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Abstract We investigate an interacting quintessence dark
energy – dark matter scenario and its impact on structure for-
mation by analyzing the evolution of scalar perturbations.
The interaction is introduced by incorporating a non-zero
source term into the continuity equations of the two sectors
(with opposite signs), modeled as Q̄0 ≡ αρ̄m(H + κφ̇).
The coupling parameter α and the parameter λ involved in
quintessence potential V (φ) = V0e−λκφ , play crucial roles
in governing the dynamics of evolution examined within
the present framework. The cosmic evolution, within this
context, is depicted as a first-order autonomous system of
equations involving appropriately chosen dynamical vari-
ables. We analyzed the associated stability characteristics
and growth rate of perturbations, and obtained domains in the
(α − λ) parameter space for which fixed points can exhibit
stable and non-phantom accelerating solutions. Depending
on its magnitude, the coupling parameter α has the potential
to change the characteristics of certain critical points, alter-
ing them from attractors to repellers. This model effectively
captures the evolutionary features of the universe across its
various phases at both the background and perturbation lev-
els. The issue of cosmic coincidence can also be addressed
within the framework of this model. We also observed that
for a moderate strength of coupling, the growth rate of matter
perturbation extends into the distant future.
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1 Introduction

Cosmological observations over the last few decades have
revealed that the universe is currently undergoing acceler-
ated expansion, and the transition from a decelerating phase
to the current accelerated phase occurred during the late stage
of cosmic evolution. The initial empirical evidence instru-
mental in establishing the fact came from the interpretation
of luminosity distance and redshift measurements of type
Ia supernovae (SNe Ia) events [1,2]. Further support for
this late-time cosmic acceleration has been provided through
the examination of temperature fluctuations in the cosmic
microwave background using WMAP [3,4], the observation
of baryon acoustic oscillations [5], and the analysis of the
power spectrum of matter distributions in the universe [6,7].
This late-time cosmic acceleration is attributed to ‘Dark
Energy’ (DE), a hypothetical component exerting negative
pressure to counteract gravitational attraction and propel the
acceleration. Nevertheless, comprehension of nature and ori-
gin of DE remains a prominent unresolved enigma in con-
temporary cosmology. In addition to dark energy, which con-
stitutes around 70% of the universe, the matter content of the
universe, besides accounting for the known luminous or bary-
onic matter, consists of a large amount of unknown nonlumi-
nous matter whose presence is known only through its grav-
itational influence. This includes flattened rotation curves of
galaxies [8], gravitational lensing [9] and microlensing, the
Bullet cluster, and other colliding clusters phenomena [10].
The amount of this unknown nonluminous matter, known as
‘Dark Matter’ (DM), is estimated to be around 26% of the
total content of the universe, with the known baryonic matter
amounting to only about a meager 4%. This energy budget
of the universe has been estimated from observational mea-
surements of the PLANCK satellite-based experiment [11].
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Various theoretical perspectives have emerged, each aim-
ing to formulate DE models that elucidate the observed cos-
mic acceleration. One of the popular phenomenological mod-
els is the �-CDM model, where cold dark matter (CDM) is
regarded as the dominant matter component of the universe,
and cosmic acceleration is generated by exploiting the cos-
mological constant � introduced in the Einstein field equa-
tion as �gμν . Though the value of � can be tuned to align
the model predictions with the observed features of cosmic
acceleration, it grapples with issues like the coincidence [12]
and fine-tuning problems [13]. This motivates exploration of
alternative models for DE. One subset of these DE models
encompasses field-theoretic models, which involve modifica-
tion of the energy–momentum tensor in Einstein’s field equa-
tions due to the presence of a (scalar) field as a component
of the universe, distinct from matter and radiation. Examples
of such models include both quintessence [14–22] and k-
essence models [23–35]. The scalar field serves the purpose
of generating the required negative pressure to propel cos-
mic acceleration, achieved either through the slowly varying
potentials in quintessence models or by harnessing its kinetic
energy in k-essence models. Another class of DE models
involves modification of the geometric part of Einstein’s
equations, particularly the Einstein–Hilbert action, to gen-
erate late-time cosmic acceleration. These models include
f (R) gravity models, scalar–tensor theories, Gauss–Bonnet
gravity, and braneworld models of dark energy, as docu-
mented in references [36–44].

A multitude of comprehensive studies already exist, exam-
ining the potential dynamics and evolution of dark energy
within different DE models. These investigations assume the
independent evolution of the DE component solely through
its coupling to gravity, without interactions with matter
field(s). Recently, there has been an increasing interest, from
various perspectives, in exploring scenarios that incorporate
interactions between DE and DM fields. In principle, there is
no reason to exclude considerations of DE-DM interactions.
The fundamental requirement of conserving the total energy–
momentum tensor (Tμν) for the universe (∇μTμν = 0) can
be trivially satisfied by conserving the energy–momentum
tensor of individual components. This requirement can also
be fulfilled by setting ∇μT

μν
i = Qν

i �= 0 for each individual
component (labeled as i), subject to

∑
i Q

ν
i = 0. The pres-

ence of non-vanishing Qν
i implies the existence of interac-

tions between different components. Remarkably, the inter-
action between the DE and DM sectors naturally emerges
when establishing the equivalence between modified gravity
theories and scalar–tensor theories of dark energy through
conformal transformations [45–48]. Moreover, selecting an
appropriate interaction between a scalar field and a matter
fluid proves to be successful in addressing the coincidence
problem [49] of cosmology. Investigating the impacts of
interactions involving coupled quintessence dark energy on

the cosmic microwave background (CMB) and matter power
spectrum has the potential to reconcile the tension between
observations of the CMB and the inferred structure growth
from cluster counts. Interacting DE-DM models can provide
potential resolutions to the problem of 4–5σ level discrep-
ancy between the measured value of Hubble parameter at
present epoch (H0 ) by Planck collaboration and its locally
measured value by the SH0ES collaboration (the Hubble ten-
sion problem) [50–54]. Also, the DE-DM interaction scenar-
ios are more favored than the �-CDM model, as revealed by
the combined analysis of cosmic shear data from the Kilo
Degree Survey (KiDS) [55] and angular power spectra from
Planck’s cosmic microwave background measurements [56].
The significant discordance between these two datasets, as
interpreted by the �-CDM model, is mitigated in scenarios
involving interacting DE-DM [52]. The discrepancy between
the high σ8 value (which quantifies the growth of matter fluc-
tuations in the late universe) estimated by Planck assuming
�-CDM and the lower value preferred by cosmic shear mea-
surements is also alleviated in interacting scenarios [57,58].

The primary objective of this study is to analyze the impact
of DE-DM interactions on structure formation in the universe
by examining the gravitational evolution of scalar perturba-
tions over a flat spacetime background. Although there exist
quantum field theory-inspired models that give rise to interac-
tions between DE and DM sectors [59,60], we employ a phe-
nomenological model to describe the interactions between
DE and DM. The investigation of the evolution of the uni-
verse, incorporating DE-DM interactions, first begins with an
analysis at the background level. At this stage, the universe
is characterized by the flat Friedmann–Lemaître–Robertson–
Walker (FLRW) metric. We depict the interaction by intro-
ducing a non-zero source terms on the right side of the
continuity equations for both DE and DM sectors. These
terms are parametrized in terms of energy densities of both
dark fluids at the background level, all while ensuring over-
all energy-momentum conservation. However, distinguish-
ing among the various alternative models of DE-DM interac-
tions require an investigation beyond background evolution
introducing inhomogeneities and following their evolution.
This entails consideration of theory of linear cosmological
perturbations and investigating impact of interactions on the
growth of perturbations in the universe. Under the assump-
tion of no anisotropic stress, the scalar perturbations to the
metric in Newtonian gauge can be completely characterised
in terms of a single scalar function. As growth of cosmic
structure takes place on spatial scales considerably smaller
than the horizon, our focus is solely on perturbations within
the matter sector, disregarding perturbations in the DE sec-
tor. The progression of perturbations can then be described
in terms of the evolution of DM density contrast (δ) obtained
using the continuity equation and the evolution of divergence
of velocity perturbations (θ ) in Fourier space, resulting from
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the Euler equation due to momentum conservation. Examin-
ing the DM perturbations entails combining the above equa-
tions utilizing the time-time Einstein field equation (Poisson
equation).

To explore the impact of DE-DM interactions on the
formation of structures through matter clustering, we treat
DM as non-relativistic dust. We characterize DE using a
(quintessence) scalar field φ whose dynamics is driven by the
Lagrangian Lφ = 1

2∂μφ∂μφ +V (φ) with V (φ) = V0e−λκφ ,
where V0 > 0 is a constant and λ represents a dimension-
less parameter. In principle, one may incorporate interactions
between DE and DM sectors at a phenomenological level by
modeling the non-zero source term (Q̄0) in the unperturbed
continuity equations for both sectors. This involves express-
ing Q̄0 in terms of various cosmological quantities such as
the unperturbed energy densities (ρ̄m, ρ̄φ) of the dark fluid
components, the time derivative of the quintessence field (φ̇),
Hubble parameter (H ), FLRW scale factor (a) etc. Consider-
ation of different functional forms of Q̄0 based on these quan-
tities, while ensuring that Q̄0 has the proper mass dimension
consistent with the terms in the continuity equation, facili-
tates a model-dependent and comprehensive exploration of
interacting scenarios. Examining the implications of specific
couplings, such as Q̄0 ∼ ρ̄mφ̇ as investigated in [61,62],
which is capable of producing stable late-time cosmic accel-
eration, or couplings like Q̄0 ∼ (ρ̄m+ρ̄φ)φ̇, which have been
demonstrated not to be viable in describing all three cosmo-
logical eras [63], has offered valuable insights in the con-
text of dark energy-dark matter interaction scenarios. Also, a
coupling of the form ∼ ρ̄φφ̇ would not induce any impact on
structure formation, as dark energy is predicted not to cluster
at sub-horizon scales [64].

In this work, we adopt an interacting model characterised
by Q̄0 ≡ αρ̄m(H + κφ̇), where α decides the strength of the
coupling. In quintessence models, late-time cosmic acceler-
ation is achieved by suppressing the kinetic part (φ̇2) of the
Lagrangian with respect to the potential V (φ) (φ̇2 � V (φ)),
causing the equation of state parameter to drop below − 1

3 .
However, during the growth of matter perturbations in eras
preceding DE domination, the kinetic term involving φ̇ is
not insignificant. The adopted expression for Q̄0 in this con-
text depicts a scenario in which the rate of energy exchange
between DE and DM sectors due to interaction is proportional
to the product of DM density and the sum of two distinct tem-
poral rates, viz., the rate of change of φ and the expansion
rate of the universe (H ). In this paper, we analyse this model
of interacting quintessence in conjunction with linear cos-
mological perturbations, employing the theory of dynamical
systems. This type of analysis provides a scope for comparing
stability, perturbation growth, and other distinctive features
among various interacting models [65–67].

With the incorporation of DE-DM interactions, the equa-
tions addressing evolution of the universe, at the level of

background and perturbations exhibit severe complexities
and pose significant challenges in obtaining their analytical
or even numerical solutions. Employing the theory of dynam-
ical systems and associated phase space analysis in such sit-
uations emerges as a robust mathematical tool for extract-
ing analytical insights into the global behaviour of evolu-
tion circumventing the need for direct analytical or numer-
ical approaches [65–75]. The dynamical analysis approach
formulates the evolution equations as a set of autonomous
equations, expressed in terms of dimensionless dynamical
parameters, appropriately defined in terms of various quan-
tities relevant to the context. The autonomous system corre-
sponds to evolution of linear perturbations in a universe with
DE-DM interactions characterised by Q̄0 ≡ αρ̄m(H + κφ̇),
turns out to be a 3-dimensional autonomous system realised
in terms of time derivatives of three suitably chosen dynam-
ical variables x ,y and u (see Sect. 3 for details) conceived
as a function of time parameter N = ln a, with u being an
indicator of rate of growth of perturbations. A phase space
analysis of the system investigating its critical points offers
insights into the asymptotic behavior of the model. The anal-
ysis scenario involves two parameters viz. the DE-DM cou-
pling α, and the constant λ in the potential V (φ)(= V0e−λκφ)

of the quintessence model. The critical points, in general,
and their stability traits depend on these parameters. More-
over, the unique critical phases associated with the critical
points can be inferred from the values of the density parame-
ters for various components and the equation of state for the
overall fluid at these critical points. The dynamical analy-
sis yields interesting cosmological insights at both the back-
ground and perturbation levels, highlighting the significant
influence of DE-DM interaction on both background evolu-
tion and structure growth. Such analysis facilitates the identi-
fication of growing mode trajectories regardless of particular
initial conditions, and also examines the evolution of matter
perturbations across distinct cosmological epochs defined by
each critical point. The dynamical analysis reveals interest-
ing cosmology at both background and perturbation levels
indicating significant impact of DE-DM interaction on both
background evolution and structure growth. This approach
enables the determination of the growing mode trajectories
independently of specific initial conditions and also explores
how matter perturbations evolve during different cosmologi-
cal epochs defined by each critical point. In our chosen model
of DE-DM interaction, the coupling parameter α plays a piv-
otal role in distinguishing the nature of growth rates com-
pared to the scenario without matter-quintessence coupling.
The inclusion of the interaction is found to somewhat pro-
long the occurrence of perturbation growth into the late-time
era.

The article has been structured in the following way. In
Sect. 2, we present the field equations for a general inter-
acting field-fluid scenario, encompassing both the equations
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describing background evolution and those determining the
evolution of linear matter perturbations. In Sect. 3, we out-
line the construction of the dynamical system and introduce
various relevant cosmological quantities, expressing them in
terms of the dynamical variables. In Sect. 4, a brief overview
of the results obtained from the dynamical stability analysis is
provided. We illustrate trajectories in phase space and delin-
eate the evolutionary dynamics of the interacting field-fluid
system. Finally, in Sect. 5, we present concluding remarks
based on our findings.

2 Theoretical framework: evolution at the level of
background and perturbations in an interacting
DE-DM scenario

2.1 Evolution at background level

At the outset, we begin with a concise overview of the the-
oretical framework that delineates the interaction between
quintessence dark energy and dark matter in a flat FLRW
spacetime background. This FLRW background is charac-
terized by the line-element:

ds2 = ḡμνdx
μdxν = −dt2 + a2(t)

[
δi j dx

i dx j
]

(1)

where a(t) is the scale factor, t denotes cosmic time and
xi ’s represent spatial coordinates. ḡμν is the unperturbed
spacetime metric. In the framework of general relativity, the
total action governing the universe’s dynamics, incorporat-
ing dark matter and a dark energy (DE) component driven
by a quintessence scalar field φ that is minimally coupled to
gravity is given by [67]

S =
∫

d4x
√−g

[
R

2κ2 + Lφ + Lm

]

, (2)

where, κ2 = 8πG (G = Gravitational constant), g is the
determinant of the metric ḡμν , R denotes the Ricci scalar.Lm

denotes the Lagrangian governing the behaviour of the (non-
relativistic) dark matter dust, conceptualized as a perfect fluid
characterized by an energy density ρ̄m and a pressure p̄m =
0. Lφ represents the Lagrangian of the quintessence scalar
field φ, responsible for driving dark energy dynamics with
minimal coupling to gravity at the background level and is
given by [67]

Lφ = 1

2
ḡμν∂μφ∂νφ + V (φ), (3)

where V (φ) is the quintessence potential. Variation of the
action with respect to the metric gives Einstein’s field equa-
tions Rμν− 1

2 ḡμνR = κ2(T̄ (φ)
μν +T̄ (m)

μν ) ≡ κ2T̄μν , where T̄ (m)
μν

and T̄ (φ)
μν respectively represent the energy momentum ten-

sors of individual DM and DE sectors and T̄μν is the energy

momentum tensor of the total dark fluid (DM+DE) at the
background level. For a homogeneous field φ ≡ φ(t), the
energy momentum tensor

T̄ (φ)
μν = ∂μφ∂νφ − ḡμν

[
1

2
ḡαβ∂αφ∂βφ + V (φ)

]

= p̄φ ḡμν + (ρ̄φ + p̄φ)ūμūν (4)

mimics that of an ideal fluid with pressure p̄φ and energy
density ρ̄φ given as

p̄φ = 1

2
φ̇2 − V (φ), ρ̄φ = 1

2
φ̇2 + V (φ) (5)

On the other hand, the background of the energy–momentum
tensor T̄ (m)

μν for DM dust considered as ideal fluid, is given
by

T̄ (m)
μν = p̄m ḡμν + (ρ̄m + p̄m)ūμūν, with p̄m = 0. (6)

At the background level, the energy–momentum tensor of
the flat universe, encompassing both DE and DM, treated as
perfect fluids, can be expressed as

T̄μν = T̄ (m)
μν + T̄ (φ)

μν = p̄ḡμν + ( p̄ + ρ̄)ūμūν, (7)

where we used p̄ = p̄φ and ρ̄ = ρ̄m + ρ̄φ which represent
pressure and energy density of the total dark fluid and ūμ

is the (unperturbed) 4-velocity satisfying ḡμν ūμūν = −1.
The overall energy–momentum tensor T̄μν adheres to the
conservation equation ∇ν T̄μν = 0, yielding the continuity
equation expressed in terms of ρ̄ and p̄ as

˙̄ρ + 3H( p̄ + ρ̄) = 0, (8)

where H ≡ ȧ/a is the Hubble parameter. Under the decom-
position T̄μν = T̄ (m)

μν + T̄ (φ)
μν , the conservation equation

∇μT̄μν = 0 leads to the decomposed form of continuity
equation (8) at the background level given as
[ ˙̄ρm + 3H ρ̄m

]
+

[ ˙̄ρφ + 3H( p̄φ + ρ̄φ)
]

= 0, (9)

The incorporation of interaction between dark matter and
dark energy can be executed either by introducing it at the
Lagrangian level, guided by field theoretic considerations,
or by introducing a non-zero source term into the continu-
ity equation for each interacting sector at a phenomenolog-
ical level. We choose the second approach to incorporate
interactions at the background level, through the assertion
∇μT̄ (m)

μν = −∇μT̄ (φ)
μν = −Q̄ν �= 0 amounting to writing

[67],
[ ˙̄ρm + 3H ρ̄m

]
= −Q̄0 = −

[ ˙̄ρφ + 3H( p̄φ + ρ̄φ)
]
, (10)

Introduction of Q̄0 �= 0 in Eq. (10) denotes the presence of a
source term in the continuity equation for individual sectors
keeping intact the overall validity of the continuity equation
(9) of the total dark fluid. Its magnitude serves as a measure
of the rate of energy transfer between the two interacting
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tensors. Note that, Q̄0 > 0 indicates the direction of energy
flow from the DM to DE sector, while Q̄0 < 0 signifies
energy flow in the opposite direction.

The evolution of the universe is governed by the Fried-
mann equations

3H2 = κ2 (
ρ̄m + ρ̄φ

)
, (11)

2Ḣ + 3H2 = −κ2 p̄φ, (12)

Defining the critical density parameters for the two dark sec-
tors as

�φ ≡ κ2ρ̄φ

3H2 = κ2φ̇2

6H2 + κ2V

3H2 , (13)

�m ≡ κ2ρ̄m

3H2 , (14)

Equation (11) assumes the form

�m + �φ = 1. (15)

At the background level, the deceleration parameter q and
the total equation-of-state (EoS) parameter ωtot are given by

q ≡ − äa

ȧ2 and ωtot = p̄φ

ρ̄m + ρ̄φ

= 2q − 1

3
· (16)

The accelerating phase of the universe is achieved for q < 0
or ωtot < − 1

3 .

2.2 Evolution at the level of linear perturbations

We focus on the scalar perturbations to the metric that develop
during the era of structure formation and we express the
corresponding perturbed metric in a conformal (Newtonian)
gauge through the line element as [65–67]

ds2 = a2(τ )
[

− (1 + 2�)dτ 2 + (1 − 2�)δi j dx
i dx j

]

(17)

where τ with dτ ≡ dt
a , represents the conformal time and

�(x) and �(x) (|�|, |�| � 1) are functions parametris-
ing the scalar metric perturbations in conformal gauge. We
ignore the anisotropic stress for the late time phase of evo-
lution implying � = � and write the perturbed metric
gμν = ḡμν + hμν with perturbation hμν having the diagonal
form hμν = −2a2�δμν . In presence of perturbations, the
matter density and 4-velocity are respectively decomposed
as ρm = ρ̄m + δρm, uμ = ūμ + δuμ, and the source term
Qν , signifying presence of interactions between DE and DM
sectors at background level, is perturbed to Qν = Q̄ν +δQν .
As the growth of structure takes place at spatial scales much
smaller than the horizon scales, we focus solely on pertur-
bations within the matter sector, disregarding quintessence
field perturbations in the dark energy sector. We, therefore,
write the perturbed energy momentum tensor for the DM
sector as (Tm)

μ
ν = (T̄m)

μ
ν + (δTm)μν with δT 0

0 = −δρm,

δT i
0 = −a−1(ρ̄m)δui . Employing these perturbations in

conjunction with metric perturbations hμν , the evolution
equation for perturbations is articulated through the follow-
ing two equations [65,67]:

− δ′
m + Q̄0

ρ̄m
δm − θ + 3�′ = δQ0

ρ̄m
(18)

θ ′ +
[

H − Q̄0

ρ̄m

]

θ − k2� = ikiδQi

ρ̄m
(19)

where δm ≡ δρm/ρ̄m represents the DM energy density con-
trast and θ ≡ a−1ik jδu j denotes the divergence of the veloc-
ity perturbations (δu j ) in the Fourier space, and k j represents
the components of the wave vector in Fourier space. Here the
symbol ′ denotes differentiation with respect to conformal
time τ and H = a′/a. We employed δu0 = −a� based on
the consideration of the equation ḡμν ūμūν = −1 and also
neglected any pressure-perturbation to the dark matter dust,
which is considered to be pressureless, at the background
level ( p̄m, δpm = 0). The wave number k, representing the
scale of perturbations in the universe, is inversely related
to the physical size of structures. For scales much smaller
than the Hubble horizon (k 	 H), k typically ranges from
0.01 h Mpc−1 (supercluster scales) to 1 h Mpc−1 (galaxy
scales). Our study examines the growth of matter density
perturbations in this regime, where gravitational effects dom-
inate, and dark energy perturbations are negligible and the
expression of Poisson equation in Fourier space takes the
form [65,67]:

k2� = −3

2
H2�mδm. (20)

where, �m = ρ̄m/ρ̄criticial. Utilizing Eqs. (18, 19, 20) and
assuming a negligible time variation of the gravitational
potential �, we can represent the evolution governed by the
two first-order equations (18) and (19), in terms of a single
second-order differential equation for the DM density con-
trast as [65]:

δ′′
m − (Q − K) δ′

m −
(

3

2
H2�m + Q′ + KQ

)

δm

= − ikiδQi

ρ̄m
, (21)

where Q = Q̄0
ρ̄m

− (δQ)
ρ̄mδm

and K = H − Q̄0
ρ̄m

. Note that, in the

absence of any interaction, which implies Q̄0, δQ = 0, and
K = H, Eq. (21) reduces to δ′′

m + Hδ′
m − 3

2H2�mδm = 0,
or alternatively, to δ̈m + 2 H δ̇m − 3

2 H
2�mδm = 0, when the

involved quantities are expressed in terms of cosmic time t
instead of conformal time τ .
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3 Dynamical stability analysis of the interacting system

The equations that govern the evolution of the universe,
accounting for both background and perturbations, are inher-
ently complex, presenting considerable challenges in deriv-
ing their analytical or numerical solutions. To explore the
characteristics of cosmic evolution, we utilize dynamical sys-
tems analysis, which allows us to bypass the requirement for
direct analytical or numerical computations. In this section,
we outline the formulation of cosmic evolution through a
set of autonomous equations expressed in terms of dimen-
sionless dynamical parameters. These parameters are appro-
priately defined in terms of various cosmological quantities
pertinent to the considered scenario. As previously men-
tioned, we treat DM as pressureless dust, implying an equa-
tion of state ωm = 0. We adopt an exponential form for the
quintessence potential V (φ) = V0e−λκφ , which is respon-
sible for driving the dynamics of the DE component, where
V0 is a positive constant and λ is a dimensionless parameter
which can be both positive and negative as revealed from
our analysis. We adopt a specific form of the source term,
Q0 = αρ̄m(H + κφ̇), to explore the evolutionary dynam-
ics of the universe with its DM density perturbations. The
parameter α quantifies the strength of the DE-DM coupling,
with α > 0 indicating the direction of energy flow from DM
to DE, and the opposite direction for α < 0.

The evolution of density perturbations in a universe fea-
turing dark energy-dark matter interactions, as characterized
by the chosen form of Q0, then follows from Eq. (21). By
transforming the independent variable from conformal time
τ to cosmic time t , the resulting equation takes the form:

δ̈m + δ̇m
[
2H − α(H + κφ̇)

] − 3

2
H2�mδm = 0 (22)

where a single (double) dot(s) over any symbol denotes its
first (second) order derivative with respect to t . It is impor-
tant to highlight that we have disregarded perturbations to
the quintessence dark energy field φ at scales smaller than
the horizon, a reasonable assumption that holds during the
era of growth of matter perturbations. However, by utilizing
Eqs. (5) and (10), we can express φ̇ as

√
(ρ̄φ + p̄φ). Conse-

quently, the (unperturbed) energy density of the quintessence
dark energy component enters the evolution equation, Eq.
(22), through the φ̇ term, thereby contributing to the devel-
opment of matter perturbations. Due to the influence of ρ̄φ

on the evolution of dark matter density perturbations within
the framework of the considered model of interactions, the
model is potentially equipped to address the cosmic coinci-
dence problem, as revealed in the subsequent analysis dis-
cussed in the latter part of the article. By substituting Eq. (5)
into the continuity Eq. (10) for the dark energy sector, we
can write the equation of motion for the quintessence field φ

in the presence of interactions as

φ̈ + 3H φ̇ + dV

dφ
= − Q̄0

φ̇
= −αρ̄m

(
H

φ̇
+ κ

)

, (23)

In order to examine the evolution of perturbations using the
dynamical analysis approach, we transform equations (22)
and (23) into a first-order autonomous system of equations.
This transformation is achieved by introducing the following
auxiliary variables as

x = κφ̇√
6H

, y = κ
√
V√

3H
, u = d(ln δm)

d(ln a)
, (24)

and in their terms the evolution equations takes the form

x ′ = −α

(
1

2x
+

√
3

2

)
(
−x2 − y2 + 1

)

+3

2
x

(
x2 − y2 + 1

)
− 3x +

√
3

2
λy2, (25)

y′ = −
√

6

2
λxy + 3

2
y(1 + x2 − y2), (26)

u′ = −u(u + 2 − α − √
6αx)

+3

2
(1 − x2 − y2) + 3

2
(1 + x2 − y2)u. (27)

Here, symbol ′ signifies derivatives with respect to ln a and

in this notation, we can express u as δ′
m

δm
. By introducing the

dimensionless dynamical variables x , y, and u, we rewrite
Eq. (22) as:

δ′′
m + δ′

m

[
2 − α

(
1 + √

6 x
) ]

− 3

2
δm

(
1 − x2 − y2

)
= 0

(28)

Note that, the dynamical variables x and y, involving φ̇ and
V (φ) respectively (along with H ) (Eq. (24)), are related to
describing the background dynamics of the universe, while u
represents the rate of growth of perturbations over the back-
ground. A positive value of u indicates the growth of inho-
mogeneities with time, while a negative value signifies the
decay of inhomogeneities. In terms of these variables, the
background cosmological quantities �φ , �m, ωtot, decelera-
tion parameter (q), and the coincidence parameter (rmc) can
be expressed as:

�φ = x2 + y2, �m = 1 − (x2 + y2), ωtot = x2 − y2,

q = 1

2
+ 3

2
(x2 − y2). (29)

The coincidence parameter, an important quantity investi-
gated in this study to address the issue of cosmic coincidence,
can also be represented in terms of the dynamical variables
through its definition, rmc ≡ �m

�φ
.
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4 Results of the dynamical analysis

In this section, we present and discuss the results of the
comprehensive analysis of the dynamical equations repre-
senting cosmic evolution, as outlined in Sect. 3, employing
dynamical stability techniques. We identified critical points
in the system by setting the right-hand side of Eqs. (25)–(27)
to zero and subsequently investigated their stability charac-
teristics by examining the nature of the eigenvalues of the
corresponding Jacobian matrix at the critical points. From a
physical perspective, a stable critical point with u > 0 indi-
cates unbounded growth of matter perturbations, while one
with u < 0 suggests that matter perturbations will gradu-
ally diminish, representing asymptotic stability against such
perturbations. A stable fixed point with u = 0 indicates the
asymptotic convergence of matter perturbations to a constant
value.

We have identified a total of 14 real critical points of the
system, listed in Table 1, and labeled as A±, B±, C±, D±,
F±, F±, G, and H for reference in subsequent discussions.
The stability features of these critical points, along with con-
straints on the parameters α and λ to ensure the reality of
the critical points (existence conditions), as well as the val-
ues of matter density and the grand EoS parameter at these
points, are listed in Table 2. We can recognize various pairs
of fixed points within Table 1, where a specific (x , y) set
of background coordinates corresponds to different pertur-
bation coordinates u. This phenomenon is evident in pairs
of fixed points such as (A±, B±), (C±, D±), (E±, F±), and
(G, H). The particular selection of dynamical variables in
Eq. (24) manifests the character of matter perturbations –
whether they grow, decay, or remain constant – solely through
one of the three coordinates of the fixed points, while keep-
ing the other two coordinates (x, y) unchanged. A compre-
hensive analysis of the nature of the critical points, along
with stability criteria and other relevant characteristics, is
presented below.

• Points A±: The existence and characteristics of the spe-
cific critical points in the dynamical system are indepen-
dent of model parameters. These points give �m = 0,
which correspond to an exclusively dark energy driven
phase and consistently display no growth scenario with
u = 0. But these points are not favored by observations
as they possess a total equation of state (ωtot. = 1), reflec-
tive of a stiff matter epoch. The shaded region in Fig. 1a
depicts the constraints on model parameters (α and λ)
necessary for the points to exhibit stability, without fur-
ther imposition of physical conditions due to the model
parameter independence of �m and ωtot..

• Points B±: These points exhibit characteristics similar
to the previously mentioned critical points, representing

solutions dominated by stiff dark energy and are con-
sequently not preferred by observation. The evolutions
of matter perturbations depend on the coupling param-
eter α. At the B+ point, a growing mode of evolution
is observed for α > − 1√

6+1
, and a decaying mode for

α < − 1√
6+1

. Similarly, at the B− point, a growing mode

solution is identified for α < 1√
6−1

, and a decaying mode

for α > 1√
6−1

. However, no stable node has been identi-
fied at these points.

• Points C±: The characteristics, existence, and cosmo-
logical parameters associated with these points depend
solely on the coupling parameter α. A stable region
has been identified for these points, as illustrated in
Fig. 1b. However, a stable solution that is physically
acceptable, satisfying the critical matter density con-
straint (0 < �m < 1) and the late-time acceleration
condition (−1 < ωtot. < − 1

3 ) simultaneously, has not
been identified at these points. Additionally, from Table
1, it is evident that the growth rate is directly proportional
to the coupling parameter, α. For α � 0 or α � 2, the
growth rate demonstrates a decaying trend.

• Points D±: The fixed points and the values of cosmolog-
ical parameters at these points depend on the coupling
parameter α. However, their stability characteristics also
depend on the quintessence potential parameter (λ) along
with on α. Nevertheless, no permissible region that simul-
taneously satisfies both stability and late-time cosmic
acceleration conditions has been identified (Fig. 1c). The
growth rate is also dependent on the coupling parameter
α. Furthermore, these points have the potential to exhibit
structure formation, and for α � 0 or α � 2, the growth
rate depicts a decaying pattern similar to the C± points.

• Points E±: These critical points are crucial in the context
of late-time stable cosmic accelerating scenario. These
points, the values of cosmological parameters and the
stability characteristics of these points are dependent on
both the model parameters α and λ. A region in the
α − λ parameter space has been obtained and depicted
in Fig. 1d, which allows for a late-time stable acceler-
ating solution. The growth rate at these points can also
be expressed in terms of both model parameters. These
points exhibit signatures of growing (u > 0) or decay-
ing (u < 0) growth rates for parameter regions of α − λ

depicted in Fig. 2a. Negative value of the y-coordinate at
the E− point leads to unphysical behavior of the critical
point since both the chosen potential form with the con-
stant V0 and the allowed λ from our study are positive.
Consequently, we have excluded the E− point from our
analysis.

• Points F±: Similar to the previous critical points E±, for
these points as well, we identify a region in the α − λ

parameter space in Fig. 1e, where the points demonstrate
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Table 1 List of all critical points of the autonomous system

Critical points x y u

A± ±1 0 0

B± ±1 0 ±√
6α + α + 1

C± − α+√
(α−2)α√

6
0 1

4

(
− α

(
α + √

(α − 2)α − 1
)

±
√

α
(
6
√

(α − 2)α + α
(−2

√
(α − 2)α + 2α

(
α + √

(α − 2)α − 2
) − 5

) + 6
) + 25 − 1

)

D± −α+√
(α−2)α√
6

0 1
4

(
− α

(
α + √

(α − 2)α − 1
)

±
√

α
(−6

√
(α − 2)α + α

(−2
√

(α − 2)α + 2α
(
α + √

(α − 2)α − 2
) − 5

) + 6
) + 25 − 1

)

E± − α−3√
6(α+λ)

±
√

(α−3)2
α+λ

+6α+2αλ√
6
√

α+λ

−λ+α(λ+2)+
√

(α−5)2λ2−4(α−5)αλ−4(α−12)α−72
4(α+λ)

F± − α−3√
6(α+λ)

±
√

(α−3)2
α+λ

+6α+2αλ√
6
√

α+λ
− λ−α(λ+2)+

√
(α−5)2λ2−4(α−5)αλ−4(α−12)α−72

4(α+λ)

G λ√
6

√
1 − λ2

6 0

H λ√
6

√
1 − λ2

6 αλ + α + λ2

2 − 2

Table 2 Existence and stability criteria of the critical points of the autonomous system along with values of �m and ωtot at the critical points

Critical points Existence Stability �m ωtot

A± Always See Fig. 1a 0 1

B± Always Not found 0 1

C± α ≤ 0 & α ≥ 2 See Fig. 1b 1 − 1
6

(
α + √

(α − 2)α
)2 1

6

(
α + √

(α − 2)α
)2

D± α ≤ 0 & α ≥ 2 See Fig. 1c 1
3 α

(−α + √
(α − 2)α + 1

) + 1 1
6

(
α − √

(α − 2)α
)2

E± λ ∈ R &
((

α < 5 &
(
λ < 2α

α−5 − 2
√

2
√

α2−6α+9
(α−5)2 See Fig. 1d − (α−3)

(
αλ+α+λ2−3

)

3(α+λ)2 − α(λ+3)
3(α+λ)

or λ > 2
√

2
√

α2−6α+9
(α−5)2 + 2α

α−5

)))
&α = 5

&
((

α < 5 &
(
λ < 2α

α−5 − 2
√

2
√

α2−6α+9
(α−5)2

or λ > 2
√

2
√

α2−6α+9
(α−5)2 + 2α

α−5

)))

F± λ ∈ R &
((

α < 5 &
(
λ < 2α

α−5 − 2
√

2
√

α2−6α+9
(α−5)2 See Fig. 1e − (α−3)

(
αλ+α+λ2−3

)

3(α+λ)2 − α(λ+3)
3(α+λ)

or λ > 2
√

2
√

α2−6α+9
(α−5)2 + 2α

α−5

)))
&α = 5

or λ > 2
√

2
√

α2−6α+9
(α−5)2 + 2α

α−5

)))

G λ2 ≤ 6 See Fig. 1f 0 1
3

(
λ2 − 3

)

H λ2 ≤ 6 See Fig. 1g 0 1
3

(
λ2 − 3

)

stability and also fulfill the physical conditions regarding
critical matter density and the grand EoS parameter corre-
sponding to acceleration solutions. These critical points
display both increasing and decreasing growth rates, as
depicted in Fig. 2b. For similar reasons as mentioned for
the E− point, the F− point, having the same features as
E−, has also been excluded from our analysis.

• Point G: The characteristics of this specific critical point
and the associated cosmological parameter values depend
solely on the quintessence potential parameter λ, without
any dependence on the coupling parameter α. However,
its stability characteristic is determined by both λ and α,

as depicted in Fig. 1f. Moreover, for this point, we have
identified a region in the parameter space where the con-
ditions for stability and physical viability owing to the
constraints of �m and late-time acceleration, are simul-
taneously satisfied. This point, which presents a late-time
stable accelerating scenario, corresponds uniquely to a no
growth scenario of perturbations - a feature unique to this
point compared to all other identified critical points.

• Point H: Similar to the preceding critical point G, the
characteristics of this specific critical point and the asso-
ciated cosmological parameter values solely depend on
λ. Additionally, the values of the ‘background’ coordi-

123



Eur. Phys. J. C           (2025) 85:141 Page 9 of 18   141 

Fig. 1 The allowed domain in the α − λ parameter space for which the critical points exhibit stability. The constraints on parameter space that
emerge from imposing conditions 0 < �m < 1 and −1 < ωtot. < − 1

3 , which are associated with non-phantom accelerating physically feasible
solutions, are also illustrated

nates x, y for this point are identical to those for point G.
However, unlike the case of G, the ‘perturbation’ coordi-
nate u is not identically zero; rather, it depends on both α

and λ. In Fig. 1g, we have presented the region of param-
eter space for which the point exhibits stable accelera-
tion and also satisfies other physicality conditions. The
point exhibits a dark energy-dominated epoch with a non-
phantom type solution for the coupling parameter con-

straint: −2
√

2
3 < λ < −√

2 or
√

2 < λ < 2
√

2
3 . In con-

trast to no growth scenario seen for point G, this point
demonstrates a growth rate with u > 0 or u < 0, which

depends on both the coupling and potential parameters
of the system, as depicted in Fig. 2c.

The (α −λ) values found within the shaded regions of the
parameter space depicted in the subfigures of Fig. 1, asso-
ciated with each fixed point, represent parameter configura-
tions where the fixed point is stable and physically viable.
This viability entails adhering to constraints: 0 < �m < 1
and −1 < ωtot < − 1

3 , indicating a stable, non-phantom type
accelerating solution.
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Fig. 2 Regions in α−λ parameter space exhibiting growing (u > 0) or decaying (u < 0) type of growth rate of matter perturbations corresponding
to the critical points E±, F±, and H

In Fig. 3, we presented a density plot demonstrating the
variation of the grand EoS parameter, ωtot in the (α-λ) plane,
while adhering to the constraint 0 < �m < 1. Within the
interval 1 < λ < 2.3 the ωtot deviates from the value of 1.
Beyond this interval, ωtot maintains a consistent value of 1,
indicating a stiff matter phase. Furthermore, within the nar-
rower interval of 1 < λ < 1.4, the value of ωtot lies between
−1 and − 1

3 , signifying accelerated phase of expansion. All
the aforementioned ranges of the parameter λ are determined
by scanning across values of α ranging from 0 to 1. Since this
particular accelerating region is a primary focus of our inves-
tigation, we have chosen the benchmark values (α = 0.01, 1
and λ = 1) for our subsequent analysis of phase space trajec-
tories and evolutionary dynamics within this interacting dark
energy-dark matter system. We did not find any significant
late-time acceleration or viable energy density constraints
(0 < �m < 1) in the region of negative α and λ, and hence
excluded those regions from the plot in Fig. 3.

This choice allows us to encompass both low and moderate
coupling between the dark energy and pressureless dark mat-
ter while maintaining a fixed value for the potential parameter
λ(= 1). We illustrated the evolution in terms of the trajec-
tory of the phase point (x, y, u) in three-dimensional space
spanned by these dynamical variables. We have depicted
the phase trajectories in Fig. 4 near those critical points
that remain real for these parameter choices. The coupling
parameter α is found to significantly influence the dynamics
around the critical points. Under small coupling conditions
(α = 0.01), critical point G functions as an attractor. Con-
versely, with moderate coupling (α = 1), the nature of critical
pointG shifts from being an attractor to a repeller. Simultane-
ously, at this specific coupling value, E+ transforms into an
attractor. As the set of autonomous Eqs. (25, 26, 27) remains
invariant under the transformation y → −y, we only depict
in Fig. 4 the phase-space region corresponding to y � 0.
Additionally, the constraint 0 < �m < 1 imposes the condi-
tion x2 + y2 = 1. Therefore, the 3-dimensional phase space

Fig. 3 Density plots illustrating a variation of grand EoS parameter in
α-λ parameter space

associated with the system of autonomous equations, which
combines background coordinates x and y with perturbation

coordinate u, corresponds to the set: {(x, y, u) ∈ R
3
∣
∣
∣ − 1 �

x � 1; 0 � y � 1 and 0 � x2+y2 � 1}. Considering that all
variables, except u, have finite bounds, we also investigated
the potential presence of critical points at infinity by applying
the transformation u → U = tan−1 u with −π

2 < U < π
2 .

However, our investigation revealed no existence of critical
points at infinity.

The left panel of Fig. 4 displays the phase space trajec-
tories corresponding to the benchmark values α = 1 and
λ = 1. In this scenario, a total of six critical points have been
identified. The remaining points either become complex or
do not satisfy the physicality condition 0 < �m < 1. All tra-
jectories are found to converge towards the critical point E+
from other points, establishing it as a global attractor. Trajec-
tories depicted in red represent repelling behavior, curving
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Fig. 4 Phase space trajectories of the autonomous system, with α = 1, λ = 1 (left panel) for which E+ behaves as an attractor and with
α = 0.01, λ = 1 (right panel) for which G serves as an attractor

away from saddle or unstable points and heading towards the
global attractor. Conversely, trajectories drawn in blue signify
attracting behavior, directly converging towards the attractor
point. At these chosen benchmark parameter values, the criti-
cal point exhibits dark energy domination with a grand equa-
tion of state parameter value of −0.667. The nature of the E+
point suggests that the interacting DE-DM system can gen-
erate a stable, non-phantom type of dark energy-dominated
solution, potentially contributing to late-time cosmic accel-
eration. Since critical point H merges with E+ at these par-
ticular benchmark values, we have not included point H sep-
arately in the phase-space analysis.

The right panel of Fig. 4 illustrates the phase space trajec-
tories corresponding to the benchmark values α = 0.01 and
λ = 1. In this scenario, four critical points have been identi-
fied, and the remaining points either become complex or do
not satisfy the physical condition. All trajectories converge
towards the critical point G from other points, indicating
it is a global attractor. Trajectories depicted in red indicate
repelling behavior, diverging from saddle or unstable points
and moving towards the global attractor. Conversely, blue
trajectories signify attracting behavior, directly approaching
the attractor point. At this chosen benchmark value, the crit-
ical point becomes dominated by dark energy (DE) with a
grand equation of state (EoS) parameter of −0.667. The
characteristics of the G point suggest that the interacting
field-fluid system has the capability to generate a stable, non-
phantom type of dark energy-dominated solution, potentially
contributing to late-time cosmic acceleration.

To examine the behavior of various cosmological parame-
ters such as ωtot, �m, �φ , rmc, and the deceleration parameter
q around critical points, we illustrate their evolution profiles
with respect to the logarithmic function of the FLRW scale
factor in Fig. 5. We used particular valid initial boundary con-
ditions that enable us to derive solutions for (x, y, u), thus
furnishing the profiles for the cosmological quantities men-
tioned above. We present these profiles for two sets of bench-
mark parameter values: (α = 1, λ = 1) in the left panel and
(α = 0.01, λ = 1) in the right panel of Fig. 5. We observe
that, in both cases, the energy density of the DE sector domi-
nates over the DM sector throughout the evolution, from the
early to the late phase. However, a distinctive feature emerges
during the matter-dominated phase. The decrease in the value
of the EoS parameter ωtot, resulting in its eventual crossing
of the zero line, aligns with the attainment of a peak in mat-
ter density �m, accompanied by simultaneous occurrence of
a trough in the value of the field density parameter �φ . As
a result, the coincidence parameter rmc ≡ �m/�φ reaches
its peak at this epoch, and it gradually decreases during the
late-time era, as indicated by the plots.

In this context, it’s important to observe that the ratio of
matter to curvature density, denoted as rmc ≡ �m

�φ
, serves as

an indicator of the dominance of one component over the
other. A value of rmc = 0 suggests complete field domi-
nance, while the value of rmc of order 1, suggests a conver-
gence of matter and curvature energy densities in the uni-
verse, particularly relevant in the present epoch. The evo-
lution of the parameter rmc reflects the extent of DE domi-
nance over DM at various stages of evolution. The value of
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Fig. 5 Evolution plot for various cosmological parameters for α =
1, λ = 1 (left panel) and for α = 0.01, λ = 1 (right panel). The initial
conditions used to generate the evolution plots of cosmological param-
eters (ωtot , �m , �φ , rmc, q) in Fig. 5 are as follows: For the attractor

E+: x(t = 0.18) = 0.25, y(t = 0.18) = 0.85, u(t = 0.18) = 0.6,
and for the attractor G: x(t = 2.2) = 0.399, y(t = 2.2) = 0.91,
u(t = 2.2) = 0.07

the coupling parameter α exhibits significant implications in
this evolutionary process. We observe a greater dominance of
DE over DM with higher α values around the present epoch.
A higher α indicates a stronger interaction between the two
sectors, leading to more energy transfer from DM to DE
(Q̄0 ∝ α). This characteristic is evident from both panels of
Fig. 5, which correspond to α = 1 (left panel) and α = 0.01
(right panel), with a constant value of the quintessence poten-
tial parameter λ = 1.

Therefore, the issue of cosmic coincidence may also be
addressed through the introduction of this form of coupling
between the DE and DM sectors.

In order to comprehend the kinematic aspects of cosmic
evolution, we have examined the evolution of the deceler-
ation parameter (q) for both sets of benchmark values of
parameters (α, λ). During the early stages of evolution, the
deceleration parameter remains positive, signifying a decel-
erating phase. However, at a certain point, the deceleration
parameter (q) experiences a sharp decline, crosses the zero
line, and turns negative, indicating onset of cosmic acceler-
ation, ultimately stabilizing at − 1

2 . Moreover, the profile of
the grand EoS parameter begins at a positive unity, indicating
the stiff matter phase, and transitions through the radiation-
dominated epoch where the field density contribution is max-
imum with negligible dark matter contribution. As the EoS
parameter approaches zero, a shift in both energy densities is
observed. Eventually, the EoS parameter crosses the − 1

3 line
and stabilizes at − 2

3 , indicating the achievement of a stable
accelerating solution for the system. Based on the analysis,
we conclude that in both benchmark scenarios, where either
E+ or G acts as the attractor, the system reaches a stable
non-phantom cosmic accelerating phase within this interact-
ing framework.

In our recent work [76], we analyzed the posterior distri-
butions of �-CDM parameters (H0, �0

m , M) using MCMC
samples and a combined dataset (Pantheon, OHD, BAO).
This provided 1-σ and 3-σ uncertainties as:

�0
m = 0.28+0.009

−0.009, M = −19.39+0.015
−0.015,

H0 = 68.74+0.56
−0.56 km s−1Mpc−1. (30)

Using these datasets over 0 ≤ z ≤ 2.3 (corresponding to
t ∈ [0.23, 1], with t = 1 at the present epoch), we plotted
the deceleration parameter (q = −1 − Ḣ

H2 ) for the �-CDM
model, as shown in Fig. 6. For the coupled quintessence sce-
nario, using q = 1

2 + 3
2 (x2 − y2), we derived the deceleration

parameter’s evolution for α = 1, 0.01 and λ = 1. All mod-
els show a transition from deceleration to acceleration. In
the observable redshift range, the deceleration parameter q
approaches ∼ −0.6 for both �-CDM and the coupled model
(α = 1, λ = 1).

The evolution of the growth rate of matter perturbations
captured through the variable u, is shown in Fig. 7. We
present the trend of u against ln a for three distinct values
of α (0, 0.01, 1), with λ, held constant at 1. We observe that
for α = 0 (indicating no DE-DM interactions) and α = 0.01
(representing small DE-DM coupling), the growth rate expe-
riences a significant swing between negative and positive val-
ues throughout the evolutionary phase. Notably, the growth
rate is high during the matter-dominated phase and gradually
diminishes over time. As the universe enters the phase of cos-
mic acceleration, the growth rate rapidly converges towards
zero. In a scenario characterized by relatively stronger DE-
DM interactions (α = 1), the amplitude of the growth rate
remains significantly suppressed compared to the previous
cases (no coupling and weak coupling) throughout the evo-
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Fig. 6 Comparative study of the deceleration parameter with redshift
for the interacting model discussed in the paper and the �-CDM case

Fig. 7 Evolution plot of growth rate (u) of matter perturbations for
three different values of coupling parameter viz. α = 0, 0.01 and 1 with
fixed λ (= 1). The initial conditions chosen for generation of the plots
are: x(t = 0.7) = 0.312, y(t = 0.7) = 0.865, u(t = 0.7) = 0.06

lutionary era. However, unlike the other two cases, it does
not sharply fall to zero; instead, it asymptotically approaches
zero.

Therefore, in the presence of a sufficiently moderate inter-
action between DE-DM sectors, a growth rate of matter per-
turbations does not diminish solely at the onset of the late-
time epoch; instead, it can remain significant even in the
distant future.

Hence, we can precisely distinguish between the matter
and dark energy epochs both at the background and pertur-
bation levels. Moreover, the coupling parameter enables us
to adjust both background and perturbation behaviors. Thus,
within suitable parameter ranges, we can achieve the evo-
lutionary dynamics of the universe that are consistent with
observations. This includes a matter-dominated phase char-
acterized by substantial growth of matter perturbations, fol-
lowed by a transition to the stable, non-phantom dark energy-
dominated accelerating phase.

Using the equations in Sect. 3, we determined the tempo-
ral evolution of the dark matter density contrast parameter δm

for two coupling values (α = 1, 0.01) with a fixed potential
parameter (λ = 1), corresponding to the stable fixed points
of the interacting system. The left panel of Fig. 8 shows δm
as a function of ln a ∼ − ln(1 + z), where a = 1

1+z and
z is the redshift, plotted over the range 0 < z < 2.3 using
recent observational datasets. Initial conditions for x and y
were chosen near their stable fixed points, with δ = 0.4 and
δ′ = 0.39 to ensure stable evolution. The blue and red lines
in the plot correspond to the coupling strengths α = 1 and
α = 0.01, respectively. The plot highlights that a moderate
coupling strength significantly affects the density contrast at
late times. This effect is further supported by Fig. 7, which
illustrates how the coupling strength influences the growth
factor’s evolution. For moderate interaction between dark
energy and dark matter, the growth rate of matter perturba-
tions does not vanish entirely during the late-time epoch.

The growth rate u is defined as the logarithmic derivative
of the matter perturbation with respect to the logarithm of
the scale factor: u ≡ d(ln δm )

d(ln a)
, and is commonly parametrized

as: u = �
γ
m , where γ is the growth index. This approxi-

mation is effective for most cosmological models without
dark energy-dark matter (DE-DM) coupling, with γ vary-
ing accordingly. For the �CDM model, the growth index is
about 6

11 . However, for the interacting DE-DM model with
a source term of the form αρ̄m(H + κφ̇), expressing the
growth index γ becomes impractical. This interaction cannot
be described within the standard �DE and �DM framework,
as it introduces a direct coupling that alters the dynamics
of both ρm and ρDE. This coupling prevents their individual
energy densities from being expressed independently, mak-
ing the parametrization of γ in terms of �DE unfeasible. As
the evolution of δm and the growth factor (u) becomes inter-
twined with scalar field dynamics, deriving γ analytically is
no longer possible within the standard framework.

To explore the effect of coupling strength, particularly
for the α = 1, λ = 1 case, we analyzed the dynamical
phase-space behavior of the growth rate (u) and the dark
matter energy density parameter (�m). We introduced a new
autonomous equation for �m to study the growth rate and
growth index, and compare the impact of dark energy-dark
matter interaction with the �-CDM model. The cosmolog-
ical parameter �m = 1 − x2 − y2 and its corresponding

autonomous equation are: �′
m = −α

(
1
2 +

√
3
2 x

)

�m +
3
2 (x2 − y2 +1)(x2 + y2)−3x2, showing that �m depends on
both x and y. In the right panel of Fig. 8, we present the�m−u
phase space, with fixed points at x = 0.408 and y = 0.912,
where this benchmark case (α = 1, λ = 1) shows stability.
Additionally, we used the autonomous equation for u: u′ =
−u(u+2−α−√

6αx)+ 3
2 (1− x2 − y2)+ 3

2 (1+ x2 − y2)u,
and analyzed the stability of the fixed point in this 2-D phase
portrait.
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Fig. 8 Left panel: temporal behavior of dark matter density contrast at
different values of coupling parameter viz. α = 1 and 0.01 with fixed
λ (= 1). Right panel: phase-space behavior of the growth rate and dark

matter energy density for α = 1 and λ = 1. The green line represents
the comparison of the growth rate, which follows the parametrization
u = �

γ
m with γ = 6

11 (for �-CDM Model)

We identified two fixed points in the new phase space:
one stable (P2) and one saddle-type (P1). All trajectories
converge to the stable fixed point (P2), where the growth
rate is approximately 0.5 and �m = 0.017. In the same plot,
we compare the behavior of the �-CDM model, where the
growth rate is parametrized as u = �

γ
m with γ = 6

11 (green
line). At the present epoch (�0

m ∼ 0.28), the growth rate
is around 0.5, similar to that of the interacting quintessence
model at the distant future, where �m ∼ 0.0178. In the �-
CDM model, the growth rate follows u = �

γ
m , tending to

zero as �m → 0. However, in the interacting model, the
dark matter density in the source term ensures that u → 0.5
at the stable fixed point (P2), even as �m → 0. This stable
fixed point, in the dark-energy-dominated universe, mimics
the growth rate behavior of the �-CDM model at late times.
At the saddle fixed point (P1), all trajectories are repelled,
representing zero growth rate at �0

m = 0.0178. Thus, for
α = λ = 1, two fixed points are found: one stable with a
positive growth rate and one saddle-type with a zero growth
rate.

5 Conclusion

In this article, we investigated the impact of interactions
between dark energy and dark matter on the formation of
structure in the universe by analyzing the evolution of scalar
perturbations over a flat spacetime background. We treat dark

matter as non-relativistic (pressureless) dust with an equation
of state, ωm = 0. Additionally, we consider the dynamics of
dark energy to be driven by a quintessence scalar field φ

with a potential given by V (φ) = V0e−λκφ , where V0 > 0
and λ is a dimensionless parameter. We incorporated inter-
actions between the dark matter and dark energy compo-
nents by employing a phenomenological model of interac-
tion. This involved introducing a source term Q̄0 at the back-
ground level into the respective continuity equations of the
two sectors with opposite signs, ensuring energy conserva-
tion within the combined dark matter and dark energy sector.
Simultaneously, this facilitates the possibility of a continu-
ous energy exchange between the two sectors at a rate deter-
mined by Q̄0. We adopted a specific form of the source term,
Q̄0 = αρ̄m(H + κφ̇), to explore the evolutionary dynamics
of the universe along with dark matter density perturbations.
We have neglected perturbations to the quintessence dark
energy field φ on scales smaller than the horizon, which is
a reasonable assumption during the era of growth of matter
perturbations. The time derivative of the quintessence field
(φ̇), which appears in the adopted form of the source term
Q̄0, involves the quintessence-driven dark energy density ρ̄φ .
This triggers the influence of dark energy density on the evo-
lution of matter density perturbations within the considered
model of interactions. Consequently, it motivates investigat-
ing the potential of such interaction forms to address the cos-
mic coincidence problem. The coupling parameter α and the
quintessence potential parameter λ are pivotal in governing
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the dynamics of evolution explored within the framework of
the interacting DE-DM scenario considered here.

Incorporation of DE-DM interactions results in modifica-
tion of the Friedmann equations and the equation of motion of
the scalar field at the background level, as well as the continu-
ity and Euler equations in the matter sector at the perturbation
level. Utilizing these equations along with Poisson’s equation
and assuming a negligible time variation of the gravitational
potential leads to a single second-order differential equation
for the DM density contrast δm. We introduced a variable
u in the context of perturbation, defined as u ≡ d(ln δm)

d(ln a)
,

which acts as a tracker of the growth of structure during
the matter-dominated phase of the universe. Additionally,
we introduced two other dimensionless dynamical variables,
x and y, which respectively involve φ̇ and V (φ), aiming
to capture dynamical features associated with background
evolution. To analyze the evolution of perturbations using
the dynamical analysis approach, we convert the evolution
equations into a first-order autonomous system of equations
involving the three dynamical variables x, y and u. Addi-
tionally, the background cosmological quantities such as the
critical energy density parameters,

the grand EoS parameter, the deceleration parameter, and
the coincidence parameter rmc can be expressed in terms of
these three dynamical variables.

We identified a total of 14 critical points within the
autonomous system. We obtained constraints on the model
parameters α and λ for each of these critical points, ensuring
their associated (x, y, u) values are real, thereby confirming
their existence. We extensively examined each fixed point,
analyzing their stability criteria and determining whether
they correspond to a matter, scaling, or dark energy (DE)
dominance. We also investigated both accelerating and non-
accelerating dynamics, along with the growth rate of matter
perturbations, which may decay, remain constant, or grow
over time. The stability criteria and other characteristics asso-
ciated with the critical points depend on the model parame-
ters α and λ. Thus, specifying the characteristics of the fixed
points entails establishing pertinent ranges for the model
parameters. In obtaining the parameter ranges within which
fixed points can exhibit stable, non-phantom type accelerat-
ing solutions, we imposed the constraint −1 < ωtot < − 1

3
in addition to the viability condition 0 < �m < 1. A scan
of the α − λ parameter space reveals that both of the above
constraints are simultaneously satisfied across a λ range of
[1−1.4] for any value of α between 0 and 1. Within this range
of λ, as λ approaches 1, the value of ωtot approaches −1 (the
phantom barrier), mimicking the behaviour of �-CDM cos-
mology. This motivates the selection of benchmark values
for the parameters (α = 0.01, 1 and λ = 1) to illustrate the
results of the dynamical analysis performed in the context of
this work.

The value of the coupling parameter α has a significant
impact on the characteristics of critical points. When the cou-
pling is small (α = 0.01), the critical point G (in Table 1)
behaves as an attractor. However, with moderate coupling
(α = 1), the same critical point shifts to being a repeller. At
this moderate coupling, the critical point E+ behaves as an
attractor, a behavior opposite to its role as a repeller under
small coupling (α = 0.01). For the two chosen values of
α = 0.01(1) with λ fixed at 1, four (five) critical points
have been identified, and the remaining points either become
complex or ail to meet the viability condition 0 < �m < 1.
Our investigation reveals the existence of no critical points
at infinity. Furthermore, we have depicted the trajectories
in phase space around the fixed points corresponding to
the chosen benchmark values of the model parameters. We
have identified global attractors (referred to as point G for
α = 0.01 and E+ for α = 1) which satisfy all viability
conditions and are capable of producing non-phantom-type
accelerating solutions. The other fixed points are found to
be saddle points exhibiting the matter-dominated phase with
either increasing or decreasing rates of growth of matter per-
turbations.

A more profound and intriguing understanding of the
interacting DE-DM scenario can be achieved through the
examination of the evolutionary profiles of various cosmo-
logical quantities. We found the profile of DE and DM energy
density parameters (�m and �φ) and hence also the coinci-
dence parameter rmc ≡ �m/�φ are significantly depend on
the coupling parameter α. We observe a stronger dominance
of DE over DM with higher α values around the present
epoch. A higher α indicates a more pronounced interaction
between these DE and DM components, implying a greater
rate of energy transfer from DM to DE. Consequently, in this
model of interaction the value of α controls the coincidence
parameter rmc ≡ �m/�φ which is an indicator of the degree
of alignment between dark matter and dark energy densi-
ties at present epoch. Hence, the issue of cosmic coincidence
can be addressed within the framework of the phenomeno-
logical model of interaction between DE and DM sectors
as examined in this study. In both weak and moderate cou-
pling scenarios, a stable non-phantom dark energy era has
been achieved within the current framework of the interact-
ing scenario.

Finally, we also examined the evolution of the growth rate
of matter perturbations exploring the evolution of the pertur-
bation variable u. For α = 0 and 0.01, we observed a signifi-
cant fluctuation in the amplitude of the growth rate u, encom-
passing relatively large negative and positive values across
the entire evolutionary phase. It increases and reaches its peak
during the matter-dominated phase, subsequently declining
gradually as the universe enters its acceleration phase. In sce-
narios with moderate interactions (α = 1), the growth rate
remains significantly suppressed but does not sharply drop;
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instead, it asymptotically approaches zero. Therefore, with
moderate DE-DM interaction strength, the growth of matter
perturbation persists not only until the onset of the late-time
epoch but may extend far into the future.

To constrain the parameters α and λ in an interacting
dark energy (DE) and dark matter (DM) model, one may
use Markov Chain Monte Carlo (MCMC) with the emcee
Python package. The model is defined by the coupling term
Q = αρ̄m(H + κφ̇) and the scalar field potential V (φ) =
V0e−λκφ , where α and λ control the strength of the DE-DM
interaction and the steepness of the potential, respectively.
Cosmological observables, such as the Hubble parameter
H(z), are computed using a cosmology code like emcee.
The likelihood function compares the model predictions with
observational data (e.g., from Pantheon+, DESI, and Planck),
while the prior function imposes physical constraints on α

and λ. The results yield posterior constraints on α and λ,
providing insights into the DE-DM interaction and identify-
ing the best-fit values along with their uncertainties based on
observational data.

However, evaluating these parameters from an observa-
tional standpoint necessitates a thorough and extensive anal-
ysis of observational datasets, which falls outside the focus
and scope of this study. In our current work, we only focus
primarily on the dynamical analysis approach to place con-
straints on the model parameters (α, λ). Both values of α have
been examined within this framework in Fig. 3. Where, we
presented a density plot showing the variation of the total EoS
parameter, ωtot, in the (α, λ) plane, subject to the constraint
0 < �m < 1. Within the range 1 < λ < 2.3, ωtot deviates
from 1. Beyond this range, ωtot remains constant at 1, indi-
cating a stiff matter phase. Notably, for 1 < λ < 1.4, ωtot

lies between −1 and −1/3, signifying an accelerated expan-
sion phase. These ranges of λ were determined by scanning
α values from 0 to 1. Given that the accelerating region is
a primary focus of our study, we selected benchmark values
α = 0.01, 1 and λ = 1 for further analysis of phase space
trajectories and the evolutionary dynamics within this inter-
acting DE-DM system. No significant late-time acceleration
or viable energy density constraints (0 < �m < 1) were
found in the region of negative α and λ, leading to the exclu-
sion of these regions from the plot in Fig. 3. We intend to
address this aspect in future work, where we will explore the
implications of observational data on the coupling parameter
α and potential parameter λ.

In summary, the phenomenological model depicting the
interaction between dark matter and the quintessence dark
energy field φ, as explored in the paper, effectively captures
the evolutionary features of the universe across its various
phases at both the background and perturbation levels. The
DE-DM coupling parameter facilitates the tuning of evolu-
tionary features at both levels. Accordingly, within appro-
priate parameter ranges, it becomes feasible to precisely

model the evolutionary history of the universe, encompass-
ing a matter-dominated phase with a natural transition into
the dark energy-dominated non-phantom type accelerating
phase. This highlights the substantial impact of the inter-
action between dark energy and dark matter on the evolu-
tion of the universe’s background spacetime and its matter
perturbations. While not within the purview of the present
study, exploring scenarios wherein the interactions between
the Dark Energy and Dark Matter sectors stem from diverse
perspectives holds promise for future investigations. This
involves scrutinizing different types of couplings, such as
curvature-matter and curvature-field-matter scenarios. Addi-
tionally, employing dynamical system analysis to explore the
tensor mode of perturbations could offer deeper insights.
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