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Abstract The focus of this paper is to investigate the behav-
ior of a codimension-one thick brane in the modified sym-
metric teleparallel gravity structure f(Q,7), where Q is
the nonmetricity scalar and 7 is the trace of the energy—
momentum tensor. Additionally, we examine whether
braneworld scenarios are stable under small tensor perturba-
tions and identify the associated massive and resonant modes.
Our results indicate that the parameters controlling the
modifications to the gravitational model-specifically those
affecting nonmetricity and the energy—momentum tensor-
significantly influence both the location and existence of
these modes.

1 Introduction

Almost a century ago, Kaluza and Klein made a remarkable
attempt to unify gravity and electrodynamics by proposing
the hypothesis of extra dimensions [1,2]. Despite its ele-
gance, the lack of experimental evidence has led to skep-
ticism about extra dimensions within the scientific commu-
nity. In 1999, the Randall-Sundrum model revived interest
in extra dimensions by addressing the hierarchy problem,
a longstanding issue in theoretical physics [3,4]. Over the
past twenty years, higher-dimensional models, also known as
braneworld models, have been extensively explored. Thick
branes, in particular, emerged as an extension of the Randall—
Sundrum model, introducing a real scalar field to provide
thickness and a smooth deformation factor for the brane [5—
12].

In thick brane models, one can consider modified grav-
ity theories in addition to altering the dynamics of the scalar
field. These include theories such as f(R) and f (R, 7) [13-
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16], where R denotes the curvature scalar and 7 represents
the trace of the energy-momentum tensor. Beyond these,
curvature-free theories based on non-Riemannian geometry,
such as f(T), f(T,B), f(T,7T), and f(Q) [17-30], are
also explored. Here, T is the torsion scalar, B is the bound-
ary term, and Q is the nonmetricity scalar. Among these,
f(T), f(T, B),and f(T, T) are variations of the teleparal-
lel equivalence of general relativity (TEGR) [31-43], while
f(Q) is a modification of the symmetric teleparallel equiv-
alence of general relativity (STEGR) [44-50].

Although gravity f(Q) proves to be very efficient in
describing the evolution of the universe at both the back-
ground and perturbative levels [51-53], recent work shows
that a more complete gravitational model f(Q, 7) results
in a non-conserved energy-momentum tensor [54—61]. This
non-conservation brings important physical consequences,
including significant changes in the thermodynamics of the
universe, similar to those observed in the f (R, T') theory.
Additionally, the non-geodesic motion of test particles results
in the emergence of an additional force. Furthermore, many
significant results have emerged in the study of the acceler-
ated expansion of the universe at late times [62], baryogenesis
[63], cosmological inflation [64] and cosmological perturba-
tions [65], wormholes [66], thin-shell gravastar model [67],
and the formation of primordial black holes [68]. All these
results motivate us to investigate the influence of gravita-
tional modifications f(Q,7) in an extra-dimensional sce-
nario. In this work, we study a five-dimensional thick brane
in f(Q, 7T) gravity coupled to a single scalar field. We use
first-order formalism to find analytical solutions for our brane
system and investigate its stability under small perturbations,
as well as the localization of massless and massive modes for
the graviton.

The structure of this paper is as follows: in Sect. 2, we
introduce the essential concepts of STEGR and derive the
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equations of motion for f(Q, 7) gravity. Section 3 examines
the stability of the brane system under small perturbations
and studies the localization of massive and resonant modes
for the graviton. Finally, Sect. 4 presents our conclusions and
discusses future perspectives.

2 Construction of the brane in f(Q, 7) gravity

To begin, we introduce the foundational concepts of symmet-
ric teleparallel gravity and outline the equation of motion for
f(Q, T) gravity within this framework. In theories based on
Riemannian geometry, the metricity condition Vy;gnyp = 0
must be satisfied, where gn p denotes the metric and V, rep-
resents the covariant derivative with respect to the Levi-Civita
connection I" 151 n-TheLatinindex M =0, ..., D—1denotes
coordinates in the bulk. This condition is met in General Rel-
ativity and f(R) gravity, for example. However, it does not
hold in theories founded on non-Riemannian geometry. In
such modified gravity models, symmetric teleparallel equiv-
alence of general relativity (STEGR) is characterized by the
presence of a non-vanishing nonmetricity tensor Qynyp =
Vugn p [69]. For this tensor, we define its independent traces
as Oy = g"" Qpyp and OM = gVP QNMP.

Given the presence of the nonmetricity tensor, STEGR
necessitates the introduction of a more generalized connec-

tion T /5, N which is defined as
TP yun =TF yn + LY un. (1)

where LY jn is known as the distortion tensor, which is
written in nonmetricity tensor terms as [69]

L” yy = %gPQ(QPMN — OmpN — OnPM)- )

To formulate a gravitational action for STEGR, we intro-
duce a comprehensive tensor that incorporates the nonmetric-
ity tensor, its independent traces, and the distortion tensor.
This tensor is known as the nonmetricity conjugate and is
denoted as [69]

1 1 ~

PP yy = —ELP MmN + Z(QlD - 0")emn
1 op P

—g(SMQN+3NQM), (3

which takes us to the nonmetricity scalar Q = Qpyn P PMN

In this study, we focus on f(Q, 7) gravity, an extension

of the Symmetric Teleparallel Equivalent of General Relativ-

ity (STEGR) [54-61,65]. The five-dimensional gravitational
action in this framework is given by

1
S=fd5x¢—_g[1f<Q,T)+z:m], 4)

@ Springer

where L,, denotes the matter Lagrangian, which will be
defined in the following section. Varying the action given
in Eq. (4) with respect to the metric yields the modified Ein-
stein field equations:

GMN = 2[TMN - %(TMN +9MN)], (5)
being
G 2 Vi (SR foPK un) — gmn f
MN = K(WV—8 MN) — Z8MN
V=g ¢ 2

+fo(PukrQn ¥t — 20" kPX y1), (6)

where we define f = f(Q,T), fo = 3f(Q,T)/9Q and
fr = 9f(Q,T)/dT for simplicity. In addition, 7y is the
momentum-energy tensor given by

8L
Tun = —25(ng;, + guNLm, (N
while the tensor 6,y is defined as

8TaB
Oun = g** 5gVN ®)

We can still vary the action (4) with respect to connection
to obtain

VuVn (/=g foPx MV) = 0. )

After examining STEGR, we are now prepared to explore
brane-world scenarios. To start, we will consider a single
scalar field that interacts exclusively with an extra dimension,
which contributes to the thickness of the brane:

Ly =—0mpdMp/2 - V(g). (10)

To derive the brane equations, one adopts a flat metric akin
to Randall-Sundrum, expressed as

ds? = 4y pdxtdx’ + dy?, (11)

In this metric, 1,,, denotes the Minkowski metric, €4 repre-

sents the warp factor, and y corresponds to the extra dimen-
sion. The Greek indices ¢ and v range from O to 3. Addition-
ally, we impose the coincident gauge condition TP yn =0.
Under these conditions, the equations governing the scalar
field and gravity are given by

(14 2 5r)0" +[@ + 3508 + 3 7)o

5
- (1 +Zf7)v¢, (12)
n” 1 _ 3 2]
12foA” - f = (1 +§f7)¢ —av, (13)
3
3(foA" + fHA)) = —(2 + %)d)’z. (14)

In the given equations, the prime (') denotes the deriva-
tive with respect to the extra dimension. Here, we provide
the units adopted by the international system of units. In
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Fig. 1 For the sine-Gordon superpotential witha = = 1 and « = 0, 25 (n = 1). Being k» = 0.5 a effective potential V(y) and b zero-mode

¥ (y). Being k1 = 1, c effective potential V (y) and d zero-mode ¥ (y)

dimensional analysis, the mass dimensions for the fields
and the coupling constants are [gyn] = 1, [¢p] = M3/?,
[V(¢)] = M and [Q] = M?Z. Furthermore, it is worth
noting that the units of measurement for physical quantities
can be related to the dimension of mass in the system. For
example, in Ref. [70] the authors observed that if M ~ 1
TeV is considered, the brane width is 2> 10-18 cm, and
if M < 1 TeV a better lower bound for the brane width
is obtained. To solve these equations, we employ a first-
order formalism in which the derivative of the warp factor
with respect to the extra dimension is expressed in terms
of the scalar field. Specifically, we have A’ = —aW(¢)
[5,18,27].

The next step is to select a specific form for the superpo-
tential W (¢), which is derived from the first-order formal-

ism. We consider three distinct superpotentials. Forn = 1,

we use the sine-Gordon superpotential W (¢) = 82 sin (%)

and a polynomial superpotential W(¢) = B¢ — ﬁqﬁ. For
n = 2, we select a linear superpotential W(¢) = f¢. Addi-
tionally, we define the function f(Q,7) as f(Q,7) =
QO + k1 Q" 4+ ko T, where kj governs the effect of nonmetric-

ity and k> governs the effect of the trace of the energy-
momentum tensor.

3 Brane stability and gravity localization

In this section, we will examine the stability of the brane-
world by analyzing small tensor perturbations of the form
Nuv = Nuv + B (x*, y), where hy,, represents the gravi-
ton, and small scalar field perturbations of the form ¢ —
¢ (y)+e(xt, y), with x* denoting the four-dimensional posi-
tion vector. For simplicity, we will assume that the tensor
perturbation /4, satisfies the transverse and traceless condi-
tions: 9" h,, = O (transverse) and h = n*"h,, = 0O (trace-
less). Under these perturbations, the metric takes the form
[16,19,24,27,29]

ds? = Ay + h(xH, y)dxPdx’ + dy>. (15)

For this perturbed metric, we write the non vanishing non-
metricity tensor as being [29]

QW 1y = o (16)

v
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oWty = 2A hyy + 1)) (17)

and the pertburbed nonmetricity conjugate is derived as [29]

1
P —Z[aphw — (8h? + auhﬁ)], (18)
1
p4 = ZeZA(6A/hW — 1), (19)
1
pDr g pe o = Zh:’p' (20)

On the other hand, we write the perturbation of the momentum-
energy tensor as

1—n _
AR uy = —e*A (§¢/ Ry + ¢/€/nuv

FVhy + Vaenu). 1)

With these expressions, the perturbed version of equation
leads to equation of motion for £,

f/
h;iu + <4A/ + 2 h;w = e_ZADh/uw (22)

fo

@ Springer

We write the Kaluza—Klein (KK) decomposition for gravi-
ton as follows

Ry (2, 9) =Y (M) x (), (23)

where the 4D tensor satisfies Dﬁ,w = mziz\,w. Substituting
(23) into (22), we obtain the following equation for x (y)

/
X"+ (4A/ + %) X' =-—mPe . (24)

0
Solving the above equation is a pretty hard task. Then it is
useful to introduce the conformal coordinate dz = e “4dy
writing the equation as

%(2) +2H % (2) = —m*x(2), (25)
where

_ i Jfo
H_2<3A+fQ). (26)

Here, the dot (") denotes the derivative with respect to the
conformal coordinate z. The next step is to convert equation
(25) into a Schrodinger-like form by applying the transfor-
mation x(z) = eX@yr(z), where K (z) = — [ H, dz. With
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this transformation, we obtain the following Schrodinger-like
equation:

— P+ VY =miy, 27)
where we have defined the effective potential
V =H+ H. (28)

Equation (27) represents a Schrodinger-like equation derived
from supersymmetric quantum mechanics. Expressing Eq.
(27) in this form is crucial because it ensures the stability
of the graviton spectrum and allows for the existence of a
massless mode (zero-mode), which is given by

Yo(z) = NOE%AJF%I %dz,

(29)
where N is a normalization constant. The next step is to ana-
lyze the localization of gravity for the three superpotentials
discussed in the previous section.

3.1 Massless modes

The first superpotential considered is the sine-Gordon type
(n = 1). The effective potential in this case features two
barriers around the origin and a finite well at the ori-
gin. As the nonmetricity parameter k| increases, the poten-
tial barriers decrease while the well at the origin becomes
deeper (see Fig. 1a). Consequently, the zero-mode responds
to these changes by decreasing its amplitude at the origin
(see Fig. 1b). Conversely, increasing the momentum-energy
parameter k» enhances the potential barriers (see Fig. 1c),
leading to an increase in the zero-mode amplitude at the ori-
gin (see Fig. 1d). It is important to note that the parameters k
and k> can affect the localization of massless modes, making
them either more or less localized.

The second superpotential is of the polynomial type (n =
1). In this case, the effective potential features two barriers
around the origin and a well at the origin. Increasing the k|
parameter intensifies the potential well (see Fig.2a), which
results in a more localized zero-mode (see Fig.2b). Con-
versely, increasing the k, parameter reduces the depth of the

@ Springer
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potential well (see Fig.2c), leading to a less localized zero-
mode (see Fig.2d).

Finally, for n = 2, the chosen superpotential is linear.
Decreasing the value of the parameter k| increases the inten-
sity of both the barriers around the origin and the well at
the origin of the effective potential (see Fig. 3a). This change
in the potential is detected by the zero-mode, which adjusts
accordingly (see Fig. 3b). Conversely, increasing the param-
eter k> reduces the depth of the potential well (see Fig.3c),
which directly affects the zero-mode (see Fig. 3d). Itis impor-
tant to note that the parameters k1 and k, have a direct impact
on the localization of massless modes, potentially making
them more localized.

3.2 Massive modes

We obtain the massive modes by solving Eq. (27). These
massive solutions are determined numerically. To do this,
we employ the interpolation method and apply the standard
boundary conditions 1/}(—00) = 1/}(00) =0.

@ Springer

Additionally, it is important to analyze the massive reso-
nant modes. Although the massive modes are generally not
localized, we can identify modes with significant amplitudes
near the origin, indicating a higher probability of finding the
particle close to the core. These modes are referred to as res-
onant modes. We identify resonant modes by examining the
relative probability P (m), which represents the likelihood of
finding a particle with mass m within a narrow band 2z.
[26,28,71]

o Wm(2)17dz
[ Y (2)[2dz

Zmax

P(m) = (30)

where 7,4 1S representing the limit of the domain.

For the sine-Gordon superpotential, we identify a reso-
nant mode at m> = 2.866. It is important to note that the
parameters k1 > influence the amplitude of the massive mode
oscillations. Increasing the parameter k| tends to dampen
these oscillations and reduce their amplitudes (see Fig.4a).
Conversely, increasing the parameter k, enhances the ampli-
tude of the oscillations, making the resonant mode more pro-
nounced (see Fig.4b). Thus, the parameters k; and k; play a
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crucial role in determining the existence and localization of
resonant modes.

For the polynomial superpotential, we find a potential
resonant mode at m”> = 0.893. The behavior of the mas-
sive modes is influenced by the parameters ki . Increasing
k1 results in a reduction of the oscillation amplitudes (see
Fig.5a). In contrast, increasing k makes the resonant mode
more prominent (see Fig. 5b).

For the linear superpotential, decreasing the value of k;
results in smaller amplitudes for the massive mode oscilla-
tions (see Fig.6a). Similarly, increasing k» also leads to a
reduction in the amplitude of the oscillations (see Fig.6b).
The relative probability analysis reveals a possible resonant
mode at m? = 1.125 (see Fig. 6¢).

4 Final remarks

In this paper, we have investigated a five-dimensional
braneworld scenario governed by a single scalar field within
the framework of nonmetricity-based modified gravity. We
employed the first-order formalism and explored three well-

known superpotentials to fully describe the braneworld
model, characterized by the function f(Q,7) = Q+k; Q"+
k27T, where the parameters k; and k; control the effects of
nonmetricity and the trace of the energy-momentum tensor,
respectively.

Our analysis of gravitational perturbations revealed the
stability of the model and led to a Schrodinger-like equa-
tion, which is akin to a supersymmetric quantum mechanics
equation and permits a normalizable massless mode. Both the
effective potentials and the massless modes are influenced by
the parameters k| and k,, with these parameters affecting the
localization of the zero-mode. Additionally, we examined the
massive modes, which also depend on k| and k». To identify
potential resonant modes, we used the relative probability
P (m). Notably, variations in k1 and k; significantly impact
the existence and localization of these resonant modes.

It is important to highlight that for n = 1, that is, for
the model f(Q,7) = Q + k1 Q + ko7, the term k; that
controls The influence of the trace of the energy-momentum
tensor has a greater influence on the location of the zero-
modes and massive modes, and in turn has a more radical
influence on the stability results. However, for n = 2, that

@ Springer
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is, f(Q,7) = Q + k1 Q% + ko7, the term k; that controls
the nonmetricity is the one that has the most influences the
location of these modes and the stability of the model. In
other words, depending on the choice of n, we observe a
greater influence of Q or 7 on the stability of the model.

Based on the study carried out in the gravitational model
f(T, B) [72], we leave as a future perspective the study of
the location of fermions in f(Q, 7")-brane scenario. Further-
more, for a detailed analysis of the influence of gravitational
modification on the location of the fermion, we intend to
use quantum information theories, such as Shannon entropy
and Fisher Information. The study of brane information the-
ories can potentially serve as probes for the detection of new
particles and can open new avenues for the exploration of
holography and brane cosmography.
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