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Abstract: We investigate the entanglement dynamics of two giant atoms coupled to a
one-dimensional photonic lattice with synthetic chirality. The atoms are connected to
multiple lattice sites in a braided configuration and interact with a structured photonic
reservoir featuring direction-dependent hopping phases. By tuning the atomic detuning
and the synthetic gauge phase, we identify distinct dynamical regimes characterized by
decoherence-free population exchange, damped oscillations, long-lived revivals, and ex-
citation trapping. Using a combination of time-domain simulations and resolvent-based
analysis, we show how interference and band structure effects lead to the emergence of
bound states, quasi-bound states, and phase-dependent entanglement dynamics. We com-
pare the initial states with localized and delocalized atomic excitations, demonstrating that
pre-existing entanglement can enhance the robustness against decoherence or accelerate
its loss, depending on the system parameters. These results highlight the utility of syn-
thetic photonic lattices and nonlocal emitter configurations in tailoring quantum coherence,
entanglement, and information flows in structured environments.

Keywords: giant atoms; non-Hermitian lattice; non-Markovian dynamics

1. Introduction

The interaction between quantum emitters and low-dimensional photonic environ-
ments has become a focal point in modern quantum optics, with waveguide quantum
electrodynamics (QED) serving as a foundational theoretical framework [1-3]. Such systems
enable precise control over light-matter coupling, which is essential in advancing quantum
communication and computation platforms. Recent experimental progress has made it
possible to fabricate engineered photonic reservoirs—including one-dimensional waveg-
uides and photonic lattices—and couple them effectively to quantum emitters. Realizations
across multiple platforms, such as optical photonic crystals [4], superconducting microwave
circuits [5-7], and synthetic atomic systems [8,9], have expanded the scope of quantum
photonics by uncovering novel mechanisms for the manipulation of quantum light.

Among these advances, the concept of the giant atom (GA) has emerged as a particu-
larly compelling paradigm [10]. In contrast to conventional atoms, which couple locally to
the electromagnetic field, GAs interact with the field at multiple points spaced by distances
on the order of the wavelength. This spatially extended coupling introduces interference
among different emission paths and leads to several unusual quantum-optical phenom-
ena. Notable effects include frequency-dependent Lamb shifts and decay rates [11,12],
decoherence-free interactions mediated through structured continua [13-18], and the emer-
gence of bound or quasi-bound oscillatory states [19-23].
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Experimentally, GAs have been successfully realized in a range of architectures. A
particularly fruitful approach involves coupling superconducting qubits to surface acoustic
waves [24-35] or to microwave transmission lines and waveguides [12,14,36]. These plat-
forms offer fine control over the coupling geometry and interaction strength. Theoretical
work has also expanded the range of possible GA implementations, including proposals
for synthetic frequency dimensions [37] and on-chip photonic circuits [38]. More recently,
the giant atom concept has been generalized to include large-scale quantum systems such
as giant molecules [39-44] and collective spin ensembles [45].

Despite the diversity of platforms, most prior studies have concentrated on GAs
coupled to continuum waveguides [11-14,16,18-20,22,36,42,46-61], where the photonic
density of states varies slowly with the frequency. However, structured reservoirs—such
as tight-binding photonic lattices—have recently gained increased interest for their rich
dispersion properties and spectral features [17,23,38,42,52,62-83]. These reservoirs allow
for the emergence of non-Markovian behavior, bound states in the continuum, and synthetic
gauge effects.

In our previous work [84], where we studied the non-Markovian dynamics of a single
giant atom (GA) coupled to a one-dimensional photonic lattice with synthetic chirality, we
demonstrated that complex hopping phases and multi-point interference can yield a rich
variety of light-matter interactions. In particular, we found that the synthetic gauge phase
¢ in the lattice governs directional emission asymmetry, decoherence-free subspaces, and
the emergence of photonic bound states. An exact analytic expression for the self-energy
revealed how spatially separated coupling points allow phase-tuned interference, resulting
in long-lived coherence and partial entanglement [84]. These findings highlighted the
potential of using geometry and synthetic phases to engineer emission dynamics and
atom-bath correlations in structured photonic environments.

Here, we extend this framework to a system of two braided GAs symmetrically
coupled to the same structured photonic lattice [16]. The multi-emitter configuration in-
troduces new collective phenomena beyond those accessible with a single GA. Using a
combination of resolvent analysis and time-domain simulations in the single-excitation
subspace, we study how synthetic chirality, atomic detuning A, and spatial coupling ge-
ometry shape the dynamics of population exchange, atom—field entanglement, and von
Neumann entropy. We observe a broad spectrum of behaviors—including decoherence-free
interactions, non-Markovian revivals, quasi-bound states at the band edge, and com-
plete excitation localization outside the band. Furthermore, by comparing initially unen-
tangled and Bell-state-prepared atoms, we reveal how the initial correlations influence
entanglement decay and robustness. These results advance the understanding of coop-
erative emitter dynamics in nonreciprocal environments and demonstrate how synthetic
gauge control and spatial interference can be leveraged to design non-Markovian quantum
interfaces [80,81,83].

2. Theory
2.1. Model and Hamiltonian

We consider two identical giant atoms (GAs), labeled A and B, each modeled as a
two-level emitter with excited states |e4), |eg) and ground states |g4), |¢p). The atoms
interact with a one-dimensional tight-binding photonic lattice possessing synthetic chirality
introduced by a complex hopping amplitude Je*'¢ [85] (see Figure 1). Each atom is coupled
to P spatially separated lattice sites, located at positions {n]p = né +(p— 1)171};):1 for

j = A,B, where d is the separation between coupling points and D = nf — nj is the

center-to-center atom separation.
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Figure 1. Schematic of the system under study: two braided giant atoms (red) are coupled to a one-

dimensional photonic lattice (blue sites) at multiple spatially separated points. The lattice features
+ip

complex hopping amplitudes Je*'? that induce synthetic chirality, enabling nonreciprocal photon
propagation. Each atom couples to two sites (forming a four-point braided configuration), with
inter-point coupling separation d. The parameter ¢ denotes the atom-lattice coupling strength at

each site.

The full Hamiltonian in a rotating frame with respect to the lattice band center is

. , p
H=AY (f]T(Tj + ]Z(el‘i’a}:unﬂ + e”¢a;+1an) +g Y ) (U}Tﬂn]‘ +a' (T]'), (1)
j=A,B 7 j=A,B p=1 P

where Uf and ¢; are raising and lowering operators for atom j, and al, a, are bosonic
creation and annihilation operators at site 7.

Here, we stress that, in a purely photonic 1D lattice with periodic boundary conditions,
a global gauge transformation could, in principle, remove the complex hopping phase ¢
from nearest-neighbor couplings. However, in our open-boundary setup with spatially
separated emitter—lattice couplings, such a transformation cannot eliminate the physical
effects of ¢. The synthetic gauge field modifies the interference paths between emitter
coupling points, and this phase dependence is observable in the self-energy, population
dynamics, and entanglement evolution, as will be demonstrated below.

Synthetic gauge fields in photonic lattices can be realized using several experimental
approaches. A prominent method involves the temporal modulation of the refractive index
or hopping amplitudes [86]. Alternatively, synthetic magnetic fields can emerge in photonic
systems through engineered optical paths in arrays of helically curved waveguides [87-89].
Lastly, complex hopping terms of the form of Je*® can be formed by coupling resonant
cavities with metamaterial interlinks of positive and negative refractive indices [85]. These
approaches enable the realization of a nontrivial band topology and chiral light propagation,
consistent with the effective model used in this work.

2.2. Schrodinger Equation and Coupled Rate Equations

In the single-excitation subspace, the wavefunction is written as

[9(t)) = Ca(t)lea, gp,vac) + Cp(t)|ga,ep,vac) + ) Cu(t)Ig4, 88, 1n), 2

where |1,,) = af|vac) denotes a photon localized at site 7.
Projecting the Schrodinger equation onto each basis state yields
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dc : oY
;t(t) — —iAC4(t) —zgpgcng(f)' ¥
dc : oY
5t(t) = —iACp(t) — lgp;l Cng (£), ?
P P
dC;t(t) _ _ig<2 s Calt) + 2 5nrngCB(t)> +i] (ei¢cn+1(t) +e*i4’Cn71(f))- (5)
p=1 p=1

These equations describe atomic amplitudes coupled to photonic fields at multiple
discrete sites and capture chiral propagation in the lattice.

2.3. Resolvent Method and Self-Energy Matrix

Applying the Laplace transform f(z) = [, dt e f(t) to the above equations yields
a closed system of algebraic equations in the frequency domain. Eliminating the field
amplitudes C,(z) via the lattice Green function,

P P
Cu(z) = —z’g(Z Gn,n;‘ (z)Cal(z) + 2 Gn,n,‘% (z)CB(z)>, (6)
p=1 p=1
and substituting it into the transformed equations for C(z), Cp(z) leads to
Calz) [ Cal(0)
z— A —X(z ~ =1 , 7
(=) <>1(CB(Z)> (CB(O) ”)
where [ is the 2 x 2 unity matrix and X(z) is the self-energy matrix with elements
2 v A_ A
Taalz) =¢" ), G(ny —ny;z), ®)
pp'=1
2 v B_ B
Spp(z) =¢° Y, G(nf —nb;2), ©)
pp'=1
2 P A B
Zap(z) =g° ) Glny —ng;z), (10)
pa=1
) v B_ A
Lpa(z) = ¢ ), Glnp —ngiz). (11)
pa=1

The off-diagonal elements ¥ 45, X4 represent photon-mediated coherent interactions
between the two atoms.

2.4. Evaluation of the Green Function

For a 1D tight-binding lattice with synthetic phase ¢, the Green function in real space
is [84]
T dk eikr (_X)‘”p*”;ﬂ
— /; = - = 12
G(le np/(z)) o 27TZ+2]COS(k—|—(p) /72274]2 s ( )

where, for Rez 2 0,

(13)

X+ = <_z & \472——4]2>ei¢.
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This expression enables the analytical evaluation of all self-energy terms by summing
over the spatial separations between coupling points. In particular, the cross terms X o5 (z)

Tap(z) =

Z n fn (14)
V Z ]2 p.q=1

capture interference across the P? pathways between the two atoms, since the relative
separations |n§ - n§| include all combinations of coupling site differences between atoms
A and B.

We assume that all coupling points are equidistant and separated by distance d. For a
braided configuration of the two GAs, see Figure 1. Equation (14) becomes

2

Sap(z) = ﬁg—_w[(—xﬁd +3(-x), (15)
We stress that the photonic lattice acts as a structured reservoir for the emitters,
enabling dissipation and memory effects without requiring an additional external bath.
Although the global dynamics are unitary and the system is at zero temperature, the emitter
subsystem exhibits irreversible behavior due to coupling to the photonic continuum. The
retarded Green function is defined by the standard analytic continuation w — w + i€,

ensuring well-posedness and causality.

2.5. Bound States and Non-Markovian Dynamics

The resolvent formalism reveals that the atomic dynamics are governed by the poles
of the Laplace-transformed evolution operator, which are the solutions to the characteris-
tic equation

det[(z — A)I—X(z)] = 0. (16)

These poles determine the long-time behavior of the system, as they correspond to
the eigenmodes of the hybridized atom—field system [16]. In structured reservoirs such
as tight-binding photonic lattices, poles may emerge both outside and inside the band,
depending on the interference conditions and coupling geometry.

For two identical giant atoms (GAs), the dynamics can be decomposed into symmetric
and antisymmetric excitation sectors using the collective states [16]

£) = é(l%gg) © lga es)).

Each sector evolves independently under an effective Green function,

1

G+(2) = ATy @)

Yi(z) = Zaalz) £Xap(2), (17)
where X 44 (z) is the local self-energy, and X 45(z) captures photon-mediated interactions
between the atoms. Due to the spatial structure of X 45(z), the poles of G (z) and G_(z)
typically occur at different locations in the complex plane, even when the atoms are identical.
This splitting of symmetric and antisymmetric bound states reflects the collective, nonlocal
nature of giant atom interactions in structured baths.

By identifying and classifying the poles of G+ (z), one can characterize conventional
bound states but also quasi-bound states with small imaginary parts, corresponding to
long-lived collective excitations. These features are inherently non-Markovian, stemming
from time-delayed feedback, energy-dependent self-energy structure, and nonlocal interfer-
ence. Although the real-frequency poles identified here do not meet the formal criterion for
a bound state in the continuum involving a pole-zero cancellation [90], they correspond to
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non-decaying emitter—field eigenstates with suppressed coupling to the continuum. These
states underlie the long-lived coherence and entanglement plateaus observed below. Gen-
erally, the pole structure of the resolvent serves as a tool in understanding and engineering
entangled steady states and decoherence-free interactions in extended quantum systems.

3. Results and Discussion
3.1. Bound States

Figure 2 shows the complex poles of the Laplace-transformed dynamics for four
different values of the synthetic phase ¢. Each panel corresponds to a fixed ¢ and dis-
plays the symmetric (G4 ) and antisymmetric (G_) poles. These poles are obtained as
solutions to the bound-state equations z — A — X4 (z) = 0, with A = 0 and a braided
coupling configuration.

$=0 ¢=n/6
°
0.00 =0 * 0.00
-0.05 ~0.05
1 *
-0.10 -0.10 °
~0.15 > -0.15
N ~
E —0.20 E _020
—0.25 1 o -0.25
-0.30 -0.30 ° °
—0.35 ° @ Symmetric (G.) -0.35 ® Symmetric (G,)
Antisymmetric (G_) Antisymmetric (G_)
~0.40 -0.40
-2 -1 0 1 2 -2 -1 0 1 2
Re(z) Re(z)
¢=n/4 ¢=n2
0.00 0.00
°
~0.05 -0.05
~0.10 -0.10
-0.15 1 ° -0.15
N ~N
E —0.20 E _020 ° °
~0.25 1 ° -0.25
~0.30 -0.30
—0.35 @ Symmetric (G.) -0.35 ® Symmetric (G.)
Antisymmetric (G-) Antisymmetric (G -)
-0.40 T T T -0.40 ® T T =
-2 -1 0 1 -2 -1 0 1
Re(z) Re(z)

Figure 2. Complex poles of the resolvent G4 (z) for two braided giant atoms with separation d = 5,
zero detuning (A = 0), and various values of the synthetic phase ¢ = 0,7/6,71/4,7/2. The
symmetric and antisymmetric poles are shown in blue and orange, respectively. Vertical dashed lines
indicate the photonic band edges at +2]. Bound states appear as real poles (negligible imaginary
part) within the band, while complex poles represent quasi-bound states with finite decay rates.

Across all values of ¢, we observe the appearance of two categories of collective
modes. The first consists of bound states, which are resolvent poles with strictly real
energies inside the photonic band. These states are non-radiative and result from perfect
destructive interference between the multiple coupling paths of the two giant atoms. Their
spectral positions and symmetry classification vary with ¢, showing that the synthetic
phase modulates the interference conditions necessary for bound-state formation. The
second category consists of quasi-bound states with small imaginary parts, corresponding
to slowly decaying modes. These arise when interference is incomplete, allowing residual
coupling to the photonic lattice. The phase dependence of the resolvent poles highlights the
versatility of giant atoms in structured environments. By tuning ¢, one can continuously
control the formation and spectral location of bound states, modulate decay channels, and
engineer robust, long-lived collective excitations. These results demonstrate the potential
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of synthetic gauge fields in enabling non-Markovian quantum control through geometry
and interference [16,84].

3.2. Population Dynamics

> and

Figure 3 displays the time evolution of the excited-state populations |Cx (f)
|Cp(t)|? of the two braided giant atoms of Figure 1. The system is initialized with atom A
excited and atom B in the ground state, and the atomic detuning is fixed at A = 0, placing
the transition frequency at the center of the photonic band. The dynamics are shown for
four distinct values of the synthetic gauge phase ¢ = 0, 77/6, 71/4, r/2, which modulates
the directionality of photon propagation in the lattice. The coupling strength is fixed at

g = 0.2, consistent with previous works [16,84].

¢=0 ¢ =m/6
1.0
— |Ca(®)? — |Ca(®)?
0.8 |Ca(t)]? |Ca(t)]?
5 5
£ £
CJL >
o004 CoL
o o
0.2 ] \//\ /\
0.0 ] N D N
‘ ‘ " Timet ‘ ‘ ‘ ‘ " Timet ‘ '
¢ =n/4 o=n/2
1.0
— |Ca(®)? — |Ca(®)?
0.8 |Ca(t)]? [Ca(t)]?
5 5
'4: 0.6 E 1
o o
a >
504 %,
o o
0.2
0.0 \/¥,-_A T — 4 IS S N -
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time t Time t

Figure 3. Time evolution of the populations |C4(#)|> and |Cp(t)|? for two giant atoms in a braided
configuration coupled to a one-dimensional photonic lattice. Each subplot corresponds to a different
value of the synthetic phase ¢ = 0, 77/6, 71/4, 1/2. The detuning is fixed at A = 0, and the system is
initialized with atom A in the excited state.

For ¢ = 0, the excited-state population of atom A exhibits coherent oscillations
between the two atoms, characteristic of decoherence-free interaction (DFI). In this regime,
the initial excitation is not dissipated into the lattice but rather undergoes coherent exchange
between the emitters. This behavior arises from the perfect destructive interference of
emission pathways due to the symmetric braided coupling geometry. This symmetry
leads to the cancellation of the dissipative components of the self-energy, leaving only the
coherent exchange term [16]. The nearly complete absence of population decay in this
case indicates the formation of a decoherence-free subspace, where the system evolution is
governed by reversible dynamics despite being embedded in a continuum.

As the phase ¢ is varied away from zero, the destructive interference between the
different coupling paths becomes imperfect. At ¢ = 77/6 and 77 /4, the oscillations become
damped, and, at ¢ = /2, they are almost entirely suppressed. The population decays
rapidly into the photonic bath, with only a small residual excitation persisting. This
behavior reflects the loss of DFI and the onset of non-Markovian dissipation, consistent with
the structure of the phase-dependent self-energy X(z) [84]. The gauge phase ¢ modifies the



Photonics 2025, 12, 612

8 of 20

relative phase between the different emission pathways, altering the interference condition
and allowing part of the atomic excitation to escape into the lattice.

The coherent oscillations observed for ¢ = 0 are determined by the real part of the
difference between the symmetric and antisymmetric collective modes of the system. Their
decay envelopes, which are only weakly present in this case, originate from the small
imaginary parts of the corresponding poles of the Laplace-transformed amplitude (see
Figure 2). These poles lie close to the real axis but within the complex band continuum,
indicating the presence of quasi-bound states with long lifetimes. As ¢ increases toward
7t/2, the poles shift deeper into the complex plane, reducing their lifetime and leading to
fast irreversible decay.

The presence of population revivals at intermediate times—most prominent for ¢ = 0
and partially visible for ¢ = 71/6 and 7 /4—indicates that the dynamics are non-Markovian,
with the system retaining memory of its past evolution. These revivals are signatures of the
coherent backflow of information from the photonic reservoir into the atomic subsystem,
which is characteristic of structured environments with long-lived correlations.

From a physical perspective, the initial decay of atom A corresponds to spontaneous
emission into the photonic lattice, followed by interference-induced memory effects due to
the spatially separated coupling points. The time required for this interference to build up
is related to the internal delay time T ~ d/vg, where vy = dyw (k) is the group velocity of
the photonic modes [16]. After this delay, if the interference conditions are favorable—as is
the case for ¢ = 0—the excitation becomes confined within the atomic subspace. Otherwise,
it radiates irreversibly into the bath.

Figure 4 presents the time evolution of the excited-state populations |C4(t)|> and
|Cp(t)|? for detuning A = —1, which lies within the photonic band but away from its center.
As in the previous case, the system is initialized with atom A excited and atom B in the

ground state. Again, four synthetic gauge phases ¢ = 0,71/6, 71/4, 71/2 are considered.

$=0 ¢=n/6
1.0
— |Ca(D)]? — [Ca(t)]?
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o o
le >3
204 g
o o
N \/\/ ™ b\v
0.0 Hv\_/ \./ \ AL oo
‘ ‘ " Timet ‘ ' ‘ ‘ " Timet ‘ ‘
¢=n/4 o=n/2
1.0
— |Ca(®)]? — |Ca(®)]?
0.8 |Ca(t)]? [Ca(t)]?
s s
S 0.6 i~
o o
3 3
S 0.4 s
o o
0.0 e e E —
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time t Time t

Figure 4. The same as Figure 3 but for A = —1.

In the subplot corresponding to ¢ = 0, we observe coherent population oscillations be-
tween the two atoms. However, unlike the perfectly symmetric A = 0 case, the oscillations
here exhibit visible damping over time, indicating that the destructive interference condi-
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tion underlying DFI is partially degraded. This arises because the frequency of the emitter
no longer lies at the symmetric center of the band, resulting in asymmetric contributions
from the left- and right-propagating photonic modes. The excitation thus undergoes partial
leakage into the reservoir, despite an initially coherent exchange.

For ¢ = /6, this damping becomes more pronounced. The initial coherent trans-
fer from atom A to atom B is still visible, but the amplitude of the oscillations quickly
decreases. The system no longer benefits from the full protection of the DFI regime, and
non-Markovian dissipation into the structured reservoir begins to dominate the dynamics.

At ¢ = 71/4, the excitation decay becomes even faster, and oscillations are strongly
suppressed. While the system still shows a small population bump in atom B following
initial emission from atom A, this energy is not coherently exchanged back. The loss channel
becomes dominant, and the photonic lattice acts effectively as an absorbing environment. A
similar picture is also observed for ¢ = 7r/2. Overall, even a moderate shift from the band
center (A = —1) leads to the visible degradation of the coherence observed at A = 0, and
this effect becomes increasingly pronounced as ¢ increases. The suppression of revivals
and the enhancement of dissipation suggest that the DFI in the braided geometry is highly
sensitive to both the spectral and phase conditions of the environment.

Figure 5 shows the time evolution of the populations |C4(#)|? and |Cp(t)|? for detun-
ing A = —2, corresponding to the lower edge of the photonic band. This spectral position
significantly modifies the density of available photonic modes and induces nontrivial non-
Markovian dynamics due to critical slowing down of the group velocity and localization
near the band edge. Similar behavior is observed for the case of ¢ = 77/4.
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Lo — lcatP — AP
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506 3
© ©
= =}
804 a2 /\K\
0.2 U \/
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Lo — [Ca(®)]? — |CaB)?
0.8 ICs(0)]? Cs(t)]?
C C
Lo6 2
© ©
=} 3
S04 g
a a
” \1 \/
0.0

0 50 100 150
Time t

200 250 300

o
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Figure 5. The same as Figure 3 but for A = —2.

For ¢ = 71/6, these long-lived oscillations persist but show signs of gradual damping.
The interference becomes slightly imperfect due to the gauge phase, allowing limited
dissipation into the bath. However, population revivals and the substantial occupation of
both atoms remain evident. The interaction remains largely reversible, showing signatures
of partial decoherence-free dynamics, enabled by the proximity to the band edge.

In the ¢ = 71/4 subplot, we observe the stronger damping of the coherent exchange
and a more pronounced population decay. While the group velocity is still suppressed, the
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interference pattern no longer supports a robust decoherence-free state. The presence of
a phase mismatch leads to a small but nonzero imaginary component in the self-energy,
which enables slow leakage into the continuum. Nevertheless, weak revivals are still visible,
reflecting long-lived photonic correlations.

At ¢ = 71/2, the population decay becomes more rapid, and the revival behavior is
largely suppressed. Although A = —2 places the system at the band edge, the destructive
interference conditions are maximally broken here. The excitation is no longer confined, and
the slow leakage of the population becomes a dominant feature. The system demonstrates
non-exponential decay due to the vanishing density of states near the band edge, but
without strong coherent feedback between the atoms.

Overall, we observe an interplay between the spectral location (at the band edge)
and synthetic gauge-induced interference. The vanishing group velocity near the edge
naturally leads to suppressed decay and enhanced non-Markovianity, while the gauge
phase ¢ controls whether this non-Markovian behavior results in revival or dissipation.

Figure 6 shows the excited-state population dynamics |C4(t)|? and |Cg(t)|? for
two braided giant atoms coupled to a one-dimensional photonic lattice with detuning
A = -3, placing the atomic frequency outside the photonic band. In this regime, the lattice
supports no resonant propagating modes, and emission into the continuum is forbidden.

The coupling instead leads to the formation of exponentially localized bound states.
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Figure 6. The same as Figure 3 but for A = —3.

Across all values of the synthetic gauge phase ¢ = 0, 77/6, 71/4, 71/2, the population
of atom A remains effectively constant, with no significant decay or transfer to atom B.
This behavior confirms that the excitation is trapped in a bound state and isolated from the
reservoir. The absence of oscillations or leakage reflects the lack of photonic density of states
at the detuned frequency. Even when ¢ introduces phase asymmetry, as in ¢ = 77/6 and
7t/4, or maximally breaks interference at ¢ = 77/2, the dynamics remain frozen. The gauge
field has no effect outside the band, where the system is spectrally decoupled. The braided
configuration plays no role in this nonradiative regime, and the bound state remains robust
against phase variations.
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This figure complements earlier results for A = 0, —1, —2, illustrating a clear transition:
from coherent exchange (A = 0), to partial damping (A = —1), to inhibited decay and
revivals at the band edge (A = —2), and finally to complete localization (A = —3). These
results demonstrate how spectral detuning and synthetic gauge control together enable
fine tuning between coherent, dissipative, and localized regimes in giant atom systems
coupled to structured photonic lattices.

3.3. Atom—Field Entanglement and Entropy Dynamics

Figure 7 shows the time evolution of the von Neumann entropy S(t) for two braided
giant atoms interacting with a structured photonic lattice (see Appendix A). The entropy
is computed from the reduced atomic density matrix by tracing out the photonic modes
and serves as a measure of atom—field entanglement (see Appendix A). Each subplot
corresponds to a fixed detuning value A = 0, -1, —2, —3, with curves shown for four
values of the synthetic gauge phase ¢ = 0,7/6,71/4, 77/2.
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Figure 7. Time evolution of the von Neumann entropy S(t) for two giant atoms coupled to a
one-dimensional photonic lattice, shown for four detunings A = 0, —1, —2, —3. Each subplot corre-
sponds to a different A, and, within each, curves for ¢ = 0, 71/6, t/4, 71/2 are shown.

At A = 0, the entropy dynamics exhibit strong dependence on the synthetic phase
¢. For ¢ = 0, the entropy remains confined to a narrow range of low values throughout
the evolution, reflecting sustained coherence and weak entanglement with the photonic
field. This behavior is consistent with the presence of a decoherence-free subspace enabled
by destructive interference. In contrast, for ¢ = 71/6,71/4, and 7t/2, the entropy shows
pronounced non-monotonic variations, with recurrent rises and drops over time. These
fluctuations indicate cycles of entanglement generation and partial recoherence, characteris-
tic of non-Markovian dynamics where the excitation temporarily leaves and then returns to
the atomic subsystem. The absence of true saturation in these cases highlights the dynamic
interplay between atom-field coupling and interference conditions. Similar behavior is
observed for A = —1.

At the band edge (A = —2), the entropy dynamics clearly reflect the emergence of
strong non-Markovian behavior. For ¢ = 0, the entropy rapidly rises to a near-maximal
value and exhibits sustained, large-amplitude oscillations around it, indicating persistent
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recoherence and the recurrent exchange of excitation between the atoms and the field.
This is consistent with the near-zero group velocity at the band edge, which supports
photon trapping and delayed feedback. In general, the non-monotonic behavior of the
von Neumann entropy indicates the non-Markovian character of the dynamics. Due to the
structured reservoir and chiral couplings, the system retains memory and exhibits partial
reversibility, leading to periodic entanglement revivals rather than thermal relaxation.

For ¢ = 71/6 and 7t/4, similar qualitative behavior is observed, although the entropy
oscillations are significantly smoother and more damped, suggesting reduced but still non-
negligible memory effects. The fluctuations remain around a high baseline entropy value,
indicating a sustained but partially decohered entangled state. Even at ¢ = 71/2, where
chirality suppresses feedback most effectively, the entropy still rises slowly and saturates
with minor fluctuations, pointing to the overall suppression—but not elimination—of
entanglement backflow due to the proximity to the band edge.

For A = —3, outside the photonic band, the entropy remains near zero for all values
of ¢. This confirms that the system forms photonic bound states, with the atomic excitation
trapped and decoupled from the reservoir. With no accessible modes for emission or
exchange, the atomic subsystem evolves as an effectively closed system, maintaining purity
and avoiding entanglement with the environment.

3.4. Atomic Entanglement and Concurrence Dynamics

Figure 8 shows the time evolution of the concurrence C(t) between the two giant atoms
of Figure 1. The concurrence is computed from the reduced atomic density matrix and
quantifies the degree of two-qubit entanglement (see Appendix B). Each panel corresponds
to a fixed detuning value A = 0, —1, —2, —3, while each curve within a panel represents a
different value of the synthetic gauge phase ¢ =0, 7w/6,7t/4, /2.
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Figure 8. Time evolution of the concurrence C(t) between two giant atoms coupled to
a one-dimensional photonic lattice. Each subplot corresponds to a fixed detuning value
A =0,—-1,—-2, -3, and, within each panel, curves for ¢ = 0,71/6, 71/4, 7 /2 are shown.

For A = 0, concurrence exhibits strong oscillations for ¢ = 0, consistent with coher-
ent excitation exchange and reversible entanglement generation. These oscillations are
long-lived and regular, indicating that the atoms periodically become maximally entan-
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gled before returning to separable states. For intermediate phases (¢ = 71/6,7/4), the
oscillations become damped, and concurrence partially decays but can revive due to non-
Markovian feedback. For ¢ = 71/2, entanglement is strongly suppressed, with concurrence
quickly decaying to near zero.

At A = —1, the concurrence behavior becomes less oscillatory and more damped
overall. For ¢ = 0, there are still visible peaks in C(t), but they decay more quickly than
at resonance. Intermediate phases produce delayed or attenuated revivals, and ¢ = 77/2
again results in fast entanglement loss. This shift reflects the reduced density of photonic
modes and the corresponding weakening of coherent interactions.

At the band edge detuning A = —2, the concurrence dynamics exhibit pronounced sig-
natures of non-Markovian behavior across all values of the synthetic phase ¢. For ¢ = 0, the
concurrence displays high-amplitude, low-frequency oscillations that persist throughout
the simulation window. These sustained revivals reflect the partial localization of excitation
and the back-and-forth exchange of the population between the two atoms, consistent
with the presence of quasi-bound states and a suppressed group velocity at the band edge.
For intermediate values ¢ = /6 and 71/4, the concurrence retains similar revival-like
features, although the oscillations are smoother and slightly damped, suggesting partial
delocalization and weaker atom-atom feedback. Notably, the concurrence remains finite
for extended durations, indicating long-lived quantum correlations. In the case of ¢ = 71/2,
although the concurrence magnitude is somewhat reduced compared to ¢ = 0, it still
exhibits visible oscillatory behavior rather than flat decay. These persistent fluctuations
suggest that, even under maximum synthetic chirality, the proximity to the band edge
inhibits complete decoherence, maintaining a degree of entanglement.

For A = —3, which lies outside the photonic band, concurrence remains effectively
zero throughout the evolution, regardless of ¢. Since the excitation is confined to photonic
bound states and cannot be exchanged between the atoms, no entanglement is generated.
The atoms evolve independently, and the concurrence vanishes at all times, consistent with
the frozen population dynamics observed in previous figures.

Overall, the concurrence results confirm that both spectral detuning and synthetic
phase ¢ serve as powerful tools for the tuning of entanglement generation, revival, and
decay in structured photonic environments. While the presence of DFI enables periodic
entanglement at A = 0, detuning toward the band edge shifts the dynamics toward slower,
revival-driven entanglement. Deep in the gap, interaction is completely suppressed, and
the atomic subsystems remain separable. This highlights the essential role of the band
structure and synthetic chirality in engineering quantum correlations in lattice-coupled
giant atom systems.

Figure 9 shows the time evolution of the concurrence C(t) when the two giant atoms
are initially prepared in the symmetric Bell state (|eg) + |ge))/+/2, contrasting with the
single-excitation case presented in Figure 8. We note that initializing the two giant atoms
in a Bell state allows us to directly track how entanglement is preserved or degraded
during non-Markovian evolution in a structured photonic reservoir. If the concurrence
C(t) remains near 1, the entanglement is robust, often due to bound states or interference
effects that suppress decoherence. The rapid decay of C(t) signals entanglement loss from
radiative leakage. Intermediate cases, where C(t) oscillates, indicate partial recoherence and
memory effects, reflecting periodic entanglement revival driven by atom—field backaction.

At A = 0, the Bell state remains almost robust for ¢ = 0, with the slow decay of con-
currence due to interference-protected dynamics—similar to the recurrent entanglement
generation observed in the single-excitation case. However, for a larger ¢, the Bell state ex-
hibits a more pronounced and irreversible entanglement loss, highlighting its vulnerability
to synthetic asymmetry even without requiring excitation exchange.
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Figure 9. The same as Figure 8 but for two giant atoms initially prepared in the symmetric Bell state

(leg) + Ige))/ V2.

For A = —1, the concurrence decays more slowly compared to on-resonant cases,
indicating a diminished density of states in the photonic bath. Notably, for ¢ = 71/2, there
is a clear temporal window in which entanglement is partially revived, pointing to coherent
feedback processes.

At the band edge (A = —2), the concurrence dynamics become richer and more
structured. For ¢ = 0, we observe pronounced oscillations of C(t) between nearly zero
and values as high as 0.8, highlighting significant non-Markovian recoherence cycles. For
intermediate phases ¢ = 7r/6 and 71/4, the concurrence instead fluctuates mildly around
a quasi-stationary level, indicating suppressed emission and the enhanced stability of
entanglement. The case ¢ = 71/2 features an initial decay followed by a broad revival
bump, again reflecting delayed photonic feedback near the band edge. These patterns
highlight the persistence of quantum correlations in the presence of band-edge-induced
group velocity suppression and quasi-bound photonic modes.

For A = —3, where the atomic transition lies well outside the photonic band, the initial
Bell-state entanglement is largely preserved across all values of the synthetic phase ¢. In all
cases, the concurrence remains close to its initial maximum value, exhibiting only minor
oscillations over time. This behavior confirms the presence of atom—field bound states that
prevent energy and coherence leakage into the lattice and preserve the initially prepared
nonlocal correlations.

In summary, starting from a maximally entangled state reveals how the photonic struc-
ture and gauge phase influence entanglement preservation, not just generation. Compared
to the single-excitation scenario, the Bell state emphasizes the protective role of localization
and interference, while also exposing the fragility of entanglement to synthetic dissipation
when these protections are broken.

4. Conclusions

We have studied the non-Markovian dynamics of two giant atoms coupled to a
one-dimensional photonic lattice with synthetic chirality. By systematically varying the
atomic detuning A and the synthetic gauge phase ¢, we have revealed how structured
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environments enable precise control over decoherence, entanglement, and population
exchange. Using a combination of Laplace-domain analysis and time-domain simulations,
we have characterized both the long-lived bound states and the transient dynamical features
of the system.

Our results show that, at zero detuning (A = 0), coherent population exchange and
long-lived entanglement are enabled by destructive interference in the braided coupling
geometry. This leads to the formation of a decoherence-free subspace where excitation is
confined to the atomic degrees of freedom and entropy remains low. As ¢ increases, this
symmetry is broken, resulting in progressively stronger entanglement with the field and
faster decay.

Moving away from the band center (A = —1), we observe the partial inhibition of
decay and delayed entanglement revival, reflecting a reduced density of photonic states. At
the band edge (A = —2), non-Markovian dynamics become dominant: population revivals,
oscillatory entropy, and long-lived quasi-bound modes emerge due to the vanishing group
velocity and formation of near-degenerate pole pairs in the resolvent. For large detuning
(A = —3), outside the photonic band, both the population dynamics and entanglement are
effectively frozen. In this regime, bound states prevent any radiative decay, and the atomic
system remains isolated from the environment.

We further contrasted two distinct initializations: one with a single atom excited and
one with a symmetric Bell state. While both exhibit similar structural dependences on A and
¢, the Bell-state preparation highlights the dynamics of entanglement degradation and pro-
tection. Pre-existing correlations were found to enhance the entanglement robustness within
the band and at its edge, but it remains equally vulnerable to asymmetry when interference
is broken.

Altogether, our findings demonstrate how synthetic gauge fields and coupling geometry
can be exploited to engineer decoherence-free interactions, entangled steady states, and
tunable non-Markovian behaviors in quantum photonic platforms. These results offer insight
for the design of controllable quantum networks, robust entanglement-preserving interfaces,
and synthetic environments for non-Markovian quantum information processing.

Funding: This research received no external funding.
Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The author declares no conflict of interest.

Appendix A. Derivation of the von Neumann Entropy for a
Two-Giant-Atom System

We work within the single-excitation subspace, where the state vector of the combined
system (atoms + field) can be written as

[¥(t)) = Calt) le,8,0) + Cp(t) I, €,0) + 3 Cu(t) 8,8 1n), (A1)

where |e, g,0) and |g,¢,0) denote states with one of the atoms excited and the photonic
lattice in a vacuum, and |g, g, 1) corresponds to both atoms in the ground state and a
single photon at lattice site 7.

To study the entanglement between the two-atom system and the photonic lattice, we
compute the von Neumann entropy of the reduced atomic density matrix p 45(f), obtained
by tracing out the photonic degrees of freedom:

pAB(t) = Treeiq [F(2)) (Y (t)]. (A2)
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Using the orthogonality of the single-photon states with the vacuum and among each
other, we obtain

2 *
Cal CACB>, (A3)

t) =

in the basis {le, g),|g,e)}, assuming that the photonic part is traced out. The photon-
containing states do not contribute to p 45 but reduce its norm. Hence, normalization must
be performed over the total probability:

N () = [Ca(t)]> +|Cp(£) > + Y |Cu(t) > (A4)

We thus renormalize C4 and Cg as C4 = C4/V N, Cp = Cg/V/N and compute the
normalized reduced density matrix g 4p using Equation (A3).
The von Neumann entropy is then defined as

S(t) = —Tr[pap(t)log, pap(t)]. (A5)

For any 2 x 2 Hermitian density matrix, the entropy can be evaluated using its eigen-

)\1/2(1’) e ;(1i\/14 detﬁAB(t)). (A6)

Finally, the entropy becomes

S(t) = —A1log, A1 — Az log, Ap. (A7)

values A; 5. These are

This expression quantifies the instantaneous atom—field entanglement and is computed
at each time step during the simulation.

Appendix B. Concurrence Between Giant Atoms in the
Single-Excitation Subspace

For a general two-qubit density matrix p, the concurrence is defined as
Clo) = max{0, /A = VA2 = VA3 = VAs}, (A8)
where A; are the eigenvalues (in decreasing order) of the matrix
R=p(0y®@0y)p" (0y @0y), (A9)

and oy, is the Pauli-Y matrix.
The effective state is a pure (unnormalized) superposition:

$as(t)) = Cale,g) + Calg.e). (A10)
For a pure state of two qubits in this form, the concurrence reduces to
C(t) = 2[Ca(t)Cp(H)]. (A1)

The concurrence measures strictly the two-atom entanglement, while the von Neu-
mann entropy measures the entanglement of the two-atom system with the rest of the
universe (in this case, the photonic field). It is thus possible for the concurrence to vanish
(atoms are separable), while the entropy remains finite (due to atom—field entanglement).
Conversely, in decoherence-free regimes, the entropy remains small while the concurrence
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shows periodic peaks, indicating that the excitation oscillates coherently and entanglement
builds up and recedes between the two atoms.

The expression of concurrence directly reveals that maximum entanglement (i.e.,
C = 1) occurs when the two amplitudes have equal magnitude, |C4| = |Cp| = 1/V/2,
corresponding to a symmetric Bell state,

%(0)) = éue,g,c» +lg,e,0), (A12)

where |e, g,0) denotes atom A excited and atom B in the ground state, while |g,¢,0)
corresponds to atom B excited and atom A in the ground state, both with the photonic field
initially in a vacuum. This state represents maximal entanglement between the two atoms.
The initial concurrence is given by

-1, (A13)

indicating a perfect quantum correlation.
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