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1 Introduction

In this series of papers (Part I [1] and Part II), we study the flavor symmetry algebras of
5d SCFTs.! In Part I [1], we provide a general recipe for computing the flavor symmetry of
any 5d SCFT that can be obtained (on its extended Coulomb branch) by integrating out
BPS particles from the extended Coulomb branch of a known 5d KK theory.? This is done
by utilizing the construction of the extended Coulomb branch of a 5d KK theory in terms of
M-theory compactified on Calabi-Yau threefolds (CY3) [10, 12, 24]. The flavor symmetry
of this 5d KK theory is encoded in terms of P! fibered non-compact surfaces coupled to
the compact surfaces inside the CY3. The RG flows associated to integrating out BPS

!See [2-24] for a study of 5d SCFTs by constructing them string theory compactification on singular
geometries; [25-38] for a study of 5d SCFTs by constructing them through intersecting brane configurations
in string theory; and see [39-47] for their study from the point of view of holography. See also [48-69] for
other related studies.

2We define a 5d KK theory to be a theory obtained by compactifying a 6d SCFT on a circle of finite non-
zero radius, possibly with twists by discrete global symmetries of the 6d SCFT as one traverses the circle.



particles lead to the decoupling of some of the non-compact surfaces, leading to a new set
of non-compact surfaces which encodes the flavor symmetry of the resulting 5d SCFT.

In this part, we apply the method discussed in Part I [1] to explicitly determine the
flavor symmetry of 5d SCFTs which reduce upon a mass deformation to a 5d N = 1 gauge
theory with a simple gauge algebra, and can be obtained by integrating out matter from
a bd KK theory. See [20] for the list of all such 5d SCFTs which are known to exist at the
time of writing of this paper.

So, consider a 5d SCFT ¥ which admits a mass deformation to a 5d ' = 1 gauge theory
G. Let G carry a semi-simple gauge algebra g with matter content being organized as n;
copies of hypermultiplets transforming in some irrep R; of g. Then, there is a classically
visible flavor symmetry algebra fg that we can assign to G. If R; is a complex representation,
then we obtain a factor of u(n;) in fg. If R; is a strictly real representation, then we obtain
a factor of sp(n;) in fg. If R; is a pseudo-real representation, then n; is half-integral and we
obtain a factor of so(2n;) in fg. Moreover, for each simple gauge algebra g, appearing in
the semi-simple gauge algebra g = @,g,, we obtain an additional u(1), factor in the flavor
symmetry algebra whose current is provided by the instanton number for g,. One might
then wonder whether the full flavor symmetry algebra f¢ of T is the same as fg. It is well-
known that this is not the case. In general, fg is only a subalgebra of fz, but an important
point is that the rank of fg equals the rank of fz. This is usually stated by saying that
the classical flavor symmetry fg of ¥ is enhanced to f¢ at the superconformal point, and
fz is then referred to as enhanced flavor symmetry. A classic example of enhanced flavor
symmetry is provided by the Seiberg F,, (where n < 8) theories [2, 3, 25] which admit a mass
deformation to su(2) gauge theory with n — 1 full hypers in fundamental representation.
The classical flavor symmetry fg = s0(2n — 2) @ u(1) which is known to enhance for n > 2
to f = e, where e5 := §0(10), eq := su(b), e3 := su(3) ® su(2) and ez := su(2) G u(l).

We emphasize that the method for determining the flavor symmetry of a 5d SCFT
described in Part I does not depend on the existence of a mass deformation reducing the
5d SCF'T to a 5d gauge theory. That is, our method always captures the full enhanced
flavor symmetry fz of the 5d SCFT ¥. In this part, we use our method to tabulate the
5d gauge theories with simple gauge algebra whose (associated classical) flavor symmetries
are enhanced when they are UV completed into a 5d SCFT (where the precise meaning
of the UV completion has been discussed above). See section 2 for a quick reference list
of such gauge theories, where we have arranged the gauge theories according to the rank
of their gauge algebra. The detailed derivation of these results has been provided in the
following section 3.

Throughout this paper, we use notation and background about geometric constructions
and 5d KK theories that can be found in section 5 and appendix A of [12]. We use some
notation about P! fibered surfaces that can be found in section 4.1 of Part I. Background
and notation about geometric construction of 5d N/ = 1 gauge theories can be found in
section 2 of [64] and section 3.2 of [20]. Background on flops can be found in [16].



2 Flavor symmetry of 5d SCFTs: summary of results

In this section, we collect our results for flavor symmetry of 5d SCFTs that admit a mass
deformation to a 5d N' = 1 gauge theory carrying a simple gauge algebra. These flavor
symmetry of a subset of these theories has been studied from other points of view in [13—
15, 19, 21, 23, 30-32, 34, 35, 38, 49-51, 54-56, 59] and our results agree with the analysis
of those papers.

We will denote such theories as

g+ anRz (2.1)

where g is the simple gauge algebra and n;R; denotes that the theory contains n; hyper-
multiplets in irreducible representation R; of g. To account for half-hypermultiplets, we
allow n; to be half-integral for pseudo-real representations. We will further abbreviate the
names of various irreducible representations as follows:

o F denotes the fundamental representations for su(n) and sp(n), the vector repre-
sentation for so(n), and irreducible representations of dimensions 7,26,27,56 for

92,4, ¢6, e7 respectively.
e A denotes the adjoint representation.
o A" denote the irreducible n-index antisymmetric representations for su(n) and sp(n).
« 52 denotes the 2-index symmetric representation for su(n).
S denotes irreducible spinor representation for so(n).
o C denotes irreducible co-spinor representation for so(2n).

Furthermore, for g = su(n) we have to specify a Chern-Simons level® k, which we include
as a subscript of su(n), and describe such a theory as su(n)p + >, n;R;. For sp(n) we
sometimes have to specify a theta angle 8 which can take values 0, 7 only, and we describe
such a theory as sp(n)y + >, niR;.

The list of 5d gauge theories with simple gauge algebra that are known to UV complete
to 5d SCFTs has been compiled in [20], to which we refer the reader. The only gauge
theories in their list which cannot be obtained from 5d KK theories by integrating out BPS
particles are as follows [18, 20]:

e fg+nF for1<n<3.
e ¢g+nFforl<n<d4.

e ¢er+zFfor 1 <n <6.

3In this paper, we adopt the convention that the Chern-Simons level is captured by a tree-level contri-
bution (related to the Cubic casimir) to the prepotential of the 5d su(n) gauge theory.



In this section, we provide the flavor symmetry of all 5d SCFTs appearing in [20] except
for the three kinds of theories listed above.

We will use either ¥ or T, to denote the theories and f(T) or f(F,,) to denote their flavor
symmetries. Some 5d SCFTs can reduce to multiple 5d gauge theories (with a simple gauge
algebra) if one deforms them by different mass parameters. In this case, one says that the
different 5d gauge theory descriptions are related by bd dualities. Below, we account for
such dualities by placing an ‘=’ sign between the different 5d gauge theory descriptions.
For example, the 5d SCFTs appearing in (2.2) have two gauge theory descriptions; one of
them being su(m +2)= + (2m + 8 — n)F, and the other being sp(m + 1) + (2m + 8 — n)F.

Below, we will only mention theories for which there is a non-trivial enhancement
of flavor symmetry at the conformal point. The flavor symmetry for theories not being
mentioned in this section, but appearing in [20], is simply the classical flavor symmetry
associated to the gauge theory. As an example, for n = 2m + 7 and n = 2m + 8 in (2.2)
there is no enhancement of classical flavor symmetry, and hence those cases are omitted.
On the other hand, some of the gauge theories have an enhancement that is visible from
the viewpoint of a dual gauge theory. Such cases are not omitted below. An example of
such a case is (2.2) for 3 <n < 2m +6.

2.1 General rank

T, = su(m+2)2+(2m+8-n)F = sp(m+1)+2m+8—n)F ; m>1

f(T1) = so0(4m+16)

f(T2) = so0(4dm+12)Psu(2)

f(T,) = so(dm+16—2n)du(l) ; 3<n<2m+6 (2.2)
T, = 5u(m+2)nT4+(2m+7—n)F i om>1,1<n<2m+6

f(fl) = 5u(2m+8)

f(%T2) =  su(2m—+6)PDsu(2)

f(T.) = u@m+8-n) i n>3 (2.3)
T, = SumE2)ua+2m+5-n)F 5 om>1

f(T1) =  su(2m+4) osu(2)?

f(%,) = u@m+5-—n)dsu(2) ; n>2 (2.4)
T, = su(m—i—l)%—i—AQ—i—(m—i—?—n)F ;7 m>5,1<n<m+6

f(%1) = u(m+8)

f(%,) = ulm+8—n)du(l) ;5 n>2 (2.5)



= 5u(m+1)nT_1+/\2+(m+67n)F ;o om>4
=  u(m+5)Dsu(3)
= um+6—n)du(2) ; n>2

= eg_npPsu(2 7 1<n<3

)
50(10) B su(2)

su(5) su(2)
su(3)®so(4)

u(2) su(2)

= sum+2)mis+A2 = sp2Cm+1)o+A2 5 m>1
= s0(4)

= 511(2m+1)m+g—i-/\2 = sp2m)+A* ;5 m>1
= u@?

= sp(2m)o+A%2 5 m>1

= s0(4)

= su@m+2)s 2N+ 8-n)F ;5 m>2
= er@su(2)?

= s0(12)@su(2)?

= su(6)®su(2)3

= su(4)@su(2)*

= u@B-n)dsu(2)®> ; n>5

= 5u(2m+2)n74+2A2+(7—n)F ;i om>2,1<n<4
= ¢shu(2)du(l)

=  50(10)@u(2)®u(l)

= su(5)du(2)du(l)

= su(3)ou(2)?

(2.11)

(2.12)



5u(2m+2)n7—1+2/\2+(5—n)F ;. m>2,1<n<3
50(10—2n) du(2)du(l)
5u(2m+2)n74+2A2+(3—n)F D om>2,n=12

u(d—n)du(2)

su(2m+2)g+2A%2 5 m>2
u(2) ®su(2)
su(2m+3)n +20°+(8-n)F 5 m>1

= s50(16)®so(4)
= s0(12)Psu(2)3

s0(16—2n)du(2)®su(2) ; n>3
5u(2m+3)n74+2A2+(7—n)F ; m>1,1<n<6
u(8) dsu(2)
u(6) ®su(2)?
u@—n)du(2) ; n>3
5u(2m+3)nT4+2A2+(5—n)F i o m>1
u(4) dsu(2)?
u(b—n)ou(2)®su(2) ; n>2
5u(2m+3)%+2/\2+(7—n)F ;o om>2
e7Dso(4)
s0(12) Dso(4)
su(6) ®so(4)
su(4) su(2)?
u(8—n)dso(4) ; n>5
su(2m+4)s4n +2A2+(T—n)F 5 m>1,1<n<6
50(16) ®su(2)
50(12) D su(2)?

s0(16—2n)du(2) ;3 n>3

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)



T, = 5u(m+1)%+52+(m717n)|: ;o om>3,1<n<m-—2

f(T1) = u(m)
(%) = ulm—n)@u(l) & n>2 (2.21)
T, = 5u(m+1)%+52—|—(m—2—n)F ;o om>3
f(T1) =  u(m—3)dsu(3)
f(Th) = ulm—-2-n)ou2) ; n>2 (2.22)
T = so(m+2)+(m—-n)F ; m=>5n=12
f(T1) = sp(m)
(T2) =  sp(m—2)@su(2) (2.23)
2.2 Rank 1
Tp = su(2)+(8—-n)F 1<n<7
(%) = €9-n 3 1<n<3
f(T4) = s50(10)
f(Ts) = su(d)
f(%T) = su(3) dsu(2)
f(T7) = u(2) (2.24)
T = su(2)o
f(T) = su(2) (2.25)
2.3 Rank 2
Ty = uB)sn +(6-1)F = gp2), +202+ (4-n)F = go+(6-n)F
f(T1) = sp(6)
f(T2) = sp(4) @ su(2)
f(Tn) = sp(6—n)du(l) n=34 (2.26)
T = 5u(3)§+F = go+F
f(5) = u@®) (2.27)
T = su(3)e
f(T) = su(2) (2.28)



24

Rank 3

g

sp(2)o + 2A?
sp(3)

su(3)

N =

50(4)

su(d)n + A2+ (10-n)F 3 1<n<9
su(12)
uw(12—n) ; n>2
su(d) .y + A%+ (9 - n)F
su(8) & su(4)
u9—-—n)@dsu3) ;5 n>2
su(4)n +2A* + (8 —n)F
e7 @ s0(7)
50(12) @ s0(7)
su(6) @ so(7)
su(2) @ su(4) @ so(7)
ul@—n)®so(7) ;s n>5
su)as + 202+ (T-n)F ; 1<n<4
¢ D sp(2) P u(l)
50(10) @ sp(2) ® u(1)
su(5) @ sp(2) ®u(l)
su(3) @ sp(2) du(2)
su()as +202+ (5-n)F ;1 1<n<4
50(10 — 2n) ® sp(2) ® u(1)
su(4)us + N2+ (3—n)F ; n=1,2

u(d —n) ®sp(2)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)



—h
~~ ~~ ~~ ~—~
w

A
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A A A A A

A

5u(4)0 + 2A2

sp(2) @ su(2) (2.37)
su(d)agn +20° + (T=n)F = sp(3)+ IN°+252F 5 1<n<6
s0(19)

s0(15) & su(2)
50(19—2n)du(l) ;7 n>3

(2.38)

su(d)sen + (6 —n)F = gp(3) + A® + (5 — n)F

6

su(6)

su(3) @ su(3)

u(2) & su(2)

u(2) (2.39)
su(4);

su(2) (2.40)
su(4): + 3N*+3F = s50(7)+55S+F = s0(7)+6S

s5p(6) @ su(2) (2.41)
sud)as +3M+B-n)F = so(T)+(6-n)S : n=1,2
sp(6 —n) du(l) (2.42)
su@)in +30° +B-n)F = so(7)+(5-n)S+F 5 n=1,2

sp(5 — n) © su(2) @ so(4 — n) (2.43)
su(d)2en +3N° + A -n)F = so(7)+ (5-n)S+2F ; n=1,2
sp(3) @ sp(6 —2n) u(n —1) (2.44)
su(4)on +3N+(2-n)F ; n=1,2

sp(3) D su(2) du(2 —n) (2.45)
su(4) + 3A?

sp(4) (2.46)



T = su(4)g+3/\2+3F = s0(7)+3S+3F
f(T) = fa@sp(3)

T, = s0(7)+(3—n)S+3F
f(T1) = s0(7) & sp(3)
f(T,) = su(b—n)dsp3) ; n=2,3

T = su@)sim +3N2+B-n)F ; n>1

f(X) = 4D so(6—2n)

T = spB)+ N +HAN+Z22F 5 n=1,2
f(T) = sp(4—n)
T = s0(7)+S+4F
f(T) = sp(6)
2.5 Rank 4
T, = su(d)n + A2+ (11 —n)F
f(T) =  su(12) @ su(2)
f(%) = uwl2—-n)@su(2) 5 n>2
T, = 5u(5)3+Tn +2A% + (7T —n)F
f(T1) = e Do
f(T2) = s0(12) @ g2
f(T3) = su(6) ®go
f(T4) = su(2) ®su(4) ® g2
f(%,) = u@—n)dgs ;5 n>5
T, = su®)s +3N+@B-n)F = s0(9)+35+(3—n)F
f(T1) = sp(2) & su(2) ©sp(3)
f(T,) = ud—n)®sp3) 5 n=23
T = 5u(5)%1+3/\2+(2—n)F P on=1,2

f(%) = u(3)@dso(b—n)

~10 -

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)



su(5)s +3A2+F = s50(9)+4S
sp(4) @ su(2)
su(5)5 + 3A?
su(4) @ su(2)
sp(4) + N+ (4—n)F 3 n=1,2
50(8)
su(2)3
50(9)+25+(5b—n)F ;5 n=12
sp(5) © sp(2)
sp(3) @ sp(2) B su(2)
s0(9) +S+5F
sp(5) © sp(2)
50(8)+(4—n)S+4F ;5 1<n<3
5p(4) @ fa
s5p(4) ® s0(7)
sp(4) @ su(3)
s0(8) +S +5F
sp(7)
50(8) +35S+ C+3F
sp(3)? @ su(2)?
50(8)+ (3—n)S+C+4F ; n=1,2
sp(4) ®so(12 — 3n)
50(8) +25+2C+ (4—n)F ; n=1,2

sp(2)" ! @ sp(7 — 3n)

11 -

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)



2.6 Rank 5

su(6);_» + 3A? + (13 = n)F

u(13)

u(11) @ su(2)

5u(6)osn + N+ (9—n)F

eg—n Dsu(2) ;3 1<n<3
(

50(10) & su(2)
su(5) @ su(2)
su(3) @ so(4)
u(2) ® su(2)
u(2)

su(2)

su(6)n + 3A* + A+ (9 —n)F ;

u(10)
u(10 —n) @ u(l) ;

su(6)n + SN+ N2+ (8—n)F

u(7) ® su(3)
u(8 —n) G u(2)

5u(6)z4n + SN+ A2+ (8—n)F

50(16) @ su(2)

= 50(12) @ su(2)?

n>2

;o n>2

50(16 —2n) ®u(2) ;

51(6) 11n + 3N +2N+ (2-n)F ; n=1,2

u(2) ®su(4d—n)

su(6) s + A3 +20N% 4+ (2 — n)F ;

u(5 —n)

7 n=1,2

n=12

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)



5u(6)a4n + N3+ 202+ (2 - n)F ;

g2 ®so(b—n)

su(6)n +A® 4 (10 — n)F
50(20) & su(2)

50(16) @ s0(4)
50(20—2n)®du(2) 5 n>3
su(ﬁ)anl + AN+ (9—-n)F
su(10) & su(2)

su(8) & so(4)

u(l0 —n)®su(2) ;5 n>3
su(ﬁ)%l + AN+ (7T—n)F
su(6) @ su(2)3
w7-n)®su(2)? ;5 n>2
5u(6) 3n + A3+ (9 —n)F

o n®g2 ; 1<n<3
50(10) ® g2

su(b) @ go

su(3) @ su(2) ® go
u9—n)®g ;5 n>7
su(6)n +A° +A? + (4 —n)F
50(8) ® so0(4)
u(2)°

(
(

o

22

f=

)
u(2) @ su(2)

n=12

5u(6) 2 +N+AN+B-n)F ; n=1,2

50(8 —2n) ®u(1)?

~13 -

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)



f(%n)

su(6)g + A3 + A2
s0(4) @ u(l)

(2.80)

su(6)aen +A*+ A2+ (3—n)F = s0(11)+ 25+ (3 —n)F

s5p(3) ® s0(4)

s0(4)?

u(l) @ so(4) (2.81)
su()z + 3N+ (5-n)F = so(11)+3S+(5-n)F 5 1<n<4
sp(4) @ s0(4)
sp(b—n)du(2) 5 n>2 (2.82)
su(6)n1 + 5A° + (4 —n)F
su(3) @ su(2)3
u(d—n)®su(2)? 5 n>2 (2.83)

su(6)z + N3

s0(4) (2.84)
s50(11)+S+(7T—n)F 5 n=1,2

sp(9 — 2n) & u(n) (2.85)
so0(11) + 35S+ 7F

sp(7) @ su(2) (2.86)
50(10) +4S+ (2—-n)F ; n=1,2

50(8 — 2n) @ su(4) (2.87)
50(10) 4 35S + 3F

sp(3) @ u(3) @ su(2) (2.88)
50(10) +2S+ (6 —n)F ; n=1,2

sp(8 — 2n) @ su(2)” @ u(1) (2.89)
50(10) + S + 6F

sp(6) ® so(4) (2.90)

— 14 —



2.7 Rank 6

5u(7)% + A3+ (6 —n)F

50(12) & su(2)

50(8) @ so(4)

s0(12—2n)®u(2) 5 n>3

5u(7)nT—1 +MN+GB-nF ; 1<n<4
u(6)
u(4) @ su(2)

u6—-—n)odu(l) ;5 n>3
(7)1 +MN+B-nF ; p>1

50(6 — 2n) ® u(2)

5u(7)3+Tn+/\3+(5—n)F = s50(13)+S+(5—-n)F ;

sp(7T—2n)du(n) ;3 n=12
sp(5—n)®u(l)? ; n=34
s0(13) +3S+(9—n)F ; n=1,2
sp(9)

sp(7) @ su(2)
50(12) + 25 + (4 — n)F

fa @ s0(4)

50(7) @ so0(4)
su(6—n)@so(d) ; n>3
s0(12) + 35+ C

su(2) @ su(3)
50(12) +S+ (8 —n)F 5 n=1,2
sp(10 — 2n) & u(n)
s0(12) + 35S+ (9—n)F 5 n=1,2
sp(11 — 2n) @ s0(3n — 3)
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(2.91)

(2.92)

(2.93)

1<n<A4

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)



T = s0(12)+3S+1C+3F
f(T) = sp(3) ®so(4)

(2.100)
T = 50(12)+%S+5F
f(T) = sp(5) ®so(4) (2.101)
T =  s0(12)+S+35C+5F
f(T) = sp(5) Du(2) (2.102)
T = s0(12)+S+C+4—-n)F ; n=12
f(T) = sp(6—2n)du(n)du(l) (2.103)
T = 50(12)+3S+3iC+(8—n)F 5 n=1,2
f(T) = sp(10 —2n) ® so(3n — 3) (2.104)
2.8 Rank 7
T = s50(l4)+S+(6—-—n)F ; n=12
f(T) = sp(8—2n)®u(n) (2.105)

3 Detailed analysis

3.1 General rank

Derivation of (2.2). Let us start with the derivation of (2.2). The theories sp(m + 1) +
(2m + 8 — n)F can be obtained from

sp(m + 1)+ (2m + 8)F (3.1)

by integrating out fundamental hypers. It is known that the 5d N' = 1 gauge theory (3.1)
is a 5d KK theory and can be obtained by an untwisted circle compactification of the 6d
SCFT whose tensor branch description is provided by the 6d N' = (1,0) gauge theory
sp(m) + (2m + 8)F. We denote this fact by an equation of the following form

sp(m)™)

sp(m+1)+ (2m+8)F = 1 (32)

where the notation for 5d KK theories is borrowed from [12]. According to [20, 64], the
above equality can be seen geometrically as follows. Consider the resolved CY3 geometry
described by

F3m e SOFEDDLNE NS PANCEE P "o — L Fy (3.3)
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which describes the 5d KK theory
sp(m)M
1 (3.4)

Now applying the isomorphism S (which exchanges e and f in a surface F3) on the left-most
surface of (3.3) leads to the geometry

Fgm+8 e+2f- Y =@ h Fopio e h Fs e h Fy e 2e+f F, 35)

which describes the 5d gauge theory sp(m + 1) + (2m + 8)F. This isomorphism estab-
lishes (3.2).
Since the 6d SCFT
sp(m)
1 (3.6)
has a so(4m + 16) flavor symmetry, we expect to be able to couple the geometry (3.3) to
a collection of non-compact P! fibered surfaces IN; such that their associated intersection

matrix* gives rise to the Cartan matrix for the affine Lie algebra so(4m +16)("). According
to the gluing rules, this coupling takes the following form

$2m+7-$w
f

F(Q)erS f-z1-22 f No

xr1-T2,
€ ’ Y2-y1
h xmm
Ym—1"Ym—2 m4m N
]FG HLf 2 Tm—1-Tm, Ym-Ym—1 N2m+8 f-xi-yi m f 2m+7
€ Tm-Ym
2e+f
Fo~ /

(3.7)

4The intersection matrix is defined as —fi - Nj where f; is the P! fiber of N;.
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where N; denote® the non-compact surfaces corresponding to so(4m + 16)(1). The e curves
living in N; are non-compact sections whose crucial property is that

e-f=1 (3.8)

We emphasize that any section in IN; satisfying (3.8) is being denoted by e in our notation.
Correspondingly different appearances of e for a single non-compact surfaces should be
regarded as two different sections which may not even be in the same homology class
inside the surface. For example, there are three such sections of Ny appearing in (3.7),
namely the curves gluing Ny to Ny, N1 and N3. Despite all these three sections being
denoted by e, these three sections should be understood as three different sections without
any apriori relationship between their homology classes inside Ns.

2m—+8
FO

Performing S on converts (3.7) into

$2m+7-$2m+8ﬁ
f

e-T1-T2
F(Q)erS f NO

el f 2 xl_zzlyl
h I'mm
Ym—1-Ym—2
Fe 7 2 Tt ymym Nglntg oz 7 Nom+7
‘ Tm-Ym
2e+f
Fo~ 7

(3.9)

5Unlike the case for compact surfaces, the subscript ¢ for non-compact surfaces N; should not be inter-
preted as the “degree” of the surface. It is simply a labeling of the non-compact surfaces.
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Now to integrate out an F of sp(m + 1), we have to first flop the curve f — z; living in
Fgm+8 of (3.9) to obtain the following geometry

T1-T2,
Y2-Y1

h xmm

Ym—1-Ym—2 mm N
Fo 57 2 Tt Yt Nom+s Fary ForN2mAT
‘ Tm-Ym

2e+f

Fo~ 7

(3.10)

where we have relabeled the blowups living in the resulting surface ]F?m”. The flopped
curve can be identified with the blowup « living in N;. To complete the process of inte-
grating out of the flavor, we have to expand this blowup x to infinite volume while keeping
all the curves living in the compact surfaces at finite volume. In particular, we need to keep
the curve f — x; living in F%m”, which, since it is identified with the curve f — x living
in N1, implies that the curve f living in N7 must go to infinite volume as well. Thus, the
P! fibration of the non-compact surface N is destroyed once we integrate out the flavor.

After this process, we obtain the following geometry comprised of compact surfaces and P!
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fibered non-compact surfaces

T2m4+6-T2m-+T7

\ B1-22, e

el £/ 2 Y2-Y1 e

h %M f-z1,91 e |/
Ym—1-Ym—2 €

Fg i f 2 Tmn—1-Tm, Ym-Ym—1 Nglnj—:?é f-ziv m 7 Nom+r
e Tt

2e+f
Fo ~ /f

(3.11)

which implies that sp(m + 1) + (2m + 7)F carries an so(2m + 16) flavor symmetry, as can
be seen by computing the intersection matrix of the remaining P! fibered non-compact
surfaces in the above geometry.
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Now, removing another flavor corresponds to flopping f — x1 living inside ]F%m+7
of (3.11). This leads to the following geometry

T2m+5-L2m+6

\ 1o .

e| IS 2 Y2-y1 €

h me f-z1,y1 . f
Ym—1"Ym—2 e

Fo FF 2 Tt @, ymym1 NG, Fogs 7 Nom+7
‘ Tm-Ym

2e+f
Fo~ 7

(3.12)

where we have again relabeled the blowups on the resulting surface F%m+6. By similar
argument as above, sending the volume of the blowup z living in No to infinity decouples
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the surface No, and we are left with the geometry

T2m~+5-L2m+6

z1-T2, e
e| if 2 v f
h xm% [onm e !
€

Fe 5Lt 2 i Tm, YmYm1 Ng:rﬁ—% [ m 7 Nopi7
e Tt

2e+f
Fo~ [

(3.13)

implying that the flavor symmetry for sp(m + 1) + (2m + 6)F is so(2m + 12) @ su(2).
At the next step, an interesting phenomenon occurs. Integrating out another flavor
corresponds to flopping f — z; living in F2™ ¢ of (3.13) and leads to

L2m+4-L2m+5

xr1-T9 e

e ”\ 2 y2’.y1 B

h x,M f-z1,mn . f
Ym—1"Ym—2 e

Fe 5Hf 2 i Tm, YmYm1 Ng},;’_% Fary 7 Nopi7
e Tt

2e+f
Fo~ /

(3.14)
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Thus, integrating out this flavor decouples two non-compact surfaces namely Ny and Ng,
thus reducing the rank of the non-abelian part of the flavor symmetry by two. However,
since we have only integrated out a single flavor, the rank of the full flavor symmetry
algebra should only reduce by one. This implies that a u(1) factor should arise in the
full flavor symmetry algebra of the resulting theory. That is, the flavor symmetry for
sp(m + 1) + (2m + 5)F should be so(2m + 10) @ u(1). In this paper, we are not going to
track u(1) factors in the geometry, but instead track them by matching the rank of the
non-abelian part of the flavor symmetry (as deduced from geometry) with the rank of the
full flavor symmetry, in order to obtain the number of missing u(1) factors.

Continuing in this fashion we observe that the geometry for sp(m + 1)+ F contains no
non-compact P! fibered surfaces. Consequently, the geometry for pure sp(m + 1), won’t
contain any non-compact P! fibered surfaces, irrespective of the value of . Thus, the flavor
symmetry for sp(m + 1)g with m > 1 is u(1) for § =0, 7.

Derivation of (2.3). To produce theories listed in (2.3), we start with

sp(m)W)

su(m+2)o+ (2m+8)F = 1 (3.15)

which is implemented by doing an S transformation on both F%erS and Fy in (3.7), which

T2m+7-T2m+8
xT1-X2
e T

e-r1-T2 f N()

gives

e| £f o TR
h wm
Ym—-1-Ym—2
Fe £ f 2 1 @m, YY1 Ngnnir—&r-% Faey 7 Nopy7
e T
e+2f
Fy e

(3.16)
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Now we flop the blowup z2,,+g living in the top-most compact surface Fgm+8 to the bottom-
most compact surface Fy to rewrite the above geometry as

w2m+ﬁ
f

2 7 €T1-T2 f
F0m+ Ny

(3.17)
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The theory su(m + 2)o + (2m + 6)F is produced by flopping f — z living in F} and f — z;

living in ]Fgm+7 out of the geometry. This leads to the geometry

h+f

(3.18)

The reader can verify in the same way as above that demanding all curves inside compact
surfaces to have finite volume implies that f of Nao,,+7 goes to infinite size. According
to the above geometry, we find that the flavor symmetry for su(m + 2)g + (2m + 6)F is
su(2m + 8). Subsequent theories in (2.3) are produced by flopping and integrating out the
curves f —uz; living in the top-most compact surface as discussed above for the case of (2.2).
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Derivation of (2.4). Let us flop xom46 from the top-most compact surface to the
bottom-most compact surface in (3.18). This leads to the geometry

e-r1

(3.19)

The theory su(m +2)o + (2m +4)F is produced by integrating out f —x in F{ and f — 27 in
F%m%. Other theories in (2.4) are produced by successively integrating out f —x; from the
top-most compact surface. The reader can easily check that integrating out these curves
leads precisely to the results mentioned in (2.4). The reader can also check that the theories

su(m + 2)%1 +(2m+5—2p—n)F (3.20)

for m,n,p > 1 that can also be produced by integrating out matter from (3.15) have no
enhancement of flavor symmetry.

Derivation of (2.5) and (2.6). We can produce these theories by integrating out fun-
damental matter from the KK theory

su(m)m)
sum+1)o+ A2+ (m+7)F = 1 (321)
The flavor symmetry for the 6d SCFT
su(m)
1 (3.22)
is su(m + 8) @ u(1) as long as m > 5. Let us reproduce the geometry for
su(m)®)
1 (3.23)
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which manifests the coupling to a collection of non-compact surfaces with intersection
matrix su(m + 8))

ey

Y 1 Z2-%1 f
F(()m+6)+ Nm+7 ¢

e+f-x

e—z xT;
(3.24)
The geometry for 5d theory

su(m +1)g + A2 + (m + 7)F (3.25)
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is produced by applying S on the top-most and bottom-most compact surfaces

fy

Y 6)+1 T2-T1 f
Fém-‘r )+ Nm+7 e

—1
NG 3

(3.26)
The theories in (2.5) are produced by integrating out curves f — z; from the top-most
compact surface of the above geometry. The first step corresponds to integrating out
f — Zmie and we can see that it destroys the P! fibration of the surface N3 thus leading
to an su(m + 8) non-abelian part of the flavor symmetry. Combining it with the extra
u(1) flavor symmetry descending from the 6d SCFT we find that the flavor symmetry for
su(m+ 1)% + A%+ (m+6)F is u(m +8), as claimed in (2.5). The reader can similarly check
the remaining claims in (2.5).

The theories in (2.6) can be produced by first integrating out f — z from the bottom-
most compact surface followed by integrating out the curves f — z; from the top-most
compact surface in (3.26).

Finally, note that we have only derived (2.6) for m > 5. For m = 4, we will derive it
in section 3.5.

Derivation of (2.7)—(2.10). This class of theories can be produced by integrating out
matter from the KK theory

sp(0)  su(1)® su(1)M
su(m+2)my +A2+8F = sp(m+1)+A2+8F = P(l) (2)”' (2)
. - J
m
(3.27)

The corresponding 6d SCFT has an eg @ su(2) flavor symmetry. The eg factor arises from
the sp(0) node and the su(2) factor is a delocalized flavor symmetry associated to the
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su(1) nodes. Correspondingly we expect that the compact part of the geometry for the
above KK theory can be coupled to non-compact P! fibered surfaces whose intersection
matrix comprises the Cartan matrix for eél) @ su(2)M. We will denote the non-compact

surfaces comprising eél) as N; and the non-compact surfaces comprising 5u(2)(1) as M.
The geometry can be written as

(3.28)
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which manifests the sp(m+ 1)+ A% +8F 5d gauge theory description of the KK theory. The
theories in (2.7) can be produced by successively integrating out x; living in the top-most
compact surface. It is easy to read how these flops affect the non-compact surfaces. At the
first step, integrating out xg integrates out Ny and My, thus leading to an eg @ su(2) flavor
symmetry. Subsequent flops only affect the surfaces N; and so an su(2) factor is present
in the flavor symmetry for all 5d SCFTs in this class.

The geometry for

su(m+2)mso + A2+ F = sp(m+ 1)+ A2 +F (3.29)
2
can be written as

F3

€ 2h-x

(3.30)
Now, integrating out z living in the top-most compact surface leads to the theory sp(m +

1)o + A2, while integrating out f — 2 living in the top-msot compact surface leads to the
theory sp(m + 1) + A2. The former RG flow preserves both N7 and My while the latter

— 30 —



RG flow only preserves My, thus implying that the flavor symmetry is su(2)? when 6 = 0
but only u(2) when # = w. Combining this with the duality

su(m +2)m 5+ A = sp(m+ 1)mr + A2 (3.31)
we derive the results (2.8)—(2.10).

Derivation of (2.11)—(2.15). These theories can be produced by using the KK theory

sp(0)M)  su(2)® su(2)M)
1 2 e 2
. U

m (3.32)

su(2m +2)o +2A2 +8F =

The corresponding 6d SCFT has an e7 @ su(2)? flavor symmetry. The e7 arises from the
sp(0) node, one su(2) arises from the two fundamental hypers situated at the left end of
the chain of su(2) nodes, one su(2) arises from the two fundamental hypers situated at the
right end of the chain of su(2) nodes, and one su(2) is a delocalized symmetry rotating all
the bifundamentals between the su(2) nodes. For m even, we write the geometry for the
KK theory as

N7
e
€
Noe eNle €N26 €N36 €N4€ 8N58 6N6
my Ml( - 1)(2)+2€‘in ce S 95 e-zyilgﬂ
Yi N 7 Yi
h+2f- Z f-zi-y4 [
(m + 1) 2 2 2 T 2 2 2
ey f-zi-yi -
d v ’ !
242
(m+2);" T (m+3)y — - mizmgwew (2m + 1)
M(()m+1)+(m+1) 2e-> wi 2e M,
2e- i
P(Q) Ze—Zzi 2¢e P1 Q% eZm 2 Q1

(3.33)
where we have labeled the compact surfaces as 1 which denotes Fb and i is simply a
label allowing us to refer to this surface as S;, which we shall do in what follows. We
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have also displayed all the P! fibered non-compact surfaces. However, we have omitted all
the “mutual” edges, that is edges between compact and non-compact surfaces, and edges
between non-compact surfaces comprising different simple factors of the flavor symmetry
algebra (or its affinized version). The data of these omitted edges is displayed in the
following gluing rules:

e h—x1 —x9 — a3 — x4 in Syy41 is glued to f in Ny.

e T — X1 in Sypqq is glued to fin Ny_y fori=1,--- 7.
e y1,Y2 in S,y 4o are glued to x1,x2 in Py.

e e—y1 — Y2 in Sy 4o is glued to f in Py.

e ein S,, is glued to f — 1 — z9 in Py.

e x1,x9 in Sp are glued to x1,x2 in Qp.

e ¢—x1 — 9 in Sy is glued to f in Q.

e ¢in Sop1 is glued to f — x1 — z2 in Qp.

e X1 —X2,Yy2 — Y1 in Sy are glued to f, fin My fori=1,---

w[3

e T —x1,Y1 — Y2 in Syyq9; are glued to f, f in My for i =1,---, 3.

e €— 1,72, — Y2,Y1 in Spi9; are glued to f — wa;, y2i, T2i-1,Y2i—1 in My for i =
... m
’ 9 .

e €— T2, 71,6 — Y1,Y2 in Syp19; are glued to f — @oit1, y2i41, T2i, Yoi in My for @ =

m

1,---, %
e e,ein Spq0 9 are glued to wo; — y2i, f — w2i—1 — y2i—1 in Mg fori=1,--- 3.
e e,ein Syq140; are glued to x2i41 — Yoir1, f — T2i —y2; in Mg for i =1,--- | 3.

e 29 —x1 in Py is glued to f in M.

e f—ux9,x1 in Py is glued to f — x1,y; in My.

e fin Py is glued to 21 — y1 in M.

e x9—x1 in Qo is glued to f in Myj.

e f—xg,x1 in Qg is glued to Tpyy1, Ymr1 in Mp.

e fin Qq is glued to f — ;i1 — Ym1 in M.
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For m odd, we write the geometry for the KK theory as

N~
(&
e
NO e € Nl e € N2 e [+ N3 e e N4 e e N5 e e N6
e e—Zyl( B 1)3+2 e—Zmi e 10
Yi N f
f-zi-y;
2 2 2
f-zi-yi
o ! Yi

2+2
(m +2)5 = (m+3) — - 5 2m+ 1

MDD 2e-) @i 2 M,

P2 2@—2@ 2e P1 Q2 26—21‘1' 2e Ql

0 0

(3.34)
along with the following gluing rules

e h—x1 —xy— a3 — x4 in Sp,41 is glued to f in Ny.

e x; — X1 in Spy4q is glued to f in Ny fori=1,---,7.

e Y1,Y2 in S;4o are glued to z1, x2 in Py.

e e—y1 — Y2 in S;pyo is glued to f in Py.

e ein S,, is glued to f — x1 — z9 in Py.

e x1,T9 in Sopyq are glued to xq, 22 in Q.

e e— 1] — g in Sopy1 is glued to f in Q.

e c¢in Sy is glued to f — x1 — 22 in Q.

e X1 — T2,Y2 — Y1 in Syyo; are glued to f, f in My for i =1,...  #5=

e Ty —T1,Y1 — Y2 in Syyy1-2; are glued to f, fin My fori=1,---, %=,
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e €— m1,T2,€ — Y2,Y1 in Spi9; are glued to f — oy, y2i, T2i-1,Y2i—1 in My for i =
1 m—+1
e, ML

e €— T2, 71,6 — Y1,Y2 in Syp19; are glued to f — @i, y2i41, T2i, Yoi in My for @ =

m—1

1., mL
e ¢,ein S;y10 9; are glued to xo; — yoi, f — o1 — y2;—1 in Mg fori=1,--- | mTH
. . . -1
e e,ein Sy q149; are glued to w241 — Y2ir1, f — T2 — y2; in Mg for i = 1,--- | %5,

e 29 —x1 in Py is glued to f in M.

e f—xy,x1 in Pg is glued to f — x1,y1 in Mp.

e fin Py is glued to x1 — y1 in M.

e 1 — x2 in Qg is glued to f in M;.

o f—x1,z2 in Qq is glued to xp41, Ymr1 in Mp.
e fin Qq is glued to f — xpm41 — Ym1 in Mp.

The theories in (2.11) are produced by successively integrating out x; living in S;;,+1. This
integrates out Pg, Q1 and My for m even, and Py, Qg and My for m odd. The affect on
surfaces N; is same in both cases. Thus the flavor symmetry takes the form f@su(2)? (where
the subfactor f originates from the surfaces N;) irrespective of whether m is even or odd.

To produce theories in (2.12), we first integrate out f — x; living in S,,41, which
integrates out N1, P1, Qo, Mg for m even, and Ny, P, Q1, My for m odd. Then, we
successively integrate out other z; living in S,,4+1. The combined effect is that only M;j
survives out of the surfaces M;, P; and Q;, irrespective of whether m is even or odd. The
effect on N; is same for both cases. Thus non-abelian part of the global symmetry takes
the form § @ su(2) for all these theories.

To produce theories in (2.13), we first integrate out f — x1, f — z2, g (in that order)
before successively integrating out other x; living in S,,,11. To produce theories in (2.14),
we first integrate out f — x1, f — xe, f — x3, zs, x7 (in that order) before successively
integrating out other x; living in S,,+1. To produce (2.15), we integrate out f — 1, f —x2,
f— a3, f — x4, xs, T7, T6, x5 (in that order). In all these cases only M; survives out of
the surfaces M;, P; and Q;. Thus the non-abelian part of the flavor symmetry takes the
f @ su(2) where f is read from the surviving Nj;.

Derivation of (2.16)—(2.18). These theories can be produced by using the KK theory

sp(1)M su(2)M su(2)M
1 2 e 2
. J

su(2m +3)g +2A2 +8F =

3 S

(3.35)
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where the corresponding 6d SCFT has an s0(16)®su(2)? flavor symmetry. The s0(16) factor
arises from eight fundamental hypers charged only under sp(1), one su(2) factor arises from
the two fundamental hypers charged under the right-most su(2) node only, and the other
su(2) factor corresponds to a delocalized symmetry rotating all the bifundamentals. For
m odd, the geometry can be written as

No Nyt
. . f-z-y
e e \f
Nl e N2 N3 e N4 e e N5 e N6 [ e N7
(m+1)8 e ey Y mg+2 ey mi ¢ 94 ° e> yi 1(2)+2
er2f-3 z Yi N f v
f-zi-yi f-zi-y;
2 2 2 9 2

f-zi-yi -
e+2f-> x| T f » ) f

(m + 2)36211'78 (m + 3)0 - e 727yz(zl,n + 1)g+2 ;W (211’1 + 2)0

M)+ 2e-) @ 2 M, P2 2e-) @i 2 p,

(3.36)
along with the following gluing rules:

e e—x1 — o in Sy41 is glued to f in Np.

e x; — X1 in Spyyq is glued to fin N; fore=1,--- 7.
e x7,x8 in S;,41 are glued to f — x,y in Ng.

e ¢in S, 12 is glued to x — y in Ng.

e x1,To in Sy are glued to z1,zo in Py.

e 6—x1— xo in Sy is glued to f in P;.

e e in Sop4o is glued to f — x1 — z9 in Py.

e x1 —x2 in Syy42o is glued to f in M.

e e— 1,22 in Spy4o are glued to f — z1,y1 in M.

e ein S,y is glued to 21 — y1 in M.

e To —T1,Y1 — Y2 in Syuqo-_9; are glued to f, fin M; fori=1,--- ,mTH.
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e I1—T2,Y2 — Y1 in Syyy049; are glued to f, f in My for i =1,---, ™5

e € — 2,71, — Y1,Y2 in Spq2-9; are glued to f — xa9;, y2i, T2i-1,y2:—1 in Mg for i

m—1

1, mTJrl
o €—1,%2,€ — Y2, Y1 In Sppo49; are glued to f — 2941, Y2it1, T2, Y2i in My for @ =
1, mT—l
e e,ein Syq149; are glued to xo; — yoi, f — 251 —y2i—1 in Mg fore=1,--- | mTH
e e,ein Sy 41-9; are glued to 941 — Y2it+1, f — T2 — yo; in Mg for i =1,---, mT_l
e 2o —x1 in Py is glued to f in Mj.
o f—m9,z1 in Py is glued to 11, Ym+1 in Mp.
e fin Py is glued to f — &my1 — Yma1 in My.
For m even, the geometry can be written as
No Nyt .
e e
c c \f
N Ny~ ® Ny Ny Ns “© Ng -~ N
(m +1)8 > i m2+2 edomi ° 1o
er2f-3 a; v N ¥
f-mi-yi
2 2 2
\-xi-yi
e+2f-> @ ® f ”
(m +2) ~~ o (m+3)o - — 5~ (2m +2)§
Mém+1)+(m+1) 2e-> " x; 2e M, P2 2e-> w 2e P,
(3.37)
along with the following gluing rules:
e e—x1 — T2 in Sy41 is glued to f in Np.
e T — X1 in Sy s glued to f in N; fori=1,--- 7.

e x7,x8 in S;,41 are glued to f — x,y in Ng.

e ein S, 42 is glued to x — y in Ng.
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e x1,T2 in Sopyo are glued to xq, 22 in Py.

e ¢—x1 — g in Sopyo is glued to f in Pj.

e c¢in Sy is glued to f — x1 — 22 in Py.

e x1 — X2 in Sy is glued to f in M;j.

e ¢— 1,22 in Syy1o are glued to f — x1,y1 in M.
e ein S;,41 is glued to 21 — y1 in M.

e Ty —x1,Y1 — Yo in Sypo-9; are glued to f, f in M fori=1,---,

v[3

e T1 —X2,Y2 — Y1 in Syqo49; are glued to f, f in My fori=1,--- |

v[3

e €—T2,T1,€ — Y1,Y2 in Spyo 9 are glued to f — @9, Yoi, T2i-1,y2i—1 in My for i =

m
1,1

e €—T1,T2,e — Yo,y1 in Sypo49; are glued to f — @oii1, y2i41, T2i, Yo2i in My for @ =

m

1., m
e e,ein Sy 149 are glued to xo; — yoi, f — 251 — yo2i—1 in Mg fori=1,--- | %
e e,ein Spq1-9; are glued to @11 — y2it1, f — T2i — Yo in Mg fori =1,--- 3.

e 11— x2 in Py is glued to f in M.

e f—x1,z9 in Pq is glued to 11, Yme1 in Mp.

e fin Py is glued to f — &my1 — Ym+1 in M.
The theories in (2.16) are produced by integrating out x; living in S,, 1, the theories
in (2.17) are produced by integrating out f — x; before integrating out remaining x; living
in S;,+1, and the theories in (2.18) are produced by integrating out f — xy, f — z2, xg (in
that order) before integrating out remaining x; living in Sy,41.

Derivation of (2.19). These theories can be produced by using the KK theory

sp(0)M) su(2)® su(2)®  su(1)®
1 2 e 2 2
L J

su(2m +3)s + 2A% + TF

3 A

(3.38)
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for which the corresponding 6d SCFT has an ¢7 @ su(2)? flavor symmetry. For m odd, we
write the geometry as

P(Q) Qe—z T; 2e P, M,

(3.39)
where one of the su(2) factors in the flavor symmetry is represented in a non-affine form
(via surface M) in order to simplify the presentation. This lack of information does not
influence the computation of flavor symmetry for 5d SCFTs appearing in (2.19) because of
the following reason:

In the affinized form, this su(2) flavor symmetry of the 6d SCFT appears as two non-
compact surfaces My, M with intersection matrix being the Cartan matrix for su(2).
After an RG flow to a 5d SCFT, either one of these surfaces or both of these must be
integrated out since the flavor symmetry of a 5d SCFT can not have an affine Lie algebra
as a factor. We will see that this RG flow does not integrate out My, thus My must have
been integrated out.

The gluing rules for the above geometry are:

e h—x1 —x9 —x3 — x4 in S;41 is glued to f in Ny.
e x; —xip1 in Spyqq is glued to fin N;_y fori=1,---,7.
e Y1,Y2 in S;4o are glued to x1, 22 in Py.
e e— Yy — Y2 in Sy,49 is glued to f in Pjy.
e ein S,, is glued to f — x1 — z9 in Py.
m—1

o T1 — T2,Y2 — Y1 in Sypyo; are glued to f, fin My fori =1, F5=.
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e e— I — T2, X1 — T, Yo — Y1 in Sopy1 are glued to f, f, f in M.

e Ty —x1,Y1 — Y2 in Syq1-9; are glued to f, f in Mj fori=1,--- ,mTfl.
e 29 —x1 in Py is glued to f in M.
For even m, we write the geometry as
N7
e
e
Noe €N1€ 6N26 €N3€ €N4€ 6N5€ 6N6
m(2)+2 6—2 €T e (m _ 1) e e 10 .

o
e
x; f f
ht2f-Y @/ Iy e Z

2 2
(m+1)§ 2 2 : 023

e Yi i Yi Alyxl

242
10

P% 26—2 T 2e P, M;

(3.40)
along with the following gluing rules

e h—x] —x9 —x3 — x4 in S;41 is glued to f in Ny.

e x; —Xitq in Spy4q is glued to f in Ny fori=1,---,7.

e y1,Yy2 in S, are glued to z, 2 in Py.

e e—1y1 —y2in S, is glued to f in P;.

e c¢in S;,12 is glued to f — x1 — 22 in Py.

e o —x1,Yy1 — Yo in Sy40_9; are glued to f, fin M fori=1,---,
e 1 —X2,Y2 — Y1 in Syq142; are glued to f, f in M fori=1,--- e
e e— I —To, X1 — T, Yo — Y1 in Sopy1 are glued to f, f, f in M.

e 11 — x2 in Py is glued to f in M.
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After doing some flops, we can write the geometry for m odd as

men] 2 : : L
£ f
exﬂ»‘i-yi w-yi 9
€ Yi 41-903, r1-T3

(m+2)1 h—E x; [ (m+3)17 e—g yi—x42m+10

P% Qe—z T 2e P, M;

(3.41)
along with the following gluing rules

e h—x1 —x9— a3 in Spy4q is glued to f in N7.

e f—x1in Sy is glued to f — 7 in Ny.

o x; —xit1 in Spy4q is glued to f in N; fore=1,--- 6.

e fin S,4+144 is glued to z; — 2441 in Ng for i =1,--- ,m — 1.

e x4 in Sopqq is glued to x,, in Ny.

e Y1,Y2 in Syy49 are glued to x1, z9 in Py.

e e—y1 — Y2 in S;yyo is glued to f in Py.

e ¢in S,, is glued to f — x1 — 22 in Py.

o T1—Z2,Y2 — Y1 in Spypo; are glued to f, f in My for i =1, , 2L

e €6— X1 — T9,T] — T2,y — Y1 i Sopm1 are glued to f, f, f in M;.
m—1

* T —T1,Y1 — Y2 in Spyp1-9; are glued to f, f in My fori=1,.--, 5=,

e 2o —x1 in Py is glued to f in M.
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Similarly, performing some flops, we can write the geometry for m even as

N~
e
e

Ngle eNle 6N2€ €N3€ 6N4€ 6N58 8N6

- [
m%+2€§1‘ e(m_l)oe e 1, .
e
x; f f
ht2f-> x;/ J-Tivi .
7 2 0,

(m + 1) 1 2 2 : /
5 f
e\ J-zi-y; / wyl 2
f
e Yi 2 41%3,2:1—303

( )I—T(m+3 hv ;2—2m+14+2

P(Q) 26—2 T 2e P, M,

(3.42)
along with the following gluing rules

e h—x1 —xy— 23 in Syy4q is glued to f in N7.

e f—x1in Sy41 is glued to f — 21 in No.

e x; —x;r1 in Spyaq is glued to f in N; fori=1,--- 6.

e fin Sy4144 18 glued to x; — x;41 in Ng for i =1,--- ,m — 1.

e x4 in Sopq is glued to x,, in Ny.

e y1,Yy2 in S, are glued to z1, x> in Py.

e e—1y; —y2 in S, is glued to f in P;.

e ein S;,42 is glued to f — x1 — 29 in Py.

e o —X1,Yy1 — Yo in Syp0_9; are glued to f, f in M fori=1,---,
e T — T2,Y2 — Y1 in Syy142; are glued to f, f in My fori=1,.--, 5=,
e €6— X1 — T2,T1 — T2,Y2 — Y1 in Sopm1 are glued to f, f, f in M;.

e 11 — x2 in Py is glued to f in M.
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After performing an isomorphism on Sg,,+1, we can write the geometry for odd m as

€ e-p Yi (m _ 1)2+25'§ T . € 10

Yi J\ ¥
f-zi-yi
min] : : Tt 4
£ f
exﬁi‘yi Xyz )
zi f )
¢ v 42-964, 3-T1

242 442
(m+2)1 h—E z; e (m+3)1?”. e+f-§ yi2m+10+
-T1-027T3
2e- i M
P(Q) e Z:c 2e Pl 1

(3.43)
which manifests the 5d gauge theory description of the 5d KK theory. The following gluing
rules are

e h—x1 —xy— 23 in Syy4q is glued to f in N7.

e f—ux1in Sy,41 is glued to f — z1 in Ny.

e T — X1 in Sy is glued to f in N; fori=1,--- 6.

e fin S;4+144 is glued to z; — 441 in Ng for i =1,--- ,m — 1.

e e— x4 in Sgpq1 is glued to z,, in Np.

e y1,Y2 in S, 4o are glued to x1,x2 in Py.

e e—y1 — Yz in S;yo is glued to f in Py.

e ein S,, is glued to f — x1 — z9 in Py.

o 1 —X2,Y2 — Y1 in Sy, 49 are glued to f, f in M; fori=1,--- ,mT_l.

o f—x3— 24,22 —x1,Y2 — Y1 in Sop41 are glued to f, f, f in M;.
m—1

* T —T1,Y1 — Y2 in Spy1-2; are glued to f, f in My fori=1,.--, 5=,

e 2o —x1 in Py is glued to f in M.
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Similarly, the geometry for m even takes the form

m(2)+2 ey i ¢ (m-— 1), e e < 1, .
(&
z; f f
ht2f-> w,/ J-xiyi e
7 2 02

(m+1); 2 2 2
£ f
e\ s f-zi-yi / Yyi ) /
e Yi i

f-xo-w4, 3-21

4+2
(m +2); 55~ (m o+ 3)7 5 =20 2m + 1}
-T1-22-23

P(2] 26—2 Z; 2e P, M,

(3.44)
along with the following gluing rules

e h—x1 —x9— x3in Syy1q is glued to f in N7.

e f—x1in Sy,41 is glued to f — x1 in Ny.

o x; — X1 in Spy4q is glued to f in N; fore=1,--- 6.

e fin Sy4144 18 glued to x; — x;41 in Ng for i =1,--- ,m — 1.

e e— x4 in Sopq1 is glued to z,, in Ny.

e y1,¥y2 in S,, are glued to x1,x2 in Py.

e e—1y1 —y2in S, is glued to f in P;.

e e¢in S;,10 is glued to f — x1 — 22 in Py.

e T —x1,Y1 — Y2 in Spyo 9; are glued to f, f in My fori=1,---, 3.
e X1 —X2,Yy2 — Y1 in Syy1492; are glued to f, f in My fori=1,--- ,mTﬁ.
o f—x3—x4,x3— x1,y2 — Y1 in Sopmy1 are glued to f, f, f in Mj.

e x1 — 22 in Pg is glued to f in Mj.

The theories in (2.19) are produced by successively integrating out z; living in S, 1. As
can be seen from the gluing rules, any such RG flow integrates out Py for m odd and Py
for m even, while preserving M in both cases. The effect on IN; is same for both cases.
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Derivation of (2.20). These theories can be produced using the KK theory

sp(H)M su(2)W su(2)®M  su(1)®
1 2 s 2 2
. J

m (3.45)

su(2m +4)s +2A2 +7F =
2

for which the corresponding 6d SCFT has an so0(16) @ su(2) flavor symmetry. Again, it
turns out to be enough to know the coupling of the compact part of the geometry only to
non-affinized su(2), as in the previous case.® For m even, we write the geometry as

]\I0 Né+1
e . f-a-y
e e f
N, N, N3 SN, SO N; £ Ng —= Ny
X
(m+1)0 e e—qu; m(2)+2 E—Z$i e 1o e e 0%3
e+2f g \ f Y
f-zi-yi f-x, f-y
2
2 2 2
f-zi-yi
e-ﬂf—Zm—Zyi Yi f X e-x1,T1 M,
(m+2)8+26_2%—e (m+3)g — - e—Zyi(szr 2)2+2
(3.46)

along with the following gluing rules:
e e—1x] — T2 in S,,49 is glued to f in Np.
o x; — X1 in Spyqo is glued to fin N; fore=1,--- 7.
e x7,x8 in S, 490 are glued to f — x,y in Ng.
e ein S,,41 is glued to x — y in Ng.

e Y1 — Yo in S;yyo is glued to f in Mj.

m

e T —x1,Y1 — Y2 in Syq0-9; are glued to f, f in M fori=1,--- | > -

e X1 —X2,Y2 — Y1 in Syyo49; are glued to f, f in My fori=1,--- ,772.

e e— X1 — T2, &1 — T2,Y2 — Y1 in Soyyo are glued to f, f, f in M.

5The full coupling to 5u(2)(1) for this case and the previous case can be found in Part I of this series of
papers.
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For m odd, we write the geometry as

NO Né+1
e e f-z-y
e e \f
Nl e N2 e N3 e e N4 e e N5 e NG e e N7
X
(m —"_ l)g B—EIZ' e mO e e 10 e e 0% 3
er2f-Sa| @ / / v
f_ajv f_y
2 2 2 2
f-zi-y; f-zi-y;
e+2f-> @ b / x e-T1,T1 M;
(m+2)§ ——~~ 3 (m+ 3)2+2 S ey (2m 2)2+2
(3.47)
along with the following gluing rules:
e e—x1 — T2 in Sy49 is glued to f in Np.
o x; — X1 in Spy4o is glued to fin N; fore=1,--- 7.
e x7,x8 in S,y are glued to f — x,y in Ng.
e ein S;,41 is glued to x — y in Ng.
e X9 — x1 in Sy is glued to f in M.
e o —x1,Y1 — Yo in Syp1-9; are glued to f, f in M fori=1,--- ,mT_l
e 1 — To,Y2 — Y1 in Spuq149; are glued to f, fin My fori=1,--- ,mTfl

e — T — T2, 1 — T2,Y2 — Y1 in Sopyq2 are glued to f, f, f in M.
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By performing similar manipulations as for the case of (2.19), we can rewrite the above
geometry for m even as

No Né—H
. . J-z-y
e € \\f
NP~ 2 N, Nj N, N; Ng — Ny
(m + 1) = e i m2+2 DL S PR © 0,
etaf i \ i 1t
J-zi-yi
2
2 2 2
M;
Zi-Yi
h+f-2 "Ei'z Yi| Yi f Yi f-xo-z4, x3-71
7+2 4+2
(m+2)7" h-yy e (m+3)y - e+f—Zy¢(2m+ 2)o"
-T1-T2-T3
(3.48)

along with the following gluing rules:
e ¢—x1 in Syy42 is glued to f in Ny.
e f—ux1in Sy42 is glued to f — 21 in Nj.
e x; — X1 in Spy4o is glued to f in N4 fori=1,---,6.
e xg,x7 in S,y are glued to f — x,y in Ng.
e ein S, 41 is glued to x — y in Ng.
e fin Syi04; s glued to x; — x40 in Ny foréi=1,--- ,m — 1.
e e — x4 in Som4o is glued to z,, in Nj.
e Y1 — Yo in Syy10 is glued to f in Mj.
e Ty —x1,Y1 — Y2 in Sypo-9; are glued to f, f in Mj fori=1,--- |
e T1—T2,Yy2 — Y1 in Syyyoq9; are glued to f, f in My for i =1,.--, 5=,

o f— 23— w4, — 1,Y2 — Y1 in Sopy2 are glued to f, f, f in M.
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and the geometry for odd m as

No Nyt
e e f_a:_y
e e \f
N/,in e e N2 N3 e N5 e e N6 e e N7
(m+ 1)3 C-in e mO e e 10 e e O%
e+2f—Z x; x; s f /fv f
9 2
2 2 Ml
f-zi-y; Ti-Yi
htf-> " @ i Ti » f-w2-w4, T3-T1
7 242 4+2
(m + 2)1 h ey yi (m + 3)1+ h-> s o e+f-y yi(zm + 2)0+
-x1-22-I3
(3.49)
along with the following gluing rules:
e e—x1 in S;49 is glued to f in Ny.
e f—ux1in Sy42 is glued to f — 21 in Nj.
e x; — X1 in Spyqo is glued to f in Ny4q fori=1,---,6.

e xg,x7 in S;y4o are glued to f — x,y in Ng.

e ein S, is glued to x — y in Ng.

e fin Syi04; s glued to x; — x40 in Ny foréi=1,--- ,m — 1.

e ¢ — x4 in Sopmyo is glued to z,;, in Nj.

e x5 — 1 in Syy4q is glued to f in M;j.

e To —x1,Y1 — Y2 in Syuq1-9; are glued to f, f in Mj fori=1,--- ,’”T_l.
e X1 — X2,Yy2 — Y1 in Syp149; are glued to f, f in My fori=1,--- ,mT_l.

o f—x3— w4, — 1,Y2 — Y1 in Sop 42 are glued to f, f, f in M.

The theories in (2.20) are obtained by successively integrating out z; living in S,, 42 from

the above two geometries.
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Derivation of (2.21) and (2.22). These theories can be constructed from the KK
theory

su(m+1)g+S2+ (m—1)F =

(3.50)

The corresponding 6d SCFT is

su(m)  su(m)

2 2 (3.51)

The matter content is a bifundamental along with m fundamentals charged under each
su(m). For m > 3, there is a u(1) symmetry rotating the bifundamental and an su(m)?
symmetry rotating the two sets of fundamentals. After twisting, the u(1) survives, while
the two flavor su(m)s are identified with each other. Thus, for m > 3, we expect to be
able to couple the compact part of the geometry to non-compact P! fibered surfaces whose
intersection matrix is the Cartan matrix of su(m)®.

For m > 3 and m = 2n, the geometry can be written as

~

NBnE'E””i—eNle CN,_1
ol B (g e ()

e
fra-z T z |f-x y f-x

f e+(n-1)f v

1o (n+ 1)111@

Yy

e+f /e+f-x-2y,
f-x f-z foa 2 foa
e T T /

(3.52)
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For m > 3 and m = 2n + 1, the geometry can be written as

()

(2n + 1)(1)+2n+t+ﬂw b, 5 & o Ty B)L C S (g gLl
f-z-z z z |f-z / fex /. e+ ]Z”:i_zy_z,
f
1o )
e+f fez o P
z h,f
24 h-x e 35 I . e P nll+2 Iz P (n + 1)n+3
(3.53)

In both the cases, the gluing rules are as follows:

e 2,Ym—1 in S,, are glued to f — x1,x,, in Npy.

e e—z—y; in S, is glued to f in Ny,_1.

e y; —Yi+1 in Sy, is glued to fin Ny, fori=1,--- ;m — 2.

e ein Sy is glued to x1 — x2 in Ny.

fin S; is glued to z; — ;41 in Ng for ¢ = 2,--- 'm — 1.

The theories in (2.21) for m > 3 are produced by successively integrating out y; living in
Sim. To produced the theories in (2.22), we have to first integrate out f — y; living in S,,,,
which integrates out N,,_o. Then, we successively integrate out other y; living in S,,.

Derivation of (2.23). These can be produced using the 5d KK theory

su(m)®

so(m+ 2) +mF =
( ) 2 (3.54)

We expect to be able to couple the compact part of the geometry to P! fibered non-compact
surfaces with intersection matrix being the Cartan matrix for su(2m)®. For m = 2n, the
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geometry is

2
T2-T1, yﬁ—

m+m _ Ym Tm f
IE‘m—"—2 NO

f—ﬂci-yi/ .
m

(3.55)
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and, for m = 2n + 1, the geometry is

Yn-Tn

LI (3.56)

The theories in (2.23) are obtained by successively integrating out x; living in the top-most
compact surface.

3.2 Rank 1

Derivation of (2.24) and (2.25). These can be produced by integrating out funda-
mentals from the KK theory

sp(0)™)

su(2) +8F = 1 (3.57)
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where the corresponding 6d SCFT has an eg flavor symmetry. The geometry for the KK
theory is

(3.58)

Removing fundamentals corresponds to successively integrating out x; from the compact
surface. This leads to the enhanced flavor symmetries shown in (2.24).

The geometry from su(2) + F is found to be

1_¢© f
Fa N7 (3.59)

which manifests the non-abelian su(2) part of the u(2) flavor symmetry. Notice that the
blowup z does not enter in the coupling to su(2) flavor symmetry, implying that as we
integrate out z, the su(2) part of the flavor symmetry survives leading to the geometry

e i
Fs N7 (3.60)

which implies (2.25), that is pure 5d su(2)y gauge theory has su(2) flavor symmetry. On
the other hand, if we integrate out f — z from (3.59), then after flopping this curve we
obtain

e

F, = N1

(3.61)
The integrating out process corresponds to sending the volume of x to infinity in the above

geometry, which implies that the P! fibration for the non-compact surface is destroyed,
thus implying that the flavor symmetry of pure 5d su(2), gauge theory is u(1).
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3.3 Rank 2

Derivation of (2.26)—(2.28). These theories can be produced by integrating out matter
from the following KK theory

su(3)?

g +6F =
1 (3.62)

The 6d SCFT
su(3)
1 (3.63)

carries 12 fundamental hypers rotated by an su(12) favor symmetry (the overall u(1) is
anomalous). The 5d KK theory

su(3)®
1 (3.64)

is produced by compactifying the 6d SCFT with a twist by charge conjugation symmetry
which acts on the flavor su(12) by an outer automorphism, and thus we expect to couple the
geometry corresponding to (3.64) to a collection of non-compact surfaces with intersection
matrix su( 12)(2). According to the gluing rules presented in previous sections, the combined
geometry (after some flops) can be written as
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The go description is obtained after applying S on the top-most compact surface

(3.66)

To remove the first fundamental, we have to first flop f —x¢ living in the top-most compact
surface to obtain

-

1
N1 (3.67)

and now we integrate out f — z living in the bottom-most surface which destroys the P!
fibration of Nj. As a result, we find that go + 5F has an enhanced sp(6) flavor symmetry.
In a similar fashion, one can successively integrate out the curves f — x; living in the top-
most compact surface to obtain the flavor symmetry for other theories mentioned in (2.26)
and (2.27).
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To derive (2.28), we write the geometry for go + F in the su(3) frame as follows

IE‘(l] ez wy Né—ﬁ-l
e+3f-x /
2
(& i‘ﬁ
7 (3.68)

Pure su(3)g is produced by integrating out f — x living in the top compact surface which
preserves Ng, thus leaving an su(2) flavor symmetry as claimed in (2.28).

Derivation of (2.29). Let us start with the geometry for go + 3F as derived from the

above analysis

3h+f-2)

(3.69)

We can express this as the geometry for sp(2) 4+ 2A% + F by first applying Z; on the top-
most compact surface using the blowup x3, and then applying S on the top-most compact
surface. After performing these isomorphisms, the geometry is written as

Fg-ﬁ-l 1 Y Né-ﬁ-l
2e+3f-2 Z iy 2e-x-y

e

N5

e

e
Fs5

e

Ny (3.70)

Now sp(2)o + 2A? is obtained by integrating out the curve f — y living in the top-most
compact surface, which does not intersect any of the IN;. Thus integrating it out does not
change the non-abelian part of the flavor symmetry and we recover the result (2.29).
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Derivation of (2.30). This can be produced using the KK theory

su(2)M)
2

)

5u(3)0 + S2 +F =
(3.71)

The corresponding 6d SCFET is
su(2) su(2)
2 2 (3.72)

The matter content is a bifundamental along with 2 fundamentals charged under each
su(2). There is an su(2) flavor symmetry rotating the bifundamental and an su(2)? flavor
symmetry rotating the two sets of fundamentals. After twisting, the su(2) associated to
bifundamental survives, while the other two flavor su(2)s are identified with each other.
Thus, we expect to be able to couple the compact part of the geometry to non-compact
P! fibered surfaces whose intersection matrix is the Cartan matrix of su(2)®) @ su(2)™).
Indeed, the geometry can be written as

1+1
IFO

etf-z, f-y

etf-z-2y, f-x
1+1
o

z(_ )y

(3.73)

The theory in (2.30) is produced by integrating out f —x living in the top compact surface.
This integrates out Ng and M leaving an su(2)? flavor symmetry.

3.4 Rank 3

Derivation of (2.31) and (2.32). These theories can be obtained by integrating out
matter from the case m = 3 of (3.21), but the flavor symmetry of the corresponding 6d
SCFT is su(12) instead of u(m + 8) = u(11). The geometry for su(4)g + A? + 10F coupled
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to P! fibered non-compact surfaces corresponding to su(12)™) is

f-y ]Fsoaﬂ

(3.74)

The theories (2.31) are produced by successively integrating out f — x; living in the top-
most compact surface. The theories (2.32) are produced by first integrating out f—x living
in the bottom-most compact surface and then successively integrating out f — xz; living in
the top-most compact surface.

Derivation of (2.33)—(2.37). These can be produced from the KK theory

sp(0)M) su(2)
su(d)pg+2A%2 +8F = ) 9
(3.75)

The 6d SCFT has an ¢; @ so(7) flavor symmetry where the e; part is the flavor symmetry
associated to the sp(0) node and s0(7) is the flavor symmetry associated to the su(2) node.”

"Naively one might think that there is an so(8) flavor symmetry rotating the 4 fundamental hypers
charged under su(2). However, it is known that there is a reduction in the rank of the flavor symmetry and
the flavor symmetry is infact s0(7) with the 4 hypers transforming in the strictly-real spinor representation
of s0(7).
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The geometry for the KK theory is then found to be

2 /—Nz,m

f-21-T2 242
2 Fo

w2-Y

(3.76)

(1)

where N; parametrize non-compact surfaces corresponding to e;’ and M, parametrize

non-compact surfaces corresponding to so(7)(1). su(4)g + 2A% + 8F is obtained by applying
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S on the top-most and bottom-most compact surfaces to obtain

(3.77)
We can then produce su(4) 1+ 2A? 4 7F by integrating out y4 living in the middle compact
surface, which removes Ng and M; implying that the flavor symmetry is e7 @ s0(7). Re-
moving other y; living in the middle compact surface we reach su(4)s + 2A% + 4F. To go
beyond this point and obtain other theories in (2.33), we need to successively integrate out
the curves f — z; living in the middle compact surface. The reader can verify that these
processes lead to the flavor symmetry claimed in (2.33).

To obtain theories in (2.34), we first integrate out x4, which decouples Ny and My,
and then successively integrate out y; living in the middle compact surface until we reach
su(2) 2 +2A? 4 3F, from which point onward we integrate out the remaining f — x; living in
the middle compact surface. Similarly, to obtain theories in (2.35), we first integrate out
x4,x3,y4 (in that order), which decouples Ng, N1, Ng, My and My, and then successively
integrate out y; living in the middle compact surface until we reach su(2); +2A2 +2F, from
which point onward we integrate out the remaining f — x; living in the middle compact
surface. In a similar fashion, we can also obtain theories in (2.36) and (2.37) by integrating
out more x; before we start integrating out y; and f — z;.

Derivation of (2.38). These theories can be produced from the KK theory

sp(1)) su(1)h)

su(4)s +2N2 +7F =
2 1 2 (3.78)
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The su(1) node as an sp(1) flavor symmetry which is fully gauged by the sp(1) node. The
sp(1) node carries 10F of sp(1) but a 3F is trapped in coupling to su(1), leaving an s0(19)
flavor symmetry for the corresponding 6d SCFT. The geometry for the 5d KK theory turns
out to be

]F(1]+1+1 f-z-y, z-y 9 5 Ny

Y-z

(3.79)

To obtain the su(4)s + 2A% + 7F of the above geometry, we have to first apply S on the
2

top-most and bottom-most compact surfaces, and flop z,y living in the middle compact
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surface, to obtain

1414141 _ETY Ty ff
FO Y-z 2 N9
e-T-w, zy > e-T-y
e+2f f 2e
2 -T-y-2

(3.80)

Applying some isomorphisms upon the top-most compact surface, the above geometry can
now be written as

F(1)+1+1+1 f-Z-w,i/; 9 It N,
Fy-z, ly e-z oy
) e+f—w\ 2e
Ng

T7-T6

(3.81)
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which indeed gives rise to the theory su(4)s + 2A? + 7F. Now the theories (2.38) are
2

produced by successively integrating out curves f — x; living in the bottom-most surface,

which leads to the pattern of enhanced flavor symmetries claimed in (2.38).

When all the fundamentals are integrated out, we obtain an so(5) @ u(1) flavor sym-
metry, which is the classical flavor symmetry, not only for su(4)s + 2A%, but also for the
dual gauge theory sp(3) + %/\3 + %F. Thus, the theories obtained by integrating out more
fundamentals from sp(3)+ %/\3 + %F would have no enhancement of flavor symmetry either.

Derivation of (2.39) and (2.40). For the theories in (2.39), we use the KK theory

su(3)®  sp(0)®

sp(3) + A* +5F =
b3) 3—2—1 (3.82)

(1)

which allows the coupling of non-compact surfaces comprising an ¢z’ as shown in the
geometry below

(3.83)

Here we are displaying the compact surfaces in the geometry such that they manifest the
5d sp(3) gauge theory description. To manifest the KK theory description, one should
apply S on the top-most compact surface. The 5F of sp(3) originate from the blowups z;
living in the compact surface denoted by F?HHH. Integrating out these blowups leads to
the results claimed in (2.39).
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Now, let us consider the geometry when all 5F of sp(3) have been integrated out

Fs

h+4f
e

e 2h-x
14141 &Y f
Fi5 T 4 ij’ IE‘l—i- + —— Nj
-y,
fay (3.84)

where we manifest the su(2) non-abelian flavor symmetry of the theory. After performing
some flops detailed in [20], we can write the above geometry as

UV

f7f?
FETS

T1-T2, T1-T2,
T2-T4, T2-T4,
T3-T5

L2-T3, T4-T53
T4-T5, L5-T65
2e+f T5-T6

1
Fo oz 2 Farasenze N5 (3.85)

Applying S on the bottom-most compact surface of the above geometry, we obtain a
geometry for su(4)is +F
2

Uy

f7f7
P

T1-T2, T1-T2,
T2-T4, T2-T4,
T3-T5

T2-T3, T4-T53
T4-T5, T5-T63
e+2f Z5-T6

1 6
Fo et+f-z, e-x 2 f-x1-w2-24, 76 N

(3.86)

Now, we see that the curve f — x living in the bottom-most compact surface of the above
geometry does not intersect the non-compact surface N5. Thus, the process of integrating
it out preserves the non-abelian flavor symmetry su(2), and we obtain the result (2.40).
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Derivation of (2.41)—(2.46). We start with the 6d SCFT

92
1 (3.87)

which has sp(7) flavor symmetry. The untwisted compactification of the above 6d SCFT
is known to give rise to the 5d gauge theory so(7) + 5S + 2F [20]. The geometry for this 5d
gauge theory can then be figured out to be

2e+3f—z -2y

e-x-y

x

o

Y

(3.88)

The two fundamentals of so(7) are encoded differently. One of the fundamentals corre-
sponds to the blowups z, y in the bottom-most compact surface, and the other fundamental
corresponds to the blowup y in the middle compact surface. We can integrate out one of the
fundamentals by integrating out the curve f —y living in the middle surface. This process
integrates out Ng, thus leading to the sp(6) @ su(2) flavor symmetry claimed in (2.41).

Another fundamental can be integrated out by integrating out z, y living in the bottom-
most compact surface, which integrates out N7 and Nj thus verifying the n = 1 case
of (2.42).

The 5S are encoded in the 5 blowups z; living in the middle compact surface. They
are integrated out by successively integrating out f — ;. Integrating out f — x5 integrates
out Ny thus verifying the n = 2 case of (2.42). The reader can check that integrating out
further S leads to a flavor symmetry pattern which shows no enhancement.

Similarly, the reader can also recover the results claimed in (2.43) and (2.44) by using
the above geometry.
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To obtain (2.45), let us have a look at the geometry for so(7) + 3S + 2F

(3.89)

Flopping x,y living in the bottom-most compact surface, we get

e—z T;
3

IF‘O

2e+3f—z x;-2 Z Yi

f-z1-z2, T1-T2 N% (3.90)

which can be written, after applying some isomorphisms on the middle compact surface,
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as

f-z1-w2, T1-72 N% (3'91)

which identifies the above geometry as describing su(4)s + 3A% + 2F. We can obtain the
n = 1 case of (2.45) by integrating out f — yo living in the middle compact surface, and
the n = 2 case of (2.45) by further integrating out y; living in the middle compact surface.
The reader can check that this leads to the results claimed in (2.45).

On the other hand, if we would integrate out f — y; after integrating out f — yo from
the above geometry, we would obtain su(4)3 + 3A? and read the flavor symmetry from the
geometry to be sp(3) @ u(1) which is indeed the classical flavor symmetry.
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To obtain (2.46), we start from the geometry for s0(7) + 4S + 2F obtained from (3.88)
and convert it into a geometry for su(4)s + 3A% + 3F in a similar way as explained above
2

e+ f-d Ty Y

3+2+1
FO

e+2f—z Ti-z

f-x1-w2, T1-22

(3.92)

from which su(4)y + 3A? is produced by integrating out f — z and y; living in the middle
compact surface. As is clear from the above geometry, these processes integrate out Ng
and N7 leaving an sp(4) flavor symmetry as claimed in (2.46).

Derivation of (2.47)—(2.49). These theories can be manufactured starting from the
KK theory

sp(0) su(3)®
l—"2 (3.93)

This theory allows the coupling of non-compact surfaces describing eg) @ su(6)?). This is
because the corresponding 6d SCFT has an ¢g flavor symmetry coming from the sp(0) node
and an su(6) flavor symmetry coming from the su(3) node as it carries 6 hypers transforming
in fundamental of su(3). A discrete symmetry of the theory can be constructed if a Zs
outer automorphism acts simultaneously on all these algebras.
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According to [20], this KK theory can be described as s0(7)+4S+ 3F and the geometry
can be figured out to be

T1,T2,Y1,Y2 f

Mé fz,z 9 f-z3, f-ys F3+3

¥

(3.94)
The spinors are integrated out by integrating out y; living in the middle compact surface.
The reader can verify that this leads to the results claimed in (2.47) and (2.48).

For (2.49), we can represent the geometry for so(7) 4+ 3S + 3F, after some flops as

M2 f-x1-x2, T1-72 9 i f
3

€2
2e-x

W

2

26/
e+f ZJ?

\f,fe

(3.95)

Applying S on the bottom-most compact surface, we obtain an su(4) s +3A2+43F description
2
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of the geometry

(3.96)

The theories in (2.49) are then obtained by integrating out f—x; living in the bottom-most
compact surface.

Derivation of (2.50). These theories can be produced from the KK theory

s50(8)(%)
sp(3) + SN+ A2+ 5F = . (3.9
The corresponding 6d SCFT is
50(8)
[sp(3)] 1 [sp(3)]
[sp(3)] (3.98)

where we have explicitly shown the sp(3)? flavor symmetry since the matter content charged
under s0(8) is 3F+35+3C. A Zs3 outer automorphism of s0(8) cyclically permutes the three
kinds of matter contents thus permuting the three sp(3) flavor symmetries. Consequently,
we can represent the KK theory obtained after the twist as

50(8)®)
— 1
1 3 [sp(3)V] (3.99)
and thus we should use the corresponding gluing rules
) 35— (1
50(8) 3 sp(3) (3.100)
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to obtain the correct geometry, which can be worked out to be

‘Tl'$2’f‘$4—l‘37x3_x4 Né

(3.101)

After applying some isomorphisms on the top-most compact surface, we can rewrite the
above geometry as

-3, Y2-T2, f-To- Yi-T1
Y3-T3,Y2-T2, f 2y2Fg+3 f N3

2e+f-x1-)  yi

Z1-x2, f'$4-1‘3, T3-24 Né

(3.102)

which manifests the sp(3) + %/\3 +AZ+ %F description of the KK theory. The fundamentals
can now be integrated out by integrating out the blowups z1,y; living in the top-most
compact surface. Integrating out x; integrates out N3 leaving an sp(3) flavor symmetry,
and further integrating out y; integrates out Ny leaving an sp(2) flavor symmetry.

Derivation of (2.51). This theory can be produced by using the KK theory

su(5)®

s50(7)+2S+4F = 1
(3.103)
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The non-compact surfaces coupled to the above KK theory comprise an 5u(13)(2) and the
geometry can be written in the following fashion (after some flops)

4
-x4, f- -z, T
Fé+4 f-za f;f 9 f N(l]
T3, y4-
G-Z xi‘z Yi %1)3/1 & 2e-x

2h+2f ¢

Ny

Fg ‘
e
e

s e

e+f-y o 7 ‘2
14142 ez ———Nj

y-z, f-z1-22 = 0 22-2; .

f\<9‘e2

"l f e

2 Ns
\ 28

e

5 f N

(3.104)

which describes s0(7) + 2S + 4F gauge theory. We can remove a spinor by integrating out
the blowup z living in the bottom-most compact surface which integrates out Ng leaving
an sp(6) flavor symmetry.

3.5 Rank 4

Derivation of (2.52) and m = 4 case of (2.6). These theories can be obtained by
integrating out matter from the case m = 4 of (3.21), but the flavor symmetry of the
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corresponding 6d SCFT is su(12) @ su(2) instead of u(m + 8) = u(12). The geometry is

2e-x 1
M;
T fx
ey
To-T1 f Nl . e
23‘1‘2
z, €
02,

SN f ¢
<2>10 N10

e-z x;

(3.105)
The theories (2.52) are produced by successively integrating out f — z; living in the top-
most compact surface. m = 4 case of (2.6) is produced by first integrating out z; living
in the top-most compact surface and then successively integrating out f — x; living in the
top-most compact surface.

Derivation of (2.53). These theories can be produced using the KK theory

pon e SOY @0 an)®

su(b)s
2 1 2 2 (3.106)

The sp(0) node int he corresponding 6d SCFT gives rise to an e flavor symmetry, and as we
have discussed above, if the su(1) node was absent, then the flavor symmetry corresponding
to the su(2) node would be s0(7), so that the 8 half-hypers in the fundamental of su(2)
transform as a spinor of s0(7). We know that the su(1) node traps a half-hyper in the
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fundamental. Correspondingly, so(7) is broken to go with the 7 remaining half-hypers
transforming in F of go. The associated geometry can be worked out to be

Y2,Y1

]F2+2+1+1

22 ‘ -

2 /@N &
¥ (b@o» §

M, <
e b
3e \Sé

f'x»y e (\i\“

141
M,

(3.107)
The theories in (2.53) are produced by integrating out x; followed by f — y; living in the
compact surface denoted by IF;HB in the above geometry.

Derivation of (2.54) and (2.55). These theories can be produced by starting from
the 6d SCFT (3.98), but this time compactifying it with a Zs outer automorphism twist
instead of the Z3 twist employed there. Thus, we can represent the KK theory as

(3.108)
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The geometry can be worked out to be

Mg f-x1-z2, T1-T2 9 hLf T,
Qe—z T T2 e >
e
M1 26+f—2 Yi
. 7 N Sz
e zy D) ]F3+3+3 f_yl_zl f N0
M, @3 0
. f 7 e+sz
26—2 z; “2.Yi
3 "3
Wl
f-z1-x2, m ¢ Fo
9 e+2f
N je‘z v
Fe £ f T1-T2,T3-T4 N3
(3.109)

where we have manifested the s0(9) + 3S + 3F description. The KK theory description can
be manifested by applying S on the compact surface Fg placed at the second position from
the bottom of the diagram. The fundamentals can be integrated out by integrating out the
curves x; living in the surface labeled F8+3+3. The reader can check that this leads to (2.54).

To obtain (2.55), we have to first apply S on F3+3+3 in the above geometry to obtain

M% f-x1-x2, 1-T2 9 i T,
. £ f
e+2f-> yi
5
8+3+3 €-Yi-z1 NO
. ol e—i—x{ 2e
26—2 z; “2uYi c
M3 T3 Nl
3 W‘f e
f—x1—m2,m ¢ Fo e
5 e+2f N,
e
N 42‘3‘2”“
Fe i f T1-T2, T3-T4 N3
(3.110)

which manifests the su(5)g + 3A% 4 3F description. Then, we integrate out f — z; living in
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F3T3%3 to obtain the geometry for su(5)_1 + 3A% + 2F
2

M(Q) f—zl-x2,$1-$2 9 f»f ]Fl

Z2

26-2 x;
Y
P ———
f-z1-z2, M ¢
e+2f

The theories in (2.55) are then obtained by integrating out x; living in F%+2+3.

Derivation of (2.56) and (2.57). We can manufacture these theories by using the KK
theory

su(1)M  sp(0)M)  su(3)®@

50(9) +4S+F =
®) 2 1 3 (3.112)

whose geometry is

T Yy
-T,x -z, f- h-x- 2h
MO f 9 f-z, f-y F%—‘,—l Yy

e

f
1

2e-x

2e

(3.113)
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The fundamental of s0(9) can be integrated out by integrating out z,y living in F %"H. This
integrates out My and Ny leaving an su(2) @ sp(4) flavor symmetry as claimed in (2.56).
After doing some flops and isomorphisms (whose details can be found in [20]) on the
geometry associated to $0(9) + 4S, we can rewrite it as follows

Z1-T2, T3-T4

Z3,%4,T6

563/
T1,T2,T3

My

T1-T2

(3.114)

which describes su(5)2 4+ 3A%2 + F. The s0(9) description can be recovered by applying S
onto T33! Now to obtain (2.57), we have to integrate out f — z living in Fo ™! which
integrates out N3 and leads to the claimed flavor symmetry.

Derivation of (2.58). These can be produced by integrating out matter from the KK
theory

50(8)®  sp(0))

sp(4) + A3 +4F = 43— 1 (3.115)
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whose associated geometry is

73-24
f-zi-z2, 21-T2, y1-y2 m

f-z1-y1, T1-y1, T2-Y2 IF(2)+2+4 f-z1-22 f No

26+f—z mi—z z

fuf’f ]FIO

(3.116)
The KK theory description is recovered by applying S on the surface labeled as Fy (without
any blowups). The theories in (2.58) are obtained by successively integrating out z; living
in the top-most compact surface.

Derivation of (2.59). These theories can be obtained from the KK theory

sp(0))  su(5)?

50(9) +2S+5F =
) l———2 (3.117)
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whose associated geometry is

2+4+2+2+2
MO f7 f’ f7f 4 x2'mlvyl'y2’]F2

w1-w2, 22-21

Ti=Z4, Yi-W;

(3.118)
where we have made the s0(9) description manifest. To make the KK description manifest,
the reader can apply S on the surface labeled Fy. Eq. (2.59) are obtained by integrating
out z; living in the compact surface F3.

Eq. (2.60) can be obtained by integrating out a spinor, which corresponds to integrating
out half of the blowups living in IF%HHH. This process involves too many flops, hence we
now turn to the discussion of another KK theory which allows an easier derivation of (2.60).

Derivation of (2.60). To produce the theories s0(9) + S + (6 — n)F, we proceed using

the KK theory

su(7)®
1 (3.119)

50(9) + S + 6F
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whose associated geometry takes the form

f_y_zz r2-T1
f-w2-y, z-21 £ f
Y-z ]Fg+1+1 2 N7
e-z

€
z9 2e-2 Z T;

s T =N
f—$1

(3.120)

The fundamentals are integrated out by integrating out x; living in F$. Integrating out 1,
we see that Nj is integrated out, leading to an sp(2) @ sp(5) flavor symmetry, as claimed
in (2.60). Subsequently integrating out x9 leads to integrating out N4 and Ng leading to an
sp(4) @sp(l) @u(l) flavor symmetry, which is just the classical flavor symmetry associated
to s0(9) + S + 4F.

Derivation of (2.61). These theories can be constructed using the KK theory

sp(0)M  su(3)®  sp(0)V

50(8) +4S+4F =
®) 1 3 1 (3.121)
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whose geometry is

N
f 4
e
Fio ‘
\{ f N3
e 4 2 o 2e
'?;.\ L3
‘%- \\$ $5 e
, x3-T4, Y4-Y3 T3-T4,Ya-Y3 :
e oY s,y e
x N e A KZ
i et+Af )

SR SO,
e ’ § ’ e

e e \
M, 2 F3 2 N;
e / 0 \ e
e f. f hLf ¢
M, No

(3.122)

We can generate theories in (2.61) by successively integrating out y; living in the right
F§‘+4. At the first step, this integrates out Ny and My, indeed leading to an sp(4) @ f4
flavor symmetry. The reader can easily verify the other results claimed in (2.61).

Derivation of (2.62). We can produce it by integrating out C from the KK theory

su(6)2)
50(8) +S+ C+5F = 1
(3.123)
whose associated geometry is
F?+5 Ys5-T5 f N7

T5-
5 1‘4’ y4_y5

f-zi-yi
i

(3.124)
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C can be integrated out by integrating out x5 living in Fg” which integrates out N leaving
an sp(7) flavor symmetry.

Derivation of (2.63) and (2.64). These can be constructed using the KK theory

g’ (0

50(8) +3S+ C+4F
®) 2—1 (3.125)

whose associated geometry can be written as

F, £ f 9 f-z1-22,21-22 Nz21

f . 2 26-ZI~;
e
3 : I N3
e
e
M, f yl-x;XFg+3+1+1 e ¢ 3 f N,
Nz
2e W»} €
2 i
€ f% {wﬁ e
M; 2 N,
e e
el A ?Z“
M, N
f for-ee 770 (3.126)

F can be integrated out by integrating out f — x4 living in F§ which integrates out Nj
and M3 leaving an sp(3)? @ su(2)? flavor symmetry thus verifying (2.63). Spinors S can
be integrated by successively integrating out z; living in IF%JF?’HH. At the first step, we
integrate out x3, which integrates out My and Ny leaving an sp(4) @ so(9) flavor symmetry.
At the next step, we further integrate out xo, which further integrates out M; leaving an
sp(4) @ su(4) flavor symmetry. This verifies (2.64).

Derivation of (2.65). These theories can be produced using the KK theory

so(7))

50(8) +3S+2C+3F = 1
(3.127)
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whose associated geometry can be written as

f-Il-x27l/

26—2 T;

(3.128)

An S can be removed by integrating out f — ys living in F3+3+3. This destroys the P!
fibrations of Ny and My leaving an sp(2)? @ sp(4) flavor symmetry, thus verifying n = 1
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case of (2.65). The geometry for so(8) + 2S + 2C + 3F is

(3.129)

F can be integrated out by successively integrating out f — z; living in IF'%+2+3. Integrating
out f — 21 integrates out Ny leaving sp(2)2 @ su(2) flavor symmetry, thus verifying n = 2
case of (2.65).

3.6 Rank 5

Derivation of (2.66). These theories can be produced starting from the KK theory
su(6)o + A3 + 13F which is dual to su(6)o + A% 4+ 12F [20]. Moreover, this duality holds
true when a fundamental is integrated out from both sides leading to

1
su(6); + A? +11F = su(6)1 + 5/\3 + 12F (3.130)

The flavor symmetry for the corresponding 5d SCFT is already known from (2.5) to be
u(13), thus recovering the n =1 case of (2.66).
To obtain the n = 2 case of (2.66), we need to look at the geometry for
su(5)M

su(6)o + A3+ 13F = ) 3.151)
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in more detail as in following

(3.132)

The above geometry manifests the su(6)g + %/\3 + 13F description of the theory. The KK
theory description can be manifested by applying & on the top-most and the bottom-most
compact surfaces. To obtain the n = 2 case of (2.66), we need to integrate out 13 and
f —x1 living in the bottom-most compact surface. x13 integrates Nio and f —z; integrates
out N7, thus leaving a u(11) @ su(2) flavor symmetry as claimed in (2.66).

Derivation of (2.67). For 1 <n <8, these theories are dual to

1
s5u(6)34n + 5/\3 + (9 —n)F = sp(5) + A* + (8 — n)F (3.133)
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which were already studied in (2.7). To study the n = 9 case, we consider the geometry
for sp(5) + A?

N3+2+3+4
21-w1, 22-W3, 23-W3, f-T3-W4, T3-W4

(3.134)
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which is isomorphic to

N3+2+3+4
21-w1, 22-W3, 23-W3, f-T3-W4, T3-W4

(3.135)

thus implying that the geometry also constructs su(6)7 + %/\3 + F. Integrating out y in
top-most compact surface leads to su(6)is + %/\3, and since y does not intersect N, we
verify the result quoted in (2.67).

Derivation of (2.68) and (2.69). These theories can be constructed by using the KK
theory

su(6)o + A2+ A2+ 9F = ) ) (3.136)
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whose associated geometry can be found to be

f7 f‘l“y

) T3 N% ey

(3.137)

To manifest the KK description, one should apply S on all the compact surfaces having
degree zero. The theories (2.68) are produced by successively integrating out y; living in
F3t9t1. The theories (2.69) are produced by first integrating out f — y; living in Fg 9!
and then successively integrating out y;.

Derivation of (2.70). These theories are dual to
1
5U(6)34n + 202 + (7T — n)F = su(6)3en + 5/\3 +A? + (8 —n)F (3.138)
2 2

for 1 < n < 7, for which the flavor symmetry was derived in the detailed discussion
for (2.20) (notice that the answer quoted there holds true for n = 7 as well, but it is not
displayed since it matches the classical flavor symmetry for su(6)s + 2A2). For n = 7, the
geometry can be written as

— . Y = - - . — . 4
F3+2+1+1+26 Yis e+ f-w-To-y2-va, e T, € Vi 4 f N

h
IFy

i f 5 5
htf = I 3
which manifests su(6)s + 1A% + A? + F description. Integrating out z living in top-most

compact surface leads to su(6) 11 + A3 + A2

2
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Derivation of (2.71) and (2.72). These theories can be produced using the KK theory

(1)
I 2N 2R = M

#u(0) 1 (3.140)

M=

whose associated geometry can be written as

FE’ fifo f ;- No
2e
e

Fl f: f7 f
\
f-r1-y1, wi-we e+f- $2 y2
_wl
]F2+2
1-Y1,Y2-T3 e+ f-z1-y2- sz
e+2f

L6 f f-x1-w2, 1-22, T3-T4 4

(3.141)
The theories in (2.71) are produced by successively integrating out f—z; living in IE‘(2)+2+2+2.
Integrating out f — 29 removes Ng and N3. Subsequently integrating out f — z; removes
N; as well. This verifies the result claimed in (2.71).
The theories in (2.72) are produced by successively integrating out z; living in
Fg“““. Integrating out z; removes Ng and Ny. Subsequently integrating out 2o re-
moves Nj as well. This verifies the result claimed in (2.72).

Derivation of (2.73). These theories can be obtained from the KK theory

su()D sp(0)D  s50(8)3)

su(6)s + A3 +2A2 +2F =
22 2 1 3 (3.142)

Including the flavor symmetries, we can represent the 5d KK theory as

su(1)M sp(0) s0(8))
{5u(2)(1)} 2 1 3 — 53— {sp(l)(l)]
|

[50 (8) (3)}

(3.143)
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Using the gluing rules, we can figure out the geometry to be

f F, £ f 9 f-r1-x2, 1-T2 N%
T3
2e-x1
2e Z1-T2
3
Nl
‘I17x27$3
L1y
&
R 3
Ty, .
Sz, f‘yl,f—xl S ‘ x2,Y2, 22
24242
Zlvzz 7 MO
yr e
AN
Yy @‘7:'\5
BNy
@X
7
Lr
M,
X
f
3e P,
3
e £ f M, 2e
F
LF T8 f

(3.144)
The theories (2.73) are obtained by successively integrating out f — z; living in IF(l)HJrZ.
Integrating out f — 2 removes Py, N1 and My, leading to an su(2)? @ gy flavor symmetry.
Further integrating out f — z; removes Py, thus leading to an su(2) @ go flavor symmetry.

This verifies the results claimed in (2.73).

Derivation of (2.74)—(2.76). These can be produced using the KK theory

su(6)g + A2+ 10F =
(6)o l—2 (3.145)
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for which the geometry is

1-22, Y1-Y2

(3.146)
The theories in (2.74) are produced by integrating out z; living in IF10+2. The theories
in (2.75) are produced by integrating out x; after integrating out f — z; living in IF(1]0+2.
The theories in (2.76) are produced by integrating out x; after integrating out f —x1, f —xo

s s 1042
living in F .

Derivation of (2.77). These theories can be derived from the KK theory

sp(0)M  su(D®  su(2)®  su(1)M

su(6): +A*+9F =

The corresponding 6d SCFT has an eg flavor symmetry arising from the sp(0) node.

The su(2) node carries 4 full hypers, out of which two half-hypers are trapped by the
two su(l) nodes. As we know from before, if only one half-hyper is trapped, then the
remaining 7 half-hypers transform as F of go. Now, since another half-hyper is trapped, we
expect the remaining 6 half-hypers to transform as F @ F of su(3). This would suggest that
the KK theory admits a collection of non-compact surfaces comprising 5u(3)(1). However,
this leads to a wrong prediction for the flavor symmetry for su(6); + A% + 8F. That is, it
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predicts an s0(16) @ u(2) flavor symmetry, while we know from the analysis for (2.74) that
the correct flavor symmetry is s0(16) @ su(2)2.

We claim that the su(3) flavor symmetry actually affinizes to gél) rather than su(3)(1,
with the coupling of the corresponding non-compact surfaces shown below. This leads to
the correct s0(16) @ so0(4) flavor symmetry for su(6); + A3 + 8F as we verify below. The
geometry manifesting the KK theory description is the following

/’Elarl

242 ¥2,41 f-z1,22 o
F, 2 M;j

KN
\K :
2,
2
2 ¥ e
70

> M
3@\&] 2
3 3e
1, fk ‘
M,

(3.148)
The 51(6)s + A3+ 9F description is obtained by applying some flops and isomorphisms that
2

~9] —



can be found in [20]. This description is manifested by the following geometry

f—mz—zz,zl—xx

24242 Y2, U1 f-z1,@2 o\ po
F2 2 M2

2.
) e
23 f

j)
% M,

(3.149)
Now, the theory su(6); + A% + 8F can be obtained by integrating out f — 1 living in F3,
which can be seen to lead to the removal of N7 and My, implying that this theory has

(1)

flavor symmetry so(16) @ su(2)?. Thus, we see that if the affinization is 921 instead of

su(3)), then we obtain the correct flavor symmetry.

The theories (2.77) can be obtained by successively integrating out z; living in F{. The
reader can check the results claimed in (2.77). For example, integrating out xg integrates
out Ng and My, indeed leaving an eg @ go flavor symmetry.

Derivation of (2.78)—(2.80). These theories can be produced using the KK theory

50(8)®  sp(0)V)

su(6)g + A2+ A2 +4F =
(6o 3—2—1 (3.150)
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The associated geometry can be written as

f-x1-T2, 21-22 3

Nl
26—2 T;
26—2 T;

\
%

T3,T4

£ f 2 f-x1-4, f-T2-73 P

(3.151)
The theories in (2.78) are obtained by integrating out z; living in F3™. The theories
in (2.79) are obtained by integrating out z; after integrating out f — z; living in F5T2+4,
The theory in (2.80) is obtained by integrating out f — z1, f — 22, 24, 23 (in that order)
living in the surface labeled as F2*™ above.

Derivation of (2.81). These theories can be produced from the KK theory

s0(11) +2S+3F =

3 1 2 (3.152)

The sp(0) node in the corresponding 6d SCFT allows an su(3) @ su(3) flavor symmetry.
Twisting both gauge su(3) nodes by outer automorphism also twists both the flavor su(3)
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nodes by outer automorphism. The geometry is

My “— M, PPy

Af f f Af
i
2

4
T1-T4, Y2-Y3 Y T1-T3,Y2-Y4,
Z3-T2, Ya-Y1 i 4-T2, Y3-Y1 Iy
h- -

F, e e F4+4 S @ f N,

f ~Ti-Yi
etdf T1- yz,m /e

4 T3-Y4, T4-Y3

e V

F10

(3.153)
To obtain (2.81), we have to successively integrate out z; living in Fg 3.
Derivation of (2.82) and (2.83). These can be produced using the KK theory
50(10)
so(11) + 3S+5F = 1
(3.154)

Drawing the geometry in a graphical form is quite tedious for this case. Thus, we only
depict only partial data about the geometry graphically as follows

N(l) 2e-x e N, e o e N, e 26—2 z; Ng
T f z-y
5 15+5 e-z Ii-z yi 2h+f-x 2% e h+f-x 31+1 e-x-y et+f 0
f‘m’f fvay
— A f S et2f

3

3 2 22, f-w1-w2 f'%ﬁfz’
€-T2-Y2
T1-Y1,T2-Y2, 21-22 24242
54

z;
4/_\1\/[3""4 ey x-y y 4e2) lel
_—

Yi

(3.155)
where we have labeled the compact surfaces as i? which denotes F? and i is simply a
label allowing us to refer to this surface as S;, which we shall do in what follows. We
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have also displayed all the P! fibered non-compact surfaces. However, we have omitted all
the “mutual” edges, that is edges between compact and non-compact surfaces, and edges
between non-compact surfaces comprising different simple factors of the flavor symmetry
algebra (or its affinized version). The data of these omitted edges is displayed in the
following gluing rules:

e f—x1,f—1y in Sy are glued to f — z,z in Nj.

o Ty — Xit1,Yi — Yi+1 in Sp are glued to f, fin N; fori=1,--- 4.

e 5,5 in Sq are glued to x1,x1 in Nj.

. f in Si+1 is glued to Ti+1 — T4 in N5 for 1 = 1, 2.

e ein Sy is glued to x4 — x3 in Nj.

e f,fin S5 are glued to f — x4 — x5, x5 — x4 in Nj.

o« T1,T1,Y1,Y1,%2, f — 22, f — 20 — @2, 20 — 2,21, f — 21, f — 21 —y2,21 — y2 in S5 are
glued to 3327312,$1,y17f—$3af—3/3afafaf—$4,f—y4»fafin MO-

e f—uy,f—y,f—z, f—xin S3 are glued to x3,ys3, T4, ys in Mp.

o f—x,x,x,f —xin Sy are glued to f — xz3, f —y3, f — x2, f — yo in M.
e f,f, f,fin Sy are glued to xo — x1,y2 — Y1, T3 — T4, Y3 — y4 in M.

o f—ux1,f—1y1,x2,y2 in S5 are glued to f — x1, f — x9, T3, x4 in M.

e e,ein Sy are glued to x1 — x3, T2 — x4 in M.

e x,y in S3 are glued to z3, 4 in M.

e fin Sy is glued to f — x1 — z3 in M.

e f,fin Sy are glued to x1 — 2, x3 — x4 in M.

Note that the gluings above should be read in the order they are presented. For instance,
“Ch,Cy is glued to Dy, Dy” means that Cy is glued to Dy and Cs is glued to Do.

The theories in (2.82) are produced by successively integrating out z; living in Sp. It
is easy to see that during these processes M;j is integrated out but Mg always survives.
Thus there is always an su(2) factor present in the flavor symmetry. The other non-abelian
factors arise from the collection of surfaces N; and can be easily figured out from the above
gluing rules.
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To construct the theories in (2.83), we need to perform a few flops which lead to the
following representation of the above geometry

NP DL NI NI 1 DL
f wy
1, =< e+2f-> yi28+2 e+f-Y x> yi  htfw 3%4_1 e-z-y et+f 44

NW Nm e+2f
3

2 2 29, f-x f‘Z‘%:Z?'JQy
e-T-y
Y, 21-22 14+1+42
954

T

2/\ M(2)+2 S 23y 4e-2) w5 Mflg

Yi

(3.156)
along with the following gluing rules:

e f,fin Sy are glued to f — x1 — x2,x1 — 2 in Ny.

e ¢— x5 in Sy is glued to x2 in Ny.

e Xg_i — T5—; in Sois glued to f in N; fore=1,--- ,4.
e 11 in So is glued to x1 in Nj.

e fin S3is glued to o — x1 in N5,

e ein Sy is glued to x3 — xz2 in Nj.

e f,fin S5 are glued to f — x3 — 4,24 — x3 in N5.

o 2, f—2m,f—m—z,20—2,21,f —21,f —21 —y,21 —y in S5 are glued to f —x1, f —
y17f7f)f_$27f_y27f7fin MO'

e f—y,f—y, f—x f—ain Sz are glued to x1,y1, x2,y2 in M.

e y1,f —y1,y2 — Y1, f —y2 — y1 in So are glued to f — x1, f —y1, f, f in M.
e f,fin Sy are glued to x1 — x2,y1 — y2 in My.

e f,f,x,yin S5 are glued to f —x1 — xg, f — x2 — x5, T3, x4 in Mj.

e e,ein Sy are glued to x1 — x3, 9 — x4 in M.
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e x,y in S3 are glued to z3, x4 in M;.
e e—1yo,ein Sy are glued to zg, f — x1 — x3 in M.
e f.f,fin Sy are glued to x1 — 2, x3 — T4, x5 — Tg in M.

The theories in (2.83) are obtained by successively integrating out x; after integrating out
f — x5 living in So. The reader can easily verify that this leads to the results claimed
in (2.83). For example, first integrating out f — x5 integrates out N; and Mj, and then
integrating out x; integrates out N4, thus leading to the conclusion that the n = 1 case
of (2.83) has su(2)® @ su(3) flavor symmetry.

Derivation of (2.84). This theory can be obtained by using the KK theory

(2)

%6
su(6); + 3AN3+F =
. 1 (3.157)
The geometry can be written as
XTo-T1 7
11 e e+2f—z T; 28 e+ f-xo-x3-24 e 31 h+f e 45
2
22, f frwi-as
e
55
x; Z
6/\ NG+6 ey i)y 2 N CTen 2e-) @i, yi, 2 Ng+8+8/\8
Yi Yi
(3.158)

along with the following gluing rules:

o f,f.f f, f, fin Sy are glued to x4 — x5,y4 — y5,T6 — T7,T8 — X9, Y6 — Y7,Y8 — Yo in
No.

® .’1}'37f — I3,T2,X2,X1,T1,T4 — x3af — T4 — I3 in SZ are glued to f - CC4,f -
y47x77y7ax9ay95faf in Np.

o f,f, f, fin S3 are glued to x5 — 27,24 — %6, Y5 — Y7, Y4 — Y6 in Np.
o f,f, f, fin Sy are glued to x7 — x9, 26 — x8, Y7 — Y9, Y6 — Ys in Np.

o f—ai,21, f—a0, 22,21, f — 1,22, f — 2 in Ss is glued to f —ws, f — a5, f — 27, f —
3747f_?/67f_y5,f_y7,f_y4 in NO'
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o f,f, f,fin Sy are glued to x1 — x4, x2 — T5, 23 — Tg, 7 — xg in Ny.

e e— 1,6 —T9,e—T4,e— x5 in Sy are glued to f — x3, f — x9, f — x1, 28 in Nj.

e f,fin S3 are glued to x3 — x7,xg — xg in N7.

e f,fin Sy are glued to x5 — xg, x2 — x3 in N7.

e f,fin Sy are glued to x4 — x5, 1 — 2 in N7.

o L6 6L f f fin Sy are glued to y1 —ya, Y2 — s, Y3 — Y6, Y7 — Y8, 21 — 24, 22 — 25, 23 —
26, 27 — 28 in Na.

e e+ f—x5,e+ f—x5,6+ f — o5, — x5, — T5 In S9 are glued to x5 — y1 — Y2, T —
21 — Y3, T8 — 22 — 23,Ys, 28 in Na.

® f?f?faf:f)f?fvfin S3 are gluedtof—l“l—$571‘1—$5a$4—$6;$7—$87y6—y87113—
Y7, 26 — 28,23 — 27 in Na.

® faf?fvfafvafafin S4 areghledtof—ml—.1‘4,]}1—x4’x3—$77m5_$6,y5_y67y2_
Y3, 25 — 26,22 — 23 in Na.

. f7f7f7f7f7f,f,fin S5 are gluedto f—$2—$37:1:2—x3,x4—x77x6—$87y4_y5,y1_
Y2, 24 — 25,21 — 22 in Na.

The theory (2.84) is produced by integrating out f — x5 from Sy which integrates out Ny,
thus leaving an su(2)? flavor symmetry.

Derivation of (2.85). These can be constructed using the KK theory

so0(l11)+S+7F =
1D l—"2 (3.159)
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for which the geometry is

T2-21, Y2-Y1

(3.160)
The theories in (2.85) are obtained by successively integrating out z; living in Fng?.
Derivation of (2.86). This theory can be obtained from the KK theory
su(9)®
s0(11) 4+ 3S+8F = 1
(3.161)
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for which the geometry can be figured out to be

8

T Yi
T2-T1,Y2-Y1

et+f-y
Fa+

e+ f-xz2-13-y, e-11

4 (3.162)

The fundamentals can be integrated out by successively integrating out x; living in IF§+8.
Integrating out x; integrates out Np thus leaving an su(2) @ sp(7) flavor symmetry as
claimed in (2.86). Further integrating out xs, integrates out Ng and Ng thus leading to
sp(6) @u(1) flavor symmetry, which shows no enhancement. Thus, there is no enhancement

as we integrate out even more fundamentals.

Derivation of (2.87). These theories can be obtained from the KK theory

su(3)®  sp(0)M  su(2)®

50(10) +4S +2F =
(10 3 1 2 (3.163)
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for which the geometry can be written as

6/\6
3

MOC €M26

f,f\ VI

2

2
;
2
=, ’
5 ;
<
T1-22, Y2-Y1 I~
<
€
2

f
Fo & —°— No
etraf f/ e
e

4

L

(3.164)
The theories in (2.87) are produced by successively integrating out y; living in Fg“.

Derivation of (2.88). This theory can be produced using the KK theory

s0(9)(M)

s0(10) +3S+4F = 1
(3.165)

The geometry for this theory can be figured out to be

2e-§ x; e e e e e e 26-2 T;
N3 N, N, Nj N?

10 - e+2f-> mi-y yi g+ e+ f-d> mi-y_ zi hog, © by,
3

\
! 5s

2e € e e

My

M;

M2 e 26-2 T Mg

(3.166)
along with the following gluing rules:

e f,fin Sy are glued to f —x1 — x9, 21 — x9 in Ny.
e e— 24 in So is glued to xo in Ny.

e 211 — % in Sy is glued to f in N; for ¢ = 1,2, 3.
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e 2z in Sy is glued to x3 in Ny.

e fin S3is glued to x9 — z3 in Np.

e fin Sy is glued to f — x1 — x9 in Ny.

e fin Sj5 is glued to x1 — z9 in Np.

e f,f, f,fin Sy are glued to x1 — x2,x3 — T5, x4 — Tg, T7 — g in Msg.
e e,r3,y3 in Sy are glued to xo — 3, g, xg in Ms.

e f,f in S3 are glued to 3 — x4, x5 — xg in Ms3.

e f,fin Sy are glued to f —x1 — x5, f — 2 — x3 in M3.
e f,fin S5 are glued to 4 — x7, 16 — xg in Ms3.

e To — x3,Yo — Y3 in Sy are glued to f, f in Mos.

e X1 — X2,y1 — Yo in Sg are glued to f, f in Mj.

e e—x1— Y1 in So is glued to f in My.

The fundamentals are integrated out by successively integrating out f — z; living in Ss.
Integrating out f — z4 integrates out N3, My and Ms, thus leaving a u(3) @ sp(3) @ su(2)
flavor symmetry as claimed in (2.88). Now, further integrating out f — z3 further integrates
out Ny and Ny, thus leaving a u(3) @ sp(2) @ u(l) flavor symmetry, which is just the
classical flavor symmetry. Hence, integrating more than one fundamental out of the KK
theory leaves only a classical flavor symmetry without any enhancement.

Derivation of (2.89). These theories can be produced using the KK theory

sp(0)1)  su(6)®

50(10) +25+6F =
(10) l—2 (3.167)

-102 -



for which the geometry can be figured out to be

T1-T2, Y2- ~Ti-Yi
1-22, Y2 y1N8+3fxz Yi_ g f N,

3% < / e

e
242
IFQ

h-x1-21-T2-29

f
Pl 2e
(3.168)
The fundamentals are integrated out by successively integrating out z; living in Fg*ﬁ.
Derivation of (2.90). This theory can be constructed using the KK theory
su(8)®
50(10)+S+7F = 1
(3.169)
The geometry can be figured out to be
f-zi f-zi
Ng L gL
\e 6/6
N,
‘ e
e
N7
e
2e
Ng (3.170)

along with the following gluing rules:
e e+ f—> x;—yin Sy is glued to x4 in Np.

e fin S;yq is glued to z4—; — x5—; in Ng for ¢ = 1,2, 3.
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e x1,f —y1 in Sy are glued to f — x1, f — 22 in Np.

e e—zin S; is glued to x4 in Nj.

e fin S;yq is glued to z4—; — x5—; in Ny for ¢ = 1,2, 3.

e x1,f —y1 in Sy are glued to f — x1, f — 29 in Nj.

o x; —x;i_1,Yi—1 — Y; in S5 are glued to f, fin N; fori =2,--- 7.

e y7; —x7 in S5 is glued to f in Ng.
The fundamentals are integrated out by successively integrating out x; living in Ss.
3.7 Rank 6

Derivation of (2.91)—(2.93). These can be produced using the KK theory

s0(8)®  sp(1)M)
su(T)o+ AN +6F =

3---2—1 (3.171)
for which the geometry can be figured out to be
Nl N5 f
e e
e e \f_x_y
NO e e N2 e e N3 N4 e e Né+1

2
; ff— \2%1@3%4

e e+2 e e-Tr2-T3 e+2f-> x4 i e+2
f 2%] 334»6 f Z i Zyz f40

\Ig,{t4
e

X2-T3, T1-T4

M(Q) 26—2 T 26—2 T; M:{’ \ .
ILf

along with the following gluing rules:

(3.172)

e ein Sy is glued to x — y in Ng.
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e ys5,Ys in S3 are glued to f — x,y in Ng.

e y; —Y;+1 in Sz is glued to fin N; fore=1,--- 5.
e e— 1y —y2 in Sz is glued to f in Ny.

e f,fin Sy are glued to f — x1 — x9, 21 — x5 in M.
e e—xin Sy is glued to x2 in M.

e xin Sy is glued to x3 in Mj.

e ein Sy is glued to x9 — x3 in M.

e f,f in Sg are glued to 1 — xa, f — 1 — x2 in M;.

The theories in (2.91) are produced by integrating out y; living in S3. The theories in (2.92)
are produced by integrating out y; after integrating out f — y; living in S3. The theories
in (2.93) are produced by integrating out (at least two) y; after integrating out f—yi, f —yo
living in Ss.

Derivation of (2.94). These can be produced using the KK theory

s50(13) +S+5F =

3 1 2 (3.173)

for which the geometry can be figured out to be

. 5 . . eia I
Fg &¥—— < F2+2+ B Ty 2 FO N§+2 = 9 —+ Ny
i~Yi, 2, e+2f] ‘
“Hi f-zi- V 2i=Lq, Yi- 3% 2 e/e
e f% 1.7 IF6 I
Fio 4 2h)|
e-y x;
\%yi
f1 f F2+5 m’ f7 f e
55 fys 9 2e-x
Zq (5> Yi NG NO
(3.174)

The theories in (2.94) are produced by integrating out z; in F5+5.
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Derivation of (2.95). These can be produced using the KK theory

sp(0)D)  su(9)®@
s0(13) + 1S+ 9F = ©) ©)

1———2 (3.175)

The associated geometry can be written as
Ny
2

4
f—lwzg;/// e
NE4)+4 e e No e e Ng e 2e-x Né
9
L
poHemDd Y %h oo € hogg h g€ et2f g

6
fw \ N .
2 2 2
x1-Y1,
T2-T1, Y1-Y2, 21-22, W1-W3 ©

6%+2+2+2

(3.176)
along with the following gluing rules:

e f—uxg,f—yoin Sy are glued to f — z,z in Ny.
e Tiy1 — Ti,Yi+1 — ¥Y; in Sy are glued to f, f in N; fori=1,--- 8.
e x1,T9,Yy1,Yye in Sy are glued to x1, f — y1, 21, f — y1 in Np.
e f,fin S; are glued to x; — x;—1,y;—1 — ¥y; in Ng for ¢ = 2,3, 4.
e e in Sy is glued to y4 — x4 in Ny.
The theories in (2.95) are produced by successively integrating out z; living in S;.

Derivation of (2.96). These can be produced using the KK theory

su(3)®  sp(0)M  su(3)@  sp(0))

50(12) +2S+4F =
(12) 3 1 3 1 (3.177)
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whose geometry can be figured out to be

1\/[0u1\/11 plupo

af f f Af
No

=
@
%
; 2
T1-T4, Y2-Y33 2 T1-23, Y2-Y4, I e
T3-T2, Ya-Y1 Y ZT4-T2,Y3-Y1 ﬁpﬂ 9 Lif Ny
n oy B 2 ¢
0 F4+4 -Z T; O e e F4+4 T3-24. 1.
- f 2 s, N
T XY ,
e+4f % . y2’M e+4f J y/ é% ~ ]_V'2
2. e
T3-Y4,T4-Y3 f 4 2
e V \6 / %
LGS N
F1o Fio 3
f e
Ny
(3.178)

The theories in (2.96) can be produced by successively integrating out y; living in the
right-most compact surface.

Derivation of (2.97). This theory can be produced using the KK theory

s0(12) + 35S+ C+F 4 hq 3.179)

for which the geometry can be written as

e

/e
M8+6 E—Z Ii-z y; 4de-2 Z z; M% N2
\e

f To-T1 Nl
h+ +2f-w9-w3- +-> mi
2. e f 35 e et+2f-xwo iE;LM 46 etf-y = e 50
h+f f
€ P
2 2+2+2+2
7y T a9 (3.180)

along with the following gluing rules:
e h—x1 —ys — 20 —w; in Sg is glued to f in Ny.

e h—x9—1y; — 21 —w in Sg is glued to f in Nj.
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e w1 —ws in Sg is glued to f in Ns.

® f_J"luxluxlvf_xlaf_x27x27x2)f_x2 in Sl are glued tof_l‘37f_y37f_x27f_
y?af_$4)f_y4)f_xluf_yl in MO‘

o f,f, f,fin Sy are glued to x4 — 6, ys — Y6, 23 — T5,y3 — Y5 in My.
o f,f,f, fin Sz are glued to z3 — x4, y2 — ya, x1 — 23,71 — y3 in M.

o w3, f — x3,22,22, %1, 21,24 — x3,f — x4 — x3 in Sy are glued to f — z1,f —
y17334;y473367y6af7fin MO'

o f,f.f, f, f, fin S5 are glued to x1 — x2,y1 — Y2, T3 — T4,Y3 — Y4, T5 — T, Y5 — Y6 in
M.

e f.f,f,fin Sy are glued to f — xo — x3, 12 — 3,14 — T7, g — xg in M.
e f.f,f,fin Sy are glued to f — x1 — x4, 21 — T4, T3 — T7,T5 — T in M.
e f,f,f,fin S3 are glued to f — x1 — x5, 21 — 5, x4 — Tg, T7 — g in M.
e e—1x1,6— X9, — x4 in Sy are glued to x5, xg, rg in Mj.

The theory in (2.97) is produced by integrating out ws living in Sg which integrates out
Ny and M, thus leaving an su(3) @ su(2) flavor symmetry as claimed in (2.97).

Derivation of (2.98). These can be produced using the KK theory

) )
sp(0 su(8
w(12)1stsr = PO ®)

l———2 (3.181)
for which the geometry can be written as
N,y
f
4 7 e
f—xiV .
Né+4 e e N2 e e N7 e 2e Ng
h 36 e e+2f

0
\ X ¢
2
2
2 f-zi-yi
Yi-Zi
T1-Y2, T2-Y1 e

Zi-w;

2e 2e
Mo M, (3.182)
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along with the following gluing rules:
e h—x1 — 1Yo — 29 —wo in Sy is glued to f in M.
e h—x9—y1 — 21 —wy in Sy is glued to f in M;.
e ein Sy is glued to x4 — y4 in Ny.
e f,f in Soy; are glued to x4—; — T5—4,Y5—; — Ya—; in Ng for i = 1,2, 3.
e yo,y1,f —xo, f —x1 in Sg are glued to f — x1,y1, f — T2, y2 in Np.
o X; — Xit1,Yi+1 — ¥ in Sg are glued to f, fin N; fori=1,--- 7.
e x3 —ys in Sg is glued to f in Ng.
The theories in (2.98) are produced by integrating out y; living in Sg.

Derivation of (2.99). These can be produced using the KK theory

su(10)®)
s0(12) + 1S+ 9F = 1
(3.183)
for which the geometry can be written as
Ny
f

5 7 e
f—ﬂciy .

N8+5 e eN2 e eN8 e 2eN9

9+9
617

f

along with the following gluing rules:
e 2¢+ f—> x;—yin Sy is glued to x5 — y5 in Np.
e f,fin Sqy; are glued to x5_; — i, Y6—i — Y5—; in Ng for i =1, -, 4.
e yo,y1,f — xo, f —x1 in S¢ are glued to f — x1,y1, f — T2, y2 in Ny.
e X; — Xit1,Yi+1 — Y in Sg are glued to f, fin N; fori=1,--- 8.
e xg— Y9 in Sg is glued to f in Ng.

The theories in (2.99) are produced by integrating out y; living in Sg.
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Derivation of (2.100). This theory can be produced using the KK theory

su3)  sp0)® g
50(12) + 3S+ IC+4F =
S 3 1 2 (3.185)
for which the geometry can be written as
M, — M
8f ff
2
Lnm g
25
‘.’é :2' 26—2 x;
< & N
F, e e F3+3+1+1h211z :
Z3-Y3 ¢
e | rs \e e
/ f7 ) f N3
FlO ]F4 e
Qe-z x;

f-x1-x2, 1-T2 Ni

(3.186)
The F are integrated out by successively integrating out f — x; living in F%. Integrating
out f — x4 integrates out N3 and M leaving an sp(4) @ su(2)? flavor symmetry as claimed
n (2.100).

Derivation of (2.101) and (2.102). These theories can be produced using the KK
theory

so(11)M)
s0(12) + 3S+6F = s0(12)+S+4C+6F = )
(3.187)

The corresponding 6d SCFT on its tensor branch reduces to so(11)+6F + %S, thus implying
an sp(6) @ su(2) flavor symmetry for the 6d SCFT. The geometry for the KK theory can
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be written as

2e- i e e e e 2e- i
N Z2m N, Ny 22, N2

43 =< © 3,1 SEDp

E'N x e+2f
3
3
3 f-zi-yi
Yi
h \ e
T1-Y2, L2-Y1, L3-Y3

61 1%+3

59

L5

(3.188)

where we have manifested the so(12) + %S + 6F frame and have omitted the non-compact
surfaces corresponding to 5u(2)(1). The gluing rules between S; and N; are:

e f,fin Sy are glued to f — x1 — x2,x1 — 2 in Ng.

e e— xg in Sg is glued to xo in Ng.

e x;11 — x; in So is glued to f in N; for i =1,--- 5.

e 1 in Sg is glued to x4 in Ny.

e fin Sao.; is glued to z4—; — x5—; in Ng for ¢ = 1,2, 3.
e fin Sg is glued to f — x1 — xo in Ny.

It was shown in [20] that the above geometry is flop equivalent to the following geometry

2e-> x; e e e e 2e-> x;
Ng Z 1\]1 N5 Z N%

e €-T3

43 =< © 3, SEDP T

3
2
3 f-zi-y;
Yi
Z1-Y2, T2-Y1 e
e
3+3
16

f T3-Y3 (3.189)

51

which manifests the so(12)+S+ %C—i—GF frame and we have again omitted the non-compact
surfaces corresponding to 5u(2)(1). The gluing rules between S; and N; are the same as
above.
Now, the gluing of flavor su(2)(") to a geometry for the KK theory
s0(11)M
1 (3.190)
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was presented in Part I. The geometry presented there can be turned into the above geom-
etry (3.189) by first performing some perturbative flops and finally applying S upon the
surface labeled as Sy in (3.189). In this way, the coupling of flavor su(2)() to the compact
surfaces S; in (3.189) can be figured out.

The F are integrated out from s0(12) + S + £C + 6F if we successively integrate out
f — x; living in Sy of (3.189). We claim that the coupling of flavor su(2)() is such that
both the non-compact P! fibered surfaces comprising 5u(2)(1) are integrated out. Thus, the
non-abelian contribution to the flavor symmetry for 5d SCFTs s0(12) + S+ 3C+ (6 — n)F
comes purely from the surfaces N; in (3.189). This leads to the result presented in (2.102).

Now, to obtain the coupling of flavor su(2)() to compact surfaces in (3.188) (starting
from the coupling of flavor su(2)™) to the KK theory (3.190) presented in Part I) requires
performing a lot of non-trivial, complicated flops. Fortunately, the knowledge of precise
coupling is not required to deduce the flavor symmetry for 5d SCFTs so(12)+ %S +(6—n)F.
For this deduction, first note that the non-abelian part of the flavor symmetry of a 5d SCF'T
must be given by a finite semi-simple Lie algebra. Thus, as we integrate out the first F, at
least one of the two non-compact surfaces comprising su(2)") must be integrated out.

The first F is integrated out by integrating out f — x¢ living in Sg of (3.188) which
integrates out N5 leading to an su(2) @ sp(5) contribution to the non-abelian part of the
flavor symmetry of 5d SCFT so(12) + % + 5F. If this process integrates out only one of the
non-compact surfaces comprising su(2)"), then the full flavor symmetry for so(12) + % +5F
would be sp(5) @ su(2)? since an extra su(2) would be contributed to the non-abelian part
of the flavor symmetry. If, on the other hand, this process integrates out both of the non-
compact surfaces comprising su(2)(!), then the full flavor symmetry for so(12) + 3 +5F
would be sp(5) @ u(2) since no other factor would be contributed to the non-abelian part
of the flavor symmetry.

We claim that only one of the su(2)(!) surfaces is integrated out and that (2.101) shows
the correct flavor symmetry for this theory. To show this, let us assume, to the contrary,
that the flavor symmetry for s0(12) 4+ 2 + 5F is sp(5) & u(2), that is the only non-compact
P! fibered surfaces arising in the geometry for so(12) + % + 5F are N; for: =0,--- ,4 and
Ng. Let us integrate out another fundamental to obtain so(12) + % + 4F. This is done by
integrating out f —xg, f —x5 (in that order) living in So of (3.188). We see that this process
only leaves non-compact surfaces IN; for ¢ = 0,--- ,3 intact thus implying that the non-
abelian part of the flavor symmetry for s0(12) + % + 4F is sp(4), but this is a contradiction
since the non-abelian part of the classical flavor symmetry for so0(12)+ 3 +4F is sp(4) Bsu(2).

Derivation of (2.103). These can be produced using the KK theory

su(3)®  sp(0)M)  su(4)®@

50(12) + S+ C+4F =
12) 3 1 2 (3.191)
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for which the geometry can be written as

2 2
My ——= M,

~

€ €
Fo Fa+2

g | S
Y

4 &
;

<~

Py o P,

2e

(3.192)
The theories in (2.103) are produced by successively integrating out f — z; living in Fg.

Derivation of (2.104). These can be produced using the KK theory

(1) (2)
sp(0)x su(8
50(12) + 3S+ 5C+8F = p(0) (8)

l——"—2 (3.193)
for which the geometry can be written as
Ny
f

4 7 e
f-zi-y; .

4+4e/ e e e e 2e

Nj No N~ Ng
h 36 e e+2f 20

2 f-zi-y;
Yi-Zi
Z1-Y1, 21-W1 e

8+8 2424242
6i0” 77 ’ P s 12 (3.194)

along with the following gluing rules:
e h—x1 —ys— 20 —wsy in Sy is glued to f in M.

e h—x9—y; — 21 —wsp in Sy is glued to f in M;.
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e ein Sy is glued to x4 — y4 in Ny.
e f,fin Soy; are glued to x4—; — x5_;,y5—; — ya—; in Ng for i = 1,2, 3.
e Yo, Y1, f —x2, f —x1 in Sg are glued to f — x1,y1, f — T2,y in Ny.
e X; — Xit1,Yi+1 — ¥ in Sg are glued to f, fin N; fori=1,--- 7.
e xg—ys in Sg is glued to f in Ng.
The theories in (2.104) are produced by integrating out y; living in Sg.
3.8 Rank 7

Derivation of (2.105). These can be produced using the KK theory

su(3)@  sp(0)M  su(6)®

s0(14) +S+6F =
14 3 1 2 (3.195)

for which the geometry can be figured out to be

Ny
f
3/ ©
f-zi-y;
[

N3+3e/ N, - e\
3 ) 5 6
2, L ¢ g2t24242 M) iwi) ° 4,

2
detf f-zi-ys, fzz%yw W‘yl er2f
) - W5 i) ,
. fV \ff .
h
il e
6-+6
78 f-zi-yi 6 f 65
MO 2e 2e 1\/[1

(3.196)
along with the following gluing rules:

e h—x1 —yo — 21 —ws in Sy is glued to f in My.

e h—x9 —y; — 20 —wj in S3 is glued to f in M;.

e ein Sy is glued to x3 — y3 in Ny.
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e f,fin Syy; are glued to x3_; — T4—4, Yya—; — ys—; in Ng for i =1, 2.
e yo,y1, f — 2, f —x1 in Sy are glued to f — z1,y1, f — x2,y2 in Np.
o X; — Xit1,Yi+r1 — Y; in S7 are glued to f, f in N; fori=1,--- 5.

e xg — yg in S7 is glued to f in Ng.

The theories in (2.105) are produced by integrating out y; living in S7.
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