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The duality symmetries of string/M-theory are discrete (gauge) symmetries that do not

preserve the distinction between metric and non-metric degrees of freedom [2]. Indeed, the



dualities indicate that the degrees of freedom of the theory can be repackaged in many dif-
ferent ways which lead to superficially different descriptions of the same underlying physics.
The perspective advocated in this paper is predicated on the idea that a fundamental for-
mulation of string/M-theory theory should exist in which the T- and U-duality symmetries
are manifest (see [3, 4] for earlier statements of this idea).

A key feature of such a description is expected to be a Stringy Relativity Princi-
ple, in which the fact that the distinction between space and time is dependent on ones
frame of reference, is generalized to a principle in which the distinction between the metric
and other fields in the theory is dependent on ones perspective, or duality frame. Just
as the natural framework for relativity generalizes three-dimensional Newtonian space to
four-dimensional space-time, the natural framework for M-Theory would generalize (ten-
or eleven-dimensional) space-time into a higher-dimensional geometry in which auxiliary
dimensions would be related to non-metric degrees of freedom; just as the Lorenz trans-
formations act naturally on space-time, the duality symmetries of string- and M-theory
would be discrete geometric symmetries of this generalized space. If this perspective is
correct, then it is anticipated that there exist many string theory backgrounds that cannot
be understood in terms of conventional notions of space-time but would find a natural
formulation in terms of such a manifestly duality-covariant formalism. In particular, there
is evidence that many massive, gauged supergravities cannot be naturally embedded in
string theory without such a framework [5-8].

1.1 Doubled geometry

A realization of such a duality-covariant formalism has recently been constructed in the
form of a doubled geometry [1, 4], where the T-duality group is realized as a subgroup
of the action of large diffeomorphisms on a higher-dimensional ‘doubled geometry’. For
example, strict T-duality [9] identifies string theory on a circle S' of radius 7 with a string
theory on a circle St of radius (in appropriate units) as dual descriptions of the same
physics. In this case, the doubled geometry is the torus 7% = St x S and the conventional
space is recovered as the quotient S' = T2/ 51, whereas the dual space is recovered as
St =12 /S'. The doubled geometry T2 = S x S! encodes information on the space S and
its T-dual S! in a manifestly T-duality symmetric way. More generally, one can consider
a conventional n-dimensional torus fibration over a non-contractible, d-dimensional base
My with transition functions in SL(n;Z) - the mapping class group of the 7™ fibres. The
T-duality group here is O(n,n;Z) and the doubled space is then a (2n + d)-dimensional
‘doubled torus’ bundle 7

T:2n(_> T

!
My

with base M, 2n-dimensional fibres T?" ~ T" x TV”, where T™ is given by perform-
ing strict T-dualities along all n cycles of T, and the bundle has transition functions
in SL(n;Z) C O(n,n;Z). More generally, one could consider doubled torus bundles in



which the transition functions of the CFT in the fibres involve more general elements of
O(n,n;Z), possibly including strict T-dualities that exchange cycles of T™ and T". Such
generalizations include H-flux compactifications, where the transition function includes a
gauge transformation of the B-field (the NS two-form) and T-folds, where the transition
functions cannot be understood as a geometric action on the 7" fibres of the torus bundle.
In each contractible patch of the base, the T-fold is simply a conventional torus fibration
but the patches are glued together by transition functions which include strict T-dualities,
mixing metric and B-field degrees of freedom and, as such, the background is globally non-
geometric [4, 10, 11]. In particular, one can distinguish between the metric and B-field in a
contractible region of My, but the distinction cannot be made globally. There is therefore
no global description of such a background in terms of standard Riemannian geometry;
however, the doubled formalism gives a geometric description of the transition functions
as elements of the mapping class group of the fibre O(n,n;Z) C SL(2n;Z). Evidence for
the existence of such backgrounds has been produced and explicit CF'T constructions, de-
scribing interpolating orbifold limits of these backgrounds, have been constructed [12, 13].

If the base M, of the torus fibration is a circle, then the doubled torus bundle 7 is
a T?" bundle over S' and one may consider performing a (non-isometric) generalized T-
duality along the base circle [14]. There is evidence that such a non-isometric T-duality
is indeed possible and that the resulting description of the Physics is not even locally
geometric. Such locally non-geometric backgrounds are often called compactifications with
‘R-flux’ [5, 15]. For an R-flux background it is not possible to distinguish between metric
and B-field degrees of freedom even at a point and a description in terms of Riemannian
geometry breaks down even locally. The only picture we have of such R-flux backgrounds
is through the doubled formalism. In order to construct a geometric realization of such a
background one must introduce a dual coordinate, conjugate to the winding modes around
the base circle of 7, and the background may be thought of as a 7" bundle T with a base
circle S1, parameterised by this ‘winding coordinate’ [14, 16]

T T TN T
l < Generalised T-duality = l
St gt

The doubled torus bundles 7 and 7 are both (2n + 1)-dimensional twisted tori, manifolds
of the form G’/T”, where G’ is a (2n + 1)-dimensional group and I'' C G’ is a discrete sub-
group such that G’ /T” is compact. A more natural doubled geometry with which to describe
such locally non-geometric backgrounds is the (2n + 2)-dimensional twisted torus X = G/T
where G is a (2n + 2)-dimensional Lie group with I' C Gr a discrete subgroup, acting
from the left, such that G/T" is compact. The embedding of the doubled torus bundles 7°
and 7 in this (2n + 2)-dimensional geometry is highly non-trivial. One might generalise
this (2n + 2)-dimensional construction and consider backgrounds with a description as a
doubled geometry X which are not based on torus fibrations and which have no description
in terms of (2n+1)-dimensional doubled torus bundles 7 and T, but are based on a general
even-dimensional Lie group G. Progress in developing an approach in which U-duality may
appear more naturally also been made [17-20].



1.2 Non-geometric backgrounds and gauged supergravity

In this paper we shall be particularly interested in studying the lift of massive, gauged su-
pergravities to string theory and investigating the general features of a world-sheet sigma
model description of such theories introduced in [1]. Of particular interest are theories in
(D + d) space-time dimensions with a metric, two-form gauge field E, scalar field ® and
the Lagrangian

-/ . 1 R
L'D+d:e*<1> <R*1—d<I>/\>kd<I>—§H/\*H>+... (1.1)

where H = dB + ---. The +--- in the expressions for Lp4 and H denote other possible
fields such as Ramond-Ramond fields (in Type II theories) or internal gauge fields (in Type
I and Heterotic theories) and fermionic fields that are required to ensure supersymmetry.
We shall focus attention on the NS-sector given in (1.1) and not consider other fields ex-
plicitly since our primary concern is to study the interrelation between the metric, dilaton
and B-field on certain string backgrounds.

An example of the type of theory we shall be studying is the lower-dimensional gauged
supergravity related to the theory (1.1) by compactification on a D-dimensional manifold
of the form N = G/I', where G is a D-dimensional Lie group and I' C G is a discrete
sub-group, acting from the left, such that A is compact [6, 17, 21]. As mentioned above,
such geometries are often, if misleadingly, called twisted tori and we shall adopt this name
here. The twisted tori are paralleisable and admit a consistent truncation of the field
content of the higher-dimensional theory.! Supersymmetry is not explicitly broken by
the compactification and the d-dimensional effective theory will have sixteen supercharges,
if (1.1) is a Type I or Heterotic theory, or thirty-two supercharges if (1.1) is a Type II theory;
however, supersymmetry may be spontaneously broken for a given vacuum solution of the
d-dimensional theory. The (D + d)-dimensional geometry is then the bundle Y, where

N—Y

!
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We choose local coordinates on the fibre N to be 2%, where 4, j = 1,2, ..D and the base M,
has local coordinates z#, where y,v = D +1,... D 4+ d. The metric and B-field reduction
ansatze are [23]

dsptd = Gudz" ®dz" + g™ @U" B = By + Buym Av™ + %anum AV +w (1.2)
where ™ are related to the left-invariant one-forms P™ = P™;dx’ of the group G by
vt = P4 A™ (1.3)
where we have introduced the one-forms A™ = A™,dz" which have field strength

1
F™ =dA™ + 3 fap T A" N AP

!See [6, 21, 22] for further discussion on this issue.



where f,,P are structure constants for the group G. The left-invariant one-forms P™
satisfy the Maurer-Cartan equations

1
dP™ + 3 fap " P" ANPP =0

and are globally defined on both G' and N'. We also chose to introduce a flux for the H-field
such that w in (1.2) satisfies

1
dw = EKminm A P™ N PP (1.4)

Inserting the reduction ansatz (1.2) and (1.4) into (1.1) gives the action Sp1q = [y Lp4d =
Voly [ M, L4, where the Lagrangian for the lower-dimensional theory is given by [23]

1 1
Lg=¢? <R*1+*d¢/\d¢—§H/\*H+Z*DMMN/\DMMN
1
- 5MMNfM A *]—“N> — V1 (1.5)

The Lagrangian (1.5) has a 2D-dimensional gauge group? Gz and admits a natural rigid
action of the group O(D, D). The coset space O(D, D)/O(D) x O(D) is parameterised by
the symmetric 2D x 2D matrix of scalar fields M s, which satisfies the constraint

Mun :LMP(Mfl)PQLNQ (1.6)

where Ly is the constant O(D, D)-invariant metric, which is used to raise and lower the
indices M, N =1,...,2D. In terms of the metric and B-field on the internal space which
appear in the reduction ansatz (1.2), the matrix M,y and the one-forms AM = AM  dz#
may be written as

MMN _ 9mn — Bmpgquqn _ganpm AM — Amu
_gmpon gmn K Bum

The one-forms AM satisfy
AM = LMN M yp « AP (1.7)

and the scalar potential V' (¢, M) is given by
1 1
V=e? (EMMQMNTMPStMNPtQTS - ZMMQLNTLPStMNPtQTS>

where ty;yp are the structure constants of a 2D-dimensional Lie algebra for the gauge
group G. The kinetic term for the one-forms AM is given in the Lagrangian (1.5) in terms
of the two-form field strengths

1
FM = qAM — §tNPM.AN A AP

2The gauge group is denoted by Gr as it may be understood as the right action of the 2D-dimensional
group manifold G on itself.



and these one-forms are connections for the gauge group G. Finally, the three-form field
strength H is given by

1 1 m
H= dC(Q) — §ch where C(Q) = B(2) + §B(1)m NA (1.8)
and )¢ is the Chern-Simons term
1
Qes = Ly (AM AdAN — gthMAN AAP A AQ> (1.9)

which satisfies dQes = LyynFM A FN.

The theory (1.5) is invariant under rigid O(D, D) transformations, provided the struc-
ture constants are taken to transform as a tensor under O(D, D). The generators Zjs of
the non-abelian gauge symmetry Gr consist of Z,,, (m,n =1,2,... D) which generate the
right action Gg of G on the internal space N, and X™, which generate anti-symmetric
tensor transformations for the B-field components with one leg on the internal space N
and the other in the external space-time M, so that

Znm

is an O(D, D)-vector. The Lie algebra of the gauge symmetry Gr can be written as
[Za, 28] = tun” Zp (1.10)

and the structure constants satisfy the Jacobi identity [y, Nt P]QT = 0 which encodes the
Jacobi identity for G; fi,,7 fp]qt = 0 and the identity Kj,,; f|pq]t = 0 which comes from
d%w = 0. In this basis, the invariant metric of O(D, D) is off-diagonal

0 9"
L = mn 1.11
e (25) "
The non-vanishing structure constants are t,,,> = —fmnn?, the structure constants for
G, which encode the local structure of N and tynp = —Kpnp which is the constant H-

flux (1.4). The gauge algebra® is
(Zm, Zn) = — fron’ Zp + Knp X? (X™, Zp) = = fup" XP (X X" =0 (1.12)

If Kynp = 0, then the gauge group is simply the semi-direct product G = G x RP which is
the cotangent bundle G = T*G and the local structure of the internal geometry is recovered
from the doubled group by the standard bundle projection 7 : G — G. We shall review the
generalisation of this projection for more general G in section three.

In [6] it was shown that the true gauge group of (1.5) is in fact a generalisation of a Lie group and
that the algebra (1.12) is in fact the largest Lie sub-algebra of this more general symmetry group. Such
subtleties will not play an important role here and will not be considered further.



An important observation is that the Lagrangian (1.5) also describes theories which
have a more general gauge group, given by a Lie algebra of the form

[Zma Zn] = _fmanp + Kmanp [Xm, Zn] = _hnmep + Cnmpr
[X™ X" = Q™ XP + R™P 7, (1.13)

If we require that (1.1) describes a sub-sector of some supersymmetric theory then one must
consider how the additional fields (e.g Ramond-Ramond fields) transform under the gauge
symmetry and the requirement that the gauging preserves supersymmetry places additional
constraints on the allowed gauge groups. We will not consider these additional constraints
here, but such issues have been studied extensively, using the embedding tensor formalism.*

An issue of particular importance is whether or not these more general d-dimensional
gauged theories with Lie algebras of the form (1.13) can be lifted to a compactification of
a (D + d)-dimensional field theory, such as a supergravity, or string theory. It was argued
in [5, 6, 11] that, whilst many such gauged theories can be lifted to a flux compactification
of supergravity theory on a conventional manifold, there are many which cannot. In partic-
ular, there are many examples of gauged supergravities for which @Q,,"? # 0 which do not
have a higher dimensional supergravity origin but can only be understood as string theory
on a T-fold background [16]. As reviewed above, such T-fold backgrounds look locally like
a conventional Riemannian geometry, but are patched together globally by T-dualities.
Furthermore if R™ # (, so that the X™ do not close to form a sub-algebra, then the
string background is not even locally geometric. These issues will be reviewed in section
three and a more involved discussion may be found in [1].

In [1, 16] a description of such exotic internal backgrounds was given in terms of a 2D-
dimensional doubled geometry X in which the metric and B-field degrees of freedom in the
conventional D-dimensional internal background appear in a T-duality covariant way. This
doubled formalism is the natural framework to discuss such non-geometric backgrounds and
suggests a generalisation of T-duality beyond the isometric constructions of [9]. Evidence
for such a non-isometric T-duality was given in [14].

In this paper we shall study a particular example of a six-dimensional doubled twisted
torus X as a target space for the sigma model introduced in [1] in detail. We shall argue that
this sigma model provides a world-sheet description of the (D + d)-dimensional string the-
ory lift of examples of massive supergravities of the form (1.5). Section two introduces two
three-dimensional backgrounds which are related to each other by a fibre-wise T-duality;
a nilmanifold with constant H-flux and a ‘twisted” T-fold. In section three the doubled
formalism of [16] will be reviewed and in section four the three-dimensional backgrounds
studied in section two will be seen to emerge from two different polarisations of the doubled
geometry X. A third polarisation is also possible and we argue that it gives rise to what
might be called a T-fold with R-flux. In section five we show how the sigma model describ-
ing a closed world-sheet embedding into X’ gives the doubled torus sigma model of [4] as a
special case. Finally, in section six, the sigma model, describing the embedding of a world-

4See [7] and references contained therein.



sheet into X is generalised to one describing a target space which is a bundle of X over a base
M. Such sigma models form the basis of a world-sheet description of the field theory (1.5).

2 Nilmanifold with H-flux and its duals

Consider the background given by a particular three-dimensional nilmanifold with a con-
stant H-flux

ds® = dz? + dy? + (dz + nady)? H = mdx Ady A dz (2.1)

where m,n € Z. Compactification of the field theory (1.1) on this three-dimensional
nilmanifold with a constant H-flux gives the non-abelian gauge theory (1.5) characterised

by the non-vanishing structure constants

z
Loy, = —M lyy™ = —1

The nilmanifold is locally a group, GG, but globally is a twisted torus of the kind discussed in
the previous section and takes the form N’ = G/T', where I' C G, is a discrete (cocompact)
subgroup of G which acts from the left. The nilmanifold may be written in terms of

left-invariant one-forms on G as
07 =dx Y =dy 07 =dz + nzxdy
The local coordinates are identified under I as

(,y,2) ~(z+1Ly,z—ny)  (v,y,2) ~(zx,y+1,2) (2,9,2) ~(z,y,2 +1)

and we see that the left-invariant one-forms ¢™ are well-defined on A'. Dual to these
one-forms are the left-invariant vector fields
0 0 0 0
= — K, = — —nx— K

T Ox Y oy 0z T 0z

which generate G'r, the right action of G. These vector fields are globally defined on N, but
the explicit z-dependence in the metric (2.1) means that only Z, and Z, are Killing vector
fields. Note that G is a subgroup of a contraction of the full non-abelian gauge group G

(Zy, Zy| =nZ, —mX* (Zy, Z.] = mX" (Zy, Z,] = —mXY
[Zy, X?] = nX" 2, X7 = —nX®

where all other commutators vanish. If we define X™ = A\W™ and take the limit A — 0

the non-trivial commutators of the algebra are
Zas Z)) =nZ.  [Ze, Y] =nWY  [Z,,Y]=-nW"

so that the Z,,’s close to give a sub-algebra of this contracted algebra.

We can also consider the right-invariant one-forms

r* =dx rY =dy r* = dy + nydx



and the dual, right-invariant, vector fields
~ 0 0 ~ 0 ~ 0
K, =— —ny— K,=— K,=—
*or "o, Y oy F 0z
which generate G, the left action of G. The right-invariant forms are well-defined on the

group manifold G, but generally will not be well-defined on the twisted torus N. Under
the action of I', the right-invariant vector fields transform as

Ry o Ky -nBR. Ry Ry—nok. Koo R (2.9)
where o and [ are integers which parameterise I', so that only (K, K,, K, = I?Z) are
globally defined and of these only (K,, K, = K.) are Killing.

A sigma model, describing the embedding of the world-sheet ¥ into this background,
is given by

1 . .
SN:—%gijdxl/\dxj%—/ mdx A dy A dz
2 /s v

where V is a formal three-dimensional extension of the world-sheet such that 0V = X and
gi; is the left-invariant metric in (2.1). G, is a rigid symmetry of this sigma model.

2.1 T-duality and T-folds

The Buscher construction [9] gives a procedure to find a T-dual description of this nilman-
ifold with H-flux background provided that there exists an isometry which preserves the
dilaton® and H-field strength.% From (2.2) we see that the only globally-defined generator
of Gy is K. and it is not hard to show that K, does indeed preserve the H-field strength:

L.H=(t,d+de,)H=0

where ¢, denotes contraction with K ., and we see that it is possible to perform the T-
duality along the z-direction according to the Buscher prescription. The duality has the
effect of exchanging m and n so that the resulting T-dual model is also a nilmanifold with
constant H-flux, but where

ds? = da? + dy? + (dz + mady)? H = ndx Ady A dz

so that if m = n, the model is self-dual when the radius of the z-direction is at the self-dual
point. If we consider instead a cover of the nilmanifold, given by dropping the identification
in the z-coordinate z ~ x 4 1, then we find that the generator I~(y is well-defined on this
cover and we may then consider performing a T-duality along the y-direction. The H-field
strength is preserved by this vector field IN(y, i.e. L,H = 0 and the dual background is the
smooth geometry given by

1 9 nx

B=————sdyndz

1
ds? = daz? + ——— (dy — madz)? + —————d
s x“+ 5 (dy —madz) +1—|—(nx)2 z T+ (n2)?

1+ (nx)

®Throughout this paper we shall assume that the dilaton does not depend on the coordinates z' of the
internal space.
6See [24] for a generalisation of the Buscher construction.



We now consider the background given by imposing the identification z ~ x + 1. If m = 0,
then the background is the familiar three-dimensional T-fold [4]. Conversely, if n = 0 the
background is a nilmanifold, given by a 72 bundle over S!. For m and n both non-zero the
background is a more general class of T-fold and we might call this background a ‘twisted
T-fold’. We shall consider this background again from the doubled perspective in section
three. It is interesting to note that dualising along the z-direction simply has the effect of
exchanging the roles of m and n as seen above.

Defining the background tensor £ = g + B, the Buscher rules may be expressed
simply as a set of Zg subgroups of an O(3,3;Z) transformation, acting as a fractional-
linear transformation

J K

E—(M-E4+N)'(J E+K) (MN

) € 0(3,3,Z)
where - denotes matrix multiplication. A generic O(3,3;Z) matrix may be written as a
product of the matrices

A 0 106 10
(i) (i) o)

where A € GL(3;Z), and b and ( are antisymmetric 3 x 3 matrices with integer compo-
nents. An alternative parameterisation of the O(3,3;7Z) would be to use the set of matrices

(04,0, O,,) where
0, — (1 —€m  em )
em L—em

instead of the set (04, Oy, Og) above, where ey, is the diagonal 3 x 3 matrix with zero
along the diagonal, except for a 1 in the m’th position. The action of O,, is equivalent to
applying the Buscher rules using I~(m, where I~(m is Killing and preserves the H-field. For
the three-dimensional backgrounds considered here there is no isometry, even locally, in
the z-direction, so we cannot use the Buscher rules, even on a cover of the space; however,
in section three we shall perform a non-isometric or ‘generalised duality’ along the lines
of that of [14] and suggest another dual description of this background. This background,
related to the nilmanifold and T-fold described above by the conjectured non-isometric
T-duality, will be an example of the R-flux backgrounds discussed in the Introduction.

It was argued in [1] that an equivalent description of backgrounds such as the nilman-
ifold and T-fold backgrounds described above may be given in terms of a six-dimensional
doubled twisted torus

X =g/T

where G is the Lie group with Lie algebra (1.10) and I' C Gy, is a discrete (cocompact)
subgroup, which acts from the left, such that G/T" is compact. The algebra (1.10) fixes the
local structure of X and it is useful to introduce left-invariant one-forms P, dual to the
generators Z)s, which satisfy the Maurer-Cartan structure equations

1
dpM + 5thMPN AP =0 (2.3)

,10,



A conventional, D-dimensional, description of the background is recovered from the doubled
geometry by choosing a polarisation II which selects a set of D generators Xm=1mMz,,
Once a polarisation has been chosen, the types of string theory backgrounds that are
described by the doubled geometry fall into three categories [1]:

Type I: Riemannian geometry. If the generators X™ selected by the polarisation
generate a (maximally isotropic) subgroup Gr C Gr, and this sub-group preserves and is
preserved by I', then the quotient X'/ G is well-defined. Furthermore, this quotient X'/ Gr
provides a global description of the D-dimensional compactification geometry.

Type II: T-fold. If the generators Xm generate a sub-group G1, but this sub-group is
not preserved by I, then the quotient X'/ G is not well-defined and a global description
of the background in terms of a B-field on a D-dimensional Riemannian geometry is not
possible. Locally, X looks like G and the coset G/ G, is well-defined. Therefore, locally the
background is a conventional D-dimensional Riemannian geometry and can be recovered
locally as a patch of the coset G/ Gr. A global string theory description of the background
is given by gluing the local string theory descriptions in each geometric patch together by
the action of I" on the string theory in the individual patches. In this case, the transition
functions will include non-geometric transformations such as strict T-dualities. If the action
of I' is a symmetry of the string theory (such as a strict T-duality), then the background
is a T-fold and, though not a Riemannian geometry, is a candidate for a smooth string
theory background.

Type III: Locally non-geometric background. If the polarisation selects generators
X™ which do not close to form a sub-algebra, then we cannot recover a conventional
description of the background even locally. Examples include backgrounds with ‘R-flux’.

We shall return to these issues in section three. A full discussion with further examples
can be found in [1]. As described there (see also [8, 16]), different polarisations are related
by the action of O(D, D;Z) and give rise to different D-dimensional backgrounds. In
general, O(D, D;7Z) maps one background to another, physically inequivalent, background;
however, if the action of the O(D, D;Z) is a symmetry of the theory (for example T-duality
of tori, or the cases studied in this section), then the different polarisations relate different
descriptions of the same physics.

The doubled geometry X has a natural metric and three-form given by
1
ds* = MynP" @ PY K= gtMNpPM/\PN/\PP

and the action of O(D,D;Z) has a particularly particularly simple form on the dou-
bled fields

My — Op" MpgO© N PM — (0~HM PN tunp — torsO9y 0T O p

where O € O(D, D;Z). This linear action on the fields on X is much simpler that the
fractional-linear action of O(D, D;Z) on the fields E = g+ B and suggests a generalisation
of the Buscher rules to the non-isometric case [1, 14, 16].
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3 Doubled geometry

In this section we describe the backgrounds in section two from the perspective of the dou-
bled twisted torus X = G/I'. The six-dimensional doubled group G has (matrix) generators
Ty which satisfy the Lie algebra

[Tas, Tn] = tyn® Tp (3.1)

The indices M, N are lowered (raised) by Lasn (LMY), the invariant of O(D, D;7Z), given
by (1.11) and tynp = LMQtMNQ is totally antisymmetric. Note that L exchanges pairs
of indices, so that the non-vanishing structure constants for G, which may be written as

tiog =-—m€EZ tiog = —Mm€EZ (32)
encode the six non-trivial structure constants
t12% = tog? = te1° = —n tos* = t31° = t12° = —m (3.3)

The Lie algebra for G may be equivalently written as the Maurer-Cartan (2.3) equations
for a basis of left-invariant one-forms P = PMTy; = ¢g~'dg, where ¢ € G and, for the
structure constants (3.3), are

AP =0 dP? —nPAP?2 =0 dP° +nP AP —mPP AP =0

3.4
dP?2 =0 dP*—nP APS +mPPAPE=0 dPS + mP? AP =0 (34)

We can define local coordinates X! (I = 1,2,...6) on G and solve these Maurer-Cartan
equations to give local descriptions of the left-invariant one-forms PM = PM ;dX! in terms
of these coordinates

Pt =dx! P = dX* + mX2dX? 4+ nX?dXC + maXX2dX?
P2 = dx? PP = dX® — mXLdX? — nX1dX® + maXxIx2dx! (3.5)
PP =dx® + nX'dX? PO = dXC — mX?dx!

Using this basis we may then find explicit expressions for the left-invariant vector fields

Zy = (P~Y10;, which generate Gg, the right action of the doubled group and satisfy
the Lie algebra (1.10)

P P P P P
_ AV 2 ¥ - 1 2__ 1Y
=gz —mnE) e X ke 2= g ) e TR g
) , 9 )
2= gxs & gxa T gk
) I 0 , 9 )
21= 5x 25 = o Zo= 550 M gxa TR 56

These vector fields are dual to the left-invariant one-forms

(Zn, PN = o0
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where (97,dX”) = 6,7 is the natural, O(3,3;Z) and adjoint-invariant inner product be-
tween forms and vectors. Both the left-invariant one-forms and vector fields are invariant

under the action of Gy,.

One may also define a basis of right-invariant one-forms P =PMTy = dgg~', which
satisfy the Maurer-Cartan equations

4Bt = 0 0B 4 nPL AP —0 PP — P A PO B AP — 0
AP?2 =0 dP'+nP? APS —mP3 AP? =0 AP —mP2 AP =0

which are identical in form to those in (3.4), except that (m,n) is replaced by (—m, —n).
These Maurer-Cartan equations may be solved and written in terms of the same set of
local coordinates as

Pl — dx! P4 = dX4 + mX3dX? + nX0dX? + mnXIX2dX?2
P? = dx? PO = dX® — mX3dX! — nX0dX! + maX'X2dX!  (3.6)
P3 = dX3 + nX2dx! PO = dx6 — mxldx?

The right-invariant one-forms PM — PM X! are dual to the right-invariant vector fields
Zy = (Pfl)MI(?[ which generate Gy, the left action of G, where (Z,/, PN> = 6V, In the
coordinates given above, these vector fields may be written as

Z = % — nXQ% + (mX3 + nX6 — mnX%&%%
Zy = % + mxl% — (mX3 4+ nX® + mnX1X2)%
et f

and satisfy the commutation relations
(20, 2Zn] = —tun" Zp

3.1 Doubled twisted torus

The geometry we are interested in is not the non-compact group G, but the twisted torus
X =G/T', where I C Gy, is a discrete sub-group of G which acts from the left such that X
is compact. Such discrete groups are said to be cocompact. We can define the group I' by
its action on the coordinates of the group G given above. The identification

g~hg gegGhel
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imposes the identifications on the coordinates

X2, X3, x4, X5, XO0) (X!
Xl,X XS X4 X5 6

(xt )~ (X1, X2 X3 X2 XA X4 (X34 nXC —mnXTX?) —mnX?, XO)
( X0~ (XL X241, X3, XA (mX3 40X +mnX X)) —mnX!, X5, X6 4+ mX?)
(xx2, x3, x4 X5, X0~ (X, X2, X3 + 1, X4, X5, X9)
(xt x2, x3, x4 X5, X0~ (x!, X2, x3 x4 41, X5, X9)
(Xl,X X3, x4, X5, X6 ~v(xt X2, X3, x4 X5 4+ 1,X6)
(xh x2, x3, x4 X5, X0~ (xt, X2 x3, x4, X5, X6 4+ 1)

~

2

The left- and right-invariant one-forms and vector fields are globally well-defined on G. The
left-invariant one-forms PM and vector fields Z,; are invariant under the action of ' C G,
and are therefore remain well-defined on the twisted torus X’; however, the right-invariant
one-forms PM and vector fields Z; will in general not be preserved by the action of I and
will therefore not be well-defined on X'. In fact one can show that, under the action of I'
as defined on the coordinates above, the right-invariant vector fields change as

Z1 — Z, —nB23 — mBZg — mnBZs + (my +ny + mnaﬁ)gg,

Zy — Z9 —naZs — maZg — mnaZs + (my +ny — mnaﬁ)§4

2,;3 — 23 + mBZ~4 — magg,

Zy— Z4

25— 2

Z6 — Z6+nBZ4 — naZs (3.7)

where (o, 8,7, @, B, 7) are constant integers which parameterise the discrete group I'. We
see that the only maximally isotropic sub-groups, which are preserved by this identification
are those generated by:

(Z4, Z5, Z6) and (Z3, 24, Z5)

The existence of maximally isotropic sub-groups which are preserved by I is of great impor-
tance in recovering globally geometric backgrounds in various polarisations. A polarisation
that selects either of these two sub-groups will be associated to a conventional Riemannian
geometry or, using the categories described in section 2.1, a Type I background. The fact
that there are only two such sub-groups indicates that there are only two polarisations
which will give rise to a globally geometric space-time and it not hard to see that the two
sets of globally-defined generators are exchanged by a T- duality along the z-direction which
simply exchanges m and n, which in turn exchanges Zg with ZG, and therefore interchanges
the two sets of generators (24, Zs. 26) and (Zg, 24, 25)

3.1.1 Polarisations and the existence of space-time

The conventional description of the background is recovered by choosing a polarisation, as
mentioned briefly in section 2.1 and discussed in more detail in [1]. See [4] for a discussion
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of polarisations relating to the doubled torus construction. The polarisation, II, selects a
set of generators X™ and one-forms P

pr=1"yP" X" =1""2Zy  where I =T1"NL"M
And similarly for the right-invariant fields
ﬁm _ HmMﬁM j(v*m _ HmMgM

If the generators close to form a subalgebra [)? m. X " = fm"p)?p then, by Frobenius’ theo-
rem, the polarisation defines a three-dimensional sub-manifold G C G [1]. The integrability
condition for the existence of G is then

HmMHnNprtMNP — R —

It is useful (although not necessary) to define a complementary polarisation II such that
Qm = PM, Z,, =11,,M Z3; and similarly for the right-invariant fields. These polari-
sations may be combined into a polarisation tensor

~ HmM ~ ~ Pm
oMy =1 = that M._ oM M _
M (HmM > so tha P MP O

This in turn defines a local polarisation for the coordinates
mi = Hi]XI -i'z = ﬁi[XI

where we take z; = (Z,7, Z) to be local coordinates on the group G and 7t = (z,y,2) are
the coordinates on the coset G/G. A patch of this coset gives a local description of the
three-dimensional internal geometry.

3.2 Non-linear sigma-model for the doubled twisted torus
The action describing the embedding of a closed string world-sheet ¥ into the target space
X is [1]

1 1 =T
Sy = Z % dQU\/ﬁhO‘BHU(?aXI%XJ + E / d30',€a el K:IJKaa/Xlaﬁ’XJa’y’XK
P %4

4 d%ovVhoR(h) (3.8)
2r Jx
where V is an extension of the world-sheet, with coordinates ¢, such that 9V = X. We
shall choose a gauge in which the world-sheet metric h,z is flat and Lorentzian and so the
world-sheet Ricci scalar R(h) is zero and the world-sheet Hodge star is an almost product
structure *?> = +1. The target space metric H;; = H;;(X) and Wess-Zumino three-form
are given by
Hig = MunPY PN, Kk =tunpP" PN ;P i

so that the line element and three-form on the twisted torus X may be written as

1
ds% = MunPY 2PV K= EtMNpPM APN AP
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where P = g~ 'dg is the pull-back of the left-invariant one-forms (3.5) to ¥, where now
d = do“d, is a world-sheet derivative and the one-forms satisfy the world-sheet Maurer-
Cartan equations

1
apM 4 §tNPM'PN APP =0 (3.9)
M is the matrix given in (1.5) that parameterises the coset O(D, D)/O(D) x O(D)
and is independent of X! and tynyp = L MQthQ are the structure constants

for the Lie algebra (1.10). We can write the Wess-Zumino field strength as
Krik = tMNPPM[PNJPPK = tMNPﬁM[ﬁNJﬁPK, where P = dgg_1 is the pull-
back of the right-invariant one-forms (3.6) to . We see then that the sigma model has a
manifest, left-acting Gy, symmetry. The Wess-Zumino term K is invariant under Gy, x Gp,
but the kinetic term which includes the metric Hy;(X) is only invariant under G;,. We recall
that, on the twisted torus X = G/T", only that sub-group of G, which is preserved by I" will
have a well-defined action. In the following sections we will be particularly interested in
gauging sub-groups of this rigid G;, symmetry. Note also that the Wess-Zumino three-form
K satisfies dKC = 0 by virtue of the Jacobi identity 5, Nt p}QT = 0. An open string version

of this theory was considered in [25] and a related sigma model was investigated in [26].

3.2.1 The constraint

The sigma model (3.8) has double the required degrees of freedom, so we seek a constraint
to halve these degrees of freedom to leave the correct number. This constraint must be
compatible with the equations of motion of (3.8) and the Maurer-Cartan equations (3.9).
Under infinitesimal variations X! — X7 46X, the left-invariant one-forms change as PM —

PM 1+ §PM | where
oPM = PM q(6x!) + (8,PM )ox7dx!

The equations of motion of the action (3.8) are then given by
d* MynPYN + Myptyg? P9 A«PN + LyndPY =0 (3.10)

These equations of motion (3.10) and the Maurer-Cartan equations (3.9) are both
consistent with

d(PM — LMN Mpyp « PP =0
and so we shall impose the constraint [1, 4]
PM = LMN Myp « PP (3.11)
Any two of (3.9), (3.10) and (3.11) may be used to deduce the third.

3.2.2 The constraint from gauging

The conventional space-time is recovered locally from the doubled twisted torus as a patch
of the coset G/G 1, where G' C Gy, is a left acting sub-group that is also maximally isotropic.”

"The Lie-subalgebra is a maximally null subspace of the Lie algebra of G with respect to the metric
Ly of signature (D, D)
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A non-linear sigma model with target space G/ G is obtained by gauging the left-acting
G C G isometry sub-group of a non-linear sigma model for the target space G [1]. The

sigma model

1 1
Sg = — 7{ HyydXI A «dX) + — / KryedXE A dx? A dxE (3.12)
1 Js 12 /i
has rigid G;, symmetry, generated by the vector field
~ ~ 0
Zo = (PN, !
w = (P 5

We shall be interested in gauging the null subgroup G, which acts as G — gg for g € G.
G, is generated by the vector field X™ = II"™M Z,; so that

1 9

vm _ yymM -1

Suppose for now that R™™ = ™M I"NTIPPty v p = 0 then the Xm generate a sub-group
G, with Lie algebra
[Xm7Xn] _ _fmanp

Under the action of G, the embedding fields X! transform infinitesimally as
5XI _ &,m)}imxl _ HmM(ﬁ—l)MIEm

where the parameter now depends on the world-sheet coordinates, ¢ — &(7,0). We intro-
duce Lie algebra valued world-sheet one-forms C), = C},odo® which transform under the
gauge symmetry as

0C, = —depm — frmepCh (3.13)

and define the G 1-covariant derivatives
DX = ax! + X"C, X! = dX! + (P~ 1),/ 1M™C,,

The kinetic term in (3.12) can be made gauge invariant simply by minimal coupling giving

the gauge-invariant kinetic term
1 I J
SKin = 1 Hr DX N xDX (3.14)
%

The gauging of the Wess-Zumino term is achieved following the general prescription
of [27], as described in [1]. Under an infinitesimal gauge transformation, the Wess-Zumino

1 1
5ESWZ = 5/‘/(55](: = 5%&]@3’6

where ¢, is the contraction with the vector field ¢ = 6m)~(m and can be written as

term changes by

e = e IIMM (7571) I L1, where ¢y is a contraction with the vector field d;. We have used
the fact that dC = 0 so that 0. = (ted + diz)K = d(eeK). One can show that

emdP™ = 1.k where P =1, PM
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where we note that the P™ are globally-defined when the X™ are globally defined, as the
two are dual to each other. The variation of the Wess-Zumino term may then be written

1 ~
0cSwy = ——j{ de,,, N P™
2Js
This variation can be canceled by adding the term
1 ~
S, = ——7{ Cpy A P (3.15)
2 /s
where Cy, is the one-form transforming as (3.13). It is not difficult to show that
5. P™ = L P™ = e, f™ PP + ["™de,
where the constant L™" is given by
and we have assumed R = 0, so that
1 ~ 1
0:5:. = = 7{ dey, AN P™ + —Lm”% Cm Ndey,
2 2 .
The first term in d.S. cancels the variation of the Wess-Zumino term J.Sy, so that

1
66(SWZ + Sc) = §Lmn% Cin Ndey
Y

Since we require that the polarisation II"™M is null with respect to Lysy, the coefficient
L™ vanishes and Sy, + S. is gauge invariant. The full gauged non-linear sigma model on
G is then

1 1 ~ 1
S === DX A DXJ——}{C A P™ —//c dX? A dX7 A dxE
/G 47{27'&1 * 5 . Cm 15 | KK

We stress the fact that the gauging requires that P™ is globally defined and the gauge
group G C G is null with respect to Lasn. We shall see explicit examples of such
gaugings in the following sections.

It is useful to define the ‘G-twisted’ one-forms C = g~ 'Cyg so that Con AP™ = LynCM A
PN I G preserves and is preserved by I', then the sigma model on X', which is also given
by (3.12), may be gauged and is given by

SX/@’ = iéMMNPM A «PN +%£}CM AENY;
+l% MMNCM/\*CN—FL/ tMNpPM/\PN/\PP (3.16)
4 Js 12 Jy
where
Iu = MyunPY = Lyy PV

Note that the constraint (3.11) may be written as Jyr = 0. More generally, I' will not
preserve G1, and we can only gauge the sigma model on a cover of X.

The conventional un-doubled theory is recovered by integrating out the gauge fields
Cin, which appear quadratically as auxiliary fields. Integrating out C,,, generates a shift in

the dilaton as studied in [1, 28]. Simple examples where given in [1] and further examples
will be studied in the following section.
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4 Polarisations and T-duality

Once a polarisation has been chosen it is then possible to recover a conventional description
of the background if one exists. The action of the discrete group O(3,3;7Z) on the doubled
target space X changes the polarisation and will, in general, map one sigma model to an
inequivalent sigma model on a different background. There are circumstances in which the
two models are inequivalent descriptions of the same physics but, as argued in [32], this is
generally not the case. In this section we consider the T-dualities discussed in section two
from the perspective of the sigma model describing the embedding of a world-sheet into
the doubled twisted torus X.

The Maurer-Cartan equations (3.4) are symmetric under the simultaneous exchange
z « zZ and m < n, so that a dualisation along the z-direction gives a dual background with
the same local structure as the original, except with the roles of m and n exchanged. The
global structure will of course be different as the radii of the circles along the z direction
will be inverted by the duality. Performing a generalised T-duality of the kind conjectured
in [14] along the x-direction will also be considered. The results of this section are given
in the table below:

T-fold Nilmanifold with H-Flux
Y— Yz — H = —
Jazt=m @a*"=n «— Dualise along y-direction— | =~ Y% mn Jay®=n
T T T T
Dualise along z-direction Dualise along z-direction
T T
Dualise along x-direction Dualise along x-direction
| !
T-Fold with R-Flux | T-Fold
Ty TYZ T __ 2T
Q:"=m i " | Dualise along y-direction— Jy=m @ =n
T T T T
Dualise along z-direction Dualise along z-direction

The effect of the O(3,3;Z) action is to change the subgroup G C Gr, which is used
to recover a local description of the internal space as a patch of G/ Gpr. The complement
of the physical space in the double then plays the role of an auxiliary space. In all of the
following examples, the coordinates on the physical internal space will be ' = (z,v, 2) and
the coordinates on the auxiliary space will be #; = (Z,9, 2). The labeling of coordinates
will therefore depend on the polarisation chosen.

4.1 Nilmanifold with H-flux

The nilmanifold background considered in section two is recovered from the doubled twisted

torus by choosing the polarisation projectors

100 000
010 000
- 001 - 000
000 100
000 010
000 001
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so that

r=1"X=X! y=1vX =x% =11"X =x3 1)
F=T,X =Xt §=T,X =X 7=TIL,X =x° '

The structure constants which fix the local structure of the doubled geometry in this
polarisation are

LML ptayn” = fo? = -0 ILMILNTLptayn” = Hyyo = —m (4.2)
The left-invariant one-forms are
P? =dzx Q. = dZ + mydz + nydz + mnaxydy
PY =dy Qy = dy — madz — naxdz + mnaydz
P?=dz+nzdy Q,=dzZ— mydx

and the algebra generated by the right-invariant vector fields is

Z,,Z.) = —mX® [Zy, Z,) = mXY [Zy, X?] = —nXY

Zey Z,)) = —nZ, —mX* [Z,,X*] =nX®
from which one can see that the Z,,’s do not close to form a sub-algebra. It is therefore not
possible to gauge the transformations generated by the Z,,’s in the sigma model (3.8), but
it is possible to gauge the left-acting subgroup generated by the X™’s. These generators
are well-defined on the group manifold G but, under the action of I', they transform as

X* > X* XY XY X?— X*+n8X" —naX¥
for integers «, 3, and so are not individually well-defined on X’; however, I' preserves the
set of generators X and so the group G C Gy, is preserved by I' and so we may also
gauge G, on the sigma model with target space X.
4.1.1 Gauging the kinetic term
The rigid action of the group G, = R3 leaves the space-time coordinates z' invariant but
acts on the auxiliary coordinates z; as

T—TH+E&, J— y+Ey Z—Z+E,

The one-forms P™ and (), are invariant under these transformations for constant param-
eters (€;,8y,€.) and Gy is a rigid symmetry of (3.8). If we now promote Gp to a local
transformation and allow these parameters to depend on the world-sheet coordinates then
the one-forms P™ are still invariant, as they do not depend on the Z;-coordinates, but the

Q. transform as
0Q, = dé, + nyde, 0Qy = déy, —nade, 0Q, = dé,

We can gauge the symmetry generated by the abelian sub-group Gr by introducing the
world-sheet one-forms C,,, = (Cy, Cy, C) which transform as

6Cy = —d&,  6C, = —d&,  6C. = —dé.
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The gauge-invariant (minimally coupled) one forms are then
pM M
where C = CMTy; = g 'Cyg, g € G and

C*=0 Cr = Cp +nyC,
=0 Cy=Cy—nxC, (4.3)
C*=0 C.=0C,

Since C™ = II"™;,CM = 0 the minimally-coupled kinetic term only involves the minimal
coupling Q,, — Q. + C;, and may be written in terms of the Lagrangian

LKin = iPm A xP* + iP?f A xPY 4+ iPZ A *xP* 4+ i(QgC +Co) AN #(Qr + Cy)
1 1
+Z(Qy +Cy) A *(Qy + Cy) + Z(Qz +C.) AN*(Q +Cz) (4.4)

4.1.2 Gauging the Wess-Zumino term

It is not hard to show that the Wess-Zumino term may be written as

1
Swzz—y{Pm/\Qm—F/me/\Py/\Pz
2 s 1%

and
SczljéLMNPMAchljépmAcm
2 /s 2 s
so that
Sc—l—SWZ:%%EPmA(Qm—i-Cm)—l—/vam/\Py/\Pz (4.5)

4.1.3 Integrating out the auxiliary fields
The action for the gauged sigma model (3.16) may be written as

Sy/a, = 72 Cicin+ Se + Sus

where Lkiy is given by (4.4) and S + Sy, is given by (4.5). Completing the square in C,,,
the action splits into two parts

SX/é'L - SN[xZ] + S)\[jlacm]

where

1
SNzijé(Pﬂf/\*P1+PyA*Py+PZ/\*PZ)+/umAPy/\PZ
5 \%4

is the action for the sigma model with target space given by the nilmanifold with constant

H-flux and 1
Sy = Zy{()\m/\*)\x+)\y/\*)\y+)\z/\*)\z)
by
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where
Ay =Cp + Qp — xP” Ay =Cy+Qy — *PY A =C,+Q, —*P* (4.6)

From (4.3) and (4.6) we see that the Jacobean between the C, and A, is trivial and
integrating out the (), gives a nilmanifold with constant H-flux, H = mdxz Ady A dz where
the action is

| 4 :
Sylz'] = —fggijdxz A xdz? + /dex ANdy Adz

2
where
1 0 0
gij = | 01+ (nz)? nx
0 nT 1

As shown in section two, this background has local isometries along the y- and z- directions
which preserve the H-field. Dualising along the z-direction simply exchanges m and n and
does not produce a background with a qualitatively different local structure, although the
radius of the z-circle will be inverted.

4.2 T-fold

As demonstrated in section 2.1, it is possible to dualise the nilmanifold background
along the y-direction by applying the Buscher rules fibre-wise, as the isometry in this
direction is abelian, giving the T-fold background found in section 2.1. The effect of the
dualisation on the doubled geometry is to exchange PY with Q,, y with y and Zy with
X¥. The T-fold polarisation is recovered from the doubled twisted torus by choosing the
polarisation projectors

100 000
000 010
- 001 T 000 (4.7)
000 100
010 000
000 001

so that locally we can identify the coordinates
r=T1"X =X! y=1X =%X° =11";X/ =X%3 48)
F=TyX' =x* g=I,X =x* z=T,X =x° '

The structure constants which determine the doubled geometry in this polarisation are
1f:[ac]\/Il_Ile_[ZPtMNP = Qa}yz =N 1f:[J:]V[I:IZNl_[yPtMNP - fa:zy =m (49)
The left-invariant one-forms are

P* =dx Qo = dz + mydz + nydZ + mnyzdy
PY =dy — mxdz — nxdZ + mneyde  Q, = dy
P?* =dz 4 nady Q. =dz —mydx
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and the Lie algebra generated by the right-invariant vector fields is

(XY, Z.] = —mX*® (Za, Z.) = mZy [Ze, X*| = =12,
[Zy, XY = —nZ, —mX* [XY,X?]=nX"

It is interesting to note that the above algebra is a Drinfel’d double [1], where both
sub-groups, G, (generated by Z m) and Gr (generated by X "), are Heisenberg groups. We
now consider the gauglng of the 81gma model in this polarisation. The polarisation selects
the generators (X*, XY, X?) = (Z4, Z4, Z¢) which close to generate the three-dimensional
non-abelian group Gpr. These generators are well-defined on the doubled group G but
under the action of I', the they transform as

)’Z:v N )’Z:v
XY — XY —naZ, —maX*® — mnazzy + (my + ny — mnafB) X®
X* = X* 4+ nBX® — naZvy (4.10)

for constant integers (a7, 8, %), and we see that the X™’s mix with the Z,,,’s mix together
and G, is not preserved by I' and so the generators X™ are not well-defined on the
doubled twisted torus X. However, if we take the cover, Cy, given by replacing S} with
R, (and simply continuing the fields on X in x) we see that the set of generators of GL
are preserved by the action of I

X¥ - X*
XV s K04 (my ) X
X? — X? +npX”® (4.11)

where I is the sub-group of I that does not impose the identification  ~ z + 1. We may
then gauge the subgroup G of the sigma model with target space Cx to give a sigma
model with target space Cx/GT,

4.2.1 Gauging the kinetic term

A more convenient parametrisation of the doubled group is given by the coordinate

redefinitions

/

F— i =i—mzj—mnziy®? -3 =Z4+maj (4.12)

so that the left-invariant forms on X may be written as

=dx @y = dT + nydzZ — mzdy
PY = dy — madz — nedz — mna?dy Qy =dy (4.13)
= dz + nady Q. =dzZ + mady

The subgroup Gr generated by X™ does not act on the coordinates (z,y,z) but acts on
the coordinates (Z, 7, Z) as

FoF-nEi+é, G—G+E  Fo i,



where (€;,&,,€,) are parameters of the sub-group Gp. Unlike the previous nilmanifold ex-
ample, the sub-group G/, is non-abelian with structure constant fzY? = n € Z. For constant
(€z,€y,€-) the left-invariant one-forms (4.13) are preserved by the action of G, but we are
interested in gauging this symmetry and if we let these parameters depend on the world-
sheet coordinates then the one-forms @, transform under the infinitesimal action of Gy as

0Qq = dé; — (nZ + mz)déy + nyde, 0Qy = dé, 0Q. = dé, + madé,

We can now appreciate the utility of the coordinate redefinitions (4.12) which are such that
the gauge parameters only appear in the infinitesimal variations of @), under a derivative as
dé,,. In order to minimally couple the kinetic term in (3.12) we introduce the world-sheet
one-forms C,,, = (Cy, Cy, C,) which transform under the local non-abelian G I, as

5Cy = —dé, —né,C. +né.C,  0C, = —d&,  6C, = —dé&,

As for the nilmanifold case, it is useful to define the G-twisted one-forms C = g~ 'Cyg, where

C*=0 Cy = Cyp — (nZ2+mz)Cy +nyC,
CY = —nx(C, + maCy) C, =C,
C* = nxCy C. =C,+mzC,

The gauge-invariant (minimally coupled) one-forms are then pM + cM , the components
of which are

P® 4+ C% =" Qz+Cp = Qz + Cp — (nZ+mz)Cy + nyC,
PY4+CY =0 —nz(Q.+C.) Qy+Cy=0Qy+Cy
P*+C* =0 + nx(Qy +Cy) Q. +C.=Q.+C,+mxCy

where it is useful to define
0* =dx 0 =dy — madz ¢ =dz (4.14)

which are the left-invariant one-forms of a Heisenberg group manifold. It is helpful to
write the minimally coupled left-invariant one forms as

PM M — Ny M
where @M = (0™, Qm + Cp,) and
0 0 O
1
V:<510> where =10 0 nx
3 0 —nz 0

The minimally-coupled kinetic term (3.14) is then written as

1 1 . .
SKin = Zj{ Spn (PM + My A (PN ) = 1 }{ WV 1 5 @M A k0
> >
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where we have taken My = oy and (VVt)MN = VMpépQVQN. The kinetic term may
then be given in terms of the Lagrangian Lgi, which is written in terms of the physical
space-time coordinates x* and the gauge-invariant one-forms Q,, + C,

1 1 1 1
LKin = Zﬂ YA Zﬁy YA Zgz NETAREE Z(Qw +Co) N #(Qr + Cy)

1+ (nz)?

2
PO 0, e an@y e+ Qe k. v )

—?fy Ax(Q.+C,) + n—;ﬁ A #(Qy + Cy) (4.15)

4.2.2 Gauging the Wess-Zumino term

The Wess-Zumino term for the doubled sigma model (3.12) can be written

1
Swz = 5/ (MP*ANP*ANQy —nP"NQyNQ>)
\%4
1
e
2 Js
where the ¢™ are given by (4.14). In this polarisation, the Lagrangian for S, (3.15) can be
written . )
L= 5LMN7>M AN = 5™ A Cr (4.16)
so that .
Lo+ Ly, = 56’” A (Qm + Cn) (4.17)

is manifestly gauge-invariant.

4.2.3 Integrating out the auxiliary fields
In the T-fold polarisation (4.7), the gauged sigma model (3.16) may be written in terms of
the Lagrangian on the two-dimensional world-sheet

LCX/GL = LKin + Ec + sz

where Lkiy, is given by (4.15) and L. + Ly, is given by (4.17). Completing the square in
Qm + Cm, the action then splits into two parts

S

/B X!, Cp] = Srla'] + Sa[z, i, Cinl

where

1 1 1 n
Sp=— b AT 4= (AR 40N ) — h — gy A g7
T 2?42 ¥ +2?i1+(nm)2( w0+ 5N E) ]ézl—i—(nm)Q

and
1 1
S)\:_%AmA*Aw+_f(1+(n‘r)2)(}\y/\*)\y+)\z/\*)\z)
4 » 4 %
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where

Az = Qz + Cy — (nZ2 4+ mz)Cy +nyC, — +L*

)\y = Qy + Cy — m(*gy — nx@z)

A =Q.+C. +maCy — 5 (+0* + nzt?) (4.18)

1+ (nz)

From the expressions (4.18), the Jacobean between the C), and A, is found to be trivial so
that integrating out the C), in the path integral just leads to a determinant factor which
can be absorbed into a shift of the dilaton

¢ — ¢ —In(1+ (nz)?)

We are then left with the action for a sigma model on CX/éL

. 1 . 1 . )
Srlz'] = —% gijda' A sdz? + 3 7{ Bjjdx" A da’
b b

2
where
) 1+ (nz)? 0 0 ) 0 0 0
9ij = T3 0 1 —max B;j = — 0 0 nx
1 1
+ (no) 0 —mx 1+ (mx)? + (no) 0 —nz 0

which has isometries in the y and z directions. This background is a conventional Rie-
mannian geometry which is compact in the y- and z-directions and non-compact in the
a-direction and is topologically T2 x S'. This is only a cover of the background we are
really interested in. To recover the T-fold background of section 2.1 we must impose the
identification x ~ z + 1. The background is now only a conventional Riemannian geom-
etry in patches and globally is the T-fold of section 2.1 as expected. Dualising along the
z-direction simply gives a background in which the roles of m and n are exchanged and
the radius of the compact z-direction is inverted.

4.3 T-fold with R-flux

We now consider an application of the proposed generalised (non-isometric) duality of [14].
This is achieved by acting with an element of O(3,3;7Z) on the doubled geometry, exchang-
ing the z- and Z-directions with respect to the T-fold polarisation and is equivalent to
choosing the polarisation

000 100
000 010
- 001 - 000
100 000
010 000
000 001
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so that

r=1"X'=x"  y=1YX =X° z =117 X! = X3 (419)
F=TX =X §=T,X =x? Z=T,X =Xx° '
The initial stages of the analysis of the background given by this choice of polarisation
proceed in much the same way as in the nilmanifold and T-fold examples studied above. For
example, the structure constants which determine the description of the doubled geometry

in this polarisation are
H:BMHyNHthMNP — R™? — _p H:vMﬁzNHyPtMNP _ szy —m
and the left-invariant one-forms on X are;
P? =dz +mydz + ngdzZ + mnigdy Q. =dx
PY =dy — madz — nzdZ + mnaydz Q, =dy (4.20)
P? =dz + nady Q, =dz — mydx
however, if we now consider the Lie algebra generated by the right-invariant vector fields
(XY,Z.] = —mZ, (X®, Z.| =mZ, [X* X?|=-nZ,
(X% XY = —nZ, —mX* [XY,X?]=nZ,
we see that this polarisation is of a qualitatively different type of background to the two
previous examples. Specifically, we see that the generators X" do not close to form a sub-
algebra and so this background corresponds to the Type III scenario discussed in section
two, where the obstruction to the closure of the X™ generators under the Lie bracket is
the R-flux R*™? = n. In such cases a conventional description of the background, in terms
of a three-dimensional Riemannian manifold, cannot be found even locally.
Without a subgroup G, generated by X™, it does not make sense to talk of gauging
the doubled sigma model (3.12) to recover a conventional sigma model on this background;
however, it is possible to recover a classical description of this background by eliminating the

dZ; dependence in the equations of motion as demonstrated in [1]. Taking My = durn,
the self-duality constraint (3.11) is

Qm:(smn*Pn

which relates the equations of motion (3.10) to the Maurer-Cartan equations (3.9). For
example, the condition d@Q, = 0 gives the x equation of motion d * P* = 0. We would like
to rewrite this equation of motion, and the equations of motion for y and z, in terms of
#; and da’ only by using the self-duality constraint to eliminate all d#;-dependence in the
equations of motion. It is useful to write the expressions (4.20), in matrix notation, as

AxQ=dx+BQ

where A and B are 3 x 3 matrices and Q is a 3-vector with components Q,,,. A is always
invertible, but B may not be (for example if m or n are zero). The @,, may be given by

1

Q=T ATBA B

(A"l s dx + A7'BAldx) (4.21)
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Wherever possible, we shall try to find local coordinates for the doubled group such that
A =1 and B is antisymmetric as the calculations then simplify considerably. In particular,
in such cases the expression for Q becomes

Q= %(*dx + Bdx) (4.22)

We do not consider the full problem here but instead consider two illustrative examples:
n = 0. If we set n =0, the left-invariant one-forms (4.20) become

P* =dz+mgdz PY=dy—midz P?=dz

Q. =dz Qy=dy Q. =dz — mydx
Using the reparametrisation

r—a =z —mzy y—y =y+miz (4.23)

these left-invariant one-forms become

P* =dx —mzdy PY=dy+mzdz P*=dz

Q. =dzx Qy=dy Q. =dz — mydx
so that the matrices A and B in (4.21) and (4.22) are given by

100 0 —mz0
A=1010 B=|mz 0 0
001 0 0 0

The coordinate reparametrisation (4.23) was chosen so that A = 1 and B is anti-symmetric.
Using these matrices in (4.22) gives the following expressions for Q

1

@z = 14 (mz)?

(xdz — mzdy) Qy = (xdy + mzdx) Q. = xdz

1+ (mz)?
The Maurer-Cartan equations
d@; =0 d@, =0 dQ. +mQy N Q. =0

then give the equations of motion

d <m(*dx - mzdy)> =0 d (
m(1 —mz)? de Ad m?z
A+ ma22 ™ YT T ey

which, in turn, may be derived from the world-sheet Lagrangian

m(*dy + mzdx)) =0

dxdz + (dz A *dz + dy A *dy) =0

mz sdz A dy

1
=—d d —
L 2z/\>x< z+2 15 (m2)

(14 (m2)?)

This is simply the Lagrangian for a world-sheet embedding into a T-fold given by a T2,

(dz A xdz + dy A xdy) +

with coordinates = and y, fibred over a base circle S} with a monodromy in O(2,2;7Z) that
includes strict T-dualities along the z- and y-directions.
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m = 0. Next we consider the complimentary example where m = 0. In this case the
left-invariant one-forms (4.20) become

P* =dx +nydz PY=dy —nazdz P?=dz+nzdy

Qe = dz Qy=dy Q. =dz
The reperametrisation
/ 1 ~~ / 1 ~~ / 1 ~ ~
x—>x:x—§nyz y—>y=y+§nza: z—>z:z—§nxy

can be used to ensure that A = 1 and B is antisymmetric. In terms of these new coordinates,
the left-invariant one-forms on X’ in this polarisation are

1 1 1 1 1 1
P* =dx+ §ng]d2 — §n§dg] PY =dy + §n2du~v - §m~ud§ P*=dz+ §nidg] - §y2dfv
Qy =dz Qy:dg Q. =dz
and the matrices A and B in (4.21) and (4.22) are given by

100 1 0 —nzZ ny
A=]1010 8:5 nz 0 —nzx
001 —nyg nx 0

with a little work, one can then find expressions for Q given in (4.21) and (4.22)

1 1 1

Q. =+ (gx e 4 gn(Edy + §dz) + pn(E = dy + 35 dz))
1 1 B 1 5, . o

Qy = HCE dy + §n(xdz + zdx) + 1" (92 * dz + gz * dz)
1 1 5 1 5, s

Q. = 7 Coxdz + gn(ydx—{—xdy) + Zn (2z x dx + Zy * dy)

where it is useful to define

Go=1+ 3(nd)? G =14 10 =1+ (n2)

1
T=1+ ZnQ(:E2+g2+22)

The equations of motion, which come from d@, = 0, dQ, = 0 and d@). = 0, are given by
the world-sheet action

1 . 1 . .
S = —f gijdml A xdx? + —f Bijdml A da?
2 s 2 )s

where one can define an effective metric and B-field for the classical background in this
polarisation

4¢, nPxy n’iz ) 0 —nZ ng
9i = 7 n?zy 4¢, nPyz Bl-j:ﬁ nZ 0 —ni
n’%z n*gz 4¢, -ng nx 0
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The strange appearance of the coordinates conjugate to winding modes in these effective
background fields may seem startling but, as commented on in [1, 14], it is not without
precedent. A similar phenomenon was observed in [29-31] where a non-trivial dependence
on the dual coordinates emerged from an analysis of world-sheet instanton effects. This
apparent connection between R-flux backgrounds, non-isometric T-duality and world-sheet
instanton effects is suggestive of a more general class of phenomena and is currently under
investigation.

The solution to the more general problem where m,n # 0 will be locally non-geometric
and is probably best described as a T-fold with R-flux.

5 Recovering the doubled torus bundle

In this section we make contact with the doubled torus formalism of [4] by showing how
a partial polarisation - a null polarisation which selects a sub-group G, of dimension less
than three - can be used to recover a five-dimensional doubled torus bundle 7 of the kind
reviewed in the Introduction. We introduce the polarisation II”,; and its complement

II,.5s such that
HmMPM:Px HxMPM:Qx
where

HxM:(moooo) ﬁxM:(ooomo)

and similarly for the coordinates II*;X! = z, II,;X! = #. The left-invariant one-forms
may then be written as

P* =dz Q. = di + mX2dX? 4+ nX2dX® + mnaX?dx?
P2 — dx2 PS5 = dX® — mzdX® — nedX® + mnaeX3dz
P3 = dX3 + nadX? PO = dX6 — mX3dz

In order to find a doubled torus bundle description, the U(1) symmetry generated by
X™ =017 LMN Zy = Z, must be gauged in the sigma model (3.8). The vector field

-9
0%

acts on T as & — & + &, and leaves all other coordinates invariant. From (3.7) we can

also see that this generator preserves and is preserved by I' and therefore is well defined

both on the doubled group G and on the doubled twisted torus X'. We expect to recover

a five-dimensional doubled torus bundle 7 as the quotient
T =2x/5"

where S! is the circle action generated by X®, Furthermore, since X® preserves and is pre-
served by I', the quotient X'/ 5! is well-defined and is a conventional Riemannian geometry.

As described in section three and also in [1, 28], we introduce world-sheet one-forms
C, which transform as 6C, = —dé, so that @, + C, is invariant under the U(1) gauge
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symmetry generated by X?. The kinetic term for the gauged sigma model may be written
in terms of the Lagrangian

1 1 1
EKin — ZP:B A *P* + Z(Qx + C:v) A *(Qm + Cm) + Z-/\/lABPI4 A *PB
It is useful to introduce the complement II4 ), of the partial polarisation such that
PA _ HAMPM (Mfl)AB — HAM(Mfl)MNHNB
where P4 = (P2, P3,P% P%) and Mg is a 4 x 4 matrix, parameterising the coset
0(2,2)/0(2) x O(2). The gauged Wess-Zumino term is
1 1 1
Se + Swy = +—j{ Px/\Cx——/ mPfAPQAP?’——/ nP* A P? A PO
2 Js 2 Jy 2 i

sz*‘ ANQe + Cy)

N | =

The action for the U

—

1)-gauged sigma model is then given by

S = 74 Cicin+ Se + Sy
b
Completing the square in (', the action splits into two parts
Syt [y, z, &, XA] = S7[z, XA 4 84[C, 7]

where

Srlz, X4 = %yﬁ

1
P% A «P% 4 - }’{ MapPA A «PB (5.1)
by 4 by

is the sigma model for a world-sheet embedding into a doubled torus bundle [4] and
1
S\[Cy, Z]) = 5}{ Az A * Xy where Ae = Cyp + Qp — *P”
2

Integrating out the C, gives the sigma model for a world-sheet embedding into a doubled
torus bundle 7 = G’/T” where G’ is the five-dimensional Lie group G/ 5; and IV is the
discrete subgroup of I" which does not act on Z. The five-dimensional Lie group G’ is a
sub-group of a contraction of the six-dimensional Lie group G. This particular contraction
is given by re-scaling the generator X® - )\/W\;x, taking the limit in which A — 0. The
sub-algebra of this contracted algebra that generates G’ is given by the generators Z, and
ZVA, where the ZVA are the vector fields dual to the P4 = HAMﬁM.

In order to describe this five-dimensional geometry as a 7% bundle over S, it is useful
to redefine the coordinate

X% — X 4+ maXx?

so that the left-invariant one-forms in (5.1) become

P* =dx
P? = dX>? PP = dX° — madX?® — nzdX® + mnaX3dz
P3 = dX3 + nadX? PO = dX6 + madX?
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This parameterisation of 7 is useful as these one-forms may then be written concisely as
PP =dz Pt = (M)A pdxP

In this parameterisation, it is clear that the five-dimensional geometry is a T bundle
over S' with monodromy e~». Choosing the nilmanifold with H-flux polarisation, the
monodromy of the fibre coordinates X4 ~ (e™N)45XP can be written as

A
G_N:OA‘Ob:<O(A01)T> (éi) (5.2)

=(or) = (00)

Whereas in the twisted T-fold polarisation the monodromy is

e_N:OA'Oﬁ:<§(A01)T) (;?) (5:3)

(20 =)

Dualising along the z direction simply has the effect of interchanging m and n in these

where

where

monodromy matrices. It is interesting to note that, instead of gauging U(1), generated
by X% and recovering the doubled torus bundle as 7 = X/S., we could have chosen
the polarisation

My =(010000) Ty =(000010)

and gauged the U(1), generated by XY = II¥MZ,; = Z;, which is well-defined on both
G and X. This gives a doubled torus bundle 7/ = X'/ :9%, where the T* fibres with coor-
dinates X4 = (X!, X3, X% XO) are fibred over the circle S; with coordinate y ~ y + 1 and
monodromy X4 ~ (e_N/)ABXVB. How does this second doubled torus bundle, 7/ = X/gé,
differ from the first, 7 = X'/S1? The monodromy for this second doubled torus bundle is
almost identical to (5.2) and (5.3) in the nilmanifold and T-fold polarisations respectively.
The only difference is the sign change (m,n) — (—m, —n). This is to be expected as the set
of left-invariant one-forms (3.5) which define the local structure of the doubled geometry

are invariant under the exchange (X!, X2, X* X% m,n) « (X2, X!, X5 X4 —m, —n), which

is equivalent to the exchange (II* ps, Izar, m, n) < (I1Y 77, Iyas, —m, —n) once a maximally
isotropic polarisation has been chosen.

6 Inclusion of fields on My,

So far we have considered the sigma model with a target space given by the 2D-dimensional
doubled twisted torus X. This only describes the physics of the D-dimensional internal
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space of the lift of the gauged supergravity (1.5) to (D + d)-dimensions. In the specific
examples we have considered, the scalar potential V' (¢, M) in (1.5) vanishes if m = n and
so solutions of the equations of motion for (1.5) can be found where the (D +d)-dimensional
space takes the form My x N; My is flat, A is any of the three-dimensional backgrounds
described in the last section, and the fields H and AM are both zero. In such limited
cases, where the fields AM and H do not play a role, the description of the doubled sigma
model with target space X is adequate; however, a description of more interesting solutions
to (1.5) requires us to describe the world-sheet embedding into the full (D + d)-dimensional
space. In particular, a more complete description of the lift of the gauged supergravity to
string theory must involve the fields on the d-dimensional base manifold My, including
the connection one-forms AM which describe the fibration of X over M. The doubled
world-sheet theory corresponding to the full gauged supergravity (1.5) may be thought of
as a sigma model whose target space is a (2D + d)-dimensional bundle )

X — )Y

!
My

with fibre given by the doubled twisted torus X and base M;. We choose local coordinates
XT = (z#,XT), where z* are coordinates on the base, as in section one and X! are doubled
coordinates on the fibre X. The connection for this bundle is A and we require that the
transition functions for the bundle take values in the generalised T-duality group O(Z).
It is not clear what O(Z) is for general X. We know that, when X = TP then O(Z) =
O(D, D;Z) and in [1] it was suggested that the natural suggestion for the general form of
O(Z) should be O(Z) = Aut(G;T", L), the group of automorphisms of G that preserve T’
and the O(D, D) metric Lysy. This gives the correct result when G = R?P | I' = Z2P so
that G/T' = T?P and Aut(G;T',L) = O(D, D;Z).

The sigma model whose target space is the fibre X’ is given by the action (3.8). If
we define

PM = pM 4 AM

then the action for the sigma model describing the embedding of ¥ into Y is

1 ~ ~ 1 ~ 1 ~ ~ ~
Sy:Zj{MMNPMA*PN+§/ LMNPM/\]-"N—i—E/ taunpPY APY APE + S[2]
b)) 14 |4

where the S[z] is the action for the sigma model on the base My, given by

1
Slz] = 3 %ngdzu A xdz” —i—/VH

The background fields appearing in Sy are all pull-backs of the fields appearing in the

gauged supergravity (1.5) to the world-sheet. Using the identity
1 ~ 1 ~ ~ ~ 1
—/LMNPM/\]:N-{——/tMNpPM/\PN/\PP——/QCS
2 Jy 12 Jy 2 Jy
1 1
= ——j{ LMNPM/\AN+—/ taunpPY APN AP
2 Js 12 Jy,
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where Qs is the pull-back of the Chern-Simons term (1.9) to the three-dimensional exten-

sion of the world-sheet V', the sigma-model action may be cast in a more convenient form

1 1 1
Sy = Z%ZMMNPM/\*PN—Fij{EPM/\*IM—i—E/VtMNPPM/\PN/\PP‘i‘SI[Z] (6.1)

where

1 1
S'[z] = 3 7{2 <g,w + gMMNAfYAf,V ) dzH A xdz” + 742 Cl) (6.2)

where Cy) is related to the three-form H by (1.8). It is useful to define
I = MyunAY = Lyn « AV (6.3)

6.1 Equations of motion and constraints

The equation of motion for the scalar fields X!, given by the action (6.1), is
d* MynPYN 4+ MyptargtPe A PN + LyndPN = —d x Ty + tapV P A KTy
which, upon application of the Maurer-Cartan equations (3.9) for PM, becomes
d My * PN + 5o + LunP™) + tag" PEA (Myp + PN — +Zp) =0
Consider the self-duality constraint
PM = LMN (Myp PP ++Ty) (6.4)

which is a generalisation of (3.11). Using this constraint and the Maurer-Cartan equa-
tions (3.9), it is not hard to show that the equations of motion may be written as

d (MMN *PN —|—*IM — LMNPN) =0

and so the constraint (6.4) is compatible with the equations of motion and the Maurer-
Cartan equations. Repeated application of the self-duality constraint requires that My;n
satisfies (1.6) and

Ty = —Lyn MM «Ip (6.5)

This latter condition is identically satisfied from the definition of Zp; in (6.3). Writing out
Ty in terms of the one-forms AM | the constraint (6.4) may also be written as

(PM +AM) = LMY Myp « (P7 + A7)

which is equivalent to the constraints (3.11) and (1.7).
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6.2 Choosing a polarisation and gauging the sigma model

Once we choose a polarisation, the fibre bundle connection decomposes as
07y AM, = A", Ty AM, = B, (6.6)
and we define the decomposition of Zy; to be
M7y = K™ ,MIy = Jpn (6.7)

where J,,, and K™ are functions of the fields A™, and B,,,,,. We see then that the polarisa-
tion not only selects which elements of Hy will be considered as metric degrees of freedom,
it also selects which elements of AM . are to be selected as the connection for the fibration
of the internal background over M. A similar construction was seen for the doubled torus
bundle in [4]. The explicit form of these functions may be found by choosing a polarisation
and substituting (6.6) into (6.3) which gives

Gmn K" = Bymdz! — By A", d2" — g A" d2F

The expression for J,, is more complicated and it is more useful to relate J,, to K™ by
the relation Zyy = —M v VY % Ip which explicitly gives

Jm = —9mn * K™ +anKn

As discussed in previous sections, the polarisation selects a sub-group G 1, of Gy, which can
be gauged to give a sigma model which describes the embedding of the world-sheet into (a
patch of) the quotient )/ Gp. Here we shall assume that the gauging can be done in each
fibre X’ (or an appropriate cover of X when the polarisation selects a T-fold for the internal
geometry as in section 4.2) and we will not be concerned here about the global structure of
how the internal background is fibred over M,;. The details of the global structure of this
quotient, where M; may contain non-contractible cycles, will be briefly commented on in
section 6.4. Introducing the world-sheet one-forms C,, = C,odoc® as in section 3.2.2, and
the G-twisted world-sheet one-forms C = g~!Cg, where g € G, the gauged sigma model
may be written as

! 1
Syjar = ZfiMMN(PM +CMy A (PN + V) + 57{2(PM+CM) ATy

1 1
+_]é LyunPY acy + —/ tunpPM APY APE 4+ §'[2]
2 Js 12 Jy

Introducing the current Sy; = Jar + Zps, which may be written as
SM :MMNﬁN —LMN*']/)\N
this gauged action may be given by
1 1 1
Sym == M/\N—%M/\I —/t M APN A PP
/G 47{ZMMN73 *PT + > Z73 Ly + 12 ), MNPP PEAP
1 1
+5 f{ CM A xSy + 1 7{ MunCM A sCN + 8'[2] (6.8)
% %

In particular, the gauging imposes the constraint Sy; = 0, which is equivalent to the
self-duality constraint (6.4).
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6.3 Recovering the flux compactification on a twisted torus

In this section we demonstrate how a sigma model for the flux compactification on a
D-dimensional twisted torus discussed in the Introduction (see also [6, 23]) may be re-
covered from the doubled sigma model (6.8) with target space ) by a judicious choice of
polarisation. This example is based on a doubled group G which may be thought of as a
generalisation of the six-dimensional doubled group considered in sections three and four.
We select a polarisation in which the only non-vanishing structure constants are

1:Im]‘/Ifian_[thMNp = fmnp 1f:[m]V[lf:[nNlf:[thMNp = Kmnp

The nilmanifold with constant H-flux is a particular example of such a polarisation for
such a doubled group. In this polarisation, the Maurer-Cartan equations (3.9) are

1 1
de+§fnmen/\Pp:0 de—fmanp/\Pn—§Kmnppn/\Pp:0
and the Wess-Zumino term may be written as
1 1
Swe == [ fap" Q@ NP" NPP — — [ Ky P AN P" N PP
4 )y 12 Jy
1 1
:—%Pm/\Qm+_/Kminm/\PnAPp
2 Js 6 Jv

We must also consider the term which includes a coupling to the directions along the base

of the fibration. In this polarisation, the term becomes

1 v 1 1
—%PM/\*IM —y{Pm/\*Jm+—7{Qm/\*Km
2 Jx 2 )y 2 )s

1

1 1
:——j{gman/\K"—i——j{anPm/\*K”—i——jéQm/\*Km
2 /s 2 /s 2 /s

and the term which couples to the constraint current Sy, is
9 - /\*M_§ Zm/\(_g on P 4 9" Qn — + P + )
The gauged sigma model (6.8) then gives

1 mn 1 m, n m m
Sy/éL = Zi}g (Cm+Qm) A *(Cn‘i’Qn)‘i’gfg(cm‘FQm) A *(_g ponP + K™ — P )

1 1
+Zjé(gm"_Bmpgquqn)Pm/\*Pn+E/ KypnpP™ N P" N\ PP
) Vv
1 1
+_% anPm/\*Kn—_%gmnpm/\Kn—FS,[Z]
2 Js, 2 Jx

Completing the square in Cp, + @y, the action splits into two distinct parts

S

y/éL [Z’X, C] = SY[Z?x] + S)\[C’ Zaj]
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where
1

1 1
SY:_%gman/\*Pn‘{'_%anPm/\Pn_%gman/\Kn__%gmnKm/\*Kn
2 P 2 P P 4 P

1
+5 / KpnpP™ AN P" A PP + 5'[2]
\%4

and 1
Sy=— % gmnAm N *Ap
4 /s

where

Am = Cim + Qm — gmn * P — B P + grin K"
= Cim + (Qm + Baym) — gmn * V" — Bpnt" (6.9)

The world-sheet one-forms v = v ,do®, given by
vy =P+ A",

are the pull-back of the one-forms (1.3) to the world-sheet. Recalling that the action
S'(z) is given by (6.2) where the two-form C(q) is given by (1.8), the action Sy may be
simplified further

1 1 1
Sy = gjgguydzﬂ A *dz”+§7{29mnum A *V"—i—?éz <B(2) + Bumdz" A Vm+§anVm A Vn)
1
+8 /V KonpP™ N P" N PP

The A, in Sy may be integrated out and give a shift in the dilaton contribution as
described in [1, 28]. Introducing coordinates X% = (z#,2%) on the (D + d)-dimensional
bundle, the full action in the bundle may be written in the more conventional form

1 [ -~ 1[5
S — §%GIJdXI/\*dX‘7+ 5]4 BzzdX* ndx?
by by

where the metric and B-field are given by (1.2) and the H-field strength is given by (1.4).
We see that the sigma model (6.8) correctly recovers a sigma model on the twisted torus
with constant H-flux described in [6, 23] and reviewed in the Introduction.

6.4 Global issues and generalised T-folds

In [4], a T-fold was defined to be a background which is locally a Riemannian geometry, but
is globally patched together using transition functions which include strict T-dualities. The
canonical example is of an n-dimensional torus fibration in which the transition functions
take values in the non-geometric elements of O(n,n;Z). The sigma model describing a
world-sheet embedding into the bundle ) studied in this section suggests a generalisation
of this T-fold construction, to what might be called a generalised T-fold. We define a
generalised T-fold to be a background which is patched together by transition functions
which may include generalised (possibly non-isometric) T-dualities, i.e. an element of O(Z).
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Bundles ), where M, has non-contractible cycles over which X is non-trivially fibred, may
provide examples of such generalised T-folds. In particular, if My = S' and the monodromy
of the theory in the fibres X" includes a non-geometric element of O(Z) which is not a strict
T-duality of the kind described by the Buscher rules, but is a generalised T-duality of
the kind conjectured in [14], then the fibration Y is a generalised T-fold. In this case
a generalised T-fold can be constructed if we can identify two backgrounds, related by
a generalised T-duality, which are also homotopic to each other. This is a particular
suggestion for such a background but more general constructions involving more general
M, may also be possible. It would be interesting to see if the K3 mirror-folds constructed
in [22, 33] can be understood in this way. The key issue in all such constructions is
to ensure that the background is patched together by transition functions which act as
true symmetries of the string theory, then these generalised T-folds will be candidates for
smooth string theory backgrounds. The crucial issue then is to identify the group O(Z)
in interesting examples and in particular, to determine whether or not it coincides with
Aut(G;T', L), as suggested in [1].
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