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Abstract

We show that contact reductions can be described in terms of symplectic reductions in the
traditional Marsden—Weinstein—Meyer as well as the constant rank picture. The point is that
we view contact structures as particular (homogeneous) symplectic structures. A group action
by contactomorphisms is lifted to a Hamiltonian action on the corresponding symplectic
manifold, called the symplectic cover of the contact manifold. In contrast to the majority of
the literature in the subject, our approach includes general contact structures (not only co-
oriented) and changes the traditional view point: contact Hamiltonians and contact moment
maps for contactomorphism groups are no longer defined on the contact manifold itself, but
on its symplectic cover. Actually, the developed framework for reductions is slightly more
general than purely contact, and includes a precontact and presymplectic setting which is
based on the observation that there is a one-to-one correspondence between isomorphism
classes of precontact manifolds and certain homogeneous presymplectic manifolds.
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1 Introduction

Reductions of systems due to their symmetries are fundamental tools in almost all areas
of physics, having strong links to important questions in the traditional classical mechanics
of particles, rigid bodies, fields, fluids, plasmas, and elastic solids, as well as quantum and
relativistic theories. A model appearance of reductions is that for Hamiltonian systems with
the celebrated Marsden—Weinstein—Meyer theorem, defined for Hamiltonian group actions
and with the use of momentum maps (see the historical survey [60]).
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Hamiltonian systems are intensively studied recently in the context of contact structures
replacing the symplectic ones in the traditional setting. The roots of contact geometry go
back to 1872, when Sophus Lie introduced the concept of contact transformations for study-
ing systems of differential equations, but then contact structures became objects of intensive
studies in a purely geometric context, as well as a tool for numerous applications, like in
Gibbs’ work on thermodynamics, Huygens’ work on geometric optics, Hamiltonian dynam-
ics, fluid mechanics, etc. As a nice source for the history of contact geometry and topology
with an extended list of references we recommend [31], and for comprehensive presentation
of contact geometry we refer to classical monographs [3, 32, 55].

The standard Hamiltonian formulation describes exclusively isolated systems with
reversible dynamics, while real systems are constantly in interaction with the environment,
which introduces the phenomena of dissipation and irreversibility. Some of these phenomena
can be described mathematically by means of contact geometry methods. There is a huge
list of publications on contact Hamiltonian geometry, let us mention only a few recent ones
describing mechanical dissipative systems, both in the Hamiltonian and Lagrangian setting
[10, 19, 23-25, 29], but also quantum systems [15].

Unfortunately, almost all this literature deals with trivial (co-oriented) contact structures,
where a global contact form 1 on a manifold M is given. This is fine for local calculations,
but it hides the essence of the corresponding intrinsic geometry. The problem is that, even
in co-orientable cases, dealing with contact Hamiltonian vector fields and the Reeb vector
field associated with a particular contact form 7 depends strongly on the choice of 7 and does
not make any sense for more general contact structures. The point is that, changing a local
contact form defining the contact structure into another one in the same class of conformal
equivalence, we have to change also the Reeb vector field (the new one is not even in the same
conformal class) and the original Hamiltonian defined on the contact manifold. Actually, it
is a student exercise to prove that if, for a contact distribution C C TM, a tangent vector
vy € TyM is not in C,, then there is a local contact form 7 inducing C, i.e., C = ker(n),
such that vy, = R, (y), where R, is the Reeb vector field for 7.

In [34], we developed an essentially different picture for contact Hamiltonian mechanics
and contact Hamilton—Jacobi theory which is geometrically intrinsic and valid for general
contact structures. The main change of the view point is that contact structures on M are
represented by 1-homogeneous symplectic forms w on R*-principal bundles t : P — M,
where R* = R\ {0} = GL(1, R) is the multiplicative group of nonzero reals. We call these
structures symplectic R*-bundles and they are for us genuine contact structures (see [12,
34, 38]). In this sense, contact geometry is not an ‘odd dimensional version’ of symplectic
geometry but rather a particular, namely homogeneous, symplectic geometry. To make it
precise, let us mention that on every R*-principal bundle T : P — M with respect to an
action of the Lie group R*,

h:R*x P — P, h(s,x) = hs(x),

a concept of homogeneity of tensor field is well defined. Namely, a vector field X (resp., a
differential form «) on P is homogeneous of degree k € 7 if (hg)«(X) = sk x (resp.,
(he)* (@) = s* - ). Putting ® = h; in the general differential geometric formula

P (o, (xy0) = ix D" (), ey

valid for any diffeomorphism ® : N;y — N», any differential form o on N, and any
vector field X on Nj, we immediately get that ix« is (I + k)-homogeneous if only X
is k-homogeneous and « is /-homogeneous. It is also easy to see that then de is also I-
homogeneous. Any symplectic R*-bundle associated with a given contact structure we call
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its symplectic cover. All these covers are canonically isomorphic, but a choice of a particular
presentation of a symplectic cover may depend on our purposes. All this can be generalized to
precontact structures and their presymplectic covers being presymplectic R*-bundles. The
corresponding theory is developed in this paper.

Note that any R*-principal bundle P — M can be viewed as an open submanifold L  of
nonzero vectors in the suitable line bundle L p with the action of R* being the multiplication
by (nonzero) reals in Lp. The line bundle L p can be viewed as the line bundle associated
with the principal bundle P and the standard action of R* on R. In the case of a symplectic
R*-principal bundle corresponding to a contact manifold (M, C), the line bundle Lp is
dual to L€ = TM/C. Contact Hamiltonians in this framework are not functions on M but
1-homogeneous functions on P, H : P — R (alternatively, sections of the line bundle
LE). Since the principal bundle may be nontrivial, there is generally no way to associate
with them functions (Hamiltonians) on M. Canonical examples are contact structures on the
bundles M = J'L of first jets of sections of a line bundle L — Q which are nontrivial
if only L is nontrivial. In this case, P = T*(L*)* with its canonical symplectic form and
the so-called phase lift (see [11, 12, 34, 38, 43]) of the R*-principal bundle structure on
(L*)* = L*\ {0y} consisting of nonzero vectors in L (cf. [34, 38]). Note that this phase lift
is not the same as the standard cotangent lift of a group action. In [38], it was shown that these
canonical examples are the only linear contact structures. This result is a contact analog of
the well-known fact that every linear symplectic structure on a vector bundle £ — M is
equivalent to the canonical symplectic structure on £ >~ T*M.

Since the symplectic form w on a symplectic R*-bundle P is 1-homogeneous with respect
to the R*-action, 1-homogeneous Hamiltonians are closed with respect to the symplectic
Poisson (Lagrange) bracket { H, H>},,. This defines also a Jacobi bracket of sections of L%,
which makes L’;, into a local Lie algebra in the sense of Kirillov [45, 49, 58] or, equivalently,
into a Jacobi bundle in the sense of Marle [58], or a Kirillov manifold in the sense of [12,
38]. For trivial principal (or line) bundles, we get a Jacobi structure on M, i.e., a Jacobi
bracket on the C°°(M)-module C°°(M) in the sense of Lichnerowicz [21, 56]. A standard
misunderstanding present in the literature is that the Jacobi bracket on C*°(M) is viewed
as a bracket on the associative algebra C*° (M), and not on C*°(M) as a C*°(M)-module.
The corresponding Jacobi structure on M is therefore understood as a pair (A, I'), where
A is a bivector field and T is a vector field on M (satisfying some additional conditions),
that comes from taking the constant function 1 as the basic section for this module, while
choosing another basic section leads to other tensors (A, I') for the same Jacobi bracket.

Note that our symplectic R*-bundles, being particular instances of symplectic Liouville
manifolds in the terminology of [55], can be understood as more advanced symplectizations of
contact structures which (at least for contact forms) are very well known in contact geometry.
The use of the multiplicative group R* (which is non-connected) instead of the additive
group R (or the multiplicative group R™ of positive reals), which appears in traditional
symplectizations of contact forms, is crucial for including nontrivial contact structures into
the picture. Traditional symplectizations of contact forms produce symplectic R*-principal
bundles (which are always trivializable) which are sometimes called symplectic cones. The
same remains valid for Jacobi brackets and the corresponding poissonizations.

Contact reductions, as contact analogs of various symplectic reductions, and related ques-
tions (for a pure algebraic approach to Poisson and Jacobi reductions see [41, 48]) were
already a subject of studies in numerous papers, let us mention [2, 7, 22, 30, 46, 52-54, 57,
79]. These reductions are mainly reductions by Lie group actions, and generally use contact
forms as the starting point, even if in some cases (e.g., [79]) the final reduced structure does
not depend on the choice of the contact form in its conformal (equivalence) class. Conse-
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quently, contact moment maps are usually defined on contact manifolds themselves, and
associated with actions preserving the contact form, which is completely non-geometrical
from the contact geometry point of view. An exception is the paper [80], which is devoted to
generalized concepts of a reduction, and [57], where a concept of the moment map, although
geometrically different, is equivalent to ours, but no symplectic geometry is used and only
the zero-value of the moment map is considered (which is the trivial part in our setting).
Note finally that contact reductions can be viewed as particular cases of reductions of Jacobi
bundles. In [76], the authors propose a version of coisotropic reductions of contact structures
in the language of Jacobi bundles and Jacobi brackets. Some reductions of Jacobi brackets
on functions on manifolds (e.g., trivial Jacobi bundles) are developed in [62, 63, 65, 66].

In this paper we propose a completely different approach by viewing contact reductions as
particular (homogeneous) symplectic reductions on symplectic R*-bundles. Therefore, we
can use some well-known methods from symplectic geometry and the reductions are intrinsic
from the very beginning, not referring to any auxiliary contact form representing the contact
structure. Moreover, the proposed reduction procedure is very broad and includes not only
contact analogs of the Marsden—Weinstein—-Meyer reduction by a Lie group action, but also
constant rank submanifold reductions. Our version of a contact Marsden—Weinstein—-Meyer
reduction is the following (cf. Theorem 6.3).

Theorem 1.1 Let (M, C) be a contact manifold with a symplectic cover T : P — M, let
p: G XM — M be an action on M of a Lie group G by contactomorphisms, and let
J : P — g* be the corresponding contact moment map. Let i € g* be a weakly regular
value of J, so the connected Lie subgroup Gg of G, corresponding to the Lie subalgebra

gy = (& € ker(u) [adf (w) = 0)

of the Lie algebra g of G, acts on the submanifold M,, = t(J~Y(w)) of M. In particular,
Gg = G if u = 0and G is connected.

Suppose additionally that TM, is transversal to C and the Gg-action on M, is free and
proper. Then we have a canonical submersion w : M,, — M (u) onto the orbit manifold
M(u) =M,/ Gg, which is canonically a contact manifold with the contact structure C () =
Tn(CNTMy).

Note that in the case u = 0 our contact reduction comes down to the standard Marsden—
Weinstein—Meyer reduction on the symplectic cover of the contact manifold.

Actually, in the paper we consider a more general situation when a field of hyperplanes
C on a manifold M is only precontact, i.e., the corresponding 2-form on C is of constant
rank (this form is nondegenerate in the contact case). We associate with precontact structures
(M, C) presymplectic R*-bundles, i.e., principal R*-bundles 7 : P — M equipped with a
1-homogeneous presymplectic form w. Note that we always understand presymplectic forms
as closed 2-forms of constant rank and all objects are generally smooth. One exception are
distributions understood as just fields of linear subspaces of tangent bundles (non-necessarily
smooth). On the other hand, constant rank distributions are always assumed to be regular, i.e.,
of constant rank and smooth. In particular, when we speak about fields of hyperplanes, we
always mean smooth fields of hyperplanes. Groups and precontact manifolds are connected,
if not declared otherwise.

With every contact vector field on a precontact manifold (M, C), i.e., a vector field whose
local flow preserves C, we associate a Hamiltonian vector field on the presymplectic cover
(P, w) of (M, C) and a unique 1-homogeneous Hamiltonian on P. In the case of a contact
group action, this leads to a uniquely defined equivariant moment map J : P — g*, so we
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can follow the ideas of Meyer, Marsden, and Weinstein [60, 61] if the reduction by symmetry
group is concerned. Note finally that presymplectic reductions have been already studied by
some authors (e.g., [13, 27]), including reductions of Dirac structures [6, 9]. The paper is
organized as follows.

In the next section, we present basics of our understanding of precontact geometry, together
with introducing presymplectic R -bundles. Also fundamental theorems describing relations
between precontact and presymplectic setting are proved there. In Sect. 3, we show a precon-
tact analog of the presymplectic reduction, i.e., precontact-to-contact reduction, while Sect. 4
is devoted to precontact and contact Hamiltonian dynamics. Different types of submanifolds
in precontact manifold are considered in Sect. 5, together with a contact analog of the constant
rank reduction in symplectic geometry. The precontact analogs of the Marsden—Weinstein—
Meyer reduction are proved in Sect. 6. We end up with concluding remarks, showing in part
possible applications and follow-up studies.

2 Principles of precontact geometry

For our picture of contact geometry, we refer generally to [12, 34, 38]. It is easy to generalize
the concepts developed there to a precontact setting.

Let M be a manifold of dimension m, and let C C TM be afield of hyperplanes on M, i.e.,
a distribution with (m — 1)-dimensional fibers (corank 1 distribution). Such a distribution is,
at least locally, the kernel of a nonvanishing 1-form n on M, i.e., C = ker(n). Of course,
the 1-form 7 is determined only up to conformal equivalence, since ker(n’) = ker(n) if and
only if y’ = fn, where f is a nowhere-vanishing function. Denote with p€ : TM — L€ the
canonical projection onto the line bundle LS = TM/C — M, and with v® : C x 3 C — L€
the skew-symmetric bilinear map which for vector fields X, Y on M, taking values in C, reads
vE(X,Y) = pC(X, Y.

Definition 2.1 The distribution ker (vC) we will denote simply x (C) and call the character-
istic distribution of C. A hyperplane field C C TM we call a precontact structure of rank
(2r 4 1) if the 2-form vC on C is of rank 2r, i.e., the distribution x (C) is regular of rank
(m —2r — 1). Manifolds equipped with a precontact structure (of rank (2r + 1)) we will call
precontact manifolds (of rank (2r + 1)). Any nonvanishing (local) 1-form which determines
a precontact structure C of rank (2r 4 1) as its kernel we call a precontact form of rank
2r + 1). If (2r + 1) is the dimension of M, then any precontact structure of rank (2r + 1)
we call a contact structure and any (local) 1-form 7 such that C = ker(n) we call a contact
form.

Remark 2.2 Of course, all 1-forms conformally equivalent to a precontact form 5 of rank (2r+
1) are also precontact forms of rank (2r + 1) and contactomorphisms, i.e., diffeomorphisms
respecting the fields of hyperplanes, are possible only between precontact structures of the
same rank. Note that a differential 2-form g is of (constant) rank 2r if and only if " is
nowhere vanishing and ! = 0. We will frequently use this fact in the sequel. We will
denote the value of a differential form 8 at point y as 8y or 8(y), depending on editorial
needs.

Proposition 2.3 Let C be a field of hyperplanes on a manifold M of dimension m, and let n
be a nonvanishing I-form on M such that C = ker(n). The following are equivalent:

(1) the distribution C is a precontact structure of rank (2r + 1);
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(2) the 2-form dn is of rank 2r on C = ker(n);
(3) the 2r + )-form n A (dn)” is nonvanishing and n A (dn)’+' = 0.
(4) the characteristic distribution x (n) C TM of n, defined by

xm ) ={Y eker(n(y))|Fa eR [iydn=a-n(y) ]}
is regular of rank (m — 2r — 1);

In any, thus all of these cases, x(C) = x(n) and x(C) is regular and involutive, so it
determines a foliation Fc on M, whose leaves are maximal integral submanifolds of x (C).

Proof (1 < 2) In the trivialization of L€ induced by 7,

N LC > M xR, f (XD = (. ixon) -
we have, for vector fields X, Y € C,
VX, Y) = (X, Y]) = —dn(X, ¥) + X(n, Y) — Y(n, X) = —dn(X, V), 2)

so the rank of dn | c equals the rank of vC. Here, <-, ) denotes the canonical pairing between
vectors and covectors.

(2 < 3) Suppose that n A (dn)” is nonvanishing at y € M. Then, (dn)" is nonvanishing
on Cy, so the rank of dn on Cy = ker(#y) is at least 2r. If this rank is greater than 2r, then
it is at least 2(r 4 1), so n A (dn)" ! # 0 at y. Conversely, if the rank of dz on ker(z) is 2,
then clearly A (dn)” is nonvanishing and 5 A (dn)" ! = 0.

(2 & 4) Let us first show that for each y € M we have x(n)(y) = ker (dn |Cy)' If
Y € x(n)(y), then Y € ker(n(y)) and iy (dn) = an(y) for some a € R, so iydn vanishes
on Cy = ker(n)(y), thus belongs to kernel of dn |C. Conversely, if Y € ker (dn |Cv)’ then
Y e ker(n(y)) and the linear function iydn on T, M vanishes on ker(17(y)). Hence itis of the
form an(y) for some a € R. Consequently, dn | c, is of rank 2r if and only if the dimension
of its kernel is m — 2r — 1, that finishes the proof.

Finally, from the proof of (2 < 4) it follows that x (C) = x (n). The involutivity of x (C)
is a well-known fact. O

We have the following version of Darboux Theorem for precontact structures.

Theorem 2.4 (Precontact Darboux Theorem) Let C be a precontact structure of rank (2r +
1) on a manifold M of dimension m, and let yo € M. Then, there are local coordinates
(z, pi,qi,uj) in a neighborhood U of yo, withi = 1,...,rand j =1,....,m —2r — 1,
such that these coordinates vanish at yo and C is on U the kernel of the 1-form

n=dz— p;dq’. A3)

Proof Consider a neighborhood U of yy which is equipped with coordinates (z/, u/) such
that the foliation F¢ is defined locally by the system of equations z/ = const and

n= filz,u)dz' + g;(z, u) du’

isalocal 1-formsuchthat C = ker(n).Ofcourse,/ = 1,...,2r+landj =1,...,m—2r—1.
Since 9,,; € x(C), we have g; = 0 and we can assume that f; = 1, as n # 0. Moreover, the
condition i 3, dn = ajn (Proposition 2.3 (4)) implies that

9 fi

m:ajfl, [=1,....2r+1, j=1,...,m—2r — 1.
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But for fi = 1 we get a; = 0, so  depends on the coordinates (') only. Since  # 0
and dp is of rank 2r on ker(n), the 1-form 7 is actually a contact form in coordinates ),
[ =1...,2r + 1. Using the contact Darboux Theorem, we get (3), and it is easy to see that
we can additionally require that yp = 0 in the Darboux coordinates. O

Note that the above theorem does not mean that any precontact form of rank (2r + 1)
inducing C reads locally as in (3). Indeed, dn is of rank 2r for n as in (3). On the other hand,

n = ! (dz — Y°I_, pidg’) is in the same conformal class as 7, but

.
dn’ = e (dul Adz — Z (dp,- Adg' + pidut A dq’)) ,

i=1

is of rank 2(» + 1), not 2r.

Remark 2.5 We will call the foliation F¢ on the precontact manifold (M, C) the character-
istic foliation. Note that the characteristic distribution x (C) of a precontact structure C is
trivial, i.e., 2r + 1 = dim(M), if and only if the precontact structure is actually a contact
one. According to the Darboux classification of 1-forms [20] (see also [55, Ch. V.4]), the
1-form (3) can be characterized as a 1-form of class (2r + 1) on U, i.e., a 1-form 7 satisfying
n Ady” # 0and (dp)" ! = 0.

Note that precontact structures are understood by many authors as just distributions of
corank 1, and precontact forms as just nonvanishing 1-forms (e.g., [76, 77, 80]), which
is too weak in our opinion. In practice and applications, even such authors put additional
requirements which made the structures close to what we call precontact structures and
precontact forms. In [25, 26], precontact forms of class (2r + 1) are defined as in the Darboux’
classification, so that the precontact manifolds in [25, 26] are trivial examples of the precontact
structures in our sense (in which L€ = TM /C can be nontrivializable).

In what follows, we will use also the concept of a presymplectic form after Souriau [74]:
a 2-form w is presymplectic of rank 2(r + 1) if w is closed and its characteristic distribution
X (w) has constant rank equal to 2(r + 1). Being automatically involutive, x (w) defines a
foliation F,, which we call the characteristic foliation of w. Again, some authors consider
presymplectic forms simply as closed 2-forms, which is too weak for our purposes. As easily
seen, our presymplectic forms are by definition nonzero.

Definition 2.6 A contactomorphism between precontact structures (M;, C;), i = 1,2, is a
diffeomorphism ¢ : M| — Mj suchthatTe(C) = C;. A contact vector field on a precontact
manifold (M, C) is a vector field whose local flow consists of contactomorphisms. For a
vector field X on M and a distribution D C TM, we will write X € D if X takes values in
D.

The following easy proposition states the properties of contactomorphisms and contact
vector fields.

Proposition 2.7 A diffeomorphism ¢ : My — M, between precontact structures being
locally the kernels of precontact forms n;, i = 1,2, is a contactomorphism if and only if
©*(m2) is in the conformal class of n1, i.e., 9*(n2) = fn1 for a nonvanishing function f.
A vector field X on a precontact manifold (M, C) is a contact vector field if and only if
[X, Y] € C for any vector field Y € C, and if and if and only if £xn = gn for any (local)
precontact form inducing C, where g is a function (not necessary nonvanishing) on M.
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2.1 Presymplectic R*-bundles

Throughout the paper we will use the following notation: if L — M is a vector bundle,
then we denote with L* the open submanifold in L consisting of nonzero vectors, i.e.,
L* = L\ Oy, where 0y is the zero section of L. Of course, if L is a line bundle, i.e.,
the rank of L is 1, then L* — M is canonically an R*-principal bundle with respect to
the multiplication by nonzero reals. In what follows, principal bundles with the structure
group R* we will call simply R*-bundles. Any precontact structure (M, C) determines a
line subbundle of the cotangent bundle T* M, namely the annihilator C° of C. Any (local)
precontact form n determining C induces a local trivialization of C?, represented by the line
subbundle [n] C T*M generated by 7, and given by

LM xR— [l CT*M, L(y,s)=s-n(), @

Note that under this trivialization, the pull-back of the canonical symplectic form wy; on
T*M is

w0y = Iwy) = I (doy) =d (I;‘(@M)) —d(sy) =ds Aq+s-dn, )

where 6y is the Liouville 1-form on T* M. Since the zero section of T* M is a Lagrangian sub-
manifold, we will consider exclusively the form w,, restricted to M x R*, which corresponds
to the restriction of wyy to [n]*. Note that T : M x R* — M is a trivial R*-bundle, and the
opposite of the fundamental vector field of the R*-action and 1 € R, where we understand
R as the Lie algebra of R, is V = s0;.

Of course, the map (4), thus the closed 2-form w,, is defined for any 1-form 7. The
following proposition describes a relation between the characteristic distribution of w,,

x(wy) ={X e T(M x R) |ixw, = 0},
and the characteristic distribution of 1,

x(m ) ={Y eker(n(y)) |Fa e R [iydn=a-n(y)]}.

Proposition 2.8 Let n be a 1-form on a manifold M. For any Y € TyM and any a € R, the
vector X =Y —a -5 0y € Ty 5)(M x R*) is a characteristic vector of the closed 2-form w,
if and only if Y is a characteristic vector of the form .

In particular, the fibers of the characteristic distribution x (wy,) are projected by Tt onto
the fibers of the characteristic distribution x (n) of n. The projection Tyt : x(wy)(x) —
x () (t(x)) is an isomorphism of vector spaces if and only if n(t(x)) is nonvanishing, so
a is uniquely determined. If n(y) = 0, then 9y is a characteristic vector of w,(y, s) for all
s € R*.

Proof The vector X =Y —a -s0; € T(y,5)(M x R*) is a characteristic vector of w, if and
only if

ixwy = s (iydn)(y) — (iymds —a-sn(y) =0.
This is clearly equivalent to Y € ker(n) and
(iydn —an) (y) =0,

which means, in turn, that Y is a characteristic vector of 1. The number a € R is uniquely
determined if and only if n(y) # 0, and arbitrary if n(y) = 0, that implies immediately the
final statements. O

@ Springer



Reductions: precontact versus presymplectic 2811

A fundamental observation which connects precontact geometry with the presymplectic one,
is the following (cf. [12, 38]).

Theorem 2.9 A nonvanishing I-form n on a manifold M is a precontact form of rank (2r + 1)
if and only if the closed 2-form (5) on M x R* is presymplectic of rank 2(r + 1) (in particular,
wy is symplectic on M x R* if and only if 1 is a contact form). In this case, the characteristic
distribution y (wy) of wy is transversal to the fibers of the projection T : M x R* — M.

Remark 2.10 Before proving, let us explain the term ‘transversal to the fibers’ used in the
above theorem. What we mean here and in several other places later on is that at each point
the intersection of the distribution and the subspace of vectors vertical with respect to the
projection t is trivial. This notion of transversality does not agree with the traditional one,
we have nevertheless decided to use this terminology for purposes of this paper. We hope it
will not lead to any misunderstanding.

Proof (=)Letusassume that 7 is precontact of rank (2r+1), which means that n A (dn)” # 0,
while 5 A (dp)" ! = 0. The 2-form wy is clearly closed. We have

(@)™ =@+ Ds"ds An A (dn) +s T dp) T ©)

The two summands are linearly independent and ds A n A (dn)" # 0, so (w;;)" £ 0. We
have

(a)n)r+2 =@ +2)s" s An A @n) ™+ F2dp) = 0. 7
The first summand vanishes, since n A (dn)” +1 — 0, and the second vanishes, since
dn) ™ =d(nA @™t =o0.

Therefore, (w,) 72 = 0, thus (w,) is of rank 2(r + 1).

(<) Now we assume that (w,) is of rank 2(r + 1), i.e., ()" ! # 0 and (w,)" 2 = 0.
From (7), we get that n A (dn)’t! = 0, because the summands there are linearly independent.
It remains to show that (a),])”rl # 0 implies now n A (dn)” # 0. This is, of course, true at
points in which the rank of dn is < 2(r + 1). Suppose that (n A (dn)")(y) = 0. Hence, the
rank of dnp is 2(r + 1) at y. Let us choose X1, ..., X2,42 € Ty M such that

@) (X1, Xorg) #0.

We can assume additionally that X, ..., X241 € ker(ny) and (ny, X2,42) = 1 (1 is nonva-
nishing). We have

0% (X1, ... Xor42)
2r+1

= > (DA r + DA (X1, . Xi - X )dny (Xe, Xarg2).
k=1

Hence, at least one summand must be # 0, i.e., for some k,

)y (X1. ... Xpo ..., Xop) #0.
But then

A @Yy (Xariz X1 R Xop ) = @5 (X1 Rk Xar) #0;

a contradiction. O
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Remark 2.11 Let us note that Theorem 2.9 can be seen as a particular case of [77, Proposition
3.6], where precontact forms are understood as 1-forms with values in a line bundle. This
language is better adapted to the work with general Jacobi bundles.

Corollary 2.12 Let C be a field of hyperplanes on a manifold M. Then, C is a precontact
structure of rank (2r + 1) if and only if the restriction of the canonical symplectic form wy; on
T*M to (C°)* is a presymplectic form of rank 2(r + 1), where C° C T*M is the annihilator
of the subbundle C C TM. In particular, C is a contact structure if and only if (C°)* is a
symplectic submanifold of T*M.

Theorem 2.9 shows that with any precontact structure (M, C) of rank (2r + 1) there is
canonically associated the principal R*-bundle P = (C?)*, with the R*-action s > &
inherited from the vector bundle structure of T*M, h;(ny) = s -1y, and the obvious projection
7 : P — M inherited from the projection 7rps : T*M — M. Moreover, P is equipped with a
presymplectic formw = wy | p of rank 2(r+1) inherited from the canonical symplectic form
wyr on T* M. Since the canonical symplectic structure wys on T* M is linear, the presymplectic
form w is 1-homogeneous with respect to the R*-action, 4} (w) = s - w. The characteristic
distribution of w is transversal to the fibers of 7j7 : (C?)* — M. An abstract counterpart of
such a structure is therefore the following (cf. [11, 38]).

Definition 2.13 A presymplectic R*-bundle of rank (2r + 1) isan R*-bundlet : P - M
with respect to an R*-action

h:R*xP— P, R*xP>3(s,x) hg(x)€eP,

equipped additionally with a presymplectic form w of rank 2(r 4 1) which is 1-homogeneous,
(hs)*(w) = s - w, and whose characteristic distribution x (w) is transversal to the fibers of .
Such a structure we will denote (P, 7, M, h, w). With every such a presymplectic R* -bundle
there are canonically associated: a nonvanishing R *-invariant (0-homogeneous) vector field
V, being the opposite V = —1 of the fundamental vector field T of the R*-action,

Vx) = % t:o(he' (x) = % _ (h:(x)),

and a nonvanishing 1-form 6 = ivw. If @ is symplectic, then we speak about a symplectic
R*-bundle. _

An isomorphism of presymplectic R* -bundles (P;, t;, M;, h', w;),i = 1, 2, is an isomor-
phism

p— > p ®)
¢
M| — M,

of R*-bundles such that ¢*(wy) = w;. A vector field X on a presymplectic R*-bundle we
call an R*-presymplectic vector field if it generates a flow of local automorphisms of the
presymplectic R*-bundle

Proposition 2.14 Let (P, t, M, h, w) be a presymplectic R* -bundle. Then

(1) the 1-form 6 is a unique 1-homogeneous nonvanishing and semi-basic 1-form such that
df = w (in particular, w is always exact);
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(2) the characteristic distribution x (w) C TP of w is involutive, R* -invariant, and induces
an R*-invariant foliation F,, on P, with leaves transversal to the fibers of t;
(3) any isomorphism (8) respects Vi and 6;, i = 1, 2,

¢«(V1) = V2, and ¢ (6>) = 01;

(@) avectorfield X on P is R* -presymplectic if and only if X is R* -invariant (homogeneous
of degree 0) and £x6 = 0.

Proof (1) Since V is vertical, § is semi-basic. But V is homogeneous of degree 0
(R*-invariant) and w is homogeneous of degree 1, therefore 6 is 1-homogeneous. Con-
sequently, d(ivw) = £vw = w. If 0] is another 1-homogeneous and semi-basic potential
for w, then d(@ — 61) = 0. But & — 6 is 1-homogeneous and semi-basic, so

0—61 =£v(0 —0)) =d(iv(0 —61)) +ivd(@ —0;) =0.

The first summand on the right-hand side is 0, because 6 — 6; is semi-basic.

(2) The characteristic distribution is clearly of constant rank and involutive, so it induces
an R*-invariant foliation F,, whose leaves are maximal integral submanifolds of x (w).
The characteristic distribution x (w) is transversal to the fibers of t by definition, so are
the leaves of the foliation F,.

(3) Ifnow @ : Py — P; is an isomorphism of presymplectic R*-bundles, it respects the
R*-actions, so @x (V1) = Va. Since ¢*(wp) = w, from (1) we get ¢*(02) = 0.

(4) Finally, a vector field X on P is R*-presymplectic if it is R*-invariant and the flow ¢, of
X consists of (local) automorphisms of (P, T, M, h, w). This means that h; 0@, = ¢; 0hy
and, as we have just shown, ¢} (9) = 6. Itis a standard task to prove that hy o, = @, ohy is
equivalent to Ths (X (x)) = X (hs(x)), thus invariance of X, and ¢;*(9) = 0 is equivalent
to£x(0) = 0. O

The 1-form 6 we will call the Liouville I-form for the presymplectic R*-bundle, and the
vector field V - the Euler vector field. For the presymplectic R*-bundle (C?)* the Liouville
1-form O is the restriction to (C?)* of the canonical Liouville 1-form 0p; on T*"M.  For
simplicity, we will usually identify pull-backs of differential forms on M by t with the forms
themselves, i.e., we write T%(n) = n.

Proposition 2.15 For a presymplectic R*-bundle (P, t, M, h, w) of rank 2(r + 1) and an
open submanifold U C M, there is a canonical one-to-one correspondence between trivial-
izations of the principal bundle P over U and precontact forms n of rank (2r + 1) on U. The
correspondence between n on U and 6 on U x R* is given by 6(y, s) = s - n(y), so that

w=ds An+s-dn.
Hence,
C = ker(n) = Tt (ker(0))
is a precontact structure on U.

Proof Since the R*-action on U x R* is hy(y,s) = (y,s -s), we get V. = 509, and
0 = s -iy . Since 6 is homogeneous of degree 1, the 1-form iy, w = 6 /s is R*-invariant and
nowhere vanishing, and hence it is a pull-back 7*(n) of a local nowhere-vanishing 1-form n
on U. We will write simply n for t*() on U x R*. Consequently,

w=d0 =d(s-n)=dsAn+s-dn.

@ Springer



2814 K. Grabowska, J. Grabowski

Since w is presymplectic of rank 2(r 4 1), from Theorem 2.9 we deduce that 7 is a precontact
form of rank 2r + 1. Of course, ker(sn) = ker(n) for s # 0. Conversely, if » is a precontact
form on U such that ker(z* (1)) = ker(6), then 6(x) = F (x)n(z(x)) for some nonvanishing
function F on 77! (U). But 6 is 1-homogeneous, while 1 is 0-homogeneous, so F is 1-
homogeneous. We will show that the map

Wit U) » U xR*, W) = ((x), F(x))
is a local trivialization of the principal bundle P. Indeed,

W (hs(x)) = (t(hs(x)), F(hs(x))) = (T(x), s - F(x)).

In this trivialization F'(x) = s,s06 = s-n and C = ker(#) is a precontact structure on U. O

It is well known (cf. [34, Theorem 2.1]) that for every principal R *-bundle (or a line bundle)
T : P — M we can always find an atlas of local trivializations

Dy - r_l(Ua) — Uy xR
with the transition functions
@ap 1 Uy NUB) x R — (Uy NUB) x R*,  @ap(x,s) = (x, £s).

This is equivalent to the fact that we can always find a 2-sheet cover p : M — M such that
the pull-back principal bundle p* P is trivializable. An analogous fact is true for line bundles.
We get therefore from Proposition 2.3 the following corollary, which is very useful when
dealing with precontact structures.

Corollary 2.16 For every precontact manifold (M, C), we can find an open covering (Uy) of
M and local precontact forms 1y inducing C on Uy, such that ng = +ng on Uyg = Uy NUg.
In other words, there exists a 2-sheet cover p : M — M such that the pull-back precontact
structure p*C on M admits a global precontact form.

We know already that with every precontact structure (M, C) there is a canonically associated
presymplectic R*-bundle (C?)* C T*M, with the projection T = 7y, the R*-action &, and
the presymplectic form @ inherited from the cotangent bundle 73 : T*M — M. This
presymplectic R*-bundle we will call the canonical presymplectic cover of (M, C). For
contact structures, we refer to canonical symplectic covers. A fundamental result is the
converse of this observation (cf. [38]).

Theorem 2.17 Any presymplectic R* -bundle (P, t, M, h, ) of rank 2(r +1) induces canon-
ically a precontact structure C of rank (2r + 1) on M, together with an isomorphism

P &_ (C())x

ldM
M———M
of presymplectic R*-bundles. This precontact structure is given by C = Tt (ker(0)), where
0 is the Liouville I-form on P. In other words, there is a one-to-one correspondence between
precontact manifolds (M, C) of rank (2r + 1) and isomorphism classes of presymplectic
R*-bundles of rank 2(r + 1) over M. As a principal R*-bundle, P can be therefore iden-
tified with [(LC)*]X, where L¢ = TM/C. Moreover, the projection t : P — M maps
locally diffeomorphically the leaves of the characteristic foliation F,, onto the leaves of the
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characteristic foliation Fc. In other words, the projection t is on leaves of F, a differentiable
covering of the leaves of Fc.

Proof Since in Proposition 2.15 the local contact structure was defined as C = Tt (ker(9)),
so without any reference to the local precontact form #, this definition gives a global contact
structure on M. Moreover, we infer from this proposition that, for every x € P, we have
0(x) = t*(Pp(x)), where ®p(x) € Tj(x)M. In particular, wpy o ®p = t, where mp :
T*M — M is the canonical projection. The map ®p takes values in (C?)*. Indeed, since
any Xo € Cy(y) is of the form Tt (X) for some X € ker(6(x)), we have

(®p(x), Xo) = (@p(x), TT (X)) = (t*(Pp(x)), X) = (#(x), X) = 0.

Moreover, @ p(x) # 0, since 0(x) # 0,andso @p : P — (C?)* is a morphism of principal
R*-bundles: as 6 is 1-homogeneous, we have ®p(hs(x)) = s - ®p(x). This morphism
induces the identity on the base, so it is an isomorphism. In other words, ®p : P — (C?)*
is adiffeomorphism such that ® pohy = s-P p, where 1py0®P p = 7. Of course, the annihilator
C° C T*M can be canonically identified with the dual line bundle of L = TM/C.

It remains to show that ®*(wy) = w. We will just show that ®*(6y;) = 6, where we
denote for simplicity ® = ®p and ), for the canonical Liouville 1-form on T*M. Let
X € T, P. We have

(@ (0m (@ (), X) = {0y (@ (1)), TO(X)) = (@ (x), Ty (TP (x)))
=(®), Tt (X)) = (r*(@ ), X) = (A (x), X).

We used the coordinate-free definition of 6): for any p € T*M and any vector field ¥ on
T*M, we have

(6s (), Y(p)) = (p. Tem (Y (p))).

We already know from the local picture (Theorem 2.9) that the fibers of x (@) are mapped
by Tt isomorphically onto the fibers of x (C). This immediately implies that the leaves of
Fe are mapped by 7 locally diffeomorphically into the leaves of F¢. The image of every leaf
of F,, is therefore open in the corresponding leaf of F¢. It is a student exercise to show that
it is also closed, so it is the whole leaf. O

Any presymplectic R*-bundle t : P — M inducing a given precontact structure C on M,
we will call a presymplectic cover of (M, C). The reader could ask why we do not just stay
with the canonical presymplectic cover (C?)*. The point is that in many cases we deal with
a structure which is clearly a presymplectic R*-bundle, while the corresponding contact
structure C, thus (C?)*, is not explicitly given. This is an easy way to define precontact
structures.

Example 2.18 For a manifold M, the cotangent bundle T*M with the zero section removed,
i.e., (T*M)* is clearly an R*-bundle with respect to the multiplication by reals in T*M. The
canonical symplectic form wj restricted to (T*M)* is still symplectic and 1-homogeneous,
so we deal with a symplectic R*-bundle. According to Theorem 2.17, this defines a canonical
contact structure on the projectivized cotangent bundle PT*M = (T*M)* /R*. In textbooks
one usually uses much more space to define this contact structure. Our approach, however,
can be found for the holomorphic case in [78, Example 55].

Proposition 2.19 Let (P;, 7;, M;, h', w;) be a presymplectic cover of a precontact structure
(M;, Cy), i = 1,2. If (8) is an isomorphism of presymplectic R* -bundles, then ¢ is a
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contactomorphism of the corresponding precontact structures on My and M. Conversely,
any contactomorphism ¢ : M| — M> is covered by a unique isomorphism

P]L—Pz

M| — M,
of presymplectic R* -bundles.

Proof According to Proposition 2.14, we have ¢*(62) = 0, hence T¢ maps ker(0;(x))
onto ker(6,(¢(x)). But Tt; projects the kernels of 6; (x;) onto C; (t; (x;)), thus To(C1(y)) =
C>(p(y)), that proves that ¢ is a contactomorphism.

Conversely, for the canonical presymplectic covers P; = (C7)* C T*M;, i = 1,2, we
can obtain ¢ as (T~ 1)* : T*M| — T*M, restricted to (C7)* (Te respects the precontact
structures, so (Tg™1)* respects their annihilators). It remains to show that the isomorphism @
of presymplectic R*-bundles covering the contactomorphism ¢ is unique. This is equivalent
to proving that vertical (i.e., covering the identity) automorphisms ¢ of any presymplectic
R*-bundle (P, T, M, h, w) are trivial. Indeed, since ¢ projects onto identity, it acts trivially
on pull-backs 7*(5) of forms n on M. Actually, since @ is a vertical automorphism of the
corresponding R*-bundle, it must be of the form @(x) = h y(r(x)) for a nowhere-vanishing
function f on M. But if f # 1, then ¢ cannot preserve w. This because if §*(w) = w,
then one can prove as above that it preserves also the Liouville 1-form 6 = ivw. But 0
is semi-basic and 1-homogeneous, so locally, in coordinates (s, y) associated with a local
trivialization, it reads 0 (s, y) = s - n(y) for a (pull-back of) 1-form n on M (we know already
that it is a local precontact form for the precontact structure). Then,

s-n(y) =@ -n(y) = (0@ -0 =) 00,
so f(y)=1. O

Corollary 2.20 Let (P, t, M, h, w) be apresymplectic cover of a precontact structure (M, C).
Then, any action p : G x M — M of a Lie group G on M by contactomorphisms can
be lifted to a unique action p : G x P — P on the presymplectic R*-bundle P by its
automorphisms such that (p)g = 60;5. Conversely, any G-action on the presymplectic cover
P by automorphisms projects to a G-action on M by contactomorphisms. It follows that
there is a canonical one-to-one correspondence between contact vector fields X¢ on M and
R*-presymplectic vector fields X on P, given by X¢ = 1,(X).

2.2 Remarks on Poisson R *-bundles

Note that the concept of a symplectic R*-bundle has an obvious generalization, namely a
Poisson R*-bundle. The Poisson tensor on P should be (—1)-homogeneous (the symplectic
Poisson tensor A = o~ !is homogeneous of degree (—1) if w is 1-homogeneous). Of course,
if the Poisson tensor is invertible, we deal with a symplectic R*-bundle, i.e., with a contact
structure. The concept of a Poisson R*-bundle coincides with the concept of Kirillov’s local
Lie algebra [49] (or Jacobi bundles in the terminology of Marle [58]), which provides a
proper understanding of Jacobi brackets as local brackets on sections of line bundles. In
other words, Jacobi brackets are closely related to homogeneous Poisson brackets, that is
pretty well known in the literature (see, e.g., [12, 21, 40, 42, 45, 50, 51, 58]). In non-singular
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cases, the Lie algebra of Jacobi brackets completely determines the manifold M [37]. More
information about Jacobi brackets and their generalizations, as well as various Lie brackets
on manifolds, can be found in [36, 39, 77]. We will not go deeper into this subject in this

paper.

3 Precontact-to-contact reduction

Letnow C be a precontact structure of rank (27 4 1) on a manifold M of dimension m, and let
% (C) = ker(vC) be the characteristic distribution of C. Since x (C) is regular and involutive,
by Frobenius Theorem we conclude that it induces a foliation F¢ of M by maximal integral
submanifolds of x (C) which we will call the characteristic foliation of C. The dimension
of leaves of this foliation is the rank of x (C) which is (m — 2r — 1). The assumption that
the characteristic foliation is simple means that there is a smooth manifold structure on the
space My = M /F¢ of leaves such that the canonical projection py : M — M), associating
to points of a leaf F this leaf in the space of leaves, is a surjective submersion, i.e., pg is a
smooth fibration. Of course, the dimension of My is (2r + 1).

Theorem 3.1 [fthe characteristic foliation Fc is simple, then My carries a canonical contact
structure Co such that Co(po(y)) = Tpo(C(y)). Moreover, if n is a precontact form defined
in a neighborhood of y € M and inducing C, then pg(no) = fyn for any contact form ng
defined in a neighborhood of po(y) and inducing Co, where f,, is a nonvanishing function.

Proof Let us observe first that Co(po(y)) = Tpo(C(y)) is a correct definition of a field of
hyperplanes Cp on My. Since the leaves are connected by definition, it is enough to prove
that this definition is correct in a neighborhood of any y € M, i.e.,

Tpo(C(y') =Tpo(C(y)) if po(y) = po(y). Q)

Let us fix y. As po : M — My is a fibration, it is locally trivial in a neighborhood of y, so
there are local vector fields X1, ..., X,, generating TM in a neighborhood of y, which are
projectable onto vector fields Y7, ..., Y, on My. In other words, Y; and X; are po-related,
(po)«(X;) = Yi. We can also assume that X, ..., X;;—1 span C and Xoy41, ..., Xm—1
span x(C), i.e., tangent spaces of the leaves of F¢. Then, Y2,41 = -+ = V-1 = 0
and Yy, ..., Y2, Y, span TMy. Let us show first that the local flow go}' of each X;,i =
2r+1,...,m — 1, preserves C. Let Y be a local vector field taking values in C. Since

(X, YD) =v(X;,Y)=0, for i=2r+1,....,m—1,
we get that [ X;, Y] again takes values in C, thus the local flow (p{ of each X; preserves C for
eachi =2r +1,...,m — l,ie., Tg! (C(y)) = C(¢!(y)). Hence, if y’ = ¢! (y), then
Tpo(C(y)) = Tpo o Te} ((C(») =T(po o ) (C(») =Tpo(C(y)) for i=2r+1,....m—1,

since clearly pg o (pf = po for suchi. As X2,41, ..., X;u—1 span the involutive distribution
x (C), compositions of local diffeomorphisms from their flows act locally transitively on the
leaves of F¢, that shows (9) for ¥’ in a neighborhood of y in the leaf containing y.

Now, it is easy to see that Cp is a contact structure, since the map pg kills the kernel of
v€. More precisely, the surjective morphism of vector bundles Tpy : TM — TM, induces
canonically a surjective morphism p€ : L€ — L0 by

P (P° (X)) = 0 (Tpo(X,)).
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We have
VO, Y)) = p(1Y:, Y1) = 09 ([(po)«(X). (po)«(X))])
= p((po)«(1Xi, X ;1) = p€ (IXi, X ;1)
where i, j = 1,...,2r. But vC is nondegenerate on the subbundle in C spanned by
X1, ..., X2, so the matrix (pc([X,-, Xj])) is nondegenerate, that proves that v€o is non-

degenerate. Finally, it follows from (1) that ker(pg(n0)) = C, so pg5(no) = fn for a
nonvanishing function f (of course, f depends on the choice of 7). O

Definition 3.2 The contact structure Co on My we call the reduced contact structure and the
whole procedure—the precontact-to-contact reduction.

Remark 3.3 Note that the local 1-form p((n9) on M generating C is automatically of class
(2r + 1) (cf. Theorem 2.4). Moreover, Theorem 3.1 is very similar to contact coisotropic
reductions proposed in [25, Theorem 14] and [76, Proposition 4.2]. Analogous reductions
for general Jacobi structures are considered in [77, Section 7.2]. However, the situation in
this case is much more complicated.

A natural question is now, what is the counterpart of precontact-to-contact reductions on
the level of presymplectic covers.

3.1 Symplectic reduction of presymplectic R*-bundles

The well-known symplectic reduction of presymplectic manifolds (or constant rank subman-
ifolds in symplectic manifolds) requires some additional caution in the case of presymplectic
R*-bundles, in order to assure that the resulted symplectic manifold has a compatible R* -
bundle structure.

Theorem 3.4 Let (P, T, M, h, w) be a presymplectic cover of a contact manifold (M, C) of
rank 2r + 1. Then, the characteristic foliation F,, is simple if and only if the characteristic
Soliation F¢ is simple.

In this case, the manifold Py = P /F, of Fy-leaves carries a canonical structure of a
symplectic R* -bundle (Py, t9, Mo, 10, wo) such that the canonical submersion p:P— Py
is a submersive morphism of R* -bundles, i.e., h% o p = p o hy, and @ = p*(wp).

In particular, we have the following commutative diagram for a surjective morphism of
R*-bundles:

P Py (10)
[
M o M.

Moreover, My = M |Fc and My carries a canonical contact structure Cy such that Cy =
Tpo(C), where pg is the canonical submersion onto the manifold of leaves of Fc.

Proof Suppose F¢ is simple. According to Theorem 3.1, the manifold My = M /F¢ of Fc-

leaves carries a canonical contact structure Cq such that Co = T po(C), where pg : M — M
is the canonical submersion. Consider the canonical symplectic cover (Py, 79, Mo, h, wo)
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of the contact manifold (M, Cp), the Liouville form 8y on Py, and the pull-back bundle
Py = p;(Po), with the commutative diagram

Py n Py
M ro M.

It is easy to see that P; carries a canonical structure of a principal R*-bundle with the R*-
action /' inherited from Py, and the above diagram describes a submersive morphism of
principal R*-bundles. The 1-form 6; = pj(6p) is clearly nonvanishing, 1-homogeneous,
and ) = df; = pj(wp). Since p; is a submersion, w; is a closed form of rank 2(r + 1) and
its characteristic distribution x (w1 ) is mapped by T p onto the trivial distribution, so x (wp) is
transversal to the fibers of 71. Moreover, since pgo 11 = 190 p1 and Tpj (ker(61)) = ker(6p),
we have

Tpo(Tri(ker(61))) = Tro(Tpi(ker(61))) = Tro(ker(6p)) = Co.

Hence, Tty (ker(61)) = C and we have just proved that (Py, 1, M, h', w))isa presymplectic
cover of (M, C). But all presymplectic covers are isomorphic, so (P, w) >~ (P, w1), thus
the characteristic foliation F,, is simple, since F,,, is simple by definition.

Conversely, let us assume that F, is simple. For a leaf F' of F,, denote with [F] the
corresponding point of Py and with wq the reduced symplectic form on Py. In other words,
F = p‘1 ([F]), where p : P — Py is the canonical surjective submersion onto the manifold
of leaves (thus a fibration). From symplectic geometry, we know that Py is equipped with
a unique symplectic form wq such that p*(wp) = . Since the R*-action 4 on P maps
leaves onto leaves, it induces a smooth R*-action h° on P by h?([F]) = [hs(F)], ie.,
h_? o p = p ohy, and the fibers of T are projected by p onto the orbits of 4°. Since the leaves
of F,, are transversal to the fibers of t, the submersion p restricted to any fiber of 7 is a
local diffeomorphism. Moreover, since A} (w) = s - @, we have (h(s))*(a)g) =5 - wp, SO Wy
is 1-homogeneous. This easily implies that every leaf F intersects the fibers at no more than
one point, that implies that the action 4 is free.

Indeed, if in a fiber F of F, there are two different points of the fiber = (yo), say
xo and x; = hg(x0), so # 1, then v = p(xp) = p(x1) € Py, and h?o(v) = v. Since
hso (hy(x0)) = hys(x1), we have h) (h)(v)) = hY(v), so hY is the identity on the whole
R*-orbit of v.

Let us consider a local trivialization U x R* of P over a neighborhood U of yp € M,
which is equipped with coordinates (z', u/) such that yo = (0, 0) and the foliation F¢ is
defined locally by the system of equations z' = const. This system of coordinates on U
gives a system of coordinates (Z,u’l,s) in U= 1= 1(U) = U x R* such that s € R* and
hs/(zi, ul,s) = (&, ul, s's). There is a € R* such that xo = (0, 0, a). These coordinates,
reduced to a sufficiently small neighborhood of x¢, induce local coordinates (z',s) in a
neighborhood of v in Py such that v = (0, a). Note that Z' are invariant with respect to the
R*-action on Py. We denote z' and z' o p with the same symbol, hoping that it is clear from
the context on which manifold we are. On the R*-orbit of v, the diffeomorphism h?o is the

identity, so h?o (', 8) = (&', f(2)s) for z = (z%) sufficiently close to 0, and f(0) = 1. Hence,

for the symplectic form wg on Py, with

wo(v) =ds A (gidzi) + hijdzi Adz/, gi-hij €R,
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we have
(h)* (@0(v) = d(f)(0. @) A (gidz') + hijdz' Adz! = ds A (gidz') + hjydz’ Ade.
The identity (h?o)*(a)o(v)) = 50 - wo(v), with sg # 1, would imply
ds A (gidzi) =s0-ds A (g,-dzi);

a contradiction, since g jduj # 0 (otherwise wp would not be symplectic).

We have just proved that the smooth R*-action 1% on Py is free. Now, we will show that
it is proper. To prove this, it is convenient to use Borel’s characterization of properness (see
[68, Thm. 1.2.9 (5)], attributed there to Borel): a G-action on a manifold N is proper if and
only if for every compact subset K of N the subset

(K|K)=1{geG|g-KNK # ¢}

of G is compact.

So, let us take a compact subset K C Py, and a sequence m1, my, ... of points from K
which is dense in K. Let x1, x3, ... be a sequence of points_ in P such that p(x;) = m;,
and let U; be a neighborhood of x; having compact closure U;, for alli = 1,2, .... Since

p is an open map, the family of open sets {p(U;)}ien covers K, so we can choose a finite
covering, say Uy U Uy U --- U U,. But then K = U,U0,U---UU, is a compact set
and K C p(E). Consequently, (K|K) is a closed subset of (I?|I?) which is compact, since
the R*-action on P is proper. Moreover, (Py, o, Mo, K, wp) is a symplectic R*-bundle
and p is a submersive homomorphism of R*-bundles. Here, My = Py/R*. The projection
T : P — M commutes with the R*-action, so induces a smooth map py : M — M
defined by po(z(x)) = t0(p(x)). Let us observe that po(t(x)) = po(z(x’)) if and only if
p(x) and p(x’) belong to the same R*-orbit in Py, say p(x’) = h(r)(p(x)), so if and only if
p(x) = p(h,(x")). This, in turn, is equivalent to the fact that x and &, (x) belong to the same
leaf of F,,, and further that t(x) and (x’) belong to the same leaf of F¢. This means that
M is a manifold of leaves of F¢, that finishes the proof. O

Remark 3.5 The reduction (10) we call the symplectic reduction of a presymplectic R* -
bundle. Since any foliation is locally trivial, thus locally simple, symplectic reductions as
above can always be done locally, i.e., on presymplectic R*-bundles z~!(U) c P, where
U is an open submanifold of M on which the foliation F¢ is trivial.

If actions of Lie groups by contactomorphisms are concerned, it is easy to see that such
actions ‘commute’ with the contact (equivalently, symplectic) reductions. Namely, as the
contact actions of Lie groups on precontact manifolds (equivalently, actions on presymplectic
R*-bundles by automorphisms) respect the characteristic distribution, Theorem 3.4, together
with Corollary 2.20, immediately imply the following.

Proposition 3.6 Let (P, t, M, h, w) be a presymplectic cover of a precontact manifold
(M, C), let p: Gx M — M be an action of a Lie group G on M by contactomorphisms,
andlet p: G x P — P be the canonical lift to a G-action on P by automorphisms. Suppose
that the characteristic foliation F¢ (equivalently, the characteristic foliation F,,) is simple,
so we have the contact (symplectic) reduction (10). Then, the G-actions p and p induce
canonically actions ,00 G x My — My and ,50 : G x Py — Py by contactomorphisms and
automorphisms, respectively, according to the formulae

Pe(Po(») = polpg(y)) and Bg(p(x)) = p(Bg(x)).

In particular, to o ,T)g = ,og.

@ Springer



Reductions: precontact versus presymplectic 2821

3.2 Precontact and presymplectic reductions

Sometimes we have to deal with reductions of precontact and presymplectic manifolds with
respect to foliations smaller than the characteristic foliations. In particular, we have the follow-
ing obvious generalization of the standard symplectic reduction of presymplectic manifolds.

Proposition 3.7 Let (P, w) be a presymplectic manifold of rank 2r. If F is a simple foliation
of P, whose leaves are integral submanifolds of the characteristic distribution x (w), then
the manifold Py = P /F of leaves of F carries a canonical presymplectic form wq of rank
2r such that p*(wg) = w, where p : P — Py is the canonical submersion.

In the context of precontact manifolds and their presymplectic covers, we can proceed exactly
like in Theorems 3.1 and 3.4 for foliations Fjs and Fp replacing F¢ and F,, respectively,
where the leaves of Fp cover the leaves of Fys (thus Fp is R*-invariant), if only their
leaves are integral submanifolds of the corresponding characteristic foliations. The proofs are
essentially the same, the ranks of the reduced wy and C¢ remain the same, only the reduced
manifolds Py and M are generally of dimensions greater than the dimensions obtained
for contact and symplectic reductions. Hence, we can formulate the following theorem on
precontact/presymplectic reductions.

Theorem 3.8 Let (P, v, M, h, ®) be a presymplectic cover of a precontact manifold (M, C)
of rank (2r + 1). Then, there is a canonical one-to-one correspondence between regular
R*-invariant involutive distributions y p of rank k on P such that xp C x(w), and regular
involutive distributions xy of rank k on M such that xp C x(C), given by xpy = Tt(xp).
Let Fp and Fy be the corresponding foliations. Then, Fp is simple if and only if Fy is
simple.

In this case, the manifold Py = P/Fp of Fp-leaves carries a canonical structure of
a presymplectic R* -bundle (Py, t9, Mo, h°, wo) of rank 2(r + 1) such that the canonical
submersion p : P — Py is a submersive morphism of R*-bundles, i.e., h? op = pohy,
and w = p*(wp).

In particular, we have the following commutative diagram of a surjective morphism of
R*-bundles:

P ! Py
M il Mo.

Moreover, My = M | Fy, and My carries a canonical precontact structure Co of rank (2r+1)
such that Co = Tpo(C), where pg is the canonical submersion onto the manifold of leaves
Of]:M.

4 Hamiltonian dynamics on precontact manifolds

4.1 Precontact Hamiltonians

A vector field on a presymplectic manifold (P, w) we will call a Hamiltonian vector field if
there is a function H (called a Hamiltonian of X) on P such that iyw = —dH. It is easy
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to check that a function H is a Hamiltonian if and only if H is constant on the leaves of
the characteristic foliation F,,. Note that there is no guarantee that such functions are not
just constants. Moreover, if w is not symplectic, then a Hamiltonian H does not determine
X uniquely: Hamiltonian vector fields Xy with the same Hamiltonian H differ by a vector
field taking values in the characteristic distribution x (). On the other hand, we have the
following.

Proposition 4.1 On every presymplectic manifold (P, w), there exists a Hamiltonian vector
field X g for each Hamiltonian H (i.e., a function on P which is constant on the leaves of F,).
Two such Hamiltonian vector fields differ by a vector field taking values in the characteristic
distribution x (w). Moreover, we have a well-defined ‘Poisson bracket’ of Hamiltonians, given
by

{H,H'Yo = Xn(H) = o(Xy, Xp), an

where X, X i are Hamiltonian vector fields with Hamiltonians H, H'.

Proof For any x¢ € P, there is a neighborhood U of x( and a vector field X Z on U such that
ixz(x)a)(x) = —(dH)(x) for x € U. This is because we can choose U such that F,, is trivial
on U, so we can pass locally to the symplectic reduction p : U — Uy = U /F,, such that
® = p*(wp) for a symplectic form wy on Uy. Then, H = Hy o p for some Hamiltonian Hy
on the symplectic manifold (Uy, wp), and as X g we can take any vector field on U which
projects via T p onto the Hamiltonian vector field X g, on Up. This is possible, since p is a
trivial fiber bundle. Of course, any two such vector fields X Z differ by a vector field whose
projection on Up is 0. What we have just proved is that the submanifold A C TP, defined by

A={X, eT,P|ix,wkx) =—(dH)(x), x € P},

is a smooth locally trivial affine subbundle in T P. By topological reasons (the fibers of A are
contractible), there is always a global section X i of A. Finally, the definition of the Poisson
bracket is correct, since (11) does not depend on the choice of the Hamiltonian vector fields.

]

From Corollary 2.20, we deduce now the following.

Proposition 4.2 Let (P,t, M, h, w) be a presymplectic cover of a precontact manifold
(M, C), and let X be an R*-presymplectic vector field, i.e., X is an R*-invariant vector
field such that £x6 = 0. Then, X admits a unique 1-homogeneous Hamiltonian H defined
by H = ix6. Consequently, any contact vector field X on M determines a unique 1-
homogeneous Hamiltonian H on P and a unique R* -invariant Hamiltonian vector field X
on P such thatixw = —dH and 7,(X) = X¢.

Proof Since X and 6 are homogeneous of degrees 0 and 1, respectively, H = ix6 is homo-
geneous of degree 1. Moreover,

ixw=1ixdd =£x0 —d(ixf) = —dH,

so H is a Hamiltonian for X. If H; is another 1-homogeneous Hamiltonian for X, then
d(H — Hy) = 0. But H — H; is 1-homogeneous, so

H - H =£v(H — H)) =iyd(H — H;) =0.
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We will call H = ix6 the contact Hamiltonian of X¢. Of course, a contact Hamiltonian can
be associated with many contact vector fields X°.

Remark 4.3 H associated with X¢ can be described directly by H(x) = tg,. (x), Where (5.
is the linear function on (LC)* defined by the section oxc of L€ = TM/C, oxc(y) =
pC(X¢(y)), where we identify P with [ (L€)"]™ (cf. Theorem 2.17).

4.2 Contact Hamiltonian mechanics

In this section, we will concentrate on contact manifolds and their symplectic covers. In
this case, any function on the symplectic cover is a Hamiltonian and determines a unique
Hamiltonian vector field. Note first that we are using the convention in which the canonical
symplectic form wy on T*N is wy = dp; A dqi in canonical coordinates, i.e., oy = dOy for
Oy = pidg’ being the Liouville 1-form on T* N, and Hamiltonian vector fields are uniquely
defined by

ixyw=—dH.

This gives the correct Hamilton’s equations and the map H +— Xpg is a morphism of the
symplectic Poisson bracket

{H|, b} = Xp,(H2) = 0 (X, X§,)

into the Lie bracket of vector fields, Xy, ), = [Xn,, Xu, 1.

The commonly accepted approach to contact Hamiltonian dynamics in the physics liter-
ature is constructed almost exclusively only for trivial contact manifolds, i.e., manifolds M
equipped with a globally defined contact 1-form 7 (cf. [10, 25, 28, 44, 64, 69, 73]), although
a more general approach is also known, especially in the context of Jacobi geometry (see,
e.g., [34, 35,51, 58, 75]).

For a real valued function A (contact Hamiltonian) on a trivial contact manifold (M, n),
the corresponding contact Hamiltonian vector field X ;_I is a vector field on M defined as the
unique one satisfying

ixzn:—H, iXEdn:dH—R(H)n, (12)

where R is the Reeb vector field for 7, i.e., R is uniquely determined by igxn = 1 and
irdn = 0. In this sense, a contact Hamiltonian system is the triple (M, n, H). Since

Lyen=diyen+ixedn=—R(H)n, (13)
H H H

X ;{ is a contact vector field on M with the conformal factor A = —R(I:I ). In this realization,
the contact Jacobi bracket of two smooth functions on M is defined by

{F, HY, = ifxe. xeqn. (14)
F H

According to (13), the flow of a contact Hamiltonian vector field preserves the contact struc-
ture, but it does not preserve neither the contact one-form nor the Hamiltonian function.
Instead, we obtain

Lxe, H=-R(H)H.
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Referring to contact Darboux coordinates (z, ¢, pj) in which n = dz — pidg’, the Hamil-
tonian vector field determined in (12) is computed to be

e _0H, 8ﬁ+8ﬁ AT KLAAW
A= 9p " " \ag T a2 )T\ P -

whereas the contact Jacobi bracket (14) is

. aF 9H 9F oH . aF \ oH . AH\ oF
(F,H)y)=—————+|F—p — —(a-p -
dq' dp;  Op; g’ ap;i | 0z opi | 0z

So, the Hamilton’s equations for A read

9H , 9H OH . OH g as)
= , i =————pi—, Z=pi— — H.

3 p; Pi g Pi Py Pi api

In our setting, contact Hamiltonians for a contact manifold (M, C) are 1-homogeneous
Hamiltonians H : P — R on the corresponding symplectic cover t : P — M equipped
with a 1-homogeneous symplectic form w. As we already mentioned, 1-homogeneous Hamil-
tonians on P can be viewed as sections of the line bundle L¢ — M, where L¢ = TM/C.The
section corresponding to a Hamiltonian H we will denote o, and the Hamiltonian corre-
sponding to a section o will be denoted H,;. Since w is 1-homogeneous, the 1-homogeneous
Hamiltonians are closed with respect to the symplectic Poisson (Lagrange) bracket { H, H'},,.
This corresponds to a Jacobi bracket {o, o'}, on sections of L€ via

)

q

{ow,onu}s =om .y,

The corresponding Hamiltonian vector fields X i (or X ) on P are homogeneous of degree O,
i.e., they are R* -invariant, therefore they project onto the vector fields X¢, = X oy = T(XH)
on M, called contact Hamiltonian vector fields. Contact Hamiltonian vector fields are actually
contact vector fields, i.e., their flows preserve the contact structure (cf. Proposition 2.19), and
H +— X, is a one-to-one correspondence between contact Hamiltonians and contact vector
fields.

Note that the above understanding of Hamiltonians as sections of certain line bundles is

present already in [58] (see also [51]) and valid for an arbitrary Jacobi bundle.

Example 4.4 Let P = R* x M be the trivial R*-principal bundle with coordinates (s, y =
(»*)). Any trivial contact structure on P consists of the symplectic form w,, associated with
a contact 1-form n on M and defined by w, = ds A 7+ s - dn. If R is the Reeb vector field
for n, then R, viewed as homogeneous vector field of weight O on P, R(s, y) = R(y), is the
Hamiltonian vector field with respect to w,, with the Hamiltonian H = s, irw; = —ds. Let
us take a function A on M and consider the homogeneous Hamiltonian (the sign depends on
conventions)

H:P—>R, H(s,y)=-s- H().

The function H we will call a reduced contact Hamiltonian (it is defined only for trivial
R*-bundles). The corresponding Hamiltonian vector field X i is homogeneous of weight 0,
so that Xy (s,y) = F(y)s - ds + Y (y), where F is a (pull-back of a) function on M and
iyds = 0, so that the vector field Y can be viewed as tangent to M and therefore identified
with the contact Hamiltonian vector field X}, = 7.(Xg). In other words,

Xp(s,y)=F()sds + X5 ).
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We have
ixgwy, =(@6F)-n— (lxc n)ds +s - lX‘ dn = Hds +sdH,
so that ix;'{n = —H and
ixc dn=dH — F .
Contracting both sides with R, we get F' = R(H), so
Xp(s,y) = RH)») s d + X5,

and in this way we reconstructed equations (12) for the reduced contact Hamiltonian H.In
Darboux coordinates y = (z, ¢*, p;) for n, we recover the contact Hamilton equations (15).

5 Contact reductions
5.1 Isotropic, coisotropic, and Legendrian submanifolds

Let us fix a contact manifold (M, C) and its symplectic cover (P, 7, M, h, w). It is obvious
that there is a canonical one-to-one correspondence between submanifolds N of M and
R*-subbundles N of P, given by N = t(N) and N = = (N).

Since in our language contact structures are understood as certain homogeneous sym-
plectic structures, objects in contact geometry are consequently homogeneous objects in
symplectic geometry. For instance, a submanifold N of the contact manifold M we call
isotropic (resp., coisotropic, Legendre) if the inverse image N=r"! (N) is isotropic (resp.,
coisotropic, Lagrangian) in (P, ®). These concepts are well known in the literature even for
general Jacobi structures, although often defined in other languages. For some deeper studies
on contact coisotropic submanifolds, see, e.g., [51, 71, 75, 76].

Proposition 5.1 Let N be a submanifold of a contact manifold (M, C). Then,

1. N is isotropic if and only if TN C C |N' Equivalently, the restriction n ‘N of any local
contact form n associated with C vanishes.

2. N is coisotropic if and only if the contact vector fields X, on M, associated with contact
Hamiltonians H : P — R vanishing on N, are tangent to N.

3. N is a Legendre submanifold if and only if it is simultaneously isotropic nad coisotropic.

Proof 1. Let n be a local contact form on vcwum such that C = ker(#n). We can assume that
P over U is trivial and we can write w on U = 11 (U) as

w(y,s) =ds An(y) +s-dn(y),

where y € U. Assume that N is isotropic in P. Since 9; is tangent to N, we get that
iy, vanishes on TN. But, for Yo € N, the vector space Ty, A)N is spanned by dy; and
Y(yo) € TyyN, so igw(yo,s) = n(yo). Hence, n(yo) vanishes on Ty, N. Conversely, if n
vanishes on TN, then taking vectors ¥, Y" € T,, N we get

w(a-d+Y).b-ds+Y (o) =a-n(Y' () —b-n¥ () +dn(Y(yo), Y (y0)) = 0.

This is because if n |N =0, then dn |N =0.
2. Since contact Hamiltonians are particular Hamiltonians on P, and projectable vector
fields tangent to N project onto vector fields on M which are tangent to NV, the implication ‘=’
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follows easily. Conversely, suppose that the contact vector fields associated with Hamiltonians
vanishing on N are tangent to N. This implies that the Hamiltonian vector fields Xy on P
associated with 1-homogeneous Hamiltonians vanishing on N are tangent to N. We have to
show that it is true for all Hamiltonians on P vanishing on N. Since the statement is local, we
can assume that P = R* x M and w(s, y) = ds An(y) +s-dn(y), where y € M. Consider
an arbitrary Hamiltonian H = H(y, s) on P, H(yo, s) = 0if yo € N. For a fixed 5o € R*,
let I:I(y) = H(y, s0)/so. It is a function on M, so H'(y, s) = s - I:I(y) is a 1-homogeneous
Hamiltonian on P. Let us take yp € N. Since

. aH OH
dH'(y0. 50) = H (y)ds +S0§()’0) = W(Yo, s0) = dH (yo, s0),

the vectors X i (o, so) and X g (yo, so) coincide. But the latter is tangent to N , that completes

the proof.
3. It follows from the well-known fact that Lagrangian submanifolds in a symplectic
manifold can be characterized as being simultaneously isotropic and coisotropic. O

Note that N being R*-invariant is actually an R*-principal bundle itself, Ty : N > N,
where iy =t | &> equipped additionally with a 1-homogeneous closed 2-form w | . Here,

we understand w & as i*ﬁ (w), where i : N <> P is the canonical inclusion map. We will
write simply t instead of t, that should not lead to any misunderstanding.

The above concepts can be formulated also in the precontact/presymplectic case, although
the concept of Legendrian/Lagrangian submanifolds in noncontact/nonsymplectic case are
used less frequently. For instance, if N is a submanifold in a precontact manifold (P, w) of

rank 2r, then

1. Nis isotropic 1fa)} =0,ie., TN + X (w) |~ - (TN)“’
2. Nis coisotropic if (TN)") CTN + X (w) |N,
3. Nis Lagrangian if it is isotropic and coisotropic, i.e., (Tﬁ)“) =TN + X (w) |ﬁ,

where (TN)® denotes the *orthogonal complement’ of TN with respect to w, i.e., forx € N,
(TN)®(x) = {X € T,P|0(X,Y) =0 forall Y eT,N}.

Since we always have a local symplectic reduction to a symplectic manifold of dimension
2r, any Lagrangian submanifold N is locally projected by the reduction to a Lagrangian
submanifold of the reduced symplectic manifold, so the rank d of the intersection TN N
X (w) | & s locally constant and dim N=r+d (cf. [47, Definition 2.2]). For precontact
manifolds, we have the following analog of Proposition 5.1.

Proposition 5.2 Let N be a submanifold of a precontact manifold (M, C). Then,

1. N is isotropic if and only if TN C C |N.

2. N is coisotropic if and only if the contact vector fields X 4 on M, associated with contact
Hamiltonians H : P — R vanishing on N, take values in TyN + x(C)(y) for y € N.

3. N is a Legendre submanifold if and only if it is simultaneously isotropic nad coisotropic.

5.2 Constant rank reduction

For general symplectic reductions, we refer to [4, 5, 55]. For symplectic reductions by Hamil-
tonian actions of Lie groups to [1, 3, 55, 59, 61].
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Constant rank submanifolds in a symplectic manifold are defined as those submanifolds
N for which the restriction of the symplectic form to N is a closed 2-form of constant
rank (recall that we decided to call such 2-forms presymplectic forms). It could suggest that
this leads naturally to the definition of constant rank submanifolds of a contact manifold
M as those submanifolds N C M for which N = 7-1(N) is a constant rank submanifold
in (P, w), i.e., the closed 2-form w ’ I is of constant rank. There is, however, a problem
with such a definition, especially if we want to work with reductions, since constant rank
R*-subbundles N in symplectic R*-bundles (P, t, M, h, w) need not to be presymplectic
R*-bundles themselves. This is because the characteristic distribution of | ~ need not to
be transversal to the fibers of T : N — N.

Let us start with looking closer at corresponding characteristic distributions. Let
(P, t, M, h, w) be a presymplectic cover of a precontact manifold (M, C) of rank 2r + 1),
with the 2-form v€ : C x u C — L€ on C of rank 2r, the Euler vector field V, and the
Liouville 1-form 8, so C = Tt (ker(8)) C TM. Let N be a submanifold of M. If we denote
TCN = TN NC, then it is clear that the dimension of T}C, N may jump at some points y € N,
so generally TCN is not even a smooth distribution.

For x € N and y € N, denote with x(N)(x) C Ty P the kernel of w ‘N(x) and with
X (N)(y) € TM the kernel of (vN) (v), where vN =€ TN
kernels we denote k(]\Nl )(x) and k(N)(y), respectively. We know that if a 1-form n generates
the precontact structure C = ker(n) locally on U C M, then we have a local trivialization
U = U x R* in which o = wy. From Proposmon 2.8, we know that T, maps X(N )(x)
onto x(N)(y), where y = 7(x), so k(N)(x) > k(N)(y) and these dimensions are equal if
and only if n ‘ ~ () # 0. The latter is equivalent to Ty N 7@ Cy, and to the fact that wg has
no vertical characteristic vectors (the characteristic distribution is transversal to the fibers of
7). A submanifolds N of M we will call transversal if TyN ¢ Cyforall y € N.In general it
could be k(N)(x) =k(N)(y) + 1even 1fk(N) is constant or k(N) is constant, which shows
that we cannot work with constant rank submanifolds in the traditional meaning.

The dimensions of these

Example 5.3 Consider the contact form n = dz — pdg on M = R3 and the submanifold
N C M defined by the equation z = 0, so the tangent bundle TN is spanned by vector fields
0y, dp and the contact form restricted to N reads ny = —pdg. Hence, d(ny) = dg A dp
and T N is spanned by 9, if p # 0, and T(0 q)N T(o ¢ N. Consequently, x (N)(p, q)
is spanned by 9, if p # 0, and is trivial if p =0, so the generalized distribution y () is not
regular. However N is of constant rank. Indeed, the submanifold N on P = M x R* with
adapted coordinates (z, p, ¢, s) is defined by the same equation z = 0. Since the symplectic
form reads

w=ds An+s-dp=ds Adz+dqg A (sdp + pds),
its restriction to N is
|y =—-pdsAndg+sdg Adp =dg A (sdp + pds).

Its kernel is generated by sd; — pd,. Itis a nowhere vanishing vector field on N, so X (ﬁ ) isof
constant rank 1. Actually, N is coisotropic. Indeed, the vector field X (p, ¢, s) = s9; — pdp
is the restriction to N of the vector field 505 — pd), — z0; which is the Hamiltonian vector
field for the 1- homogeneous Hamiltonian H(z, p, g,s) = s - z. Note that X (O q,s) = s0s
is vertical, so x (N )(0, g, s) is the vertical part of the tangent space T(q,q, 5)N

Example 5.4 Consider the standard contact form n = dz — p1dg! — p2dg? on M = R.
Let a submanifold N in M be defined by the equations z = 0, ¢! = ¢2, so we can take
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(p1, P2,q = q + qz) as coordinates on N in which the contact form restricted to N reads
ny = —(p1 + p2)dq. Hence, T (1, q)N is spanned by 9, , 9, if p1 + p2 # 0 and equals
TN if p; + p2» = 0. Since d(ny) = dq Adp1 +dg A dpo, the kernel of d(ny) as a bilinear
form on T¢ N is in both cases spanned by 9,,, dp, (cf. (2)), so N is of constant rank.

The above examples show that even if N is of constant rank in (P, w), the distribution
X(N) C TN can be of non-constant rank, and vice versa. As Example 5.3 shows, even
coisotropic submanifolds can be non-transversal. This is, of course, a very bad situation if
we want to use this distribution for a reduction, and suggests the following definition.

Definition 5.5 A submanifold N of a contact manifold (M, C) is of constant rank if N is
transversal and the characteristic distribution x (N) is of constant rank. An R*-subbundle
T:N—> Nofa symplectic R* principal bundle 7 : P — M we call constantly transversal
if the characteristic distribution x (N ) C TN has constant rank and it is transversal to the
fibers of 7 (has no vertical vectors).

The following is now obvious.

Proposition 5.6 Let (P, 7, M, h, ) be a symplectic cover of a contact manifold (M, C),
and let N be a submanifold of M. Then, N is of constant rank, if and only N=rt “I(N) is
constantly transversal. This is equivalent to the fact that (N, TS N) is a precontact manifold
of rank (2r + 1), and to the fact that (]V, T, N, h,w ’ﬁ) is its presymplectic R*-bundle of
rank 2(r + 1), where 2r = dim(N) — k(N). In this case, the characteristic distributions
X (N) and x (1\7 ) are regular and involutive, so define the corresponding foliations Fy and
FFx, respectively.

The foliations F and F5 we call the characteristic foliations of N and N, respectively.
Theorem 3.4 immediately implies the following result on contact constant rank reduction.

Theorem 5.7 (contact constant rank reduction) Let (P, T, M, h, w) be a symplectic cover
of a contact manifold (M, C), and let N be a constant rank submanifold of M such that
its characteristic foliation Fy is simple, with the canonical submersion py : N — Ny =
N /}'N Then, (N, TEN) is a precontact manifold, po is a precontact-to-contact reduction,
and N = 1 ~Y(N) is a presymplectic R* -subbundle of (P, t, M, h, ®), with all structures
inherited from the latter. Moreover, the characteristic foliation F is also simple, with the
canonical submersion p : N — No N /F§, and we have the commutative diagram

N P No
' l \L K
N Po No

in which the right-hand side is a symplectic Rx-bungle and the horizontal maps form a
symplectic reduction of the presymplectic R* -bundle N.
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6 Contact Marsden-Weinstein—-Meyer reduction
6.1 Precontact moment maps

Let (P, t, M, h, ) be apresymplectic cover of a precontact manifold (M, C) of rank (2r+1),
and let

p:GxM— M, p(gy) =g®),

be an action of a Lie group G on M by contactomorphisms. This induces a homomorphism
& — &€ of the Lie algebra g of G into the Lie algebra of contact vector fields on M, where
&€ is the fundamental vector field associated with the action p and & € g. The group action
p is covered by an action (see Corollary 2.20)

P:GxP—P, p(gx)=zgkx)
of G on P by automorphisms of the presymplectic R*-bundle structure, i.e.,
(?)*(w) =w, hjog=gohs;, Tog=2g"

Moreover, any contact vector field &€ is covered by a unique R * -invariant Hamiltonian vector
field é on P, with 1-homogeneous Hamiltonian Hg =i 59 on P. Therefore, we do not have
the problems with defining the moment map, coming from non-uniqueness of Hamiltonians
in the standard symplectic setting.

Let g be the Lie algebra of vector fields spanned by £ (the infinitesimal action of G). It is
easy to see that §(x) is the tangent space to the G-orbit G.x = {g(x) | geGlatx € P,

To(Gx) = §0) = £ () | § € g}
Of course, T : P — M maps G-orbits in P onto G-orbits in M. We define the map
TP =g (J(x).€) = He (x) = (i0)(x),

which we will call the contact moment map associated with the action p of G on M by
contactomorphisms. Actually, in the context of moment maps and reductions, only the Lie
algebra of vector fields g (a g-action) is needed if G is connected. Note that, in contrast to
the majority of existing literature (cf. [2, 25, 31, 52, 79]), our contact moment map is defined
on P, not on M. This moment map is known to be Ad-equivariant. The equivariance means
that

J((x) = (Ad")g(J () = (Ady-1)"(J (1)),
SO
He (3(x)) = Haa,_ &) (%)

In our case, the moment map is not only equivariant, but it intertwines additionally the
corresponding R *-actions,

J(hg(x)) =5 - J(x). (16)
Indeed,

(J (hy(x)), &) = He(hs (1)) = 5 - He (x) = {5 - J(x), &),
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since Hg is 1-homogeneous. For any vector subspace V C T, P, with V we denote the
’orthogonal complement’ of V' with respect to w, i.e., V¥(x) = {X € T, P | w(X,V(x)) =
0}.

Proposition 6.1 Let K(J) C TP be the kernel of TJ. Then,

K(J)(x) = [ ker(dHg (x)) = (§(x)). (17)
§eg

In particular, x (w) C K(J), so the moment map J is constant along the leaves of the charac-
teristic foliation F,. In the case when the foliation F, (equivalently, Fc ) is simple, the map J
induces the moment map J° : Py — g* for the induced G-action (the g-action is enough) on
the reduced symplectic R*-bundle Py = P /F,, (cf. Proposition 3.6) by JO(p(x)) = J(x),
where p : P — Py is the canonical submersion.

Proof Let X € K(J)(xp), and let y : R — P be a smooth curve representing X, i.e.,
y(0) = xp and y(0) = X. For any £ € g, we have

d d
0= (TN 8) = = | _ [Jr@).8) = 3| _ Her 1) = ix(@H (x0) = iy, ixoo

The rest is obvious. O

The above proposition shows that, in the case of simple F¢ (e.g., if C is a contact structure)
we can reduce our considerations to the standard Marsden—Weinstein—-Meyer Hamiltonian
reduction.

6.2 The precontact Marsden-Weinstein-Meyer theorem

Our construction will be modeled on the standard Marsden—Weinstein—Meyer reduction,
with some necessary adaptation to the case of presymplectic R*-bundles. We will assume
that G is connected. Let us fix & € g*. The inverse image P,, = J~!(u), considered in the
standard approach, is R*-invariant only if «© = 0, so for u # 0 we consider

Pl = 771 (1) = [ hs (P,
s#0

which is the smallest R*-subbundle in P containing P,,. Here, []* = {su | s # 0}. Of
course, Py, = hs(Py,) and Pps, = Py for s # 0 (cf. (16)).

We say that 1 is a weakly regular value of J if P, is a submanifold and for every x € P,
we have K (J)(x) = ker(T,J) = T, P,. Of course, due to (16), 1 is a weekly regular value
if and only if sp is a weakly regular value, where s # 0, and any regular value is also
weakly regular. In what follows we always assume that p is a weakly regular value. Then,
Ty P, = K(J)(x) and (17) implies that all Hamiltonians H, § € g, are constant on P, thus
on all P,, s € R*. Moreover, due to the equivariance of the moment map, the subgroup

Gu=1{geG|Ad;(n) =p)

of G acts on P,. Denote its Lie algebra with g, and the distribution spanned by Eforé eg "
with g,

The cases © = 0 and o # 0 are essentially different, so we will consider them separately.
Let us start with the case ;& # 0 which is more sophisticated. In this case, the submanifold
Py of P is foliated by 1-codimensional submanifolds Ps,, s # 0, which are transversal to
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the t-fibers, so t(Pu)) = ©(P,) = M, is a submanifold in M, and the subgroup G/, acts
on M,,. We will describe the characteristic distribution of the submanifold Py,

Let us first look at the characteristic distribution x (w,,), where @, is the restriction of @
to P,. We know that, for x € P, the tangent space T, P, equals K (J)(x) = (§(x))* (17).
Assume first that w is symplectic. Then, §(x) = (T P,)®, so

X (@) (x) = (T P)™ = gu(x).

Using a local symplectic reduction of the presymplectic R* -bundle P and the corresponding
reduction of the moment map (Proposition 6.1), we can infer that in the general presymplectic
case we have

(T P)® = §(x) + x(@)(x) and  x(wp)(x) = (T P = §u(x) + x(@)(x). (18)
Note that we are actually interested in the characteristic distribution of @y, = o | A Jof 1)
"

restricted to Py, rather than x (w,). As the R*-action allows for identifying each P, with
P, wehave TP, = TP, @[V], where [V] is the line subbundle of vertical vectors in T Py,
thus generated by the Euler vector field V.

First of all, V(x) € x (o) (x) if and only if iyyw = 6(x) vanishes on T, P,, so
Te(xyM,, C C. We can exclude this case assuming that M, is a transversal submanifold in
(M, C).Itremains to check for which X € x (w,)(x) we have 0 = w(V(x), X) = (0 (x), X).
But x (w,)(x) = §,(x) + x(w)(x) (18), so it is enough to take X = é‘(x) for & € g,. We
have then

0=(0(x),E(x)) = He(x) = (J(x), &) = (. &),

which means that p annihilates &, i.e., £ € ker(u). It is easy to see that gg = gu Nker(un)
is an ideal in the Lie algebra g,. Indeed, £ € g, if and only if adg (u) = 0. Hence, for
£,& € g, we have

0= (adi (), ') = (. [£. 1),

ie., [gu, gl C gg. The corresponding connected Lie subgroup in G, we denote Gg. We
conclude that in the case when M|, is transversal, we have

X (@) = §), + X (@)

on Pj.
Let us pass to the case © = 0. Now, Py = Pjo is automatically an R*-subbundle in P
over a certain submanifold My = t(Py) of M. Similarly as in (18), we have

(Tx P)® = g(x) + x(@)(x) and x(wo)(x) = go(x) + X (@) (x).
Note that in this case 98 = go = ¢. Summarizing these observations, we get the following.

Theorem 6.2 For any weekly regular value | € g* of the moment map J such that M,, is
a transversal submanifold of (M, C), the characteristic distribution x (w(,)) of the closed
2-form w) = @ ’P[u] on Py, is

X (@) = ), + x (@),

and the characteristic distribution x (C,) of the field of hyperplanes C,, = CNTM, on M,
isTt (X (a)[u])) and equals

X(Cp) = (@) + x(O),
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where @2 (resp., (gg)” ) is the distribution on Py, (resp. M) spanned by the Hamiltonian
vector fields é (resp., by the contact vector fields £€), where & € gg and gg = g Nker(p)
is a Lie ideal in g,,.

In particular, if the distribution @g + x (@) (equivalently, (gg)c + x(C)) is of constant
rank on Py (resp., My, ), then (Pj), T, My, h, wpy)) is a presymplectic R* -bundle covering
the precontact manifold (M,,, C,,), where C,, = TM, N C.

Under the assumptions of Theorem 6.2, we can carry out the presymplectic reduction (The-
orem 3.8), provided that the action of Gg on M, is free and proper. In this case, the orbits

of the subgroup G?L on M, (resp., on Pj,)) form a regular simple foliation, spanned by
(gl(i)" (resp., @2)' The characteristic foliation x (C,) (resp., x (wpu])) is then of constant
rank if and only if the intersection (gg)c N x(C) (equivalently, @2 N x (w)) is of constant
rank, e.g., x(C) C (gg)" (resp., x (w) C @2). The latter condition is automatically satisfied
for C being contact (resp., w being symplectic). Therefore, we can formulate the following
precontact/presymplectic version of the Marsden—Weinstein—-Meyer theorem.

Theorem 6.3 Let (P, T, M, h, w) be a presymplectic cover of a precontact manifold (M, C),
let p: G x M — M be an action on M of a Lie group G by contactomorphisms, and let
0 : G x P — P be the Hamiltonian cover of this action, associating with every element &
of the Lie algebra g of G the contact vector field £€ on (M, C) and the Hamiltonian vector
ﬁeldé’ on (P, w).

Let J : P — g* be the corresponding contact moment map, and let @ € g* be a
weakly regular value of J, so that P, = JN((u]®) is an R* -subbundle of P, covering a
submanifold M,, = t(P[,)) of M. Then the connected Lie subgroup Gg of G, corresponding
to the Lie subalgebra

gy = {€ € ker(u) [adf(w) = 0)

of g, acts on Py, and M.

Suppose that M, is a transversal submanifold in (M, C) and the Gg-action on My,
is free and proper, so that we have a canonical submersion w : M,, — M(u) onto the
orbit manifold M () = M,L/G/OL. Suppose additionally that the distribution (gg)c N xc
(equivalently, @g N x(w)) is regular (e.g., C is contact/w is symplectic), where (gg)" is the
distribution on M, spanned by the contact vector fields £ with & € gg.

Then, M () is canonically a precontact manifold with the precontact structure C () =
Tn(C NTM,,). Moreover, the Gg-action on Py is also free and proper, so that we have
a canonical submersion p : Py, — P(u) onto the orbit manifold P(u) = P[M]/Gg, and
P () carries a presymplectic R* -bundle structure (P (1), T,,, M (1), h**, @ (n)) such that

P

Py P (1)
M, i M (1)

is a morphism of R* -bundles and p*(w (1)) = |P[ - Moreover, C (L) is a contact structure
I

(resp., w(w) is symplectic) if only C is contact (resp., w is symplectic).

An obvious consequence of the above theorem in the case when (M, C) is a contact manifold,
i.e., a contact Marsden—Weinstein—Meyer theorem, is Theorem 1.1. A particular case of the
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latter is Theorem 1 in [79]. Note that if the action of G, is free and proper, then the action
of Gg is free and proper if and only if Gg is closed in G, (G, is always a closed subgroup
of G), thus closed in G. A characterization of closeness of G/(i for compact G is given in the
following proposition.

Proposition 6.4 If G is compact and connected, then Gg is a closed (thus compact) subgroup
in G, if and only if ap induces a character on G, for some a # 0, i.e., the linear map
ap : gy — R gives rise to a group homomorphism

Pap 2 G = S' =R/Z, gau(exp(v)) = alu,v) mod Z
forallv € g,. In other words, ap. € g* takes integer values on the kernel ofexp : g, — G ..

Proof Since for G being compact and connected the subgroup G, is always connected (see,
e.g., [8]), the normal subgroup Gg of G, is closed in G, if and only if Gu/Gg ~ S Let
p:G, — S = Gu/ G?A be the canonical group homomorphism. Since gg = ker(u), the
corresponding morphism D¢ : g, — gﬂ/gg =~ R has the form D¢ (v) = a{u, v) for some
acR,a#0,50¢=q@q. O

Example 6.5 A simple numerical example for the above contact Marsden—Weinstein—-Meyer
reduction is the following. Consider M = T*R x R with the contact structure determined
by the Darboux contact form n = dz — pdgq. In other words, this is the canonical contact
structure on the first jet bundle JYR;R). Hence, 7 : P = M x R* — M is the trivial
R*-bundle and

w=ds A(dz — pdg) +s-dg Adp.

Moreover, V = s d; and @ = s -n = 5 - (dz — p dg). Consider the 1-dimensional Lie algebra
g = Rand its realization in vector fields on M givenby & +— & = &-(9; — p 9, —z 9;). This
is the infinitesimal part of the action of the group G = Rby t.(z, p,q) = (e "z,e ' p,q+1)
on M by contactomorphisms. The vector fields £¢ are contact vector fields, £zc n = 0, and
the corresponding 1-homogeneous Hamiltonians read Hs = & - s - (p + z). Indeed, the
Hamiltonian vector ﬁeldé = Xp, on P reads

§ =6 (0~ pop—28: +50),
so its projection onto M is exactly £°. The moment map J : P — R* satisfies
§-J(s,z,q,p) = He(s, 2,9, p) =§ -5 - (p+2),

so J(s,z,q, p) =s - (p+z) with every u € R* as a regular value.

Let us consider first the case & = 0, so that Py = J~'(0) is the 3-dimensional and
R*-invariant submanifold in P, defined by the equation p + z = 0. We can take (s, z, ¢) as
global coordinates parameterizing Py, (s, z,q) — (s, z, g, —2), in which

w|PO(s,z,q) =ds A (dz 4+ zdg) — sdg A dz. (19)
The submanifold My = 7(Pp) in M is of dimension 2 and it is defined by the same equation

p + z = 0, so that My is a transversal submanifold and (z, ¢) serve as coordinates in
M. The rank of w ’ P is clearly 2, so the rank of the distribution D = ker(w ‘ Po) is 1.
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The distribution D is thus generated by the vector field X = 9, — z9d; + s 9, as X is
nonvanishing and iy (@ ’ Po) = 0. Note that X is the restriction of the Hamiltonian vector

field 1 = dg — p3p — 20, + s d; to Py. This vector field is nowhere vanishing, so it spans
D, and the corresponding R-action on Py is

t.(z,q,s) = (e 'z, q+t, e's).

As 1-dimensional submanifolds, the trajectories of this action are described by the system of
equations s ¢4 = 5" and z e? = 7/, where (7/, s’) € R x R*, so that (z/, s”) are coordinates
in P(0) = Py/R. The reduced principal R*-action on P(0) is clearly s.(z/, s') = (Z/, s 5'),
and the reduced symplectic form reads (cf. (19))

w(0) =d(s"e) A (d(Z' e ) + 2 e 9dg) —s'eTdg nd( e ) =ds' AdZ.

The trivial R*-bundle P (0) = R x R* with the symplectic form w (0) is the symplectic cover
of the unique (trivial) contact structure C = R x {0} C TR on R, which is associated with the
contact form 5’ = dz’. Note that the analog of the above procedure can be done for T*R"*! xR
equipped with the canonical contact form. If we view T*R”T! x R as T*R x T*R”" x R with
coordinates (z, g, p, ¢, pj), then formally the same contact vector field é can be used as the
infinitesimal part of the R action involving only coordinates (z, g, p, s). The whole procedure
will give the canonical contact structure on T*R” x R as the reduced structure.

Our procedure is intrinsic, so does not depend on the particular choice of the (local) contact
form generating the contact structure. For instance, if we start in our example from

i=f-n=f-dz-pdg— pidg"),
where f is a nowhere vanishing function on M = T*R"*! x R, then we have another
trivialization of P with § = f -5 and the rest of coordinates unchanged. In these coordinates,
the procedure is the same, and we end up finally with another trivialization of P(0) with

coordinates (z', ¢, pi, §'), where §' = f(z,0, —z,¢', pj) - s'. This corresponds to the new
contact form

ﬁ/ = f(zs 07 —Z, ql!pj) '77(2; q!pvqi? P])»

which is clearly equivalent to n, so that it induces the same reduced contact structure.

If now u € R*, u # 0, then P, is the submanifold in P = M x R* defined by the
equation s = u/(p +2), p+z # 0,and P = P, = JL(R*)*) is an open-dense
submanifold in P of those (z, p, g, s) € T*R x R x R* such that (p +z) # 0. The action of
R on P preserves P’, so its action on M preserves the open-dense submanifold M’ = t(P’)
defined by (p 4+ z) # 0. The group G = R is commutative, so g, = g and gg = {0}. Hence,
M’ and P’ with restricted contact (resp., symplectic) structures are the reduced structures in
this case.

In the next example, we consider first jet prolongations of group actions on line bundles
which can serve as canonical examples of group actions by contactomorphisms on nontrivial
contact manifolds.

Example 6.6 In this example, we show how to produce a contact analog of the Marsden—
Weinstein—Meyer reduction for the cotangent lifts of group actions on a manifold (see, e.g.,
[1,67,70]).

Letty : L — Qbealinebundle, gy : L* — Q beits dual, and G be a Lie group. Note first
that, similarly to the case of cotangent bundles, any G-action p : G x L — L on L by vector
bundle automorphisms can be canonically lifted to a contact G-action p : G x JIL* — JIL*
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on the first jet bundle J'L* of sections o : Q — L* of L*, equipped with its canonical
contact structure. Indeed, if p* : G x L* — L* is the dual action on L* and the vector
bundle isomorphisms p, reads
L
~0
Pg
0

Q

then p is uniquely determined by
Peliq (@) = ijp ) (P50 © ).

Recall that infinitesimal automorphisms of a vector bundle consist of linear vector fields on
the bundle and the symplectic cover of the contact manifold J'L* is P = T*L*, with the
phase lift of the R*-action on L™ and the canonical symplectic structure of the cotangent
bundle [34, 38]. The Hamiltonian action of G on T*L*, lifted from the contact action on
JYL*, is the standard cotangent lift of the G action on L, thus on L*.

If £ € gis an element in the Lie algebra g of G and éo is the corresponding linear vector
field on L (thus a 1-homogeneous vector field on L*), associated with the G-action p on L
by vector bundle automorphisms, then the contact Hamiltonian Hg on T*L* is Hy =t £

where ¢ £ is the linear function on T*L, thus on T*L*, associated with the vector field é‘o on

L. Since éo is a linear vector field on L, it is easy to see that the function tg, on T*L™ is

additionally 1-homogeneous with respect to the lifted principal R*-bundle structure, thus a
contact Hamiltonian. The corresponding Hamiltonian vector field § = Xp, is therefore the

well-known cotangent lift of the vector field éo on L, and the contact moment map reads
JiTL = g%, (J(ew), §) = g (@) = [, §0(v),

where o, € TSL>, v e L*.

For 0 = p € g*, we can proceed now with the traditional Marsden—Weinstein—Meyer
reduction, which is known to yield the reduced symplectic manifold J 1 (0)/G = T*(L*/G).
Since clearly L* /G = (L/G)*, the corresponding reduced contact manifold is J' (L/G)* =
JY(L*/G) with its canonical contact structure. The case p # 0 is more complicated even
in the standard situation and leads to the so-called fibration cotangent bundle reduction [67,
Theorem 6.6.8]. The studies on corresponding contact analogs of the latter we postpone to a
separate paper.

7 Conclusions and outlook

We presented in this paper a fully intrinsic geometric approach to reductions of contact man-
ifolds, which serves for general (also nontrivial) contact structures. This approach is closely
related to symplectic reductions, due to a one-to-one correspondence between contact mani-
folds and symplectic manifolds of a special type (symplectic R*-bundles). Actually, all tools
can be easily adapted to the precontact/presymplectic structures introduced in the paper. We
obtained precontact-to-contact reductions, as well as precontact versions of the celebrated
Marsden—Weinstein—Meyer theorem. The presentation was concentrated on introducing geo-
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metric concepts and tools. A next step will be devoted to closer analysis of important examples
coming from physics and other potential applications.

The precontact/presymplectic framework can be crucial for these aims, since presym-
plectic structures play a fundamental rdle in various problems of physics origins, especially
related to constrained systems (e.g., [14, 33, 70, 72]) or time-dependent mechanics [47].
For instance, the presymplectic approach is a crucial step in the relativistic theory, e.g., the
equations of motion of a charged spinning particle moving in a space-time (with or without
torsion) in the presence of an electromagnetic field. The power of presymplectic formulation
resides in the fact that it is manifestly covariant and does not require non-relativistic concepts,
like absolute time, to describe dynamics. Also the space of solutions of first-order Hamil-
tonian field theories is a presymplectic manifold, that was exploited in a series of papers
[16—18] describing covariant variational evolution and Poisson/Jacobi brackets on the space
of functions on the solutions to a variational problem. We plan to carry out studies in these
directions and publish them in forthcoming papers.
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