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ABSTRACT

In this work we model stationary neutron star envelopes accreting under various conditions and describe our new code for such
studies, which we plan to couple to a full thermal evolution code. We put special emphasis on the rp-process, resulting in the
synthesis of heavy elements, and study its dependence on the mass accretion rate and the chemical composition of the accreted
matter. We show that at M ~ 0.01 M4, mostly low mass (A < 24) elements are synthesized with a few heavier ones below
the “°Ca bottleneck. Once M is above >0.1Mgqq this bottleneck is surpassed and nuclei in the iron peak region (A ~ 56) are
abundantly produced. This synthesis of heavy elements reaches A ~ 70 at Mgqq and A ~ 90 at 5Mgqq. Their density profiles
of the energy generation rate are discussed, particularly at high density beyond the hydrogen exhaustion point. We explored the
efficiency of the rp-process under variations of the relative abundances of H and He. We find that when the rp-process is efficient,
the nucleosynthesis it generates is independent of the accreted abundance of CNO elements as these are directly and copiously
generated once the 3a-reaction is operating. Our results are of importance for the study of neutron stars mostly in systems in
which X-ray bursts are absent, but they are also relevant for describing the low density region of other systems, mostly below

10° g cm™3, in-between bursts.
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1 INTRODUCTION

Low-mass X-ray binaries (LMXBs) undergoing transient accretion
episodes represent an astonishingly good opportunity to test evolu-
tion models of neutron stars, constraining properties such as surface
gravity, specific heat, thermal conductivity, and neutrino emission, as
well as many details of the star’s upper layers (Wijnands, Degenaar
& Page 2017). This latter, low-density sector, commonly referred to
as the envelope, plays a crucial role in determining both the observed
luminosity from the surface (visible after the outburst phase or during
X-ray bursts) and inferring the core’s temperature during quiescence
(Shternin et al. 2007; Brown & Cumming 2009; Page & Reddy 2013;
Cumming et al. 2017; Degenaar et al. 2021).

Gravitational energy released during accretion as heat at the
surface is radiated away and has no impact on the internal temperature
of the neutron star. However, compression of the crustal matter
due to the increasing mass induces a series of nuclear reactions,
such as electron captures, neutron emissions, and pycnonuclear
fusions (Bisnovatyi-Kogan & Chechetkin 1979; Sato 1979; Haensel
& Zdunik 1990) that have been dubbed as ‘deep crustal heating’
by Brown, Bildsten & Rutledge (1998) (see however Gusakov &
Chugunov 2020, 2021; Potekhin, Gusakov & Chugunov 2023, for a
different approach). Most of the energy liberated by these processes,
~ 1 —2 MeV per accreted nucleon, is released in the inner crust
while a few electron capture reactions liberate a few tens of keV
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in the outer crust. Once accretion stops, the surface of the neutron
star is clearly visible and the star’s cooling can be, and has been,
directly observed. Detailed numerical modelling of this cooling phase
has revealed the presence of another energy source, acting at lower
densities and dubbed ‘shallow heating’ (Brown & Cumming 2009).
This source also releases up to a few MeVs of heat per accreted
nucleon and has been found to act at densities below 10° gcm™ in a
few cases (Degenaar et al. 2014; Ootes et al. 2016; Parikh et al. 2018)
while in most cases it is acting deeper, up to 10'° gcm™ (Turlione,
Aguilera & Pons 2015; Vats et al. 2018; Ootes et al. 2019; Parikh
et al. 2019; Page et al. 2022) and even up to 10'' g cm™3 (Turlione
et al. 2015; Degenaar et al. 2019).

In the case of the first observed accretion outburst of the source
MAXI J0556-332 the shallow heating may have been enormous
(Deibel et al. 2015; Parikh et al. 2017; Page et al. 2022), more than
10 MeV per nucleon; however, it has been proposed that during
this first outburst a giant ‘hyperburst’ occurred in which case the
shallow heating needed is then within the range deduced from the
other sources (Page et al. 2022).

The origin of this shallow heating has not yet been determined and
it cannot be excluded that various different sources may be at work in
different conditions as, e.g. accretion rate and/or state, star rotation
rate (i.e. spin), outburst fluence, etc. Various mechanisms have been
proposed such as, e.g. conversion of gravitational energy into waves
that deposit their energy much below the surface (Inogamov &
Sunyaev 1999; Inogamov & Sunyaev 2010), electron captures and
low-density pycnonuclear fusions (Chamel et al. 2020).

Among transient sources, there exist a couple of remarkable cases
whose luminosity, during the accretion outburst, is comparable to or
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even higher than the Eddington limit: XTE J1701-462 (Homan et al.
2006, 2007; Lin, Remillard & Homan 2009a) and MAXI J0556-332
(Homan et al. 2011; Cornelisse et al. 2012). Theoretical modelling
suggests burning in accreting neutron star envelopes becomes stable
at such high accretion rate (Fujimoto, Hanawa & Miyaji 1981;
Paczynski 1983; Bildsten 1998) and observationally stable burning
seems to begin even at a lower rate than predicted (Bildsten 1998;
Galloway & Keek 2021).

In the case of XTE J1701-462 no type I X-ray burst has been
observed while it was accreting at high rate, but three short ones were
observed at the end of its 20062007 outburst when the accretion rate
had dropped to about 10 per cent of the Eddington luminosity (Lin
et al. 2009b). The situation is similar for MAXI J0556-332 in which
case there is only one short type I burst observed, at the end of its
2020 outburst, when its accretion rate was also around 10 per cent of
the Eddington limit (Page et al. 2022).

According to numerical simulations, at accretion rates close to or
above the Eddington luminosity the envelope reaches steady state
H-burning via the rp-process (e.g. Schatz et al. 2001; Fisker et al.
2006; Heger, Cumming & Woosley 2007). In contrast to H-burning
processes at lower accretion rates, such as the pp and CNO cycles,
a reliable simulation of the rp-process demands the inclusion of
a large amount of nuclides and, consequently, of equations to be
simultaneously solved (Schatz et al. 1999; Fisker et al. 2006). He/C
burning in stationary state has been discussed in Brown (2000),
Stevens et al. (2014), and Mckinven et al. (2016).

Since this represents an important bottleneck for the simulation of
the star evolution during high-accretion outburst episodes, devising
a fast and accurate method for modelling this expensive, low-density
portion of the star becomes imperative. A first step towards such
scheme might be found in non-accreting systems, where only the core
is explicitly evolved while the envelopes are approximated as being
in steady-state and implemented as boundary conditions via 7, — Tog
relations, with T the effective temperature and 7} the boundary
temperature at the bottom of the envelope (Gudmundsson, Pethick
& Epstein 1983; Potekhin, Chabrier & Yakovlev 1997). While the
occurrence of type I bursts rules out the implementation of a similar
scheme at all times during outburst episodes, a limited version can be
devised exploiting the existence of inter-bursting periods and steady
states.

As a first step towards the construction of such Tj,—L,—M—Ty;
relations, L; being the luminosity at the bottom of the envelope and
M the mass accretion rate, the purpose of this paper is to present
our stationary code for envelopes and apply it to explore the impact
of changing physical parameters at high accretion rates. This, we
anticipate, serves as both an update of the results from previous
studies, a demonstration of the capabilities of our numerical code,
and a preparation for future work.

The paper is organized as follows. In Section 2 we review the
different time-scales operating in the envelope and introduce its
governing equations. Section 3 provides details on the numerical
setup, boundary conditions, and the network of reactions. In Section 4
the main results of this work are presented, and in Section 5 we
provide a brief summary and prospects for future work.

2 STATIONARY ACCRETING NEUTRON STAR
ENVELOPES

The envelope of a neutron star is defined as its outermost region
occupying the layers of density p < p, where p,, its boundary
density, is usually taken between 10%® and 10'® g cm™. As such,
it is very sensitive to temperature and composition, and the state
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of matter is expected to vary from an almost-ideal gas (p < 10*
gcm™ and T > 10° K) to a gas of degenerate electrons imbued
in a nuclide lattice (e.g. p > 10% g cm™ and T ~ 10% K). Due to
the high gravitational acceleration at the surface of neutron stars,
gs ~ GM/R*~ 10" cm s~2, the thickness of the envelope is very
small, dgpyetope & P/pgs ~ 10 m ~ 1073 R (considering P = P, ~
10% erg cm™ at p = p, ~ 10% g cm™ for a degenerate electron
gas) where M and R are the star mass and radius, respectively,
and G the gravitational constant. Assuming spherical symmetry for
the whole star, we can infer the envelope mass to be MEgnyelope
47 R dppyetope oy ~ 107°Mg &~ 107 M. Itis also common to describe
the depth within the envelope by the column density y through
dy = —pdr so that P = yg;.

The (time) evolution of the envelope is conditioned by the different
time-scales of several and simultaneous physical processes. Of
relevance for this paper are the following time-scales:

(i) The accretion time-scale T,.. = 8 M /M, expressing how much
time it takes to accrete or replace a layer of mass §M at a
mass accretion rate M. If hydrostatic equilibrium holds, we have
Tae = y/y = P/mg,, where y = 1t = M /4w R? is the local mass
accretion rate per unit area and P the pressure at the bottom
of the accreted layer. For instance, the complete replacement of
a typical neutron star envelope at Eddington accretion rate, i.e.
M ~ 10" gs=' (implying s ~ 10° gcm™2s~! for a 10km star),
takes Tyeep ~ 102 /(10° x 10'%) = 10° s ~ 12d.

(i1) The nuclear time-scale, denoting the characteristic time for
energy release by nuclear reactions. At high temperatures, around
and above 10% K, hydrogen burns into He by the hot CNO cycle.
Its specific energy generation rate is ecno = 4.6 X 10" Zeno erg
g~ 's~! (Wiescher et al. 2010) and it generates ~6.8 MeV per nucleon
or E;, = 6.4 x 10" erg g~'. We deduce the time to exhaust H as
Taue.cNo = En/ecno = 1400/ Zeno s which is about nineteen hours
at Zcno = 0.02. The column depth at which H is exhausted is easily
estimated as Yyue,cNO = 11 Thue,CNO-

At the Eddington rate, one obtains yn,c.cno & 1.4 X 108/ Zeno g
cm™2. The pressure at which this occurs is Poyc.cno = &5 Ynue.cNO» the
density, assuming a relativistic degenerate electron gas equation of
state, is Ppuc.cno A 100 g ecm ™,

In the case of the burning of He, the situation is more involved
(Bildsten 1998), but one can estimate the temperature and column
density at which it starts, through the triple-a reaction: Ty pe &
3.4 x 10%;/5 K and yyuene & 5 X 10711'1571/5 gcm~? (the weak de-
pendence on 1 is due to the high 7" dependence of the triple-« rate).
Then Tpye e & 5 X lOzrh;G/ 5. An important consequence of these
estimates is that helium burning starts at a depth y,c ye that is lower
than the one for H exhaustion, ypn,c cno, and will thus produce C,
O, or N in the presence of H allowing for the occurrence of the
rp-process.

(iii) The diffusion time-scale, zgiir = cp dénvelope K~', determining
how much time it takes for a thermal perturbation to dissipate if
energy is carried away by radiation and conduction (Henyey &
L’Ecuyer 1969). Here, cp is the heat capacity per unit volume and
K the thermal conductivity. At p, ~ 108 g cm™ and T}, ~ 10% K,
considering K, ~ 10'% erg cm™'s™'K~'and cp;, ~ 10'* erg cm™3
K~! (Page & Reddy 2013), we have 4, ~ 10* s ~ a few hours. At
pcenos» however, it is only g cno A~ 102 — 103 s & several minutes.

We thus see that under these conditions Tyue.cno > Taiff,.cNO
meaning that the heat released by nuclear reactions has ample time
to diffuse away while the reverse inequalities are associated with
thermonuclear instabilities (Taam & Picklum 1979; Taam 1980).
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For isolated neutron stars, it is frequently assumed that the
envelope temperature and luminosity are stationary since, at the linear
order, perturbations decay on a time-scale 74, short with respect to
the time-scales of interest (see for instance Henyey & L’Ecuyer
1969; Gudmundsson et al. 1983; Potekhin et al. 1997). Albeit useful,
this assumption breaks down in the accreting scenario since this
argument neglects the effects from perturbing heating sources. How-
ever, considering the success and limitations of previous works in
understanding certain characteristics of the envelope during accretion
periods applying stationary models (Schatz et al. 1999; Cumming
& Bildsten 2000; Narayan & Heyl 2003), as demonstrated by the
good agreement with fully time-dependent numerical simulations
(Fisker et al. 2006; Heger et al. 2007; Zamfir, Cumming & Niquette
2014), properly defined stationary states have a physical meaning we
can use to describe specific intervals of the neutron star evolution.
Consequently, as long as we restrain from resolving type I bursts,
stationary solutions to the envelope equations are useful either as
coupled with numerical codes following the thermal evolution of the
rest of the neutron star, or as initial conditions for numerical codes
simulating the evolution of the envelope itself, e.g. MESA (Paxton
etal. 2011, 2015; Meisel 2018) or KEPLER (Weaver, Zimmerman &
Woosley 1978; Tse et al. 2023).

2.1 Equations governing the envelope

A full description of a neutron star interior is obtained by solving
two sets of non-linear partial differential equations, the ones of
structure and thermal evolution, extensively discussed elsewhere
(e.g. Sugimoto & Nomoto 1975; Thorne 1977; Israel & Stewart
1979; Shapiro & Teukolsky 1983; Townsley & Bildsten 2004;
Lopez—Monsalvo & Andersson 2011; Lander & Andersson 2018).
In our stationary approximation, they reduce to non-linear ordinary
differential equations. Since pressure is a continuous variable with
prominent variations (e.g. P, ~ 10%° ergcm™> to P, ~ 10'* ergcm ™3
against R — rj, & dgpyelope ~ 10m), itis best to employ P instead of r
as the independent variable. Considering a non-zero redshifted mass
accretion rate M> # 0, the equation describing our system are

dr 1

= -, 1
dP gHGeA @
dM, dr

" — 4ty —, 2
ap T Pap @
ay; 4rr?pe® ™ d
= e 15 Re Vi € {1 Nosras) 3)
dT T
d7P = FVT, (C))

3kpgLPe® dr o
vy JbPS &y by

647TO'SBT4r2 dpP H
dL 2L dr
ar = ﬁ +47TVZPB6AE (Snuc + Egrav — gv) )]
where following Thorne (1977),

~12

glr, M) = S A = O (1 — 2600y 7112, ©)
H=p+54, G=1+%2 (7)

Here, (M,, T, k, L, pg) denote the gravitational mass, temperature,
opacity, luminosity, and rest-mass density; p is the total density,
i.e. = pp+ Internal energy times ¢?, while (Y;, R;) denote the
abundance and the total creation/annihilation rate of the i-th species
in the mixture. H is simply the (0,0) component of the stress—energy
tensor divided by ¢? and e® the (0,0) component of the metric, i.e.
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Table 1. List of nuclides in the network.

A z A VA A
H 1-2 K 35-39 Rb 74-85
He 34 Ca 3644 Sr 75-88
Li 6-7 Sc 3945 Y 78-89
Be 7,9 Ti 40-50 Zr 79-90
B 8,10,11 \ 43-51 Nb 82-90
C 11-13 Cr 44-54 Mo 83-90
N 12-15 Mn 47-55 Tc 86-90
(6] 13-18 Fe 48-58 Ru 87-91
F 17-19 Co 51-59 Rh 89-93
Ne 18-22 Ni 52-62 Pd 90-94
Na 20-23 Cu 56-63 Ag 94-98
Mg 21-26 Zn 57-68 Cd 95-99
Al 22-27 Ga 60-69 In 98-104
Si 24-30 Ge 61-74 Sn 99-105
P 26-31 As 65-75 Sb 106
S 27-34 Se 66-78 Tc 107
Cl 30-35 Br 70-79 - -
Ar 31-38 Kr 71-84 - -

the redshift factor. By &; we denote the specific energy generation
rate due to the j-th process, and osg denotes the Stefan—Boltzmann
constant. Finally, we denote g, = g(R, M) as the local surface
gravity with, naturally, M = M,_g. When applied to a thin envelope,
in equations (1) to (7) one could make the simplification r — R
and M, — M. A few more details concerning these equations are
described in Appendix A.

3 METHODOLOGY

3.1 Numerical implementation and boundary conditions

Considering the stiff character of equations (3) (Mueller 1986;
Hix & Meyer 2006), for the numerical solution of equations (1)-
(5) we employed the variable-order Bader—Deuflhard method as
implemented by Press et al. (1992). Equations are solved in the range
[P, Py], with P, the pressure associated with p, and P; with the
surface. At P; we impose M, ;, = M, r, = R, and the Schwarzschild
condition ®(R) = —A(R). Since we are only interested in modelling
the emission from the star surface, we parametrize luminosity as
L, = 47 R%*0gp Te‘}r with T the effective temperature. (Py, Ty) are
computed via the standard Eddington relations,

3 2

T = 1 (fx + g) T (8)
g 4

Px _ T58s 0SB T4 (9)
Ky 3¢ °

at optical depth 7, = 2/3. For models with Sun-like composition
at the surface, we adopt the abundances from Anders & Grevesse
(1989). Further details on the equation of state (EOS), opacity, and
thermal neutrinos can be found in Appendix B.

Our input parameters are thus 7. and M, and the integration
returns L, and 7j, the luminosity and temperature at P,. Actual
values of L, and 7}, are determined by the interplay between the
envelope structure, which we here calculate, and the evolution of
the neutron star interior. The latter is a complex issue being strongly
influenced, on long time-scales, by the neutrino emission in the core
balancing the heating from accretion. On short time-scale and of
critical importance for the temperature, and luminosity, at the base
of the envelope is an energy source known as ‘shallow heating’
(Brown & Cumming 2009), whose nature is still undetermined. We
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Figure 1. Distribution of abundances at 107 g em ™3 for M™® = Mgqq (left) and 5 Mgqq (right). For some selected isobars we indicate the most abundant nucleus.

leave to future work the study of this interplay and will here only
explore various settings by varying both T, and M.

For the mass accretion rate unit, we adopt Eddington’s one
considering a hydrogen mass fraction X = 0.71 and a 10 km radius
object, Mgqq = 1.1 x10'® g s~'. When quoting a mass accretion
rate we measure it ‘at infinity’, M*°, and the corresponding value
measured by an observer within the star will be M = e~ ®M>®. We
discuss the luminosity L, in either c.g.s. or MeV baryon™! units,
related via Q = m,Ly/M = ¢~ ®m, L /M>® = ¢~ 0%, with m,
the atomic mass unit. (An observer at infinity would measure a
luminosity L;° = %Ly

3.2 Network of nuclear reactions

Around and above Mgy, simple networks burning H and He (such
as those in Cumming & Bildsten 2000; Narayan & Heyl 2003) cease
to be useful since the rp-process requires hundreds of nuclides and
reactions in order to (i) obtain the correct &,,.; (ii) guarantee the
complete depletion of hydrogen at high densities (Taam, Woosley
& Lamb 1996; Rembges et al. 1997; Schatz et al. 1999) and (iii)
include the majority of isotopes in the valley of stability (Wallace
& Woosley 1981; Schatz et al. 2001). While the rp_298 network
from Fisker et al. (2006) satisfies (i) and (ii), it omits a considerable
amount of isotopes above A = 64 in the valley of stability. Therefore,
we extended this network up to 380 nuclides, sufficient to explore the
physics of stationary states below 5Mgqq (see the full list in Table 1).
All binding energies per baryon B;/A; were taken from NuDat3
(2022).

We included all (p, y) — (v, p), (@, 7) — (v, @), (o, p) — (p, @)
thermonuclear reactions, as well as those for the pp I-IV chains,
3a — '2C, carbon, and oxygen burning, adopting the recommended
versions of the fits from the JINA Reaclib Data base (2022, see also
Cyburt et al. 2010). Whenever necessary to refer to a specific version
of a rate, we use the assigned labels in the JINA Library, such as
rath or 1110 below. Corrections due to screening were accounted
for following Graboske et al. (1973), Alastuey & Jancovici (1978),
and Ttoh et al. (1979).!

'We adopted the implementation of screening from https://cococubed.com/
code_pages/burn.shtml.

For weak rates we employed the p, T-independent versions of
BT decays. This approximation is adequate since (i) at the range
of interest electron captures are less frequent than experimentally
constrained 81 decays and (ii) the coarse character of existing tables
compromises the accuracy of mass fractions profiles depending on
the employed interpolation scheme (Fuller, Fowler & Newman 1985;
Toki et al. 2013; Paxton et al. 2015). Regarding electron captures,
the importance of the A = 56 group motivated us to incorporate the
fits over *°Ni and 3Co, as detailed in Appendix C. For the neutrino
energy losses from these reactions, ¢,,, we consider the treatment from
Fowler, Caughlan & Zimmerman (1975) and Hix & Meyer (2006).

4 RESULTS

4.1 Envelopes at 1 and 5 times Eddington

One of the most robust networks for accreting neutron stars above
Mggq Was presented by Schatz et al. (1999). Therefore, as a solid
test for our numerical code, we first compare our results against
theirs for M™ = Mgqq and M*® = 5SMgaq, fixing p, = 107 gcm’3,
setting Solar composition at the surface and selecting appropriate
T.ir allowing us to obtain T; ~ 5.45 x 10% K for Mggq and 8 x 103
K for 5 Mgy, as suggested by their fig. 5.

The resulting distributions of abundances at p, are shown in the
left and right panels of Fig. 1, and the integrated reaction flows (see
equationA7) are plotted in Fig. 2. In general, we find a very good
agreement. For instance, at Mpqq our code reproduces the double-
peaked distribution, corresponding to '>C, °0, ?°Ne, and **Mg at
low A’s and the rp-synthesized ®Zn — %’Ga on the other side.
In the corresponding integrated reaction flow we also observe the
competition between the sawtooth path (illustrated by the lightblue-
coloured nuclides between Mg and 2°Si) and the 8 — 3p — B path
(as exemplified by the lightgreen-coloured nuclides between 3*Ar
and ¥Ca) among 7, = —1 nuclides, where 7, is the third projection
of the isospin, i.e. half the difference between a nuclide neutron
and proton numbers (Fisker et al. 2006). At 5Mgqd, We reproduce
local maxima in the distribution such as those at >*Mg, 28Si, ®Zn,
%Ge, and ">Se. The discrepancies between our results and those from
Schatz et al. (1999) can be explained as follows:

(i) Absence of low-charge nuclides. In our integrated flow we
obtain a strengthening in the "Be(p, ¥)®B/3« ratio. Since the distri-
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Figure 2. Space-integrated reaction flows for M> = Mggq and Mgqq, in units of the corresponding value of the 3« reaction. Solid lines: > 0.3; dashed lines:
between 0.3 and 0.01; dotted lines correspond to values between 0.01 and 0.005. Al 23-25 and Si 24-26 - coloured in lightblue - illustrate the ‘sawtooth’ path,
while those in green - e.g. Cl-34, Ar-35, K-36, Ca-37 and K-37 - correspond to the B — 3p — B path (see the main text for further details). Some 7, = —1

nuclides are coloured in blue.

bution of final abundances below A = 12 does not exhibit additional
peaks, we infer such strengthening is an artefact of our network since
we do not include ®Be, °B, *—!°C, and their connecting reactions with
the rest of the isotopes.

(ii) Different versions of thermonuclear reaction rates. For
instance, the ""Ne(87v,)"°F(p, «)'®O path in the integrated flow
occurs because the recent '*Ne(p, y)?*°Narecommended rate, 1110,
is up to 10° times smaller than the old rath version. Another source
of discrepancy is the absence of local maxima at A = 44 and A = 56
in the abundance distribution of ashes, which can be attributed to
the employed versions of *Ti(p, y)®V (nfis, 10! 107 times
larger below 108 K than 1aur and rath)and **Ni(p, y)*’Curates,
wien (v1), which has an important impact on the final abundance
of ®Ni, (see e.g. Forstner et al. 2001). Other thermonuclear rates we
identify as responsible for altering the integrated flow and having
some impact on the final abundances at Mgyq are 23Si(p, y)*P,
¥Ca(p, y)*Sc, and ®V(p, y)*°Cr.

(iii) Updated binding energies. Paths such as 2'Mg(p, y)*?Al
or ®Ge(p, y)®As are less favourable since their Q-value is now
negative, —0.892 and —0.090 MeV, respectively. The first blocking
inhibits the enhancement of Al via 2>Al (p, y) 2Si (8%v,) Al
and conditions the whole evolution to the competition between ' Na
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(B*v.) >'Ne and >'Na (p, y) Mg rates. Also, on one hand, the
second blocking only contributes to a small decreasing (enhancing)
of the final A = 64(65) abundances, while, on the other hand,
2Si(p, )*°P is now viable since Q =0.140 MeV and thus favours
the 2°P (p, v) 2'S (B*v.) ?’P path over »Si (87 v,) P Al (p, y) 2°Si
(p,y) 7P

(iv) Impact of weak rates. While the integrated flow and the
final abundances are not significantly different, we infer these rates
might enhance the available metals at lower densities, the synthesis
of additional A = 80-100 nuclides and the most abundant isotope
at each A. For instance, by employing the electron capture fits for
A = 56 isotopes we obtained a high(low) *°Fe(**Ni) abundance in
the Mgqq case since the rate for 87 -decay from *°Ni is hundred-to-
thousand times smaller than the electron capture rate.

We now describe the main features of these models as displayed
in Fig. 3 where we present the temperature profiles, mass fractions
of selected interesting nuclei, and details on the energy generation
due to nuclear reactions in the log,,p range 3-7. As discussed
in Appendix A (specifically, the discussion around equationA10),
nuclear reactions play a small role in the density range log,,0 < 3.0
and are thus of little interest for the present discussion. To facilitate
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Figure 3. Envelope models at M> = Mgqq (left panels) and SMgqq (right panels) as a function of p. The upper scales indicate the corresponding column
depth y and time spent by the accreted matter since it started its journey from the neutron star surface. Panels (a) and (a’): temperature; panels (b) and (b’):
mass fractions of selected light nuclei; panels (c) and (c’): mass fractions of selected heavy nuclei; panels (d) and (d’): specific energy generation of dominant
processes, as indicated, and with the upper thick line showing the total energy generation. Greek labels at the top of panels (d) and (d”) indicate specific positions
of events discussed in the text. Q; at the base are 32.59 and 25.54 keV per baryon for Mggq and 5Mgqq, respectively.

reference, all discussed events are noted at the top of panels (d) and
(d’) by Greek letters.

First, consider event « in panels (d) and (d’): the energy gener-
ation is dominated by the burning of the accreted carbon through
2C(p, y)3N(p, y)'*0, which takes only a few seconds. Exhaustion
of 2C is clearly seen in panels (c) and (c’). On longer time-
scales, up to event 8, the hot CNO is fully operating at an almost
constant rate, consequence of the '*O(8*v,)"*N and SO(B*v,)"’ N
decays with respective half-lives of 70 and 122s. Between events
6 and ¢ an enhancement of the rate of hot CNO takes place as
a consequence of the 3« reaction, which, due to log,,T ~ 8.5,
injects more '2C into the CNO cycle where carbon is then almost
immediately converted into 1“0 and 0. Inthe M = Mgaq envelope
this shows itself as an increase in the total CNO nuclei mass fraction
while in the M = 5Mgyq case temperature is so high that in spite
of this '2C injection CNO nuclei are consumed faster than they

are produced and their total mass fractions decreases. At event
¢, the 'H exhaustion point, the hot CNO cycle naturally shuts
off.

At densities in the range of 103> — 10*° gcm™3, event S, we see
a dramatic attempt at a CNO breakout: there is rapid consumption
of 190 from '°O(p, y)'"F, resulting in a significant decrease of the
total CNO nuclei mass fraction, seen in panels (b) and (b’). However,
this is then followed by the path '"F(p, y)'"¥*Ne(8+v.)"*F(p, «)'°0
which returns the escaped !’F back to the CNO nucleus 0O, having
the net effect of converting the available '°0 into O, leaving almost
unaltered the total mass fraction of CNO species and thus resulting
in an extension of the CNO cycle into a CNOFNe cycle. This can be
seen in the resulting evolutions of the >~1°0 and '7F mass fractions,
panels (c) and (c’), as well as at the local maximum in the ‘(«, p)’
energy generation curve (which includes the inverse reactions (p, o)
as well), panels (d) and (d’).

3
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Figure 4. Distribution of abundances at 107 g em™3 for M = Mgqq as in
the left panel of Fig.1 (continuous line) and a similar model in which the
abundances of all accreted nuclei above He are set to zero (dashed line). For
some selected isobars, red dots, we indicate the most abundant nucleus.

Once the initial '>C has been burnt, event o, energy generation
is dominated by the (p, y) proton captures, further dubbed as p-
captures, over nuclei in the A range 20-39, and at slightly higher
densities on nuclei with A > 40, as illustrated in panels (d) and (d’).
For nuclei with Z larger than 8, a-captures become very limited
by Coulomb repulsion so these processes become important only
at later stages, between events § and ¢, when the temperature has
significantly risen. The early occurrence of 20 < A < 39 p-captures
is a consequence of, mainly, two factors: first, some "“O(c, p)!'’F and
50(«, y)'”Ne CNO breakout reactions allow the buildup of '*~?*’Ne
and 2°~2'Na material. Next, p-captures over these nuclides can
proceed enhancing the amount of proton-rich isotopes whose half-
lives against 87 decays are typically shorter than 10s, facilitating the
occurrence of further (87 v,) —p—capture chains. In this regard, the
first stage of the rp-process starts operating. Due to the importance
of (p, y) and BT -decay reactions in the integrated flow, we explicitly
plot their respective contributions in panels (d) and (d’), considering
three different nuclide mass ranges. Note that, in contrast to the hot
CNO cycles, where just a few reactions can be identified as the source
of > 90 per cent of the total energy, the released energy in the rp-
process comes from the whole collection of reactions instead of just
a few ones.

Let us now consider the buildup of nuclei above A = 40. At Mgy,
the ®*Ti(B*v,)**Sc(p, a)*°Ca path slows down the buildup of **Ti,
but results in a tremendous enhancement of *°Ca, event y. Near
log,op = 5.0, sufficient “*Ti and temperature have been reached
as to allow ¥Ti(p, y)*V, allowing material to reach A > 43 via
subsequent p-captures and BT decays. Such bottleneck seems less
accentuated at 5 Mggq, where the “°Ca and **Ti buildups take place at
lower densities in comparison, log,,p = 4.5. This allows the reaction
flow toreach up to S6Ni below log,yp0 = 4.75at 5Mg4q, while we must
await until log,p ~ 5.25 at Mgy, events § and ¢ in the energetics
diagram.

At the next events, from ¢ to ¢, we see a third stage of the rp-
process, enhancing the abundance of proton-rich nuclides such as
%Ni, %Ge at Mggg and ?Kr at 5Mggq. The generated energy in
both scenarios reaches a global maximum, of 10'® erg ¢! s7! in
the first case and almost ten times larger in the second. Despite
this enhancement of A > 60 material, as well as the considerable
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contribution from the 3a-process, comparable with that from the
typical hot CNO, the released energy mostly comes from p-captures
over A < 40 material, as well as the subsequent 81 decays. At event
¢, log,yp = 6, the available hydrogen has significantly decreased
(X, ~ 070 =X ,_06 ~ 107'%) resulting in a sudden drop of all
proton capture reactions at this density in both models.

After this event, the fraction of proton-rich material begins to drop
as a consequence of 81 decays, which dominate the released energy
up to pp. This is illustrated through the examples of two nuclei far
away from the stability line, **Ge at Mgqq and 7>Kr at Mgy, in panels
(c) and (¢”). For 5Mgqq, hydrogen exhaustion led to the synthesis of
A > 70 material. The energy release is now dominated by 87 decays
of A < 60 isotopes towards the valley of stability at Mgqq and A < 40
at 5 Mgqq, with still a significant contribution from the 3« and (, y)
reaction families. Since the A = 20-60 abundances around p, are of
the same order of magnitude, ~ 10~ according to Fig. 1, the amount
of released energy is very similar at both accretion rates, and explains
the small T increase in both cases, log,,7 = 8.66 to 8.69 at Mrgqa
and from 8.83 to 8.85 at 5 M.

The above discussion shows that production of heavy elements is
predominantly done at the burning of helium, which generates the
12C via the 3a-process. To confirm this interpretation we compare in
Fig. 4 the resulting abundances of our Mgaa envelope with a similar
model, i.e. same M, T, M, and R, but only accreting 'H and “He
with mass fractions 0.7 and 0.3, respectively. One clearly sees that
the final abundances are essentially identical, differing around and
above A = 80 only as a consequence of the lack of metals in the
accreted composition. However, the similarity among A < 80 ashes
confirms all accreted CNO nuclei are consumed and the rp-process
is fed almost entirely by the '>C produced by “He burning.

In Table 2 we report the luminosity at infinity from the processes
illustrated in panels (d) and (d’) of Fig. 3, computed with equa-
tion(A11). As above, we infer the rp-process taking place between
A =40 and A = 60 represents the largest source of luminosity, in
agreement with both peaks in Fig. 3, and the contributions from
weak reactions near p,. Considering a redshift e® ~ 0.8 for these
envelopes, at Mgyq we see the (p, y) and (8+v,) contributions from
A > 20 amount to ~ 2.27 and ~ 3.74 MeV per nucleon respectively,
i.e. the luminosity from nuclear reactions is ~ 6 MeV per nucleon,
similar to what is usually obtained via CNO burning at lower
accretion rates. The scenario is slightly different at SMgqq: for the
same individual contributions we now have ~ 2.21 and ~ 4.02,
respectively, i.e. weak decays are slightly more energetic since we
have more metal abundances at 5Mgyq than at Mgy (e.g. Fig. 1).
However, the net released energy is still &~ 6 MeV per nucleon.

4.2 Variations on the accreted amount of H

The comparison of models at Mgyq carried out in Fig. 4 confirms
that hydrogen and helium abundances are the critical ingredients
in the synthesis of A > 40 metals via the rp-process. In order to
explore the actual impact of the mass fractions of 'H and “He in the
accreted matter composition, we performed a series of simulations
varying their individual mass fractions, Xy and Xay, respectively,
while retaining their sum Xy + X4y, constant and equal to its value
at Solar composition, &~ 0.98. For all models, we employed the same
M, R as in Section 4.1 but, instead of fixing T.¢, we required all our
models to have the same 7} in order to have a fair comparison on the
thermonuclear reaction rates.

The resulting abundances for Meqq at p, can be found in the left
panel of Fig. 5. In the Xy = 0.01 scenario, nuclei at A > 40 are not
produced at all, as shown by their distribution, with a peak around
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Figure 5. Distribution of abundances for different accreted fractions of hydrogen, denoted as Xy, and helium at the surface with Xye = 0.98 — Xy. Left panel:
M = Mgqq, right panel: M>® = 0.30Mgqq. Here, pp.7 = pp/107 g cm™ and T3 = T5/10% K. At Mgqq, Qp ranges from 0.58 (at X = 0.01) to 0.03 (at
X = 0.70) MeV per baryon. At 0.3Mgad, Op ranges from 1.0 (at Xy = 0.01) to 0.15 (at X = 0.70) MeV per baryon.

Table 2. Luminosities at infinity due to the processes in panels (d) and (d”)
of Fig. 3. These were computed employing equation(A11).

Process L (erg s’l) for
M = Mgqq M> = 5Mgqq
Hot CNO 1.57x10% 3.79%10%
3a 1.17 x10% 4.37x10%
(p.v), A>20 1.92x 1036 9.37x 103
(p,v), A>40 1.11x10% 5.55x103°
(p,v), A =60 2.63x10% 2.22x10%
(Btve), A >20 3.17x10% 1.71x10%7
(BTve), A =40 1.77x 103 1.13%x10%7
(BTve), A > 60 4.75%10% 4.11x10%
g0 =174 —— 0.01Mgqq, 3.00x10° K
01 pp=10"gcm™ === 0.10Mgq, 5.20x10° K
(X, Xomes) = (0.70,0.30) e 0.25Ma, 6.50x10° K
7.05x108 K
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Figure 6. Distribution of abundances for different accretion rates, in units of
MEqq. From 0.01 to 1.00, the corresponding Q, in MeV per baryon are 1.09,
0.15,0.20, 0.17, and 0.08.

A =56 (i.e. Xsop, ~ 1.2 x 1072), which is identical to the accreted
matter composition. Thus, the A > 40 abundances for the X ; = 0.01
scenario is a reflection of the Solar metallicity. Between Xy = 0.20
and 0.30 we see an ongoing rp-process as the abundance of A = 52

isobars becomes comparable and/or exceeds the abundance of A =
40. For 0.30 < X1z < 0.70, we see the progressive increment of
the fraction of accreted hydrogen allows to reach higher abundances
for A > 56 isotopes. As clearly shown in these curves, the accreted
hydrogen must exceeds 50 per cent of the total mass fraction in order
to synthesize A > 60 material.

At 0.3 Mg, right panel of Fig. 5, we find some similarities with
the Mgqgq case: 'H burning does not result in enhancement of A >
40 nuclides unless its mass fraction at the surface reaches ~ 0.30.
However, we also observe that as long as Xiy constitutes up to
50 per cent of the accreted material, at this relative small accretion
rate an rp-process takes place, synthesizing A ~ 60 nuclides (since
the A > 40 composition at 0.01 Mgy is the original composition of
the accreted matter, any excess above these values exhibits nuclei
produced by the rp-process).

4.3 rp-process at low-accretion rate

In this section we explore the efficiency of the rp-process as a function
of M at low accretion rates. For these models, we employed the same
surface gravity as in Section 4.1 and a simplified mixture of 0.70
per cent'H and 30 per cent*He, i.e. no metals at all since we have
shown these have no significant impact. The results are displayed in
Fig. 6, and for completeness in the discussion we also include the
previously addressed Mgaq case.

At 0.01 Mggq we observe the disappearance of 'H that has been
mostly converted into “He by the CNO cycle, and a strong abundance
of '2C as a results of the 3« reaction. Although synthesis beyond
A =20 is mostly negligible, we see some A = 40 material, as
expected due to the bottleneck role of “°Ca in the rp-process. At ten
times this rate, 0.1 Mgqq, We observe an enhancement of this material
reaching abundances up to 1073, about an order of magnitude below
the A ~ 20 material. However, the bottleneck of “’Ca is starting
to be bypassed as we observe the synthesis of A =52 and A = 56
nuclei, with abundances an order of magnitude below that of A = 40.
Between 0.1 and 0.25 Mgyq we finally see the complete bypass of this
bottleneck since material up to A = 60 is synthesized. As we move
from 0.25 to 0.35 to 1 times Mgqq, the families of isobars A = 60
to 70 are progressively synthesized since the temperatures for these
stationary envelopes are progressively higher.
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Figure 7. Envelope models at M> = 0.01 Mgqq (left panels) and 0.10Mgqq (right panels) as a function of p. The upper scales indicate the corresponding
column depth y and time spent by the accreted matter since it started its journey from the neutron star surface. Panels (a) and (a’): temperature; panels (b) and
(b’): mass fraction of selected nuclei; panels (c) and (c’): specific energy generation of dominant processes, as indicated, and with the upper thick line showing
the total energy generation. The corresponding values of Qj, for 0.01 and 0.10 Mggq are 1.09 and 0.15 MeV per baryon, respectively.

In Figs 7 and 8, we plot the corresponding envelope profiles. Due
to the absence of metals in the accreted material, in all four cases
the actual synthesis of nuclides occurs around and above log,,p ~ 5
and log,,T ~ 8, as conditions are suitable for the initiation of the 3o
reaction, and simultaneously the triggering of the hot CNO by the
produced '?C. The subsequent burning, however, naturally depends
on the accretion rate. For 0.01 Mgqq, left panels in Fig. 7, we have
the standard scenario of CNO cycles followed by («, p) reactions
(including the (p, a) contributions such as *N(p, «)'>C) and 3«
burning. Once hydrogen is exhausted, production of *He ceases and
the system is hot enough as to enhance the He-burning via 3c,
the predominant reaction as indicated in panel (c), resulting in '>C
being the most abundant species in the mixture. The enhancement of
20 < A < 39 material in this scenario is due the 3« and («, y) reac-
tions. This is also shown by the small amount of 7, = —1 nuclides
synthesized before the H-exhaustion point, occurring just below
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log,pp ~ 6.25, and the absence of strong % decay contributions
at high depths.

At ten times this rate, 0.1Mggq in the right-hand side panels
of Fig. 7, we see a moderate rp-process undergoing before the
H-exhaustion point, now located near log;,0 ~ 6. Energetics is
dominated by the hot CNO but there is some contribution from the
rp-process on nuclei A > 20 with abundant production of nuclei in
the A > 40 range seen in panel (b’). After H exhaustion the largest
contribution to energy comes from “He burning with (e, y), and
eventually (¢, p), reactions dominating over the 3«. As a result, the
population of A = 20 — 39 nuclei significantly grows. When density
approaches 107 g cm ™3, only B-decay reactions remain.

Finally, let us address the stationary envelopes with rates around
0.3 Mgqq,i.e.0.25 and 0.35 Mggq in Fig. 8. In contrast to the 0.10 Mgqq
model, the rp-process becomes very efficient with production of a
large amount of 40 < A < 60 nuclides occurring at log,,p between
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Figure 8. Same as Fig. 7, for M> = 0.25Mgqq (left panels) and 0.35Mgqq (right panels). The corresponding values of Q; for 0.25 and 0.35 Mgqq are 0.204

and 0.172 MeV per baryon, respectively.

~ 5 and 5.25, and then up to A > 60 material at higher densities.
Regarding the generation of energy, we see the (p, y) reactions and
their subsequent BT decays now liberate more energy than the 3a-
process, by between one to two orders of magnitude, around the
global maximum in both panels (c) and (c’). As a consequence of
this burning, we see 'H exhaustion takes place at a similar density
among the 0.1, 0.25, and 0.35Mggq models, i.e. log,yp ~6. After H
exhaustion the largest contribution to energy comes from “He burning
from the 3« with a significant contribution from the («, p), competing
with the beta-decays. As a result, the population of A =20 — 39
nuclei significantly grows. When density approaches 107 g cm~3,
only f-decay reactions remain.

We must emphasize that, at the accretion rates considered in this
section, our results at densities above ~ 10° g cm™ are likely purely
academic. Indeed, since burning will become unstable when the
accreted matter reaches densities ~ 10° g cm ™, the composition past
this point should be described by X-ray burst ashes. On the other
hand, our description of matter at lower densities corresponds to the
one in-between bursts.

4.4 Helium accreting envelopes

A completely different evolution is naturally expected when accreted
matter is strongly hydrogen deficient. We have tested three scenarios
with large amounts of *He at the surface, in order to determine how
large can a-nuclide abundances be as a consequence of accreting
and burning 4He rich material. Taking g, as that for a 1.4M, star,
employing two high accretion rates, 1 and 5 times Mgq, the proposed
scenarios are:

(i) Scenario A: Xy, = 1.

(ii) Scenario B:Xuiy, = 0.90, Xic =0.01, Xy =0.051,
Xi6g = 0.015, with a small admixture of Xz0y, = 0.004, and some
hydrogen X1y = 0.02,

(iii) Scenario C: Xy, = 0.90,
Xiso = 0.039 (without H and Ne).

Xie =0.011, Xy =0.05,

In the first scenario, we explore how much «-nuclides can be
synthesized by pure “He burning, provided the high accretion rates
guarantee sufficiently high temperature as to allow the operation of
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3a and («, y) reactions. In the second we keep a minimum amount
of hydrogen and metals, sufficient to guarantee both Xay,/4 > X1y
and the operation of the CNO cycles. The final scenario tests the
influence of such CNO isotopes in the synthesis of A > 20«-nuclides
provided abundant “He accretion. This should also serve as a direct
comparison with the first scenario. To guarantee a fair comparison
among the scenarios, compensating for their different 7., we have
fixed the base luminosity L, at 4 x 103 erg s~! for the Mgqq models
and at 2 x 10* erg s~! in the 5Mgyq ones, i.e. assuming a flux from
the interior proportional to the mass accretion rate. The resulting
T and a-nuclide mass fraction profiles can be seen in Fig. 9 and
the final abundances are presented in Fig. 10. For both accretion
rates we observe temperature profiles following close trajectories in
the p versus T plane. The same superposition is observed for *He
and '2C profiles above 10>7> g cm™> at Mggq and 10°° g cm™> at
5Mgqq, from where we infer the 3o — '?C rate governs this high-
density sector of the envelope due to the large fraction of accreted
helium.

At Mgqq, scenario A mass fractions for the rest of the species
are the smallest among the three scenarios. The opposite situation

RASTAI 3, 800-814 (2024)

occurs in scenario B, where the tiny amount of 'H enhances the
synthesis of >*Mg and Si, but no impact is observed over *’Ne.
If hydrogen is absent, but we accrete some metals, scenario C, we
still synthesize significant amounts of ’Ne, Mg, and even some
288i. Despite these differences at Mgqq, the three scenarios agree
on that '2C, followed by '°0, practically constitutes ~ 90 per cent
of the ashes, yielding similar abundances of A =24 and A = 28c-
nuclides as those obtained from accretion of Solar-like matter (e.g.
Section4.1).

At 5Mggq, due to higher temperatures, the nuclear burning is very
different. At densities around 10° g cm™> we see the disappearance
of “He due to a-capture reactions that generate some “°Ne and
24Mg. Later, at densities around 107 g cm~3, 2C-'2C, and '?C-'°0
fusion reactions, absent at the lower mass accretion rate, result in the
production of large amount of °Ne, **Mg, and 2Si. For the three
scenarios, despite the different composition of accreted matter, we
find that >*Mg, 2°Ne, and 2*Si comprise ~ 90 per cent of the total
composition of the ashes, with small variations in their distribution at
0, indicating the synthesis and burning of '°O are the actual waiting
point of the burning process.
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5 CONCLUSION

In this paper, we have introduced and validated our code for steady
state envelopes, which we plan to use coupled with a full thermal
evolution code to explore phenomena such as shallow heating and
the chemical composition of the accreted neuron star crust. Our
conclusions can be thus summarized:

(i) Our numerical code provides reliable results, in comparison
with those from the more robust network of ~ 600 nuclides of
Schatz et al. (1999). The discrepancies, even considering the updated
versions of some rates, are actually small. The absence of p, T-
dependent weak rates is more evident at high accretion rates due to
the lesser amounts of synthesized A = 80-90 nuclides.

(i) We have explicitly shown how energy is distributed in these
stationary envelopes. The rp-process can be distinguished by a
prominent peak, the sum of (p, ) and BT decay energies just before
H depletion, around 10° g cm~>. Past this threshold, the energy
mostly comes from S-decays and the 3¢ reaction.

(iii) We saw a clear change in H burning occurring between
M = 0.1Mggq and 0.2Mpqq. Below 0.1Mgqq H burns almost com-
pletely through the hot CNO chain (Fig. 7) while at 0.25Mgqq
and 0.35Mgqq its burning is strongly dominated by rp-processes
(Fig. 8). As a byproduct we see a clear effect of the **Ca bottle-
neck: at low accretion rates, as in our 0.01 Mgqq model, essentially
no nuclei above A =40 are synthesized, while at higher rates
the rp-process is progressively generating increasing amounts of
increasingly heavier nuclei as in our 0.1, 0.25, and 0.35Mgaq
models.

(iv) Our envelope models being stationary, they only apply when
nuclear burning is stable. No X-ray burst have been observed
at high accretion rates implying that our M = Mgyq models are
likely realistic and describe the structure and composition of the
envelope in their whole density range. In the presence of explosive
burning, at lower accretion rates, our models should give a good
representation of the envelope only at densities below ~ 10% gcm ™3,
while the higher density regions should actually consist of X-ray burst
ashes.

(v) We did not discuss the stability of our models considering it is
better assessed with time dependent simulations and will be part of
future works.

(vi) The *He accretion at 5 Mgqq mainly seems of academic interest
since, so far, observed He-accretion systems operate well below
the Eddington rate. Nevertheless, our calculations suggest it is an
interesting scenario as the amounts of A = 24, A = 28 material left at
deeper layers might favour the occurrence of hyperbursts (Page et al.
2022), a thermonuclear explosion requiring e-nuclides of A = 24 or
28. Page et al. (2022) inferred that hyperbursts are very rare events
as they are triggered at around 10'' g cm™>, while our results in
the cases of *He accretion at high rate suggest that under the right
conditions the waiting time may be shorter.
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APPENDIX A: ON THE ENVELOPE EQUATIONS

Structure. The space—time of very slow- or non-rotating stars can be
modelled as static and spherically symmetric, according to the line
element in spherical coordinates (ct, r, 0, ¢)

ds* = —**0c?dr® 4 4 7dr? + r? (d6 + sin® 0dg”) (A1)

with ¢®?) being the redshift, and A(r) being related to the gravita-
tional mass via M, = ¢*r(1 — e 22")/2G. By inserting this metric
into Einstein field equations and using the constraint for the energy—
momentum tensor V, T*” = 0, one obtains (Shapiro & Teukolsky
1983)

dMm, )

— =dmpr (A2)
dr

dpr

— = —g eA'Hg (A3)
dr

do 1 dP (A4)
dr = AH dr’

where G and H are given by equations(6) and (7).

Thermal evolution. This category is governed by three aspects:
composition, temperature, and energy transport. In the presence
of radial mass accretion, the fluid 4-velocity # can be expressed
as u = ys (e7®, ve™®, 0, 0), in terms of the 3-velocity v < 0
and with yg = (1 — v?/c?)~!/2. Together with the continuity equa-
tion V, (ngu*) = 0, with ng and pg = m ,ng the baryon number and
rest-mass densities, respectively, m , being the proton mass, in the sta-
tionary case we have a conserved quantity: M® := —4xr2e® pgysv.
Near the surface of the star, at Mgq, we see ys|v|/c ~ 1073,
ie. [v| ~ x1073c. Due to ys|v|/c o p~!, |v] < c at high depths.
Therefore, ys &~ 1 in the whole envelope. Above the neutron star
surface where accreting matter is in almost free-fall, pg is much
smaller and v close to c.

In general, we can have a mixture of nuclides. Each species is
characterized by: (i) two integers, charge and neutron numbers Z;,
N;, (ii) its binding energy B;, (iii) its abundance Y; = n;/np (with
n; being its number density), and (iv) their corresponding partial
differential equation

w0, =Ri(T,p,Y), (A5)

where the right-hand side functional encloses all i-th species related
creation/annihilation rates. The whole set of equations u*0,Y is
known as the nuclear reaction network (Timmes 1999; Hix & Meyer
2006), and the released energy per gram is given by

e = — Y NaM;PR; + Y (e))Ya. (A6)
J kew

where N, is the Avogadro’s constant, M;c? = Zi(m p + m,)c? +
Nim,c* — B;, with m,, and m, being the rest-masses of the neu-
tron and the electron, respectively. YV denotes the nuclide subset
undergoing electroweak reactions, and (é,) denotes the average
specific energy per unit time carried away by neutrinos.” To quantify
the abundance fraction flowing through a certain channel directly
connecting nuclides ¢ and j, the integrated reaction flow Fj; is
introduced. In our time-independent approximation, the appropriate
expression is

& /Pbdl’ D= -G (A7)
P e _ —
Y b apt T T ap Y T

2We reserve the notation ¢, for the thermal neutrinos energy losses, see §B.
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Figure Al. Electron capture reaction rate for A = 56 nuclides.
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where c%;‘(A — B) denotes the portion of species A ordinary

differential equation linking A with B.
The temperature evolution is implicitly given by
0e**L)
or

477r2€2®+A

_8\1)7

where &g,y := —Tu"0,5, known in MESA as the gravitational
energy, is best handled by making a distinction between the purely
temporal (non-homologous) and spatial (homologous) contributions
(Sugimoto & Nomoto 1975; Paxton et al. 2015). In our stationary
approximation, the first is automatically zero and the second can be
written as (Fujimoto et al. 1984; Townsley & Bildsten 2004; Paxton
et al. 2015)

PB (8nuc + Egrav (A8)

M>e ®2epT dP

ar (Vag — V1), (A9)

Eorav-h, = —
grav-h.
dr 2 PB P

with Vy = ?dT /dP and V,4 the thermodynamic adiabatic gradient,
i.e. the same expression but with d7'/dP taken under an adiabatic
transformation. Since Vyq > V7, &gy, n. > 0. The relation between
the gravitational and nuclear rates significantly depend on p: below
~ 10° g cm™3, where matter is an almost ideal gas (¢p ~ 5P /2pT),
a conservative estimation leads to

10°gem™Y\ / M*>
Sgrarn, ( gcm ) ( ~ ) % 10155 erg s~1g!,
PB Mgy,

(A10)

which far exceeds any contribution from nuclear reactions (e.g. pp
chains or initial phases of the CNO cycle). As p > 10° g cm™3,
within the degenerate electron domain, €gry.n o3 and thus
8nuc>>8grav~

Considering the nuclear energy is a sum of contributions from the
released energy of the individual reaction rates (e.g. equationA6), we
can compute their individual contribution to L° using equation(A8)
as

LY =/ dr dmr?e*® ™ pge ;. (A11)
rp
Finally, energy transport is treated via
2 —0-a 0 o
L=—4nr"Ke a—(e T), (A12)
r

160sp T3

3pBKeft . .
and conduction effects in the effective opacity ket = [Kgng + Krag ]~
with kong and kg defined below.

where the thermal conductivity, K = , includes both radiation

APPENDIX B: MICROPHYSICAL INPUT

The equation of state (EOS). We adopt the standard non-interacting
EOS of stellar matter (Kippenhahn, Weigert & Weiss 2012), subject
to charge neutrality. For electron pressure we used the fits from
Johns, Ellis & Lattimer (1996). To test the impact of electrostatic
interactions we compared all the results from this EOS to those
obtained by Potekhin & Chabrier (2000, 2010) and Haensel, Potekhin
& Yakovlev (2007), employing the fits from Ichimaru, Iyetomi &
Tanaka (1987), Chabrier & Potekhin (1998), Potekhin & Chabrier
(2000), and Haensel et al. (2007). Since the observed differences are
smaller than 10 per cent in temperature, in this work we can safely
neglect these corrections in favour of speeding up the numerical
calculations.

Opacity. In the Rosseland mean kg we include the electron
scattering expression from Poutanen (2017), free—free absorption
as described in Schatz et al. (1999), and the correction factor from
Potekhin & Yakovlev (2001). For kconq, We consider the electron—
electron scattering from Shternin & Yakovlev (2006), and the fit from
Schatz et al. (1999) for electron-ion scattering.

Thermal neutrinos. We include them considering the fits of
Itoh et al. (1996) for five processes: plasmon decay, photo- and
pair-neutrinos, recombination, and bremsstrahlung. The latter con-
tribution was approximated for all chemical mixtures using the
coefficients for 2C.

APPENDIX C: ELECTRON CAPTURES FITS

The analytic fits were made considering the tabulated electron capture
rates from Suzuki, Toki & Nomoto (2016), as reported by the NSCL
group’ and plotted in Fig. Al. Below Ty = 2, we observe these rates
behave, to a very good degree, as T -independent. This motivated the
use of a sixth degree polynomial in x = log,,p for both *Ni and

3https://groups.nscl.msu.edu/charge_exchange/weakrates.html
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3Co electron capture rates A, such that

6
logjohec(x) = Y ajx’. (C1)
j=0
Since the lowest density entry in the table corresponds to 10°> g cm ™3,
and we intended for our fit to provide a smooth transition towards
rec — 0 at lower densities, artificial values were introduced in the
fitted array in order to guarantee the polynomial remained strictly
increasing in the range [10°, 10°] g cm ™.
For Ni we obtained:

log phec(x) = —112.893743 4 57.5653413x
—9.4429386x% — 0.04178759x>
+0.16708368x* — 0.01639904x°
+4.953830726 x 1073x5. (C2)

while for *°Co we obtained:

10g,0hec(x) = —225.507327 4 173.403715x
—56.492487x* 4 9.673906x>
—0.918252x* + 4.614900 x 10723
—9.629495 x 107x°, (C3)
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