01

Z10 Z11

)







Wc

Pc
Pc
Pc


 . (5.2)

Since the Polyakov loop correlator is already finite, having neither cusps nor intersections, and we are

employing minimal subtraction, its renormalized value is given by P
(R)
c = Pc. From this it immediately

follows that Z10 has to be zero, otherwise P
(R)
c would depend on Wc.




W
(R)
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
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00 Z00Z01 Z00Z01 Z2
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





Wc

Pc
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Pc


 . (5.3)

The three equations involving Pc require Z11 = 1 and Z01 = 1−Z00 (or equivalently Z11 = −1 and Z01 =
−1−Z00), which leaves only one independent renormalization constant Z = Z2

00. So the renormalization
condition for the cyclic Wilson loop and the Polyakov loop correlator reads (in compact form):

(
W

(R)
c

Pc

)
=

(
Z (1− Z)
0 1

)(
Wc

Pc

)
. (5.4)

Now, before we can start to determine Z, we first have to calculate Pc. We will do this in Coulomb gauge,
so that we can take over results from our cyclic Wilson loop calculations. At O(α2

s) the expectation value
of the Polyakov loop correlator is equal to twice the expectation value of a single Polyakov loop plus
diagrams involving gluon exchange between the quark lines. The one-gluon exchange diagram vanishes,
because it is proportional to (Tr[T a])2 = 0.

There are two possible two-gluon exchange diagrams (compare figure 5.6 in the last part of this section,
without the gluon connecting the strings), however the crossed one gives zero just like diagram 1X. We
have not calculated the non-crossed diagram for the Wilson loop explicitly, because it is reducible (keep
in mind that the exponentiation theorem does not apply to the correlator of two loops). But it is the
only diagram which can contribute to the exponentiation of the tree level one-gluon exchange, due to 1X

being zero, so its value without colour factor must be given by
α2

s

2r2T 2 , which is the second order expansion
of that exponential. However, the colour factors are different. For the Polyakov loop correlator we get:

T̃r[T aT b]T̃r[T bT a] =
T 2
F

N2
c

δabδba =
T 2
F

N2
c

(N2
c − 1) = − T 2

F

N2
c

(N4
c − 2N2

c + 1) +
T 2
F

N2
c

(N4
c −N2

c )

=−
(
C2
F − 1

2
CFCA

)
. (5.5)

So up to O(α2
s) we have:

Pc = 1−
(
C2
F − 1

2
CFCA

)
α2
s

2r2T 2
+ 2P̃L . (5.6)

P̃L stands for any terms coming from the Polyakov loop expectation value, but its exact value is not
important for our analysis. It can be found for example in references [8], [9]. At order O(α2

s) it is given
by the thermal part of one gluon self energy insertion into diagrams b) or c) of the tree level Wilson loop,
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and in order to calculate it one has to take care of the infrared divergences arising in thermal field theory.
We will not attempt that calculation here, but just present the result for the sake of completeness.

P̃L =
CFαsmD

2T
+ CFα

2
s

[
CA

(
1

4
+ ln

mD

T

)
− TFnf ln 2

]
(5.7)

m2
D =

4π

3
αsT

2(CA + TFnf ) (5.8)

Let us also recall the unrenormalized result for the cyclic Wilson loop. In order to make the expression
more concise, we will use the abbreviations f.t. for finite terms and th.p. for thermal part as well as
represent the contribution coming from the gluon self energy by writing it simply as a general functional
F [Π]. Note that since we consider the contributions that are also present in the Polyakov loop separately

as 2P̃L, the one-loop one-gluon exchange diagram will also have an infrared divergence which makes
resummations necessary. So F [Π] may stand for whatever we get from this calculation, while its details
are unimportant for the treatment of the ultraviolet divergences.

Wc = 1 +
CFαs
rT

+
C2
Fα

2
s

2r2T 2
+ CFCAα

2
s +

CFαs
rT

(
CAαs
πε

+ f.t. + th.p.+ F [Π]

)
+ 2P̃L +O(α3

s) . (5.9)

We can also expand the renormalization constant Z in powers of αs:

Z = 1 + Z1αs + Z2α
2
s + . . . (5.10)

Sometimes we will for simplicity also refer to these expansion terms Zi as renormalization constants,
since the presence or absence of an index should make clear whether we mean the whole expression or
just a single term.

Now, at O(α2
s) we get for the renormalized cyclic Wilson loop:

W (R)
c =ZWc + (1− Z)Pc

=1+
CFαs
rT

+
C2
Fα

2
s

2r2T 2
+ CFCAα

2
s +

CFαs
rT

(
CAαs
πε

+ Z1αs + f.t.+ th.p. + F [Π]

)
+ 2P̃L . (5.11)

Since we have used the MS-scheme for the vacuum polarization, we should also use that for cusp or
intersection point divergences, so we have to take

Z1 = −CA
πε

= −CA
π

(
1

ε
− γE + ln 4π

)
(5.12)

in order to make W
(R)
c finite.

As we already commented when calculating diagram 3X, the finite terms coming from the O(ε1) expansion
of the tree level diagram a) can now be neglected, because it is no longer multiplied by a divergent quantity.
So our expression for the renormalized cyclic Wilson loop reads:

ln 〈Wc〉 =
CFαs
rT

{
1 +

αs
4π

[(
31

9
CA − 20

9
TFnf

)
+

(
11

3
CA − 4

3
TFnf

)(
lnµ2r2 + 2γE

)]
+

+
αsCA
π

[
1 + 2γE − ln 4 + 2 lnµ2r2 +

∞∑

n=1

2(−1)nζ(2n)

n(4n2 − 1)
(rT )2n
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+

+
4παsCF

T

∫

k

eir·k − 1

(k2)2

(
−Π

(T )
00 (0,k)

)
+ CFCAα

2
s +O

(
α3
s

)
. (5.13)

This in itself may not yet be convincing enough that we have found the right renormalization procedure,
since the only contribution from the Polyakov loop correlator was −Z1αs to cancel the respective term
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from the cyclic Wilson loop. We could have used any quantity equal to 1 + O(α2
s) for that. So let us

move on to O(α3
s).

We will not attempt to give a full expression for the cyclic Wilson loop at O(α3
s), but focus on the

divergent contributions and how they are cancelled. For this a short discussion about different types of
divergences and their origin is in order. We will summarize here the more detailed analysis found in
references [16] and [20].

The exponentiation theorem allows us to only consider 2PI diagrams, which give the logarithm of the
cyclic Wilson loop. Divergences come from integration regions, where two or more vertices are contracted
together at one point on the contour. The superficial degree of divergence for such a configuration is

ω = 1−Nex (5.14)

at a smooth point and
ω = −Nex (5.15)

at a singular point, where Nex stands for the number of propagators, called external lines, which are
connecting to a vertex with a finite distance from the contraction point.

Now there are three possible scenarios:

• all vertices are contracted at a smooth point, which leads to a linear divergence,

• all vertices but one are contracted at a smooth point, which leads to a logarithmic divergence, which
we will call here first kind,

• all vertices are contracted at a singular point, which also gives a logarithmically divergent contri-
bution, called second kind.

The terms linear and logarithmic apply once subdivergences have been removed.

The linear divergences are proportional to the length of the contour and can be removed by introducing a
loop mass, as we already saw in the discussion of the cusp divergences of the vacuum Wilson loop. Mul-
tiplying the loop function by the exponential of this mass times the length of the loop, these divergences
can be absorbed into the mass term. In dimensional regularization they are removed automatically, so
we need not worry about those.

The second kind of logarithmic divergences are our main point of interest and their renormalization
properties have been shown in reference [20]. These are the cusp or intersection divergences and we see
that they only come from configurations where all of the vertices, or in the case of subdivergences all
vertices of some constituents without external lines, approach the singular point.

But let us first comment on the first kind of logarithmic divergences. It has been shown by [16], that
these divergences can be removed by using renormalized fields and couplings. In our previous calculation
in Coulomb gauge this just amounted to renormalizing the gluon self energy. But in other gauges we
need to be more careful, because also other diagrams can contribute to this kind of divergence.

Usually one can implement charge renormalization by simply replacing the coupling constant through

its renormalized value via g = Z1Z
− 3

2
3 g(R) in the full unrenormalized expression at a given order in αs,

where (in a covariant gauge) Z1 is the three-gluon vertex renormalization constant and A = Z
1
2
3 A

(R)

defines the gluon field renormalization constant. At the level of the Feynman diagrams this means that

we are inserting the renormalization constant Z1 at every three-gluon vertex, while the constants Z
− 1

2
3

from the vertices at both ends of a bare gluon propagator turn it into a renormalized propagator. The
relations between renormalization constants following from the Slavnov-Taylor identities ensure that the
same happens not only at three-gluon vertices, but also at the other vertices. This means that once
we have found the relation between bare and renormalized charge, we no longer have to think about
counterterms, because all their contributions are already included in the substitution of the charge.
However, in the following we would like to distinguish exactly where divergences come from and how
they are cancelled, so when we consider logarithmic divergences of the first kind, we will stick to the
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cancellation by counterterms. Note also, that in addition to the usual ones we get a line vertex counterterm
(Z1Z

−1
3 − 1), which comes from gA = Z1Z

−1
3 g(R)A(R).

We did not have to include this counterterm in our previous calculations, because we did not encounter
any divergences at order O(α2

s) that needed it to be removed. In Coulomb gauge, line vertex corrections
such as diagrams A2 and 1T for example are zero on their own, while E2 and 2T cancel because of cyclicity.
Since in Coulomb gauge A0 and A are treated differently, their field renormalization constants may also

differ, and the absence of divergences at the quark line vertices implies gA0 = g(R)A
(R)
0 , at least at this

order in αs. But for A we do get a line vertex counterterm, which is needed to make some higher order
diagrams finite, as we will see in a moment. Let us also note that, while field and vertex renormalization
constants may change in different gauges, the relation between the bare charge and its renormalized value
is gauge independent in an appropriate renormalization scheme such as minimal subtraction.

In Feynman gauge, the fields A0 andA are treated equally, so the corresponding renormalization constants
are also equal. And indeed, diagram 1T is divergent in Feynman gauge and its logarithmic divergence of
the first kind is removed by the line vertex counterterm.

Now we can turn to the second kind of logarithmic divergences. Since we would like our discussion not
to depend on a specific choice of gauge, we will start by considering, which diagrams can in principle
contribute to this divergence. We know that it only appears when all vertices of a diagram or at least
of some constituents are drawn close together at an intersection point. If every vertex of a diagram is
contracted at the intersection, then its contribution cancels because of cyclicity in all cases where at least
one vertex is on the string. If, however, all vertices are on a quark line, then this diagram contributes
equally to the Polyakov loop, and therefore must be finite after charge renormalization. This means that
a connected diagram cannot contribute to the intersection divergence, because it either has all vertices
close to an intersection and thus gives no divergent contribution, or it has some vertices with a finite
distance from the intersection and therefore too many external lines to be divergent.

So diagrams with an intersection divergence have to be unconnected and only some of their constituents
contribute to the divergence. This means that we can obtain every such diagram of a given order in
αs by taking lower order diagrams, which are finite after charge renormalization, and adding further
constituents in such a way, that their line vertices can be drawn together at an intersection without
crossing any line vertex of the finite diagram, since this would provide external lines and there would be
no divergence.

In our usual representation of the cyclic Wilson loop as a rectangle, the vertices of the added diagrams
may approach both the left and the right corners, since those points are identified. However, if all vertices
approach only the left or only the right corner, then the diagram is two-particle reducible, so the added
constituents should have vertices both on the left and on the right hand side. Note that the finite diagrams
need not necessarily be 2PI, since adding constituents will often make them irreducible.

We can also state that diagrams which cancel because of cyclicity also do so after we add constituents
around the corners. We can add the new constituents only to the corner of that quark line the original
diagram already connects to, because otherwise it would be reducible. But then the conditions for cyclicity
cancellation are still fulfilled, because there is still no connection to the other quark line. For diagrams
which also contribute to the Polyakov loop, there is no way to add constituents around the corners and
get a 2PI diagram, so we also do not have to consider those.

In order to illustrate these statements, we will compare the contributions to the intersection divergence
in Coulomb and Feynman gauge at O(α2

s) before going on to O(α3
s). There is only one lower order

diagram, the tree level one-gluon exchange between the quark lines. Its value is gauge independent, since
all other tree level diagrams cancel because of cyclicity or do not contain the scale r and therefore cannot
contribute to the gauge independent tree level result for the cyclic Wilson loop. The diagrams we obtain
when we add another gluon whose vertices may freely approach the corners are 3X, 1T and 1T’.

In Coulomb gauge 1T and 1T’ give zero and 3X is the only diagram having a logarithmic divergence of
the second kind. In Feynman gauge we notice that the divergence of 3X amounts to only half of that
value (compare the calculations of tree level diagrams e)+f) in appendix D). So the other half must come
from 1T and 1T’, which are equal. And indeed, after subtracting the logarithmic divergences of the first
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kind, which are also present in these diagrams, by means of the line vertex counterterm, we get exactly
the other half of the intersection divergence (compare appendix E.7).

Before we continue, let us also comment on the fact that the intersection divergence in diagrams 1T and
1T’ is closely related to the concept of 2PI diagrams. One might wonder why there is a divergence at all,
since the contour closes smoothly at the intersection point. To clarify this issue, figure 5.4 shows diagram
1T with the string drawn in the middle of the rectangle representing the cyclic Wilson loop. The contour
is closed with the endpoints to the right and the left being identified.

Figure 5.4: Illustration of the intersection divergence in 1T.

The figure on the left shows the basic configuration of 1T. We know that the divergence arises when the
vertices of the gluon not connecting the quark lines approach the intersection from different directions,
because otherwise the other gluon would be an external line. If we move the rightmost vertex all the
way to the other end of the quark line, we get the configuration shown in the second diagram. Because
those two vertices can only get close together at the intersection point, the divergence is logarithmic of
the second kind.

If we could transport the divergent configuration across the intersection point, this would turn it into a
linear divergence, vanishing in dimensional regularization (compare [16], [20]). However, the diagrams
necessary for that, which are shown on the right of figure 5.4, are two-particle reducible. This means that
if all three diagrams had the same colour factor, their contribution to the intersection divergence would
indeed vanish, and in fact it does for the Abelian part of 1T, the part that is used in the exponentiation
of its constituents. Only the 2PI rest with the colour connected coefficient remains, and its divergence
contributes to the intersection divergence.

The Polyakov loop correlator does not exponentiate like the cyclic Wilson loop, so here this line of
argument does not work. Diagram 1T vanishes for the Polyakov loop correlator because of the trace of
a single colour matrix. But we can ignore this for now or simply replace the gluon connecting quark
and antiquark line by a more complicated structure for which the trace does not vanish. The important
point is that in this case the diagrams corresponding to figure 5.4 all have the same colour factor, so we
can transport the divergent configuration across the (arbitrary) endpoint of the loop and the logarithmic
divergence is turned into a linear one and removed accordingly. This is as expected, since the Polyakov
loop correlator cannot have logarithmic divergences of the second kind.

After this short digression, let us return to the discussion of the intersection divergences of the cyclic
Wilson loop at O(α3

s). We have seen that Coulomb gauge is advantageous for calculations, because some
of the potentially divergent diagrams, and also some others like for example 1X, vanish automatically.
In addition, the logarithmic divergences of the first and second kind are not entangled, like for diagram
1T in Feynman gauge for instance, at least not at this order in αs. But we want to keep our discussion
general and not depend on a specific choice of gauge, so we will consider all diagrams that can in principle
contribute to the divergence.

However, in order to save space, we will not show all of those diagrams. Since we can get another diagram
contributing to the intersection divergence by simply moving some of the vertices across the intersection
from string to quark line or from quark line to string, it suffices to give only one of them. The colour
factors remain the same, since we do not change the ordering of the colour matrices, except possibly for
a cyclic permutation, which does not affect the trace. We will call these diagrams of the same type and
the displayed diagrams representatives of that type.
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We should also point out that, while the insertion of additional constituents around the intersections
may interfere with the contour integrations of the finite diagrams, the divergence comes from integration
regions, where all of the new vertices are infinitesimally close to the intersection. So if we just look at the
divergent part, then this must be given by a divergent factor multiplying the value of the original diagram,
and the changes in the contour integration only amount to finite corrections. The divergent factors we
get, when we add all diagrams of the same type, depend only on the additional constituents and not on
the finite diagram, and their contributions are gauge independent, once we sum over all constituents of
a certain order in αs.

Now, let us start with some obvious cancellations. Both Wc and Pc are equal to 1 at zeroth order in
αs, so we have Z + (1 − Z) = 1, which ensures that all contributions from the renormalization constant
that are not multiplied by contributions from the loops cancel. The same happens for diagrams, which
occur in both the cyclic Wilson loop and the Polyakov loop correlator and have the same colour factor.
These are the diagrams involving only one quark line and their contribution has been included as 2P̃L in
equations (5.6) and (5.9) (see for example figure 5.5, the two diagrams on the right). At higher orders one

should better write (P 2
L−1) or (exp[2P̃L]−1) instead. This shows that our renormalization procedure does

not introduce new divergences at higher orders. All other terms involving the renormalization constant
are needed to cancel divergences from the intersections.

We can classify the diagrams contributing to the intersection divergence according to their finite lower
order diagrams. At O(α3

s) there are only four possibilities: the tree level one-gluon exchange with
added constituents of order O(α2

s), the one-gluon exchange with one self energy insertion and charge
renormalization already performed, the two tree level two-gluon exchange diagrams, and diagrams C1
and C2, each with an added constituent of O(αs), which can only be a single gluon. By n-gluon exchange
we always mean exchange between the quark lines. We will treat each of these cases in turn.

The cancellation of the divergences from diagrams 3X, 1T, 1T’ of the cyclic Wilson loop against the tree
level one-gluon exchange times Z1αs can be extended without problems to diagrams with any number
of self energy terms inserted into the gluon connecting the quark lines. This is illustrated in figure 5.5,
where the bubble may stand for any (possibly reducible) self energy diagram. This means that this
cancellation is valid also for the full gluon propagator connecting the quark lines. Note that here we
have to implement charge renormalization by considering all relevant counterterm diagrams. If we just
performed the substitution of the bare charge, we could not separate this case from the next, because
this substitution takes care of the logarithmic divergences of the first kind for both cases simultaneously.

Z1αs× Z1αs× −Z1αs×

Figure 5.5: Some simple cancellations. The two diagram types on the left cancel in an analogous fashion to the
tree level diagrams of Wc. The two diagrams on the right show that contributions involving only
one quark line times a renormalization constant cancel between Wc and Pc.

With the two-gluon exchange diagrams, we come to the first non-trivial check of our renormalization
procedure. There are two types of 2PI diagrams from the cyclic Wilson loop (see figure 5.6). We will
call the type with the two exchanged gluons not crossed γII and the crossed one γX . The crossed one
vanishes in Coulomb gauge, but not in general. Without colour factors the sum of the two finite two-gluon
exchange diagrams without the added constituent gives just half of the square of the one-gluon exchange,
which can be seen by combining the contour integrations. And we already know the divergent factor of
a single added gluon from the O(α2

s) calculations. So

W (γII) +W (γX) ∼
(

α2
s

2r2T 2

)(
−2αs
πε

)
, (5.16)

where the ∼ sign is supposed to say “includes a term” rather than “is proportional to”. This relation is
gauge independent.
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3

1 2
3 ’

Figure 5.6: The two divergent 2PI two-gluon exchange diagram types of O(α3
s) are shown on the left. The

diagrams on the right show the colour structure more explicitly. 3 and 3’ correspond to the non-
crossed and the crossed diagram on the left, respectively. 1 and 2 show the partial diagrams of 3
and 3’, which are necessary for the determination of the colour connected coefficient.

But we have yet to compute the colour connected coefficients of these diagrams. Their colour structure
is made clearer by representing γII and γX through the colour diagrams γ3 and γ3′ , respectively, which
are also shown in figure 5.6.

C(γ3) = T̃r[T aT bT cT aT cT b]

= T̃r[T aT bT aT cT cT b] + if cadT̃r[T aT bT dT cT b]
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C(γ3′) = T̃r[T aT bT cT aT bT c]

= T̃r[T bT cT aT aT bT c] + ifabdT̃r[T dT cT aT bT c] + ifacdT̃r[T bT dT aT bT c]

=
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2
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2
CA

)
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2
CFC

2
A . (5.18)

Now, in order to get the colour connected coefficients, we have to subtract the parts that have already
been used for the exponentiation of their partial diagrams. These partial diagrams are shown as γ1 and γ2
in figure 5.6. The contributions we have to subtract are determined by the product of the colour connected
coefficients of the partial diagrams, the number of possible distributions of these partial diagrams on γ3
and γ3′ , and the coefficients we get from expanding the exponential (compare appendix C). There are
3! possible ways we can distribute three γ1 on either γ3 or γ3′ , but this factor is cancelled by 1

3! , the
coefficient of (γ1)

3 in the expansion of the exponential. The coefficient in this expansion in front of γ1γ2
is 1, and there are two ways to distribute one γ1 and one γ2 on γ3, and three ways to distribute them on
γ3′ . So the colour connected coefficients are:

C̃(γ3) =C(γ3)−
3!

3!
C̃(γ1)

3 − 2C̃(γ1)C̃(γ2)
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C̃(γ3′) =C(γ3)−
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2
A . (5.20)
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Figure 5.7: Vertex corrections to the two-gluon exchange diagrams. The two diagrams on the right belong to
the same types as those shown in figure 5.6

Having determined the colour connected coefficient, we can collect all relevant contributions to the two-
gluon exchange from the cyclic Wilson loop. We have:

• the renormalization constant Z1 multiplying the second order expansion term of the tree level

one-gluon exchange: ZWc ∼
(
−CAαs

πε

) (C2
Fα

2
s

2r2T 2

)
,

• the renormalization constant Z1 multiplying diagram 1X:
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) (
− 1

2CFCAW (γ1X)
)
= − 1

4CFC
2
AW (γX),

• the tree level one-gluon exchange diagram times the sum of 3X, 1T, 1T’ (after charge renormaliza-

tion) from the expansion of the exponential: Wc ∼
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)
,

• the divergent contributions from diagram types γII and γX :
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Summing up all these contributions, we get
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This is exactly cancelled by the remaining contribution coming from the Polyakov loop correlator:

(1− Z)Pc ∼ −
(
C2
F − 1

2
CFCA

)
α2
s

2r2T 2

CAαs
πε

. (5.22)

This result in particular is a strong confirmation for the renormalization procedure presented above.

Before we go on, we will give a few comments clarifying the relation between logarithmic divergences of
the first and second kind in the two-gluon exchange diagrams. Diagram 5.7 gives a few examples. The
diagram on the left, and also the corresponding not crossed diagram, has only a logarithmic divergence
of the first kind, which is removed by the counterterm diagram next to it. We see that in this case there
is no way we can contract two vertices on the intersection without external lines. Accordingly the two
diagrams on the right, which are of the same type as those in figure 5.6, have no logarithmic divergence of
the first kind, since here there are always two external lines when we draw vertices together on the quark
line. So first and second kind of logarithmic divergences are not entangled for the two-gluon exchange
diagrams at O(α3

s).

The next diagrams we have to consider for the intersection divergence are the ones we obtain from C1
and C2 after adding another gluon around the corners. The two types of diagram, called C11 and C12
for short, are shown on the left of figure 5.8. We could combine the integration regions of these two
representatives, so that the contribution from the gluon connecting the strings factors out, and say that
they belong to the same type. However, this may not be possible for higher order diagrams and considering
them separately stresses the point, that the leftmost type of diagrams contributes to the divergence at
the upper intersection, and the one next to it contributes to the divergence at the lower intersection.
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Figure 5.8: Diagram types similar to C1 with logarithmic divergences of the second kind are shown on the left.
The diagrams on the right have first kind logarithmic divergences.

Both contributions are equal and summing up all diagrams of both types leads to the divergent factor of
a single added gluon we obtained before.

First we have to determine the colour connected coefficients. Because of the cyclicity of the trace, both
colour factors are equal.
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C̃(γC11/C12) =C(γC11/C12)− C̃(γ1)C̃(γC1)

=
i

2
CA

(
C2
F − 1

2
CFCA

)
− i

2
C2
FCA

=− i

4
CFC

2
A . (5.24)

The case of C2 is not shown in figure 5.8, but completely analogous. Together with the term from the
renormalization constant multiplying diagrams C1 and C2 we have:
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4
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2
A

CFCAα
2
s

i
2CFCA

(
−2αs
πε

)
+ CFCAα

2
s

(
−CAαs
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)
= 0 . (5.25)

So, again our procedure has worked fine for those diagrams.

At last, the second order expansion term Z2 of the renormalization constant Z times the tree level diagram
of the cyclic Wilson loop gives a term

ZWc ∼ Z2α
2
s

CFαs
rT

. (5.26)

This will be used to cancel divergent contributions from diagrams with a one-gluon exchange and con-
stituents ofO(α2

s) added. The different diagram types are depicted in figure 5.9. The sum of the divergent
terms of all those diagrams (after charge renormalization) determines the value of Z2.

We should comment on the left and right diagram in the first row of figure 5.9. The diagram type
on the left has two different kinds of divergences related to the intersection, corresponding to different
regions of the contour integration parameters: either all four vertices of the added gluons approach the
intersection, or only the two vertices of one gluon do, while the vertices of the other gluon remain at a
finite distance. We could call the first case an overall divergence and the second case a subdivergence,
since this adequately describes the nature of the divergent terms, however, we have already used those
expressions in a different context, so this would be inconsistent. The first case does not present problems
and will be briefly commented on below, but the second case produces terms like 1

ε lnµr or 1
ε times a

thermal part, which cannot be included in the definition of Z2. However, those are exactly cancelled by
the diagram type on the right multiplied by the first order renormalization constant Z1αs.

We will show this for the thermal part contributions. If we take the thermal part of the gluon propagator
not connecting the quark lines in the diagrams of the type depicted on the right of figure 5.9 (diagrams
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×Z1αs

Figure 5.9: Types of diagrams that contribute to the divergence cancelled by Z2.

3X, 1T, 1T’), then this is finite and their value will be denoted W (γ3X)(T ) (3X stands for the type, not
the specific diagram). Then, with the same line of argument as before, adding another gluon around the
intersection leads to a divergence which is given by the known factor

(
− 2αs

πε

)
of a single added gluon

times the value of the finite diagrams. The colour connected coefficient can be taken over from the two
gluon exchange calculation. Together with the first order renormalization constant, this gives:

ZWc ∼
1

4
CFC

2
A

(
−2αs
πε

)
W (γ3X)(T ) − 1

2
CFCA

(
−CAαs

πε

)
W (γ3X)(T ) = 0 . (5.27)

It has been checked that the terms involving lnµr cancel likewise by calculating these diagrams explicitly
in Coulomb gauge, but this is quite lengthy and will not be given here. The first case of an intersection
divergence, where all four vertices are contracted at the intersection points, should have no dependence on
r. For the other diagram types in figure 5.9 this is the only possibility of contributing to the intersection
divergence, otherwise there would be external lines, and if we take the thermal part of one of the added
gluons, this reduces the superficial degree of divergence by means of one additional power of k in the
denominator and thus only gives a finite contribution. So we can assume that Z2 can indeed be defined as
a constant not depending on r or T , however, we will not show this explicitly by calculating the divergent
contributions of the diagrams depicted in figure 5.9, since this would go beyond the scope of this thesis.

This completes our discussion of the intersection divergences at O(α3
s). All other divergences are loga-

rithmic of the first kind and therefore removed through charge renormalization, according to [16]. We
will not give each and every one of them, but only a few examples.

The two diagrams on the right of figure 5.8 show the diagrams contributing to the string vertex correction
to diagram C1. The divergence is removed through a line vertex counterterm on the string, which in
this case is also necessary in Coulomb gauge. We also see that they cannot contribute to the intersection
divergence, as expected, because there is always at least one external line. Every line vertex of the O(α2

s)
diagrams can be modified in this way and the divergences will be removed through the corresponding
counterterms. Inserted gluon self energies or vertex correction diagrams are made finite through gluon
propagator or vertex counterterms, respectively.

Similarly, the lower row of diagram types in figure 5.9 has first kind logarithmic divergences, which are
removed by counterterms added at the line vertices of the additional gluon in diagrams of type 3X.

Other typical diagrams are shown in figure 5.10. By switching gluons from the left to the right string
or vice versa we obtain all connected diagrams with two vertices on the string and one vertex on either
quark line. Most of them have at least two external lines when we draw the string vertices together,
so they are finite. The only exception is the diagram on the right. The two vertices on the string can
get close with only one external line, however, since they can freely move past each other this does not
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Figure 5.10: Some finite diagrams at O(α3
s).

lead to a divergence. To put it another way, the divergences when one vertex approaches the other from
different directions have opposite sign and thus vanish. And in any case, the colour factor of this diagram
is zero, which can be shown by making use of the Jacobi identity (see appendix A):

facef bedT̃r[T aT bT cT d] =
(
f cbefead + f baefecd

)
T̃r[T aT bT cT d]

=

[(
− i

2
CA

)(
− i

2
CA

)
+

(
− i

2
CA

)(
i

2
CA

)]
T̃r[T eT e]

= 0 . (5.28)

So summing up our discussion, the cyclic Wilson loop is indeed finite, at least up to order O(α3
s), after

a charge and fields renormalization and after performing the matrix renormalization together with the
Polyakov loop correlator. The renormalization matrix depends on only one independent constant via
equation (5.4) and this constant can be given as a power series in αs. The first term in this expansion
is given by equation (5.12) and the second has to be determined through the diagrams represented by
figure 5.9, where the only thing we did not show explicitly was the independence of this second order
term Z2 on r or T .

6 Conclusions

We have calculated the Wilson loop in the vacuum analytically at O(αs) and found that it has cusp
divergences, which can be removed through a multiplicative constant. This is in accordance with ref-
erences [16], [20], and the value of the divergence agrees with [19]. At O(α2

s) we have calculated the
relevant contributions for the static quark-antiquark potential. It is essentially a Coulomb potential with
an additional colour factor CF and higher order corrections. The result is given in equation (2.8) and
agrees with references [22], [23].

In thermal QCD we have analytically calculated the cyclic Wilson loop at O(α2
s), except for some thermal

contributions which are given as integrals or series expansions for rT ≪ 1. The result is given in
equation (4.28) and we have found that this is also divergent, however, the divergences do not have the
form of usual cusp divergences. This is in agreement with the findings of reference [8]. A method for the
renormalization of the cyclic Wilson loop is presented, based on the results of references [16] and [20]. It
involves the mixing of the cyclic Wilson loop with the Polyakov loop correlator under renormalization,
and we have shown explicitly (minus one small caveat) that this method of renormalization is valid at
O(α3

s). The renormalized value of the cyclic Wilson loop at O(α2
s) is given in equation (5.13).
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Appendices

A Formulary and Conventions

In Minkowski space we will use the metric ηµν = diag(1,−1,−1,−1). The transformation to Euclidean
space is performed through the substitutions

τ = it

kE0 =− ikM0

AE0 =− iAM0

γE0 = γM0

xEi =xMi

kEi = kMi

AEi =AMi

γEi = iγMi . (A.1)

The definition of the γ matrices implies
[
γEµ , γ

E
ν

]
= 2δµν . We will not display the superscripts E and

M in our calculations. The Feynman rules for Euclidean space can be found in many textbooks, for
example [28]. Note that there the γ matrices are defined with an additional factor i.

Our definition for the sign of the gauge coupling is given by the covariant derivative

Dµ = ∂µ − igAµ . (A.2)

Since we are using dimensional regularization in d = 3− 2ε spatial dimensions (or D = 4− 2ε space-time
dimensions), the mass dimensions of the fields and the gauge coupling change in order to make the action
a dimensionless quantity:

dim[ψ] =
D − 1

2
=

3

2
− ε , (A.3)

dim[Aµ] =
D − 2

2
= 1− ε , (A.4)

dim[g] = 1− D − 2

2
= ε . (A.5)

We would like to work with a dimensionless coupling constant, so we define

αs =
g2µ−2ε

4π
(A.6)

with some arbitrary mass scale µ.

In the modified minimal subtraction scheme, or MS-scheme, the counterterms subtract only the divergent
parts proportional to

1

ε̄
=

1

ε
− γE + ln 4π . (A.7)

In thermal field theory we have the Matsubara frequencies k0 = 2πTnk, nk ∈ Z for bosonic fields and
q0 = (2nq − 1)πT , nq ∈ Z for fermionic fields. The Matsubara sums together with the momentum
integrations are abbreviated ∑∫

k

and
∑∫

{q}

for bosons and fermions respectively. If we write them separately we use the abbreviations
∫

k

=

∫
ddk

(2π)d
,
∑

k0

f(k0) = T
∑

nk∈Z
f(2πTnk) and

∑

{q0}
f(q0) = T

∑

nq∈Z
f
(
(2nq − 1)πT

)
.

And finally, summations without the zero mode for bosons are denoted by

∑ ′
∫

k

.
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Results from group theory

We have the gauge group SU(Nc) with Nc = 3 being the number of colours. The fundamental represen-
tation of this group consists of all Nc × Nc matrices which are unitary and have determinant one. We
can represent each group element V ∈ SU(Nc) by

V = eiT
aθa (A.8)

with a suitable set of real parameters θa. The T a are called the generators of this group in a specific
representation.

A complex Nc × Nc matrix has 2N2
c free real parameters and the requirements of unitarity and unit

determinant eliminate N2
c +1 of those. This means that we have N2

c − 1 independent parameters θa and
therefore N2

c − 1 independent generators. In the fundamental representation the properties of unitarity
and determinant equal one translate to the generators of this representation being hermitian and traceless.

We have
Tr[T aT b] = Tr[T a†T b] =Mab . (A.9)

This is the Euclidean scalar product in the N2
c dimensional complex vector space of Nc × Nc matrices

and the T a are independent and hermitian, so M must be a positive symmetric matrix. Therefore it can
be diagonalized, which means that the T a can be chosen to be orthogonal and satisfy the normalization
condition

Tr[T aT b] = TF δ
ab , (A.10)

where TF is the normalization constant of the fundamental representation. Because the T a are traceless,

they are also orthogonal to the unit matrix. This means that the set
{

1√
Nc

1Nc
, 1√

TF
T a
}
is an orthonor-

mal base of this vector space with respect to the Euclidean scalar product. Then we can invoke the
completeness relation

N2
c∑

i=1

|bi〉〈bi| = 1N2
c
. (A.11)

Or written in components
1

Nc
δjiδkl +

1

TF
T a∗ji T

a
kl = δjkδil , (A.12)

T aijT
a
kl = TF

(
δilδjk −

1

Nc
δijδkl

)
. (A.13)

The structure constants are defined by the Lie algebra of SU(Nc)

[T a, T b] = ifabcT c . (A.14)

Using the normalization condition we have

fabc =
1

iTF
Tr
[
[T a, T b]T c

]
. (A.15)

From this it follows that fabc is antisymmetric in all three components.

From [
[T a, T b], T c

]
+
[
[T b, T c], T a

]
+
[
[T c, T a], T b

]
= 0 (A.16)

follows the Jacobi identity
fabefecd + f bcefead + f caefebd = 0 . (A.17)

With the Jacobi identity it is easy to show that the (N2
c − 1)× (N2

c − 1) matrices

(T aA)bc = −ifabc (A.18)

also fulfill the Lie algebra, since

(
[T aA, T

b
A]
)
cd

= −facef bed + f bcefaed = fabefecd = ifabe (T eA)cd . (A.19)
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So the T aA generate another representation of SU(Nc), the so called adjoint representation.

Using the Lie algebra, one can show that the quantity T 2 = T aT a commutes with all generators in any
representation:

[T 2, T b] =T a[T a, T b] + [T a, T b]T a

= ifabcT aT c + ifabcT cT a = i(fabc + f cba)T aT c = 0 . (A.20)

Therefore, according to Schur’s Lemma, it must be proportional to unity. T 2 is called the quadratic
Casimir invariant, while CF and CA are its eigenvalues in the fundamental and the adjoint representation,
respectively.

So

CF =
1

Nc
Tr[T aT a] =

TF
Nc

δaa =
TF
Nc

(
N2
c − 1

)
, (A.21)

CA =
1

N2
c − 1

Tr[T aAT
a
A] = − 1

N2
c − 1

fabcfacb

=
1

N2
c − 1

fabc
1

iTF
Tr
[
[T a, T b]T c

]
= − 1

TF (N2
c − 1)

Tr
[
[T a, T b][T a, T b]

]

= − 2

TF (N2
c − 1)

Tr
[
T aT bT aT b − T aT bT bT a

]

= − 2

TF (N2
c − 1)

[
TF

(
δilδjk −

1

Nc
δijδkl

)
T bjkT

b
li −NcC

2
F

]

=
2

TF (N2
c − 1)

[
TF
Nc

NcCF +NcC
2
F

]
= 2

[
TF
Nc

+
TF
Nc

(
N2
c − 1

)]

=2TFNc . (A.22)

These formulas are all we need to determine colour factors. The most common applications are

T aT a =CF 1Nc
, (A.23)

facdf bcd =CAδ
ab , (A.24)

fabcT aT b =
1

2
fabc[T a, T b] =

i

2
fabcfabdT d =

i

2
CAT

c . (A.25)

B Detailed Derivation of the Wilson Loop

We start with the vacuum expectation value given in equation (1.11).

NcG =
1

Z

∫
DADψDψ̄ eiS ψ̄iα2

(x2)U
ij(x2, x1)ψ

j
α1
(x1)ψ̄

k
β1
(y1)U

kl(y1, y2)ψ
l
β2
(y2)

=
1

Z

∫
DAeiSY MU ij(x2, x1)U

kl(y1, y2)

(
− δ

iδηiα2
(x2)

)(
δ

iδη̄jα1(x1)

)
×

×
(
− δ

iδηkβ1
(y1)

)(
δ

iδη̄lβ2
(y2)

)∫
DψDψ̄ ei

∫

d4x(ψ̄(i /D−m)ψ+η̄ψ+ψ̄η)

︸ ︷︷ ︸
Z0[A,η̄,η]

∣∣∣∣∣
η=η̄=0

.

Integrating out the heavy quark fields we get the propagator in the presence of an external gauge field.
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Z0[A, η̄, η] =

∫
DψDψ̄ exp

{∫
d4xd4y

[
ψ̄aα(x) i(i /Dx −m)abαβδ

4(x − y)
︸ ︷︷ ︸

iKab
αβ

(x,y)

ψbβ(y)+

+η̄aα(x)iδ
abδαβδ

4(x− y)ψbβ(y) + ψ̄aα(x)iδ
abδαβδ

4(x− y)ηbβ(y)
]}

=

∫
DψDψ̄ exp

{∫
d4xd4y

[(
ψ̄aα(x)− i

∫
d4x′η̄a

′

α′(x′)Sa
′a
α′α(x

′, x)

)
×

× iKab
αβ(x, y)

(
ψbβ(y)− i

∫
d4y′Sbb

′

ββ′(y, y′)ηb
′

β′(y′)

)
−

−η̄aα(x)Sabαβ(x, y)ηbβ(y)
]}

=N det[iK] exp

{
−
∫
d4xd4y η̄aα(x)S

ab
αβ(x, y)η

b
β(y)

}
, (B.1)

where ∫
d4y Sabαβ(x, y)K

bc
βγ(y, z) =

∫
d4y Kab

αβ(x, y)S
bc
βγ(y, z) = iδabδαβδ

4(x− z) . (B.2)

Now we can perform the functional derivatives in equation (B.1).

(
δ

δηiα2
(x2)

)(
δ

δη̄jα1(x1)

)(
δ

δηkβ1
(y1)

)(
δ

δη̄lβ2
(y2)

)
Z0[A, η̄, η]

∣∣∣∣∣
η=η̄=0

=

(
δ

δηiα2
(x2)

)(
δ

δη̄jα1(x1)

)(
δ

δηkβ1
(y1)

)(
−
∫
d4y Slbβ2β(y2, y)η

b
β(y)

)
Z0

∣∣∣∣∣
0

=

(
δ

δηiα2
(x2)

)(
δ

δη̄jα1(x1)

)(
−Slkβ2β1

(y2, y1) +

∫
d4y Slbβ2β(y2, y)η

b
β(y)

∫
d4x η̄aα(x)S

ak
αβ1

(x, y1)

)
Z0

∣∣∣∣∣
0

=

(
δ

δηiα2
(x2)

)(
Slkβ2β1

(y2, y1)

∫
d4y Sjbα1β

(x1, y)η
b
β(y)−

∫
d4y Slbβ2β(y2, y)η

b
β(y)S

jk
α1β1

(x1, y1)

)
Z0

∣∣∣∣
0

= Slkβ2β1
(y2, y1)S

ji
α1α2

(x1, x2)− Sliβ2α2
(y2, x2)S

jk
α1β1

(x1, y1) .

NcG =
1

Z

∫
DA det[iK]eiSYM {Tr[U(x2, x1)Sα1α2(x1, x2)]Tr[U(y1, y2)Sβ2β1(y2, y1)]

− Tr[U(x2, x1)Sα1β1(x1, y1)U(y1, y2)Sβ2α2(y2, x2)]} . (B.3)

At this point approximations are introduced: in the quenched approximation the contributions from the
determinant in (B.3) are neglected (they would give corrections of order m−2), and in the limit of static
quarks the spatial part of the covariant derivative is set to be 0, which leaves the following condition for
the propagator:

(iγ0D0 −m)S(x, y) = iδ4(x− y) . (B.4)

Now we make the following ansatz:

S(x, y) = δ3(~x− ~y)Peig
∫

x0
y0

dtA0(t)S̃(x0, y0)

→ (γ0∂0 + im)S̃(x0, y0) = δ(x0 − y0) (B.5)

S̃(x0, y0) = Θ(x0 − y0)
1 + γ0

2
e−im(x0−y0) +Θ(y0 − x0)

1− γ0
2

e−im(y0−x0) .

S(x, y) = δ3(~x− ~y)U(x, y)
[
Θ(x0 − y0)P+e

−im(x0−y0) +Θ(y0 − x0)P−e
−im(y0−x0)

]

The second condition in (B.2) is easily seen to be fulfilled by noting that differentiating with respect to
y yields an overall minus sign.
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The term in (B.3) consisting of two traces gives 0 because of the δ-functions in S. It describes the
annihilation of the quark and the antiquark, which cannot happen when both are static and at a finite
distance. The other is evaluated setting x01,2 − y01,2 = t:

Gα1α2β1β2 (x1, x2, y1, y2) =− 1

Z

∫
DA T̃r

[
U(x2, x1)δ

3( ~x1 − ~y1)U(x1, y1)(P+)α1β1e
−im1t

U(y1, y2)δ
3( ~x2 − ~y2)U(y2, x2)(P−)β2α2e

−im2t
]

=− δ3( ~x1 − ~y1)δ
3( ~x2 − ~y2)e

−i(m1+m2)t(P+)α1β1(P−)β2α2

1

Z

∫
DA T̃r

[
P exp

(
ig�

∫

Γ

dxµAµ(x)

)]
. (B.6)

Since the paths C connecting the endpoints x and y in U(x, y) are taken to be straight lines, this gives
a rectangular path Γ with endpoints y1, x1, x2, y2.

C Exponentiation Theorem

It was shown in reference [17] that the well-known exponentiation of eikonal cross sections in Abelian
gauge theories can be extended to the non-Abelian case, and according to reference [18], this theorem also
applies for Wilson loops. We would like, however, to give an argument for that exponentiation, which
stays within the framework of Wilson lines, which we will attempt here.

We want to show through a systematic rearrangement of the perturbative series of diagrams, that they
can be expressed as an exponential of the sum over a subset of these diagrams with certain coefficients.
For this we will divide the set of all possible diagrams into the subsets containing all diagrams γn with

n external points x1 . . . xn and which are constituted of the same connected diagrams γ
(i)
ki

(
∑

i ki = n).

Such a subset will be called a class Cn({γ(i)ki }) of order n and it is uniquely defined through its constituents

γ
(i)
ki

. In order to avoid cumbersome expressions, we will not distinguish between the diagram γn as a
geometrical object and its value W (γn) after integrating along the contour Γ. It should be clear from
the context, which one is meant. Colour coefficients however will be treated separately and will not be
considered part of a diagram.

We will show that the sum over all the diagrams γn belonging to the same class times their respective
colour factors C(γn) can be decomposed. The decomposition will only contain products of 2PI dia-
grams, where each diagram is multiplied by its so-called colour-connected coefficient C̃ and in some cases
combinatoric factors. Every product of diagrams in the decomposition sum contains each constituent

γ
(i)
ki

exactly once and we sum over all possible combinations of the constituents to such products of 2PI
diagrams.

Recall that irreducible means that a diagram can not be separated by cutting the path Γ in two places,
whereas connected means that every endpoint xi of γn is connected to every other endpoint xj through
gluon lines (or other internal lines like ghost or light fermion propagators). We will also use the term
subdiagram, by which we mean the diagrams γm into which γn (n > m) can be reduced by cutting Γ in
two places and repeating this process on the reduced diagrams until there are only irreducible diagrams
left (cf. fig. C.1). It will be convenient to also refer to the intermediate reducible diagrams that occur
during this process as subdiagrams. And finally those diagrams that can be obtained from γn by removing
any number of constituents will be called, for lack of a better expression, partial diagrams of γn.

It is sufficient for now to consider only the case where all γ
(i)
ki

are distinguishable, which means that we

need not worry about combinatoric factors. The case where some or all of the γ
(i)
ki

are identical can be
derived from this in a quite straightforward fashion and will be treated later in this section. We will use
the principle of induction in the number of constituents, so assume that for every class, whose constituents

are a true subset of {γ(i)ki }, decomposition has already been shown. This decomposition is trivially true
for all classes with only one constituent, since they only contain one diagram. This is the constituent
itself and it already is 2PI. So we just have to identify the colour-connected coefficients of constituents

with their colour factors C(γ
(i)
ki

) = C̃(γ
(i)
ki

).
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a)

b)

Figure C.1: Diagrams a) and b) are reduced to their subdiagrams. b) can be fully reduced to the constituents
of both a) and b), whereas a) has one irreducible unconnected subdiagram.

We will start by showing that a product of colour matrices is proportional to the unit matrix, if every
index is contracted with that of another colour matrix or of a structure constant. For this we will make
use of the following identities (compare appendix A):

T aijT
a
kl =TF

(
δilδjk −

1

Nc
δijδkl

)
, (C.1)

fabc =
1

iTF
Tr
[[
T a, T b

]
T c
]
, (C.2)

which follow from the T a being independent, traceless, hermitian Nc×Nc matrices satisfying the normal-
ization condition Tr[T aT b] = TF δ

ab and from the definition of the structure constants [T a, T b] = ifabcT c.

So, in a first step we will replace all structure constants using equation (C.2). Then we can decompose
every pair of colour matrices with contracted colour indices into Kronecker deltas of their matrix indices
according to equation (C.1). Since all colour indices are contracted, we arrive at an expression that
consists solely of Kronecker deltas. All matrix indices are also contracted, except for two (let us call them
i andj), the initial and final indices of the original product of colour matrices. So if we perform the sums
over all the matrix indices, the result can only depend on δij times a rational function of Nc, the number
of colours. This proves our statement, that a product of colour matrices and structure constants with
every index contracted is proportional to the unit matrix.

Whenever a diagram has a subdiagram, the colour matrices of that subdiagram are ordered (per defini-
tion) in such a way that this theorem is applicable. Because the colour structure of this subdiagram is
proportional to the unit matrix, it can be factored out of the trace. This means that the colour factor of
a reducible diagram is the product of the colour factors of its subdiagrams.

One can use equations (C.1) and (C.2) to calculate all of the colour factors, however in most cases it is
more convenient to use the following identities (compare appendixA):

T aT a =CF 1Nc×Nc
, (C.3)

fabcfabd =CAδ
cd , (C.4)

fabcT aT b =
i

2
CAT

c , (C.5)

CF = TF

(
N2
c − 1

)

Nc
, CA = 2TFNc . (C.6)

Before considering the more complicated non-Abelian case, let us first show how the sum over all diagrams
belonging to a class factors into the product of constituents, if we do not include colour coefficients.
Since the integrand is already a product of the contributions of each constituent, we only need to concern
ourselves with the integrations to show factorization.

42



... ...

... ...

...

. . .

... ... ...

n−k

k k k

k k

k k k

n−k n−k

n−k n−k

n−k n−k n−k

Figure C.2: A selection of diagrams contributing to the factorization of γ
(1)
k1

. The white bubble labelled k

denotes γ
(1)
3 , while the grey bubble labelled n− k denotes the rest.

The crucial point here is a redefinition of the integration ranges by using the identities

· · ·
∫ si+1

0

dsi

∫ si

0

dsi−1 · · · = · · ·
∫ si+1

0

dsi−1

∫ si+1

si−1

dsi · · · , (C.7)

· · ·
∫ si+1

0

dsi

∫ si

0

dsi−1

∫ si−1

0

dsi−2 · · · = · · ·
∫ si+1

0

dsi−2

∫ si+1

si−2

dsi

∫ si

si−2

dsi−1 · · · , (C.8)

and so on. This just reflects the fact, that we may chose any order in which to perform the n integrations,
at each step thinking of the other integration parameters as fixed, and the integration limits change
accordingly, maintaining path ordering.

Now we choose one of the constituents and call it γ
(1)
k1

. The integration parameters belonging to the

endpoints of γ
(1)
k1

will be denoted tj , j = 1 . . . k1 and the integration parameters belonging to the rest
si, i = 1 . . . n − k1. By repeated use of the above identities we can transform the integration ranges
so that every si integration runs from 0 to si+1, while every tj integration runs from max{si|si ≤ tj}
to min{tj+1, si+1} (s0 = 0, sn−k1+1 = 1). This means that we perform first the tj integrations and
then the si integrations, whatever the current path ordering may be. The si integrations are the same
for every diagram and can be factored out, while summing over all possible diagrams means summing
over all possible ranges for tj. Now the tj integrals can be combined so that every si-dependence in the

integration limits drops out and the tj integrations run from 0 to tj+1 (tk1+1 = 1). This means that γ
(1)
k1

can be factored out.
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An illustration of this is given in figure C.2 for the case k = 3. The grey bubble denotes the rest,

i.e. any possible combination of the constituents without γ
(1)
k1

, or equivalently any diagram of the class

Cn−k1({γ(j)kj }j 6=1). Since the factorization procedure is the same for any rest diagram, we can also take
the grey bubble to mean the sum over all rest diagrams. The integrals for the diagrams shown are given
by

∫ 1

0

ds1 · · ·
∫ sn−5

0

dsn−4

∫ sn−4

0

dsn−3

∫ sn−3

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3

+

∫ 1

0

ds1 · · ·
∫ sn−5

0

dsn−4

∫ sn−4

0

dt1

∫ t1

0

dsn−3

∫ sn−3

0

dt2

∫ t2

0

dt3

+

∫ 1

0

ds1 · · ·
∫ sn−5

0

dsn−4

∫ sn−4

0

dt1

∫ t1

0

dt2

∫ t2

0

dsn−3

∫ sn−3

0

dt3

+

∫ 1

0

ds1 · · ·
∫ sn−5

0

dsn−4

∫ sn−4

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3

∫ t3

0

dsn−3

+

∫ 1

0

ds1 · · ·
∫ sn−5

0

dt1

∫ t1

0

dsn−4

∫ sn−4

0

dsn−3

∫ sn−3

0

dt2

∫ t2

0

dt3

+ . . .

+

∫ 1

0

dt1

∫ t1

0

ds1

∫ s1

0

dt2

∫ t2

0

dt3

∫ t3

0

ds2 · · ·
∫ sn−4

0

dsn−3

+

∫ 1

0

dt1

∫ t1

0

dt2

∫ t2

0

ds1

∫ s1

0

dt3

∫ t3

0

ds2 · · ·
∫ sn−4

0

dsn−3

+

∫ 1

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3

∫ t3

0

ds1

∫ s1

0

ds2 · · ·
∫ sn−4

0

dsn−3 . (C.9)

Transforming this as specified above, we can factor out the si integrations and combine the tj integrations:

∫ 1

0

ds1 · · ·
∫ sn−5

0

dsn−4

∫ sn−4

0

dsn−3

{∫ sn−3

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3

+

∫ sn−4

sn−3

dt1

∫ sn−3

0

dt2

∫ t2

0

dt3 +

∫ sn−4

sn−3

dt1

∫ t1

sn−3

dt2

∫ sn−3

0

dt3

+

∫ sn−4

sn−3

dt1

∫ t1

sn−3

dt2

∫ t2

sn−3

dt3 +

∫ sn−5

sn−4

dt1

∫ sn−3

0

dt2

∫ t2

0

dt3

+ · · ·+
∫ 1

s1

dt1

∫ s1

s2

dt2

∫ t2

s2

dt3

+

∫ 1

s1

dt1

∫ t1

s1

dt2

∫ s1

s2

dt3 +

∫ 1

s1

dt1

∫ t1

s1

dt2

∫ t2

s1

dt3

}
(C.10)

=

∫ 1

0

ds1 · · ·
∫ sn−5

0

dsn−4

∫ sn−4

0

dsn−3

{∫ sn−3

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3

+

∫ sn−4

sn−3

dt1

∫ sn−3

0

dt2

∫ t2

0

dt3 +

∫ sn−4

sn−3

dt1

∫ t1

sn−3

dt2

∫ t2

0

dt3

+

∫ sn−5

sn−4

dt1

∫ sn−3

0

dt2

∫ t2

0

dt3 + . . .

+

∫ 1

s1

dt1

∫ s1

s2

dt2

∫ t2

s2

dt3 +

∫ 1

s1

dt1

∫ t1

s1

dt2

∫ t2

s2

dt3

}
(C.11)
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=

∫ 1

0

ds1 · · ·
∫ sn−5

0

dsn−4

∫ sn−4

0

dsn−3

{∫ sn−3

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3 +

∫ sn−4

sn−3

dt1

∫ t1

0

dt2

∫ t2

0

dt3

+

∫ sn−5

sn−4

dt1

∫ sn−3

0

dt2

∫ t2

0

dt3 + · · ·+
∫ 1

s1

dt1

∫ t1

s2

dt2

∫ t2

s2

dt3

}
(C.12)

=

∫ 1

0

ds1 · · ·
∫ sn−5

0

dsn−4

∫ sn−4

0

dsn−3

{∫ sn−4

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3

+

∫ sn−5

sn−4

dt1

∫ sn−3

0

dt2

∫ t2

0

dt3 + · · ·+
∫ 1

s1

dt1

∫ t1

s2

dt2

∫ t2

s2

dt3

}

= · · · =
∫ 1

0

ds1 · · ·
∫ sn−5

0

dsn−4

∫ sn−4

0

dsn−3

∫ 1

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3 . (C.13)

So now, after we have factored out γ
(1)
k1

, the rest is again the sum over all diagrams belonging to a class

of smaller order: Cn−k1({γ(j)kj }j 6=1). This means that we can again apply this factorization procedure to

the rest by picking a constituent γ
(2)
k2

, transforming and combining the integration ranges and factoring

γ
(2)
k2

out. In this way we can recursively show the factorization of the sum over all diagrams γn of the

same class into the product of its constituents
∏
i γ

(i)
ki

.

In an Abelian theory we would be done here. In a non-Abelian theory, however, this method does not
work because of the different colour factors. But, as already seen in the example of figure 1.2, we may

split up the colour factor of every diagram γn ∈ Cn({γ(i)ki }) into the colour factor of γ
(1)
k1

times that of the

partial diagram of γn without γ
(1)
k1

, denoted by γn r γ
(1)
k1

, and a rest:

C (γn) = C
(
γ
(1)
k1

)
C
(
γn r γ

(1)
k1

)
+
[
C (γn)− C

(
γ
(1)
k1

)
C
(
γn r γ

(1)
k1

)]
(C.14)

The first part is the same for every partial diagram γnr γ
(1)
k1

, so we can use the above method and factor

out both γ
(1)
k1

and its colour factor:

∑

γn∈Cn

(

{γ(i)
ki

}
)

C (γn) γn = C
(
γ
(1)
k1

)
γ
(1)
k1

·




∑

γn−k1
∈Cn−k1

(

{γ(j)
kj

}j 6=1

)

C (γn−k1) γn−k1


+ . . . (C.15)

The dots stand for the rest, to which we will turn in a moment. Here we have arrived again at the sum

over all diagrams of a class, this time Cn−k1
(
{γ(j)kj }j 6=1

)
of order n − k1, times their respective colour

factors. So at this point we can use the induction hypothesis and replace this sum by its decomposition
into products of 2PI diagrams.

The diagrams in the rest now have coefficients
[
C (γn)− C

(
γ
(1)
k1

)
C
(
γn r γ

(1)
k1

)]
. Since the colour

coefficient of a diagram is the product of the coefficients of its subdiagrams, this factor vanishes whenever

γ
(1)
k1

turns up as a subdiagram. This means that the rest contains all those diagrams where γ
(1)
k1

is

combined with other γ
(j)
kj

to 2PI (sub)diagrams.

Now, in the explanation of the factorization procedure it was never assumed that the diagram that was
factored out had to be connected. So we may just as well split up the coefficients again and factor out
2PI diagrams, using the same line of argument as for factoring out constituents. Of course, only those
diagrams γn of the rest will take part in this factorization, which contain the respective 2PI diagram
as a partial diagram. We have to do these factorizations in a systematic way in order to get the right
coefficients, so we will order the 2PI diagrams to be factored out according to their number of constituents.

This means that we will start with all 2PI diagrams that are a combination of γ
(1)
k1

and γ
(2)
k2

, denoted

by {γ(1)k1
∪ γ

(2)
k2

}, then all combinations of γ
(1)
k1

and γ
(3)
k3

{γ(1)k1
∪ γ

(3)
k3

}, etc. Since we already know the
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colour-connected coefficients of the γm ∈ {γ(1)k1
∪γ(j)kj } from the decomposition of Cm({γ(1)k1

, γ
(j)
kj

}) we will,
like in equation (C.14), add and subtract C̃(γm)C(γn r γm) to the coefficients of the γn in the rest. So
performing these factorizations we get

C̃ (γm) γm





∑

γn−m∈C
(

{

γ
(l)
kl

}

l 6=1,j

)

C (γn−m) γn−m





+ . . . (C.16)

Because of the induction hypothesis the sum inside curly brackets can again be replaced by the decom-

position of the class Cn−k1−kj
({

γ
(l)
kl

}
l 6=1,j

)
.

Whenever γm turns up as a subdiagram in γn, then the coefficient already has the desired form
C̃(γm)C(γn r γm), because the coefficients of subdiagrams are independent from each other: all the
adding and subtracting operations performed so far affected only the subdiagram γm, because C(γnrγm)
can be factored out in all terms. This means that the coefficient of γm has undergone exactly the same
operations as in the decomposition of the class γm belongs to, at the end of which it was defined to be its

colour-connected coefficient C̃(γm) (see below). So after factoring out all γ
(1)
k1

∪ γ(j)kj diagrams, the rest is

reduced to all diagrams γn in which γ
(1)
k1

is part of a 2PI (sub)diagram with at least three constituents.

We continue by factoring out all 2PI diagrams containing γ
(1)
k1

that have exactly three constituents. To
each coefficient of the γn in the rest we add and subtract, in analogy to the previous procedure, the
product of the colour-connected coefficient C̃(γm) of the diagram γm we want to factor out and the
colour factor C(γnr γm) of the partial diagram without γm. After the factorization has been performed,
we can use the induction hypothesis to decompose the sum over diagrams of the class of γn r γm, like in

equation (C.16). The rest now contains only diagrams in which γ
(1)
k1

is part of a 2PI (sub)diagram with
at least four constituents, because of the same line of argument as in the case of 2PI diagrams with two
constituents.

This procedure can be reiterated with an increasing number of constituents of the 2PI diagrams to be
factored out, each time decreasing the number of reducible diagrams in the rest, until there are only
irreducible diagrams left. Now we are finished with the decomposition and define the coefficients these
irreducible diagrams have acquired through this process as their colour-connected coefficients.

It remains to be shown that the result has the form we stated in the beginning: the sum over all possible

combinations of the constituents γ
(i)
ki

to products of 2PI diagrams times their respective colour-connected

coefficients C̃(γn). Every diagram in the above decomposition is obviously multiplied by its colour
connected coefficient, so we don’t have to worry about this part. The statement is true for all classes
of order < n because of the induction hypothesis. So we have the sum over all 2PI diagrams containing

γ
(1)
k1

times every possible combination of the remaining constituents to products of 2PI diagrams. This

gives in turn the sum over all possible combinations of the constituents including γ
(1)
k1

to products of 2PI
diagrams, which is what we wanted to show. In particular this means that the decomposition does not

depend on the choice of the first constituent γ
(1)
k1

to be factored out.

Now we are only two steps away from showing exponentiation. First we have to consider the case when
some of the constituents are identical. This can be done by initially treating every constituent as distin-
guishable, which leads to a great increase in the number of diagrams participating in the decomposition.

To be specific, for every constituent γ
(i)
ki

that turns up pi times there are pi! as many diagrams contribut-

ing, if we distinguish among them. So we have to compensate this through a factor of 1
∏

i(pi!)
. After

the decomposition has been done, we drop the distinction we have introduced. This again leads to a
number of terms being identical, so the combinatoric factor is given by the number N of identical terms
in the decomposition divided by

∏
i(pi!). To find N , we basically have to solve the problem, how many

different ways there are to distribute the pi constituents to the free positions inside the diagrams of the
decomposition.

Let us first look at a single 2PI diagram with p identical constituents. If we treat them as distinguishable,
we have to divide by p!. But there are also p! different ways of ordering these constituents inside the
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2PI diagram, since there are p distinct positions for them to occupy. If we let the constituents become
identical again, those factors p! exactly cancel each other. Now consider a product of two different 2PI
diagrams. Again, there are p distinct places for the distinguishable constituents to occupy, so the number
of possible ways to position them, i.e. the number of terms in the decomposition is p!, exactly cancelling
the number of permutations. But in the case when the two 2PI diagrams are the same, there are only
half as many possible ways of ordering the constituents, because exchanging the two diagrams gives the
same contribution. So here we have to include a combinatoric factor 1

2 . (cf. figure C.3)
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Figure C.3: Illustration for working out the combinatoric coefficients. In the first step we assign numbers
1 . . . p to every identical constituent (here these are simply the gluon lines), sum over all possible
combinations and divide by p!. Then we let the constituents 1 . . . p become identical again, which
leads to the coefficient N

p!
, where N is the number of diagrams.

In general, the positions inside a diagram are distinct, but the diagrams themselves are not. So we can
again treat diagrams that turn up to the power of q in the decomposition series as distinguishable and
divide by the number q! of permutations of those diagrams. Now all the free positions for the constituents
are distinguishable by the diagram and the position inside that diagram, leading to pi! different terms

for every constituent γ
(i)
ki

. So the number of permutations of the constituents always drops out and only
the number of permutations of diagrams remains. This means that we have to include the combinatoric
factor 1

q! for every power q of a diagram in the decomposition series.

In the last step we want to show that this decomposition series can be summed up in an exponential of
the sum over all 2PI diagrams times their colour-connected coefficients. This can be easily done in the
following way:

exp


 ∑

γn∈2PI

C̃(γn)γn


 =

∏

γn∈2PI

exp
[
C̃(γn)γn

]

=
∏

γn∈2PI




∞∑

q=0

(
C̃(γn)γn

)q

q!


 . (C.17)

If we expand the product, we see that this is exactly the decomposition series we have constructed, when
summed over all classes: a sum over all possible products of powers of 2PI diagrams and their colour
connected coefficients times a factor 1

q! for every power q.
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On a side note, we never used the fact that Γ represented a closed path or the invariance of the trace under
cyclic permutations, so this theorem also applies to the expectation values of Wilson lines in general, and
not just to loops.

D Details of the Vacuum Calculations

Since it is too cumbersome to put all the integrations in the main text, they will be given here instead.
Let us first define the parametrization chosen for the four sides of the Wilson loop, starting with the
upper left corner:

I : xµ =
(
τ, 12~r

)
τ ∈ [0, t] dxµ = (1, 0)dτ

II : xµ =
(
t, (12 − s)~r

)
s ∈ [0, 1] dxµ = (0,−~r)ds

III : xµ =
(
(t− τ),− 1

2~r
)

τ ∈ [0, t] dxµ = (−1, 0)dτ
IV : xµ =

(
0, (s− 1

2 )~r
)

s ∈ [0, 1] dxµ = (0, ~r)ds .

(D.1)

This means that I and III stand for the quark and antiquark line, respectively, while II and IV represent
left and right string.

The contributions from different parts of the contour integration are denoted by Ii,j where the index i
stands for the range of the x variable and j for y. Because the gluon propagator is diagonal with respect
to time and space components in Feynman and Coulomb gauge, there are only six contributions to be
considered, shown in figure 2.1. It can be easily checked that the gauge fixing parameter ξ dependent
contributions in arbitrary covariant gauges cancel, but that calculation will not be shown here.

D.1 Tree Level Calculations (Feynman Gauge)

propagator

Dµν(k) =
−iηµν
k2 + iǫ

(D.2)

figures b), c)

II,I + IIII,III =

∫
d4k

(2π)4
−i

k2 + iǫ

∫ t

0

dτ

∫ τ

0

dτ ′
(
eik0(τ−τ

′) + e−ik0(τ−τ
′)
)

=

∫
d4k

(2π)4
−i

k2 + iǫ

1

k20

(
2− eik0t − e−ik0t

)
. (D.3)

Despite the factor 1
k20
, this expression does not have a pole at k0 = 0, because it is cancelled by the zero

in (2− eik0t − e−ik0t). But if we tried to split this up into three integrals and calculate them separately,
each would be divergent. We may however introduce a new parameter m2 in the denominator that shifts
the pole on the imaginary axis, perform the integration and in the end take the limit m → 0. Now we
can manipulate each term independently from the others. In this case we will switch the sign of k0 in the
last term so that we can close the integration in the upper half of the complex plane and use the residue
theorem.

II,I + IIII,III = lim
m→0

∫
d3k

(2π)3

∫
dk0
2π

−i
k20 − k2 + iǫ

2− eik0t − e−ik0t

k20 +m2

= lim
m→0

∫
d3k

(2π)3

∫
dk0
2π

−2i

k20 − k2 + iǫ

1− eik0t

k20 +m2

= lim
m→0

∫
d3k

(2π)3

(
2

−2k

1− e−ikt

k2 +m2
+

2

−m2 − k2
1− e−mt

2mi

)

=

∫
d3k

(2π)3
e−ikt + ikt− 1

k3
. (D.4)
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This procedure is a useful trick if one wants to perform integrals over a sum of functions, where each
separate integral would be divergent, but the sum is not. However it is only valid, if we can exchange
integrating over k0 and taking the limit m→ 0. For this to be the case we must be careful not to create
new divergences when introducing the parameter m, for example terms like 1

m for certain values of k0,
that diverge when taking m→ 0. Here this is obviously not the case, since the only possible point where
m→ 0 might diverge is k0 = 0, but there the numerator also gives 0, so we need not worry.

The integral in (D.4) is divergent, so we have to regularize it, preferably by dimensional regularization.
We will use d = 3 − 2ε and include the factor µ3−d introduced through the usage of a dimensionless
coupling constant αs (compare appendix A).

II,I + IIII,III =
2µ3−d

(4π)
d
2 Γ
(
d
2

)
∫ ∞

0

dk kd−4
(
e−ikt + ikt− 1

)

=
2µ3−d

(4π)
d
2 Γ
(
d
2

)
∫ ∞

0

dk
kd−4

(it)d−3
e−k

=
2µ3−d

(4π)
d
2 Γ
(
d
2

) Γ(d− 3)

(it)d−3
=

2(itµ)2εΓ(−2ε)

(4π)
3
2−εΓ

(
3
2 − ε

)

=− 1

4π2ε
− 1

4π2
(2 + γE + lnπ + 2 ln itµ) +O(ǫ) . (D.5)

figures e), f)

III,II + IIV,IV =

∫
d4k

(2π)4
ir2

k2 + iǫ

∫ 1

0

ds

∫ s

0

ds′
(
ei(s−s

′)k·r + e−i(s−s
′)k·r

)

=

∫
d4k

(2π)4
i

k2 + iǫ

r2

(k · r)2
(
2− eik·r − e−ik·r

)

=

∫
d3k

(2π)3
1

2k

r2

(k · r)2
(
2− eik·r − e−ik·r

)
. (D.6)

Since this integral also diverges, we will use dimensional regularization again, but this time we still have
an angular dependence resulting from the k · r terms. Switching to d-dimensional spherical coordinates
we can write ∫

dΩd =

∫
dΩd−1

∫ 1

−1

dx(1 − x2)
d−3
2 , (D.7)

where x = cos θ is the cosine of the angle defined by r and k, so k · r = krx.

III,II + IIV,IV =µ3−d
∫

ddk

(2π)d
r2

2k(k · r)2
(
2− eik·r − e−ik·r

)

=− 2π
d−1
2 µ3−d

(2π)dΓ
(
d−1
2

)
∫ ∞

0

dk kd−4 2

∫ 1

0

dx
(1 − x2)

d−3
2

2x2
(
eikrx + e−ikrx

)

=− 4µ3−d

(4π)
d+1
2 Γ

(
d−1
2

) 2Re
[∫ 1

0

dx (1− x2)
d−3
2 (−irx)3−dx−2

∫ ∞

0

dk kd−4e−k
]

=− 4µ3−d

(4π)
d+1
2 Γ

(
d−1
2

) Re
[
(−ir)3−d

] ∫ 1

0

dx (1− x)
d−3
2 x−

d
2 Γ(d− 3)

=− 4(µr)3−d

(4π)
d+1
2 Γ

(
d−1
2

) cos

(
d− 3

2
π

)
Γ
(
d−1
2

)
Γ
(
1− d

2

)

Γ
(
1
2

) Γ(d− 3)

=
2(µr)3−d

(4π)
d
2

Γ(d− 3)

Γ
(
d
2

) =
2(µr)2ε

(4π)
3
2−ε

Γ(−2ε)

Γ
(
3
2 − ε

)

=− 1

4π2ε
− 1

4π2
(2 + γE + lnπ + 2 lnµr) +O(ε) . (D.8)
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figure a)

IIII,I =

∫
d4k

(2π)4
i

k2 + iǫ

∫ t

0

dτ

∫ t

0

dτ ′eik0(t−τ−τ
′)eik·r

=

∫
d4k

(2π)4
i eik·r

k2 + iǫ

2− eik0t − e−ik0t

k20

=

∫
d3k

(2π)3
eik·r

(
1− e−ikt

k3
− it

k2

)

=
1

4π2

∫ ∞

0

dk

∫ 1

−1

dx eikrx
(
1− e−ikt

k
− it

)

=
1

2π2r

∫ ∞

0

dk sin(kr)

(
1− e−ikt

k2
− it

k

)
. (D.9)

In order to solve this integration we will integrate by parts:

∫ ∞

0

dk sin(kr)
1 − e−ikt

k2
=

[
− sin(kr)

1 − e−ikt

k

]∞

0

+

∫ ∞

0

dk

(
r cos(kr)

1 − e−ikt

k
+ sin(kr)

it e−ikt

k

)

=

∫ ∞

0

dk

(
ir cos(kr)

∫ t

0

dτ e−ikτ − t sin(kr)

∫ ∞

t

dτ e−ikτ
)

=

∫ t

0

dτ
ir

2

∫ ∞

0

dk
(
e−i(τ−r)k + e−i(τ+r)k

)
+

∫ ∞

t

dτ
it

2

∫ ∞

0

dk
(
e−i(τ−r)k − e−i(τ+r)k

)

=

∫ t

0

dτ
rτ

τ2 − r2
+

∫ ∞

t

dτ
tr

τ2 − r2
=

∫ t

0

dτ
i(iτ)r

(iτ)2 + r2
− t

r

∫ ∞

t

dτ
1

(
iτ
r

)2
+ 1

=
r

2
ln

(it)2 + r2

r2
+ it

(
π

2
− arctan

it

r

)
. (D.10)

For this we assumed t to have a small negative imaginary part, i.e. t→ t− iε, in order to make some of
the integrals converge. It is important to keep this in mind, since we have to be careful not to cross the
branch cut on the negative real axis when adding up complex logarithms. And also the formula

π

2
− arctanx = arctan

1

x
, (D.11)

which we will use several times, is only valid for Rex > 0. These issues have been considered in the rest
of this section, but will not be pointed out again. It is assumed throughout that t = |t|− iε and the limit
ε→ 0 then gives the right result for real t.

So now equation (D.9) gives

IIII,I =
1

2π2r

(
r

2
ln

(
1 +

(it)2

r2

)
+ it

(
π

2
− arctan

it

r

))
− it

2π2r

∫ ∞

0

dk
sin(kr)

k

=− it

2π2r
arctan

it

r
+

1

4π2
ln

(
1 +

(it)2

r2

)
. (D.12)

figure d)

IIV,II =

∫
d4k

(2π)4
−ir2
k2 + iǫ

∫ 1

0

ds

∫ 1

0

ds′e−i(s+s
′−1)k·re−ik0t

=

∫
d4k

(2π)4
−ir2e−ik0t
k2 + iǫ

2− eik·r − e−ik·r

(k · r)2

=−
∫

d3k

(2π)3
r2e−ikt

2k

2− eik·r − e−ik·r

(k · r)2

=− 1

4π2

∫ ∞

0

dk

∫ 1

−1

dx
1− cos(krx)

kx2
e−ikt . (D.13)
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Again we integrate by parts

∫ 1

−1

dx
1− cos(krx)

kx2
=

[
−1− cos(krx)

kx

]1

−1

+

∫ 1

−1

dx
r sin(krx)

x

=− 2
1− cos(kr)

k
+ 2r Si(kr) . (D.14)

Putting this in (D.13) we get

IIV,II =
1

2π2

∫ ∞

0

dk

(
1− cos(kr)

k
− r Si(kr)

)
e−ikt

=
1

2π2

∫ ∞

0

dk

(
1− cos(kr)

k
− r2

it

sin(kr)

kr

)
e−ikt − 1

2π2

[
r

−ite
−iktSi(kr)

]∞

0

=
i

4π2

∫ ∞

t

dτ

∫ ∞

0

dk
(
2e−ikτ − e−i(τ−r)k − e−i(τ+r)k +

r

t

(
e−i(t−r)k − e−i(t+r)k

))

=
1

4π2

∫ ∞

t

dτ

(
2

τ
− 1

τ − r
− 1

τ + r
+
r

t

(
1

τ − r
− 1

τ + r

))

=
1

2π2

∫ ∞

t

dτ

(
1

τ
− τ

τ2 − r2
+

r2

t(τ2 − r2)

)

=
1

2π2

∫ ∞

t

dτ

(
i

iτ
− i(iτ)

(iτ)2 + r2
− 1

t

1
(
iτ
r

)2
+ 1

)

=
1

2π2

(
−1

2
ln

(it)2

(it)2 + r2
− r

it

(
π

2
− arctan

it

r

))

= − r

2π2it
arctan

r

it
+

1

4π2
ln

(
1 +

r2

(it)2

)
. (D.15)

Finally the sum over all contributions gives

− 1

2π2ε
− 1

2π2

[
2 + γE + lnπ + ln itrµ2

]
− 1

2π2

[
it

r
arctan

it

r
+
r

it
arctan

r

it

]
+

+
1

4π2

[
ln

(
1 +

(it)2

r2

)
+ ln

(
1 +

r2

(it)2

)]
. (D.16)

In this expression it is still assumed that t has a small negative imaginary part. To get the expression
for real t we make the substitution t→ t− iε and take the limit ε→ 0. Using arctan(ix) = i

2 (ln(1+ x)−
ln(1− x)) we get

1

4π2

(
t

r
+
r

t

)
ln

t+ r

|t− r| −
it

4πr
Θ(t− r) +

ir

4πt
Θ(r − t)+

+
1

2π2
ln

|t2 − r2|
tr

+
i

4π
Θ(t− r)− i

4π
Θ(r − t)−

− 1

2π2ε
− 1

2π2

[
2 + γE + lnπ + ln trµ2 + i

π

2

]

=− it

4πr
Θ(t− r) +

1

4π2

(
t

r
+
r

t

)
ln

t+ r

|t− r| +
1

2π2
ln

|t2 − r2|
t2r2µ2

−

− 1

2π2ε
− 1

2π2
[2 + γE + lnπ]− i

4π

(
2− r

t

)
Θ(r − t) . (D.17)

D.2 Tree Level Calculations (Coulomb Gauge)

propagator

Dµν(k) =
iηµ0ην0

k2
+
iηµiηνj
k2 + iǫ

(
δij − kikj

k2

)
(D.18)
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figures b), c)

II,I + IIII,III =

∫
d4k

(2π)4
i

k2

∫ t

0

dτ

∫ τ

0

dτ ′
(
eik0(τ−τ

′) + e−ik0(τ−τ
′)
)

=

∫
d4k

(2π)4
i

k2

1

k20

(
2− eik0t − e−ik0t

)

=

∫
d3k

(2π)3
it

k2
. (D.19)

This is a scaleless integral and vanishes in dimensional regularization.

figures e), f)

III,II + IIV,IV =

∫
d4k

(2π)4
i

k2 + iǫ

(
r2 − (k · r)2

k2

)∫ 1

0

ds

∫ s

0

ds′
(
ei(s−s

′)k·r + e−i(s−s
′)k·r

)

=

∫
d4k

(2π)4
i

k2 + iǫ

(
r2 − (k · r)2

k2

)
2− eik·r − e−ik·r

(k · r)2

=

∫
d3k

(2π)3
1

2k

(
r2 − (k · r)2

k2

)
2− eik·r − e−ik·r

(k · r)2 . (D.20)

Again using dimensional regularization.

III,II + IIV,IV =µ3−d
∫

ddk

(2π)d
1

2k

(
r2 − (k · r)2

k2

)
2− eik·r − e−ik·r

(k · r)2

=− 2π
d−1
2 µ3−d

(2π)dΓ
(
d−1
2

)
∫ ∞

0

dk kd−4 2

∫ 1

0

dx
(1 − x2)

d−1
2

2x2
(
eikrx + e−ikrx

)

=− 4µ3−d

(4π)
d+1
2 Γ

(
d−1
2

) 2Re
[∫ 1

0

dx (1− x2)
d−1
2 (−irx)3−dx−2

∫ ∞

0

dk kd−4e−k
]

=− 4µ3−d

(4π)
d+1
2 Γ

(
d−1
2

) Re
[
(−ir)3−d

] ∫ 1

0

dx (1− x)
d−1
2 x−

d
2 Γ(d− 3)

=− 4(µr)3−d

(4π)
d+1
2 Γ

(
d−1
2

) cos

(
d− 3

2
π

)
Γ
(
d+1
2

)
Γ
(
1− d

2

)

Γ
(
3
2

) Γ(d− 3)

=
2(µr)3−d

(4π)
d
2

(d− 1)
Γ(d− 3)

Γ
(
d
2

) =
4(µr)2ε

(4π)
3
2−ε

(1− ε)
Γ(−2ε)

Γ
(
3
2 − ε

)

=− 1

2π2ε
− 1

2π2
(1 + γE + lnπ + 2 lnµr) +O(ε) . (D.21)

figure a)

IIII,I =

∫
d4k

(2π)4
−i
k2

∫ t

0

dτ

∫ t

0

dτ ′eik0(t−τ−τ
′)eik·r

=

∫
d4k

(2π)4
−ieik·r
k2

2− eik0t − e−ik0t

k20

=

∫
d3k

(2π)3
−it
k2

eik·r

=− it

4π2

∫ ∞

0

dk

∫ 1

−1

dx eikrx

=− it

4π2r

∫ ∞

0

dk
2 sin(kr)

k

=− it

4πr
. (D.22)
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figure d)

IIV,II =

∫
d4k

(2π)4
−ie−ik0t
k2 + iǫ

(
r2 − (k · r)2

k2

)∫ 1

0

ds

∫ 1

0

ds′e−i(s+s
′−1)k·r

=

∫
d4k

(2π)4
−ie−ik0t
k2 + iǫ

(
r2 − (k · r)2

k2

)
2− eik·r − e−ik·r

(k · r)2

=−
∫

d3k

(2π)3
e−ikt

2k

(
r2 − (k · r)2

k2

)
2− eik·r − e−ik·r

(k · r)2

=− 1

4π2

∫ ∞

0

dk

∫ 1

−1

dx
(
1− x2

) 1− cos(krx)

kx2
e−ikt

(D.14)
= − 1

2π2

∫ ∞

0

dk

(
r Si(kr)− 1− cos(kr)

k
− kr − sin(kr)

k2r

)
e−ikt . (D.23)

For the last term in (D.23) we will again use integration by parts:
∫ ∞

0

dk
kr − sin(kr)

k2r
e−ikt =

[
−kr − sin(kr)

kr
e−ikt

]∞

0

+

∫ ∞

0

dk

(
1− cos(kr)

k
− it

kr − sin(kr)

kr

)
e−ikt

=

∫ ∞

0

dk

(
1− cos(kr)

k
− it

(
1− sin(kr)

kr

))
e−ikt . (D.24)

Putting this back into (D.23), all integrals are already familiar from the Feynman gauge calculations. So
we get

=− 1

2π2

∫ ∞

0

dk

(
r Si(kr) − 2

1− cos(kr)

k
− it sin(kr)

kr
+ it

)
e−ikt

=− 1

2π2

[
r

it
arctan

r

it
− it

r
arctan

r

it
− ln

(
1 +

r2

(it)2

)
+ 1

]
. (D.25)

result

− 1

2π2ε
− 1

2π2

[
2 + γE + lnπ + lnµ2r2

]
− it

4πr
+

+
1

2π2

[
it

r
arctan

r

it
− r

it
arctan

r

it

]
+

1

2π2
ln

(
1 +

r2

(it)2

)
. (D.26)

This result is equal to the one in Feynman gauge, as it should be. To see this we make the following
transformations:

it

2π2r
arctan

r

it
− it

4πr
= − it

2π2r
arctan

it

r
, (D.27)

1

2π2
ln

(
1 +

r2

(it)2

)
=

1

4π2

[
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(
1 +

r2

(it)2

)
+ ln

(
1 +

(it)2

r2

)
− ln

(it)2

r2

]
, (D.28)

lnµ2r2 +
1

2
ln

(it)2

r2
= ln itrµ2 . (D.29)

D.3 Unconnected Two-Gluon Diagrams

All calculations are done in Coulomb gauge. This has the advantage that some contributions can be
immediately seen to be zero, but on the other hand it rather complicates some other calculations like the
vacuum polarization in the next section. We will now give the values for the diagrams shown in figure 2.2.

b)

∫ t

0

dτ1

∫ τ1

0

dτ2

∫ τ2

0

dτ3

∫ τ3

0

dτ4

∫
d4k

(2π)4

∫
d4q

(2π)4
i

k2

i

q2
eik0(τ1−τ3)eiq0(τ2−τ4) (D.30)
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c)−
∫ t

0

dτ1

∫ t

0

dτ2

∫ τ2

0

dτ3

∫ τ3

0

dτ4

∫
d4k

(2π)4

∫
d4q

(2π)4
i

k2

i

q2
eik0(t−τ1−τ3)ik·reiq0(τ2−τ4) (D.31)

Both of these integrals vanish in dimensional regularization because of the scaleless k or q integrations.
But even without regularizing they give zero because of the k0, q0 and τi integrations in a way quite
analogous to the next example.

e)

∫ t

0

dτ1

∫ τ1

0

dτ2

∫ t

0

dτ3

∫ τ3

0

dτ4

∫
d4k

(2π)4

∫
d4q

(2π)4
i

k2

i

q2
eik0(t−τ1−τ3)+ik·reiq0(t−τ2−τ4)+iq·r

=−
(

1

4πr

)2 ∫ t

0

dτ1

∫ τ1

0

dτ2

∫ t

0

dτ3

∫ τ3

0

dτ4 δ(t− τ1 − τ3)δ(t− τ2 − τ4)

=−
(

1

4πr

)2 ∫ t

0

dτ1

∫ τ1

0

dτ2

∫ t

0

dτ3 δ(t− τ1 − τ3)Θ(τ2 + τ3 − t)

=−
(

1

4πr

)2 ∫ t

0

dτ1

∫ τ1

0

dτ2 Θ(τ2 − τ1) = 0 . (D.32)

In the next diagram f) there is no overlap between the regions of integration for the two propagators,
so they factor to give the product of the corresponding tree level contributions (D.22) and (D.25), with
their colour factors replaced by the colour connected coefficient.

f) − 1

2
CFCA g

4

(−it
4πr

)
·
(
− 1

2π2

[
r

it
arctan

r

it
− it

r
arctan

r

it
− ln

(
1− r2

t2

)
+ 1

])
, (D.33)

lim
t→(1−iǫ)∞

W (γf)

−it = 0 . (D.34)

In d) the colour factor is given by

fabcT̃r{T aT bT c} =
i

2
CAT̃r{T cT c} =

i

2
CFCA . (D.35)

After contracting all the indices at the three gluon vertex, d) reads

−1

2
CFCAg

4

∫ t

0

dτ1

∫ 1

0

ds

∫ t

0

dτ2

∫
d4k

(2π)4

∫
d4q

(2π)4
i

(k+ q)2

2i
(
r · k− (r·q)(k·q)

q2

)

q2 + iε

i

k2
×

× ei(k0+q0)(t−τ1)+
i
2 (k+q)·re−iq0t+iq·r(

1
2−s)e−ik0τ2+

i
2k·r . (D.36)

Now let us concentrate only on the parts relevant for taking the limit to show that this diagram gives no
contribution.

lim
t→(1−iǫ)∞

1

−it

∫ t

0

dτ1

∫ t

0

dτ2

∫
dk0
2π

∫
dq0
2π

eik0(t−τ1−τ2)
e−iq0τ1

q2 + iε

= lim
t→(1−iǫ)∞

1

−it

∫ t

0

dτ1

∫ t

0

dτ2 δ(t− τ1 − τ2)
ie−i|q|τ1

−2|q| (D.37)

= lim
t→(1−iǫ)∞

1

−it

∫ t

0

dτ1
ie−i|q|τ1

−2|q|

= lim
t→(1−iǫ)∞

1− e−i|q|t

−it 2|q|2 = 0

It can be shown in a similar fashion that other diagrams involving one or more of the vertical sides of the
Wilson loop give no contribution. The three gluon diagrams with all endpoints on the horizontal sides of
the Wilson loop are zero because of the structure of the three gluon vertex:

ηµν(k − q)ρ + ηνρ(q − p)µ + ηρµ(p− k)ν = 0 for µ = ν = ρ = 0. (D.38)
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Figure D.1: Feynman diagram for the vacuum polarization (gluon loop).

D.4 Vacuum Polarization

Now the only diagram left is a), which involves the vacuum polarization. It will make things easier later
on if we take the limit first and then do the momentum integrations.

lim
t→∞

1

−it

∫ t

0

dτ1

∫ t

0

dτ2 e
−ik0(τ1−τ2)

=i lim
t→∞

∫ t

0

dτ
(
eik0(t−τ) + e−ik0(t−τ)

)

=i lim
t→∞

∫ t

−t
dτ eik0τ = i δ(k0) . (D.39)

This means that in the calculation of the vacuum polarization we can use k0 = 0. We also only need the
00 component of the vacuum polarization, so for the gluonic part we have to integrate over the following
(compare figure D.1)

1

2
D00(k)

(
−gfabc

) [
η0µ(−k − q)ν + ηµν(q0 − (k0 − q0)) + ην0(k − q + k)µ

]
Dµρ(q)×
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(
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]
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2
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1
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)2{
4q20
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[
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((k− q) · q)2
(k− q)2q2

]
+

+
1

q2((k − q)2 + iε)

[
(k+ q)2 − (k2 − q2)2

(k− q)2

]
+

1

(k− q)2(q2 + iε)

[
(2k− q)2 − (2k · q− q2)2

q2

]}
.

(D.40)

Note that there is a symmetry factor 1
2 from the two interchangeable gluon lines. We will use the

convention d = 3 − 2ε and D = 4 − 2ε throughout. The last two terms are actually the same under the
substitution q ↔ k − q. This integral will be computed by combining the denominators using Feynman
parameters and the following formulae:

Ia =

∫
ddq

(2π)d
1

(q2 + 2b · q+ c)a
=

1

Γ(a)

∫
ddq

(2π)d

∫ ∞

0

dxxa−1e−x(q+b)2−x(c−b2)

=
1

Γ(a)

∫ ∞

0

dxxa−1− d
2 e−x(c−b

2)

∫
ddq

(2π)d
e−q

2

=
Γ(a− d

2 )

(4π)
d
2 Γ(a)(c− b2)a−

d
2

, (D.41)

Ika =

∫
ddq

(2π)d
qk

(q2 + 2b · q+ c)a
= −bkIa , (D.42)
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Ikla =

∫
ddq

(2π)d
qkql

(q2 + 2b · q+ c)a
= bkblIa +

1

2(a− 1)
δklIa−1 . (D.43)

The second two equations can be obtained from the first by differentiating with respect to bk.

Now we will integrate the different parts separately.
∫

dDq

(2π)D
2

q2((k − q)2 + iε)

[
(k+ q)2 − (k2 − q2)2

(k − q)2

]

=− i

∫
ddq

(2π)d
1

q2|k− q|

[
(k+ q)2 − (k2 − q2)2

(k− q)2

]

=− i

∫
ddq

(2π)d

[
1

|k− q| +
2k · q

q2|k− q| +
k2

q2|k− q| −
(k2)2

q2|k− q|3 +
2k2

|k− q|3 − q2

|k− q|3
]
. (D.44)

Many of the above terms are scaleless integrals after shifting q → k− q. We are left with

=− i

∫
ddq

(2π)d

[
3k2

(k − q)2q
− 2k · q

(k− q)2q
− (k2)2

(k − q)2q3

]

=− i

∫ 1

0

dx

∫
ddq

(2π)d

[
Γ(32 )

Γ(12 )Γ(1)

(3k2 − 2k · q)(1 − x)−
1
2

(q2 − 2xk · q+ xk2)
3
2

− Γ(52 )

Γ(32 )Γ(1)

(k2)2(1− x)
1
2

(q2 − 2xk · q+ xk2)
5
2

]

=− i

2

∫ 1

0

dx
[
3k2(1− x)−

1
2 I 3

2
(−xk, xk2)− 2(1− x)−

1
2 klI l3

2
(−xk, xk2)− 3k4(1 − x)

1
2 I 5

2
(−xk, xk2)

]

=− i
kd−1

2(4π)
d
2
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0

dx

[
3
Γ(3−d2 )

Γ(32 )
x

d−3
2 (1− x)

d−4
2 − 2

Γ(3−d2 )

Γ(32 )
x

d−1
2 (1 − x)

d−4
2 − 3

Γ(5−d2 )

Γ(52 )
x

d−5
2 (1− x)

d−4
2

]
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2(4π)
d
2

[
3
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2 )Γ(d−2
2 )

Γ(32 )Γ(d− 3
2 )

− 2
Γ(3−d2 )Γ(d+1

2 )Γ(d−2
2 )

Γ(32 )Γ(d− 1
2 )

− 3
Γ(5−d2 )Γ(d−3

2 )Γ(d−2
2 )

Γ(52 )Γ(d− 5
2 )

]

= i
kd−1

(4π)
d−1
2

2(d− 1)
Γ(d2 ) sec(d

π
2 )

Γ(d− 1
2 )

=− i
2k2

3π2

(
1

ε
+

7

3
− γE − ln k2 + lnπ +O(ε1)

)
. (D.45)

Now to the other term:
∫

dDq

(2π)D
4q20

(q2 + iε)((k − q)2 + iε)

[
d− 2 +

((k− q) · q)2
(k− q)2q2

]

=

∫ 1

0

dx

∫
dDq

(2π)D
4q20

(q20 − q2 + 2xk · q− xk2 + iε)2

[
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(k · q)2
(k− q)2q2

− k2

(k− q)2

]

=− i

∫ 1

0

dx

∫ 1

0

dy

∫
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(2π)d
1

(q2 − 2xk · q+ xk2)
1
2

[
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(k · q)2
(q2 − 2yk · q+ yk2)2

− k2

(k − q)2

]

=− i

∫ 1

0

dx

∫ 1

0
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∫ 1

0
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∫
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(2π)d

[
d− 1

(q2 − 2xk · q+ xk2)
1
2

−

− Γ(32 )

Γ(12 )Γ(1)

z−
1
2k2

(q2 − 2(xz + 1− z)k · q+ (xz + 1− z)k2)
3
2

+

+
Γ(52 )

Γ(12 )Γ(2)
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1
2 (1− z)(k · q)2

(q2 − 2(xz + y(1− z))k · q+ (xz + y(1− z))k2)
5
2

]

=− i

∫ 1

0

dx

∫ 1

0

dy

∫ 1

0

dz
[
(d− 1)I 1

2

(
−xk, xk2

)
−

− Γ(32 )

Γ(12 )Γ(1)
z−

1
2k2I 3

2
(−(xz + 1− z)k,

(
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)
+

+
Γ(52 )

Γ(12 )Γ(2)
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1
2 (1− z)kikjIij5

2

(
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=− i
kd−1

(4π)
d
2

∫ 1

0

dx

∫ 1

0

dy

∫ 1

0

dz

[
(d− 1)

Γ(1−d2 )

Γ(12 )
x

d−1
2 (1− x)

d−1
2 −

− Γ(3−d2 )

Γ(12 )
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1
2 [z(1− x)(1 − z(1− x))]

d−3
2 +

+
Γ(5−d2 )

Γ(12 )
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1
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d−1
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d−5
2 +

+
Γ(3−d2 )

2Γ(12 )
z−

1
2 (1− z)(xz + y(1− z))

d−3
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d−3
2

]
. (D.46)

Now there are only the Feynman parameter integrals left. Those can be computed in this way:

(d− 1)
Γ(1−d2 )

Γ(12 )

∫ 1

0

dxx
d−1
2 (1− x)

d−1
2 = −2

Γ(3−d2 )Γ(d+1
2 )2

Γ(12 )Γ(d+ 1)
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i
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(4π)
d
2
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2 )2

Γ(12 )Γ(d+ 1)
= i

k2

24π2

(
1

ε
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5

3
− γE + ln 4π − ln k2

)
. (D.47)

In the next term we will make the substitution u = z(1− x):

− Γ(3−d2 )

Γ(12 )

∫ 1

0

dx

∫ 1

0

dz z−
1
2 [z(1− x)(1 − z(1− x))]
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2

=− Γ(3−d2 )

Γ(12 )

∫ 1

0

dz

∫ z

0
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2 (u(1− u))

d−3
2
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∫ 1

0
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2

∫ 1

u
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3
2
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Γ(12 )

∫ 1

0
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1
2 − 1)
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Γ(3−d2 )Γ(d−2

2 )Γ(d−1
2 )
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− 2
Γ(3−d2 )Γ(d−1

2 )2

Γ(12 )Γ(d− 1)

=
√
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d
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− Γ(d−1
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d
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Γ(d− 3
2 )
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)
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4π2

(
1

ε
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)
. (D.48)

And for the last two terms we use u = xz + y(1− z) and v = y(1− z):

Γ(3−d2 )

2Γ(12 )

∫ 1

0

dx

∫ 1

0

dy

∫ 1

0

dz
[
z−

1
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d−1
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d−5
2
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1
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d−3
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d−3
2

]

=
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2Γ(12 )

∫ 1

0

dz

∫ 1

0

dy

∫ z+y(1−z)

y(1−z)
du z−

3
2 (1− z)

[
(3− d)u

d−1
2 (1 − u)

d−5
2 + (u(1− u))

d−3
2

]
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2Γ(12 )

∫ 1

0
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∫ 1−z

0

dv
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v
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3
2
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1

2
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2

]
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2Γ(12 )

∫ 1

0

dv
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0
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v
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3
2
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1
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2 (1− u)
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1
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]
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Figure D.2: Feynman diagram for the vacuum polarization (fermion loop).
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√
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.
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d−1
2

sec
(
d
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)((
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Putting everything together (and including the mass scale µ) we get

− i
g2µ−2ε

(4π)2k2
CAδ

ab

(
−11

3

(
1

ε
− γE + ln 4π

)
+

11

3
ln
k2

µ2
− 31

9

)
. (D.50)

This completes the gluonic part of the vacuum polarization, since the tadpole diagram vanishes in di-
mensional regularization. The ghost fields do not couple to the time components of the propagator, so
the only contribution left is the fermion loop with light quarks. So for one flavour of light quarks we have
to compute the following (compare figure D.2):

−(−ig)2Tr[T aT d]
(
i

k2

)2 ∫
dDq

(2π)D
Tr

[
γ0

i(/k + /q)

(k + q)2 + iε
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i/q
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(
1
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)2 ∫
dDq

(2π)D
4

2q20 − (k + q) · q
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1
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(2π)D
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(
1
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(
1
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0

dx

∫
dDqE
(2π)D

k · q − 2q20
(q2 + 2xk · q + xk2)2
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− Γ
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+
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]

=− i
g2µ−2εTF δ

ab

(4π)2k2

(
4

3

(
1

ε
− γE + ln 4π

)
+

20

9
− 4

3
ln

k2

µ2

)
. (D.51)

So in the MS-scheme the 00-part of the vacuum polarization times the two external propagators is given
by

i

k2

[
−ΠMS

00 (0,k)
] i

k2
= −i αs

4πk2
δab
(
−
(
31

9
CA − 20

9
TFnf

)
+

(
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)
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)
. (D.52)

Putting this into the calculation for the Wilson loop (with the limit t→ ∞ already taken) we have

ig2T̃r[T aT d]
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+
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)(
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. (D.53)

The Integral involving the logarithm can be computed in this way:

∫
d3k

(2π)3
eik·r

k2
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∂

∂ǫ

∫
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∫ ∞
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∂
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∫ ∞
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∂
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[∫ ∞
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∂
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1
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∫ ∞
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∂

∂ǫ
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∂
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E Details of the in Medium Calculations

E.1 The Gluon Self Energy (Thermal Part)

= + +

Figure E.1: Diagrams contributing to the gluon self energy.

Contribution from the tadpole diagram

− g2

2

(
1

k2

)2

2 fabefdbe(δ00δµν − δµ0δν0)
∑∫

q

Dµν(q)

=− g2CAδ
ad

(
1

k2

)2∑∫

q

Dii(q)
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(
1
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)2∑∫

q

d− 1
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1

k2

)2 ∫

q
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2q

(
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2
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)
, (E.1)

Π
(T )
00 (0,q)

∣∣∣∣
tadpole
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1

π2

∫ ∞

0

dq
q

eqβ − 1
= g2CA

T 2

π2
ζ(2) =

2π

3
αsCAT

2 . (E.2)

While this part of the thermal gluon self energy can be calculated exactly, we will still give it as a part
of the integral in the end result for aesthetic reasons.

Contribution from the gluon ring

Here we need not do all the index algebra of vertices and propagators again, we can just take over
the corresponding expression from the vacuum calculations and replace the vacuum propagators by the
thermal ones. So this diagram gives:

g2

2
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ad
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1
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)2∑∫
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+
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1
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)2∑∫
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(
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)2
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]
+

+
4
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[
1−

(
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)2
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]
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}
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1
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)2 ∫

q

(
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q
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(
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]
+

+
1

q

[
1−

(
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]}
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Here we used some algebraic transformations, in particular

q20
(q20 + q2) (q20 + (k− q)2)

=
1

q2 − (k− q)2

(
q2

q20 + q2
− (k− q)2

q20 + (k − q)2

)
(E.4)
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and

(2k− q)2 −
(
2k · q− q2

)2

q2
=
(2k− q)2q2 −

(
2k · q− q2

)2

q2

=
4k2q2 − 4(k · q)2

q2

=
4q2(k− q)2 + 8q2(k · q)− 4(q2)2 − 4(k · q)2

q2

=4(k− q)2 − 4

(
k · q− q2

)2

q2
. (E.5)

We can also exploit the symmetry of the whole expression under q ↔ k − q, so that we can at least
perform the angular integrations. These are only integrations of rational functions for the term with
nB(q), but get more complicated for the term with nB(|k − q|). However, because both are symmetric
under this change of variables, they should give the same contribution. There is a singularity in both
terms for the value of q = 1

2k, but each cancels the other, because for this value of q both terms are
equal but have opposite sign. This means that we need not worry about that point and just take the
principal value of the integral.

Π
(T )
00 (0,k)

∣∣∣∣
ring

=− g2CA
1

4π2
2P

∫ ∞

0

dq

∫ 1

−1

dx
2 q2

eqβ − 1

{
q

2kqx− k2

[
1 +

(
kqx− q2

)2

q2(k2 − 2kqx+ q2)

]
+

+
1

q

[
1−

(
kqx− q2

)2

q2(k2 − 2kqx+ q2)

]}

=− g2CA
1

π2
P

∫ ∞

0

dq q

eqβ − 1

∫ 1

−1

dx

{
q2

2kqx− k2

[
2− (1− x2)k2

k2 − 2kqx+ q2

]
+

(1− x2)k2

k2 − 2kqx+ q2

}

=− g2CA
1

π2
P

∫ ∞

0

dq q

eqβ − 1

∫ 1

−1

dx

{
2 q2

2kqx− k2
− (1− x2)k2

2kqx− k2

}

=− g2CA
1

π2
P

∫ ∞

0

dq q

eqβ − 1

∫ 1

−1

dx

{
q

k

1

x− k
2q

+
k

2q

x2 − 1

x− k
2q

}

=− g2CA
1

π2
P

∫ ∞

0

dq q

eqβ − 1

∫ 1

−1

dx

{
q

k

1

x− k
2q

+
k

2q

(
x+

k

2q
+

k2

4q2 − 1

x− k
2q

)}

=− g2CA
1

π2

∫ ∞

0

dq q

eqβ − 1

{
k2

2q2
+

(
q

k
− k

2q
+

k3

8q3

)
ln

∣∣∣∣∣
1− k

2q

−1− k
2q

∣∣∣∣∣

}

=
4αsCA
π

∫ ∞

0

dq q

eqβ − 1

{
− k2

2q2
+

(
q

k
− k

2q
+

k3

8q3

)
ln

∣∣∣∣
2q + k

2q − k

∣∣∣∣
}
.

Contribution from the fermion loop

− (ig)2Tr[T aT d]

(
1

k2

)2∑∫

{q}
Tr

[
γ0

−i
(
/k + /q

)

(k + q)2
γ0

−i/q
q2

]

=− 4g2Tfδ
ad

(
1

k2

)2∑∫

{q}

q20 − (k+ q) · q
(q20 + q2)(q20 + (k+ q)2)

=− 4g2Tfδ
ad

(
1

k2

)2∑∫

{q}

{
1

q2 − (k+ q)2

(
q2

q20 + q2
− (k+ q)2

q20 + (k + q)2

)
+

+
(k+ q) · q

q2 − (k+ q)2

(
1

q20 + q2
− 1

q20 + (k+ q)2

)}

=4g2Tfδ
ad

(
1

k2

)2 ∫

q

1

2q

(
1− 2

eqβ + 1

)
k · q+ 2q2

2k · q+ k2
+ (q ↔ −k− q) . (E.6)
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Π
(T )
00 (0,k)

∣∣∣∣
fermion

=4g2TFnf
1

4π2
2P

∫ ∞

0

dq

∫ 1

−1

dx
q

eqβ + 1

(
1

2
+

2q2 − k2

2

2kqx+ k2

)

=
2g2TFnf

π2

∫ ∞

0

dq
q

eqβ + 1

{
1 +

(
q

k
− k

4q

)
ln

∣∣∣∣∣
1 + k

2q

−1 + k
2q

∣∣∣∣∣

}

=
8αsTFnf

π

∫ ∞

0

dq
q

eqβ + 1

{
1 +

(
q

k
− k

4q

)
ln

∣∣∣∣
2q + k

2q − k

∣∣∣∣
}
. (E.7)

Result

Π
(T )
00 (0,k) =

4αsCA
π

∫ ∞

0

dq
q

eqβ − 1

{
1− k2

2q2
+

(
q

k
− k

2q
+

k3

8q3

)
ln

∣∣∣∣
2q + k

2q − k

∣∣∣∣
}

+
8αsTFnf

π

∫ ∞

0

dq
q

eqβ + 1

{
1 +

(
q

k
− k

4q

)
ln

∣∣∣∣
2q + k

2q − k

∣∣∣∣
}
. (E.8)

E.2 Expansions of the Gluon Self Energy

k ≪ T Expansion

The procedure we will follow here (as described in [26] and [10]) is to start from the initial expression,

perform the q integration, expand in k2

q20
, and then perform the Matsubara sum last. Since we do not

split off the vacuum part, we have to do this in d space dimensions. The vacuum part has already been
calculated separately, so after we subtract it from the expression obtained by this procedure, we get the
desired approximation for the thermal part.

For these calculations it will be convenient to give some standard formulae and calculations beforehand.
The most general formula for the standard Feynman parameter method is given by:

1

An1
1 An2

2 · · ·Ank

k

=
Γ (n1 + n2 + · · ·+ nk)

Γ (n1) Γ (n2) · · ·Γ (nk)

∫ 1

0

dx1

∫ 1

0

dx2 · · ·
∫ 1

0

dxk×

× xn1−1
1 xn2−1

2 · · ·xnk−1
k

(x1A1 + x2A2 + · · ·+ xkAk)
n1+n2+···+nk

δ (1− x1 − x2 − · · · − xk)

=
Γ (n1 + n2 + · · ·+ nk)

Γ (n1) Γ (n2) · · ·Γ (nk)

∫ 1

0

dx1

∫ 1−x1

0

dx2 · · ·
∫ 1−x1−x2−···−xk−2

0

dxk−1×

× xn1−1
1 xn2−1

2 · · ·xnk−1−1
k−1 (1− x1 − x2 − · · · − xk−1)

nk−1

(x1 (A1 −Ak) + x2 (A2 − Ak) + · · ·+ xk−1 (Ak−1 −Ak) +Ak)
n1+n2+···+nk

. (E.9)

The expansion we are going to use is described by:

(1 + x)α =
∞∑

l=0

Γ(α+ 1)

Γ(l + 1)Γ(α+ 1− l)
xl . (E.10)

After making use of the Feynman parameters, the standard integral we have to solve is:

∫

q

(
q2
)k

(q2 +m2)n
=

1

Γ(n)

∫ ∞

0

dz

∫

q

zn−1
(
q2
)k
e−z(q

2+m2)

=
1

Γ(n)

∫ ∞

0

dz zn−1e−zm
2

(−∂z)k
∫

q

e−zq
2
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=
1

Γ(n)

∫ ∞

0

dz zn−1e−zm
2

(−∂z)k
1

(4πz)
d
2

=
1

(4π)
d
2 Γ(n)

∫ ∞

0

dz zn−1e−zm
2 Γ
(
d
2 + k

)

Γ
(
d
2

) z−(
d
2+k)

=

(
m2
) d

2+k−n

(4π)
d
2

Γ
(
n− k − d

2

)

Γ(n)

Γ
(
d
2 + k

)

Γ
(
d
2

) . (E.11)

Now we can turn to the calculation of the three relevant diagrams. The tadpole contribution is indepen-
dent of k and can be calculated exactly (see E.1). It is given by:

−Π00(0,k)

∣∣∣∣
tadpole

= −2π

3
αsCAT

2 . (E.12)

The gluon ring contribution has the most complicated expression and its calculation will be split into five
parts, after some transformations have been performed.

−Π00(0,k)

∣∣∣∣
ring

=
g2

2
CA
∑∫

q

{
2q20

(q20 + q2) (q20 + (k− q)2)

[
d− 2 +

(
k · q− q2

)2

q2(k− q)2

]
+

+
1

(k− q)2 (q20 + q2)

[
(2k− q)2 −

(
2k · q− q2

)2

q2

]
+ (q ↔ k− q)

}

=2παsµ
2εCA

∑∫

q

{
4q20

(q20 + q2) (q20 + (k− q)2)

[
d− 1︸ ︷︷ ︸
[1]

+
(k · q)2

q2(k − q)2︸ ︷︷ ︸
[2]

− k2

(k− q)2︸ ︷︷ ︸
[3]

]
+

+
8

(q20 + q2)

[
− (k · q)2

q2(k− q)2︸ ︷︷ ︸
[4]

+
k2

(k− q)2︸ ︷︷ ︸
[5]

]}

=2παsCA (I1 + I2 + I3 + I4 + I5) . (E.13)

Since the calculation of the zero mode is usually different from the rest, we will denote the Matsubara sum
without the zero mode with a prime. It is, however, not necessary to calculate everything separately for
the zero modes, so we will make the distinction only where we have to. For each of the five contributions
we will first give a general expression and then the terms up to cubic order. We will see that the divergence
lies only in the quadratic terms. The factors µ2ε will not be displayed explicitly.

I1 =
∑∫

q

4(d− 1)q20
(q20 + q2) (q20 + (k− q)2)

=

∫ 1

0

dx
∑∫

q

4(d− 1)q20

(q2 − 2xk · q+ xk2 + q20)
2

=

∫ 1

0

dx
∑∫

q

4(d− 1)q20

(q2 + x(1 − x)k2 + q20)
2

=

∫ 1

0

dx
∑

q0

4(d− 1)q20

(4π)
d
2

Γ

(
2− d

2

)(
x(1 − x)k2 + q20

) d
2−2

=

∫ 1

0

dx
∑

q0

′ 4(d− 1)qd−2
0

(4π)
d
2

Γ

(
2− d

2

) ∞∑

l=0

Γ
(
d
2 − 1

)

Γ(l + 1)Γ
(
d
2 − l − 1

)xl(1− x)l
(
k2

q20

)l

=
4(d− 1)(2πT )d−2

(4π)
d
2

Γ

(
2− d

2

) ∞∑

l=0

Γ
(
d
2 − 1

)

Γ(l + 1)Γ
(
d
2 − l − 1

) Γ(l + 1)2

Γ(2l + 2)

(
k

2πT

)2l

2T
∞∑

n=1

1

n2l+2−d
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=
16(d− 1)(2πT )d−1

(4π)
d
2+1

Γ

(
2− d

2

) ∞∑

l=0

(
k

2πT

)2l Γ(l + 1)Γ
(
d
2 − 1

)

Γ(2l + 2)Γ
(
d
2 − l− 1

)ζ(2l + 2− d)

=− (2πT )2

12π2
− (2πT )2

24π2

[
1

ε
+ 1 + γE + lnπ − 2 ln

2πT

µ

](
k

2πT

)2

+O
[(

k

2πT

)4
]
. (E.14)

I2 =
∑∫

q

4q20(k · q)2
(q20 + q2) (q20 + (k − q)2)q2(k− q)2

=

∫ 1

0

dx

∫ 1

0

dy
∑∫

q

4q20(k · q)2

(xq20 + q2)
2
(yq20 + (k− q)2)

2

=

∫ 1

0

dx

∫ 1

0

dy

∫ 1

0

dz
∑∫

q

4q20(k · q)26z(1− z)

(q2 − 2zk · q+ zk2 + (x(1 − z) + yz)q20)
4

=

∫ 1

0

dx

∫ 1

0

dy

∫ 1

0
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∑∫

q
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4

=

∫ 1

0
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∫ 1

0

dy

∫ 1

0
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∑∫

q
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1
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4

=

∫ 1

0
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∫ 1

0

dy
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0
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∑
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(4π)
d
2

[
1

2
Γ

(
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2
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2−3

+
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(
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2
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]

=
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0
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∑
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d
2
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1
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(
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2
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+
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z(1− z)k2 + (1− z)q20

) d
2−2

+
(
z(1− z)k2

) d
2−2
]}

=
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∞∑
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+
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+
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∑
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(
d
2

)2

Γ(d)
+ Γ
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)
Γ
(
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∞∑
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k
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+

+
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− Γ
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+
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+ Γ
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+
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. (E.15)
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I3 =−
∑∫
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4q20k
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∑∫
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∑∫
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) ∞∑
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) ∞∑
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− Γ
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. (E.16)
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∑∫
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=
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∑∫
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Adding everything up, we get the gluonic contribution to the gluon self energy:
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The vacuum part has already been calculated in a previous section:
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This gives the following gluonic contribution to thermal part:
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Now to the fermionic part:
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In all contributions, the divergences come always from the zeta function, since the negative arguments
of the gamma functions are always half integers. These divergences must be, and indeed are, in the
quadratic terms only, since they all must be contained in the vacuum part, which is quadratic in k.
Apart from the linear and cubic terms, there are no other terms of odd power.

k ≫ T Expansion

We start with expanding the logarithm:
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Then the q integrations can be performed using the integral representation of the Riemann zeta function.
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∫ ∞

0

dq
qn−1

eqβ + 1
=

∫ ∞

0

dq

(
qn−1

eqβ − 1
− 2qn−1

e2qβ − 1

)
=
(
1− 21−n

)
T nΓ(n)ζ(n) . (E.29)

Π
(T )
00 (0,k) =

4αsCA
π

∫ ∞

0

dq
q

eqβ − 1

{
1− k2

2q2
+

(
q

k
− k

2q
+

k3

8q3

)
ln

∣∣∣∣
2q + k

2q − k

∣∣∣∣
}

+
8αsTFnf

π

∫ ∞

0

dq
q

eqβ + 1

{
1 +

(
q

k
− k

4q

)
ln

∣∣∣∣
2q + k

2q − k

∣∣∣∣
}

=
4αsCA
π

∫ ∞

0

dq
q

eqβ − 1

{
−1

3
+

∞∑

n=1

4n2 + 7

(2n− 1)(2n+ 1)(2n+ 3)

(
2q

k

)2n
}

+
8αsTFnf

π

∫ ∞

0

dq
q

eqβ + 1

{ ∞∑

n=1

2

(2n− 1)(2n+ 1)

(
2q

k

)2n
}

68



=− 2

9
αsπCAT

2 +
4αsT

2

π

∞∑

n=1

Γ(2n+ 2)ζ(2n+ 2)×

×
{

(4n2 + 7)CA
(2n− 1)(2n+ 1)(2n+ 3)

+
4TFnf (1− 2−2n−1)

(2n− 1)(2n+ 1)

}(
2T

k

)2n

=− 2

9
αsπCAT

2 +
4

15
αsπ

3T 2

{
11

15
CA +

7

6
TFnf

}
4T 2

k2
+ . . . (E.30)

We have obtained an asymptotic series; it diverges when summed to infinity because of the gamma
function, but gives a good approximation when truncated after a few terms. The reason for this is, that
the series expansion of the logarithm is only valid for k > 2q, but we ignored this when performing
the q integration. However, the region with 2q > k is exponentially suppressed through the Bose and
Fermi distribution functions. So, as a justification for our procedure, we can split up the integration into
a region q < Λ with T ≪ Λ ≪ k

2 , where we may expand the integrand, and a region q > Λ, that is
exponentially suppressed:
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For the estimation of the correction terms we used x2

ex±1 < 1 in the first term, which is a far too
conservative but simple choice. The last term was included, despite it being suppressed by additional
powers of 2T

k , because it shows that the corrections may get big for large N by means of the gamma
function. This is the reason why the series obtained in (E.30) diverges. However, we are only interested
in the first few terms anyway, so the above procedure leads to a good approximation. The equlities
in (E.30) are to be understood in this context and not to be taken literally.

E.3 Diagram C1

Since this diagram is finite (as it will turn out) we may perform all the integrations in 3 dimensions.
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b+ i

)
= b (E.39)

∫ ∞

0

dp
sin p

p
e−bp =

∫ ∞

0

dp

∞∑

n=0

(−1)np2n

(2n+ 1)!
e−bp =

∞∑

n=0

(−1)n

2n+ 1

1

b2n+1

=

∞∑

n=0

(−1)n
∫ 1

b

0

dxx2n =

∫ 1
b

0

dx

∞∑

n=0

(
−x2

)n

=

∫ 1
b

0

dx
1

1− (−x2) = arctan
1

b
. (E.40)

Actually, the intermediate steps in the derivation of equation (E.40), in particular exchanging summation
and integration, are only valid for b > 1, but since both the initial and the final expression are analytic
functions of b, their equality holds for all b ≥ 0.

g4CFCA
16π3

∫ 1

0

dx

∫ 1

0

ds

∫ ∞

0

dp e−
√

x(1−x)

|x−s|
p

|x− s|

[
x(1− x)

|x− s|2
(
− cosp+

sin p

p

)
−
√
x(1− x)

|x− s| sin p+
sin p

p

]

=
g4CFCA
16π3

∫ 1

0

dx

∫ 1

0

ds

[
−
√
x(1 − x)

|x− s|2 +

(
x(1 − x)

|x− s|3 +
1

|x− s|

)
arctan

|x− s|√
x(1− x)

]

=
g4CFCA
16π3

∫ 1

0

dx

∫ 1

0

ds

[
−
√
x(1 − x)

(s− x)2
+

(
x(1 − x)

(s− x)3
+

1

s− x

)
arctan

s− x√
x(1 − x)

]
. (E.41)

1

x
arctan

x

c
=

∞∑

n=0

(−1)n

(2n+ 1)c

(x
c

)2n
= ∂x

[ ∞∑

n=0

(−1)n

(2n+ 1)2

(x
c

)2n+1
]

= ∂x

[
Im

∞∑

n=0

1

(2n+ 1)2

(
ix

c

)2n+1
]
= ∂x

[
Im

∞∑

n=1

1

n2

(
ix

c

)n]

= ∂xIm

[
Li2

(
ix

c

)]
= ∂x

1

2i

[
Li2

(
ix

c

)
− Li2

(−ix
c

)]

≡ ∂x L
(x
c

)
. (E.42)
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Again, the sum representations in the intermediate steps are strictly speaking only valid for x < c.
However, the analytic continuation in terms of the complex dilogarithm does have no such restriction.
Anyway, we will never need any property of L in the following, apart from it being an integral function
of 1

x arctan(x) with L(−x) = −L(x), so this is a moot point.

1

x3
arctan

x

c
= ∂x

[
− 1

2x2
arctan

x

c

]
+

1

2x2
c

x2 + c2

= ∂x

[
− 1

2x2
arctan

x

c

]
+

1

2c

(
1

x2
− 1

x2 + c2

)

= ∂x

[
− 1

2x2
arctan

x

c
− 1

2cx
− 1

2c2
arctan

x

c

]
. (E.43)

g4CFCA
16π3

∫ 1

0

dx

∫ 1

0

ds

[
−
√
x(1 − x)

(s− x)2
+

(
x(1 − x)

(s− x)3
+

1

s− x

)
arctan

s− x√
x(1 − x)

]

=
g4CFCA
16π3

∫ 1

0

dx

[√
x(1− x)

(s− x)
− x(1− x)

2(s− x)2
arctan

s− x√
x(1 − x)

−
√
x(1 − x)

2(s− x)
−

−1

2
arctan

s− x√
x(1− x)

+ L

(
s− x√
x(1− x)

)]s=1

s=0

=
g4CFCA
32π3

∫ 1

0

dx

[√
x

1− x
−
(

x

1− x
+ 1

)
arctan

√
1− x

x
+ 2L

(√
1− x

x

)
+

+

√
1− x

x
−
(
1− x

x
+ 1

)
arctan

√
x

1− x
+ 2L

(√
x

1− x

)]

=
g4CFCA
16π3

∫ 1

0

dx

[√
x

1− x
−
(

x

1− x
+ 1

)
arctan

√
1− x

x
+ 2L

(√
1− x

x

)]
. (E.44)

In the last step we used the symmetry of this expression under x ↔ 1 − x. Now we can simplify things
by making the following substitution:

z =

√
1− x

x
, x =

1

1 + z2
, dx =

−2z

(1 + z2)2
dz . (E.45)

g4CFCA
16π3

∫ 1

0

dx

[√
x

1− x
−
(

x

1− x
+ 1

)
arctan

√
1− x

x
+ 2L

(√
1− x

x

)]

=
g4CFCA
16π3

∫ ∞

0

dz

(
−∂z

1

1 + z2

)[
1

z
−
(

1

z2
+ 1

)
arctan z + 2L(z)

]

=
g4CFCA
16π3

∫ ∞

0

dz

{
−∂z

[
1

z(1 + z2)
− 1

z2
arctan z +

2L(z)

1 + z2

]
+

+
1

1 + z2

[
− 1

z2
+

2

z3
arctan z − 1

z2
+

2

z
arctan z

]}

=
g4CFCA
16π3

∫ ∞

0

dz

{
−∂z

[
1

z(1 + z2)
− 1

z2
arctan z +

2L(z)

1 + z2

]
− 2

z2
+

2

1 + z2
+

2

z3
arctan z

}

=
g4CFCA
16π3

[
− 1

z(1 + z2)
+

1

z2
arctan z − 2L(z)

1 + z2
+

2

z
+ 2 arctan z − 1

z2
arctan z − 1

z
− arctan z

]∞

0
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=
g4CFCA
16π3

[
z

1 + z2
+ arctan z − 2L(z)

1 + z2

]∞

0

=
g4CFCA
16π3

[π
2

]
=
g4CFCA
32π2

=
1

2
CFCAα

2
s . (E.46)

Now the only thing left to show is that the integral function L(x) does not diverge faster than 1 + x2.
This can be done using l’Hôpital’s rule.

lim
x→∞

2L(x)

1 + x2
= lim

x→∞

2
x arctanx

2x
= 0 . (E.47)

L(0) = 0 follows from L(−x) = −L(x).

E.4 Diagrams E1, E2

The colour factor, gluon propagators and vertex factor are the same for every diagram, so we will start
with the terms describing the contour integrations.

IE1(k,p,q) =

∫ 1

0

ds1

∫ s1

0

ds2

∫ s2

0

ds3 e
ir·k(s1− 1

2 )eir·p(s2−
1
2 )eir·q(s3−

1
2 )

=

∫ 1

0

ds1

∫ s1

0

ds2

∫ s2

0

ds3 e
ir·ks1eir·ps2eir·qs3 , (E.48)

IE2(k,p,q) =−
∫ 1

0

ds1

∫ s1

0

ds2

∫ 1

0

ds3 e
ir·k(s1− 1

2 )eir·p(s2−
1
2 )eir·q(

1
2−s3)

=−
∫ 1

0

ds1

∫ s1

0

ds2

∫ 1

0

ds3 e
ir·ks1eir·ps2eir·q(1−s3)

=−
∫ 1

0

ds1

∫ s1

0

ds2

∫ 1

0

ds3 e
ir·ks1eir·ps2eir·qs3 . (E.49)

Here we have used k+ p+ q = 0 because of the δ-function in the vertex factor and in the last line made
the substitution s3 → 1− s3.

IE1(k,p,q) + IE2(k,p,q) =−
∫ 1

0

ds1

∫ s1

0

ds2

∫ 1

s2

ds3 e
ir·ks1eir·ps2eir·qs3

=−
∫ 1

0

ds1

∫ s1

0

ds2

[∫ s1

s2

ds3 +

∫ 1

s1

ds3

]
eir·ks1eir·ps2eir·qs3

=−
∫ 1

0

ds1

∫ s1

0

ds3

∫ s3

0

ds2 e
ir·ks1eir·ps2eir·qs3−

−
∫ 1

0

ds3

∫ s3

0

ds1

∫ s1

0

ds2 e
ir·ks1eir·ps2eir·qs3

=− IE1(k,q,p) − IE1(q,k,p) . (E.50)

Now, k, p and q are just integration variables, so we may rename them to get back IE1(k,p,q). To see
what happens after this change of variables, we give the rest of the integrand:

rirjrk
δil − kikl

k2

k2

δjm − pjpm
p2

p2

δkn − qkqn
q2

q2
[δlm(pn − kn) + δmn(ql − pl) + δnl(km − qm)]

(2π)3

T
δ(4)(k+p+q) .

(E.51)
This does not change under cyclic permutations of (k,p,q), but gives an additional minus sign under
odd permutations. So the sum of diagrams E1 and E2 is ∼ [IE1(k,p,q)− IE1(k,p,q)] = 0. The case of
E3 and E4 is analogous.
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E.5 Diagrams 2X, 2T, 2T’, 2S, 2S’

Colour coefficients and propagator terms are the same for every diagram, so the important part lies in
the parameter integrations of the exponentials. The value for the sum of all diagrams is given by

− g4

2
CFCA

∑∫

k

∑∫

q

r2 − (r·k)2
k2

k2

r2 − (r·q)2
q2

q2
I(k,q) , (E.52)

where I(k,q) represents the terms from the parameter integrations:

I(k,q) = I2X(k,q) + I2T (k,q) + I2T ′(k,q) + I2S(k,q) + I2S′ (k,q) . (E.53)

I2X(k,q) =

∫ 1

0

ds1

∫ s1

0

ds2

∫ 1

0

ds3

∫ s3

0

ds4 e
ir·k(s1+s3−1)eir·q(s2+s4−1)

=

∫ 1

0

ds1

∫ 1

0

ds3 e
ir·k(s1+s3−1)

(
eir·qs1 − 1

) (
eir·qs3 − 1

)
e−ir·q

−(r · q)2

=
e−ir·ke−ir·q

(r · q)2
(
eir·k+ir·q − 1

r · k+ r · q − eir·k − 1

r · k

)(
eir·k+ir·q − 1

r · k+ r · q − eir·k − 1

r · k

)

=

(
eir·k − e−ir·q

) (
eir·q − e−ir·k

)

(r · q)2(r · k+ r · q)2 − 2

(
1− e−ir·k

) (
eir·k − e−ir·q

)

(r · k)(r · q)2(r · k+ r · q) +

+

(
1− e−ir·k

) (
ei(r·k−r·q) − e−ir·q

)

(r · k)2(r · q)2

=
ei(r·k+r·q)

(r · q)2(r · k+ r · q)2 +
e−i(r·k+r·q)

(r · k)2(r · k+ r · q)2 +
ei(r·k−r·q)

(r · k)2(r · q)2−

− 2 eir·k

(r · k)(r · q)2(r · k+ r · q) −
2 e−ir·q

(r · k)2(r · q)(r · k+ r · q)+

+
2

(r · k)(r · q)(r · k+ r · q)2 . (E.54)

I2T (k,q) =−
∫ 1

0

ds1

∫ s1

0

ds2

∫ s2

0

ds3

∫ 1

0

ds4 e
ir·k(s1−s3)eir·q(s2+s4−1)

=−
∫ 1

0

ds1

∫ s1

0

ds2 e
ir·ks1eir·qs2

(
e−ir·ks2 − 1

)

r · k

(
1− e−ir·q

)

r · q

=−
∫ 1

0

ds1
eir·ks1

r · k

(
e−i(r·k−r·q)s1 − 1

−i(r · k− r · q) − eir·qs1 − 1

ir · q

) (
1− e−ir·q

)

r · q

=

(
e−ir·q − 1

)

(r · k)(r · q)

(
eir·q − 1

(r · q)(r · k− r · q)−
eir·k − 1

(r · k)(r · k− r · q)+
ei(r·k+r·q) − 1

(r · q)(r · k+ r · q)−
eir·k − 1

(r · k)(r · q)

)

=

(
e−ir·q − 1

) (
eir·q − 1

)

(r · k)(r · q)2(r · k− r · q) −
(
eir·k − 1

) (
e−ir·q − 1

)

(r · k)(r · q)2(r · k− r · q) +
(
e−ir·q − 1

) (
ei(r·k+r·q) − 1

)

(r · k)(r · q)2(r · k+ r · q)

=− ei(r·k+r·q)

(r · k)(r · q)2(r · k+ r · q) −
ei(r·k−r·q)

(r · k)(r · q)2(r · k− r · q)+

+
2 eir·k

(r · q)2(r · k+ r · q)(r · k− r · q) −
eir·q

(r · k)(r · q)2(r · k− r · q)−

− e−ir·q

(r · k)(r · q)2(r · k+ r · q) +
2

(r · q)2(r · k+ r · q)(r · k− r · q) . (E.55)
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I2T ′(k,q) =−
∫ 1

0

ds1

∫ 1

0

ds2

∫ s2

0

ds3

∫ s3

0

ds4 e
ir·k(s1+s3−1)e−ir·q(s2−s4) = I2T (−q,k)

=
ei(r·k−r·q)

(r · k)2(r · q)(r · k− r · q) −
e−i(r·k+r·q)

(r · k)2(r · q)(r · k+ r · q)−

− 2 e−ir·q

(r · k)2(r · k+ r · q)(r · k− r · q) −
eir·k

(r · k)2(r · q)(r · k+ r · q)+

+
e−ir·k

(r · k)2(r · q)(r · k− r · q) −
2

(r · k)2(r · k+ r · q)(r · k− r · q) . (E.56)

I2S(k,q) =

∫ 1

0

ds1

∫ s1

0

ds2

∫ s2

0

ds3

∫ s3

0

ds4 e
ir·k(s1−s3)eir·q(s2−s4)

=− 1

i(r · q)

∫ 1

0

ds1

∫ s1

0

ds2

∫ s2

0

ds3 e
ir·ks1eir·qs2

(
e−i(r·k+r·q)s3 − e−ir·ks3

)

=− 1

r · q

∫ 1

0

ds1

∫ s1

0

ds2 e
ir·ks1

(
e−ir·ks2

r · k+ r · q − e−i(r·k−r·q)s2

r · k +
(r · q) eir·qs2

(r · k)(r · k+ r · q)

)

=
1

r · q

∫ 1

0

ds1

(
1− eir·ks1

i(r · k)(r · k+ r · q) −
eir·qs1 − eir·ks1

i(r · k)(r · k− r · q) −
ei(r·k+r·q)s1 − eir·ks1

i(r · k)(r · k+ r · q)

)

=
1

i(r · k)(r · q)

∫ 1

0

ds1

(
1− ei(r·k+r·q)s1

r · k+ r · q − eir·qs1 − eir·ks1

r · k− r · q

)

=
1

i(r · k)(r · q)(r · k+ r · q) +
ei(r·k+r·q) − 1

(r · k)(r · q)(r · k+ r · q)2+

+
eir·q − 1

(r · k)(r · q)2(r · k− r · q) −
eir·k − 1

(r · k)2(r · q)(r · k− r · q) . (E.57)

I2S′ (k,q) =

∫ 1

0

ds1

∫ s1

0

ds2

∫ s2

0

ds3

∫ s3

0

ds4 e
−ir·k(s1−s3)e−ir·q(s2−s4) = I2S(−k,−q)

=− 1

i(r · k)(r · q)(r · k+ r · q) +
e−i(r·k+r·q) − 1

(r · k)(r · q)(r · k+ r · q)2+

+
e−ir·q − 1

(r · k)(r · q)2(r · k− r · q) −
e−ir·k − 1

(r · k)2(r · q)(r · k− r · q) . (E.58)

I(k,q) = I2X(k,q) + I2T (k,q) + I2T ′ (k,q) + I2S(k,q) + I2S′(k,q)

= ei(r·k+r·q)
(

1

(r · q)2(r · k+ r · q)2−
1

(r · k)(r · q)2(r · k+ r · q)+
1

(r · k)(r · q)(r · k+ r · q)2
)
+

+ e−i(r·k+r·q)
(

1

(r · k)2(r · k+ r · q)2−
1

(r · k)2(r · q)(r · k+ r · q)+
1

(r · k)(r · q)(r · k+ r · q)2
)
+

+ ei(r·k−r·q)
(

1

(r · k)2(r · q)2 − 1

(r · k)(r · q)2(r · k− r · q) +
1

(r · k)2(r · q)(r · k− r · q)

)
+

+ eir·k
(
− 2

(r · k)(r · q)2(r · k+ r · q) +
2

(r · q)2(r · k+ r · q)(r · k− r · q)−

− 1

(r · k)2(r · q)(r · k+ r · q) −
1

(r · k)2(r · q)(r · k− r · q)

)
+

+ e−ir·k
(

1

(r · k)2(r · q)(r · k− r · q) −
1

(r · k)2(r · q)(r · k− r · q)

)
+

+ eir·q
(
− 1

(r · k)(r · q)2(r · k− r · q) +
1

(r · k)(r · q)2(r · k− r · q)

)
+
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+ e−ir·q
(
− 2

(r · k)2(r · q)(r · k+ r · q) −
1

(r · k)(r · q)2(r · k+ r · q)−

− 2

(r · k)2(r · k+ r · q)(r · k− r · q) +
1

(r · k)(r · q)2(r · k− r · q)

)
+

+
2

(r · k)(r · q)(r · k+ r · q)2 +
2

(r · q)2(r · k+ r · q)(r · k− r · q)−

− 2

(r · k)2(r · k+ r · q)(r · k− r · q) −
2

(r · k)(r · q)(r · k+ r · q)2−

− 2

(r · k)(r · q)2(r · k− r · q) +
2

(r · k)2(r · q)(r · k− r · q)+

+
1

i(r · k)(r · q)(r · k+ r · q) −
1

i(r · k)(r · q)(r · k+ r · q)
= 0 . (E.59)

E.6 Diagram 3X (Thermal Part)

Since the thermal part is finite, we may compute it in 3 dimensions. The angular integration has already
been done for diagram d) in the tree level vacuum Wilson loop calculations:

W (T )
(
γd)
)
=

g2

2π2

∫ ∞

0

dk

∫ 1

−1

dx
1

ekβ − 1

(
1− x2

) 1− cos(krx)

kx2

=
g2

π2

∫ ∞

0

dk
1

e
k
rT − 1

(
Si(k)− 1− cos k

k
− k − sin k

k2

)
. (E.60)

To (at least partially) solve this integral, we will look at each term individually and make the substitution

x = e−
k
rT :

•
∫ ∞

0

dk
Si(k)

e
k
rT − 1

=

∫ 1

0

dz

∫ ∞

0

dk
1

e
k
rT − 1

sin(kz)

z

= rT

∫ 1

0

dz

z

∫ 1

0

dx
1

1− x

1

2i

(
x−irTz − xirTz

)

=
rT

2i

∫ 1

0

dz

z
lim
ǫ→0

[∫ 1

0

dx(1 − x)ǫ−1
(
x−irTz − xirTz

)]

=
rT

2i

∫ 1

0

dz

z
lim
ǫ→0

[
Γ(ǫ)Γ(1− irT z)

Γ(ǫ + 1− irT z)
− Γ(ǫ)Γ(1 + irT z)

Γ(ǫ+ 1 + irT z)

]

=
rT

2i

∫ 1

0

dz

z

[
Γ′(1 + irT z)

Γ(1 + irT z)
− Γ′(1− irT z)

Γ(1− irT z)

]

=
rT

2i

∫ 1

0

dz

z
[ψ(1 + irT z)− ψ(1− irT z)] . (E.61)

In the last line we used the digamma function ψ(x) = ∂x ln Γ(x). This expression is finite for z → 0, but
I’m not aware of a way to calculate it analytically.

• −
∫ ∞

0

dk
1− cos k

k

1

e
k
rT − 1

=−
∫ 1

0

dz

∫ ∞

0

dk
sin(kz)

e
k
rT − 1

=− rT

2i

∫ 1

0

dz [ψ(1 + irT z)− ψ(1− irT z)]

=
1

2
[ln Γ(1 + irT ) + ln Γ(1− irT )] . (E.62)
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• −
∫ ∞

0

dk
k − sin k

k2
1

e
k
rT − 1

=−
∫ 1

0

dz

∫ ∞

0

dk
1− cos(zk)

k

1

e
k
rT − 1

=−
∫ 1

0

dz

∫ ∞

0

dk
1− cos(k)

k

1

e
k

rTz − 1

=
1

2

∫ 1

0

dz [ln Γ(1 + irT z) + ln Γ(1− irT z)] . (E.63)

The logarithm of the gamma function and antiderivatives of that can be expressed through a generalization
of the polygamma function ψ(m)(x) to m ∈ C. However, there are different definitions and conventions in
use, so to avoid confusion, we will stick to the expressions above. It is also possible to derive expressions
involving derivatives with respect to the first argument of the Hurwitz zeta function, but I do not see
how this improves the expression given.

So together we can write:

W (T )
(
γd)
)
=
4αs
π

{
rT

2i

∫ 1

0

dz

z
[ψ(1 + irT z)− ψ(1 − irT z)] +

1

2
[ln Γ(1 + irT ) + ln Γ(1− irT )] +

+
1

2

∫ 1

0

dz [ln Γ(1 + irT z) + ln Γ(1− irT z)]

}
. (E.64)

We can also derive a series expansion for rT ≪ 1:

W (T )
(
γd)
)
=
g2

π2

∫ ∞

0

dk
1

e
k
rT − 1

(
Si(k)− 1− cos k

k
− k − sin k

k2

)

=
g2

π2

∫ ∞

0

dk
1

e
k
rT − 1

∞∑

n=1

(
(−1)n−1

(2n− 1)(2n− 1)!
− (−1)n−1

(2n)!
− (−1)n−1

(2n+ 1)!

)
k2n−1

=
g2

π2

∞∑

n=1

2(−1)n−1(rT )2n

(2n− 1)(2n+ 1)!

∫ ∞

0

dk
k2n−1

ek − 1

=
g2

π2

∞∑

n=1

2(−1)n−1(rT )2n

(2n− 1)(2n+ 1)!
Γ(2n)ζ(2n)

=
4αs
π

∞∑

n=1

(−1)n−1

n(4n2 − 1)
ζ(2n)(rT )2n . (E.65)

E.7 Divergences of 1T in Feynman gauge

The value of diagram 1T in Feynman gauge is given by:

−(ig)4
(
−1

2
CFCA

)∫ β

0

dτ1

∫ β

0

dτ2

∫ τ2

0

dτ3

∫ τ3

0

dτ4
∑∫

k

∑∫

q

eik0(β−τ1−τ3)−ir·k

k20 + k2

eiq0(τ2−τ4)

q20 + q2

=
CFCAg

4

2

∫

k

e−ir·k

k2

∑∫

q

∫ β

0

dτ2

∫ τ2

0

dτ3
eiq0τ2

q20 + q2

[
τ3δnq0 −

e−iq0τ3 − 1

iq0

(
1− δnq0

)]

=
CFCAg

4

2

∫

k

e−ir·k

k2

∑∫

q

1

q20 + q2

∫ β

0

dτ2

[
τ22
2
δnq0 +

(1− iq0τ2)e
iq0τ2 − 1

q20

(
1− δnq0

)]

=
CFCAg

4

2

∫

k

e−ir·k

k2

∑∫

q

1

q20 + q2

[
β3

6
δnq0 −

2β

q20

(
1− δnq0

)]

=
CFCAg

4

2

∫

k

e−ir·k

k2

∫

q

[
1

6T 2q2
− 2β

∑

q0

′ 1

q2

(
1

q20
− 1

q20 + q2

)]

=
CFCAg

4

2

∫

k

e−ir·k

k2

∫

q

[
1

6T 2q2
− 4

q2
ζ(2)

(2πT )2
+

2

Tq2

(
1

2q
+

1

q (eqβ − 1)
− T

q2

)]
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=
CFCAg

4

2

∫

k

e−ir·k

k2

∫

q

[
1

Tq3
+

2

Tq3
1

eqβ − 1
− 2

q4

]

=CFCAg
4

∫

k

e−ir·k

k2

2T d−4

(4π)
d
2 Γ
(
d
2

)Γ(d− 3)ζ(d− 3)

=CF g
2

∫

k

e−ir·k

Tk2

CAαs
2π

[
1

ε
+ 2 + γE − ln 4π − 2 lnµT

]
. (E.66)

Taking the Feynman gauge renormalization constants from reference [29], slightly adapted to our notation,
we have:

ZMS
1 =1 +

αs
4π

(
2

3ε̄
CA − 4

3ε̄
nfTF

)
+O(α2

s) , (E.67)

ZMS
3 =1 +

αs
4π

(
5

3ε̄
CA − 4

3ε̄
nfTF

)
+O(α2

s) . (E.68)

This gives a line vertex counterterm of

ZMS
1

ZMS
3

− 1 = −CAαs
4πε̄

+O(α2
s) . (E.69)

Combining diagram 1T with the counterterm diagram, we have

CF g
2

∫

k

e−ir·k

Tk2

CAαs
π

[
1

4ε̄
+ 1 + γE − ln 4π − lnµT

]
. (E.70)

So the sum of the divergent contributions of diagrams 1T, 1T’ and 3X, respectively, give

CFαs
rT

CAαs
4πε̄

+
CFαs
rT

CAαs
4πε̄

+
CFαs
rT

CAαs
2πε̄

=
CFαs
rT

CAαs
πε̄

, (E.71)

which is exactly the same intersection divergence we got in Coulomb gauge.
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