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Abstract
The half-integer resonance is considered to be one of the

strongest effects limiting the intensity of the FAIR SIS100
heavy-ion synchrotron which is currently under construction
at GSI. Results of simulations under realistic synchrotron-
operation conditions show that for bunched beams, a rela-
tively small gradient error can result in a large half-integer
stop-band width significantly reducing the maximum achiev-
able bunch intensity. In addition to the results of simulations
in SIS100, we characterize the half-integer stop band in
SIS18 using experimental data.

SPACE-CHARGE LIMIT IN SIS100
The aim of this work is to identify the space-charge

limit due to the half-integer stop band (when the bare tune
𝑄 = 𝑛/2, 𝑛 is integer), also known as the maximum tolera-
ble space-charge tune shift, for realistic Gaussian-like dis-
tributed bunched beams and realistic time scales for hadron
synchrotrons. SIS100 is expected to operate at the space-
charge limit [1] in the vertical plane. We use the vertical
plane in this study to avoid dispersion-related effects. De-
tailed overview of the results can be found in Refs. [2, 3].

Theoretical Background
The stop-band width at negligible intensity [4] amounts to

the integral, 𝐹𝑛 = 1
2𝜋 ∮ 𝛽(𝑠) Δ𝑘(𝑠) exp (−𝑖 𝑛 2𝜋 𝜇(𝑠)

𝑄 ) d𝑠
over the path length 𝑠, where 𝛽(𝑠) and 𝜇(𝑠) are the optical
Twiss and phase advance functions, Δ𝑘(𝑠) are gradient er-
rors, 𝑛 = 37 (for SIS100). In this work, 𝐹𝑛 is used as the
gradient-error strength. A conceptual way to estimate the
strength of space charge is to calculate

Δ𝑄𝑦
KV = − 𝐾sc 𝑅2

4 ⟨𝜎𝑦⟩ (⟨𝜎𝑥⟩ + ⟨𝜎𝑦⟩) 𝑄𝑦
, (1)

which is the KV [5] tune shift where 𝐾sc = 𝑍 𝑒 𝐼
2 𝜋 𝜖0 𝑚0 (𝛾𝑟 𝛽𝑟 𝑐)3

(space-charge perveance), averaging ⟨⋅⟩ over 𝑠, the effective
ring radius is 𝑅, the beam peak current 𝐼, the ion charge
number 𝑍, the proton elementary charge 𝑒, the vacuum per-
mittivity 𝜖0, the rest mass of the ions 𝑚0, the speed of light
𝑐, and relativistic factors 𝛾𝑟, 𝛽𝑟. In the case of coasting KV
beams with negligible coupling and no dispersion effects,
the location of the half integer resonance is determined by

2 𝑄 − Δ𝑄env = 𝑛 , (2)

where 𝑛 in an integer number, Δ𝑄env is the envelope tune
shift [6] which amounts to 2 𝐶 Δ𝑄KV, and 𝐶 is the transverse
geometry factor (𝐶 = 2/3 in the case of SIS100).
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Simulation Model
This work shows the results obtained with a simulation

model where element-by-element particle tracking through
the SIS100 lattice with gradient errors is provided by Six-
TrackLib [7]. The direct space-charge interaction of a
bunched Gaussian-like beam is computed using the 2.5D
particle-in-cell (PIC) solver with the PyHEADTAIL [8]
tracking code. The setup includes 64 longitudinal bunch
slices and 128 × 128 grid. We use 106 macro particles with
103 space charge nodes equidistantly located in the acceler-
ator lattice.

As an example of the results provided by the simulation
model, we show emittance-growth curves for various val-
ues of the synchrotron tune 𝑄𝑠 at the vertical bare tune
𝑄𝑦 = 18.62 (slightly above the linear resonance condition,
Eq. 2) corresponding to the strong-gradient error scenario
(see Table 1). In this work, we set 𝑄𝑥 = 18.95 to avoid
the Montague resonance [9] for all probed Δ𝑄env. The red,
blue, and orange lines correspond to increasing values of 𝑄𝑠.
During the first 50 turns, the vertical emittance increases
linearly, and the increase is equivalent for any 𝑄𝑠. After this,
the speed of the linear growth is reduced but no saturation
observed. The total emittance growth for a given turn at later
times increases with increasing synchrotron tune 𝑄𝑠.

Table 1: Reference values of the stop-band integral.

Weak Intermediate Strong

|𝐹37| 0.6 ⋅ 10−3 2.6 ⋅ 10−3 4.3 ⋅ 10−3

Throughout this work we use a threshold level of 1
𝜖0

𝑑𝜖
𝑑𝑛 =

5 ⋅ 10−6. Any working point with emittance growth above
this threshold is considered as affected by the resonance.
This amounts to an overall emittance growth of 0.5% and
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Figure 1: Vertical emittance growth vs. the synchrotron
tune.
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80% during 103 turns and the injection plateau of SIS100
(around one second) correspondingly.

Maximum Tolerable Intensity
The classical conceptual discussion of the space-charge

limit relates to the linear resonance condition [10, 11] which
is valid in the case of coasting beams. For a finite gradient
error, the space-charge limit (the maximum achievable in-
tensity) is reached when Δ𝑄env < 1. This condition does
not depend on the strength of the gradient error.
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Figure 2: Space-charge limit.

For bunched beams, any working point between the half-
integer bare tune and the linear resonance condition is af-
fected by the resonance. Figure 2 depicts this concept, the
orange dashed line corresponds to the linear resonance con-
dition, and the area below it is “forbidden”. Furthermore,
in the case of bunched beams, the half-integer stop band
extends to above the linear resonance condition which might
lead to unacceptable particle losses for time scales relevant
to SIS100. Working points inside the stop band are not
expected to conserve RMS emittances of bunched beams
at non-zero space charge, finite synchrotron motion, and a
finite gradient error (see Fig. 1 and Ref. [2]). Black dots,
red triangles, and blue squares in Fig. 2 correspond to the
upper edge of the half-integer stop band for weak, interme-
diate, and strong gradient-error scenarios. Compared to
the conceptual discussion on the space-charge limit, sim-
ulation results show that a finite gradient error leads to a
steeper inclination of the upper-edge curves (colored solid
lines) than the linear resonance condition. Effectively, the
space-charge limit in simulations is reached when the upper
edge intersects with the next half-integer bare tune. This
corresponds to the scenario where adjacent half-integer stop
bands occupy the entire (𝑄𝑥, 𝑄𝑦) diagram.

Classical conceptual space-charge limit in SIS100 is pre-
dicted to be Δ𝑄env = 1, regardless of the gradient-error
strength. On the other hand, linear extrapolation of the
simulation results including a certain gradient error indi-
cates a maximum achievable intensity (in terms of Δ𝑄env).
The scenario of strong gradient error results in a limit
of only Δ𝑄env ≃ 0.5, the intermediate gradient error in
Δ𝑄env ≃ 0.6, and the weak gradient error in Δ𝑄env ≃ 0.8.

To conclude, we find that, for realistic Gaussian-
distributed bunched beams, a relatively small stop-band
width at zero space charge (≃ 10−3, see Table 1) can re-
sult in a significant reduction of the maximum intensity
(here by a factor 2 for the strong gradient-error scenario).
As a consequence, control and compensation of gradient
errors are crucial for a synchrotron to maintain the highest
intensities under strong space-charge conditions.

EXPERIMENT IN SIS18
This section presents two approaches for characteriz-

ing the half-integer stop band in the SIS18 heavy-ion syn-
chrotron at GSI. To compensate for gradient errors across the
ring, a pair of quadrupole corrector magnets can be utilized.
In this study, the horizontal bare tune was set to 𝑄𝑥 = 4.32,
and the vertical bare tune was set above 𝑄𝑦 = 3.5 to examine
the 7/2 half-integer resonance. A quadrupole corrector loop
configuration was utilized with both correctors powered at
the same strength but with opposite signs, and the beta func-
tion design was identical in both locations. Consequently,
the bare tunes of SIS18 remained constant for any corrector
loop strength, while the stop-band integral at zero intensity,
denoted as 𝐹7, changed. The experiment used a 40Ar10+

bunched beam with an energy corresponding to 8.6 MeV/u
(the nominal injection energy was 11.4 MeV/u, reduced dur-
ing the experiment via UNILAC), a revolution frequency
of 186.04 kHz, and a chromaticity of zero via sextupole
magnets. The intensity varied in the range of 3 ⋅ 109 ≤ N
≤ 1.2 ⋅ 1010, with an RMS of (𝜖𝑥, 𝜖𝑦) = (13.5, 6.1) mm
mrad. Further experimental details can be found in Ref [3].

Upper Edge from Particle Losses
The first approach is a dynamic tune scan similar to

Ref. [12]. The upper edge of the half-integer stop band is
identified during a single SIS18 cycle. The vertical bare tune
descends toward 7/2 during ≃ 0.1 s keeping all other ma-
chine parameters constant. The red curve in Fig. 3 (left) cor-
responds to the variation of 𝑄𝑦. Vertical lines (blue dashed,
black dotted, and orange dot-dash) indicate the timings of the
SIS18 cycle: injection from UNILAC to SIS18, the start of
the 𝑄𝑦 descent, and the tune return correspondingly. When
the vertical bare tune intersects the half-integer stop band,
particle losses occur. This effect can be measured using a
Direct-Current Current Transformer (DCCT) as shown in
Fig. 3 (right). In order to accurately determine the location
of the upper edge, the loss rate 1

𝑁
d𝑁
d𝑡 can be used, where the
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Figure 3: SIS18 dynamic-scan cycle (left) and the beam
intensity during it (red curve, right).
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Figure 4: Half-integer stop-band minimization in SIS18.

change of the number of particles 𝑁 is normalized by the
maximum amount of particles (after the injection).

Figure 4 displays the location of the upper edge of the
half-integer stop band against the strength of the correc-
tor loop for two probed intensities (both corresponding to
Δ𝑄𝑦

KV ≃ 0.01), denoted by black dots and red squares, the
error bars indicate the precision of the bare-tune measure-
ments (without a systematic error). The minimum distance
between the upper edge and the half-integer occurs when
SIS18 is in its optimal configuration. To determine the opti-
mal value of the corrector-loop strength, interpolation by the
upper branch of the hyperbola is performed, and both curves
show a similar behavior. Though the reduction of the stop
band (at Δ𝑄𝑦

KV ≃ 0.01) is only ≤ 0.01, this correction can
play a supporting role to achieve the high FAIR intensities.
The upper edge is systematically higher in the case of the
red curve due to additional particle losses associated with
measured initial larger transverse beam sizes.

Upper Edge from Beam-Size Measurements
The second experimental setup, a static tune scan, is used

to isolate the effects that lead to particle losses. In this setup,
the change of 𝑄𝑦 (shown in Fig. 5 with the red curve on the
left) lasts only ≃ 0.016 s. Next, it stays at a lower point on a
so-called “tune plateau” for ≃ 0.1 s (here, the probed tune
𝑄𝑦 = 3.51). Finally, 𝑄𝑦 returns to the initial location. Unlike
the dynamic tune scan, this approach requires several SIS18
cycles for probing different values of the vertical bare tune.
This is necessary to ensure the same space-charge conditions
for all probed values of 𝑄𝑦. In this setup, the growth of
the vertical beam size at a probed 𝑄𝑦 is measured using
the Ionization Profile Monitor (IPM) [13]. The example of
the beam size measurements during the static tune scan is
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Figure 5: SIS18 static-scan cycle and vertical beam profiles
during it (right).
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Figure 6: Results of beam size measurements, the strength
of the corrector loop is zero.

illustrated in Fig. 5 on the right. Black dots and red squares
represent the IPM output before and after the tune plateau
correspondingly. Transverse profiles are fitted with Gaussian
distribution taking the change of the bunch intensity into
account. To eliminate the influence of lattice functions we
define vertical beam-size growth as Δ𝜎/𝜎 = (𝜎0 − 𝜎1)/𝜎0,
where 𝜎0 is measured before the tune descent, and 𝜎1 after
the tune ascent. Figure 6 demonstrates the response of the
vertical beam-size growth to the vertical bare tune 𝑄𝑦 for
various values of space charge (due to an upstream intensity
variation in UNILAC). Black dots, red upward triangles,
blue squares, and orange downward triangles correspond
to the values of vertical beam-size growth Δ𝜎/𝜎 obtained
with increasing space charge. However, more data points for
different 𝑄𝑦 (for all probed intensities) are required to acquire
a desirable resolution for the upper-edge identification.

CONCLUSIONS
The simulation study for Gaussian bunches over long-

term time scales (several synchrotron oscillation periods)
resulted in a key insight of practical relevance to existing and
future synchrotrons. Even a relatively small gradient error
(resulting in a zero-space-charge stop-band width of just
≃ 10−3) can considerably reduce the maximally achievable
bunch intensity (in the SIS100 example by a factor ≃ 2). We
note that this effect, whilst absent in classical discussions
of the space-charge limit, must be taken into account under
realistic synchrotron operation conditions (bunched beam,
long storage time). Two approaches are proposed for the
experimental verification of the scheme for the half-integer
stop-band characterization in SIS18 for separate applications:
The dynamic scan for optimization (time-efficient), the static
scan for the space-charge-limit estimations (accurate).
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