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A B S T R A C T 

In this work we model stationary neutron star envelopes accreting under various conditions and describe our new code for such 

studies, which we plan to couple to a full thermal evolution code. We put special emphasis on the rp-process, resulting in the 
synthesis of heavy elements, and study its dependence on the mass accretion rate and the chemical composition of the accreted 

matter. We show that at Ṁ ∼ 0 . 01 Ṁ Edd , mostly low mass ( A ≤ 24) elements are synthesized with a few heavier ones below 

the 40 Ca bottleneck. Once Ṁ is abo v e 
∼
> 0 . 1 Ṁ Edd this bottleneck is surpassed and nuclei in the iron peak region ( A ∼ 56) are 

abundantly produced. This synthesis of heavy elements reaches A ∼ 70 at Ṁ Edd and A ∼ 90 at 5 Ṁ Edd . Their density profiles 
of the energy generation rate are discussed, particularly at high density beyond the hydrogen exhaustion point. We explored the 
efficiency of the rp-process under variations of the relative abundances of H and He. We find that when the rp-process is efficient, 
the nucleosynthesis it generates is independent of the accreted abundance of CNO elements as these are directly and copiously 

generated once the 3 α-reaction is operating. Our results are of importance for the study of neutron stars mostly in systems in 

which X-ray bursts are absent, but they are also rele v ant for describing the low density region of other systems, mostly below 

10 

6 g cm 

−3 , in-between bursts. 

Key words: accretion, accretion discs – stars: neutron – X-rays: binaries – X-rays: bursts – Software – Instrumentation. 
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 I N T RO D U C T I O N  

ow-mass X-ray binaries (LMXBs) undergoing transient accretion
pisodes represent an astonishingly good opportunity to test evolu-
ion models of neutron stars, constraining properties such as surface
ravity, specific heat, thermal conductivity, and neutrino emission, as
ell as many details of the star’s upper layers (Wijnands, Degenaar
 Page 2017 ). This latter, low-density sector, commonly referred to

s the envelope , plays a crucial role in determining both the observed
uminosity from the surface (visible after the outburst phase or during
-ray bursts) and inferring the core’s temperature during quiescence

Shternin et al. 2007 ; Brown & Cumming 2009 ; Page & Reddy 2013 ;
umming et al. 2017 ; Degenaar et al. 2021 ). 
Gravitational energy released during accretion as heat at the

urface is radiated away and has no impact on the internal temperature
f the neutron star. Ho we ver, compression of the crustal matter
ue to the increasing mass induces a series of nuclear reactions,
uch as electron captures, neutron emissions, and pycnonuclear
usions (Bisnovaty ̆ı-Kogan & Chechetkin 1979 ; Sato 1979 ; Haensel
 Zdunik 1990 ) that have been dubbed as ‘deep crustal heating’

y Brown, Bildsten & Rutledge ( 1998 ) (see however Gusakov &
hugunov 2020 , 2021 ; Potekhin, Gusakov & Chugunov 2023 , for a
ifferent approach). Most of the energy liberated by these processes,

1 − 2 MeV per accreted nucleon, is released in the inner crust
hile a few electron capture reactions liberate a few tens of keV
 E-mail: mna va@astro.unam.mx (MN-C); yuri.ca vecchi@upc.edu (YC); 
age@astro.unam.mx (DP) 
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and distribution of the work, in any medium, provided the original work is no
n the outer crust. Once accretion stops, the surface of the neutron
tar is clearly visible and the star’s cooling can be, and has been,
irectly observed. Detailed numerical modelling of this cooling phase
as revealed the presence of another energy source, acting at lower
ensities and dubbed ‘shallow heating’ (Brown & Cumming 2009 ).
his source also releases up to a few MeVs of heat per accreted
ucleon and has been found to act at densities below 10 9 g cm 

−3 in a
ew cases (Degenaar et al. 2014 ; Ootes et al. 2016 ; Parikh et al. 2018 )
hile in most cases it is acting deeper, up to 10 10 g cm 

−3 (Turlione,
guilera & Pons 2015 ; Vats et al. 2018 ; Ootes et al. 2019 ; Parikh

t al. 2019 ; Page et al. 2022 ) and even up to 10 11 g cm 

−3 (Turlione
t al. 2015 ; Degenaar et al. 2019 ). 

In the case of the first observed accretion outburst of the source
AXI J0556-332 the shallow heating may have been enormous

Deibel et al. 2015 ; Parikh et al. 2017 ; Page et al. 2022 ), more than
0 MeV per nucleon; ho we ver, it has been proposed that during
his first outburst a giant ‘hyperburst’ occurred in which case the
hallow heating needed is then within the range deduced from the
ther sources (Page et al. 2022 ). 
The origin of this shallow heating has not yet been determined and

t cannot be excluded that v arious dif ferent sources may be at work in
ifferent conditions as, e.g. accretion rate and/or state, star rotation
ate (i.e. spin), outburst fluence, etc. Various mechanisms have been
roposed such as, e.g. conversion of gravitational energy into waves
hat deposit their energy much below the surface (Inogamov &
un yaev 1999 ; Inogamo v & Sun yaev 2010 ), electron captures and

ow-density pycnonuclear fusions (Chamel et al. 2020 ). 
Among transient sources, there exist a couple of remarkable cases

hose luminosity, during the accretion outburst, is comparable to or
© 2024 The Author(s) 
ty. This is an Open Access article distributed under the terms of the Creative 
ns.org/ licenses/ by- nc- nd/ 4.0/ ), which permits non-commercial reproduction 
t altered or transformed in any way, and that the work is properly cited. For 

commercial re-use, please contact journals.permissions@oup.com . 
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ven higher than the Eddington limit: XTE J1701-462 (Homan et al. 
006 , 2007 ; Lin, Remillard & Homan 2009a ) and MAXI J0556–332
Homan et al. 2011 ; Cornelisse et al. 2012 ). Theoretical modelling
uggests burning in accreting neutron star envelopes becomes stable 
t such high accretion rate (Fujimoto, Hanawa & Miyaji 1981 ; 
aczynski 1983 ; Bildsten 1998 ) and observationally stable burning 
eems to begin even at a lower rate than predicted (Bildsten 1998 ;
alloway & Keek 2021 ). 
In the case of XTE J1701-462 no type I X-ray burst has been

bserved while it was accreting at high rate, but three short ones were
bserved at the end of its 2006–2007 outburst when the accretion rate
ad dropped to about 10 per cent of the Eddington luminosity (Lin
t al. 2009b ). The situation is similar for MAXI J0556–332 in which
ase there is only one short type I burst observed, at the end of its
020 outburst, when its accretion rate was also around 10 per cent of
he Eddington limit (Page et al. 2022 ). 

According to numerical simulations, at accretion rates close to or 
bo v e the Eddington luminosity the envelope reaches steady state 
-burning via the rp-process (e.g. Schatz et al. 2001 ; Fisker et al.
006 ; Heger, Cumming & Woosley 2007 ). In contrast to H-burning
rocesses at lower accretion rates, such as the pp and CNO cycles,
 reliable simulation of the rp-process demands the inclusion of 
 large amount of nuclides and, consequently, of equations to be 
imultaneously solved (Schatz et al. 1999 ; Fisker et al. 2006 ). He/C
urning in stationary state has been discussed in Brown ( 2000 ),
tevens et al. ( 2014 ), and Mckinven et al. ( 2016 ). 
Since this represents an important bottleneck for the simulation of 

he star evolution during high-accretion outburst episodes, devising 
 fast and accurate method for modelling this e xpensiv e, low-density
ortion of the star becomes imperative. A first step towards such 
cheme might be found in non-accreting systems, where only the core 
s e xplicitly evolv ed while the env elopes are approximated as being
n steady-state and implemented as boundary conditions via T b – T eff 

elations, with T eff the ef fecti ve temperature and T b the boundary
emperature at the bottom of the envelope (Gudmundsson, Pethick 
 Epstein 1983 ; Potekhin, Chabrier & Yakovlev 1997 ). While the

ccurrence of type I bursts rules out the implementation of a similar
cheme at all times during outburst episodes, a limited version can be
evised exploiting the existence of inter -b ursting periods and steady 
tates. 

As a first step towards the construction of such T b –L b –Ṁ –T eff 

elations, L b being the luminosity at the bottom of the envelope and
˙
 the mass accretion rate, the purpose of this paper is to present

ur stationary code for envelopes and apply it to explore the impact
f changing physical parameters at high accretion rates. This, we 
nticipate, serves as both an update of the results from previous 
tudies, a demonstration of the capabilities of our numerical code, 
nd a preparation for future work. 

The paper is organized as follows. In Section 2 we re vie w the
ifferent time-scales operating in the envelope and introduce its 
o v erning equations. Section 3 provides details on the numerical 
etup, boundary conditions, and the network of reactions. In Section 4 
he main results of this work are presented, and in Section 5 we
rovide a brief summary and prospects for future work. 

 STATIONA RY  AC C R E T I N G  N E U T RO N  STAR  

NVELOP ES  

he envelope of a neutron star is defined as its outermost region
ccupying the layers of density ρ ≤ ρb where ρb , its boundary 
ensity, is usually taken between 10 8 and 10 10 g cm 

−3 . As such,
t is very sensitive to temperature and composition, and the state 
f matter is expected to vary from an almost-ideal gas ( ρ ≤ 10 4 

 cm 

−3 and T ≥ 10 5 K) to a gas of degenerate electrons imbued
n a nuclide lattice (e.g. ρ ≥ 10 8 g cm 

−3 and T ∼ 10 8 K). Due to
he high gravitational acceleration at the surface of neutron stars, 
 s ∼ GM/R 

2 ≈ 10 14 cm s −2 , the thickness of the envelope is very
mall, d Envelope ≈ P /ρg s ≈ 10 m ≈ 10 −3 R (considering P = P b ∼
0 25 erg cm 

−3 at ρ = ρb ≈ 10 8 g cm 

−3 for a degenerate electron
as) where M and R are the star mass and radius, respectively,
nd G the gravitational constant. Assuming spherical symmetry for 
he whole star, we can infer the envelope mass to be M Envelope ≈
 πR 

2 d Envelope ρb ≈ 10 −9 M � ≈ 10 −9 M . It is also common to describe
he depth within the envelope by the column density y through
 y = −ρd r so that P = yg s . 
The (time) evolution of the envelope is conditioned by the different

ime-scales of several and simultaneous physical processes. Of 
ele v ance for this paper are the following time-scales: 

(i) The accretion time-scale τacc = δM/ Ṁ , expressing how much 
ime it takes to accrete or replace a layer of mass δM at a

ass accretion rate Ṁ . If hydrostatic equilibrium holds, we have 
acc = y/ ̇y = P / ̇m g s , where ẏ = ṁ = Ṁ / 4 πR 

2 is the local mass
ccretion rate per unit area and P the pressure at the bottom
f the accreted layer. For instance, the complete replacement of 
 typical neutron star envelope at Eddington accretion rate, i.e. 
˙
 ∼ 10 18 g s −1 (implying ṁ ∼ 10 5 g cm 

−2 s −1 for a 10 km star),
akes τacc,b ≈ 10 25 / (10 5 × 10 14 ) = 10 6 s ≈ 12 d. 

(ii) The nuclear time-scale, denoting the characteristic time for 
nergy release by nuclear reactions. At high temperatures, around 
nd abo v e 10 8 K, hydrogen burns into He by the hot CNO cycle.
ts specific energy generation rate is ε CNO = 4 . 6 × 10 15 Z CNO erg
 

−1 s −1 (Wiescher et al. 2010 ) and it generates ∼6.8 MeV per nucleon
r E h = 6 . 4 × 10 18 erg g −1 . We deduce the time to exhaust H as
nuc , CNO = E h /ε CNO = 1400 /Z CNO s which is about nineteen hours
t Z CNO = 0 . 02. The column depth at which H is exhausted is easily
stimated as y nuc , CNO = ṁ τnuc , CNO . 
t the Eddington rate, one obtains y nuc , CNO ≈ 1 . 4 × 10 8 /Z CNO g

m 

−2 . The pressure at which this occurs is P nuc , CNO = g s y nuc , CNO , the
ensity, assuming a relativistic degenerate electron gas equation of 
tate, is ρnuc , CNO ≈ 10 6 g cm 

−3 . 
n the case of the burning of He, the situation is more involved
Bildsten 1998 ), but one can estimate the temperature and column
ensity at which it starts, through the triple- α reaction: T nuc , He ≈
 . 4 × 10 8 ṁ 

1 / 5 
5 K and y nuc , He ≈ 5 × 10 7 ṁ 

−1 / 5 
5 g cm 

−2 (the weak de-
endence on ṁ is due to the high T dependence of the triple- α rate).
hen τnuc , He ≈ 5 × 10 2 ṁ 

−6 / 5 
5 s. An important consequence of these 

stimates is that helium burning starts at a depth y nuc , He that is lower
han the one for H exhaustion, y nuc , CNO , and will thus produce C,
, or N in the presence of H allowing for the occurrence of the

p-process. 
(iii) The diffusion time-scale, τdiff = c P d 

2 
Envelope K 

−1 , determining 
ow much time it takes for a thermal perturbation to dissipate if
nergy is carried away by radiation and conduction (Hen ye y &
’Ecuyer 1969 ). Here, c P is the heat capacity per unit volume and
 the thermal conductivity. At ρb ∼ 10 8 g cm 

−3 and T b ∼ 10 8 K,
onsidering K b ∼ 10 16 erg cm 

−1 s −1 K 

−1 and c P ,b ∼ 10 14 erg cm 

−3 

 

−1 (Page & Reddy 2013 ), we have τdif ,b ≈ 10 4 s ≈ a few hours. At
CNO , ho we ver, it is only τdiff,CNO ≈ 10 2 − 10 3 s ≈ se veral minutes. 

We thus see that under these conditions τnuc , CNO � τdiff, CNO 

eaning that the heat released by nuclear reactions has ample time
o diffuse away while the reverse inequalities are associated with 
hermonuclear instabilities (Taam & Picklum 1979 ; Taam 1980 ). 
RASTAI 3, 800–814 (2024) 
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Table 1. List of nuclides in the network. 

Z A Z A Z A 

H 1–2 K 35–39 Rb 74–85 
He 3–4 Ca 36–44 Sr 75–88 
Li 6–7 Sc 39–45 Y 78–89 
Be 7,9 Ti 40–50 Zr 79–90 
B 8,10,11 V 43–51 Nb 82–90 
C 11–13 Cr 44–54 Mo 83–90 
N 12–15 Mn 47–55 Tc 86–90 
O 13–18 Fe 48–58 Ru 87–91 
F 17–19 Co 51–59 Rh 89–93 
Ne 18–22 Ni 52–62 Pd 90–94 
Na 20–23 Cu 56–63 Ag 94–98 
Mg 21–26 Zn 57–68 Cd 95–99 
Al 22–27 Ga 60–69 In 98–104 
Si 24–30 Ge 61–74 Sn 99–105 
P 26–31 As 65–75 Sb 106 
S 27–34 Se 66–78 Tc 107 
Cl 30–35 Br 70–79 – –
Ar 31–38 Kr 71–84 – –
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For isolated neutron stars, it is frequently assumed that the
nvelope temperature and luminosity are stationary since, at the linear
rder, perturbations decay on a time-scale τdiff , short with respect to
he time-scales of interest (see for instance Hen ye y & L’Ecuyer
969 ; Gudmundsson et al. 1983 ; Potekhin et al. 1997 ). Albeit useful,
his assumption breaks down in the accreting scenario since this
rgument neglects the effects from perturbing heating sources. How-
ver, considering the success and limitations of previous works in
nderstanding certain characteristics of the envelope during accretion
eriods applying stationary models (Schatz et al. 1999 ; Cumming
 Bildsten 2000 ; Narayan & Heyl 2003 ), as demonstrated by the

ood agreement with fully time-dependent numerical simulations
Fisker et al. 2006 ; Heger et al. 2007 ; Zamfir, Cumming & Niquette
014 ), properly defined stationary states have a physical meaning we
an use to describe specific intervals of the neutron star evolution.
onsequently, as long as we restrain from resolving type I bursts,

tationary solutions to the envelope equations are useful either as
oupled with numerical codes following the thermal evolution of the
est of the neutron star, or as initial conditions for numerical codes
imulating the evolution of the envelope itself, e.g. MESA (Paxton
t al. 2011 , 2015 ; Meisel 2018 ) or KEPLER (Weaver, Zimmerman &
oosley 1978 ; Tse et al. 2023 ). 

.1 Equations go v erning the env elope 

 full description of a neutron star interior is obtained by solving
wo sets of non-linear partial differential equations, the ones of
tructure and thermal e volution , e xtensiv ely discussed elsewhere
e.g. Sugimoto & Nomoto 1975 ; Thorne 1977 ; Israel & Stewart
979 ; Shapiro & Teukolsk y 1983 ; Townsle y & Bildsten 2004 ;
opez–Monsalvo & Andersson 2011 ; Lander & Andersson 2018 ).

n our stationary approximation, they reduce to non-linear ordinary
ifferential equations. Since pressure is a continuous variable with
rominent variations (e.g. P b ∼ 10 25 erg cm 

−3 to P s ∼ 10 14 erg cm 

−3 

gainst R − r b ≈ d Envelope ∼ 10 m), it is best to employ P instead of r 
s the independent variable. Considering a non-zero redshifted mass
ccretion rate Ṁ 

∞ 	= 0, the equation describing our system are 

d r 

d P 

= − 1 

g HGe 	 

, (1) 

d M r 

d P 

= 4 πr 2 ρ
d r 

d P 

, (2) 

d Y i 

d P 

= −4 πr 2 ρB e 

 + 	 

Ṁ 

∞ 

d r 

d P 

R i ∀ i ∈ { 1 , . . . , N nuclides } , (3) 

d T 

d P 

= 

T 

P 

∇ T , (4) 

∇ T : = − 3 κρB LP e 	 

64 πσSB T 4 r 2 

d r 

d P 

+ 

(
1 − ρ

H 

)
, 

d L 

d P 

= 

2 L 

c 2 H 

+ 4 πr 2 ρB e 
	 

d r 

d P 

(
ε nuc + ε grav − ε ν

)
(5) 

here following Thorne ( 1977 ), 

( r, M r ) = 

GM r 

r 2 
e 	 ( r) = 

GM r 

r 2 

(
1 − 2 GM r 

c 2 r 

)−1 / 2 
, (6) 

 = ρ + 

P 

c 2 
, G = 1 + 

4 πPr 3 

M r c 2 
. (7) 

ere, ( M r , T , κ, L, ρB ) denote the gravitational mass, temperature,
pacity , luminosity , and rest-mass density; ρ is the total density,
.e. = ρB + Internal energy times c 2 , while ( Y i , R i ) denote the
bundance and the total creation/annihilation rate of the i -th species
n the mixture. H is simply the (0,0) component of the stress–energy
ensor divided by c 2 and e 
 the (0,0) component of the metric, i.e.
ASTAI 3, 800–814 (2024) 
he redshift factor. By ε j we denote the specific energy generation
ate due to the j -th process, and σSB denotes the Stefan–Boltzmann
onstant. Finally, we denote g s = g ( R , M) as the local surface
ravity with, naturally, M ≡ M r= R . When applied to a thin envelope,
n equations ( 1 ) to ( 7 ) one could make the simplification r → R

nd M r → M . A few more details concerning these equations are
escribed in Appendix A . 

 M E T H O D O L O G Y  

.1 Numerical implementation and boundary conditions 

onsidering the stiff character of equations ( 3 ) (Mueller 1986 ;
ix & Meyer 2006 ), for the numerical solution of equations ( 1 )–

 5 ) we employed the variable-order Bader–Deuflhard method as
mplemented by Press et al. ( 1992 ). Equations are solved in the range
 P s , P b ], with P b the pressure associated with ρb and P s with the
urface. At P s we impose M r,s = M , r s = R, and the Schwarzschild
ondition 
 ( R) = −	 ( R). Since we are only interested in modelling
he emission from the star surface, we parametrize luminosity as
 s = 4 πR 

2 σSB T 
4 

eff with T eff the ef fecti ve temperature. ( P s , T s ) are
omputed via the standard Eddington relations, 

 

4 
s = 

3 

4 

(
τs + 

2 

3 

)
T 4 eff (8) 

 s = 

τs g s 

κs 

+ 

4 σSB 

3 c 
T 4 s (9) 

t optical depth τs = 2 / 3. For models with Sun-like composition
t the surface, we adopt the abundances from Anders & Grevesse
 1989 ). Further details on the equation of state (EOS), opacity, and
hermal neutrinos can be found in Appendix B . 

Our input parameters are thus T eff and Ṁ , and the integration
eturns L b and T b , the luminosity and temperature at P b . Actual
alues of L b and T b are determined by the interplay between the
nvelope structure, which we here calculate, and the evolution of
he neutron star interior. The latter is a complex issue being strongly
nfluenced, on long time-scales, by the neutrino emission in the core
alancing the heating from accretion. On short time-scale and of
ritical importance for the temperature, and luminosity, at the base
f the envelope is an energy source known as ‘shallow heating’
Brown & Cumming 2009 ), whose nature is still undetermined. We
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Figure 1. Distribution of abundances at 10 7 g cm 

−3 for Ṁ 

∞ = Ṁ Edd (left) and 5 Ṁ Edd (right). For some selected isobars we indicate the most abundant nucleus. 
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eave to future work the study of this interplay and will here only
xplore various settings by varying both T eff and Ṁ . 

For the mass accretion rate unit, we adopt Eddington’s one 
onsidering a hydrogen mass fraction X = 0.71 and a 10 km radius
bject, Ṁ Edd = 1.1 ×10 18 g s −1 . When quoting a mass accretion
ate we measure it ‘at infinity’, Ṁ 

∞ , and the corresponding value 
easured by an observer within the star will be Ṁ = e −
 Ṁ 

∞ . We
iscuss the luminosity L b in either c.g.s. or MeV baryon −1 units,
elated via Q b = m u L b / Ṁ = e −
 m u L 

∞ 

b / Ṁ 

∞ = e −
 Q 

∞ 

b , with m u 

he atomic mass unit. (An observer at infinity would measure a 
uminosity L 

∞ 

b = e 2 
 L b .) 

.2 Network of nuclear reactions 

round and abo v e Ṁ Edd , simple networks burning H and He (such
s those in Cumming & Bildsten 2000 ; Narayan & Heyl 2003 ) cease
o be useful since the rp-process requires hundreds of nuclides and 
eactions in order to (i) obtain the correct ε nuc ; (ii) guarantee the
omplete depletion of hydrogen at high densities (T aam, W oosley 
 Lamb 1996 ; Rembges et al. 1997 ; Schatz et al. 1999 ) and (iii)

nclude the majority of isotopes in the valley of stability (Wallace 
 Woosley 1981 ; Schatz et al. 2001 ). While the rp 298 network

rom Fisker et al. ( 2006 ) satisfies (i) and (ii), it omits a considerable
mount of isotopes abo v e A = 64 in the valley of stability. Therefore,
e extended this network up to 380 nuclides, sufficient to explore the
hysics of stationary states below 5 Ṁ Edd (see the full list in Table 1 ).
ll binding energies per baryon B j /A j were taken from NuDat3 

 2022 ). 
We included all ( p, γ ) − ( γ, p), ( α, γ ) − ( γ, α), ( α, p) − ( p, α)

hermonuclear reactions, as well as those for the pp I–IV chains, 
 α → 

12 C, carbon, and oxygen burning, adopting the recommended 
ersions of the fits from the JINA Reaclib Data base ( 2022 , see also
yburt et al. 2010 ). Whenever necessary to refer to a specific version
f a rate, we use the assigned labels in the JINA Library, such as
ath or il10 below. Corrections due to screening were accounted 

or following Graboske et al. ( 1973 ), Alastuey & Jancovici ( 1978 ),
nd Itoh et al. ( 1979 ). 1 
 We adopted the implementation of screening from https://cococubed.com/ 
ode pages/burn.shtml . 
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S

 

o  
For weak rates we employed the ρ, T -independent versions of
+ decays. This approximation is adequate since (i) at the range 
f interest electron captures are less frequent than experimentally 
onstrained β+ decays and (ii) the coarse character of existing tables 
ompromises the accuracy of mass fractions profiles depending on 
he employed interpolation scheme (Fuller, Fowler & Newman 1985 ; 
oki et al. 2013 ; Paxton et al. 2015 ). Regarding electron captures,

he importance of the A = 56 group moti v ated us to incorporate the
ts o v er 56 Ni and 56 Co, as detailed in Appendix C . For the neutrino
nergy losses from these reactions, ε ν , we consider the treatment from
owler, Caughlan & Zimmerman ( 1975 ) and Hix & Meyer ( 2006 ). 

 RESULTS  

.1 Envelopes at 1 and 5 times Eddington 

ne of the most robust networks for accreting neutron stars abo v e
˙
 Edd was presented by Schatz et al. ( 1999 ). Therefore, as a solid

est for our numerical code, we first compare our results against
heirs for Ṁ 

∞ = Ṁ Edd and Ṁ 

∞ = 5 Ṁ Edd , fixing ρb = 10 7 g cm 

−3 ,
etting Solar composition at the surface and selecting appropriate 
 eff allowing us to obtain T b ≈ 5.45 × 10 8 K for Ṁ Edd and 8 × 10 8 

 for 5 Ṁ Edd , as suggested by their fig. 5. 
The resulting distributions of abundances at ρb are shown in the 

eft and right panels of Fig. 1 , and the integrated reaction flows (see
quation A7 ) are plotted in Fig. 2 . In general, we find a very good
greement. For instance, at Ṁ Edd our code reproduces the double- 
eaked distribution, corresponding to 12 C, 16 O, 20 Ne, and 24 Mg at 
ow A’s and the rp-synthesized 64 Zn – 67 Ga on the other side.
n the corresponding integrated reaction flow we also observe the 
ompetition between the sawtooth path (illustrated by the lightblue- 
oloured nuclides between 22 Mg and 26 Si) and the β − 3 p − β path
as e x emplified by the lightgreen-coloured nuclides between 34 Ar 
nd 38 Ca) among T z = −1 nuclides, where T z is the third projection
f the isospin, i.e. half the difference between a nuclide neutron
nd proton numbers (Fisker et al. 2006 ). At 5 Ṁ Edd , we reproduce
ocal maxima in the distribution such as those at 24 Mg, 28 Si, 64 Zn,
8 Ge, and 72 Se. The discrepancies between our results and those from
chatz et al. ( 1999 ) can be explained as follows: 

(i) Absence of lo w-char ge nuclides. In our integrated flow we
btain a strengthening in the 7 Be( p, γ ) 8 B/3 α ratio. Since the distri-
RASTAI 3, 800–814 (2024) 

art/rzae055_f1.eps
https://cococubed.com/code_pages/burn.shtml


804 M. Nava-Callejas, Y. Cavecchi and D. Page 

R

Figure 2. Space-integrated reaction flows for Ṁ 

∞ = Ṁ Edd and Ṁ Edd , in units of the corresponding value of the 3 α reaction. Solid lines: ≥ 0.3; dashed lines: 
between 0.3 and 0.01; dotted lines correspond to values between 0.01 and 0.005. Al 23-25 and Si 24-26 - coloured in lightblue - illustrate the ‘sawtooth’ path, 
while those in green - e.g. Cl-34, Ar-35, K-36, Ca-37 and K-37 - correspond to the β − 3 p − β path (see the main text for further details). Some T z = −1 
nuclides are coloured in blue. 
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ution of final abundances below A = 12 does not exhibit additional
eaks, we infer such strengthening is an artefact of our network since
e do not include 8 Be, 9 B, 9 −10 C, and their connecting reactions with

he rest of the isotopes. 
(ii) Different versions of thermonuclear reaction rates. For

nstance, the 19 Ne( β+ νe ) 19 F( p, α) 16 O path in the integrated flow
ccurs because the recent 19 Ne( p, γ ) 20 Na recommended rate, il10 ,
s up to 10 5 times smaller than the old rath version. Another source
f discrepancy is the absence of local maxima at A = 44 and A = 56
n the abundance distribution of ashes, which can be attributed to
he employed versions of 44 Ti( p, γ ) 45 V ( nfis , 10 1 − 10 2 times
arger below 10 8 . 5 K than laur and rath ) and 56 Ni( p, γ ) 57 Cu rates,
ien(v1) , which has an important impact on the final abundance
f 56 Ni, (see e.g. Forstner et al. 2001 ). Other thermonuclear rates we
dentify as responsible for altering the integrated flow and having
ome impact on the final abundances at Ṁ Edd are 28 Si( p, γ ) 29 P,
9 Ca( p, γ ) 40 Sc, and 45 V( p, γ ) 46 Cr. 

(iii) Updated binding energies. Paths such as 21 Mg( p, γ ) 22 Al
r 64 Ge( p, γ ) 65 As are less fa v ourable since their Q -value is now
e gativ e, −0.892 and −0.090 MeV, respectively. The first blocking
nhibits the enhancement of 23 Al via 22 Al ( p, γ ) 23 Si ( β+ νe ) 23 Al
nd conditions the whole evolution to the competition between 21 Na
ASTAI 3, 800–814 (2024) 
 β+ νe ) 21 Ne and 21 Na ( p, γ ) 22 Mg rates. Also, on one hand, the
econd blocking only contributes to a small decreasing (enhancing)
f the final A = 64(65) abundances, while, on the other hand,
5 Si( p, γ ) 26 P is now viable since Q = 0.140 MeV and thus fa v ours
he 26 P ( p, γ ) 27 S ( β+ νe ) 27 P path o v er 25 Si ( β+ νe ) 25 Al ( p, γ ) 26 Si
 p, γ ) 27 P. 

(iv) Impact of weak rates. While the integrated flow and the
nal abundances are not significantly different, we infer these rates
ight enhance the available metals at lower densities, the synthesis

f additional A = 80–100 nuclides and the most abundant isotope
t each A . For instance, by employing the electron capture fits for
 = 56 isotopes we obtained a high(low) 56 Fe( 56 Ni) abundance in

he Ṁ Edd case since the rate for β+ -decay from 

56 Ni is hundred-to-
housand times smaller than the electron capture rate. 

We now describe the main features of these models as displayed
n Fig. 3 where we present the temperature profiles, mass fractions
f selected interesting nuclei, and details on the energy generation
ue to nuclear reactions in the log 10 ρ range 3–7. As discussed
n Appendix A (specifically, the discussion around equation A10 ),
uclear reactions play a small role in the density range log 10 ρ ≤ 3 . 0
nd are thus of little interest for the present discussion. To facilitate

art/rzae055_f2.eps
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Figure 3. Envelope models at Ṁ 

∞ = Ṁ Edd (left panels) and 5 Ṁ Edd (right panels) as a function of ρ. The upper scales indicate the corresponding column 
depth y and time spent by the accreted matter since it started its journey from the neutron star surface. Panels (a) and (a’): temperature; panels (b) and (b’): 
mass fractions of selected light nuclei; panels (c) and (c’): mass fractions of selected heavy nuclei; panels (d) and (d’): specific energy generation of dominant 
processes, as indicated, and with the upper thick line showing the total energy generation. Greek labels at the top of panels (d) and (d’) indicate specific positions 
of events discussed in the text. Q b at the base are 32.59 and 25.54 keV per baryon for Ṁ Edd and 5 Ṁ Edd , respectively. 
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eference, all discussed events are noted at the top of panels (d) and
d’) by Greek letters. 

First, consider event α in panels (d) and (d’): the energy gener- 
tion is dominated by the burning of the accreted carbon through 
2 C( p, γ ) 13 N( p, γ ) 14 O, which takes only a few seconds. Exhaustion
f 12 C is clearly seen in panels (c) and (c’). On longer time-
cales, up to event δ, the hot CNO is fully operating at an almost
onstant rate, consequence of the 14 O( β+ νe ) 14 N and 15 O( β+ νe ) 15 N
ecays with respecti ve half-li ves of 70 and 122 s. Between events
and ε an enhancement of the rate of hot CNO takes place as

 consequence of the 3 α reaction, which, due to log 10 T ∼ 8.5, 
njects more 12 C into the CNO cycle where carbon is then almost
mmediately converted into 14 O and 15 O. In the Ṁ = Ṁ Edd envelope 
his shows itself as an increase in the total CNO nuclei mass fraction
hile in the Ṁ = 5 Ṁ Edd case temperature is so high that in spite
f this 12 C injection CNO nuclei are consumed faster than they 
re produced and their total mass fractions decreases. At event 
, the 1 H exhaustion point, the hot CNO cycle naturally shuts
ff. 
At densities in the range of 10 3 . 5 − 10 4 . 5 g cm 

−3 , event β, we see
 dramatic attempt at a CNO breakout: there is rapid consumption
f 16 O from 

16 O( p, γ ) 17 F, resulting in a significant decrease of the
otal CNO nuclei mass fraction, seen in panels (b) and (b’). Ho we ver,
his is then followed by the path 17 F( p, γ ) 18 Ne( β+ νe ) 18 F( p, α) 15 O
hich returns the escaped 17 F back to the CNO nucleus 15 O, having

he net effect of converting the available 16 O into 15 O, leaving almost
naltered the total mass fraction of CNO species and thus resulting
n an extension of the CNO cycle into a CNOFNe cycle. This can be
een in the resulting evolutions of the 15 −16 O and 17 F mass fractions,
anels (c) and (c’), as well as at the local maximum in the ‘( α, p)’
nergy generation curve (which includes the inverse reactions ( p, α)
s well), panels (d) and (d’). 
RASTAI 3, 800–814 (2024) 
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Figure 4. Distribution of abundances at 10 7 g cm 

−3 for Ṁ 

∞ = Ṁ Edd as in 
the left panel of Fig. 1 (continuous line) and a similar model in which the 
abundances of all accreted nuclei abo v e He are set to zero (dashed line). For 
some selected isobars, red dots, we indicate the most abundant nucleus. 
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Once the initial 12 C has been burnt, event α, energy generation
s dominated by the ( p, γ ) proton captures, further dubbed as p-
aptures, o v er nuclei in the A range 20–39, and at slightly higher
ensities on nuclei with A ≥ 40, as illustrated in panels (d) and (d’).
or nuclei with Z larger than 8, α-captures become very limited
y Coulomb repulsion so these processes become important only
t later stages, between events δ and ζ , when the temperature has
ignificantly risen. The early occurrence of 20 ≤ A ≤ 39 p-captures
s a consequence of, mainly, tw o f actors: first, some 14 O( α, p) 17 F and
5 O( α, γ ) 19 Ne CNO breakout reactions allow the buildup of 19 −20 Ne
nd 20 −21 Na material. Next, p-captures over these nuclides can
roceed enhancing the amount of proton-rich isotopes whose half-
ives against β+ decays are typically shorter than 10 s, facilitating the
ccurrence of further ( β+ νe ) –p–capture chains. In this regard, the
rst stage of the rp-process starts operating. Due to the importance
f ( p, γ ) and β+ -decay reactions in the integrated flow, we explicitly
lot their respective contributions in panels (d) and (d’), considering
hree different nuclide mass ranges. Note that, in contrast to the hot
NO cycles, where just a few reactions can be identified as the source
f ≥ 90 per cent of the total energy, the released energy in the rp-
rocess comes from the whole collection of reactions instead of just
 few ones. 

Let us now consider the buildup of nuclei abo v e A = 40. At Ṁ Edd ,
he 43 Ti( β+ νe ) 43 Sc( p, α) 40 Ca path slows down the buildup of 43 Ti,
ut results in a tremendous enhancement of 40 Ca, event γ . Near
og 10 ρ = 5 . 0, sufficient 43 Ti and temperature have been reached
s to allow 

43 Ti( p, γ ) 44 V, allowing material to reach A > 43 via
ubsequent p-captures and β+ decays. Such bottleneck seems less
ccentuated at 5 Ṁ Edd , where the 40 Ca and 43 Ti buildups take place at
ower densities in comparison, log 10 ρ = 4 . 5. This allows the reaction
ow to reach up to 56 Ni below log 10 ρ = 4 . 75 at 5 Ṁ Edd , while we must
wait until log 10 ρ ∼ 5 . 25 at Ṁ Edd , events δ and ε in the energetics
iagram. 
At the next events, from ε to ζ , we see a third stage of the rp-

rocess, enhancing the abundance of proton-rich nuclides such as
6 Ni, 64 Ge at Ṁ Edd and 72 Kr at 5 Ṁ Edd . The generated energy in
oth scenarios reaches a global maximum, of 10 16 erg g −1 s −1 in
he first case and almost ten times larger in the second. Despite
his enhancement of A > 60 material, as well as the considerable
ASTAI 3, 800–814 (2024) 
ontribution from the 3 α-process, comparable with that from the
ypical hot CNO, the released energy mostly comes from p-captures
 v er A ≤ 40 material, as well as the subsequent β+ decays. At event
, log 10 ρ � 6, the available hydrogen has significantly decreased
 X s ∼ 0.70 → X ρ= 10 6 ∼ 10 −10 ) resulting in a sudden drop of all
roton capture reactions at this density in both models. 
After this event, the fraction of proton-rich material begins to drop

s a consequence of β+ decays, which dominate the released energy
p to ρb . This is illustrated through the examples of two nuclei far
way from the stability line, 64 Ge at Ṁ Edd and 72 Kr at Ṁ Edd , in panels
c) and (c’). For 5 Ṁ Edd , hydrogen exhaustion led to the synthesis of
 ≥ 70 material. The energy release is now dominated by β+ decays
f A ≤ 60 isotopes to wards the v alley of stability at Ṁ Edd and A ≤ 40
t 5 Ṁ Edd , with still a significant contribution from the 3 α and ( α, γ )
eaction families. Since the A = 20–60 abundances around ρb are of
he same order of magnitude, ∼ 10 −5 according to Fig. 1 , the amount
f released energy is very similar at both accretion rates, and explains
he small T increase in both cases, log 10 T = 8.66 to 8.69 at Ṁ Edd 

nd from 8.83 to 8.85 at 5 Ṁ Edd . 
The abo v e discussion shows that production of heavy elements is

redominantly done at the burning of helium, which generates the
2 C via the 3 α-process. To confirm this interpretation we compare in
ig. 4 the resulting abundances of our Ṁ Edd envelope with a similar
odel, i.e. same Ṁ 

∞ , T eff , M , and R, but only accreting 1 H and 4 He
ith mass fractions 0.7 and 0.3, respectively. One clearly sees that

he final abundances are essentially identical, differing around and
bo v e A = 80 only as a consequence of the lack of metals in the
ccreted composition. Ho we ver, the similarity among A < 80 ashes
onfirms all accreted CNO nuclei are consumed and the rp-process
s fed almost entirely by the 12 C produced by 4 He burning. 

In Table 2 we report the luminosity at infinity from the processes
llustrated in panels (d) and (d’) of Fig. 3 , computed with equa-
ion( A11 ). As abo v e, we infer the rp-process taking place between
 = 40 and A = 60 represents the largest source of luminosity, in

greement with both peaks in Fig. 3 , and the contributions from
eak reactions near ρb . Considering a redshift e 
 ≈ 0 . 8 for these

nvelopes, at Ṁ Edd we see the ( p, γ ) and ( β+ νe ) contributions from
 ≥ 20 amount to ∼ 2 . 27 and ∼ 3 . 74 MeV per nucleon respectively,

.e. the luminosity from nuclear reactions is ≈ 6 MeV per nucleon,
imilar to what is usually obtained via CNO burning at lower
ccretion rates. The scenario is slightly different at 5 Ṁ Edd : for the
ame individual contributions we now have ∼ 2 . 21 and ∼ 4 . 02,
espectively, i.e. weak decays are slightly more energetic since we
ave more metal abundances at 5 Ṁ Edd than at Ṁ Edd (e.g. Fig. 1 ).
o we ver, the net released energy is still ≈ 6 MeV per nucleon. 

.2 Variations on the accreted amount of H 

he comparison of models at Ṁ Edd carried out in Fig. 4 confirms
hat hydrogen and helium abundances are the critical ingredients
n the synthesis of A > 40 metals via the rp-process. In order to
xplore the actual impact of the mass fractions of 1 H and 4 He in the
ccreted matter composition, we performed a series of simulations
 arying their indi vidual mass fractions, X H and X 4 He respecti vely,
hile retaining their sum X H + X 4 He constant and equal to its value

t Solar composition, ≈ 0.98. For all models, we employed the same
, R as in Section 4.1 but, instead of fixing T eff , we required all our
odels to have the same T b in order to have a fair comparison on the

hermonuclear reaction rates. 
The resulting abundances for Ṁ Edd at ρb can be found in the left

anel of Fig. 5 . In the X H 

= 0 . 01 scenario, nuclei at A > 40 are not
roduced at all, as shown by their distribution, with a peak around

art/rzae055_f4.eps
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Figure 5. Distribution of abundances for different accreted fractions of hydrogen, denoted as X H , and helium at the surface with X He = 0 . 98 − X H . Left panel: 
Ṁ 

∞ = Ṁ Edd , right panel: Ṁ 

∞ = 0 . 30 Ṁ Edd . Here, ρb, 7 = ρb / 10 7 g cm 

−3 and T b, 8 = T b / 10 8 K. At Ṁ Edd , Q b ranges from 0.58 (at X H = 0 . 01) to 0.03 (at 
X H = 0 . 70) MeV per baryon. At 0 . 3 Ṁ Edd , Q b ranges from 1.0 (at X H = 0 . 01) to 0.15 (at X H = 0 . 70) MeV per baryon. 

Table 2. Luminosities at infinity due to the processes in panels (d) and (d’) 
of Fig. 3 . These were computed employing equation( A11 ). 

Process L 

∞ (erg s −1 ) for 
Ṁ 

∞ = Ṁ Edd Ṁ 

∞ = 5 Ṁ Edd 

Hot CNO 1.57 ×10 35 3.79 ×10 35 

3 α 1.17 ×10 35 4.37 ×10 35 

( p, γ ), A ≥ 20 1.92 ×10 36 9.37 ×10 36 

( p, γ ), A ≥ 40 1.11 ×10 36 5.55 ×10 36 

( p, γ ), A ≥ 60 2.63 ×10 35 2.22 ×10 36 

( β+ νe ), A ≥ 20 3.17 ×10 36 1.71 ×10 37 

( β+ νe ), A ≥ 40 1.77 ×10 36 1.13 ×10 37 

( β+ νe ), A ≥ 60 4.75 ×10 35 4.11 ×10 36 

Figure 6. Distribution of abundances for different accretion rates, in units of 
Ṁ Edd . From 0.01 to 1.00, the corresponding Q b in MeV per baryon are 1.09, 
0.15, 0.20, 0.17, and 0.08. 

A  

m  

s  

a  

i
4  

t
f  

h  

t
 

t  

4  

H  

5  

r
t  

t
p

4

I  

o  

s  

p  

s  

F  

p
 

m  

o  

A  

e  

t  

r  

t  

t  

n  

B  

b  

f  

t
s

D
ow

nloaded from
 https://academ

ic.oup.com
/rasti/article/3/1/800/7915086 by D

eutsches Elektronen Synchrotron D
ESY user on 13 D

ecem
ber 2024
 = 56 (i.e. X 56 Fe ∼ 1 . 2 × 10 −3 ), which is identical to the accreted
atter composition. Thus, the A > 40 abundances for the X H 

= 0 . 01
cenario is a reflection of the Solar metallicity. Between X H 

= 0.20
nd 0.30 we see an ongoing rp-process as the abundance of A = 52
sobars becomes comparable and/or exceeds the abundance of A = 

0. For 0.30 ≤ X 1 H ≤ 0.70, we see the progressive increment of
he fraction of accreted hydrogen allows to reach higher abundances 
or A ≥ 56 isotopes. As clearly shown in these curves, the accreted
ydrogen must exceeds 50 per cent of the total mass fraction in order
o synthesize A ≥ 60 material. 

At 0.3 Ṁ Edd , right panel of Fig. 5 , we find some similarities with
he Ṁ Edd case: 1 H burning does not result in enhancement of A >

0 nuclides unless its mass fraction at the surface reaches ∼ 0 . 30.
o we v er, we also observ e that as long as X 1 H constitutes up to
0 per cent of the accreted material, at this relative small accretion
ate an rp-process takes place, synthesizing A ∼ 60 nuclides (since 
he A > 40 composition at 0.01 Ṁ Edd is the original composition of
he accreted matter, any excess above these values exhibits nuclei 
roduced by the rp-process). 

.3 rp-process at low-accretion rate 

n this section we explore the efficiency of the rp-process as a function
f Ṁ at low accretion rates. For these models, we employed the same
urface gravity as in Section 4.1 and a simplified mixture of 0.70
er cent 1 H and 30 per cent 4 He, i.e. no metals at all since we have
hown these have no significant impact. The results are displayed in
ig. 6 , and for completeness in the discussion we also include the
reviously addressed Ṁ Edd case. 
At 0.01 Ṁ Edd we observe the disappearance of 1 H that has been
ostly converted into 4 He by the CNO cycle, and a strong abundance

f 12 C as a results of the 3 α reaction. Although synthesis beyond
 = 20 is mostly negligible, we see some A = 40 material, as

xpected due to the bottleneck role of 40 Ca in the rp-process. At ten
imes this rate, 0.1 Ṁ Edd , we observe an enhancement of this material
eaching abundances up to 10 −3 , about an order of magnitude below
he A ∼ 20 material. Ho we ver, the bottleneck of 40 Ca is starting
o be bypassed as we observe the synthesis of A = 52 and A = 56
uclei, with abundances an order of magnitude below that of A = 40.
etween 0.1 and 0.25 Ṁ Edd we finally see the complete bypass of this
ottleneck since material up to A = 60 is synthesized. As we mo v e
rom 0.25 to 0.35 to 1 times Ṁ Edd , the families of isobars A = 60
o 70 are progressively synthesized since the temperatures for these 
tationary envelopes are progressively higher. 
RASTAI 3, 800–814 (2024) 
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Figure 7. Envelope models at Ṁ 

∞ = 0 . 01 Ṁ Edd (left panels) and 0 . 10 Ṁ Edd (right panels) as a function of ρ. The upper scales indicate the corresponding 
column depth y and time spent by the accreted matter since it started its journey from the neutron star surface. Panels (a) and (a’): temperature; panels (b) and 
(b’): mass fraction of selected nuclei; panels (c) and (c’): specific energy generation of dominant processes, as indicated, and with the upper thick line showing 
the total energy generation. The corresponding values of Q b for 0.01 and 0.10 Ṁ Edd are 1.09 and 0.15 MeV per baryon, respectively. 
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In Figs 7 and 8 , we plot the corresponding envelope profiles. Due
o the absence of metals in the accreted material, in all four cases
he actual synthesis of nuclides occurs around and abo v e log 10 ρ ∼ 5
nd log 10 T ∼ 8, as conditions are suitable for the initiation of the 3 α
eaction, and simultaneously the triggering of the hot CNO by the
roduced 12 C. The subsequent burning, ho we ver, naturally depends
n the accretion rate. For 0.01 Ṁ Edd , left panels in Fig. 7 , we have
he standard scenario of CNO cycles followed by ( α, p) reactions
including the ( p, α) contributions such as 15 N( p, α) 12 C) and 3 α
urning. Once hydrogen is exhausted, production of 4 He ceases and
he system is hot enough as to enhance the He-burning via 3 α,
he predominant reaction as indicated in panel (c), resulting in 12 C
eing the most abundant species in the mixture. The enhancement of
0 ≤ A < 39 material in this scenario is due the 3 α and ( α, γ ) reac-
ions. This is also shown by the small amount of T z = −1 nuclides
ynthesized before the H-exhaustion point, occurring just below
ASTAI 3, 800–814 (2024) 
og 10 ρ ∼ 6 . 25, and the absence of strong β+ decay contributions
t high depths. 

At ten times this rate, 0.1 Ṁ Edd in the right-hand side panels
f Fig. 7 , we see a moderate rp-process undergoing before the
-exhaustion point, now located near log 10 ρ ∼ 6. Energetics is
ominated by the hot CNO but there is some contribution from the
p-process on nuclei A ≥ 20 with abundant production of nuclei in
he A ≥ 40 range seen in panel (b’). After H exhaustion the largest
ontribution to energy comes from 

4 He burning with ( α, γ ), and
ventually ( α, p), reactions dominating over the 3 α. As a result, the
opulation of A = 20 − 39 nuclei significantly grows. When density
pproaches 10 7 g cm 

−3 , only β-decay reactions remain. 
Finally, let us address the stationary envelopes with rates around

.3 Ṁ Edd , i.e. 0.25 and 0.35 Ṁ Edd in Fig. 8 . In contrast to the 0.10 Ṁ Edd 

odel, the rp-process becomes very efficient with production of a
arge amount of 40 ≤ A < 60 nuclides occurring at log ρ between
10 
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Figure 8. Same as Fig. 7 , for Ṁ 

∞ = 0 . 25 Ṁ Edd (left panels) and 0 . 35 Ṁ Edd (right panels). The corresponding values of Q b for 0.25 and 0.35 Ṁ Edd are 0.204 
and 0.172 MeV per baryon, respectively. 
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5 and 5.25, and then up to A ≥ 60 material at higher densities.
egarding the generation of energy, we see the ( p, γ ) reactions and

heir subsequent β+ decays now liberate more energy than the 3 α-
rocess, by between one to two orders of magnitude, around the 
lobal maximum in both panels (c) and (c’). As a consequence of
his burning, we see 1 H exhaustion takes place at a similar density
mong the 0.1, 0.25, and 0.35 Ṁ Edd models, i.e. log 10 ρ ∼6. After H 

xhaustion the largest contribution to energy comes from 

4 He burning 
rom the 3 α with a significant contribution from the ( α, p), competing
ith the beta-decays. As a result, the population of A = 20 − 39
uclei significantly grows. When density approaches 10 7 g cm 

−3 , 
nly β-decay reactions remain. 
We must emphasize that, at the accretion rates considered in this

ection, our results at densities abo v e ∼ 10 6 g cm 

−3 are likely purely
cademic. Indeed, since burning will become unstable when the 
ccreted matter reaches densities ∼ 10 6 g cm 

−3 , the composition past 
his point should be described by X-ray burst ashes. On the other
and, our description of matter at lower densities corresponds to the 
ne in-between bursts. 
.4 Helium accreting envelopes 

 completely different evolution is naturally expected when accreted 
atter is strongly hydrogen deficient. We have tested three scenarios 
ith large amounts of 4 He at the surface, in order to determine how

arge can α-nuclide abundances be as a consequence of accreting 
nd burning 4 He rich material. Taking g s as that for a 1 . 4M � star,
mplo ying tw o high accretion rates, 1 and 5 times Ṁ Edd , the proposed
cenarios are: 

(i) Scenario A: X 4 He = 1. 
(ii) Scenario B: X 4 He = 0 . 90, X 12 C = 0 . 01, X 14 N = 0 . 051,
 16 O = 0 . 015, with a small admixture of X 20 Ne = 0 . 004, and some

ydrogen X 1 H = 0 . 02, 
(iii) Scenario C: X 4 He = 0 . 90, X 12 C = 0 . 011, X 14 N = 0 . 05,
 16 O = 0 . 039 (without H and Ne). 

In the first scenario, we explore how much α-nuclides can be
ynthesized by pure 4 He burning, provided the high accretion rates 
uarantee sufficiently high temperature as to allow the operation of 
RASTAI 3, 800–814 (2024) 
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R

Figure 9. 4 He accreting envelopes at Ṁ = Ṁ Edd (left panels) and Ṁ = 5 Ṁ Edd (right panels) as a function of ρ. Top panels: temperature. Low and middle 
panels: mass fractions of synthesized α-nuclides. Thickest to thinnest lines correspond to scenarios A, B, and C, respectively. At Ṁ Edd , the corresponding Q b 

for scenarios A to C, in keV per baryon, are 42.24, 29.38, and 38.37. For 5 Ṁ Edd , the corresponding Q b are 39.74, 40.13, and 39.50 keV per baryon. 

Figure 10. Distribution of abundances at ρb for the 4 He accreting envelopes at Ṁ = Ṁ Edd (left panels) and Ṁ = 5 Ṁ Edd (right panels). 
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 α and ( α, γ ) reactions. In the second we keep a minimum amount
f hydrogen and metals, sufficient to guarantee both X 4 He / 4 � X 1 H 

nd the operation of the CNO cycles. The final scenario tests the
nfluence of such CNO isotopes in the synthesis of A ≥ 20 α-nuclides
rovided abundant 4 He accretion. This should also serve as a direct
omparison with the first scenario. To guarantee a fair comparison
mong the scenarios, compensating for their different T eff , we have
xed the base luminosity L b at 4 × 10 34 erg s −1 for the Ṁ Edd models
nd at 2 × 10 35 erg s −1 in the 5 Ṁ Edd ones, i.e. assuming a flux from
he interior proportional to the mass accretion rate. The resulting
 and α-nuclide mass fraction profiles can be seen in Fig. 9 and

he final abundances are presented in Fig. 10 . For both accretion
ates we observe temperature profiles following close trajectories in
he ρ versus T plane. The same superposition is observed for 4 He
nd 12 C profiles abo v e 10 5 . 75 g cm 

−3 at Ṁ Edd and 10 5 . 5 g cm 

−3 at
 Ṁ Edd , from where we infer the 3 α → 

12 C rate go v erns this high-
ensity sector of the envelope due to the large fraction of accreted
elium. 
At Ṁ Edd , scenario A mass fractions for the rest of the species

re the smallest among the three scenarios. The opposite situation
ASTAI 3, 800–814 (2024) 
ccurs in scenario B, where the tiny amount of 1 H enhances the
ynthesis of 24 Mg and 28 Si, but no impact is observed over 20 Ne.
f hydrogen is absent, but we accrete some metals, scenario C, we
till synthesize significant amounts of 20 Ne, 24 Mg, and even some
8 Si. Despite these differences at Ṁ Edd , the three scenarios agree
n that 12 C, followed by 16 O, practically constitutes ∼ 90 per cent
f the ashes, yielding similar abundances of A = 24 and A = 28 α-
uclides as those obtained from accretion of Solar-like matter (e.g.
ection 4.1 ). 
At 5 Ṁ Edd , due to higher temperatures, the nuclear burning is very

ifferent. At densities around 10 6 g cm 

−3 we see the disappearance
f 4 He due to α-capture reactions that generate some 20 Ne and
4 Mg. Later, at densities around 10 7 g cm 

−3 , 12 C- 12 C, and 12 C- 16 O
usion reactions, absent at the lower mass accretion rate, result in the
roduction of large amount of 20 Ne, 24 Mg, and 28 Si. For the three
cenarios, despite the different composition of accreted matter, we
nd that 24 Mg, 20 Ne, and 28 Si comprise ∼ 90 per cent of the total
omposition of the ashes, with small variations in their distribution at
b , indicating the synthesis and burning of 16 O are the actual waiting
oint of the burning process. 
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 C O N C L U S I O N  

n this paper, we have introduced and validated our code for steady
tate envelopes, which we plan to use coupled with a full thermal
volution code to explore phenomena such as shallow heating and 
he chemical composition of the accreted neuron star crust. Our 
onclusions can be thus summarized: 

(i) Our numerical code provides reliable results, in comparison 
ith those from the more robust network of ∼ 600 nuclides of
chatz et al. ( 1999 ). The discrepancies, even considering the updated
ersions of some rates, are actually small. The absence of ρ, T -
ependent weak rates is more evident at high accretion rates due to
he lesser amounts of synthesized A = 80–90 nuclides. 

(ii) We hav e e xplicitly sho wn ho w energy is distributed in these
tationary envelopes. The rp-process can be distinguished by a 
rominent peak, the sum of ( p, γ ) and β+ decay energies just before
 depletion, around 10 6 g cm 

−3 . Past this threshold, the energy
ostly comes from β-decays and the 3 α reaction. 
(iii) We saw a clear change in H burning occurring between 

˙
 = 0 . 1 Ṁ Edd and 0 . 2 Ṁ Edd . Below 0 . 1 Ṁ Edd H burns almost com-

letely through the hot CNO chain (Fig. 7 ) while at 0 . 25 Ṁ Edd 

nd 0 . 35 Ṁ Edd its burning is strongly dominated by rp-processes
Fig. 8 ). As a byproduct we see a clear effect of the 40 Ca bottle-
eck: at low accretion rates, as in our 0 . 01 Ṁ Edd model, essentially
o nuclei abo v e A = 40 are synthesized, while at higher rates
he rp-process is progressively generating increasing amounts of 
ncreasingly heavier nuclei as in our 0.1, 0.25, and 0 . 35 Ṁ Edd 

odels. 
(iv) Our envelope models being stationary, they only apply when 

uclear burning is stable. No X-ray burst have been observed 
t high accretion rates implying that our Ṁ = Ṁ Edd models are 
ikely realistic and describe the structure and composition of the 
nvelope in their whole density range. In the presence of e xplosiv e
urning, at lower accretion rates, our models should give a good 
epresentation of the envelope only at densities below ∼ 10 6 g cm 

−3 ,
hile the higher density regions should actually consist of X-ray burst 

shes. 
(v) We did not discuss the stability of our models considering it is

etter assessed with time dependent simulations and will be part of
uture works. 

(vi) The 4 He accretion at 5 Ṁ Edd mainly seems of academic interest 
ince, so far, observed He-accretion systems operate well below 

he Eddington rate. Nevertheless, our calculations suggest it is an 
nteresting scenario as the amounts of A = 24, A = 28 material left at
eeper layers might fa v our the occurrence of hyperbursts (Page et al.
022 ), a thermonuclear explosion requiring α-nuclides of A = 24 or
8. Page et al. ( 2022 ) inferred that hyperbursts are very rare events
s they are triggered at around 10 11 g cm 

−3 , while our results in
he cases of 4 He accretion at high rate suggest that under the right
onditions the waiting time may be shorter. 
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PPENDI X  A :  O N  T H E  ENVELOPE  E QUAT I O N S  

tructure. The space–time of very slow- or non-rotating stars can be
odelled as static and spherically symmetric, according to the line

lement in spherical coordinates ( ct, r, θ, φ) 

 s 2 = −e 2 
 ( r) c 2 d t 2 + e 2 	 ( r) d r 2 + r 2 
(
d θ2 + sin 2 θd φ2 

)
(A1) 

ith e 
 ( r) being the redshift , and 	 ( r) being related to the gravita-
ional mass via M r = c 2 r(1 − e −2 	 ( r) ) / 2 G . By inserting this metric
nto Einstein field equations and using the constraint for the energy–
omentum tensor ∇ μT μν = 0, one obtains (Shapiro & Teukolsky

983 ) 

d M r 

d r 
= 4 πρr 2 (A2) 

d P 

d r 
= −g e 	 HG (A3) 

d 
 

d r 
= − 1 

c 2 H 

d P 

d r 
, (A4) 

here G and H are given by equations( 6 ) and ( 7 ). 
Thermal evolution. This category is governed by three aspects:

omposition, temperature, and energy transport. In the presence
f radial mass accretion, the fluid 4-velocity � u can be expressed
s � u = γS ( e −
 , ve −	 , 0, 0), in terms of the 3-velocity v < 0
nd with γS = (1 − v 2 /c 2 ) −1 / 2 . Together with the continuity equa-
ion ∇ μ( n B u 

μ) = 0, with n B and ρB = m p n B the baryon number and
est-mass densities, respectively, m p being the proton mass, in the sta-
ionary case we have a conserved quantity: Ṁ 

∞ : = −4 πr 2 e 
 ρB γS v.
ear the surface of the star, at Ṁ Edd , we see γS | v| /c ∼ 10 −3 ,

.e. | v| ∼ ×10 −3 c. Due to γS | v | /c ∝ ρ−1 , | v | � c at high depths.
herefore, γS ≈ 1 in the whole env elope. Abo v e the neutron star
urface where accreting matter is in almost free-fall, ρB is much
maller and v close to c. 

In general, we can have a mixture of nuclides. Each species is
haracterized by: (i) two integers, charge and neutron numbers Z i ,
 i , (ii) its binding energy B i , (iii) its abundance Y i = n i /n B (with
 i being its number density), and (iv) their corresponding partial
ifferential equation 

 

μ∂ μY i = R i ( T , ρ, Y ) , (A5) 

here the right-hand side functional encloses all i -th species related
reation/annihilation rates. The whole set of equations u 

μ∂ μY is
nown as the nuclear reaction network (Timmes 1999 ; Hix & Meyer
006 ), and the released energy per gram is given by 

 nuc = −
∑ 

j 

N A M j c 
2 R j + 

∑ 

k∈ W 

〈 ̇e ν〉 Y k , (A6) 

here N A is the Avogadro’s constant, M i c 
2 = Z i ( m p + m e ) c 2 +

 i m n c 
2 − B i , with m n and m e being the rest-masses of the neu-

ron and the electron, respectively. W denotes the nuclide subset
ndergoing electroweak reactions, and 〈 ̇e ν〉 denotes the average
pecific energy per unit time carried away by neutrinos. 2 To quantify
he abundance fraction flowing through a certain channel directly
onnecting nuclides i and j , the integrated reaction flow F ij is
ntroduced. In our time-independent approximation, the appropriate
xpression is 

 ij = 

∫ P b 

P s 

d P 

[
d Y i 

d P 

( i → j ) − d Y j 

d P 

( j → i) 

]
, (A7) 
We reserve the notation ε ν for the thermal neutrinos energy losses, see §B . 
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Figure A1. Electron capture reaction rate for A = 56 nuclides. 
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here d Y A 
d P ( A → B) denotes the portion of species A ordinary

ifferential equation linking A with B. 
The temperature evolution is implicitly given by 

∂ ( e 2 
 L ) 

∂ r 
= 4 πr 2 e 2 
 + 	 ρB 

(
ε nuc + ε grav − ε ν

)
, (A8) 

here ε grav : = −T u 

μ∂ μs̆ , known in MESA as the gravitational
nergy, is best handled by making a distinction between the purely 
emporal (non-homologous) and spatial (homologous) contributions 
Sugimoto & Nomoto 1975 ; Paxton et al. 2015 ). In our stationary
pproximation, the first is automatically zero and the second can be 
ritten as (Fujimoto et al. 1984 ; Townsley & Bildsten 2004 ; Paxton

t al. 2015 ) 

 grav-h. = −Ṁ 

∞ e −
 −	 c̆ P T 

4 πr 2 ρB P 

d P 

d r 
( ∇ ad − ∇ T ) , (A9) 

ith ∇ T = 

P 
T 

d T / d P and ∇ ad the thermodynamic adiabatic gradient,
.e. the same expression but with d T / d P taken under an adiabatic
ransformation. Since ∇ ad > ∇ T , ε grav, h. > 0. The relation between
he gravitational and nuclear rates significantly depend on ρ: below 

10 3 g cm 

−3 , where matter is an almost ideal gas ( ̆c P ≈ 5 P / 2 ρT ),
 conserv ati ve estimation leads to 

 grav-h. ≈
(

10 3 g cm 

−3 

ρB 

) (
Ṁ 

∞ 

Ṁ 

∞ 

Edd 

)
× 10 15 . 5 erg s −1 g −1 , (A10) 

hich far exceeds any contribution from nuclear reactions (e.g. pp 

hains or initial phases of the CNO cycle). As ρ � 10 3 g cm 

−3 ,
ithin the degenerate electron domain, ε grav-h ∝ ρ−4 / 3 and thus 
 nuc �ε grav . 

Considering the nuclear energy is a sum of contributions from the 
eleased energy of the individual reaction rates (e.g. equation A6 ), we
an compute their individual contribution to L 

∞ using equation( A8 ) 
s 

 

∞ 

j = 

∫ r ∗

r b 

d r 4 πr 2 e 2 
 + 	 ρB ε j . (A11) 

inally, energy transport is treated via 

 = −4 πr 2 Ke −
 −	 

∂ 

∂ r 
( e 
 T ) , (A12) 
here the thermal conductivity, K = 

16 σSB T 
3 

3 ρB κeff 
, includes both radiation 

nd conduction effects in the effective opacity κeff = [ κ−1 
cond + κ−1 

rad ] 
−1 

ith κcond and κrad defined below. 

PPENDI X  B:  M I C RO P H Y S I C A L  I NPUT  

he equation of state (EOS). We adopt the standard non-interacting 
OS of stellar matter (Kippenhahn, Weigert & Weiss 2012 ), subject

o charge neutrality. For electron pressure we used the fits from
ohns, Ellis & Lattimer ( 1996 ). To test the impact of electrostatic
nteractions we compared all the results from this EOS to those
btained by Potekhin & Chabrier ( 2000 , 2010 ) and Haensel, Potekhin
 Yak ovlev ( 2007 ), emplo ying the fits from Ichimaru, Iyetomi &
anaka ( 1987 ), Chabrier & Potekhin ( 1998 ), Potekhin & Chabrier
 2000 ), and Haensel et al. ( 2007 ). Since the observed differences are
maller than 10 per cent in temperature, in this work we can safely
eglect these corrections in fa v our of speeding up the numerical
alculations. 

Opacity. In the Rosseland mean κrad we include the electron 
cattering expression from Poutanen ( 2017 ), free–free absorption 
s described in Schatz et al. ( 1999 ), and the correction factor from
otekhin & Yakovlev ( 2001 ). For κcond , we consider the electron–
lectron scattering from Shternin & Yakovlev ( 2006 ), and the fit from
chatz et al. ( 1999 ) for electron-ion scattering. 
Thermal neutrinos. We include them considering the fits of 

toh et al. ( 1996 ) for five processes: plasmon decay, photo- and
air-neutrinos, recombination, and bremsstrahlung. The latter con- 
ribution was approximated for all chemical mixtures using the 
oefficients for 12 C. 

PPENDI X  C :  E L E C T RO N  CAPTURES  FITS  

he analytic fits were made considering the tabulated electron capture 
ates from Suzuki, Toki & Nomoto ( 2016 ), as reported by the NSCL
roup 3 and plotted in Fig. A1 . Below T 9 = 2, we observe these rates
ehav e, to a v ery good de gree, as T -independent. This moti v ated the
se of a sixth degree polynomial in x = log 10 ρ for both 56 Ni and
RASTAI 3, 800–814 (2024) 
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6 Co electron capture rates λec , such that 

og 10 λec ( x) = 

6 ∑ 

j= 0 

a j x 
j . (C1) 

ince the lowest density entry in the table corresponds to 10 5 g cm 

−3 ,
nd we intended for our fit to provide a smooth transition towards
ec → 0 at lower densities, artificial values were introduced in the
tted array in order to guarantee the polynomial remained strictly

ncreasing in the range [10 0 , 10 5 ] g cm 

−3 . 
For 56 Ni we obtained: 

og 10 λec ( x) = −112 . 893743 + 57 . 5653413 x 

−9 . 4429386 x 2 − 0 . 04178759 x 3 

+ 0 . 16708368 x 4 − 0 . 01639904 x 5 

+ 4 . 953830726 × 10 −3 x 6 . (C2) 

© 2024 The Author(s) Published by Oxford University Press on behalf of the Royal Astronomical So

on-Commercial-NoDerivs licence ( http://cr eativecommons.or g/licenses/by- nc- nd/4.0/), which perm
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ot altered or transformed in any way, and that the work is properly cited. For commercial re-use, please conta
hile for 56 Co we obtained: 

og 10 λec ( x) = −225 . 507327 + 173 . 403715 x 

−56 . 492487 x 2 + 9 . 673906 x 3 

−0 . 918252 x 4 + 4 . 614900 × 10 −2 x 5 

−9 . 629495 × 10 −4 x 6 . (C3) 
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