
Universidad de Concepción
Facultad de Ciencias Físicas y

Matemáticas

Politecnico di Torino
Dipartimento di Scienza Applicata e

Tecnologia

BLACK HOLES AND SOLITONS
IN STRING THEORY AND

M-THEORY

A LOW ENERGY LIMIT ANALYSIS

Thesis to be presented in partial completion
of the academic degree:

Doctor en Ciencias Físicas
&

Dottore di ricerca in Fisica
(Universidad de Concepción) (Politecnico di Torino)

By

Marcelo Andrés Oyarzo Catalán

Thesis advisors : Andrés Anabalón Dupuy
Julio Oliva Zapata
Mario Trigiante

September, 2025

Concepción, Chile – Torino, Italy



External Committee: José D. Edelstein

Departamento de Física de Partículas & Instituto

Galego de Física de Altas Enerxías,

Universidade de Santiago de Compostela

Carlos Nuñez

Department of Physics

Centre for Quantum Fields and Gravity,

Swansea University

Gastón Giribet

Department of Physics,

New York University



A mi madre, mi padre y mi hermano



i

AGRADECIMIENTOS

I would like to begin by thanking my thesis advisors, Dr. Andrés Anabalón, Dr. Julio

Oliva, and Dr. Mario Trigiante. I feel very fortunate to have met them and to have been

accepted as their student. I have learned many different things from each of them, and

I am deeply grateful for their guidance throughout my exploration of gravity, geometry,

and physics in general.

Over the years, I also had the privilege of collaborating, discussing, and learning with many

excellent professors, to whom I am sincerely thankful: Laura Andrianopoli, José Barrientos,

Fabrizio Canfora, Adolfo Cisterna, Cristóbal Corral, Roberto Delgadillo, Gastón Giribet,

Nicolás Grandi, Cristian López, and Carlos Núñez.

Nada de esto habría sido posible sin el apoyo incondicional de mi familia: mi madre

Carmen Gloria, mi papá Gonzalo Patricio y mi hermano Vicente Antonio. Les agradezco

y les agradeceré siempre por todo su apoyo y cariño que me entregaron durante todo este

tiempo.

También me gustaría agradecer a mis amigos, compañeros y familia por compartir conmigo

la música, las discusiones, la amistad y su tiempo: Felipe Agurto, Camilo Alegría, Gonzalo

Barriga, Bárbara Cáceres, Nicolás Cáceres, Amaranta Catalán, Boris Catalán, Felipe

Catalán, Hernán Escobar, José Figueroa, Byron Fuentealba, Benjamín Hernández, Stefano

Maurelli, Óscar Motecinos, Keanu Muller, Luis Muñoz, Ruggero Noris, Matías Plaza,

Scarlett Rebolledo, Luis René, Anik Rudra, Gonzalo Salgado, Ricardo Stuardo, Marcelo

Yáñez, y Javiera y Valentina Quichiyao, y algunos otros que quizás se me quedan. ¡Gracias!

El trabajo desarrollado en esta tesis fue apoyado por la Beca de Doctorado Nacional

N° 21222264, que financió mis estudios doctorales, y por el beneficio complementario de

cotutela doctoral en el extranjero, que permitió mi estancia en el Politecnico di Torino.

También quiero agradecer los proyectos Fondecyt regular 1210635 y 1250633, que apoyaron

en mi investigación.



Contents ii

Contents

AGRADECIMIENTOS i

Abstract v

Resumen vi

1 Introduction 1
1.1 Differential geometry and Group theory . . . . . . . . . . . . . . . . . . . . 6

1.1.1 Differential geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.1.2 Metric on a manifold . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.1.3 Curvature and torsion . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.1.4 Complex manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.1.5 Action of groups on a manifold . . . . . . . . . . . . . . . . . . . . . 25

1.2 Gravity and Black Holes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
1.2.1 Black holes and no-hair theorems . . . . . . . . . . . . . . . . . . . . 29

1.3 Conserved charges and black holes thermodynamics . . . . . . . . . . . . . 34
1.3.1 Iyer-Wald charges . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
1.3.2 Kerr-AdS black hole . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2 α′-corrected black holes in the heterotic string theory 42
2.1 Dilatonic black hole . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

2.1.1 Thermodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
2.1.2 Conserved charges . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
2.1.3 Adding angular momentum . . . . . . . . . . . . . . . . . . . . . . . 53

2.2 Accelerating black holes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
2.3 Map of Gauss-Bonnet to the Einstein frame . . . . . . . . . . . . . . . . . . 57
2.4 The D-dimensional solution . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
2.5 Last remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3 α′-correction to the Gregory-Lafflame instability 63
3.1 The corrected, static, black string . . . . . . . . . . . . . . . . . . . . . . . . 64
3.2 The perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
3.3 The α-corrected, boosted black string . . . . . . . . . . . . . . . . . . . . . 69
3.4 Further comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4 Solitons in Supergravity and different vacua of N = 4 Super Yang-Mills 74
4.1 Setup and motivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.1.1 Conventions Type IIB supergravity . . . . . . . . . . . . . . . . . . . 81



Contents iii

4.1.2 The five dimensional model . . . . . . . . . . . . . . . . . . . . . . . 83
4.2 AdS soliton in Type IIB supergravity . . . . . . . . . . . . . . . . . . . . . . 86

4.2.1 Supersymetric limit . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.2.2 Dual interpretation: basic analysis . . . . . . . . . . . . . . . . . . . 89
4.2.3 The space of solutions . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.3 Holographic renormalization and a phase diagram . . . . . . . . . . . . . . 94
4.4 Continuous distributions of D3-branes vs. rotating D3-branes . . . . . . . . 99

4.4.1 Uplift of the metric to 10 dimensions . . . . . . . . . . . . . . . . . . 100
4.4.2 Mass spectrum and phase transitions . . . . . . . . . . . . . . . . . . 101

4.5 Final discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5 Black holes in the STU model 108
5.1 The STU model from maximal supergravity . . . . . . . . . . . . . . . . . . 109
5.2 Purely dilatonic sector of the STU model . . . . . . . . . . . . . . . . . . . 115

5.2.1 Dirac bracket between supercharges . . . . . . . . . . . . . . . . . . 118
5.2.2 Electric dilatonic black holes and their singular supersymmetric limits119
5.2.3 Magnetic dilatonic black holes . . . . . . . . . . . . . . . . . . . . . 121

5.3 Thermodynamic analysis for planar configurations . . . . . . . . . . . . . . 123
5.3.1 Stability of electric black holes . . . . . . . . . . . . . . . . . . . . . 123
5.3.2 Stability of magnetic planar black holes . . . . . . . . . . . . . . . . 125
5.3.3 First-order description and stable extremal non-BPS solutions . . . 130

5.4 Last comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

6 Summary and future directions 136

References 140

Appendices 154
A1 Integrability conditions of type IIB in the metric−Φ− F5 sector . . . . . . . 154
A2 Rotating D3-branes interpretation? . . . . . . . . . . . . . . . . . . . . . . . 156
A3 Relation to other symplectic frames and spinor conventions . . . . . . . . . 158
A4 Dirac bracket between supercharges . . . . . . . . . . . . . . . . . . . . . . 160
A5 Quartic invariant of SL(2,R)3 . . . . . . . . . . . . . . . . . . . . . . . . . . 162



List of Figures iv

List of Figures

1.1.1 Transition functions on a fiber bundle. . . . . . . . . . . . . . . . . . . . . . 14

3.2.1 Spectra of the perturbation for different values of the α correction, and r+=1. 68
3.2.2 Behavior of the critical wavelength that triggers the black string instability

on the scalar mode, as a function of the α correction, and r+=1. . . . . . . 69

4.1.1 Parameter space (m,Q) of the background (4.1.9). The blue line represents
backgrounds with the same βϕ. In orange, there are backgrounds which
agree on the values of circulation at infinity F∞. The dashed red line
represents the BPS configurations. The purple region region indices where
the solution exist in contracts with the semi-infinite line Q = 0,m < 0. . . . 80

4.2.1 The different colors are different physical roots of (4.2.28). The x0 in the
y axis are plotted vs the dimensionless Wilson line ψ1 in the x-axis. The
blue and yellow lines have ψ2 = 0.1 and the red and green line have ψ2 =
0.3. Either both solutions have a positive scalar field VEV or both have a
negative scalar field VEV. The only roots that contribute to the physics are
x01 and x03 (see Appendix A for their definition). . . . . . . . . . . . . . . . 94

4.3.1 The normalized energy as a function of the Wilson line ψ1 when ψ2 = 0.1.
The phase diagram is composed by the different D3-brane distributions.
They turn out to be continuously connected on the gauge theory side due
to the introduction of the Wilson lines in 5 dimensions. The different roots
of the polynomial (4.2.30) have different colours. . . . . . . . . . . . . . . . 96

4.3.2 The normalized scalar field vacum expectation value as a function of the
Wilson line ψ1, when ψ2 = 0.1. Here we see that the VEV is negative
for some solutions and positive for others. The negative VEV yields D3
brane distributions different than the positive VEV, as we will discuss below.
There is a crossover between the different regimes. . . . . . . . . . . . . . . 97

5.1.1 Summary of different truncations of STU model of the maximal SO(8)-
gauged supergravity in D = 4. . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.3.1 Considering P3 = −P1 − P2 − P4, we consider the plane (P1/P4, P2/P4)
where the coloured regions correspond to the existence of susy black holes
with A− > 0. We defined A± as the grater root for A of Pol±(A,PΛ) = 0 . 132



List of Figures v

Abstract

This thesis explores the effects of supersymmetry and higher-curvature corrections from

superstring theory on black hole and soliton physics in different dimensions. The first-

order α′−corrections derived from heterotic string theory, up to a field redefinition,

lead to Einstein-dilaton-Gauss-Bonnet theory. We construct the first-order correction of

Schwarzschild black holes in arbitrary dimensions. In four dimensions, we show that the

corrected backgrounds satisfy the first law of thermodynamics and allow the construction

of slowly rotating black holes and accelerating black hole solutions in a perturbative

approach. In five dimensions, we consider the α′-corrections to the black string background

and the boosted black string. We construct the scalar perturbation of the metric field in

the perturbative approach to assess the effect of α′ on the Gregory-Laflamme instability.

We found that in the regime of validity of our approach, the instability window enlarges

and grows with α′.

In the context of the D = 5, N = 2 gauged STU model, we construct supersymmetric

solitons, establishing new asymptotically locally AdS5 solutions with nontrivial boundary

conditions for the gauge fields and their uplifts to type IIB supergravity. There exists a

BPS limit for a specific relation between the boundary values of the gauge fields, leading

to 1/8-BPS configurations. We study the phase diagram of this sector of the theory and

found that, generally, there are two solitons for a given value of the boundary values of the

gauge fields. Finally, we identify the states in supergravity that are dual to certain vacua

in the dual field theory in the weak coupling and large N limit, labeled by the boundary

conditions on the fields. This is done by computing the Casimir energy in the field theory

in the weakly coupled limit and comparing it with the energy of the supergravity solution.

The four-dimensional STU model in maximal gauged supergravity is studied for static

electric and magnetic black holes with general horizon geometries. Thermodynamic

stability analysis reveals unstable electric black holes for temperatures below certain

value, including Reissner-Nordström. While magnetic BPS black holes demonstrate quasi-

stability. We find extremal non-BPS black holes, which are thermodynamically unstable.

These results deepen the understanding of the interplay between string-inspired

corrections, black hole physics, and supersymmetric stability criteria in different

dimensions.

Keywords – Black holes, Solitons, Supergravity, Higher curvature corrections
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Resumen

Esta tesis investiga cómo la supersimetría y las correcciones de curvatura superior

provenientes de la teoría de supercuerdas restringen la física de agujeros negros y solitones

en varias dimensiones. Las correcciones de primer orden en α′ derivadas de la teoría

heterótica, módulo una redefinición de campos, se puede escribir como Einstein-dilatón-

Gauss-Bonnet. Construimos la corrección lineal en α′ del agujero negro de Schwarzschild

en dimension arbitraria. En cuatro dimensiones, mostramos que las configuraciones

corregidas satisfacen la primera ley de la termodinámica y permiten la construcción de

agujeros negros rotantes en el régimen de rotación lenta y soluciones de agujeros negros

acelerados de forma perturbativa. En cinco dimensiones, consideramos las correcciones en

α′ de la configuración de cuerdas negras y la cuerda negra con momentum. Construimos

la perturbación escalar del campo métrico en el enfoque perturbativo para evaluar el

efecto de α′ sobre la inestabilidad de Gregory-Laflamme. Encontramos que la ventana de

inestabilidad se amplía y crece con α′.

También en D = 5, en el contexto del modelo STU, N = 2 gauged, construimos

configuraciones de solitones, estableciendo nuevas soluciones asintóticamente locales AdS5
con campos de gauge no triviales en infinito y sus embebimientos en la supergravedad

tipo IIB en diez dimensiones. Existe un límite BPS para una relación específica entre los

valores en el borde de los campos de gauge, lo que conduce a configuraciones 1/8-BPS.

Estudiamos el diagrama de fases de este sector de la teoría y encontramos que, en general,

existen dos solitones para un valor dado de los campos de gauge en el borde. Finalmente,

identificamos los estados en supergravedad que son duales a ciertos vacíos en la teoría

de campos dual en el régimen de acoplamiento débil y N grande, caracterizados por las

condiciones de bode en los campos. Esto se realizó mediante el cálculo de la energía de

Casimir en la teoría de campos en el límite débilmente acoplado y su comparación con la

energía de la solución de supergravedad.

Estudiamos el modelo STU en cuatro dimensiones de la supergravedad maximal en

el contexto de agujeros negros estáticos eléctricos y magnéticos con geometrías de

horizonte generales. El análisis de estabilidad termodinámica revela que los agujeros

negros eléctricos con temperaturas por debajo de cierto valor, incluyendo Reissner-

Nordström,son inestables; mientras que los agujeros negros BPS magnéticos muestran

ser cuasi-estables. Encontramos agujeros negros extremales no-BPS, los cuales resultan

ser termodinámicamente inestables.
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Estos resultados profundizan en la comprensión de la intersección entre las correcciones

inspiradas en la teoría de cuerdas, la física de agujeros negros y los criterios de estabilidad

supersimétrica en varias dimensiones.
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Chapter 1

Introduction

Great effort has been devoted to constructing a unifying theory for the four fundamental

interactions. The Standard Model of particle physics (SM) gives a consistent and predictive

description of the quantum behavior of electromagnetic, weak, and strong interactions.

Notwithstanding, gravity does not belong to this picture. The reason is that the classical

description of the gravitation interaction, governed by the Einstein’s General Relativity,

does not allow a perturbative quantum description: By doing perturbation theory around

flat spacetime, one can arrange the expansion in powers of
√
8πGN , which in natural units

has length dimension +1 making the theory non-renormalizable in contrast with the SM.

More precisely, General Relativity is two-loop non-renormalizable [1, 2]. Another difficultly

in the construction of a theory involving all the four interaction is based on the fact there

is a huge hierarchy between the characteristic energy scalars, in the case of the SM is

consistently defined at energies of order of the electro-weak scaleMW ∼ 100GeV/c2, while

the characteristic scale where the quantum gravity effects are supposed to be important

at order of the Planck mass MP =
√
ℏc/8PiGN ∼ 2.4× 1018GeV/c2.

Different proposals have been made to construct a quantum theory of gravity. One such

approach is based on pure gravity, leading to loop quantum gravity [3, 4]. The main

drawbacks of this framework are that (i) it is not clear how to couple gravity to matter

consistently, and it is generally accepted that there is no physical regime in which gravity

can be considered completely isolated from the other fundamental interactions, and (ii) it

is not know how to recover Einstein’s gravity from this construction. Another approach

consists of formulating another theory and recovering a posteriori particles from which

one of them can be identified with the graviton. The most accepted proposal is along
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these lines, and is called Superstring theory. The fundamental objects are open and closed

strings, and the only parameter of the theory is the α′, which has length dimension +2. In

this framework, particles emerge as oscillations of open and closed strings; the spectrum of

the oscillating string contains the graviton within the closed strings spectrum and gauge

vectors in the open strings spectrum. The features that make this theory reliable are

that it is free of anomalies, and there are strong reasons to believe that it is UV finite.

The theory is defined as a supersymmetric conformal theory on a 2-dimensional σ-model

embedded in a 10-dimensional ambient space.

Supersymmetry — a symmetry between bosons and fermions — is a key ingredient of the

theory as it allows us to rule out pathological features in the quantum regime. In general,

the invariance under supersymmetry of a theory restricts the set of possible interactions.

In the context of the Superstring theory, there are five consistent string models: Type

IIA, Type IIB, E8 × E8 Heterotic string, SO(32) Heterotic string, and Type I. From the

point of view of the construction of a unique theory of fundamental interaction, having

more than one possible theory is not completely satisfactory. In the 90s, non-perturbative

dualities between different string theories formulated in different backgrounds were found

[5, 6]. This fact suggests that all of them describe the same fundamental degree of freedom

of a more fundamental theory. In particular, it was shown in [6] that the non-perturbative

regime of Type IIA is described by an eleven-dimensional theory named M-theory. The

fundamental degrees of freedom of the conjectured M-theory are not known yet, but in

eleven dimensions there exists a unique supergravity theory constructed in [7], that should

correspond to the low-energy limit of this theory.

In string theory models, including the bosonic theory, the quantum theory is free of Weyl

anomaly for a special set of background fields. This is expressed as a set of differential

equations for the background fields coming from the vanishing of the β-function. In the

low energy limit, when the string tension goes to infinity or α′ → 0, the running of the β-

function can be computed, and the resulting effective field theory is a (super)gravity theory

whose fields are the background field to which the σ-model couples. The leading order in

the α′ expansion is a supergravity theory containing an Einstein-Hilbert term coupled to

the 10D dilaton scalar field, the Kalb-Ramond 2-form, and depending on the spectrum of

the string theory from which one started, there is also a set of p-forms constituting the

Ramond-Ramond sector, in addition to fermions.

The massless spectrum of type IIB, as can be done for any other string theory, can be

written in terms of representations of the stabilizer group of a fixed massless momentum,
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that in this case for D = 10 is SO(8). The representations are the vectorial 8V, the

spinorial 8S, and its conjugated 8C; tensor product of them will lead to the different

sectors. The NSNS sector correspond to the product of two vectorial representations

8V ⊗ 8V = 35V ⊕ 28V ⊕ 1V, leading to a metric (symmetric traceless) gMN , 2-form Kalb-

Ramond (anti-symmetric) BMN and a dilaton (trace) Φ. The RNS sector is 8S ⊗ 8V =

56S ⊕ 8C, it carry a spinorial and a vectorial index ΨMα, that can be decomposed using

8-dimensional Γ-matrices as λα̇ = (ΓM )α̇βΨMβ, transforming in the 8C and the remaining

part transforms in the 56S. Similarly for the NSR sector 8V ⊗ 8S yields to the same

decomposition. One physical consequence of this fact is that the spinors are chiral; each

spin 1/2 has a definite chirality, and each spin 3/2 has the opposite chirality to the spin

1/2. The RR sector corresponds to the product of the spinorial 8S⊗8S = 35C⊕28C⊕1C,

that arrange into a (self-dual) 4-form CMNPQ, 2-form CMN and 0-form C0. The explicit

form of the low energy limit theory is called N = 2 type IIB supergravity in D = 10

and was first constructed by John Schwarz [8]. The dilaton and the RR 0-form potential

are coordinates of a coset manifold SL(2,R)/SO(2), and the fermions transform under

the isotropy group SO(2) in the fundamental representation. The potential catastrophe

coming from the presence of chiral fermions, which leads to a non-trivial contribution to

the diffeomorphism anomaly, is cured by the fact that the self-dual RR fields also have a

contribution that cancels the fermionic one [9]. We give our convention and the explicit

form of the equations in Chapter 4.

In the context of supergravity theories, a generic solution of the equations of motion does

not preserve the symmetries of the theory – supersymmetry is no exception. Configurations

that do preserve some amount of supersymmetry are said to be BPS states. They are

typically described by short multiplets and enjoy special stability properties, such as

being protected from quantum corrections. At the level of supergravity, the physical

configurations can be thought of as macroscopical configurations whose fundamental

degrees of freedom are the allowed string states. If a configuration is unstable under

quantum fluctuations, it will transition to another state as soon as the instability manifests.

Therefore, such unstable configurations cannot be considered suitable for studying physical

properties. By this criterion, studying BPS configurations provides a stable and reliable

starting point. Due to the mentioned features, supersymmetric configurations played a

key role in the realization of the AdS/CFT correspondence.

The AdS/CFT correspondence is a conjectured duality between a gravitational theory

with an AdSd+1 vacuum and a conformal field theory formulated on a fixed spacetime
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in d dimensions. The first hint of the duality relies on the Bekenstein-Hawking formula

for the black hole entropy, which establishes that the black hole entropy is one-quarter

of the horizon area per Planck length square [10, 11]. The first non-trivial connection

between AdS spacetime and a conformal field theory (beyond global symmetries) was the

Brown-Henneaux asymptotic symmetry analysis of AdS3, which showed that it has as an

asymptotic symmetry algebra two copies of the Virasoro algebra with a central extension

given by c = 3ℓ/2G. These ideas were condensed in the so-called holographic principle

formulated in 1993/1994 by ’t Hooft and Susskind. It stated briefly that in a quantum

theory of gravity, the information within a volume can be characterized completely in

terms of degrees of freedom of its boundary [12, 13]. Later, in 1996, Strominger and

Vafa showed that by counting the degeneracy of BPS states in string theory for large

charge, it is possible to recover the Bekenstein-Hawking entropy [14]. This was a great

achievement of string theory, indicating an agreement between black hole physics and

soliton states in string theory. The first concrete realization of the duality was proposed

by Juan Maldacena in 1997 [15], which conjectured a duality between N = 4 Super Yang-

Mills in four dimensions and Type IIB string theory on AdS5×S5 background. Soon after,

different results were found suggesting that the duality in the supergravity approximation

holds in other dimensions. Another remarkable example where the duality is precisely

stated is between ABJM model in 2+1 dimensions [16] dual to 11-dimensional supergravity

on AdS4 × S7/Zk background in the large N limit. The ’t Hooft limit corresponds to

keeping the ratio N/k fixed in the large N limit. In this case, the theory is dual to type

IIA on AdS4 × CP3.

One of the most remarkable consequences of the AdS/CFT duality is that it provides

a concrete prescription to access the non-perturbative regime of quantum field theories

at strong coupling. The conjecture can be rephrased as stating that the strongly coupled

regime of a quantum field theory in the large N limit is described by a gravitational theory

in one higher dimension with an AdS vacuum. Shortly after Maldacena’s proposal, Witten

presented a formal prescription for computing holographic quantities [17].

Part of this thesis, specifically Chapter 4, explores the holographic consequences of

supersymmetric deformations of AdS5×S5. Regarding deformations of AdS4×S7, Chapter

5 focuses on assessing the stability of black holes in the D = 4,N = 2 gauged STU

model. The asymptotic behavior of the fields suggests that the instabilities found in these

backgrounds may correspond to unstable states in the thermal ABJM.

While supergravity captures the leading behavior of the gravitational dual in the large
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N and strong coupling limit, understanding finite N or finite coupling effects in the dual

CFT requires incorporating corrections to the gravitational action. These corrections

manifest as quantum and higher-derivative terms, specifically higher-curvature corrections

to the Einstein-Hilbert action. Studying these corrections allows us to refine holographic

computations, such as corrections to black hole entropy, hydrodynamic transport, and

entanglement entropy.

Beyond the holographic perspective, higher-curvature corrections emerge more generally

in quantum gravity frameworks, independent of spacetime asymptotics. These types of

corrections to Einstein’s General Relativity naturally arise in any consistent quantum

gravity framework and are a robust prediction of string theory [18]. Early work in quantum

field theory on curved spacetime already revealed effective actions containing higher-order

contractions of the Riemann tensor [19]. These corrections generalize the Einstein-Hilbert

action and modify GR at ultraviolet (UV) scales. Higher-curvature terms are also natural

in dimensions greater than four [20, 21] and are widely expected in any UV-complete

theory. However, the inclusion of higher-order curvature terms, even though it improves

renormalizability, typically introduces massive spin-2 ghost modes with energy unbounded

from below [22, 23]. A notable exception is Einstein-Gauss-Bonnet in D > 4, which is

ghost-free and features second-order field equations [24]. Subsequently, Gross and Witten

derived higher-curvature corrections to GR in type II string theory up to quartic order

in curvature, confirming that such corrections are ubiquitous features of string effective

actions [25]. Quadratic corrections appear in bosonic and heterotic strings [26], with their

functional dependence on the dilaton, graviton, and antisymmetric tensor fields obtained

through string scattering amplitudes and two-loop σ-model beta functions [27].

While higher-curvature corrections play a pivotal role in the context of holography —

enabling access to finite coupling corrections in the dual field theory — this thesis

focuses instead on their consequences in asymptotically flat spacetimes. In particular,

we investigate how such corrections modify the physics of black holes, including their

stability and thermodynamic properties, independently of holographic considerations.

The thesis is organized as follows. Section 1.1 provides a general overview of the

mathematical tools and conventions necessary for the precise formulation of the ideas

presented herein. Section 1.2 introduces the notion of black holes and their main semi-

classical features. A detailed review of the Iyer-Wald method for computing conserved

charges in GR and beyond GR is also presented.
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We then present the original results developed in this thesis. Chapter 2 focuses on α′-

corrected black holes in D ≥ 4 within a string-inspired setup derived from the first α′-

correction in heterotic string theory; this chapter is based on [28]. We consider spherical

black holes, slowly rotating black holes, and accelerating black holes. In Chapter 3, we

continue with the same setup but specialize to D = 5. Based on [29], we study the

Gregory-Laflamme stability problem for α′-corrected black strings.

In Chapter 4, we shift to a supergravity context by constructing and studying

supersymmetry-preserving solutions that provide a dual description of deformations of

N = 4 SYM on the Coulomb branch, formulated on 3-dimensional Minkowski times a

circle. This work is based on [30].

In chapter 5 we start by revisiting the construction of the STU model from the gauged

SO(8) N = 8 supergravity in D = 4. Then, we study the supersymmetric limit of the

Duff and Liu electric and magnetic black holes in the purely dilatonic sector of the STU

model, in a clean way. For planar black holes, we derive the equation of state and analyze

the thermodynamic quasi-stability of the electric and magnetic solutions. This chapter is

based on [31].

Finally, Chapter 6 presents our concluding remarks.

1.1 Differential geometry and Group theory

Special relativity is a theory about space, time, and observers. It is based on the special

principle of relativity that we announce as follows: Given any observer for which the

physical laws hold, then the physical laws hold for any other observer in relative uniform

motion with respect to the first. This implies that there is no physical experiment that we

can perform to distinguish between inertial observers. A tension emerges once we assume

the Maxwell equations to be the physical laws describing the electromagnetic interaction.

The mathematical form of these equations is not covariant under the Galilean group, in

contrast to Newton’s second law and the Schrödinger equation, which are covariant under

an appropriate action of the Galilean group on physical objects. This tension is resolved

by constructing the symmetry group of the Maxwell equation, which is the Poincaré group

ISO(3, 1), that is, the semidirect product between the Lorentz group SO(3, 1) and the four-

dimensional translations (R4,+). An Inönü-Wigner contraction of the Poincaré algebra

leads to the Galilean algebra, making the framework emerging from the symmetries of

Maxwell equations a generalization of non-relativistic physics. However, this reasoning
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implies that the speed at which the electromagnetic interaction propagates, i.e., the speed

of light c, is the same for any inertial observer and consequently is an unreachable speed.

The limit that allows us to obtain the Galilean group from the Poincaré group is c→ ∞.

Physical events are defined to be points in the Minkowski space M4, which as a set is

isomorphic to R4 and does not have a definite origin; meaning that it is an affine space.

In the special relativity framework, there is a maximum speed for the propagation of

information, and consequently, there exists a set of pairs of events that are causally

disconnected, on which all the inertial observers must agree. This set can be easily

constructed by considering a map from the Minkowski space M4 to the Minkowski vector

space V4 where we will define a scalar product. The map is defined as vec : M4×M4 → V4

that satisfies vec(p, q)+ vec(q, r) = vec(p, r). As a consequence of this, vec(p, p) = 0 and

vec(p, q) = −vec(q, p). In the vector space V4 we define a scalar product V4 × V4 → R,

as (v, w) 7→ v · w = vT ηw where η in its diagonal form is given by η = diag(−1, 1, 1, 1),

and is called the Minkowski metric. This inner product is constructed in such a way

that it is Lorentz invariant, i.e., invariant under change of frame. We define the square

interval between to points in Minkowski spacetime as the map Φ : M4 × M4 → R,

Φ(p, q) = vec(p, q) · vec(p, q).

The set of causally disconnected events in M4 is the set of pairs of points {(p, q) | Φ(p, q) >

0}, and each pair of events belonging to this set is called spacelike separated events. The

set of pairs (p, q) for which Φ(p, q) < 0 is the set of causally connected events: there is

always one of them in the past of the other, and all the inertial frames agree on this.

Finally, there is the set {(p, q) | Φ(p, q) = 0}, which defines all pairs of events connected

by a light ray. This set defines the light cone structure of the spacetime M4; studying its

geometry will lead to the definition of a Carrollian structure, and analyzing the space of

null direction naturally leads to the idea of twistors [32].

Under the paradigm of special relativity, constructing physical theories compatible with its

principles amounts to devising action principles that are invariant under the action of the

Lorentz group. One way to achieve this is by requiring that the physical fields transform

in a representation of the Lorentz group. Then, the invariant tensors of this representation

allow the construction of invariants that can serve as candidates for a Lagrangian density.

However, including gravity in a way that respects the principles of special relativity is

not straightforward. Einstein’s General Relativity achieves this by utilizing differential

geometry and differentiable manifolds to describe spacetime, where the straight lines of
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Minkowski spacetime for free particles are replaced by geodesics on a pseudo-Riemannian

manifold. In the next section, we discuss these mathematical tools, mainly based on

[33, 34, 35, 36]. Then, in Section 1.2, we return to the physical consequences of this

framework.

1.1.1 Differential geometry

A differentiable space can be naturally characterised in terms of intrinsic geometric objects

by a manifold structure. A manifold is essentially a space that, at each point, is similar to

Euclidean space. This is realised through maps from subsets of the manifold to Euclidean

space, which are called ’patches’ (recalling the work of modistes). The way in which the

patches are glued together defines the manifold structure. This structure is independent

of the set of patches chosen — in other words, it is independent of the coordinate system

used. We consider a map ϕ from an open set of O ⊂ Rn to an open set of O ′ ⊂ Rm to

be of class Ck if the coordinantes of image point are k-times continuously differentiable

functions of the coordiantes in O.

A D-dimension Cr manifold is a set M with a Cr atlas {(Uα,ϕα) | α ∈ I ⊂ Z}, where

ϕα : Uα → RD are invertible maps to a open subsets of RD such that

(i) Uα cover M , namely M =
⋃
α Uα.

(ii) In any non-empty intersetion Uα∩Uβ the map ϕα◦ϕ−1
β : ϕβ(Uα∩Uβ) → ϕα(Uα∩Uβ)

is a Ck map between open subset of RD.

Two atlases are said to be compatible with a given Ck atlas if their union is also a Ck

atlas of M . The first condition of the definition is automatically satisfied, while the second

condition must be checked at the intersection of two patches belonging to different atlases.

The union of all the compatible atlases is called the complete atlas of the manifold and

corresponds to all possible coordinate systems that we can put on M with transition

functions being Ck. The topology of M is defined as the open sets of M consisting of

unions of the sets Uα in the complete atlas.

A manifold is orientable if it has an atlas, denoted by {(Uα,ϕα)}, such that the Jacobian

of the transition function is positive at every non-empty intersection.

A topological space M is said to be a Hausdorff space if for any p, q ∈ M there exist

two disjoint open sets U ,V ⊂ M such that p ∈ U and q ∈ V . At first sight, it looks

like any manifold is a Hausdorff space, but this is not true; there are manifolds that are
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not Hausdorff. To illustrate this, let us construct an example of a non-Hausdorff space:

take two real lines with coordinates x ∈ R and y ∈ R. Let x ∼ y iff x = y < 0 be an

equivalence relation. The resulting space after the identification is not Hausdorff, as the

points a in the first line with coordinate x = 0 and a′ with coordinate y = 0 are different

points and there are no disjoint opens U ,V such that a ∈ U and b ∈ V . Intuitively, other

spaces that are not Hausdorff are, for instance, a shoe with a partially detached sole, or a

frayed-edge blanket.

Another property that most of the manifolds that we will deal with enjoy is

paracompactness. The definition is as follows. An atlas {(Uα,ϕα)} is said to be locally

finite if every point p ∈ M has an open neighborhood which intersects only a finite number

of the sets Uα. In other words, for any point p in the manifold, there is a finite number

of patches that contain p. A manifold is paracompact if for every atlas {(Uα,ϕα)} there

exist a locally finite atlas {(Vβ,ψβ)} for which any Vβ is contained in some Uα. One can

prove that a Hausdorff manifold is paracompact if and only if it has a countable basis

in the topological sense. Paracompactness of a Hausdorff manifold follows automatically

once we impose the existence of an affine connection (see, for example, [33]).

Functions on a manifold.

A real function on a manifold is defined as a map of the form f : M → R, that assigns

a real number to each point in the manifold f(p) ∈ R. The differentiability properties

of a scalar function of a manifold are defined by its local form. Given a patch (Uα,ϕα)

of M , the function f ◦ ϕ−1
α is a map from an open subset of RD to R. We say that a

real function on a manifold is of class Ck if f ◦ ϕ−1
α is of class Ck for all α in the atlas.

The local descriptions of the real functions, that is what we will usually give, are glued

together following the their definition and using the transition function ϕα ◦ϕ−1
β between

a non-empty intersection between patches.

The set of smooth functions on an open subset of RD is infinite-dimensional. However,

the set of smooth functions that are globally defined on an arbitrary manifold is smaller.

A simple example is the circle S1, which can be defined as the coset space R/Z. Smooth

functions that are globally defined are those that are smooth and respect the periodicity

of the circle.

In order to study the space of function on a manifold, we define the space of germs of

smooth functions at the point p ∈ M denoted by C∞
p M as follows: Consider all the open

subsets {Uα ⊂ M , α ∈ I ′ | p ∈ Uα} that contains the point. Then, take the smooth
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function on the opens f ∈ C∞(Uα), g ∈ C∞(Uβ) such that p ∈ Uβ ∩Uα /=∅. The space of

germs of smooth functions at the point p ∈ M is defined as

C∞
p M =

⋃
α∈I′

C∞(Uα)/ ∼ , f ∼ g ∈ ⇐⇒ f |Uα∪Uβ
= g|Uα∪Uβ

. (1.1.1)

Essentially, this definition implements the idea of analytic continuation. That is to say, two

smooth functions f, g defined on opens with no-vanishing intersection Uα,Uβ, respectively,

that contain p, are identified as the same element if they coincide in the intersection.

Curves in a manifold

A curve in the manifold is defined as a continuous and differentiable map from an interval

in R to M , γ : [0, 1] → M . Closed curves are curves where the initial and final point

coincides γ(0) = γ(1) ∈ M .

Tangent and cotangent spaces

We can define a vector space at each point of a differentiable manifold of dimension equal

to the dimension of the manifold. This vector space is called the tangent space at p

and is denoted by TpM . To construct it let us consider a point p ∈ M and a curve

γ : [0, 1] → M that starts at p, i.e. γ(0) = p, and a representative of the space of germ

of smooth functions at p, f ∈ C∞
p M defined on a chart (U ,ϕ). The composite function

f ◦γ : [0, 1] → R, λ 7→ g(λ) = f ◦γ(λ) is a real function, and we can compute its derivative.

Considering that in the local patch ϕ(p) = (x1(p), x2(p), . . . , xD(p)) = (xµ(p)) ∈ RD, then,

to compute the derivative we consider the composite f ◦ϕ−1(◦ϕ◦γ)(λ) and the derivative

reads

d
dλg(λ)

∣∣∣∣
λ=0

= ∂f ◦ ϕ−1

∂xµ
∂xµ

∂λ

∣∣∣∣∣
λ=0

. (1.1.2)

We see that the derivative of an arbitrary germ of a smooth function f at p is given in

terms of the real constant coefficients tµ = ∂xµ

∂λ |λ=0, fixed by the parametrization of the

curve γ. Consequently, we can write the derivative of the function as tµ ∂f◦ϕ−1

∂xµ

∣∣∣
p
, that can

be understood as the action of a differential operator on the space of germ functions at p,

tp = tµ
∂

∂xµ

∣∣∣∣
p
, tp : C∞

p M → C∞
p M (1.1.3)
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The set of all first-order differential operators on the germs of smooth functions C∞
p M

forms a vector space over R of dimension D. We define the tangent space of the manifold

M at the point p with this vector space and denote it by TpM . A basis of this space at

the point p are certainly the operators {∂µ = ∂/∂xµ}|p. Therefore, a generic vector X at

the point p is denoted by X = Xµ∂µ|p.

Given a vector space, there always exists a dual vector space, which we call cotangent

vector space at the point p and denote by T ∗
pM = {ω : TpM → R}. Elements of this set

are also called 1-forms and are real-valued linear functions on the tangent space TpM at

p. Given a basis for TpM , for instance {Va} with a = 1, . . . , D, one can define uniquely

a basis {Va} of the T ∗
pM by requiring that for any vector X = XaVa, the action of Va

on X leads to the components Xa, namely Va(X) = Xa. Due to the linearity of the map,

this requirement implies immediately that Va(Vb) = δab . In the case of the coordinate

basis {∂µ|p}, we can define a basis of T ∗
pM as {dxµ|p} such that dxµ(∂ν)|p = δµν . Similarly

one can define the vector space TpM = {X : T ∗
pM → R}. Then, the action of vectors on

forms is also well defined, and we can write that Va(Vb) = Vb(Va) = δab .

The notation {dxµ|p} for the basis of the co-tangent space in the coordinates chart xµ(p) is

motivated as follows. For any function f on M , we can define a 1-form df ∈ {TpM → R}

by imposing the following rule: For any X ∈ TpM , df(X) = Xf . If we write them in the

coordinates basis, provided that dxµ(∂ν) = δµν , the components of the 1-form df in the

coordinate basis are ∂µf |p, leading to df = dxµ∂µf |p ∈ T ∗
pM .

One can define the tensor product of tangent and cotangent vector spaces at the point p in

order to construct higher rank tensors. For instance, a tensor of rank (m,n) is an element

of the vector space ⊗mTpM ⊗n T ∗
pM . In a chart xµ(p) the tensor is written explicitly as

T = Tµ1...µmν1...νn
∂

∂xµ1
⊗ . . .

∂

∂xµm
⊗ dxν1 ⊗ · · · ⊗ dxνn |p . (1.1.4)

So far, we have considered a chart (U ,ϕ) to give local expressions for tensors at an

arbitrary point p ∈ U . However, by definition, geometric objects must be independent of

the atlas that we pick. In particular, in the overlap of two charts, the geometrical objects

must be the same in one chart or another. Let us consider a second chart (V ,ψ), with

p ∈ U ∩ V and ψ(p) = (y1(p), . . . , yD(p)) = (yµ(p)). The composite function ψ ◦ ϕ−1 is

a invertible map from a subset of RD to a subset RD given by the function yµ = yµ(xν).

An arbitrary tensor T at the point p is written in the chart (V ,ψ) in terms of the basis

{∂/∂yµ|p} ⊂ TpM , {dyµ|p} ⊂ T ∗
pM , and tensor products of them. In the intersection
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U ∩ V , the components of the tensor (1.1.4) in the coordinate basis associated to xµ(p)

are related to the components in the basis yµ(p) by

T ′µ1...µm
ν1...νn = ∂yµ1

∂xρ1
. . .

∂yµm

∂xρm
∂xσ1

∂yν1
. . .

∂xσn

∂yνn
T ρ1...ρmσ1...σn . (1.1.5)

This ensures that the geometrical object T is the same in any chart. From the

transformation rule of the local components of a tensor, it is immediate to see that the

partial derivatives of the components of a tensor do not transform as the rule (1.1.5), since

the derivative also acts on the transformation matrices. Hence, to compute the derivatives

of a tensor, we have to do something else. The most economical way, which requires no

extra structure, is the exterior derivative defined in terms of the so-called differential

forms. This intrinsic derivative arises naturally from the differentiable structure of the

manifold. Another notion of derivative is the Lie derivative, which requires an additional

vector field. The most versatile derivative is the covariant derivative associated with a

connection, which is typically present in our geometric setups.

Differential forms

Let us consider the anti-symmetric part of the k-times tensor product of the cotangent

space at p. We denote this vector space of dimension
(D
k

)
by

∧k T ∗
pM . For simplicity,

let us define it in a point p belonging to a chart (U ,ϕ) with ϕ(p) = (xµ(p)). The basis

{dxµ|p} induces a basis of
∧k T ∗

pM by considering the antisymmetric tensor product

dxµ1 ∧ · · · ∧ dxµk =
∑

σ∈Symk

(−1)|σ|dxµσ(1) ⊗ · · · ⊗ dxµσ(k) , (1.1.6)

where Symk is the symmetric group of k elements and |σ| ∈ {±1} is the parity of σ. The

set {dxµ1 ∧ · · · ∧ dxµk |p} defines a basis of
∧k T ∗

pM , and an elemement of this space is

called k-form and is defined to be

A = 1
k!Aµ1...µkdx

µ1 ∧ · · · ∧ dxµk |p (1.1.7)

where the components Aµ1...µk are completely anti-symmetric. At this point, we introduce

the wedge product as a bilinear map

∧ :
k1∧
T ∗
pM ×

k2∧
T ∗
pM →

k1+k2∧
T ∗
pM

(A,B) 7→ A ∧B
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Let us define the exterior derivative as a map from k-forms to (k+1)-forms d :
∧k T ∗

pM →∧k+1 T ∗
pM . In a chart, it is defined as follows: let A ∈

∧k T ∗
pM then

dA = 1
k!∂ρAµ1...µkdx

ρ ∧ dxµ1 ∧ · · · ∧ dxµk |p , (1.1.8)

This object does not depend on the chart if the components Aµ1...µk are differentiable

functions. The key point to prove this is that the components are completely anti-

symmetric in the indices ρ, µ1, . . . µk. Then, as the partial derivatives commute for a

differentiable function, the components of (1.1.8) transform as (1.1.5).

The exterior derivative has the following properties:

1. It is a linear map.

2. It satisfies a the graded Leibniz rule d(A ∧ B) = dA ∧ B + (−1)kA ∧ dB, for any

A,B being a k-form and p-form, respectively.

3. It is nil potent d ◦ d = 0.

The exterior calculus that we have presented is instrumental in most of the physical

models studied in this thesis. In particular, the above properties allow for an efficient

implementation of exterior calculus in Wolfram Mathematica, taking advantage of the

software’s powerful pattern recognition capabilities.

Fiber bundle

So far, we have defined vector spaces associated with each point p of the differential

manifold. In the local description, it is natural to assume a sort of continuity between

vector spaces defined at points that are infinitesimally close to each other. To make this

notion precise, it is necessary to define a fiber bundle.

A fiber bundle is a geometrical structure that consists of the following elements: A

differentiable manifold E called the total space, a differentiable manifold M called the

base space, a differentiable manifold F called the standard fiber, a Lie group G called

the structure group which acts on the stander fiber g : F → F,∀g ∈ G, a surjective

map π : E → M called the projection map such that π−1(p) is a differentiable manifold

diffeomorphic to the standard fiber. Given an atlas of the base manifold {(Uα,ϕα) | α ∈ I}

the definition of the fiber bundle requires the definition a homeomorphism called local

trivialization ψα : π−1(Uα) → Uα × F such that π ◦ ψ−1
α = IdM . In the overlap of

two charts Uα ∩Uβ, one can construct the composite of local trivializations, that is called
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Uα ∩ Uβ × F

π−1(Uα ∩ Uβ)

Uα ∩ Uβ × F

gαβ

ψβ

ψα

Figure 1.1.1: Transition functions on a fiber bundle.

transition function gβα = ψβ ◦ψ−1
α : (Uα∩Uβ)×F → (Uα∩Uβ)×F . The last requirement

is that for a given point p in the intersection, then g−1
βα(p) is in the structure group. The

diagram of the transition function is depicted in Figure 1.1.1.

A special type of fiber bundle happens when the fiber is the structure group itself; in

that case, it is called principal bundle. Another specialization that is fundamental for

us is when the fiber is a vector space, and the structure group can act on the fiber in a

representation of dimension equal to the dimension of the vector space. This type of fiber

bundle is called a vector bundle.

Observe that when we defined TpM , the tangent space at the point p ∈ M , as a vector

space of dimension D = dimM . Once a basis of TpM picked, it becomes isomorphic to

RD. We can construct a vector bundle TM =
⋃
p∈M TpM by considering the base space to

be the manifold M and the fiber at p to be RD. In a chart (Uα,ϕα), with ϕα(p) = (xµ(p))

containing p we can consider a basis of TpM to be ∂/∂xµ|p. The local trivialization is

defined as

ψα

(
vµ

∂

∂xµ

∣∣∣∣
p

)
= (p, vµ) ,where vµ = (v1, v2, . . . , vD) . (1.1.9)

At the intersection of the charts (Uα,ϕα) and (Uβ,ϕβ), considering ϕβ(p) = (yµ(p)), the

transition function is gβα = ψβ ◦ψ−1
α

gβα(p, vµ) = ψβ

(
vµ

∂

∂xµ

∣∣∣∣
p

)
= ψβ

(
vµ
∂yν

∂xµ
∂

∂yν

∣∣∣∣
p

)
=
(
p,
∂yν

∂xµ
vµ
)
. (1.1.10)

If we fixed the point in the base, we see that the map between fibers is linear and the

structure group is GL(D,R) since ∂yν

∂xµ ∈ GL(D,R).

Given a fiber bundle π : E → M . A map s : M → E, that assign to each point on the

base, p ∈ M , a point on the total space, s(p) ∈ E, such that s(p) is above p, more precisely

π ◦ s = IdM , is called a section of the bundle. A section is called continuous, differentiable,

or smooth depending on the properties of the map s in each local trivialization of the
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bundle. This concept is crucial since most of the physical objects that we are interested

in are sections of some fiber bundle over the spacetime. For instance, we define a vector

field ξ on a smooth manifold M as a section of the tangent bundle ξ : M → TM .

Naturally, we can define the vector bundle of the tensor product of the contanget and

tanget space the point p ∈ M , for instance ⊗mTpM ⊗n T ∗
pM is the fiber at the point p

of the vector bundle ⊗mTM ⊗n T ∗M , and section of this bundle are tensor fields of rank

(m,n). Of particular interest for us is the vector bundle of k-form denoted by
∧k T ∗M ,

and sections of this vector bundle are called k-form. The exterior derivative is a map

between sections of
∧k T ∗M to sections of

∧k+1 T ∗M .

1.1.2 Metric on a manifold

The symmetric product of vector bundles T ∗M ⊗symm T ∗M—namely, at each point p ∈

M , the vector basis of the fiber is the symmetric tensor product of the cotanget space

at p—is extremely relevant in geometry and physics since their global section allow to

define a metric field g. To be more precise, a pseudo-Riemannian metric on a manifold

M is a C∞M , symmetric, bilinear, non-degenerate form on sections of the tangent space.

Namely, for any vector fields X,Y,Z : M → TM , the metric satisfies:

(i) g(X,Y) = g(Y,X) ∈ C∞M .

(ii) For any smooth functions f1, f2 on M , g(f1X+ f2Y,Z) = f1 g(X,Z) + f2 g(Y),Z).

(iii) If g(X,Y) = 0 for any X, then Y = 0 (non-degenerate).

In a coordinate patch, the metric is described by a symmetric rank 2 tensor

g = gµν(x)dxµ dxν , (1.1.11)

the symmetric tensor product will be usually denoted by juxtaposition.

Since the metric can be thought of as a symmetric matrix at each point p, it can always

be diagonalized and normalized with entries being ±1, through a point-dependent matrix

V ∈ GL(D,R), hence

V TgV |p = diag( −1, . . . ,−1︸ ︷︷ ︸
η−

, 1, . . . , 1 ) = η (1.1.12)

where η− is the number of minus signs in the diagonal metric, and η is the usual name for

the flat metric. A subgroup of GL(D,R) that leaves the flat metric invariant is O(η−, D−
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η−), usually we will work with SO(η−, D − η−) as the manifold that we are interested in

are orientable and we would like to preserve the orientation. This invariance corresponds

to an arbitrariness in the choice of the matrices V . To emphasize this fact, we introduce

indices of SO(η−, D− η−) denoted by lower case latin letters a, b, . . . = 1, . . . , D, then the

metric tensor at the point p can be written as

g = ηabV
aV b , V a = V a

µ dxµ , (1.1.13)

where the 1-forms V a are called vielbein or frame and depend on the point. Given a metric,

the choice of the vielbein is not unique, indeed Ṽ a = ΛabV b is another equally admissible

vielbein basis whenever Λab ∈ SO(η−, D − η−), where Λ is a matrix that depends on the

point of the manifold.

Let us introduce the completely anti-symmetric tensor ϵa1...aD of SO(η−, D − η−) with

ϵ12...D = 1. We define the volume form of a manifold M as the wedge product of the

vielbein basis, which can be written in terms of the invariant tensor as follows

Vol(M ) = V 1 ∧ · · · ∧ V D = 1
D!ϵa1...aDV

a1 ∧ · · · ∧ V aD . (1.1.14)

According to the definition of the vielbein, it can be written in terms of the determinant

of the metric as

Vol(M ) =
√
|g|dx1 ∧ · · · ∧ dxD =

√
|g|dDx

, where we used the fact that det(V a
µ) = ±

√
|g|, which is a direct consequence of (1.1.13),

and we have picked the upper sign.

Given a vielbein basis V a = V a
µdxµ, the inverse components are denoted by Vaµ such that

Va
µV b

µ = δba and VaµV a
ν = δµν . Using them, we can construct a basis for the sections of

the tangent and cotangent bundle. We denote {V a | a = 1, . . . , D} a basis of the cotangent

bundle. Any p-form C = 1
p!Cµ1...µpdx

µ1 ∧ · · · ∧ dxµp , can be written in the vielbein basis

as follows

C = 1
p!Ca1...apV

a1 ∧ · · · ∧ V ap , (1.1.15)

where the components are related to the components in the coordinate basis as Ca1...ap =

Cµ1...µpVa1
µ1 . . . Vap

µp .

The fact that the vector space of k-form at the point p,
∧k TpM , has the same dimension
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as
∧D−k TpM means that they are isomorphic as vector spaces. This isomorphism is

realized by the Hodge star ⋆ which maps sections of
∧k TM into sections of

∧D−k TpM .

Let us consider a p-form (1.1.15), the Hodge star is defined as

⋆C = 1
p!(D − p)!C

a1...apϵa1...apb1...bD−p
V b1 ∧ · · · ∧ V bD−p , (1.1.16)

where the indices of the components where raised with the inverse flat metric ηab. The

Hodge star is an invertible operator, as the following relation holds

⋆2C = (−1)p(D−p)+η−C . (1.1.17)

This relation restricts the possibility of having (anti-) self-dual p-forms in a D-dimensional

manifold. Indeed if the p-form C is (anti-)self dual C = ± ⋆ C, immediately implies

p = D/2, namely D must be even. Acting with the Hodge star on the defining property

and using the defining property again, we find that [1− (−1)
D2
4 +η− ]C = 0. Assuming that

C is non-zero, then the above consistency condition is true only when D2

4 +η− is even. For

Lorentzian spaces, e.g. η− = 1, this is true for dimensions D = 2(2n− 1), n > 0, the first

ones are D = 2, 6, 10, . . . . Here we see that the self-dual 5-form field strength in D = 10

in type IIB is consistent as well as 3-form field strength in D = 6 as in the N = (2, 0)

theory demands (see, e.g., [37]). For Euclidean spaces, it is possible to have self self-dual

form in dimensions D = 4n, n > 0, which includes the possibility of having self self-dual

Yang-Mills field strength in D = 4.

Connections

At this point, we have introduced the exterior derivative as a built-in differential operator

on the manifold. Notwithstanding, we can define a further object called an affine

connection defined as follows. Let M be a D-dimensional differentiable manifold. Let

us denote by X(M ) the set of sections of the tangent bundle, e.g., vector fields. An affine

connection ∇ is a map of the form ∇ : X(M )× X(M ) → X(M ), satisfying the following

properties for any X,Y, Z ∈ X(M ).

(i) ∇X(Y + Z) = ∇XY +∇XZ, linear in the second argument.

(ii) ∇(X+Y )Z = ∇XZ +∇Y Z, linear in the first.

(iii) For any f ∈ C∞(M ), ∇fXY = f∇XY .
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(iv) For any f ∈ C∞(M ), ∇X(fY ) = X(f)Y + f∇XY .

Spacetime covariant derivative

We can make a concrete realization of the definition by consider a local chart (U , φ) with

φ(p) = (xµ(p)), leading to a basis of the space sections {∂µ} in the chart. Considering

X = Xµ∂µ, Y = Y µ∂ν ∈ X(M ). We can define the connection with indices as

∇XY = Xµ∇µY
ν∂ν . (1.1.18)

In the local patch, the connection can be thought of as a differential operator carrying an

index ∇µ that acts on vector fields. In particular, we can act on the basis itself, and by

definition, the result will be a vector field

∇µ(∂ν) = Γρµν∂ρ , (1.1.19)

we define Γρµν as the coefficient of this expansion. Consistency with the points (i), (ii),

(iii) of the definition implies that the form of the derivative acting on the components of

the vector must be

∇µY
ν = ∂µY

ν + ΓνµρY ρ . (1.1.20)

This is known as the covariant derivative, which is defined in terms of the coefficients

Γνµρ, called the connection. The connection does not transform as a tensor; instead, it

transforms in a particular way to make ∇µY
ν a tensor. The covariant derivative of a 1-

form ω can be defined consistently by requiring that the covariant derivative of the scalar

X(ω) = Xµωµ, with X ∈ X(M ), is the partial derivative. This implies that

∇ρωµ = ∂ρωµ − Γλρµωλ . (1.1.21)

From here the generalization is straightforward for any section T of the bundle ⊗pTM ⊗q

T ∗M .

Lorentz covariant derivative

In addition to the above basis of X(M ), we have a orthonormal basis {êa ≡ ea
µ∂µ},

whose inverse coefficients eaµ diagonalize the metric. The latin lower-case indices are

SO(D− η−, η−) indices. On this basis, the vector fields read X = Xaêa. We can consider
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the same argumentation and define another connection D, such that for any X,Y ∈ X(M ),

DXY = XaDaY
bêb. In this way, the connection can be thought of as a differential operator

carrying a Lorentz index Da and acts on the basis as

Daêb = ωcb|aêc . (1.1.22)

Under this consideration, the Lorentz covariant derivative is defined to act on a vector in

the vielbein basis as

DaX
b = ∂aX

b + ωbc|aX
c , (1.1.23)

contracting with the basis {ea} of sections of the co-tanget bundle and defining D = eaDa,

the exterior derivative d = ea∂a and ωbc = ωbc|ae
a, the above equation reads

DXb = dXb + ωbcX
c . (1.1.24)

The 1-form ωab is called 1-form spin connection and is instrumental in the definition of

spinors on a manifold. From the above condition, the covariant derivative can also be

defined for 1-forms by lowering the index with the flat metric

DXb = dXb + ωb
cXc . (1.1.25)

Observe that if we contract the above equation with ∧eb, we will obtain a 2-form

D ∧X♭ = d ∧X + ωb
cXc ∧ eb , (1.1.26)

where X♭ = Xae
a is a 1-form. Then, the generalization of the action of D on the

components of any section of the form ⊗pT ∗M ⊗q TM is natural. In particular we

can consider the flat metric itself η = ηabe
a ⊗ eb. This gives an interesting property:

Dηab = dηab + ωa
cηcb + ωb

cηac = ωab + ωba . (1.1.27)

If we impose that the flat metric is compatible with the spin connection, namely Dηab = 0,

then

ωab = −ωba , (1.1.28)
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the spin connection is antisymmetric. We consider this assumption throughout this thesis.

Vielbein postulate

From the point of view of the definition of the connection, we are forced to use one basis

of X(M ) or another. Hence, one can impose that the connections acting on vector fields

coincide. To be precise, let us consider a section of T ∗M ⊗ TM , DX = DXa ⊗ êa and

∇X = ∇µX
νdxµ ⊗ ∂ν . The fact that the two connections acting on vector fields coincide

is expressed simply as

DX = ∇X . (1.1.29)

Since the above condition must be true for any vector field, it implies a relation between

the vielbeins and the connections

∂µe
a
ν + ωabµ e

b
ν − Γλµνeaλ = 0 . (1.1.30)

This is known as the vielbein postulate and encodes the equivalence between the two

connections for vector fields. We have written the spin connection 1-form in the coordinate

basis as ωab = ωabµdxµ.

1.1.3 Curvature and torsion

The curvature tensor is defined as the commutator of two covariant derivatives acting on

a vector. Let us start by computing the commutator of two Lorentz covariant derivatives:

D ∧DXa = d ∧DXa + ωab ∧DXb ,

= d ∧ (dXa + ωacX
c) + ωab ∧ (dXb + ωbcX

c) ,

= (dωbc + ωab ∧ ωbc)Xc . (1.1.31)

In arriving at the last equation, we have used the graded Leibniz rule of the exterior

derivative. We define the curvature 2-form in this way

D ∧DXa ≡ RabV b =⇒ Rab = dωab + ωac ∧ ωcb . (1.1.32)
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The 2-form Rab is called the curvature 2-form of SO(D − η−, η−). The last important

definition is the torsion 2-form, defined as

Ta ≡ Dea = dea + ωab ∧ eb . (1.1.33)

Interestingly, there are no more tensors that we can generate independently from the

torsion and the curvature. Indeed, the equations that we have defined:

Ta = Dea , (1.1.34)

Rab = dωab + ωac ∧ ωcb , (1.1.35)

regarded as equations for the vielbein an the spin connection given the torsion and the

curvature, are called the Maurer-Cartan structure equations. They generalize the Frenet-

Serret equation for curves to higher-dimensional manifolds equipped with a moving frame.

These tensors can be expanded in the basis of the 2-forms as follows

Rab =
1
2R

a
bµνdxµ ∧ dxν , (1.1.36)

Ta = 1
2T

a
µνdxµ ∧ dxν . (1.1.37)

Using the vielbein postulate (1.1.30) and the definitions (1.1.32)-(1.1.33), it is

straightforward to show that in the coordinate basis the components of (1.1.36)-(1.1.37)

read

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ , (1.1.38)

T λµν = Γλµν − Γλνµ . (1.1.39)

If we compute the commutator of two covariant derivatives using the affine connection in

the coordinate basis, we find that it is written in terms of the above tensors as follows

[∇µ,∇ν ]Xρ = RρσµνX
σ − T λµν∇λX

ρ . (1.1.40)

Metric compatible connection

A metric-compatible connection can be defined by imposing that the corresponding

covariant derivative acting on the metric is zero. For example, if we impose that the
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connection ∇ is metric compatible with gµν . This means that

∇µgρσ = 0 ⇐⇒ ∂µgρσ − Γλµgλσ − Γλµgρλ = 0 . (1.1.41)

The latter is an equation for the connection with curve indices. The equation can be solved

by making three copies of it, interchanging the indices cyclically, and then summing the

first two and subtracting the last. The result is the well-known Levi-Civita connection

Γλµν = 1
2g

λδ(∂µgνδ + ∂νgµδ − ∂δgµν) , (1.1.42)

which is symmetric in the lower indices, implying that the torsion tensor is identically zero.

In this case, the curvature tensor (1.1.38) is named Riemann curvature tensor.

We remark that imposing the metric-compatible conditions for the general affine

connection Γρµν is not equivalent to requiring the same for the spin connection. For

the latter, imposing metric compatibility in (1.1.27) did not eliminate the torsion. Indeed,

the torsion is given in that case by (1.1.33). Imposing that the torsion is equal to zero in

the latter case leads to:

0 = dea + ωab ∧ eb . (1.1.43)

The spin connections ωab satisfying the above equation are called torsionless spin

connection. The above equation is an equation for the torsionless spin connection in

terms of the vielbeins. A convenient and useful way to solve it is by using the contraction

operator ιa that maps p-forms into (p − 1)-forms with a Lorentz index. Acting twice on

the equation (1.1.43), applying the same trick as for the Levi-Civita connection, and then

contracting with a 1-form basis, we find that

ωab =
1
2 ιaιbdece

c − ι[adeb] . (1.1.44)

This equation is useful as everything is expressed in terms of the exterior derivatives of the

vielbeins. In general, we will work in a torsion-less setup, for which the spin connection

and the Levi-Civita connection are equivalent as a consequence of the vielbein postulate.

However, in a more general setup, where the torsion is in general non-zero, it is useful to

split the general connection as ωab = Ωab+κab, where Ωab is a torsion-less connection and

κab is Lorentz tensor 1-form called contorsion. Under these considerations, the torsion

becomes determined completely in terms of the contorsion Ta = κab ∧ eb.
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1.1.4 Complex manifolds

Up to now, we have dealt with real manifolds: in each chart, there exists an invertible

map to a subset of RD. However, in supergravity and in the geometry of compact

manifolds, complex manifolds play an important role. We define a complex manifold M

as a differentiable manifold equipped with a holomorphic atlas. We define an holomorphic

atlas on M , {(Ui, ϕi)} with Ui ⊂ M open and ϕi : Ui → ϕi(Ui) ⊂ Cn such that in the

intersections the functions

ϕij = ϕi ◦ ϕ−1
j : ϕj(Ui ∩ Uj) → ϕi(Ui ∩ Uj)

are holomorphic. We will say that two atlas

{(Ui, ϕi)} and {(U ′
j , ϕ

′
j)}

are equivalent if and only if ϕi ◦ ϕ′−1
j , defined in the appropriated intersection, are

holomorphic ∀i, j.

Equivalently, we can define a complex manifold M of dimension n as a real differentiable

manifold N of real dimension 2n with an equivalence class of holomorphic atlas.

Essentially, the complex manifold M = (N , {Ui, ϕi}) is the space N in addition to

a complex structure.

An holomorphic function on a complex manifold f : M → C is a function such that

f ◦ ϕ−1
i : ϕi(Ui) → C holomorphic for all charts of {(Ui, ϕi)}.

Example: Complex projective space

The projective space CPn is defined as the set of lines in Cn+1. Equivalently

CPn = (Cn+1\{0})/C∗ , C∗ = C\{0} (1.1.45)

where C∗ acts as multiplication on Cn+1. The points of CPn are denoted by (z0 : · · · : zn)

such that

(λz0 : · · · : λzn) and (z0 : · · · : zn)
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represent the same point in CPn for λ ∈ C∗. Because of this, we have a projection map

proj : Cn+1\{0} → CPn . (1.1.46)

We say that U ⊆ CPn is open if and only if proj−1(U ) is open in Cn+1.

In the case of CPn we have a standard open covering. The only point that does not

represent anything in CPn is the origin. We can cover CPn by using the following sets

Ui = {(z0 : · · · : zn) | zi /=0}. We will prove that {(Ui, ϕi)} defines an atlas of CPn with

ϕi : Ui → Cn

ϕi(z0 : · · · : zn) =
(
z0
zi
, . . . ,

zi−1
zi

,
zi+1
zi

, . . . ,
zn
zi

)
∈ Cn .

Let us show that this is a complex manifold. The transition functions are ϕij = ϕi ◦ϕ−1
j :

ϕj(Ui ∩ Uj) → ϕj(Ui ∩ Uj). We want to see if they are holomorphic. Defining the inverse

function as

ϕ−1
i : Cn → Ui ⊂ CPn

ϕ−1
i (w0, . . . , wi−1, wi+1, . . . , wn) = (w0 : · · · : wi−1 : 1 : wi : · · · : wn) .

We check that it is indeed the inverse:

ϕ−1
i ◦ ϕi : Ui → Ui , (1.1.47)

(z0 : · · · : zn) 7→ϕ−1
i ◦ ϕi(z0 : · · · : zn) = ϕ−1

i

(
z0
zi
, . . . ,

zi−1
zi

,
zi+1
zi

, . . . ,
zn
zi

)
,

=
(
z0
zi

: · · · : zi−1
zi

: 1 : zi+1
zi

: · · · : zn
zi

)
,

= (z0 : · · · : zn) .

In the last equality, we pick another representative of the equivalence class, which is

obtained by multiplying all the entries by zi, since it is different from zero. Now, let us

prove that the composite map is a holomorphic function. For this, we consider ϕi : Ui →

Cn and ϕj : Uj → Cn. Then,

ϕij = ϕi ◦ ϕ−1
j : Cn → Cn (1.1.48)

(w1 . . . wn) 7→ ϕij(w1 . . . wn) = ϕi ◦ ϕ−1
j (w1 . . . wn) ,

= ϕi(w1 : · · · : wj−1 : 1 : wj+1 : · · · : wn) ,
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=
(
w1
wi
, . . . ,

wi−1
wi

,
wi+1
wi

, . . . ,
wj−1
wi

,
1
wi
,
wj
wi
, . . . , zn

)
.

It is a holomorphic function. The conclusion is that CPn with the atlas {(Ui, ϕi)} that we

described is an complex manifold of dimension n.

1.1.5 Action of groups on a manifold

Holonomy

The definition of the holonomy group is the following. Let us consider a m−dimensional

Riemannian manifold (M , g) with an affine connection ∇. The connection naturally

defines the action of a group on the tangent space at p ∈ M into itself. To see this,

consider a point p ∈ M and the set of closed loops at p, namely

Lp = {c(t) : t ∈ [0, 1], c(0) = c(1) = p} .

Now, we take a vector X ∈ TpM and parallel transport X along a curve c(t). After the

transport around the curve c(p), we will end up with a new vector Xc ∈ TpM . Therefore,

the loop c(t) and the connection ∇ induce a linear transformation Pc : TpM → TpM .

The set of these transformations

H∇(p) = {Pc : c ∈ Lp} (1.1.49)

is called the holonomy group at p. Let us see why H∇(p) is a group: (i) The identity

element is the constant loop. (ii) The product Pc′Pc corresponds to parallel transport

along c and then along c′. (iii) The inverse of Pc is Pc−1 which curve c−1(t) = c(1− t), the

same as c but backwards.

Some properties of H∇(p) are the following: H∇(p) is a subgroup of GL(m,R). Clearly

H∇(p) depends on the curvature of the manifold, therefore if the Riemann tensor vanishes

then H∇(p) is trivial. If (M , g) is parallelizable1 we can make H∇(p) trivial.

Lie group acting on a manifold

Let us consider G a Lie group that acts on a manifold M by σ : G×M → M . The action

σ is said to be

1If an D−dimensionall manifold M admits D vector fields which are linearly independent everywhere, M
is said to be parallelizable. This implies that the tangent bundle and co-tangent bundle are trivial bundles
[36].
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• Transitive: if for any pair of points p, q ∈ M , there exist an element g ∈ G such

that σ(g, p) = q.

• Free: if any non-trivial element g ∈ G has no fixed points in M . In other words, for

any point p ∈ M and g ∈ G different form the identity, σ(g, p)/=p or if there exist a

p ∈ M such that σ(g, p) = p then g = e.

• Effective: if the unit element e ∈ G is the unique element that defines the trivial

action on M . i.e. if σ(g, p) = p for all p ∈ M , then g must be the identity.

A free action is effective but the coverse is not in general true. One aspect of a free action g

acting on M is the following. Take two points p, q ∈ M then let us assume that there are

two elements g, g′ ∈ G such that σ(g, p1) = p2 and σ(g′, p1) = p2. Then σ(g, p) = σ(g′, p).

Acting with σ(g′−1, ·) leads to σ(g′−1g, p) = p. Since we are assuming that the action σ

is free, then the last equation implies that g′ = g, and hence for a free action, there is a

unique element that connects two points in M .

Isotropy group

Let G be a Lie group that acts on a manifold M . The isotropy group of p ∈ M is a

subgroup of G defined as

H(p) = {g ∈ G : σ(g, p) = p} .

The group H(p) is called the little group or stabilizer of p. It is a group because (i) the

identity is in H(p). (ii) From the previous point σ(g−1g, p) = p ⇐⇒ σ(g−1, σ(g, p)) = p,

thus if g ∈ H(p) then also g−1 ∈ H(p). (iii) The product of two elements in g, g′ ∈ H(p)

is also in H(p). (iv) The associativity is inherited from the group product.

If G acts freely on a manifold M , then it is easy to see that H(p) = {e} for any p.

In the next section, we give a brief review of General Relativity and black hole physics.

1.2 Gravity and Black Holes

General Relativity (GR) is a theory of gravity that describes gravitational interactions as

the curvature of a 4-dimensional manifold. Formulated by Einstein in 1915, GR generalizes

Newton’s theory of gravity, which is incompatible with the Lorentz invariance of Maxwell’s

theory of electromagnetism and, consequently, with the special theory of relativity. As
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we discussed at the beginning of Section 1.1, in special relativity, the speed of light is a

universal constant, and two inertial observers in relative motion agree on this by mapping

their coordinates through a Lorentz transformation. In this framework, events of the

spacetime are points of the Minkowski space M4, that is, an affine 4-dimensional space

equipped with an inner product. This structure allows one to associate with each point

p ∈ M4 three disjoint sets, the causal future of p, the causal past of p, and the set

of causally unrelated events to p. This geometric structure is generalized by General

Relativity, whose cornerstone lies in the so-called equivalence principle, which states that,

locally, a gravitational field is indistinguishable from accelerated motion. As a consequence

of this principle, a free-falling observer in a gravitational field cannot tell the difference

between what they observe and what they would observe in Minkowski spacetime. This

observation allows us to generalize the geometrical structure of Minkowski spacetime to

any observer, not necessarily inertial.

Currently, GR has solid experimental evidence. Among the historical tests are the

precession of the perihelion of Mercury, the bending of light rays in the presence of a

gravitational field, and the gravitational redshift/blueshift of an electromagnetic wave

traveling in a gravitational field. While the precession of the perihelion of Mercury was

known at the time of the first formulation of General Relativity, the last two phenomena

were genuine predictions of the theory that were tested experimentally in the first half of

the 20th century. During the 70s, Irwin Shapiro formulated a new prediction of GR, which

is called the Shapiro delay. It describes a relativistic delay on a signal passing through

a gravitational field. It was tested in the weak field approximation at the level of the

solar system, and in a strong gravitational regime using the famous Hulse-Taylor pulsar,

showing agreement with the prediction of GR. For a review, see for example, [38].

One of the outstanding predictions of General Relativity is the existence of gravitational

waves. For a long time, these waves were thought to be so tiny that their detection seemed

beyond the reach of current technology. Nevertheless, on September 14, 2015, they were

detected for the first time by the LIGO-Virgo collaboration [39]. The prediction of them

remontes to Einstein’s articles [40, 41], where he suggested the existence of excitation of

the linearized theory that propagates at the speed of light. Since the theory is not linear,

for a long time it was not clear whether these waves exist as a solution of the non-linear

equations, or whether they are an artifact of the linearization. In a series of works by

Bondi and Pirani they showed the existence of plane wave solutions to the non-linear

equation [42]. Later on, Bondi, Van der Burg, Metzner [43], and Sachs [44] studied the
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boundary condition at the future null infinity on an asymptotically flat spacetime, and

they showed that gravitational waves can transfer energy. In addition to this observation,

they prove the existence of an infinite-dimensional symmetry group known as the BMS

group, which corresponds to the semi-direct product between SO(3,1) and the real-valued

smooth functions on the 2-sphere.

In the language introduced in the Section 1.1, GR is formulated as a theory for the

spacetime itself described by a 4-dimensional pseudo-Riemannian manifold M with

signature (−1, 1, 1, 1). Physical events in the spacetime are interpreted as points of the

manifold. The manifold structure implements automatically the arbitrariness on the choice

of coordinates, and physically meaningful quantities are quantities that are well defined

on the manifold, i.e., quantities that are independent of the choice of the local coordinates.

The dynamical field of the theory is the metric field g : M → ⊗2T ∗M , that is, a symmetric

section of the ⊗2T ∗M bundle. The connection is considered to be the Levi-Civita affine

connection ∇ associated with the metric defined in (1.1.42). Timelike geodesics defined

on the manifold are interpreted as free-falling observers in the gravitation field, and null

geodesics are interpreted as the trajectories of light rays. From now on, we will work in

a local patch (U ,ϕ) with U ⊂ R4, ϕ(p) = (x0(p), x1(p), x2(p), x3(p)) = (xµ(p)) and the

local basis of sections of the tanget and co-tanget vector space at p ∈ M are {∂µ} and

{dxµ}. The dynamics of the theory is governed by Einstein’s field equations

Rµν −
1
2gµνR+ Λgµν = 8πG

c4
Tµν , (1.2.1)

where Rµν , R are the Ricci tensor and Ricci scalar, respectively. The theory has two

free parameters, the Newton’s constant G and the cosmological constant Λ. The energy-

momentum tensor Tµν depends on the matter fields.

The equations (1.2.1) are highly non-linear and have a gauge redundancy associated with

the invariance under diffeomorphisms. Even in the vacuum, namely when Tµν = 0,

the equations are highly complicated and admit non-trivial solutions. The first non-

trivial solution was found by Schwarzschild in 1916, one year after Einstein’s article.

Nowadays, we know that the solution represents a spherically symmetric black hole, but

it took decades to understand its physical meaning. A key step was the introduction of

Eddington-Finkelstein coordinates, which clarified the nature of the Schwarzschild horizon

and removed the coordinate singularity in that region. The next section will be devoted

to black holes and we will define them in a more accurate way. The equations (1.2.1) also



1.2. Gravity and Black Holes 29

admit cosmological solutions for Λ > 0, particularly when the energy-momentum tensor

corresponds to that of an ideal fluid. In the absence of matter, the spacetime is de Sitter.

These configurations play an important role in understanding the current state of our

universe. Observations indicate that galaxies are moving away from Earth with a velocity

proportional to their distance, known as Hubble’s law. The current accelerated expansion

of the universe is well modeled by a de Sitter-like phase, driven by a positive cosmological

constant or dark energy (see e.g. [45]).

1.2.1 Black holes and no-hair theorems

A geometry that satisfies Einstein’s field equations does not imply that it is possible to

realize it in nature. For instance, there exist solutions of the equations that are naked

singularities, namely, there is a timelike region where the curvature is infinite, and then

there are points whose causal past always intersects the singularity. These kinds of spaces

do not allow the formulation of the Cauchy problem, since we need to prescribe values for

the fields in regions that are not part of the manifold, e.g., the singularity. The situation

is dramatic when the field is considered to be the metric itself; in that case, the metric is

divergent at the singularity.

Black holes are geometrical objects (manifolds) that contain a null surface called the event

horizon. It separates the spacetime into two regions in such a way that at any point p on

the horizon, the causal future of p intersects only with one of the regions, and the causal

past of p intersects only with the other, making the horizon a one-way surface. This region

is usually a smooth, traversable surface that is path-connected with an asymptotic region

of the spacetime.

A more formal definition of a black hole is as follows. Let I + be the future null infinity of

a manifold M — the region where the future pointing null geodesics end for an asymptotic

value of their affine parameter. We define the black hole region as M \J−(I +), where

J−(I +) denotes the causal past of the future null infinity. The event horizon is defined as

the boundary of the black hole region. This definition is teleological because determining

the horizon requires knowledge of the full future evolution of the spacetime to identify

I +.

Black holes are special because we can describe how they form. It is commonly understood

that black holes are the product of the collapse of a star with mass above the Tolman-

Oppenheimer-Volkoff (TOV) limit, which is about 2.2 − 2.9 solar masses. Historically,
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the first bound regarding the collapse of a star was computed by Subrahmanyan

Chandrasekhar. Nowadays, the Chandrasekhar bound, which is about 1.4 solar masses,

constitutes the maximum mass of a collapsing star to form a white dwarf star. Stars with

masses between the Chandrasekhar and TOV limit form a neutron star.

General Relativity admits black hole solutions. In 4-dimensions with Λ = 0, the

topology of the horizon is fixed by the energy conditions: Hawking’s theorem [46]

states that in order to satisfy the energy conditions the topology of the horizon must

be spherical, whence compact. The most general asymptotically flat and spherically

symmetric solution is Schwarzschild black hole corresponding to a static eternal black hole,

as it is asserted by Birkhoff theory. In pure gravity, the most general asymptotically flat

black hole corresponds to the Kerr black hole. It is a statonary axisymmetric configuration

characterized by its mass and angular momentum.

By coupling GR with Maxwell theory, the most general black hole solution is the Kerr-

Newmann black hole characterized by its mass, angular momentum, and electric charge.

Around the 70s, Israel and Carter had a collection of results [47, 48, 49] indicating that

Kerr-Newman is the most general stationary solution that approaches to flat ((A)dS)

spacetime in the asymptotic region. One consequence of this is that black holes are

characterized by a small number of parameters, in the case of Kerr-Newman, just three

real numbers. In this respect, from the GR description of a black hole, there is not

much information that one can extract from it. In [46] Hawking showed that in General

Relativity the area of black holes cannot decrease. These observations suggested a

similarity between black holes’ physical properties in GR and thermodynamic laws. This

was stated in the paper Four laws of black hole mechanics by Bardeen, Hawking and

Carter [50]. They establish that:

(i) The surface gravity κ of a black hole is constant at the event horizon, which is

reminiscent to the zero law of thermodynamics,

(ii) a small variation of the mass leads to a variation on the horizon area A and a variation

on the appropriate charges satisfying the following equation

δM = κ

2πδA+ΩδJ +ΦδQ , (1.2.2)

which is reminiscent to the first law of thermodynamics if the surface gravity is

related to the temperature and the horizon area with the entropy,
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(iii) Hawking’s results of non-decreasing area of the black holes, can be put into

correspondence with the non-decreasing of the entropy—the second law of

thermodynamics.

Due to the definition of black holes and uniqueness theorems in General Relativity, a

problem with the laws of thermodynamics emerges, particularly with the second law,

which states that the entropy of a closed system never decreases. The problem arises

when considering a black hole and a small system outside the black hole with a certain

amount of entropy, such as a glass of water. When you throw the glass into the black

hole, the system becomes causally disconnected from you. Consequently, it is no longer

possible to count its microstates, and the entropy of the universe seems to decrease. This

observation leads Bekenstein [51] to conjecture that black holes must carry an entropy

and, if so, must be proportional to the surface area of the black hole: S ∝ c3kBArea/ℏG,

where the proportionality constant must be dimensionless of order one. In [11], Hawking

showed that classical black holes, considered as a background for a quantum field, radiate

as a black body with a temperature proportional to the surface gravity. The precision

of the computation allows us to assert that, indeed, the factor of order one missing in

Bekenstein’s formula is 1/4. In this way, the picture is complete, and nowadays we accept

that black holes are thermodynamic objects with a temperature and entropy.

Black holes with scalar field

One natural question is whether one can construct black hole solutions supporting a non-

trivial scalar field. Let us review the Bekenstein no-go theorem [10, 52], which can be

announced as follows.

For an arbitrary theory of gravity coupled minimally to a scalar field with a potential with

positive second derivative outside the horizon, a static black hole solution implies that the

scalar field must be constant.

Proof. Consider a D-dimensional manifold M endowed with a static metric. The local

form of the metric in a patch with coordinates (t, xi), i = 1, . . . , d − 1, and a time-

independent scalar field

ds2 = −N2(xi)dt2 + hij(xk)dxidxj , (1.2.3)

φ = φ(xi) . (1.2.4)
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This metric will corresponds to a black hole, if there exist a codim-1 surface H = {r(xi)−

r+ = 0} such that the 1-form dr(xk) is null at H. In order to preserve the signature,

this implies that N |H = 0. Considering the vielbeins V 0 = Ndt, V i = eijdxj such that

hij = eiie
j
jδij . We assume that the scalar field is minimally coupled, then the equation of

motion of the scalar is the Klein-Gordon equation

d ⋆ dφ− V ′(φ) ⋆ 1 = 0 , (1.2.5)

Using the definition of the Hodge dual ⋆ on M , one can show that ⋆dφ = −Ndt ∧ ⋆dφ,

where ⋆ is the Hodge star computed on the embedded manifold t = constant. Therefore,

evaluating the equations of motion

−d(Ndt ∧ ⋆dφ)− V ′(φ) ⋆ 1 = 0 . (1.2.6)

Multiplying by V ′ and integrating by parts we find that

−d(V ′Ndt ∧ ⋆dφ) +NV ′′(φ)dφ ∧ dt ∧ ⋆dφ− V ′2(φ) ⋆ 1 = 0 . (1.2.7)

Let us integrate on the space Σ defined between H and the asymptotic region denoted by

A, such that ∂Σ = H ∪ A. The Hodge star can be split as ⋆1 = Ndt ∧ ⋆1. Hence, the

integral of (1.2.7) is given by

−
∫
Σ
d(V ′Ndt ∧ ⋆dφ) +

∫
Σ
NV ′′(φ)dφ ∧ dt ∧ ⋆dφ−

∫
Σ
V ′2(φ) ⋆ 1 = 0 . (1.2.8)

The first term has two contributions, one from the H, which vanishes since N |H = 0, and

the other from the asymptotic region A. Assuming the scalar field approaches a constant

quickly enough near the asymptotic region, the latter term also vanishes. This is a sensible

assumption for having finite energy. The resulting expression is

∫
Σ
Ndt ∧

(
V ′′(φ)dφ ∧ ⋆dφ+ V ′2(φ)⋆1

)
= 0 . (1.2.9)

Implementing the assumption that the scalar potential has a positive second derivative

everywhere, i.e., V ′′(φ) > 0, the above equation is the sum of two positive terms, which

can be zero if and only if each of them is zero. In this situation, the only solution is

φ = constant.

One possible way to circumvent Bekenstein’s theorem is to consider scalar potentials whose
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second derivative is not necessarily positive everywhere; a Higgs potential is an example.

However, in General Relativity, there are no-hair theorems for Λ = 0, that prohibit the

existence of black holes with a minimally coupled scalar with an arbitrary potential. One

of these results was proven by Sudarsky, which can be announced as follows: In General

Relativity with a minimally coupled scalar field with an arbitrary potential with Λ = 0, it

is not possible to have black holes with non-trivial profile for the scalar field [53]. It has

been shown that it is possible to avoid the no-hair theorems by considering non-minimally

coupled scalar fields. The first model that allows for finding hairy black holes was Einstein

gravity with a conformally coupled scalar field. The part of the action containing the

coupling is invariant under Weyl rescaling of the metric. In this setup, it is possible to

construct hairy asymptotically flat black holes and cosmologies [54, 55], and a variety of

black holes, solitons, and wormholes with cosmological constant in 4-dimensions [56, 57, 58].

These models have shown to be a fertile area to explore this kind of configuration (for a

review see [59]).

In the context of supergravity theories, scalar fields play an instrumental role in their

construction. Typically, there is a non-linear coupling between the scalars and the other

fields, and for gauged supergravities, a scalar potential is also present (see, e.g., [60]).

Under these conditions, it is generally non-trivial to consistently set the scalar fields to

zero; the careful analysis of this issue falls under the framework of consistent truncations.

Consequently, solutions of a supergravity theory generally feature non-trivial scalar fields.

A concrete realization of a consistent truncation of the maximal SO(8)-gauged supergravity

in D = 4 will be presented in Section 5.1. Examples of solutions with non-trivial scalar

fields will be given in Chapters 4 and 5. Perturbative black hole solutions in the context

of higher-curvature corrections, involving a non-minimal coupling between a scalar field

and the Gauss-Bonnet density, will be discussed in Chapter 2.

So far, we have reviewed some of the black hole properties and their interpretations as

thermodynamic objects. In the next section, we introduce a prescription to compute

charges in General Relativity and beyond GR, known as Iyer-Wald prescription introduced

in [61, 62, 63].
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1.3 Conserved charges and black holes thermodynamics

1.3.1 Iyer-Wald charges

General Relativity is a theory for the metric field, and its action principle depends on the

metric in the integration measure and through the trace of the Riemann tensor. Then,

any generalization that involves only the metric field should be written in this way, e.g.,

power and traces of the Riemann tensor. To obtain a generic expression for the charges,

we will consider a generic Lagrangian that depends on the metric explicitly and on the

metric only through the Riemann tensor:

I [gµν ] =
∫

M
dDx

√
−gL [Rµνρσ (g)] , (1.3.1)

where Rλρµν = gρσRλσµν is the Riemann tensor. The metric is the only dynamical field,

and the connection is the Levi-Civita connection. An arbitrary variation is given by

δI =
∫
dDx

√
−g

(
−1
2δg

µνgµνL+ ∂L
∂Rµνρσ

δRµνρσ

)
,

=
∫
dDx

√
−g

(
−1
2δg

µνgµνL+ E ρσ
µν gνλδRµ λρσ + E ρσ

λν δgµνRλ µρσ

)
, (1.3.2)

where we define the following tensor, which has the same symmetries as the Riemann

tensor:

E ρσ
µν = ∂L

∂Rµνρσ
. (1.3.3)

The last term in (1.3.2), can be worked out by using the definition of the Riemann tensor

Eµν
ρσgνλδRµλρσ = 2Eµνρσgνλ∇[ρδΓµσ]λ , (1.3.4)

= 2∇ρ(EµνρσgνλδΓµσλ)− 2∇ρEµν
ρσgνλδΓµσλ ,

= 2∇ρ(EµλρσδΓµσλ −∇λE
δρλσδgσδ)− 2∇λ∇ρEδ

λρ
σδg

σδ .

From the second equality to the third, we used the definition of the Christoffel symbol

and integrated by parts. Then, the equation (1.3.2) can be written in the following way:

δI =
∫

M
dDx

√
−gEµνδgµν +

∫
M
dDx

√
−g∇ρΘρ. (1.3.5)
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The field equations are given by the tensor

Eµν = −1
2gµνL+ E ρσ

λν Rλµρσ − 2∇λ∇ρEνλρµ ≈ 0 , (1.3.6)

and the boundary term can be read from the last equality in (1.3.4). It can be written as

follows by replacing the variation of the Christoffel symbols:

Θρ = −2Eηλρσ∇ηδgσλ + 2∇λE
λσργδgσγ . (1.3.7)

Now, let us consider the variation of the action principle under a generic diffeomorphism

ξ = ξµ(x)∂µ,

δξI =
∫

M
dDx

√
−g

(1
2δξgµνg

µνL+ δξL
)
.

The quantity L is a scalar under a diffeomorphism, then its variation is the Lie derivative

δξL = ξµ∇µL. The variation of the metric under an infinitesimal diffeomorphism is the

Lie derivative, which can be written in a convenient way as δξgµν = 2∇(µξν). Therefore,

the variation (1.3.1) reads

δξI =
∫

M
dDx

√
−g∇µ (ξµL) . (1.3.8)

We prove that the action is quasi-invariant under an arbitrary diffeomorphism. Recall

that the variation in (1.3.5) was arbitrary, let us specialize it to be an infinitesimal

diffeomorphism, and then equate both variations. Hence, we find that

∫
M
dDx

√
−g (∇µ [Θµ(δξg, g)− ξµL] + Eµνδξgµν) = 0. (1.3.9)

The Noether current is defined as

Jµ = Θµ (δξg, g)− ξµL , (1.3.10)

= −2Eηλµσ∇ηδξgσλ + 2∇λE
λσµγδξgσγ − ξµL , (1.3.11)

We write the current as the divergence of a quantity plus the motion equations. Since L

appears in the equations of motion, we can contract (1.3.6) with the vector ξµ and write

its contraction with the Riemann tensor as the commutator of two covariant derivatives,

leading to the following expression

2Eµνξν = −4Eµνρσ∇ρ∇σξν − 4∇ν∇ρE
µνρσξσ − ξµL, (1.3.12)
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Now, we proceed to write the Noether current as the divergence of an anti-symmetric

rank-2 tensor. For this, we start from (1.3.11) and replace the Lie derivative of the metric,

leading to

Jµ = −4∇ρ∇(νξσ)E
µνρσ + 4∇(νξσ)∇ρE

µνρσ − ξµL , (1.3.13)

= −4∇ρ∇(νξσ)E
µνρσ + 4∇(νξσ)∇ρE

µνρσ + 4Eµνρσ∇ρ∇σξν + 4∇ν∇ρE
µνρσξσ

+ 2Eµνξν ,

Clearly, the third term combines with one of the terms from the first term. Integrating by

parts the fourth term yields

Jµ = −2∇ρ∇νξσE
µνρσ + 2∇ρ∇σξνE

µνρσ − 2∇νξσ∇ρE
µνρσ + 2∇σξν∇ρE

µνρσ+

+ 4∇ν(∇ρE
µνρσξσ) + 2Eµνξν .

By integrating by parts the first and second terms, a simplification occurs, leading to a

boundary term plus the field equations:

Jµ = ∇ρ(4∇[σξν]E
µνρσ + 4∇νE

µρνσξσ) + Eµνξν . (1.3.14)

Therefore, if we evaluate a configuration that satisfies the field equations, then the Noether

current can be written as Jµ = ∇νq
µν with

qµν = −2 (∇ρξσE
µνρσ + 2ξρ∇σE

µνρσ) . (1.3.15)

where we have used the fact that Eµ[νρσ] = 0, as it is heritated from its definition—once

the derivative of the Lagrangian is computed. Now we proceed to write an expression for

the charge.

Moving to the differential forms notation, we introduce the 1-form Noether current J =

Jµdxµ. Observe that using the identity d ⋆ J = ∇µJ
µ ⋆ 1, we can rewrite the integral

(1.3.9) on-shell, as follows:

∫
M

d ⋆ J = 0 (1.3.16)

To capture the idea of conservation law, we need to foliate M with (in general non-

compact) spacelike surfaces Σ+(t) parameterized by a coordinate named t ∈ [t1, t2]. For

clarity, we restrict t to take values in an interval. Then, M =
⋃
t∈[t1,t2]Σ(t) and its
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boundary will corresponds to three regions Σ−(t1),Σ+(t2),
⋃
t∈[t1,t2] ∂Σ(t). If the fields go

to zero fast enough in the asymptotic region — identified with ∂Σ(t) at some t— then that

last contribution drops. As a consequence of applying the divergence theorem to (1.3.16),

the contribution coming from Σ−(t1),Σ+(t2) will be the same, when they are compared

in the same orientation, which is the manifestation of a conservation law. Let us define

the embedding X : Σ = Σ+(t) → M , for a given t ∈ [t1, t2], the following quantity is

conserved

Q[ξ] =
∫
Σ
X∗ ⋆ J . (1.3.17)

Defining q = 1
2qµνdx

µdxν , it is straightforward to show that

⋆d ⋆ q = (−1)η−+D−1∇µqµνdxν = (−1)η−+D−1J . (1.3.18)

The first equality is an identity of the Hodge star, while the second equality is what we

showed in (1.3.14), assuming that we are on-shell. Using the identity for the square of the

Hodge star (1.1.17) leads to d ⋆ q = ⋆J. By replacing it into (1.3.17) and using the fact

that the pull-back commutes with the exterior derivative, we obtain the final expression

for the conserved charge

Q[ξ] =
∫
∂Σ
X̃∗ ⋆ q . (1.3.19)

where X̃ : ∂Σ → M . This corresponds to the Komar expression for conserved charges.

However, in [61], Wald showed that in the context of the phase space formalism to compute

charges, the above quantity must be supplemented by a boundary term when dealing

with the energy. In the cases that we are interested in, the boundary term is precisely

the boundary term that makes the action principle well posed and the Euclidean on-shell

action finite. We called this (D−1)-form B. Then, the energy and the angular momentum

are conserved charges associated with the time translation and rotation, and are given by

E = Q[t]−
∫
∂Σ
t ·B , (1.3.20)

J = Q[φ] . (1.3.21)

where t and φ are a timelike and spacelike Killing vector appropriately normalized. In the

same article, Wald showed that the black hole entropy must be computed at the horizon
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H+, as follows:

S = β
∫
H+

X̄∗ ⋆ q (1.3.22)

where X̄ : H → M is the embedding of the horizon in a Cauchy slice on M , and β is

the periodicity of the Euclidean time, which in a general background can be computed by

finding the surface gravity κ on the geodesic equation

ξµ∇µξ
ν = κξµ (1.3.23)

evaluated at the horizon, and defining β = 2π/κ. The vector ξ is a geodesic null vector at

the horizon satisfying the above equation.

For the sake of concreteness, we give an example in the next section.

1.3.2 Kerr-AdS black hole

As a prototypical example, let us consider a rotating black hole configuration which is

asymptotically AdS4. It is a solution of the field equations

Rµν −
1
2gµνR− 3

ℓ2
gµν = 0 , (1.3.24)

and was constructed by Carter [64]. In the coordinate patch (t, r, θ, ϕ) with t ∈ R, r >

r+, θ ∈ [0, π], ϕ ∈ [0, 2π] the metric reads

ds2 = −∆r

ρ2

(
dt− a sin2 θ

Ξ dϕ
)2

+ ρ2dr2

∆r
+ ρ2

∆θ
dθ2 + ∆θ sin2 θ

ρ2

(
adt− r2 + a2

Ξ dϕ
)2

,

(1.3.25)

where the functions ρ2,∆r, ∆θ and the constant Ξ are given by

ρ2 = r2 + a2 cos2 θ , ∆r = (r2 + a2)(1 + r2/ℓ2)− 2mr ,

∆θ = 1− a2

ℓ2
cos2 θ , Ξ = 1− a2

ℓ2
. (1.3.26)

Let us analyse the asymptotic behaviour of the metric in the limit r → ∞. In this region,

the spacetime metric takes the form

ds2
∣∣∣
r→∞

= −r
2

ℓ2
dt2 + ℓ2

r2
dr2 + r2

(
dθ2

∆θ
+ sin2 θ

Ξ2 dϕ2 + 2a sin2 θ
ℓ2Ξ2 dtdϕ

)
+ . . . .



1.3. Conserved charges and black holes thermodynamics 39

Observe that the asymptotic behavior of the metric depends on the rotation parameter a,

hence, the boundary conditions depend on the choice of a. However, one can perform a

large gauge transformation: ϕ → ϕ − 2a/ℓ2t, that makes the space static at infinity. For

a = 0 the above space corresponds to the asymptotic form of AdS4. The Riemann tensor

Rµνρσ in this region approach to −ℓ−1δµνρσ plus subleading terms. Thus, we can assert that

the (1.3.25) is asymptotically locally AdS4. In the interior, the spacetime has a Killing

horizon at r = r+, such that g−1(dr, dr)|r+ = 0, namely

g−1(dr, dr)|r+ =
∆r+

r2+ + a2 cos2 θ
= 0 ,

hence, the horizon is located at the first zero of the function ∆r. It is convenient to

write the parameter m in terms of the r+ following the above equation, namely m =
1

2r+ (r
2
++a2)(1+ r2+/ℓ2). We will go back to the discussion of the horizon when we discuss

the Bekenstein-Hawking entropy of the black hole. Let us now move to the evaluation of

the conserved charges.

Considering General Relativity with negative cosmological constant Λ = −3ℓ−2, the

Lagrangian scalar is given by L = (16πG)−1(R+6ℓ−2), then the tensor (1.3.3) is given by

Eµν
ρσ = (16πG)−1δρ[µδ

σ
ν]. The 2-form given by equation (1.3.15) is therefore

q = − 1
16πG∇µξνdxµ ∧ dxν = − 1

16πGdξ♭ . (1.3.27)

where ξ♭ the 1-form obtained from ξ through the inverse metric. The boundary terms

have two pieces, the Gibbons-Hawking-York term that allows to have a well-posed action

principle [65] and is proportional to the trace of extrinsic curvature. The second piece

corresponds to boundary terms responsible for rendering the mass to be finite [66]

∫
∂M

B = 1
8πG

∫
∂M

d3x
√
−h(K − 2

ℓ
− ℓ

2R) . (1.3.28)

To define the extrinsic curvature, we consider n = nµdxµ begin the normalized 1-form

outgoing normal to the boundary ∂M . In the present case, the boundary term is located

at r = r∞ with r∞ being a constant regulator that, after rendering each term finite, will be

sent to infinity. The normal 1-form to this surface is dr and hence its normalized 1-form

is n = dr/
√
grr. The projector of vectors to 1-forms in the hypersurface is defined to

be h = g − n ⊗ n. Its pullback to ∂M (which coincides with the pullback of g) defines

the induced metric on the boundary. The trace of the extrinsic curvature is defined to
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be K = ∇µnνh
µν . The intrinsic curvature R is computed with the induced metric. The

Killing vectors of the background are defined to be

t = ∂

∂t
, φ = ∂

∂ϕ
(1.3.29)

The conserved charges are given by

M =
∫
∂Σ

(⋆q[t]− t ·B) = m

ΞG , (1.3.30)

J = −
∫
∂Σ
⋆q[φ] = aM

Ξ . (1.3.31)

which agrees with [67, 68] in their uncharged limit. The conserved charge at the horizon

H is interpreted as the entropy, and the Killing vector used must be the horizon generator.

In the case of (1.3.25), the coordinates (t, r, θ, ϕ) are not well defined at the horizon, and

we need to change the patch. An appropriate coordinate patch for this task is the ingoing

Eddington-Finkelstein coordinates. The implicit change of coordinates is given by

dt = du− (r2 + a2)dr
∆r

, dϕ = dϕ̃− Ξadr
∆r

. (1.3.32)

In these coordinates, the generator of the horizon acquires the form

ξ = ∂

∂u
+Ω ∂

∂ϕ̃
, (1.3.33)

where Ω defines the angular velocity of the horizon and is fixed in such a way that ξ

belongs to the tangent space of H, namely g(ξ, ξ)|H = 0. This leads to

Ω = aΞ
r2+ + a2

. (1.3.34)

This is the angular velocity measured relative to a frame rotating at infinity [69]. Since

the generator ξ is a linear combination of two Killing vectors, it is also a Killing vector

and therefore the horizon H is named a Killing horizon. The temperature of the black

hole is defined as T = κ/2π, where κ is the surface gravity at the horizon defined through

the geodesic equation

ξµ∇µξ
ν = κξν , (1.3.35)

evaluated at the horizon. The temperature obtained from the above equation for the
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background (1.3.25) in ingoing coordinates is given by

T =
ℓ2r2+ − ℓ2a2 + 3r4+ + a2r2+

4πℓ2r+(r2+ + a2)
. (1.3.36)

Under these considerations, the entropy is directly computed by the Wald formula

S = 1
T

∫
H
⋆q[ξ] =

ℓ2π(r2+ + a2)
G(ℓ2 − a2) = A

4G .

As expected, we recover precisely the quarter of the horizon area formula for the black

hole entropy in General Relativity, where the area is defined as the integral of the volume

form of the horizon induced by the embedding H ↪→ M . The thermodynamic quantities

satisfy the first law of thermodynamics, which reads

δ(M/Ξ) = TδS + Ω̃δJ , (1.3.37)

where Ω̃ is the difference between the angular velocity at the horizon and at infinity

Ω̃ = Ω + a
ℓ2
.

In the next chapter, we will start presenting the new results of this thesis. We will apply

most of the framework presented in the last section, and the discussion will be based on

the article [28].
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Chapter 2

α′-corrected black holes in the
heterotic string theory

Higher-curvature corrections to Einstein’s general relativity (GR) are ubiquitous in any

sensible approach to quantum gravity, and they are a solid prediction of string theory

[18]. Even before the formulation of the latter, effective actions containing higher order

contractions of the Riemann tensor were known to emerge in quantum field theory on

curved spacetime [19] and in the semiclassical approach to quantum gravity. Such

actions are the natural generalization of Einstein-Hilbert action, thus correcting GR in

the ultraviolet (UV) regime. Also, from the mathematical point of view it was early

understood that higher-curvature terms were natural in higher dimensions [20, 21, 70];

and, on general grounds, it is widely accepted that any attempt to formulate a sensible

UV-complete theory will involve higher-curvature corrections in a way or another. In 1976,

Stelle argued that gravitational actions which include terms quadratic in the curvature

tensor are renormalizable [22]. This is due to the fact that non-linear renormalization of

the graviton and the ghost fields suffices to absorb the non-gauge-invariant divergences

that might arise. Stelle explained how these and other divergences may be eliminated in

a way that simplifies the renormalization procedure, even when matter fields are coupled.

Nevertheless, renormalizability is not the only issue: The inclusion of quadratic-curvature

terms in the gravitational action typically introduces massive local degrees of freedom,

apart from the massless graviton of GR [23]. These extra modes organize themselves as

a massive spin-2 and a massive spin-0 excitations, yielding a total of 8 local degrees of

freedom. The massive spin-2 part of the field has negative energy, and this is the reason
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why it is usually asserted that, with exception of a few remarkable cases [21, 70, 71, 72],

augmenting the Einstein-Hilbert action with a finite set of higher-curvature terms yields

ghosts when the theory is expanded about maximally symmetric vacua. The observation

of [23] motivated, in the early 80s, the search for ghost-free higher-curvature theories and

consistent UV completions. Since then, actions containing higher-curvature terms were

considered in the context of cosmology [73], black hole physics [74], and string theory [24].

In 1985, Zwiebach studied the compatibility between the presence of curvature squared

terms and the absence of ghost modes in the low energy limit of string theory [24]. He

argued that the so-called Einstein-Gauss-Bonnet (EGB) action was a good candidate for

string effective action as it yields a ghost-free non-trivial gravitational self-interacting

theory in any dimension greater than four, D > 4. The EGB action is made out of a

dimensionally extended version of the quadratic Chern-Gauss-Bonnet topological invariant,

which, while being dynamically trivial in D ≤ 4, does yield a UV correction to GR in

D > 4 with a single massless spin-2 excitation and with field equations of second order.

The latter property makes EGB theory free of Ostrogradski instabilities. Still, in [74]

Boulware and Deser showed that the EGB model, proposed in [24] as a stringy action,

contains, in addition to flat spacetime, a second non-perturbative anti-de Sitter (AdS)

vacuum which turns out to be unstable due to the presence of ghosts. This is nothing

but the fact that actions that are polynomials of degree k in contractions of the Riemann

tensor generically yield k different vacua, many of them being artifacts of the truncation

of the effective theory. In [75] the authors noticed that the inclusion of the dilaton field in

the EGB effective action suffices to remove the spurious (A)dS vacuum permitted in its

absence. They also showed that the spherically symmetric static solutions to the dilatonic

EGB theory might have a well-defined asymptotic behaviour, being non-trivial, and being

compatible with the existence of a regular event horizon at which the dilaton is well-

behaved1 This was later confirmed by explicit examples, and here we will also provide a

concrete realization of it.

Soon after [24], in a foundational paper of string theory [25], Gross and Witten finally

proved that the gravitational field equations of string theory actually contain higher-

curvature corrections to GR. More precisely, they derived the modifications of the classical

gravitational equations for the type II string theory by studying tree-level gravitational

scattering amplitudes, and they determined the effective gravitational action up to quartic

1Higher-curvature black holes were also studied in the context of thermodynamics [76] and many other
subjects, like the holography [77], the weak-gravity conjecture [78], among others. For related early works
on this paper, see [79, 80, 81, 82, 83, 84, 84].
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order in the curvature tensor, which corresponds to order O(α′3) string corrections. Unlike

bosonic string theory, type II superstring theory in D = 10 dimensions does not contain

quadratic corrections to GR, and the cubic ones can be set to zero by fields redefinition –

although quadratic corrections can actually appear in Calabi-Yau compactification of the

quartic actions, with the moduli playing the role of the couplings cf. [85, 86, 87]–. In

contrast, quadratic corrections do appear in critical bosonic and heterotic string theories.

They were studied in [26, 88] by Metsaev and Tseytlin, who checked the equivalence

of the string equations of motion and the σ-model Weyl invariance conditions at order

O(α′). They obtained the functional dependence on the dilaton, the graviton, and the

antisymmetric tensor. To do so, they first determined the O(α′) terms in the string

effective action starting from the expressions for the 3- and 4-point string scattering

amplitudes; then, they computed the 2-loop β-function in the worldsheet σ-model. This

results in an effective gravity action with quadratic-curvature (R2) corrections coupled

to the other massless fields of the theory; see also the important works [27, 89], and for

modern developments on α′ corrections in relation to T -duality and Double Field Theory

see [90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100] and references therein and thereof.

In recent years, with the advent of AdS/CFT correspondence and its ramifications, higher-

curvature terms were reconsidered in the context of holography and the interest on them

was revived. Probably the best-known example of this is the discussion of the higher-

curvature terms in relation to the Kovtun-Starinets-Son (KSS) viscosity bound [101, 102],

which showed that, for a class of conformal field theories (CFT) with a gravity dual with

the EGB action, the shear viscosity to entropy density ratio could violate the conjectured

KSS lower bound. This proved that the presence of higher-curvature terms could result

in qualitatively new phenomena; see also [103, 104]. Microcausality violation in the CFT

was also studied in the same type of scenario [101], which was rapidly interpreted as

evidence supporting the idea of a universal lower bound on the shear viscosity to entropy

density ratio for all consistent theories. This triggered a long series of works devoted to

check the consistency conditions of effective theories with higher-curvature modifications.

For example, in [77] the authors discussed causality conditions in R2 theories; they study

causality violation in holographic hydrodynamics focusing on the EGB theory as a working

example. In the latter theory, the value of the only R2 coupling constant is related to

the difference between the two central charges of the dual 4-dimensional CFT, and the

authors of [77] showed that, when such difference is sufficiently large, causality is violated.

This problem was also studied in [105], where the author discussed the relation between
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causality constraints in the bulk theory and the condition of energy positivity in the dual

CFT. He specifically argued that special care is needed when solving the classical equations

of motion in the higher-curvature gravity theory, for which the study of causality problems

may be subtle. Holography in presence of EGB gravity actions have been further studied in

[77] and in references thereof. The authors of [77] studied the problem in arbitrary number

of dimensions D and established a holographic dictionary that relates the couplings of the

gravitational theory to the universal numbers in the correlators of the stress tensor of the

dual CFT, cf. [106]. This allowed the authors to examine constraints on the gravitational

couplings by demanding consistency of the CFT, and this yielded a much more general

set of causality constraints.

Both in the context of AdS/CFT and in other scenarios, the consistency conditions for

higher-curvature theories were intensively studied in the last fifteen years. This line of

research has continued and a much more general picture of the set of consistency conditions

has been accomplished. Causality, locality, stability, hyperbolicity and other aspects

were revisited. In [107], it was shown how causality constrains the sign of the stringy

R4 corrections to the Einstein-Hilbert action, giving a general restriction on candidate

theories of quantum gravity. In [108], a special type of pathology that the truncated EGB

theory exhibits was studied. This is a phase transition driven by non-perturvative effects

that might take place in gravitational theories whenever higher-curvature corrections with

no extra fields are considered. In [109], Maldacena et al. studied causality constraints on

corrections to the graviton 3-point coupling. They considered higher-curvature corrections

to the graviton vertex in a weakly coupled gravity theory and they derived stringent

causality constraints. By considering high energy scattering processes, they noticed

a potential causality violation that might occur whenever additional Lorentz invariant

structures are included in the graviton 3-point vertex. They argued that such a violation

could be cured by the addition of an infinite tower of extra massive higher-spin fields such

as those predicted by string theory. This problem was later reconsidered by many authors,

cf. [110].

Motivated by this renewed interest in higher-curvature gravity, in the last years there have

been important developments in the subject, and many new higher-curvature models were

proposed and studied. The list includes the quasitopological theories [111, 112, 113], the

critical gravity theories in AdS [71, 72], the so-called Einsteinian cubic gravity [114, 115],

and their generalizations [116, 117]. Black holes have recently been studied in all these

setups [112, 118, 119, 120], as well as in string theory inspired scenarios [121, 122, 123];



2.1. Dilatonic black hole 46

see also [124, 125, 126] and references therein and thereof. Here, we will present and

study analytic, static, spherically symmetric solutions to the α′-corrected gravity action in

arbitrary dimension D and including a non-vanishing dilaton coupling. We will consider

the graviton-dilaton sector of the low-energy effective action of string theory with R2

terms in a specific frame that will enable us to solve the problem explicitly to order O(α′)

in the entire spacetime. Our solutions manifestly show that the theory is compatible

with static, spherically symmetric solutions which are asymptotically flat and exhibit a

regular event horizon at which the dilaton is well-behaved. This chapter is organized as

follows: In Section 2.1, we present the gravity theory in a convenient frame. We briefly

discuss the field redefinition ambiguity to the relevant order, and we use it to solve the

adequate ansatz. The field equations are written down and solved, and the black hole

solution for D = 4 is presented. In Section 2.1.1, we study the black hole thermodynamics.

This amounts to work out the Wald entropy formula, which, as usual in this type of

setup, yields corrections to the Bekenstein-Hawking area law. The mass of the solution

may then be inferred from the first law of black hole mechanics. In Section 2.1.2, we

perform a consistency check of the previous formulae by explicitly computing the black

hole mass by means of the Iyer-Wald method for conserved charges, which shows perfect

agreement. We also show the agreement with the Euclidean action approach. In Section

2.1.3, we generalize our result by introducing angular momentum in the slowly rotating

approximation. We derive a stationary metric that represents stringy modifications to

the Kerr geometry. In Section 2.2, we obtained the α′ correction to the C-metric, which

accommodates accelerating black holes. While we work in the string frame, in Section 2.3

we discuss the frame transformation that maps out theory to the Einstein frame, including

the higher curvature corrections. In the latter frame, rotating solutions have already been

studied in the literature, and we discuss the precise relation between the two frames. In

Section 2.4, we generalize the static solution by presenting the explicit form of the dilatonic

black hole solution in arbitrary dimension D. We end the chapter with conclusive remarks

2.5.

2.1 Dilatonic black hole

We consider the low-energy effective action of string theory including α′ corrections to the

graviton-dilaton sector; namely [26, 88]

I [gµν , φ] =
∫
M

dDx
√
−ge−2φ

[
R+ 4 (∇φ)2 + α RµνλρR

µνλρ +O
(
α2
)]

, (2.1.1)
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where we denoted α = 1
8α

′. We are not considering the dependence on the B-field here.

Performing field redefinition gµν → gµν + δgµν , φ→ φ+ δφ with

δφ = −α
2 (R+ 4(2D − 5)∂µφ∂µφ) , (2.1.2)

δgµν = −4α (Rµν − 4∂µφ∂νφ+ 4gµν∂αφ∂αφ) , (2.1.3)

one obtains the action in a frame that is convenient for the computation we want to

undertake; namely

I [gµν , φ] =
∫

dDx
√
−ge−2φ

[
R+ 4 (∇φ)2

+α
(
RµνλρR

µνλρ − 4RµνRµν +R2 − 16 (∂µφ∂µφ)2
)
+O

(
α2
)]

, (2.1.4)

up to six-derivative operators of order O
(
α′2), cf. [127]. As the R2-terms take the form

of the 4d Euler characteristic, the field equations of the theory in this frame are of second

order in an explicit manner. Let us consider first the case in D = 4. The field equations

derived from (3.1.1) are given by

Gµν + 4∂µφ∂νφ− 2gµν∂ρφ∂ρφ+ 2Sµν − 2gµνSρρ + αHµν = 0 , (2.1.5)

R+ 4∂ρφ∂ρφ+ 4Sµµ + αLGB − 32α
(
∇µ (∂ρφ∂ρφ) ∂µφ+ (∂ρφ∂ρφ)Sµµ +

1
2 (∂ρφ∂ρφ)2

)
= 0 ,

(2.1.6)

where Gµν = Rµν − 1
2Rgµν is the Einstein tensor, and where

Sρσ ≡ e2φ∇ρ

(
e−2φ∇σφ

)
, LGB ≡ RµνρσRµνρσ − 4RµνRµν +R2 , (2.1.7)

and

Hµν = SµνR− 4Sσ(µRν)σ + 2SσσRµν + 2SσλRµσλν − 8 (∂ρφ∂ρφ) ∂µφ∂νφ (2.1.8)

+gµν
(
2 (∂ρφ∂ρφ)2 − SσσR+ 2SσλRλ σ

)
.

Lagrangian LGB is the integrand of the 4-dimensional Chern-Gauss-Bonnet topological

invariant which, in the absence of the dilaton and in D = 4, yields the Euler characteristic;

this is the EGB quadratic gravity Lagrangian.

We are interested in solving the equations above for a static spherically symmetric

spacetime with non-trivial dilaton profile (later, in Section 2.1.3, we will generalize the
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solution to the stationary, non-static case). In order to do so, we work perturbatively at

order O(α), and propose the ansatz

φ(r) = φ0 + αφ1(r) , (2.1.9)

ds2 = − (1 + αN1(r))2
(
1− µ

r
+ αf1(r)

)
dt2 + dr2

1− µ
r + αf1(r)

+ r2dΩ2 , (2.1.10)

where φ1(r), N1(r), and f1(r) are functions of the radial coordinate r to be determined;

µ is an arbitrary constant; dΩ2 is the constant-curvature metric on the unit sphere. The

solution we will find in this way will be valid up to order O(α). Plugging this ansatz in

the field equations and expanding up to first order in α, we obtain a remarkably simple

system of equations which lead to the following general solution

φ(r) = φ0 + α

(
A+B log

(
r − µ

r

)
− 2
µr

− 1
r2

− 2µ
3r3

)
(2.1.11)

with A and B being two arbitrary constants; the former constant appears merely as a

shift of φ0 which does not enter in the metric, and so it can be absorbed by redefining

φ̄0 = φ0 + αA, which gives the value that the dilaton takes at infinity; notice that, at

infinity, (2.1.11) goes like φ ≃ φ̄0 +O(1/r). Up to O(α) terms, for the metric we find

grr = 1− µ

r
+ α

(
−µB

r
log

(
r − µ

r

)
+ C

r
+ 2
r2

+ µ

r3
− 10

3
µ2

r4

)
,

gtt =
µ

r
− 1− α

(
B (2r − 3µ)

r
log

(
r − µ

r

)
+D + 4

r2
+ 5µ

3r3 + 2µ2

r4
− µ2D − µC + 2µ2B + 8

µ r

)

where D and C are other two integration constants. The former can be eliminated by

rescaling the time coordinate as t→ t/(1 + αD).

If we define r+ = µ+αµ1, we can easily find the α-corrected location of the event horizon

by solving for µ1 as a function of the integration constants. This amounts to demand

grr (r+) = gtt (r+) = 0, which is actually required for the horizon to be regular. Expanding

up to first order in α, this yields

(
B log

(
µ

αµ1

)
+ µ1 + C

µ
− 1

3µ2
)
α+O

(
α2
)
= 0 , (2.1.12)(

B log
(

µ

αµ1

)
− 2B + µ1 + C

µ
− 1

3µ2
)
α+O

(
α2
)
= 0 , (2.1.13)

from which we consequently obtain that B = 0. Therefore, the α′-corrected black hole
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configuration reads

grr(r) = 1− µ

r
+ α

(
C

r
+ 2
r2

+ µ

r3
− 10

3
µ2

r4

)
+O(α2) , (2.1.14)

gtt(r) =
µ

r
− 1− α

(
4
r2

+ 5µ
3r3 + 2µ2

r4
− 8− µC

µ r

)
+O(α2) , (2.1.15)

φ(r) = φ̄0 − α

( 2
µr

+ 1
r2

+ 2µ
3r3

)
+O(α2) , (2.1.16)

and, up to O(α) corrections, the location of the horizon is

r+ = µ+ α

( 1
3µ − C

)
. (2.1.17)

The solution we have just derived is asymptotically flat, and it exhibits a smooth event

horizon at r+, where the dilaton remains finite:

φ(r+) = φ̄0 −
11
3
α

r2+
+O(α2) ; φ(∞) = φ̄0 +O(α2). (2.1.18)

In the following sections, we will analyze the physical properties of this solution, we will

compute its conserved charges, and, finally, we will generalize it to D ≥ 4 dimensions.

2.1.1 Thermodynamics

The thermodynamics of higher-curvature black holes has been studied for a long time

[76, 128, 129], and in a vast number of contexts. Here, we will focus on the properties

of the black hole solution we just presented. The Wald formula gives the entropy as a

Noether charge computed at the horizon. This is given by the following integral on the

horizon H

S = β

4

∫
H

√
−g ϵµνρσ qµνdxρ ∧ dxσ, (2.1.19)

in D = 4 spacetime dimensions, with β being the periodicity of the Euclidean time. The

Noether pre-potential associated to this charge is given by (1.3.15). For the action (3.1.1),

the tensor E (1.3.3) and the Noether pre-potential take the following form

Eµνρσ = 1
2e

−2φ(δµνρσ + αδµ ν µ3µ4ρ σ ν3ν4 R
ν3ν4

µ3µ4) +O(α2) , (2.1.20)

qµν = 2e−2φTµν + αe−2φ(4TµνR+ 16T σ[µRν]σ + 4T ρσRµνρσ) +O(α2) ,(2.1.21)
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respectively, where we have defined T ρσ ≡ 4ξ[ρ∇σ]φ−∇[ρξσ]. Evaluating the Wald entropy

(2.1.19) for our solution, we obtain

S = 16π2e−2φ̄0µ2 − 32π2α e−2φ̄0 (Cµ− 8) +O(α2) . (2.1.22)

If we naturally identify

e−2φ̄0 = 1
16πG , (2.1.23)

G being the 4-dimensional Newton constant, the leading term in (2.1.22) reproduces the

Bekenstein-Hawking entropy, while the order O(α) terms yield corrections to it. More

precisely, we find

S = πµ2

G
+ 16πα

G

(
1− 1

8Cµ
)
+O(α2) . (2.1.24)

Notice that (2.1.24) depends both on µ and C. The dependence of C can be traced back

to the fact that α(8 − Cµ)/µ is the O(α) correction to the parameter in front of the

Newtonian piece ∼ 1/r in the component gtt of the metric, cf. (2.1.15). Then, using

(2.1.17), the entropy can also be written as

S =
πr2+
G

+ 46πα
3G +O(α2) . (2.1.25)

Notice that the potential term linear in r+ (i.e. the one that could come from the term

linear in µ in (2.1.24)) has cancelled out. In fact, at order O(α), in virtue of the field

equations, the computation reduces to that of the full action evaluated on the undeformed

GR solution f1 = N1 = φ1 = 0. This means that, at that order, the only correction to the

area law S = A
4G is given by a positive constant. On the same grounds, corrections of the

form O(αrD−4
+ /G) are expected in higher dimensions.

Next, let us compute the Hawking temperature. We can do this by resorting to the

Euclidean formalism. However, it is convenient to first simplify the expressions a bit. We

can write µ as a function of r+ by simply inverting (2.1.17), which yields

gtt(r) = −1 + 1
r

(
r+ + 23α

3r+

)
− α

(
4
r2

+ 5r+
3r3 +

2r2+
r4

)
+O(α2) , (2.1.26)

grr(r) = 1− 1
r

(
r+ − α

3r+

)
+ α

(
2
r2

+ r+
r3

−
10r2+
3r4

)
+O(α2) , (2.1.27)

φ(r) = φ̄0 − α

( 2
r+r

+ 1
r2

+ 2r+
3r3

)
+O(α2) . (2.1.28)
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This gives the periodicity condition for the real section of the Euclidean geometry to be

regular at r = r+; namely

β = 4πr+ + 44πα
3r+

+O(α2) , (2.1.29)

which results in the black hole temperature

T = 1
4πr+

(
1− 11

3
α

r2+

)
+O(α2) . (2.1.30)

This corrects the Hawking formula for GR at scales r+ ≃ α1/2. This result, together with

the expression (2.1.25) for the entropy, yields the first law type relation

δE ≡ TδS = δ

(
r+
2G + 11α

6Gr+

)
+O(α2) , (2.1.31)

from which, up to subleading orders in α, we can obtain the gravitational energy

E − E(0) = r+
2G

(
1 + 11

3
α

r2+

)
(2.1.32)

E0 being an integration constant that corresponds to the energy of the reference

background. Below, we will confirm this result by rederiving the gravitational energy

using the Iyer-Wald method for computing Noether charges. It is also worth noticing

that, if we insist in extrapolating the formulae above for small values of r+, which is not

well justified as higher-order terms are expected to be relevant in that regime, then the

formula obtained for the specific heat changes its sign and becomes positive within the

range 11
3 α < r2+ < 11α; the black hole temperature (2.1.30) vanishes at the lower bound

r2+ = 11
3 α.

2.1.2 Conserved charges

In order to compute the gravitational energy of the solution, we have to supplement the

bulk action with the appropriated boundary terms. In the case of the higher curvature

action (3.1.1), the boundary term to be added reads

IBT ≡
∫
∂M

d3x
√
−he−2φ

[
2K + 4αδµ1µ2µ3ν1ν2ν3 K

ν1
µ1

(1
2R

ν2ν3
µ2µ3 −

1
3K

ν2
µ2K

ν3
µ3

)]
(2.1.33)

≡
∫
∂M

d3x
√
−hB (2.1.34)

where K is the trace of the extrinsic curvature Kµ
ν , and Rµν

ρσ and hµν are the intrinsic

curvature and the induced metric on ∂M , respectively; cf. [130]. The contribution (2.1.34)
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renders the variational principle well-posed. Then, the energy of the spacetime, which

corresponds to the black hole mass, is given by the following integral on the sphere at

infinity, S2
∞; namely

M =
∫
S2
∞

(Q[t]− t ·B) , (2.1.35)

where Q[t] is the Hodge dual of the Noether pre-potential for the killing vector t = ∂t and

B = 1
3! B n

σ√−g ϵµνρσ dxµ ∧ dxν ∧ dxρ . (2.1.36)

In flat spacetime, the trace of the extrinsic curvature is K(0) = 2
r which gives a divergent

piece in the action principle as the volume element contributes with r2. To obtain a finite

action principle and a finite energy definition, we have to subtract the extrinsic curvature

of flat spacetime to each piece of the extrinsic curvature appearing in the formulae above.

In other words, we have to define

K̄µν ≡ Kµν −K
(0)
µν ,

using flat space as a background reference; this corresponds to set E(0) = 0 for Minkowski

spacetime. According to this, the energy content of the spacetime, as defined in (2.1.35),

precisely gives

M = r+
2G

(
1 + 11

3
α

r2+

)
, (2.1.37)

which agrees with (2.1.32).

Another crosscheck for this result can be done by means of the Euclidean action formalism.

In the saddle point approximation, the on-shell Euclidean action gives the partition

function; namely

logZ ≃ IE + IEBT , (2.1.38)

where the superscript E stands for Euclidean. It is worth emphasizing that, at order

O(α), the computation of the Euclidean action reduces to the evaluation of the full action

IE + IEBT on the undeformed GR solution. Therefore, the energy of the configuration can

be simply derived from (2.1.38) by computing

Ē = −∂ logZ
∂β

. (2.1.39)

The on-shell action computed with K̄µν for the configuration (2.1.26)-(2.1.28) with the
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Euclidean time periodicity (2.1.29) turns out to be finite, and it reads

IE + IEBT = −
πr2+
G

− 10απ
3G . (2.1.40)

From this expression, we easily find

Ē = r+
2G

(
1 + 11

3
α

r2+

)
, (2.1.41)

which, again, exactly reproduces (2.1.32) at the right order. This results in an O(α),

r+-dependent correction to the GR Smarr formula; namely

T S − 1
2 Ē = 2α

Gr+
. (2.1.42)

At order O(α) this is equivalent to an additive constant in the entropy.

2.1.3 Adding angular momentum

Black hole solution (2.1.10) can be generalized to the stationary non-static case, and the

analytic expression in the slowly rotating approximation can also be found following the

similar perturbative method as before. At first order in α and including the rotation

parameter in linear and quadratic terms as well as in terms of the form aα, the solutions

reads

ds2 = −
[
1− µ

r
+ µa2 cos2 θ

r3
+ αf1(r)

]
dt2 + 2a

[
−µ
r
sin2 θ + αhtϕ (r, θ)

]
dtdϕ+

+
[

1
1− µ

r + αg1(r)
− a2

(µ− r) cos2 θ + r

(r − µ)2r

]
dr2+ (2.1.43)

+ (r2 + a2 cos2 θ)dθ2 +
[
(r2 + a2) + a2µ sin2 θ

r

]
sin2 θdϕ2 ,

with

f1(r) =
2µ2

r4
+ 5µ

3r3 + 4
r2

− 8
µr

, (2.1.44)

g1(r) = −10µ2

3r4 + µ

r3
+ 2
r2

, (2.1.45)

htϕ(r) = sin2 θ
(
Ĉ

r
+ 2µ2

r4
+ 3µ
r3

+ 6
r2

)
, (2.1.46)
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and with Ĉ being a new integration constant that, at this order, enters in the angular

momentum; see (2.1.50) below. The scalar configuration is

φ(r) = φ0 − α

( 2µ
3r3 + 1

r2
+ 2
µr

)
. (2.1.47)

One can verify that, expanding both in the Gauss-Bonnet coupling, α, and in the rotation

parameter, a, all the field equations are solved at the right order; namely

Eµν = O
(
αa2, α2

)
. (2.1.48)

The angular momentum can be computed by using the Wald formalism, which yields a

form

J = −
∫
S2
∞

⋆q[∂ϕ] (2.1.49)

with ⋆q[∂ϕ] representing the Hodge dual of the Noether pre-potential q[∂ϕ] for the Killing

vector ∂ϕ. The angular momentum of the spacetime is given by

J = aµ

2G

(
1− αĈ

µ

)
. (2.1.50)

The integration constant Ĉ is a spurious constant, that disappears when the angular

momentum is replaced. Solution (2.1.43)-(2.1.46) gives string theory modification to Kerr

geometry. In particular, we see order O(aα) modifications to the off-diagonal term in the

Boyer-Lindquist coordinates. This will result in deviations from the GR prediction of the

Lense-Thirring precession. It will also induce modifications to the spheroidal shape of the

shadow of a rotating black hole; see [131] and references thereof.

2.2 Accelerating black holes

Let us consider the following ansatz for the metric and for the dilaton

ds2 = Ω(x, y)
A2 (x+ y)2

(
−F (y) dt2 + dy2

F (y) +
dx2

G (x) +G (x) dϕ2
)
, (2.2.1)

φ = φ (x, y) . (2.2.2)

Assuming the expansion φ = φ0 (x, y) +αφ1 (x, y) +O(α2), F = F0 (y) +αF1 (y) +O(α2),

G = G0 (x)+αG1 (x)+O(α2) and Ω (x, y) = 1+αω (x, y)+O(α2). In General Relativity,

the ansatz (2.2.1), leads to the C-metric which accommodates accelerating black holes (see
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[132] for a modern interpretation as well as a historical review), even in the presence of

minimally coupled, self interacting scalar fields [133]. Here A, stands for the acceleration

and Ω (x, y) = 1 in General Relativity in vacuum.

To the lowest order on the string tension α, Einstein equations lead to

F (y) = F0 (y) = f3y
3+f2y2+f1y+f0 and G (x) = G0 (x) = f3x

3−f2x2+f1x−f0 , (2.2.3)

fulfilling G (ξ) = −F (−ξ). Here fi with i ∈ {0, ..., 3} are integration constants. The

quadratic, the linear or the f0 term in the polynomials (2.2.3) can be removed by a

simultaneous, constant shift of the independent variables (x, y), maintaining the form of

the metric (2.2.1). For future purposes, it is better to keep all the fi as non-vanishing at

the moment.

The field equations of the α′-corrected theory (3.1.1), at linear order in α are solved by

F1 (y) = d3y
3 + d2y

2 + d1y + d0 , (2.2.4)

G1(x) = f3h1x
3 + 3f3h2x2 +

(3d3f1 − 3f1f3h1 − 6f2f3h2 + 3d1f3 − 2d2f2)
3f3

x(2.2.5)

−(−6f0f3h1 − 3f1f3h2 + 3d0f3 − d2f1 + 6d3f0)
3f3

, (2.2.6)

ω(x, y) = 2φ1(x, y) +
3f3j1x+ 3 (2f3h1 + f3j1 − 2d3) y − 6f3h2 − 2d2

3 (x+ y) f3
, (2.2.7)

leading to the following inhomogenoeus, PDE for φ1 (x, y)

0 = (x+ y)
(
G0 (x)

∂2φ1
∂x2

+ F0 (y)
∂2φ1
∂y2

)

+(f3x3 + 3f3x2y − 2f2xy − f1x+ f1y + 2f0)
∂φ1
∂x

(2.2.8)

+(f3y3 + 3f3xy2 + 2f2xy + f1x− f1y − 2f0)
∂φ1
∂y

− 6A2f23 (x+ y)5 . (2.2.9)

Here the constants (di, fj , hk, jl) are new integration constants that emerge from the

integration of the field equations at linear order in α. Even though the equation (2.2.9)

seems not to admit an analytic solution, it can be solved as a power series in the

acceleration A, around A = 0. In order to be able to take the limit A = 0 in (2.2.1),

it is useful to perform the following change of coordinates (see Chapter 14 of [132]):

x = − cos θ, y = 1
Ar

, t = Aτ , (2.2.10)
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and choosing

f2 = −f0 = 1 and f3 = −f1 = −2mA , (2.2.11)

leads to the following parametrization for the C-metric in General Relativity

ds20 =
1

(1−Ar cos θ)2

(
−Q0 (r) dτ2 +

dr2

Q0 (r)
+ r2dθ2

P0 (θ)
+ P0 (θ) r2 sin2 θdϕ2

)
, (2.2.12)

with

Q0 (r) =
(
1− 2m

r

)(
1−A2r2

)
, (2.2.13)

P0 (θ) = 1− 2mA cos θ . (2.2.14)

In terms of (r, θ), and choosing the constants f ′s as in (2.2.11), the equation (2.2.9) is

integrated, order by order in the acceleration A. For such purpose, it is convenient to

choose

φ1 (r, θ) = (1−Ar cos θ)H (r, θ) , (2.2.15)

with

H (r, θ) =
∑
i=0

Hi (r, θ)Ai

which leads to the following functions at the lowest orders

H0 (r, θ) = −4m
3r3 − 1

r2
− 1
mr

, (2.2.16)

H1 (r, θ) =
(26m

3r2 − 1
r

)
cos θ , (2.2.17)

H2 (r, θ) =
2m

(
2 sin2 θ − 23

)
3r . (2.2.18)

Other solutions are possible, but they lead to logarithmic or divergent behavior for the

dilaton as r → ∞.

In order to clarify the meaning of the plethora of integration constants which remain

arbitrary on the metric functions, it is useful to reconstruct the full, corrected spacetime

(2.2.1), in (r, θ) coordinates. The change of coordinates (2.2.10), induces the presence of

A−1 terms in the metric coming from the terms (2.2.4)-(2.2.7) written in terms of (r, θ),

which are removed by setting d3 = 0. Imposing the absence of divergences at θ = 0 and

θ = π on the metric functions suffices to fix all the remaining integration constants, but

j1, leading to d2 = d1 = d0 = h1 = h2 = 0, which in consequence leads to vanishing
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corrections of the function F and G, namely

F1 (r, θ) = 0, G1(r, θ) = 0 , (2.2.19)

and to a conformal factor ω (r, θ) given by

ω(r, θ) = 2φ1(r, θ) , (2.2.20)

where we have also set j1 = 0 since a non-vanishing value of j1 can be absorbed on the

dilaton’s additive, arbitrary constant φ0.

Putting all these ingredients together, lead to the corrected metric which is given by

ds2 = 1 + 2αφ1 (r, θ)
(1−Ar cos θ)2

(
−Q0 (r) dτ2 +

dr2

Q0 (r)
+ r2dθ2

P0 (θ)
+ P0 (θ) r2 sin2 θdϕ2

)
. (2.2.21)

Here φ1 (r, θ) is given by (2.2.15) and Q0 (r) and P0 (θ) given by (2.2.13) and (2.2.14),

respectively. One can check, that the metric (2.2.21), with φ1 (r, θ) in (2.2.15), solve the

field equations of the theory (3.1.1), disregarding terms of the form O(α2) and O
(
αA3),

i.e. when evaluated on the corrected C-metric, the field equations vanish up to

Eµν = O(α2) +O
(
αA3

)
. (2.2.22)

It is very interesting to notice that the regularity conditions lead us to move the whole

effect of the α-correction to the conformal factor. The solution can be found to higher

orders on the acceleration by performing the integration of the PDE (2.2.9), at the desired

order on A, after moving to (τ, r, θ) coordinates via (2.2.10), in such a manner that the

limit of vanishing acceleration is regular.

2.3 Map of Gauss-Bonnet to the Einstein frame

Recently in [123], the authors constructed the dimensional reduction of the Heterotic String

on a flat torus, to dimension four, and constructed rotating solutions, perturbativelly in the

rotation parameter, including the first α′-correction, in the Einstein frame. It is interesting

to compare the setup we have considered here, defined by the action (3.1.1), with the one

of reference [123], where disregarding the contribution of the Bµν-field, leads to an action
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of the form

I[g′µν , φ̃] =
∫

d4x
√
−g′[R′ − 1

4∇µφ̃∇ν φ̃g
′µν+

+ αe−φ̃(R′µν
ρσR

′ρσ
µν − 4R′ν

σR
′σ
ν +R′2)] . (2.3.1)

Considering a Weyl transformation of the form

gµν 7→ g′µν = eΦgµν , (2.3.2)

where Φ is some scalar function on the spacetime, the transformation of the quadratic

scalars constructed with the Riemann tensor are given by

R′µν
ρσR

′ρσ
µν = e−2Φ

[
Rµν ρσR

ρσ
µν − 4Rνσ∇νΦσ + 2RνρΦρΦν −RΦλΦλ (2.3.3)

+D2∇σΦν∇νΦσ + (□Φ)2 −D2∇σΦνΦσΦν

+D2□ΦΦλΦλ +1
8D2D1(ΦλΦλ)2

]
,

R′ν
σR

′σ
ν = e−2Φ

[
RνσR

σ
ν −D2R

νσ∇νΦσ −R□Φ+ 1
2D2R

νσΦνΦσ −
1
2D2RΦλΦλ

+ 1
4D

2
2∇σΦν∇νΦσ +

1
4 (3D − 4) (□Φ)2 + 1

16D
2
2D1(ΦλΦλ)2

−1
4D

2
2∇σΦνΦσΦν +

1
4D2 (2D − 3)□ΦΦλΦλ

]
, (2.3.4)

R′2 = e−2Φ
[
R2 − 2D1R□Φ− 1

2D1D2R (∂Φ)2 +D2
1 (□Φ)2 (2.3.5)

+1
2D

2
1D2□Φ (∂Φ)2 + 1

16D
2
1D

2
2 (∂Φ)

4
]

where Φλ ≡ ∇λΦ andDp ≡ (D−p). These expressions lead to the following transformation

of the Gauss-Bonnet density, which we had actually worked out in arbitrary dimension D

R′µν
ρσR

′ρσ
µν − 4R′ν

σR
′σ
ν +R′2

= e−2Φ
[
Rµν ρσR

ρσ
µν − 4RνσRσν +R2 + 4D3G

νσ∇νΦσ − 2D3R
νσΦνΦσ

−1
2D4D3R (∂Φ)2 −D3D2∇σΦν∇νΦσ +D3D2∇σΦνΦσΦν

+ D3D2 (□Φ)2 + 1
2D

2
3D2□Φ (∂Φ)2 + 1

16D4D3D2D1 (∂Φ)4
]
,

= e−2Φ (G + P) (2.3.6)

where

G = Rµν ρσR
ρσ
µν − 4RνσRσν +R2 (2.3.7)
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and P stands for the remaining terms. Replacing these expression in (2.3.1) and choosing

the scalar Φ as

Φ = − 4
D − 2φ , (2.3.8)

and identifying the scalar field in (2.3.1) φ̃ as

φ̃ = 4
D − 2φ, (2.3.9)

and setting D = 4, leads to

I[g′µν = e−2φgµν , φ̃ = 2φ] (2.3.10)

=
∫

d4x
√
−ge−2φ

[
R+ 4 (∂φ)2 + α

(
G − 32 (∂φ)4 − 16Gµν∇µφ∇νφ+ 24□φ (∂φ)2

)]
where we have disregarded boundary terms. Notice that this action belongs to the family of

the most general String Theory actions α′-corrected, which after field-redefinitions lead to

second order field equations, since each of the derivative terms for the scalar sector belongs

to the Horndeski family [134]. Indeed, upon comparison with eq. (2.6) of reference [127]

one can read from the action (2.3.10) that the coefficients (λ, µ, ν) of reference [127] are

given by λ = −32, µ = −16 and ν = 24, and they indeed fulfil the consistency constraint

λ+2 (µ+ ν)+16 = 0. The relation among the relative coefficients of the higher derivative

operators of the scalar attests about the UV finiteness of the action. In consequence, using

the results of reference [127], one can see that the action (2.3.1) of reference [123] in the

Einstein frame and our action (3.1.1) in the string frame are related by a field redefinition,

composed with a change of frame.

Therefore, our static and rotating solutions of Sections 2.1 and 2.1.2, correspond to a

change of frame of the solutions found in [81] and [123], respectively, composed with a

field redefinition. On the other hand, the solution corresponding to accelerating black

holes we presented in Section 2.2, is completely new.

2.4 The D-dimensional solution

The analytic solution that we constructed in D = 4 can be generalized to arbitrary

dimension D in a similar manner, although, as we will see, the form of the general case is

a bit more involved.
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Consider the ansatz

ds2 = − (1 + αN1(r))2
(
1−

(
µ

r

)D−3
+ αf1(r)

)
dt2 + dr2

1−
(µ
r

)D−3 + αf1(r)
+ r2dΩ2

D−2 ,

where now dΩ2
D−2 is the constant-curvature metric on the unit (D − 2)-sphere. For

simplicity, let us define the quantity X = µ/r. By plugging this ansatz in the field

equations for D generic, we find the following general solution

N1(r) = − C3
µ2f0(r)

XD−3 + (D − 3)(D − 2)
(D − 1)µ2 XD−1

[
F (r) + 1

f0(r)
(
XD−3D − 1

)]
+ C3

(D − 3)µ2 log f0(r) +
C2
µ2

,

f1(r) = − (D − 3)
(D − 1)µ2X

2D−4 [(D − 3)(D − 2)F (r) + 2(2D − 3)] + C1
µ2
XD−3

− C3
µ2
XD−3 log f0(r) ,

and

φ1(r) =
(D − 3) (D − 2)2

2 (D − 1) r2 XD−3 (F (r)− 1) + (D − 2)C3
2(D − 3)µ2 log f0(r) +

C4
µ2

where f0(r) = 1−XD−3 and where F (r) is given in terms of the hypergeometric function,

F (r) = 2F1

(
1, D − 1
D − 3 , 2

D − 2
D − 3 , X

D−3
)

;

C1, C2, C3, and C4 are integration constants, analogous to the constants A, B, C, and D

of the D = 4 case; for example, one can identify C3 = µ2B + 2, C4 = µ2φ̄0, and so on.

Some of these constants can be fixed as in the 4-dimensional case, i.e. by rescaling time

coordinate t, shifting the zero-mode of φ, neglecting O(α2) remnants, imposing a globally

flat asymptotic behavior as r → ∞, and requiring regularity at the event horizon. One can

easily check that the 4-dimensional solution studied in the previous sections is recovered

in the case D = 4. To see this, it is convenient to consider the relation

2F1(1, 3, 4, z) = − 3
2z3 [z(z + 2) + 2 log(1− z)] , (2.4.1)

with z = 1 − f0(r). The presence of logarithmic terms log f0(r) = log(1 − z) in the

functions N1(r), f1(r) and φ1(r) is related to the fact that the third argument of the

hypergeometric function, c = 2 (D−2)
(D−3) , turns out to be an integer for some dimensions

(D = 4, 5). The logarithm, which in any case tends to zero at large r, disappears if one
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chooses C3 appropriately.

2.5 Last remarks

Summarizing, the solutions we have presented in this chapter describe static, spherically

symmetric configurations in the graviton-dilaton sector of the D-dimensional low-energy

stringy effective action (3.1.1). This includes square-curvature terms and a non-vanishing

dilaton coupling. We have used the freedom of field redefinitions to recast the action in

a form that leads to second order field equations, while still working in the string frame.

The set of solutions includes asymptotically flat black holes with regular event horizons,

which behave as thermodynamic objects, just like expected. As a working example, we

first focused on the the 4-dimensional case, which is given by (2.1.26)-(2.1.28). We derived

the corrections to the thermodynamic variables introduced by the higher-curvature effects;

we computed the Bekenstein-Hawking entropy (2.1.25), the Hawking temperature (2.1.30),

and the mass formula (2.1.41) including the O(α) effects. The computation of the Noether

charges was shown to be in exact agreement with the first law of black hole mechanics as

derived from the Wald entropy formula; the Euclidean action formalism also reproduces

these results. We also obtained the correction to the C-metric, which contains accelerating

black holes. We have show that regularity conditions imply that the whole modifications is

contained within the conformal factor of the spacetime. We also integrated the equations

of motion for the stationary, non-static solution in the slowly rotating approximation.

This yields stringy corrections to the Kerr geometry in four dimensions. Although, in

contrast to the 4-dimensional case, the field equations in arbitrary dimension D are more

involved, we showed that in the static case they can still be solved explicitly in terms of

hypergeometric functions. Static and rotating black holes in these theories have already

been considered in the literature, when the theory is expressed in a different fashion, which

is possible due to the freedom of field redefinition. Considering such freedom, we found the

precise relation between our setup and the frames previously considered on the literature.

In particular, we mapped our theory to the Einstein frame, including the higher curvature

corrections, and we showed the equivalence of our setup and that of reference [123], where

rotating solutions were already presented. These solutions may serve as working examples

to investigate higher-curvature stringy effects in a concrete setup.

In the next chapter we implement the formulae developed in this chapter to explore α′-

corrected higher dimensional black objects. We focus on the 5-dimensional case for black

string configurations. In Einstein gravity this spaces are a direct product between a 4-
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dimensional Einstein space, as Schwarzschild spacetime, times a circle. The presence of

the Gauss-Bonnet density, motived by the field redefinition presented in this chapter, at

first order in α′ makes the space a warped product space between the circle and the 4-

dimensional manifold. Black string configurations in Einstein gravity are well known to

suffer of a pertubative instability known as Gregory-Lafflame instability. We study the

correction of the spectrum of this instability and show that in the pertrubative regime,

the instability region is enlarge and grows almost linearly in α′.
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Chapter 3

α′-correction to the
Gregory-Lafflame instability

Black strings and black branes can be defined as black hole spacetimes with horizons that

have extended directions, which in the simplest case are planar [135]. These spacetimes

have a very interesting dynamics, since in general they suffer from the Gregory-Laflamme

instability [136, 137], which is triggered by a gravitational perturbation travelling along an

extended direction with a wavelength above a given critical value. In a remarkable series

of works [138, 139, 140], the authors were able to find strong numerical evidence in favour

of the pinching-off of the horizons of black strings in a finite time. This phenomenon is

compatible with the previous no-go results by Horowitz and Maeda [141], since it refers

to a finite value of the time for asymptotic observers, providing an example of violation of

cosmic censorship in dimension five for generic initial data. This result has been recently

confirmed in [142], where the authors were able to numerically evolve the spacetime closer

to the pinch-off, and provide evidence of a non-geometric progression for the time intervals

of the appearance of new generations of black holes connected by black strings. The non-

linear evolution of the system was also addressed in the context of the Large-D expansion

of General Relativity (GR) [143, 144, 145], giving rise to a non-uniform black string as

the final configuration after the GL instability is triggered, which is consistent with the

existence of a critical dimension obtained by Sorkin in [146]. In references [147, 148]

non-uniform black strings were constructed numerically and perturbatively, and in [149,

150, 151, 152] new numerical simulations of the fully non-linear Einstein equations provide

evidence of violations of cosmic censorship triggered by GL instabilities for asymptotically
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Minkowski spacetimes.

As the black string evolves, regions with higher curvature will be exposed, and it is natural

to expect that higher curvature corrections to gravity may play a role. Remarkably, in

the recent paper [153] a new gauge was found for initial value problem in Einstein-Gauss-

Bonnet gravity, which leads to a strongly hyperbolic system for bounded curvatures. This

may allow to evolve the black string in the presence of higher curvature terms, and study

their effect on the dynamics of the system.

In this chapter we study the black string instability spectrum of backgrounds that are

corrected at leading order in the Gauss-Bonnet parameter. This precise R2 correction

can be obtained from string theory as an expansion on the string tension. In such a

framework, in order to construct solutions and study their stability beyond linear order in

α in a consistent manner, one would have to consider higher powers of the curvature as

corrections, therefore if one insists in interpreting our results as string theory corrections

to the GL instability one can not go beyond linear terms in α, having always in mind

that one is indeed working in an effective field theory setup. As mentioned below, this

also affects the regime of validity of the gravitational perturbation. We also construct the

boosted black string of this theory and obtain the first order corrections in α to the energy,

momentum, entropy, temperature and tension.

3.1 The corrected, static, black string

We will consider the Einstein-Gauss-Bonnet action [21]

I[g] =
∫
d5x

√
−g

[
R+ α(RµνρσRµνρσ − 4RµνRµν +R2)

]
+O(α2) . (3.1.1)

as an effective field theory, to first order in the coupling α, which has mass dimension −2.

We start by re-obtaining the closed form static black string solutions, which were originally

obtained in [154] to first order in α. Additionally, we provide thermodynamic quantities

associated to this spacetime.

Let us consider a black string ansatz in dimension five, in the field equations of the theory

defined by (3.1.1):

ds2 = −f(r)dt2 + dr2

g(r) + r2dσ2 + b(r)dz2 , (3.1.2)

where dσ is the line element of a two-sphere. We assume that the metric functions X =
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{f, g, b} are analytic in α = 0, therefore they can be expanded as X = X0+αX1+O
(
α2).

The introduction of a dimensionful scale α forces us to consider a non-constant warp

factor, b (r) [155, 156]. Dropping terms O
(
α2), the system of equations for the functions

X0 and X1 can be integrated in a closed manner. The general solution involves four new

integration constants on top the integration constant of the X0 functions, namely the mass

parameter of the GR solution, as well as logarithmic terms in the radial coordinate. Using

the freedom under coordinate transformations, the perturbative scheme in α and requiring

the α-corrected spacetime to have an event horizon leads to the following expressions in

terms of the radius of the horizon r+:

f(r) = f5(r) = 1− r+
r

−
(r − r+)

(
6r2+ + 11rr+ + 23r2

)
9r+r4

α+O(α2) , (3.1.3)

g(r) = g5(r) = 1− r+
r

+ (r − r+) (r + 5r+) (r + 2r+)
9r+r4

α+O(α2) , (3.1.4)

b(r) = b5(r) = 1 +
4
(
6r2 + 3rr+ + 2r2+

)
9r+r3

α+O(α2) , (3.1.5)

The temperature, mass and entropy of this black string are respectively given by

T = 1
4πr+

− 11
36πr3+

α+O
(
α2
)
, (3.1.6)

M = 8πr+Lz +
88π
9r+

Lzα+O
(
α2
)
, (3.1.7)

S = 16π2r2+Lz +
928π2

9 Lzα+O
(
α2
)

(3.1.8)

where the former was computed from the surface gravity in Eddington-Finkelstein-like

coordinates, and the latter two were computed using the Iyer-Wald method, as explained

in Section 1.2. These expressions fulfil the first law of black hole thermodynamics

δM = TδS , (3.1.9)

disregarding quadratic terms in α. Here, Lz is the length of the extended direction with

coordinate z. Notice that both the correction to the mass and entropy are positive.
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3.2 The perturbation

The generalized Lichnerowicz operator, namely, the linearized field equations around a

generic background g̊µν , read

0 = 1
2
(
−δρµδλν □̊+ 2R̊ρ λ

µν + g̊µνR̊
ρλ + 4̊gληG̊η(µδ

ρ
ν)

)
hρλ − 2αR̊µξλν□̊hλξ

+α
(
−R̊ρησ λR̊ξσρη g̊µν − 2R̊σρλνR̊σρξµ + 4R̊ ρσ

µ νR̊λρσξ + 4R̊µρλσR̊ σρ
ν ξ

)
hλξ

+α
(
4̊gλ(µR̊ν)ρσξ∇̊σ∇̊ρhλξ + 4∇̊σ∇̊(µh

ξλR̊ν)ξλσ − 2̊gµνR̊ρλξη∇̊ρ∇̊ηhλξ
)
+O(α2) ,

where we have imposed transversality and tracelessness of the perturbation, i.e. ∇̊µh
µν = 0

and h µ
µ = 0. We have also used the vacuum field equations, which allow to write the

Ricci tensor and Ricci scalar in terms of an expression that is linear in α, that can be

used in the linearization of the Gauss-Bonnet tensor to write every Ricci tensor and Ricci

scalar in terms of the Riemann tensor plus O
(
α2) terms.

On the regime of validity of the perturbation: The black string is parameterized

by the coordinates (t, r, xi, z), where the xi collectively denote the coordinates on a round

sphere. We will focus on the s-wave, scalar mode, which is the responsible for the GL

instability in GR. Therefore the metric perturbation that we are considering reads

hAB = εeΩteikz


Htt(r) Htr(r) 0 0

Htr(r) Hrr(r) 0 0

0 0 H(r)σij 0

0 0 0 0

 ∼ eΩteikzHµν(r) , (3.2.1)

with ε≪ 1 and where σij denotes the metric on the sphere.

Schematically, when evaluated on the perturbation, the bulk Lagrangian will have the

form

R+ αR2 ∼ Background + ∂h∂h+ α (∂h∂h)2 +O
(
α2
)
. (3.2.2)

Due to the separation in modes, the terms ∂h∂h + α (∂h∂h)2 will contain the following

contributions

T1 = k2 + αk4 +O
(
α2
)
, (3.2.3)

T2 = Ω2 + αΩ4 +O
(
α2
)
, (3.2.4)
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from the derivatives with respect to z and to t, respectively. In consequence, in order to

ensure the validity of the perturbative approach, we impose

αk2 ≪ 1 and αΩ2 ≪ 1 , (3.2.5)

namely, a sufficient condition for the validity of dropping-off terms O
(
α2), is to keep

attention on the modes with small k and small Ω as compared with α−1/2. We are

interested in the existence and behavior of unstable modes, therefore, for a given k, after

imposing the boundary conditions for the perturbations, we look for positive values of Ω

that may allow to connect the regular asymptotic behavior of the perturbation both at

the horizon and infinity.

As in GR, the dynamics of the scalar mode, defined by the functions {Htt, Htr, Hrr, H} is

completely controlled by the master variable Htr(r), and the remaining functions are given

in terms of the master variable and its derivatives. The second order, linear, homogeneous

ODE for Htr (r) has the form

A (r;α) d
2Htr

dr2
+B (r;α) dHtr

dr
+ C (r;α)Htr = 0 , (3.2.6)

where the coefficients depend on r and are linear in α, which is consistent with the

perturbative approach we are considering. We do not provide the explicit expression

for the coefficients since they are not illuminating.

The asymptotic expansions of (3.2.6) near the horizon and infinity lead to

Htr(r) ∼ (r − r+)
−1±Ω

(
r++ 11α

9r+
+O(α2)

)
(1 +O (r − r+)) , (3.2.7)

Htr(r) ∼
e±r

√
Ω2+k2

rξ±

(
1 +O(r−1)

)
, (3.2.8)

where ξ± are constants which are not-relevant for recognizing the regular asymptotic

behavior, dominated by the exponential growing/suppression. In consequence, we choose

the (+)-branches in the near horizon expansion and the (−)-branches as r goes to infinity.

In order to find the spectrum, we proceed as follows: we introduce the function F (r) such

that

Htr(r) = (r − r+)
−1+Ω

(
r++ 11α

9r+
+O(α2)

)
F (r) , (3.2.9)
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and rewrite the equation for F (r) in terms of the coordinate x such that r = r+/ (1− x)

which maps r ∈]r+,+∞[ to x ∈]0, 1[. Then, we select the regular branch at the horizon

by assuming that F (x) has a Taylor expansion around x = 0. We therefore define the

truncated series as

FN (x) = 1 +
N∑
j=1

aj (k, r+,Ω, α)xj , (3.2.10)

and solve the equation, near the horizon (x → 0) for the coefficients aj . For a given

wavenumber k, horizon radius r+ and value of the coupling α, the frequencies are obtained

by setting FN (1) = 0, for a large enough N , such that a notion of numerical stability for

the frequency Ω is attained. Actually, one can introduce the dimensionless quantities

Ω̂ = r+Ω and k̂ = r+k and observe that (3.2.10) depends only on the pair (k̂, Ω̂) and

the dimensionless ratio α/r2+. We have also used shooting to validate our numerical

results. Figure 1 depicts the spectrum of the scalar perturbation in GR (red lines), as
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Figure 3.2.1: Spectra of the perturbation for different values of the α correction, and
r+=1.

well as its correction for different values of the coupling α. Aside from the unstable

modes, with positive Ω, we also depict a second stable mode with Ω < 0, which is present

in GR and corrected due to the presence of the perturbative Gauss-Bonnet term. Our

numerical resolution is not enough to discriminate the behavior of the corrected spectrum
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for k ∼ 0, which may be attained for analytic treatment if one generalizes the approach

of the AdS/Ricci-flat correspondence of [157] to the presence of higher curvature terms.

It is interesting to notice that the critical value of kc that may trigger the GL instability

grows with the value of the Gauss-Bonnet coupling, namely the region of instability grows

as the GB coupling is turned on, which can be seen in more detail in Figure 2.
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Figure 3.2.2: Behavior of the critical wavelength that triggers the black string instability
on the scalar mode, as a function of the α correction, and r+=1.

3.3 The α-corrected, boosted black string

A boosted black string, with momentum along the z direction, can be obtained by applying

the transformation

t 7→ cosh βt+ sinh βz (3.3.1)

z 7→ cosh βz + sinh βt ,

to the metric (3.1.2). This transformation corresponds to a boost with rapidity v =

− tanh β, and it generates non-vanishing momentum along the z direction, which can

be checked by computing the corresponding, α-corrected ADM momentum, as in GR

[158]. Since the new configuration is characterized by a different set of global charges, it

corresponds to a physically different state in the phase space of the theory in spite of being

generated from the static solution (3.1.2) by a simple boost (3.3.1). Then, the α-corrected,

boosted black string is

ds2boosted = −b(r)dt2 + dr2

g (r) + r2dσ2 + b(r)dz2 + (b (r)− f(r)) cosh2 β (dt+ tanh βdz)2 .

(3.3.2)
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Notice that the solution is asymptotically flat on a static frame, since given b, f and g of

equations (3.1.3)-(3.1.5), the gtz component of the metric (3.3.2) vanishes as r → +∞.

Again, using the Iyer-Wald method, one can obtain the energy and the momentum of these

α-corrected, boosted black strings, as conserved charges associated to the Killing vectors

∂t and ∂z, respectively. This yields

Q[∂t] = E = 4πr+(cosh2 β + 1)Lz +
4π
9r+

(47 cosh2 β − 25)Lzα+O(α2) , (3.3.3)

Q[∂z] = P = −4πr+ cosh β sinh βLz −
188π
9r+

cosh β sinh βLzα+O(α2) . (3.3.4)

Going to Eddington-Finkelstein-like coordinates, one computes the surface gravity of the

boosted black string, which leads to the following expression for the temperature

T = 1
4πr+ cosh β − 11

36πr3+ cosh β
α+O(α2) . (3.3.5)

The entropy of the configuration is given by the Iyer-Wald formula

S = 1
T

∫
H+

⋆q[ξ] , (3.3.6)

where ξ is the horizon generator. As expected, the expression for ξ leads to the horizon

velocity vh = − tanh β, and the entropy takes the form

S = cosh β
(
16π2r2+Lz +

928π2

9 Lzα

)
+O

(
α2
)
. (3.3.7)

As before, one recovers the GR expression of reference [158] when α goes to zero.

For black strings of a fixed length, the first law is fulfilled, namely

δM = TδS + vhδP , (3.3.8)

disregarding terms O
(
α2). On a more general ensemble, one can also consider variations

of Lz, as in [158]. This leads to an extra work term in the first law, with the tension T̂ as

the variable conjugate to Lz. In this case, the first law takes the form

δM = TδS + vhδP + T̂ δLz , (3.3.9)
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where the tension acquires a correction with respect to that of black strings in GR, namely

T̂ = 4πr+ − 100π
9r+

α+O
(
α2
)
. (3.3.10)

It is very interesting to notice that in contra-position to what occurs for boosted black

strings in GR [159], the inclusion of the higher curvature correction α, spoils the validity of

an standard Smarr Law, namely 2M is different from 3TS+T̂ Lz+2vhP . As in the presence

of a cosmological constant [160, 161], one can restore the validity of a relation between finite

thermodynamics quantities, i.e. the validity of the Euler relation of thermodynamics for a

homogeneous system, by including in the first law a work term proportional to variations

of the dimensionfull coupling constant α. This approach leads to

δM = TδS + vhδP + T̂ δLz + µαδα , (3.3.11)

with µ being the canonical conjugate of α and is defined as

µα = ∂M(S, P, Lz, α)
∂α

= −16Lzπ
r+

. (3.3.12)

With these expressions at hand, for the boosted black string characterized by the

parameters vh and r+, it is direct to prove the following Smarr-like formula

2M = 3TS + T̂ Lz + 2vhP + 2µαα , (3.3.13)

which can also be obtained on dimensional grounds by a scaling argument. It would be

interesting to have a physical understanding of the latter work term, which must be present

if one insists on the validity of an Euler-like relation within this setup, and to explore its

effect on the possible phase transitions that may be triggered by this new term. Notice

also that the correction to the mass and the entropy are positive, while the contribution

of the α term to the momentum of the boosted black string has the same sign as the

uncorrected value1.

1See the recent [162, 163] for a string theory setup that leads to negative contributions to the entropy,
due to α′ corrections at fixed global charges, for black strings and black branes. This is in tension with
standard expectations from the weak gravity conjecture.
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3.4 Further comments

In this chapter, we computed the effect of the Gauss-Bonnet term on the spectrum of

the scalar mode that triggers the GL instability in a regime in which the Gauss-Bonnet

coupling can be treated as a perturbation, which is necessary if we want to interpret this

R2 term as a higher curvature correction coming from string theory. In the previous

chapter we construced the static, spherically symmetric black hole solution of this setup

was obtained for arbitrary dimensions including the dilaton in a frame that leads to second

order field equations (see also [81] for the original computation on the frame leading to

fourth order field equations). Furthermore, the mentioned second order frame [127] allowed

to identify the four-dimensional, rotating solution containing terms of order α, a, a2 and

αa. It would be interesting to explore effects of the rotation of the four-dimensional

metric on the black string and evaluate the interplay between the superradiant instability

and the GL instability as in [164, 165]. The presence of a2 terms of the perturbative

solution constructed in Chapter 2 allows the existence of an ergoregion and therefore a

potential superradiant behavior. As with the dilaton, it is also known that the presence

of fluxes and scalars with non-minimal couplings, permits the construction of closed form

solutions of homogeneous black strings and black branes in presence of higher curvature

terms [166, 167, 168, 169]. The effect of such terms on the GL instability still remains an

open problem, but it is important to mention that some of the field theories that involve

non-minimally coupled scalar fields may also admit strongly hyperbolic formulations as

shown in [153].

As a simplified setup to evaluate the effect of the higher curvature corrections, one can

consider the regime in which the higher curvature terms completely dominate over GR

terms, which may be consistent if one goes beyond the perturbative regime. This approach

was considered in pure R2 [170, 171] and pure R3 [172] Lovelock theories, exploiting the

fact that these theories admit exact, homogeneous black strings [155, 156]. In these works

it was shown that the GL instability persists, but in this regime the region of instability

shrinks as one goes from R to R2 and then to the R3 theory. Recently, in the context

of the Large-D expansion, these results were recovered analytically for the R2 case [173]

and also by the inclusion NLO terms in the 1/D correction it was shown that the critical

dimension increases with the value of the coupling (see also [174]).

Finally, it is important to mention that in the context of M-theory, still at a

perturbative level, the authors of [175] considered the R4 correction in the analysis of
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the thermodynamic analogue of the GL instability of boosted black strings. More recently,

the authors of [176] showed that the singularity of a two-dimensional black hole can be

smoothed out by using a recent classification of the higher curvature corrections from a

Bottom-Up approach via T-duality [95, 177, 178]. Furthermore, they elaborated on the

regularity of the corresponding black string constructed out from this black hole. This

setup is simple enough as to study the dynamics of black strings in three dimensions,

considering higher curvature corrections of arbitrary high power.

In the following chapter, we change gear and move to study supergravity background at

the leading order of the α′ expansion of Type II string theory. More precisely, we consider

type IIB supergravity compactified on a deformed S5. The resulting model is known as the

STU model in D = 5. In this 5-dimensional supergravity we construct supersymmetric

configuration and asymptotically supersymmetric configurations. Those configurations,

as we argued in the introduction, are usually described by short multiplets, making them

stable under quantum corrections. The spacetime that we construct are deformations of

the charged AdS soliton [179] — they have a contractible cycle in bulk —. From the

holographic perspective, they describe a deformation of N = 4 SYM in the Coulomb

brunch formulated on 3-dimensional Minkowski spacetime times a circle. Next chapter

is based on the article [30] writen in colaboration with Andrés Anabalón and Horatiu

Nastase.
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Chapter 4

Solitons in Supergravity and
different vacua of N = 4 Super
Yang-Mills

4.1 Setup and motivations

In classical field theory, solitons are defined as field configurations that are different from

the trivial vacuum and have finite energy. If the field theory is formulated on a non-

compact space M , the finiteness of the energy restricts the possible boundary conditions

for the fields. This forces the field configuration to go to a vacuum at infinity. In other

words, the fields denoted collectively by Φ are maps Φ : M → K , where K is the space

where the field takes values, being generically a smooth manifold. For instance, in the case

of N real scalar fields K = RN , in the case of an algebra-valued gauge field K = g⊗T ∗M ,

where g is the algebra of the gauge group. The dynamics of the fields are governed by

the field equations, and the energy is defined as the Noether charge associated to time

translations, that always exist in Minkowski. Let us take a generic point p ∈ M , we define

a vacuum configuration Vac in a neigborhood Up of p as configurations in which the energy

density vanishes identically on Up. In sensible theories, the trivial vacuum is defined as

the configurations where the field takes the zero value. One necessary condition to have

soliton configurations in a field theory is that the vacuum is degenerate, namely, there are

more configurations belonging to Vac than the trivial one. Then, the condition of having

finite energy but not being the trivial vacuum implies that a soliton configuration should
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interpolate between different elements in Vac.

This definition is broad enough to encompass what we will discuss in this chapter, that are

soliton configuration in supergravity. We will study a particular set of configurations that

are generically obtained from black holes by performing a double analytic continuation on

the spacetime.

The first example of this type of configuration appeared in the context of the stability

of the Kaluza-Klein (KK) vacuum in general relativity [180]. The KK vacuum, R1,3 ×

S1, is perturbatively stable. The question that was studied and answered in [180] was

whether the KK vacuum is stable at the semiclassical level. The argument is as follows:

the analytic continuation of the KK vacuum is R4 × S1. A solution of the Euclidean

Einstein equations with the same asymptotic behavior as R4 × S1 does exist, and is the

analytic continuation of Schwarzschild-Tangherlini. After the analytic continuation of

Schwarzschild-Tangherlini, the coordinate that was time becomes periodic and its period

is related to the mass parameter that can be chosen in such a way that its periodicity is

the same as the periodicity of the S1 in the KK vacuum.

In this context, the Euclidean Schwarzschild-Tangherlini solution is a “bounce” solution

of the KK vacuum, and it represents an instability of the KK vacuum if there are negative

action modes in small fluctuations of it. However, the false vacuum will decay into the

real Lorentzian vacuum if the latter agrees on the bounce solution on a 3-dimensional

spacelike surface. This is precisely what happens in the present case: it is possible to

Wick rotate a coordinate on the S3 ⊂ Euclidean Schwarzschild-Tangherlini to obtain the

following Lorentzian configuration

ds2 = −r2dt2 + dr2

1− r2+
r2

+
(
1−

r2+
r2

)
dϕ2 + cosh2 t dΩ2 , (4.1.1)

where r+ is an integration constant, ϕ is the periodic coordiante with period 2πr+, t

is the timelike coordinate and dΩ2 is the metric of the unit 2-sphere. The periodicity

of the coordinates ϕ is required to have a smooth manifold closed to the point p with

coordinate r = r+. Therefore, the radial coordinate takes values in r ∈ [r+,∞[ and the

space is geodesically complete, as the coordinate ϕ shrinks smoothly at r+. The space

at t = 0, with topology R2 × S2, is isometric to a 3-dimensional surface of the Euclidean

Schwarzschild-Tangherlini. Hence, the KK vacuum decays into the space (4.1.1).

The space (4.1.1) is at least peculiar; let us analyse why. For large values of r there is
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a 2-dimensional space spanned by (t, r) which is nothing but Minkowski space in Rindler

coordinates with metric −r2dt2 + dr2 that does not cover the full Minkowski. Indeed,

they cover a wedge of it: let X,T be the coordinates of 2-dimensional Minkowski space

with metric −dT 2 + dX2, the change of coordinates X = r cosh t, T = r sinh t leads to

the Rindler metric mentioned above. This patch covers only the region X2 − T 2 = r2 > 0.

Thus, an observer in the space (4.1.1)—for r large enough—is essentially in Minkowski

space with one coordinate periodic of size 2πr+, which shrinks for smaller r. Furthermore,

if the observer cannot detect the five-dimensional periodic coordinate, they will conclude

that they are in four-dimensional Minkowski space with the region X2−T 2 < r2+ omitted.

The interpretation given by Witten is the following: the KK vacuum is unstable and decays

into (4.1.1) by the formation of a bubble of size r =
√
r2+ + T 2 that grows exponentially

with time. For this reason, the space (4.1.1) is called bubble-of-nothing. However, the

bubble does not reach infinity since the KK vacuum (which is locally the same as the

asymptotic region of bubble-of-nothing space) is unstable and will form more bubbles that

will expand, and at some point, the boundaries of two bubbles will collide. The dynamics

after this event are difficult to predict.

Our final observation about this decay process is that the topology of the initial state, e.g.,

the KK vacuum, has a non-contractible cycle, implying that there are nonequivalent ways

to define spinors on it, for instance, with periodic or anti-periodic boundary conditions

on the cycle. In contrast, the topology of the final state has no non-trivial cycles —

topologically it is R2 × S2. Thus, there is a unique spin structure on it that corresponds

to considering anti-periodic boundary conditions for the fermions. As a consequence of

this, if we define spinors on the KK vacuum with periodic boundary conditions, the KK

vacuum cannot decay into the bubble-of-nothing.

In Einstein gravity with Λ = 0, static black holes cannot have planar horizons, while

by including negative cosmological constant, the topology of the horizon can be either

planar, spherical, or hyperbolic. In that latter case, it is possible to construct higher

genus horizons by making appropriate identifications. The explicit local form of these

solutions of Einstein’s equations Gµν + Λgµν = 0 are

ds2 = −f(r)dt2 + dr2

f(r) + r2ds2(Mk,D−2) (4.1.2)

f(r) = − 2Λr2

(D − 1)(D − 2) + k − 2m
rD−3 (4.1.3)
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where Mk,D−2 is a (D − 2)-dimensional manifold of constant curvature k. Clearly, for

Λ < 0, m > 0 and any choice of k, the metric function f(r) is positive for r large enough

and the metric asymptotes to AdSD spacetime. Additionally, the existence of solution

of f(r) = 0 relies on the existence of an intersection between the parabola r2

ℓ2
+ k, with

ℓ2 = −(D − 1)(D − 2)/2Λ, and the hyperbola 2m/rD−3, in the region r > 0. This

intersection always occurs, so there is always a zero of f(r), making the space a black hole

with a horizon of different topology depending on the choice of k.

Let us concentrate on the planar case k = 0 and let x1, . . . , xD−2 be the coordinates on the

D− 2 planar space. Picking a the pair (t, xD−2) and sending them to (t, xD−2) 7→ (it, iϕ),

the space becomes

ds2 = f(r)dϕ2 + dr2

f(r) + r2(−dt2 + dxidxi) , (4.1.4)

f(r) = r2

ℓ2
− 2m
rD−3 , (4.1.5)

where xi are the remaning coordinates on the planar space i = 1, . . . , D − 3. The space

(4.1.4) is smooth everywhere, whenever there exist an r = r+ such that f(r+) = 0 and

f ′(r+)/=0, that for our case, we showed that always exist. The following argument holds

for any space of the form (4.1.4) with f(r) satisfying the above conditions. Expanding the

metric near r = r+ yields

ds2 = f ′(r+)(r − r+)dϕ2 + dr2

f ′(r+)(r − r+)
+ r2+(−dt2 + dxidxi) + . . . . (4.1.6)

Considering the change of coordinates r−r+ = ρ2f ′(r+)/4, the leading term in the metric

reads

ds2 = f ′(r+)2

4 ρ2dϕ2 + dρ2 + r2+(−dt2 + dxidxi) . (4.1.7)

The first part of the metric with coordinates (ρ, ϕ) corresponds to the 2-dimensional plane

if and only if the range of the coordinate ϕ̃ = f ′(r+)
2 ϕ has periodicity 2π. Namely, our

coordinate is identified as follows ϕ ∼ ϕ + 4π
f ′(r+) . Under these considerations, the space

close to the region r = r+ is Minkowski space R1,D−1.

For the particular case of f(r) given in (4.1.4), the region r → ∞ is locally AdSD, namely

its Riemann tensor is asymptotically Rµνρσ = −ℓ−2δµνρσ . However, the identification of the

coordinate ϕ makes the asymptotic form of the spacetime only locally equivalent to AdSD.
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These types of spaces interpolate between Minkowski spacetime and a locally AdSD and

are called AdS solitons; they were first constructed in [181] in the context of AdS/CFT.

As we argue, spinors on these configurations must be anti-periodic, as the S1 with

coordinate ϕ is contractible. In particular, spinors defined on the boundary are anti-

periodic. This configuration, in the context of minimal N = 2 gauged supergravity in

D = 4, is not supersymmetric. Therefore, the non-supersymmetric CFT is defined on a

Minkowski space with one coordinate identified and fermions that are anti-periodic in the

cycle: in other words, it is defined on the KK vacuum. However, the instability that we

discussed at the beginning is triggered by gravitational instability, and in the dual CFT,

there is no gravity.

Recently, a family of supersymmetric soliton configurations in the context of minimal

gauge supergravity in D = 4, 5 was constructed [179]. The key point that allows for the

preservation of some amount of supersymmetry is the presence of a non-trivial magnetic

field. These configurations are constructed from the planar electrically charged Reissner-

Nordström-AdS, that is a black hole with planar horizon and asymptotically AdS controlled

by two parameters (m,Q) the mass and the charge. These black holes are bosonic

solutions of the minimal gauged supergravity in D = 4, 5. The BPS equations in this

context have solutions for certain relations between the parameters, but the resulting BPS

configurations are naked singularities, as was pointed out in [182].

The construction of the solitons in [179] is obtained by considering an analytic continuation

of the timelike coordinate t, one coordinate x along the plane, and the electric charge as

follows (t, x,Q) 7→ (iϕ, it,−iQ). Let us give the explicit expression for the D = 5 soliton

as a solution of the N = 2 minimal gauged supergravity for which the 5-form Lagrangian

in the bosonic sector is given by

L = R

2 ⋆ 1− 1
4F ∧ ⋆F + 6

L2 ⋆ 1 +
1
2A ∧ F ∧ F (4.1.8)

where F = dA and L is the AdS5 radius of the vacuum of the theory, and is the inverse

of the gauge coupling. A solution to this theory constructed in [179], in a patch with

coordinates (t, r, ϕ, y, z), is given by

ds2 = f(r)dϕ2 + dr2

f(r) + r2(−dt2 + dy2 + dz2) , f(r) = r2

L2 − m

r2
− Q2

r4
,

A = −
√
3Q

(
1
r2

− 1
r2+

)
dϕ . (4.1.9)
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The existence of a solution f(r+) = 0 allows us to identify the coordinate ϕ ∼ ϕ+ 4π
f ′(r+) ,

making the space geodesically complete and smooth, as we discussed before. Regarding the

gauged field, we observe that, in principle, one can perform a large gauge transformation

with parameter cϕ for some constant c. This transformation will shift the component

along dϕ of the gauge field. However, the fact that the coordinate ϕ is not well defined

when r → r+, makes dϕ divergent in the region r → r+ as it shrinks. As a consequence,

the regularity of the gauge field at r = r+ requires that the function multiplying dϕ

must vanish fast enough when r → r+. This is precisely what happens in the above

background and also has the consequence that limr→∞A/=0 is constant along dϕ. Thus,

global regularity of the background implies that the gauge field is non-zero at infinity.

The BPS equations of N = 2 minimal gauged supergravity for the background (4.1.9)

imply that m = 0. In contrast with the black hole configuration, in the present case, there

still exists a zero of f(r) when m = 0, making the BPS configuration regular. In that case,

there exist 4 globally defined Killing spinors which are anti-periodic in the coordinate ϕ.

The boundary conditions that characterize this background are: the size of the S1 at

infinity βϕ(m,Q), the value of the gauge fields at infinity, which can be captured by the

circulation along the S1

F∞ =
∫
F = lim

r→∞

∮
S1
A , (4.1.10)

which is also a function of m and Q. These quantities can be plotted in the plane (m,Q)

as in Figure 4.1.1. The figures show that there exist values of βϕ and F∞ such that their

intersection in the parameter space is not unique. For the chosen values in the figure, one

configuration at the intersection is BPS and the other is not; however, they share the same

boundary conditions. Thus, they can be compared. We will study the stability of these

configurations in this chapter.

The fact that these configurations are asymptotically locally AdS5 and can be embedded

in type IIB supergravity implies that the field theory description should be governed

by SU(N), N = 4 Super Yang-Mills formulated on R1,3 × S1 in the large N limit.

Deformations of this theory in the context of the AdS/CFT containing a contractible

cycle has been studied before in the literature, for instance the Witten model [183],

corresponding to a scaling M → ∞ of a Schwarzschild-AdS black hole, or to a near-

horizon near-extremal limit of D3-branes, is interpreted as dual to N = 4 SYM at finite

temperature or, after a double Wick rotation by replacing the periodic time t with a
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Figure 4.1.1: Parameter space (m,Q) of the background (4.1.9). The blue line represents
backgrounds with the same βϕ. In orange, there are backgrounds which agree on the values
of circulation at infinity F∞. The dashed red line represents the BPS configurations. The
purple region region indices where the solution exist in contracts with the semi-infinite
line Q = 0,m < 0.

Kaluza-Klein (KK) angular coordinate φ, and a reduction on φ, as dual to 3-dimensional

pure glue theory (≡ QCD3; fermions are antiperiodic, so massive and scalars gain a mass

at one-loop, from the fermions), coupled to extra modes at the KK scale TKK = 1/Rφ,

and one obtains a discrete spectrum of states. This is also similar to what one obtains by

cutting off AdS space in the IR (the “hard-wall” model).

However, other behaviors are possible by deformingN = 4 SYM. One such is the “Coulomb

Branch (CB)” deformation of N = 4 SYM, by a scalar operator of dimension ∆ = 2,

studied in [184]. One obtains two possible metrics, described by dimensionless parameters

±ℓ2/L2, describing either discrete states (for minus sign) or continuous above a mass gap

(for plus sign).

As we discussed, in asymptotically flat spacetime, the boundary conditions associated

with the KK soliton [180] make the KK vacuum with antiperiodic boundary conditions for

the fermions unstable towards decay, as the gravitational Hamiltonian is unbounded from

below in this case. However, the AdS soliton [181], which also has antiperiodic conditions

for the fermions on an S1, is perturbatively stable, though susy-breaking. Recently, it

was shown that supersymmetric AdS solitons exist [179, 185, 186, 187, 188] — with the

configuration (4.1.9) discussed before being an instance — and the charged solitons (for the

AdS Einstein-Maxwell theory) generate phase transitions in the dual field theory. These
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ideas have also been generalized to 10 dimensions, representing new models of holographic

confinement [189, 190, 191, 192].

In this chapter, we will find AdS soliton-like solutions in the well-known STU model of

type IIB supergravity. In general, its field content is that of 3 U(1) gauge fields and 2

scalars. It is a consistent truncation of the 5-dimensional maximal gauged supergravity

that one gets from type IIB supergravity compactified on an S5. As such, this solution

should describe a deformation of N = 4 SYM, and we will find that there is a deformation

of the Coulomb branch solution of [184], that interpolates between various possibilities

for the spectrum, thus generating phase transitions in the field theory in 2+1 dimensions.

For every possible value of the boundary sources, there are two possible AdS soliton-like

solutions [179]. In the field theory, we find that there are two possible vacua in N = 4

Super Yang-Mills when the fermions are anti-periodic on an S1. Thus, the solitons nicely

describe this degeneracy and holography yields the strongly coupled phase diagram of

N = 4 Super Yang-Mills in the large N limit.

The chapter is organized as follows. In Sections 4.1.1 and 4.1.2, we give our conventions

for type IIB supergravity and describe the 5-dimensional model. In Section 4.2, we

describe the general solutions, have a first go at a field theory interpretation, and

the parametrization of the space of solutions. In Section 4.3, we describe holographic

renormalization and describe the phase diagram from the point of view of gravity. Then,

we show that when the fermions are anti-periodic on the S1, one can have two possible

states in the dual N = 4 Super Yang-Mills, and we match these two results. In Section

4.4, we uplift the solution to 10-dimensions, describe the result in terms of deformations of

distributions of D3-branes, and analyze the mass spectra in order to obtain a field theory

interpretation of the phase transitions. In Section 4.5 we conclude. The Appendix A1 give

details on the integrability conditions for the supersymmetry transformations. We also

have the Appendix A2 on a possible interpretation of the solutions in terms of the Wick

rotation of rotating D3-branes in 10 dimensions.

4.1.1 Conventions Type IIB supergravity

For any p-form Fp, we define

|Fp|2 =
1
p!FM1...M5FM1...M5 , |Fp|2MN = 1

(p− 1)!FMN1...N4FNN1...N4 , (4.1.11)

⋆Fp =
√
−g

p!(D − p)!dx
M1...MD−pϵM1...MD−pN1...NpFN1...Np , (4.1.12)
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with ϵ12...D = 1, and M,N denoting curve indices. Let us consider the 10-dimensional

action principle of type IIB supergravity in the string frame. As we mentioned in the

Introduction, the bosonic field content of type IIB supergravity is: the 10-dimensional

metric gMN , the dilaton scalar field Φ, and the Kalb-Ramond 2-form B2. The RR fields

are the even forms potentials C0, C2, C4. The pseudo-action of IIB supergravity is

SIIB = 1
2κ2

∫
d10x

√
−g

[
e−2Φ

(
R+ 4|dΦ|2 − 1

2 |H3|2
)
− 1

2 |F1|
2 − 1

2 |F3|
2 − 1

4 |F5|
2
]
+

− 1
4κ2

∫
C4 ∧ dC2 ∧H3 . (4.1.13)

The composite field strengths are defined by

F1 = dC0 , F3 = dC2 − C0 ∧H3 , (4.1.14)

F5 = dC4 +
1
2(B2 ∧ dC2 − C2 ∧H3) . (4.1.15)

It is convenient to define the higher degree forms

F7 = − ⋆ F3 , F9 = ⋆F1 . (4.1.16)

The equations of motion of NSNS sector are

RMN + 2∇M∇NΦ− 1
2 |H3|2MN = e2Φ

2

(
|F1|2MN + |F3|2MN + 1

2 |F5|
2
MN− (4.1.17)

−1
2gMN (|F1|2 + |F3|2)

)
,

2R− |H3|2 − 8eΦ□e−Φ = 0 , (4.1.18)

d(e−2Φ ⋆ H3) + F5 ∧ F3 + F1 ∧ F7 = 0 . (4.1.19)

The equations of motion and Bianchi identities of the RR sector are

dF1 = 0 , F5 = ⋆F5 , (4.1.20)

dF3 −H3 ∧ F1 = 0 , dF7 −H3 ∧ F5 = 0 , (4.1.21)

dF5 −H3 ∧ F3 = 0 , dF9 −H3 ∧ F7 = 0 . (4.1.22)

The fermionic field content of IIB supergravity includes a pair spin 1/2 spinors (λ1, λ2),

usually called dilatinos, transforming as a doublet under SO(2). There is also a pair of

spin 3/2 spinors (Ψ1,Ψ2) called gravitinos transforming as a doublet under SO(2). They
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are both Majorana-Weyl spinors with opposite chirality. The supersymmetry parameters

are a spin 1/2 doublet of SO(2), having the same chirality as the gravitinos. The explicit

form of supersymmetry variations is

δΨM = DM ϵ−
1

4 · 2HMPQΓPQiσ2ϵ+
eΦ

8 (F1iσ2 + F3σ1 +
1
2F5iσ2)/ΓMP10ϵ , (4.1.23)

δλ = /dΦϵ− 1
2
/H3σ3ϵ− eΦ(F1σ1 +

1
2F3iσ2)/P10ϵ . (4.1.24)

where we have defined the chirality projectors P10 = 1
2(1 + Γ∗) with Γ∗ = Γ01...9. The

Clifford map acting on any p-form Fp is defined as follows

/Fp = (Fp)/ =
1
p!FM1...MpΓM1...Mp . (4.1.25)

The relation between the metric in the Einstein frame and string frame is g(string)MN =

eΦ/2g
(Einstein)
MN .

4.1.2 The five dimensional model

We are interested in studying a truncation of type IIB supergravity compactified over the

S5 with action

S0 =
1
2κ

∫
d5x

√
−g

[
R− (∂Φ1)2

2 − (∂Φ2)2

2 +
3∑
i=1

4L−2X−1
i − (4.1.26)

−1
4X

−2
i (F i)2 + 1

4ϵ
µνρσλA1

µF
2
νρF

3
σλ

]
,

where F i are 2-forms, related with gauge fields in the standard way, Fi = dĀi,Xi = e−
1
2 a⃗i·Φ⃗,

Φ⃗ = (Φ1,Φ2) and

a⃗1 =
( 2√

6
,
√
2
)
, a⃗2 =

( 2√
6
,−

√
2
)
, a⃗3 =

(
− 4√

6
, 0
)
. (4.1.27)

We remark that we have changed the standard coupling constant of the gauged

supergravity by the AdS radius L through the relation g = 1
L . We will be interested

in purely magnetic solutions, in which case it is consistent to truncate the axions to zero.

Einstein’s field equations in 5 dimensions are

T iµν = Fµρ
iF iν

ρ − 1
4gµνF

i
ρσF

iρσ , (4.1.28)

TΦ
µν = ∂µΦ1∂νΦ1 + ∂µΦ2∂νΦ2 − gµν

(
(∂Φ1)2

2 + (∂Φ2)2

2 −
3∑
i=1

4L−2X−1
i

)
, (4.1.29)
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Gµν = 1
2T

Φ
µν +

3∑
i=1

1
2X2

i

T iµν , (4.1.30)

The supersymmetry transformation of gravitino and the two dilatinos in the gauged D = 5

gauged supergravity (4.1.26) are [193]

δψµdx
µ = (d +W )Ψ = 0 , (4.1.31)

δλ1 =
∑
i

Ωi
∂Xi

∂Φ1
Ψ = 0 , (4.1.32)

δλ2 =
∑
i

Ωi
∂Xi

∂Φ2
Ψ = 0 , (4.1.33)

where

Ai = Aiµdx
µ (4.1.34)

Ωi = −1
8 (Xi)−2 γabF iab −

i

4 (Xi)−2
(
∂Xi

∂Φ1
/∂Φ1 +

∂Xi

∂Φ2
/∂Φ2

)
+ i

2L , (4.1.35)

W = 1
4ωabγ

ab − i

2L
∑
i

Ai + i

4!
(
γcγ

ab − 6δac γb
)
ec
∑
i

(Xi)−1 F iab +
1
3!Lγce

c
∑
i

Xi .

The 1-form ec stands for the vielbein basis, and ωab is the Levi-Civita spin connection

1-form. The complex spinor Ψ is defined in terms of the symplectic Majorana spinor ϵa as

Ψ = ϵ1 + iϵ2 (see for instance [194]). We use the following basis for the Clifford algebra:

γ0 = −i

 0 σ2

σ2 0

 , γ1 = −

 σ3 0

0 σ3

 , γ2 = i

 0 −σ2
σ2 0

 ,

γ3 =

 σ1 0

0 σ1

 , γ4 = iγ0γ1γ2γ3 . (4.1.36)

The 2-form integrability conditions is defined as

(dW +W ∧W )Ψ = 0. (4.1.37)

This equation leads a non-trivial solution only when the determinant of the components

of dW +W ∧W is equal to zero.
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Uplift to Type IIB supergravity

The Lagrangian (4.1.26) can be obtained from the compactification of ten dimensional

type IIB supergravity over the five sphere with the ansatz [195]

ds210 = ∆̃1/2ds25 + L2∆̃−1/2
3∑
i=1

X−1
i

[
dµ2i + µ2i

(
dφi +

1
L
Ai

)2
]
, (4.1.38)

F5 = G5 + ⋆G5, (4.1.39)

G5 =
2
L
ϵ5

3∑
i=1

(
X2
i µ

2
i − ∆̃Xi

)
− L

2X
−1
i ⋆5 dXi ∧ dµ2i (4.1.40)

+ L2∑
i

X−2
i µidµi ∧

(
dφi +

1
L
Ai

)
∧ ⋆5Fi, (4.1.41)

where ⋆ is the Hodge dual with respect to the ten-dimensional metric, ∗5 is the Hodge

dual with respect to the five-dimensional metric ds25, ϵ5 is its volume form, and F5 is

the self-dual five-form field strength of type IIB supergravity. The φi are 2π periodic

angular coordinates parametrizing the three independent rotations on S5, ∆̃ =
∑
iX

iµ2i

and
∑
i µ

2
i = 1. We will be interested in considering the higher-dimensional interpretation

of some of our solutions using this uplift.

The equations of type IIB supergravity in the metric-dilaton-F5 sector, discussed in Section

4.1.1 are given by

Rµν + 2∇µ∇νΦ− e2Φ

4
1
4!Fµρ1...ρ4F

ρ1...ρ4
ν = 0 . (4.1.42)

R− 4 (∂Φ)2 + 4□Φ = 0 , (4.1.43)

dF5 = 0 , (4.1.44)

where Φ is the ten-dimensional dilaton. In addition to the self-duality condition F5 = ⋆F5.

The lift of the solution has vanishing dilaton, and therefore the spacetime is Ricci flat,

which is consistent with the trace of Einstein’s equations.

Specializing the supersymmetry transformations of type IIB (4.1.23) and (4.1.24) for the

case Φ = 0 and F1 = F3 = H3 = 0 leads to

δψµdxµ = dϵ+ 1
4ωabΓ

abϵ+ 1
8
1
2
/F5iσ2Γaeaϵ ≡ Dϵ . (4.1.45)

where ea is an orthonormal basis of the 10D manifold. The 2-form integrability conditions

obtained by computing the commutator of the derivative defined in (4.1.45), as it is
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explained in detail in Appendix A1, are

Ξ = 1
4RabΓ

ab + 1
16

1
5! iσ2DFb1...b5Γ

b1...b5Γaea −
1

128
1
4!
/F 5Fad1...d4Γd1...d4ea ∧ Γcec . (4.1.46)

4.2 AdS soliton in Type IIB supergravity

AdS soliton type solutions with magnetic fluxes where found in the minimal gauged

supergravity in five dimensions in [179]. We shall generalize these solutions now by

including a non-trivial scalar profile. These solutions are double analytic continuations of

a particular case of the electrically charged black hole solutions of the U(1)3 truncation of

the maximal gauged supergravity in five dimensions theory [195], which oxidize to spinning

D3 branes in 10 dimensions. The vierbein and matter fields are

e0 = Ω(x)1/2dt , e1 = Ω(x)1/2

2x[(x− 1)F (x)η]1/2
dx , (4.2.1)

e2 = Ω(x)1/2F (x)1/2Ldφ , (4.2.2)

e3 = Ω(x)1/2dz , e4 = Ω(x)1/2dy , (4.2.3)

Φ1 =
√

2
3 ln(x) , Φ2 = 0 ,

A1 = A2 = q1
(
x−1 − x−1

0

)
Ldφ , A3 = q2 (x− x0)Ldφ , (4.2.4)

with

Ω(x) = x2/3η

x− 1 ,

F (x) = L−2 +
(−1 + x)2(q21 − q22x)

ηx2
. (4.2.5)

As we shall see, the conformal boundary of the metric is located at x = 1. When the

integration constant η > 0, then the range of the coordinate x is constrained to be 1 ≤

x ≤ x0, with F (x0) = 0, the center of the spacetime (this would be a "horizon" if F (x)

would be in front of −dt2). When η < 0, then x0 ≤ x ≤ 1. These two cases are not

diffeomorphic to each other, as the scalar field is either everywhere positive or negative

depending on which case one considers. Therefore the above configuration describe two

physically inequivalent physical situations.

We should note that, in fact, there F (x0) = 0 does not always have solutions:

-if η < 0, then q2 = 0 means there is an x0, but q1 = 0 means there isn’t. Note, however,
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that even a very small q1 is enough to guarantee that there is an x0.

-if η > 0, then q2 = 0 means there is no x0, but q1 = 0 means there is one. Note, however,

that even a very small q2 is enough to guarantee that there is an x0.

-if |q1| = |q2| = q, so, as we shall see, this is the supersymmetric solution, then if η < 0,

there always is an x0 (independently of q), but if η > 0, for large q there is a solution, but

for small q (and in particular for q1 = q2 = 0) there isn’t.

The canonical form of an asymptotically locally AdS5 spacetime is achieved with the

transformation (valid for η > 0, the other case corresponds to changing η into −η)

x = 1 + ηL2

ρ2
+ 2η2L4

3ρ4 + η3L6

3ρ6 +O(ρ−8),

Ω(x) = ρ2

L2 +O(ρ−4),

gφφ = Ω(x)F (x) = ρ2

L2 − µ

ρ2
+O(ρ−4),

gρρ = L2

ρ2
−

2
9η

2L6 − µL4

ρ6
+O(ρ−8),

µ = −ηL4(q21 − q22). (4.2.6)

4.2.1 Supersymetric limit

We shall prove now that the configuration with q2 = −q1 is supersymmetric, using the

5-dimensional supersymmetry transformations. However, we show that once we uplift the

configuration to type IIB supergravity, the configuration is also supersymmetric in the

case |q1| = |q2|. One can see that when this is replaced in the integrability condition

(4.1.37), its determinant is equal to zero. To integrate the equations for the Killing spinor,

we introduce the radial coordinate r, which is the same one as the one we will introduce

later for the uplift to 10 dimensions, through the change of coordinate

x =
(
1 + ϵ

ℓ2

r2

)−1

, (4.2.7)

where ϵ = ±1, and ℓ is related to η as η = −ϵℓ2/L2. The 5-dimensional vielbeins that we

will use are

e0 = r

L
λ(r)dt , e1 = dr

rλ(r)2
√
F (r)

, e2 = r

L
λ(r)dy (4.2.8)

e3 = r

L
λ(r)dz , e4 = rλ(r)

√
F (r)dφ , (4.2.9)
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F (r) = 1
L2 − ϵ

ℓ2L2

r4

(
q21 − q22λ (r)

−6
)
, λ (r)6 = 1 + ϵ

ℓ2

r2
. (4.2.10)

From the supersymmetry transformations (4.1.32), we integrate the Killing spinors when

q1 = −q2, which gives two linearly independent complex spinors

Ψ1 = e−
iπφ
δ

+σ(r)


1

ϵλ(r)
3r3

ℓ2L2q1

(
LF (r)1/2 − 1

)
0

0

 , (4.2.11)

Ψ2 = e−
iπφ
δ

+σ(r)


0

0

1

−ϵλ(r)
3r3

ℓ2L2q1

(
LF (r)1/2 − 1

)

 , (4.2.12)

where

σ(r) =
∫ r

1

(
1 + 2λ (u)6

) (
3− 2LF (u)1/2

)
6uλ (u)6 LF (u)1/2

du , (4.2.13)

and δ is the period of the coordinate φ, implying that the Killing spinor are anti-periodic.

The presence of two complex Killing spinors means that the solution is 1/8 BPS. As a

cross-check, we verify that in these conventions AdS5 has four independent complex Killing

spinors, constructed as given in section 3.1 of [196] within the N = 2 theory. The Killing

spinors are anti-periodic in the coordinate φ, with period δ, which make them globally

defined as the coordinate φ is contractible. The most general Killing spinor is a linear

combination of (4.2.11) and (4.2.12)

Ψ = c1Ψ1 + c2Ψ2 , (4.2.14)

with complex coefficients c1 and c2. The Killing vector constructed from the Killing spinors

(4.2.14) gives a combination of all the Killing vectors of the spacetime

Ψ†γ0γµΨ∂µ = −L
(
|c1|2 + |c2|2

)
∂t +

(
|c1|2 − |c2|2

)
∂y − (c∗1c2 + c1c

∗
2) ∂z

+i (c∗1c2 − c1c
∗
2) ∂ϕ . (4.2.15)
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4.2.2 Dual interpretation: basic analysis

Below we will make clear that µ is proportional to the energy of the configuration. The

expansion of the scalar field yields

Φ1 =
Φ0
ρ2

+
√
6Φ2

0
12ρ4 +O(ρ−8), (4.2.16)

Φ0 =
√
2L2η√
3

. (4.2.17)

Hence, these solitons excite a VEV of an operator of conformal dimension ∆ = 2 in the

dual field theory, more precisely, in terms of N = 4 SYM, the symmetric traceless operator

in the 20′ representation of SO(6), Tr[XIXJ − 1
6δ
IJX2], restricted to the neutral singlet

(1, 1)0 under the decomposition of SO(6) → SO(2)× SO(4) ≃ SO(2)× SO(3)× SO(3).

The case of operators with ∆ = 2 in d = 4 is very special and has to be treated separately,

as considered in [197], for the case of the "Coulomb Branch" (CB) flow of [184] which, as

we will shortly see, corresponds to our own solution (as our solution is a generalization of

that flow).

In the standard case (2∆−d/=0, with d the dimension of the spacetime where the conformal

field theory is defined), the expansion of the scalar of mass m =
√
∆(∆− d)/R in terms

of z = R2/ρ is [198]

Φ = zd−∆
[
φ(0) + z2φ(2) + ...+ z2∆−d

(
φ(2∆−d) + log z2φ̃(2∆−d)

)
+ ...

]
, (4.2.18)

where the independent coefficients are: the non-normalizable mode φ(0), corresponding to

the operator source in the dual, and φ(2∆−d), sometimes also called φ(1), corresponding to

the operator VEV. φ(2), ..., φ̃(2∆−d), ... are dependent on φ(0), for instance

φ̃(2∆−d) = − 1
22∆−dΓ

(
∆− d

2

) (
∆− d−2

2

)(∂i∂i)∆− d
2φ(0) (4.2.19)

φ(2) =
1

2 (2∆− d− 2)∂i∂iφ(0) , (4.2.20)

while φ(2∆−d) gives the operator VEV by

⟨O⟩φ(0) = −(2∆− d)φ(2∆−d) + F (φ(0)) , (4.2.21)

with F a scheme-dependent function.
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But when ∆ = d/2 like in our case (∆ = 2, d = 4), one has to treat things separately, since

there are several zero prefactors in the above, and as we see, φ(0) and φ(2∆−d) (normally the

source and VEV) appear at the same order in the expansion. Another way to see this is that

the mass formula has a double root, at the saturation of the BF bound (m2R2 ≥ −d2/4):

m2R2 = (∆− d/2)2 − d2/4. The expansion in our case (d = 4,∆ = 2) is, instead,

Φ = z2
[
log z2

(
φ(0) + z2φ(2) + z2 log z2ψ(2) + ...

)
+
(
φ̃(0) + z2φ̃(2) + ...

)]
, (4.2.22)

where now φ(0) is the operator source, and φ̃(0) is the operator VEV.

The expansion of the scalar in [197] coincides with our own (4.2.16) in the η < 0 case.

That means that there is no source, only an operator VEV Φ0 ∝ η, parametrizing the

Coulomb Branch (in [197], the operator VEV was constant). In this ∆ = d/2 = 2 case,

the prefactor (2∆− d) of the operator is replaced by 2, so (since φ̃(0) ≡ Φ0 for us)

⟨O⟩ = 2φ̃(0) ≡ 2Φ0 =
2
√
2L2

√
3

η. (4.2.23)

The solution we have found is a generalization of the Coulomb Branch case in [184, 197]

both by the VEV parameter η above, and by the parameters q1, q2 proportional to the

boundary value of the gauge fields. Next we shall discuss the phase space of these solutions.

4.2.3 The space of solutions

A soliton solution is fully characterized in terms of its boundary conditions. Above we

discused the solution in terms of the parameters (η, q1, q2), the last two of which do not

have a direct physical meaning (η is the operator VEV in the field theory). A good set

of physical variables are the boundary values of the gauge fields and the period φ ∈ [0, δ].

Indeed, solitons exist provided a regularity condition is imposed. This yields a boundary

condition, namely the period δ of the S1 is fixed by requiring the absence of conical

singularities at x0 (in the case when there is an 0 < x0 such that F (x0) = 0, otherwise no

soliton exists). In the Wick-rotated (in t) Euclidean black hole case, this would correspond

to no singularities at the horizon, and would fix the temperature of the black hole. In

the case at hand, one is actually working at zero temperature. Therefore, the scale is

set by the KK scale δ, for compactification of the 4-dimensional theory onto φ, down

to 2+1 dimensions. At this scale, the dimensionally reduced theory becomes just the

4-dimensional theory, KK expanded onto 2+1 dimensions.
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The usual calculation, together with the condition F (x0) = 0, gives the period of the angle

φ ∈ [0, δ], with1

δ = 2πx0
|−q22x20 − q22x0 + 2q21|

√√√√∣∣∣∣∣−q22x0 + q21
−1 + x0

∣∣∣∣∣ = 2πx20
√
η/L2

|−q22x20 − q2x0 + 2q21||x0 − 1|3/2
. (4.2.24)

Since x0 = x0(q1, q2, η), it follows that, in the interpretation of the period of φ as inverse

Kaluza-Klein temperature for compactification, we have, in terms of the previous set of

parameters,
1
δ
≡ TKK = TKK(x0, q1, q2, η) = TKK(q1, q2, η). (4.2.25)

We want to understand how TKK (governing the coupling of the KK reduced boundary 3

dimensional field theory) and η (governing its operator VEV) vary, as the parameters of

the bulk solution (q1, q2, η) are varied.

It is difficult to calculate the general situation, so we restrict to the supersymmetric

solution, with |q1| = |q2| ≡ q. Then

1
TKK

= δ = 2πx0
q|x20 + x0 − 2|

= 2π
√
η

√
|1− x0|
x0 + 2 , q =

x0
√
η

|1− x0|3/2
, (4.2.26)

which means that:

-δ → ∞, so TKK → 0, ⇔ η → 0 at fixed x0, or x0 → ∞ at fixed η, both of which imply

q → 0.

-δ → 0, so TKK → ∞, ⇔ η → ∞ at fixed x0, or x0 → 0 at fixed η, both of which imply

q → ∞.

Thus the KK temperature TKK is varied between 0 and ∞ by the variation of the q’s,

allowed by the solution.

On the other hand, at fixed q, we have:

-η → 0 gives x0 → 1, so in turn δ → ∞, so TKK → 0.

-η → ∞ gives x0 → 0 (or ∞), so in turn δ → 0, so TKK → ∞.

Thus at fixed q, TKK tunes the VEV η, or the VEV η tunes TKK, which gives a phase

transition at TKK = 0 between the (no VEV, no "horizon") and (VEV, "horizon") phases.

1Note that since F (x0) = 0 gives ηx20 = (x0 − 1)2(q21 − q22x0), we have x0 = x0(q1, q2, η).
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We now note that, if we consider the 4-dimensional gauge coupling g2YM fixed, then TKK

can be exchanged for the 3-dimensional gauge coupling (the coupling of the dimensionally

reduced theory), since

g23d,YM = g2YMTKK. (4.2.27)

Then, instead of the interpretation of phase transition in KK temperature TKK, one has

a phase transition in coupling, i.e., a quantum critical phase transition, happening at

g23d,YM = 0.

We will reinforce this interpretation later, when describing the mass spectrum coming from

the gravity dual.

Finally, we find that it is more convenient to parametrize the system in terms of the

normalized 5-dimensional (gravity dual) gauge invariant "Wilson lines" (ψ1, ψ2), integrated

on a curve C = ∂Σ2
2, parametrized by φ at the boundary x = 1, defined as

lim
x→1

∮
A1 = q1

(
1− x−1

0

)
Lδ ≡ 2πLψ1 ,

lim
x→1

∮
A3 = q2 (1− x0)Lδ ≡ 2πLψ2 . (4.2.28)

In terms of these sources it is very easy to see that the location of the supersymmetric

solution discussed above, with q1 = −q2, yields

x0 =
ψ2
ψ1
. (4.2.29)

Hence, we find that for every value of the pair (ψ1, ψ2) there is one and only one

supersymmetric soliton with q1 = −q2.

More generally, we can use the definition of (ψ1, ψ2) to eliminate the integration constants

(q1, q2) in the definition of δ, (4.2.24). This determines x0 in terms of the sources (ψ1, ψ2),

ψ2
1x

3
0 + (ψ4

2 + 4ψ4
1 − 4ψ2

2ψ
2
1 − ψ2

2 − ψ2
1)x20 − ψ2

2(4ψ2
1 − 2ψ2

2 − 1)x0 + ψ4
2 = 0. (4.2.30)

We see that the advantage of this parametrization is that the dependence on δ, which

2From the point of view of the 5-dimensional bulk; note that by using a 2-dimensional surface Σ2 between
infinity, x = 1, and the origin, x = x0, and Stokes’ law, we could write this as

∫
Σ2
ByzdΣyz ≡∫

Σ2
ϵyztρφ∂ρAφdρdφ, so would be some 5-dimensional generalization of magnetic flux, but would not

correspond in the boundary 4 dimensions to magnetic flux, unlike the AdS4 case.
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would be present in F (x0) = 0 in terms of the boundary values of the gauge fields, and

was also present in the previous form x0 = x0(q1, q2, η), drops out. Hence, we have only

a 2-parameter set (ψ1, ψ2) defining x0. Note that F (x0) = 0 in the previous form means

η = η(x0, q1, q2),3 but x0 = x0(ψ1, ψ2) from (4.2.30), while q1 = q1(ψ1, x0, δ) and q2 =

q2(ψ2, x0, δ) from their definition,4 which finally means that, up to some possible discrete

choices, η = η(δ, ψ1, ψ2) . Indeed then, the general solution is completely characterized

once we give 3 parameters (δ, ψ1, ψ2). Note that in the (ψ1, ψ2) parametrization, we

can cover both the η < 0 and the η > 0 solutions.

The solutions of the cubic equation (4.2.30) have the form x0i = λ1 cos
(
Θ+ 2πni

3

)
− λ2

3

with ni = 0, 1, 2 for i = 1, 2, 3, and

λ1 =
2

3ψ1

√
8ψ4

1λ2 − ψ2
1λ

2
2 − 8ψ2

2ψ
2
1λ2 + 2ψ4

2λ2 + 12ψ2
2ψ

2
1 − 2ψ2

2λ2 − 2ψ2
1λ2 − 3ψ2

2 − 6ψ4
2 ,

λ2 =
1
ψ2
1

(
−4ψ2

2ψ
2
1 + ψ4

2 + 4ψ4
1 − ψ2

2 − ψ2
1

)
,

Θ =1
3 arccos 4

27λ31ψ2
1

(
3ψ2

2λ
2
2 + 3ψ2

1λ
2
2 + 9ψ2

2λ2 + 18ψ4
2λ2 − 12ψ4

1λ
2
2 − 27ψ4

2 + 12ψ2
2ψ

2
1λ

2
2

−3ψ4
2λ

2
2 − 36ψ2

2ψ
2
1λ2 + ψ2

1λ
3
2

)
. (4.2.31)

Hence, we find that generically there are two solitons for each value of the pair (ψ1, ψ2).

In Fig.4.2.1 we plot possibles x0i, as a function of ψ1, with ψ2 fixed. Note that for a fixed,

say, ψ2, there is a maximum ψ1 for which there is a solution (that is consistent with the

existence of a 0 < x0, with F (x0) = 0). The different branches intersect at infinity, x = 1,

where they yield the soliton of the Einstein-Maxwell theory in five dimensions [179]. The

plot points towards the existence of a non-trivial phase diagram in the canonical ensemble,

as ψ1 and ψ2 are varied. Indeed, on the gravity side, we can find the energy of the solution

by E = E(δ, ψ1, ψ2), which will allow us to study the phase diagram of these solutions.

As we saw in (4.2.27), TKK = 1/δ defines the 3 dimensional gauge coupling, so fixing δ is

like fixing the coupling constant in the UV. Then, since we are working at zero temperature,

all the possible phase transitions are quantum critical phase transitions.

3Specifically, η = (x0 − 1)2(q21 − q22x0)/x20.
4Specifically, q1 = 2πψ1/[(1− x−1

0 )δ] and q2 = 2πψ2/[(1− x−1
0 )δ].
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x0

Possible Solitons as Function of the Magnetic Fluxes

Figure 4.2.1: The different colors are different physical roots of (4.2.28). The x0 in the
y axis are plotted vs the dimensionless Wilson line ψ1 in the x-axis. The blue and yellow
lines have ψ2 = 0.1 and the red and green line have ψ2 = 0.3. Either both solutions have
a positive scalar field VEV or both have a negative scalar field VEV. The only roots that
contribute to the physics are x01 and x03 (see Appendix A for their definition).

4.3 Holographic renormalization and a phase diagram

Holographic renormalization

Here we will use holographic renormalization to compute the expectation value of the dual

energy momentum tensor. The countertems to deal with this situation were constructed

in [199, 197, 200],

S = S0 +
1
κ

∫
M3×S1

K
√
−hd4x+ 1

2κ

∫
M3×S1

√
−h

(
− 6
L

+ 1
2L

( 1
ln(ρ/ρ0)

− 2
)
Φ2
1

)
d4x ,

(4.3.1)

where S0 is the action (4.1.26) truncated to Φ2 = 0, gµν = hµν + NµNν , and Nµ is the

outward pointing normal to the boundary and Kµν = 1
2∇µNν + 1

2∇νNµ is the extrinsic

curvature. The boundary integrals are over the D3-brane geometry. Namely, a three

dimensional Minkowski spacetime times a circle,

ds2 = γabdxadxb = −dt2 + dy2 + dz2 + dφ2 , (4.3.2)
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which is the background spacetime for the quantum field theory. The scalar field has in

general the asymptotic expansion

Φ1 = JΦ
ln(ρ2/ρ20)

ρ2
+ Φ0
ρ2

+O

(
ln(ρ2/ρ20)

ρ4

)
, (4.3.3)

with the on-shell variation
δS

δJΦ
= 1

2κL5Φ0. (4.3.4)

Indeed, our soliton has no scalar sources and this relation provides the holographic

interpretation of Φ0 as a VEV, as already explained. The vacuum expectation value

of the energy momentum tensor of the dual field theory is

⟨Tab⟩ =
−2√
−γ

δS

δγab
(4.3.5)

= lim
ρ→∞

ρ2

L2
−2√
−h

δS

δhab
(4.3.6)

= lim
ρ→∞

ρ2

L2κ

(
habK −Kab −

3
L
hab −

1
2LhabΦ

2
1

)
, (4.3.7)

which yields

⟨Ttt⟩ = − µ

2L3κ
, ⟨Tzz⟩ = ⟨Tyy⟩ =

µ

2L3κ
, ⟨Tφφ⟩ = − 3µ

2L3κ
. (4.3.8)

Phase diagram from E = E(δ, ψ1, ψ2)

The free energy of the solitons in the canonical ensemble is just the energy. Hence we will

be interested to see how the the energy changes when we vary the sources (ψ1, ψ2). A

convenient normalization of the energy is that of the AdS Soliton [181],

E0 = −L
3π4

2κδ3 V2 , (4.3.9)

where V2 is the volume of the y − z plane. So we plot the energy of the solution with

the running scalar EΦ = ⟨Ttt⟩V2δ divided by the absolute value of the energy of the AdS

soliton in five dimensions,

FΦ ≡ EΦ
|E0|

= ⟨Ttt⟩V2δ
2κδ3

L3π4V2
(4.3.10)

= −16
(ψ2

1x
2
0 − ψ2

2)(ψ2
1x0 − ψ2

2)
x0(x0 − 1)2 , (4.3.11)
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We note that for the supersymmetric solution with q1 = −q2, we have ψ2
1x

2
0 − ψ2

2 = 0 = 0,

so FΦ = 0, as expected.

0.1 0.2 0.3 0.4 0.5 0.6
ψ1

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

F

Normalized Energy as function of the Magnetic Flux

Figure 4.3.1: The normalized energy as a function of the Wilson line ψ1 when ψ2 = 0.1.
The phase diagram is composed by the different D3-brane distributions. They turn out to
be continuously connected on the gauge theory side due to the introduction of the Wilson
lines in 5 dimensions. The different roots of the polynomial (4.2.30) have different colours.

The free energy FΦ changes its color in Fig.4.3.1 in a continuous way. At this point is

possible to see that the scalar VEV continuously goes to zero indicating a redistribution

of the D3-branes in the sense of [184]. This happens when ψ2 = ±ψ1. It is possible to see

that the energy and all its derivatives are continuous at this point. That means that there

is continuous phase transition at ψ2 = ±ψ1, generically followed by the phase transition

at (q1 = ±q2, so) |ψ2| = x0|ψ1| < |ψ1|.

From F (x0) = 0, meaning ηx20 = (x0 − 1)2(q21 − q22x0), it is clear that we have the scalar

VEV η = 0 only for q21 = q22x0, meaning for ψ2
1x0 = ψ2

2, or for x0 = 1, or for both, in

which case we have ψ1 = ±ψ2 and x0 = 1, where the horizon disappears (so there we

transition between the "horizon" and "no horizon" phases, as we already explained). This

is the "quantum phase transition" at TKK = 0 or g23d,YM = 0 described before.

The solution on the lower branch (with FΦ < 0) increases ψi until at some ψi, one reaches

FΦ = 0, corresponding to the supersymmetric solution (q1 = −q2). There we have a phase

transition to the phase dominated by the D3 brane distributions of [184] (which has zero

energy), with anti-periodic boundary conditions for the fermions in φ. From the point of

view of the dual field theory, reduced on φ to 3 dimensions, this is another "quantum phase
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Normalized Scalar VEV as a function of the Magnetic Flux

Figure 4.3.2: The normalized scalar field vacum expectation value as a function of the
Wilson line ψ1, when ψ2 = 0.1. Here we see that the VEV is negative for some solutions
and positive for others. The negative VEV yields D3 brane distributions different than
the positive VEV, as we will discuss below. There is a crossover between the different
regimes.

transition", at nonzero g23d,YM. One should note however that the distributions of [184]

are singular in the IR, so its inclusion in the phase diagram suppose that they actually

become regular when quantum corrections are included.

QFT energy

Here we will discuss in greater detail how to understand the phase diagram from the QFT

point of view. It is straightforward to compute the vacuum expectation value of the energy

of a single scalar field in the background (4.3.2). The result is

⟨EQFT⟩ = − π2

6δ3V2X , (4.3.12)

where X is a numerical factor that depends whether the scalar field is periodic or anti-

periodic in the S1. It comes from Riemann zeta-function regularization of the sum over

the modes in the circle and it yields
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Xeven =
∞∑
n=1

(2n)3 = 8
120 , (4.3.13)

Xodd =
∞∑
n=1

(2n− 1)3 = − 7
120 . (4.3.14)

The field content of N = 4, SU(N) super Yang-Mills is 6 scalars and 4 Weyl fermions in

the adjoint representation plus one gauge vector. For the fermions the signs of the periodic

and antiperiodic energies get interchanged. At weak coupling, we get the total energy by

multiplying the scalar field energy by the number of degrees of freedom associated to each

field, with the corresponding numerical factor depending on whether the fields are periodic

or anti-periodic on the S1. So for the case where the scalars, the vectors and the fermions

are antiperiodic, we get

⟨ESYM⟩ = −π
2 V2
6δ3 Xodd(N2 − 1)(6 + 2− 8) = 0. (4.3.15)

Hence this energy is automatically zero on account of the matching of the bosonic and

fermionic degrees of freedom, and the fact that all fields have the same boundary condition

on the S1.

When the fermions are anti-periodic but the scalars and the vectors are periodic we get

⟨ESYM∗⟩ = −π
2 V2
6δ3 Xeven(N2 − 1)(6 + 2 + 878) = −π

2 V2
6δ3 (N2 − 1). (4.3.16)

The AdS/CFT dictionary tell us that L3

κ = N2

4π2 . So the gravitational energy is

E0 = −π
2 V2
8δ3 N2 = 3

4⟨ESYM∗⟩ , (4.3.17)

which is a well-known result valid at large N . Thus, we learn that in our phase diagram

is possible to see the interplay of ⟨ESYM∗⟩ and ⟨ESYM⟩, and that morevoer, the value of

⟨ESYM⟩ at strong coupling and vanishing sources is also zero, see Fig. 4.3.1. This explains

from the field theory point of view the existence of two branches of gravity solutions.
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4.4 Continuous distributions of D3-branes vs. rotating D3-

branes

We start by reviewing some of the findings of [184] on distributions of D3-branes. We show

that when the gauge fields vanish in our soliton solutions, we recover the two different

distributions of D3-branes that break the isometries of the S5 to SO(4) × SO(2). The

distribution of D3-branes of [184] are solutions of the supergravity action

I = 1
2κ

∫ √
−g

(
R− 2

5∑
i=1

(∂αi)2 − V

)
d5x , (4.4.1)

with

V = − 1
2L2

[
Tr(M)2 − 2Tr(M2)

]
,

M = diag(e2β1 , e2β2 , e2β3 , e2β4 , e2β5 , e2β6),

β⃗ = 1√
2
Bα⃗, (4.4.2)

and

B =



1 1 1 0 3−1/2

1 −1 −1 0 3−1/2

−1 −1 1 0 3−1/2

−1 1 −1 0 3−1/2

0 0 0
√
2 − 2

31/2

0 0 0 −
√
2 − 2

31/2


. (4.4.3)

Here M is a representative of the coset SL(6,R)/SO(6), and the action of SO(6) on M

is by conjugation. Note that BTB = 4⊮5×5. Hence, the Lagrangian (4.4.1) is manifestly

SO(6) invariant.

The case n = 2 of table 1 of [184] is recovered when α⃗ = (0, 0, 0, 0,−1
2Φ) in terms of a

canonically normalized scalar field Φ, and then β⃗ = − Φ
2
√
6(1, 1, 1, 1,−2,−2). When the

gauge fields vanish, this theory exactly coincides with the theory 4.1.26 when Φ = Φ1.

In the conventions of [184], this flow has Φ < 0, and therefore this corresponds in our

coordinates to having x < 1 and η < 0.

The case n = 4 of table 1 of [184] corresponds to α⃗ = (
√
3
4 Φ, 0, 0, 0, 14Φ) with the canonically

normalized scalar field Φ, and then β⃗ = Φ
2
√
6(2, 2,−1,−1,−1,−1). In this case we match

their potential with Φ = Φ1. This flow has Φ > 0, which in our coordinates is x > 1 and
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η > 0.

4.4.1 Uplift of the metric to 10 dimensions

For the purposes of top-down AdS/CFT (whose rules are derived from string theory), it is

not enough to consider a 5-dimensional solution; rather, one has to have a 10-dimensional

solution, moreover obtained from a D-brane configuration. This is possible in our case.

Indeed, using the uplift (4.1.38) we can write our solution, with non-vanishing gauge fields,

as follows.

Considering the change of variable x =
(
1 + ϵℓ2/r2

)−1 and using the uplift (4.1.38), we

can write the 10-dimensional metric as

ds210 = ζ(r, θ)r2

L2

(
L2dr2

r4F (r)λ(r)6 + dx21,2 + F (r)L2dφ2
)

(4.4.4)

+ L2

ζ(r, θ)

{
ζ(r, θ)2dθ2 + λ(r)6 sin2 θ

(
dφ3 + L−1A3

)2
+cos2 θ

[
dψ2 + sin2 ψ

(
dφ1 + L−1A1

)2
+ cos2 ψ

(
dφ2 + L−1A2

)2]}
, (4.4.5)

F (r) = L−2 + ℓ4

ηr4

(
q21 − q22λ(r)−6

)
, λ(r)6 = 1 + ϵ

ℓ2

r2
, ζ(r, θ)2 = 1 + ϵ

ℓ2

r2
cos2 θ ,

A1 = A2 = ϵq1ℓ
2 r

2 − r20
r2r20

Ldφ , A3 = ϵq2ℓ
2 r2 − r20
(r2 + ϵℓ2)(r20 + ϵℓ2)

Ldφ , (4.4.6)

where ϵ = ±1 depending whether the scalar is positive or negative, and r0 is the zero of

F (r). For consistency, η and ϵ must have opposite signs, hence we considered η = −ϵℓ2/L2.

We use µ⃗ = (cos θ sinψ, cos θ cosψ, sin θ). The field strength 5-form F5 = G5 + ⋆G5 is

defined in terms of G5 given by

G5 = 2r3ϵ
L4λ6

[
sin2 θ + λ12 cos2 θ − ζ2

(
1 + 2λ6

)]
dr ∧ dt ∧ dy ∧ dz ∧ dφ (4.4.7)

−ϵλ
′r3

λL2

[
2r2λ6F (r) + 3L2

(
1− λ6λ−6

0

) (
q22 − q21λ

6λ60

)]
sin (2θ) dθ ∧ dt ∧ dy ∧ dz ∧ dφ

+3r3ϵλ5λ′
[
sin (2θ) dθ ∧

(
q1 sin2 ψdφ1 + q1 cos2 ψdφ2 + q2dφ3

)
−q1 cos2 θ sin (2ψ) dψ ∧ (dφ1 − dφ2)

]
∧ dt ∧ dy ∧ dz .

The field strength 5-form can be written explicitly as the exterior derivative of a 4-form

as F5 = d(C4 + C̃4), where

C4 = −
[
r4

L4 ζ(r, θ)
2 + ℓ4

r20
ϵ cos2 θ(q22λ(r0)−6 − q1)

]
dt ∧ dy ∧ dz ∧ dφ (4.4.8)
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+ℓ2ϵ(q1 cos2 θ(cos2 ψdφ2 + sin2 ψdφ1) + q2 cos2 θdφ3) ∧ dt ∧ dy ∧ dz

C̃4 = L4r2λ(r)6 cos4 θ sin(2ψ)
2r2ζ(r, θ)2 dφ1 ∧ dφ2 ∧ dφ3 ∧ dψ (4.4.9)

−L
4q2r

2(λ(r)6 − λ(r0)6)
r2ζ(r, θ)2λ(r0)6

cos4 θ cosψ sinψdφ ∧ dφ1 ∧ dφ2 ∧ dψ

−ℓ
2L4q1rϵ cos(2ψ) sin2(2θ)

8r4ζ(r, θ)4 (1 + ϵℓ2

r20
cos2 θ)dr ∧ dφ ∧ dφ3 ∧ (dφ1 − dφ2)

−L
4r4q1ℓ

2ϵ sin(2θ)
4r6ζ(r, θ)4 dθ ∧ dφ ∧ dφ3 ∧[

−ζ(r, θ)4(dφ1 + dφ2) + r2λ(r)6(r−2 − r−2
0 ) cos(2ψ) cos2 θ(dφ1 − dφ2)

]
with G5 = dC4, ⋆G5 = dC̃4.

The flux of the F5 on the S5 with coordinates [θ, ψ, φ1, φ2, φ3] and ranges θ, ψ ∈ [0, π/2],

φ1, φ2, φ3 ∈ [0, 2π] is given by

∫
S5

F5 =
∫
S5
⋆F5 = ϵ4π3L4 . (4.4.10)

Regarding the supersymmetry of the configuration, we show that the determinant of the

components of integrability conditions (4.1.46) are all zero for |q1| = |q2|, which ensures

the existence of a solution of the Killing spinor equation (4.1.45). Consequently, from the

point of view of IIB supergravity, the Killing spinor equation admits a solution even in

the case q1 = q2, in addition to the case q1 = −q2 that we found in D = 5.

As we already mentioned, when the supergravity U(1) gauge fields vanish, we recover

the singular distributions of [184]. These singularities are considered to be “good” in the

analysis of [201]. As remarked in [201] these Coulomb branch states do not seem to admit a

finite temperature analogue (without U(1) gauge fields). However, the singularities satisfy

the more general Gubser-criterion that the evaluation of the scalar field potential on the

solution should never yield +∞. Indeed, this is a property of the STU-model of maximal

supergravity which has a scalar field potential which is everywhere negative.

4.4.2 Mass spectrum and phase transitions

In the case Ai = 0 of [184], it was noted that for the dilaton, one can reduce the 10-

dimensional equation of motion onto the 5-dimensional one, if we have a warped product

form,

ds210 = ∆−2/3(r, µi, φi)ds25(y, z, t, r, φ) + ds2K(µi, φi, r) , (4.4.11)
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so dsK that can depend on ds5, but ds5 independent on dsK , and if the dilaton is

independent on K, so Φ = Φ(t, y, z, r, φ). Here ∆ =
√
det gK/ det g(0)K , where g(0)K is

the metric of the undeformed by ds5 metric of K, i.e., in this case, the metric of the round

S5 sphere, and gK is the full deformed metric on K.

That is so, since we can easily verify that the 10-dimensional d’Alembertian operator on

Φ is

□10DΦ = ∆2/3
√
−g

∂µ(gµν
√
−g∂νΦ) + dsK terms , (4.4.12)

where gµν is the 5-dimensional metric for ds5. Hence, this is equivalent to solving the

d’Alembertian (massless KG) equation in the 5-dimensional metric ds25.

In our case, with Ai /=0, specifically gφK /=0, we have the same situation, if we impose

the additional constraint that Φ is independent on the circle (KK) coordinate φ, so Φ =

Φ(t, y, z, r) only, in which case we have the same 5-dimensional □ operator, but acting on

a field that only depends on 4 dimensions, so on the zero mode for the KK expansion on

S1.

By comparing this form with our own uplift form (4.1.38), we see that

∆̃1/2 = ∆−2/3 = ζ(r, θ)
λ2(r) , (4.4.13)

which means that the 5-dimensional metric in our case can be put into the form

ds25 = λ2r2

L2

(
L2dr2

r4F (r)λ6 + dx⃗21,2 + F (r)L2dφ2
)

= r2

L2

(
1 + ϵ

ℓ2

r2

)1/3
 Ldr2

r4F (r)
(
1 + ϵ ℓ

2

r2

) + dx⃗21,2 + F (r)L2dφ2
 , (4.4.14)

and by using redefining r/L = L/z, we have

ds25 =
L2

z2

(
1 + ϵ

ℓ2z2

L4

)1/3
 dz2

L4F (z)
(
1 + ϵ ℓ

2z2

L4

) + dx⃗21,2 + F (z)L2dφ2
 , (4.4.15)

with

F (z) = 1− ϵ
ℓ2z4

L6

(
q21 −

q22
1 + ϵ ℓ

2z2

L4

)
. (4.4.16)

Then the spectrum of the scalar 0++ glueballs is given by the eigenstates of the
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d’Alembertian operator in this 5-dimensional background. Since

□Φ = z5(
1 + ϵ ℓ

2z2

L4

)1/3∂z

(
1 + ϵ ℓ

2z2

L4

)
z3

F (z)∂z

Φ+ z2(
1 + ϵ ℓ

2z2

L4

)1/3∂i∂iΦ , (4.4.17)

under the redefinition of the variable, dz =
√
F (z)

(
1 + ϵ ℓ

2z2

L4

)
du, and of the function,

with a eik⃗·x⃗ plane wave in the y, z, t directions, and with k⃗2 = −M2,

Φ = eik⃗·x⃗
z3/2

F (z)
(
1 + ϵ ℓ

2z2

L4

)Ψ(z) , (4.4.18)

from □Φ = 0 we get the one-dimensional Schrödinger equation,

−d
2Ψ(u)
du2

+ V (u) =M2Ψ(u)

V (z) = −
[
F (z)

(
1 + ϵ

ℓ2z2

L4

)]1/4
z3/2

d
dz


F (z)

(
1 + ϵ ℓ

2z2

L4

)
z3

d
dz

z3/2[
F (z)

(
1 + ϵ ℓ

2z2

L4

)]1/4
 .

(4.4.19)

We see that we can redefine F̃ (z) ≡ F (z)
(
1 + ϵ ℓ

2z2

L4

)
, in which case we are back to the

case considered in [202].

We can now make the same analysis from before (in 5 dimensions, in terms of the x

coordinate) for the z0 solving F (z0) = 0, but now also consider together with the one

solving F̃ (z0) = 0, which is more relevant:

-if ϵ = +1, q2 → 0 gives an z0, but q1 = 0 gives no z0 (but q1 → 0, yet q1 /=0, gives an z0).

-if ϵ = −1, q2 = 0 gives no z0 (but q2 → 0, yet q2 /=0, gives an z0), but q1 → 0 gives an z0.

-if q1 = ±q2 (in the susy case), there always is an z0.

-if ϵ = −1, q2 = 0, there is no solution to F (z0) = 0, but there is a solution to F̃ (z) = 0,

namely z0 = L2/ℓ.

-if ϵ = +1 and q1 = q2 = 0, we get no z0.

In the UV, at z → 0, we have F̃ (z) ≃ 1, so we get z ≃ u and the same potential for both

ϵ = ±1,

V (u ≃ 0) ≃ 15
4u2 ⇒ Ψ(u) =

√
Mu [C1J2(Mu) + C2Y2(Mu)] . (4.4.20)
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In the IR, we can have a z0 /=0, or not, as we discussed, depending on ϵ, ℓ and q1, q2.

If we have a z0 /=0, then for z → z0, with F̃ (z) ≃ F̃ ′(z0)(z − z0), u − umax ≃

2
√
(z − z0)/F̃ ′(z0), and writing umax = Kz0, we get

V (u ≃ Kz0) ≃ − F̃ ′(z0)
16|z − z0|

≃ − 1
4(u−Kz0)2

⇒

Ψ ≃
√
Kz0 − u

[
C ′
1J0 (M(u−Kz0)) + C ′

2Y0 (M(u−Kz0))
]
. (4.4.21)

The IR boundary condition puts C ′
2 = 0, so the J0 solution continued to the UV (at u = 0)

must give also C2 = 0, which will give a quantization condition on M(Kz0) = Mumax,

as M = Mn. But, of course, the quantization condition will depend on the parameters

(q1, q2, ℓ) of the solution, which will define umax, decoupling the scale of Mn, umax, from

the KK scale, TKK = 1/δ. In any case, the spectrum is discrete.

On the other hand, if there is no z0 (so z0 = 0) in the IR,

-if ϵ = +1, q1 = 0, then F̃ (z) ∼ (q22ℓ2/L6)z4, so

V (z → ∞) ≃ −1
4z

2 q
2
2ℓ

2

L6 ≃ − 1
4(u− umax)2

, (4.4.22)

so, despite the fact that we don’t have a z0, we obtain the same form of the potential in

terms of u, since
∫
du ≃ 1/

√
(q22ℓ2/L6)z2. So again a discrete spectrum.

-if ϵ = −1, q2 = 0, then there is no z0 for F (z), but there is one for F̃ (z), so the solution

is again the same as before, and we have a discrete spectrum.

-if ϵ = +1, q1 = q2 = 0, then there is no z0 for F (z) or F̃ (z), and then F̃ (z) ≃ ℓ2z/L4, so

V (z → ∞) ≃ + ℓ2

L4 = V (u) , (4.4.23)

so we have a continuous spectrum above a mass gap at M2 = ℓ2/L4.

In conclusion, this case of ϵ = +1, q1 = q2 = 0 is the only one for which we have a

qualitatively different spectrum.

We can then say that the introduction of the q1, q2 charges induces a phase transition from

the spectrum continuous above a mass gap, continuously connected to the discrete spectrum.

At q1 = q2 = 0, the two spectra seemed distinct, as they were obtained in the two separate

cases, ϵ = +1 and ϵ = −1, respectively.



4.5. Final discussion 105

Finally, when we have the pure AdS space, obtained formally by putting F (z) = 1, ℓ = 0,

we obtain that the potential in the UV is valid everywhere, u = z and V (z) = 15
4u2 . In this

case, there is no limit on u = z, it spans from u = 0 to u = +∞, which means that the

spectrum is continuous without a mass gap.

Since, as we saw in section 4, we had two phase transitions, interpreted as quantum phase

transitions from the point of view of the 3-dimensional dual field theory reduced on φ,

one from "no horizon" (given by the singular distributions of D3 branes) to "horizon" (at

g23d,YM = 0), and then to "AdS space" (at g23d,YM /=0), these are: from continuous above a

mass gap to discrete, to continuous without a mass gap.

4.5 Final discussion

In chapter we have found AdS solitons depending on three parameters, namely the two

sources associated to the gauge fields, which were proportional to the charge parameters

q1, q2, and the value of the periodicity of the circle S1, δ. We have shown that it is possible

to describe the phase space in terms of the dimensionless sources (ψ1, ψ2), together with

δ = 1/TKK. The solutions give a dual scalar VEV ⟨O⟩(1,1)0 in 3+1 dimensions, proportional

to η = ±ℓ2/L2. Among the solutions, a special role is played by the supersymmetric

solutions, with q1 = ±q2.

We have found two phase transitions from the (E,ψ1, ψ2) diagram, as ψ1 is varied, one at

ψ1 = ±ψ2, x0 = 1, and another the one at ψ2 = ±ψ1x0(ψ1, ψ2) and E = 0, to the previous

solutions of [184].

Our set of solutions continuously connects all the possibilities described in [184]. The

10-dimensional uplift of the solutions was found to be a deformation of the D3-brane

distributions of [184], and in the appendix below we hint towards its description as a

system of D3-branes, obtained from the Wick rotation of the rotating D3-branes in 3

independent planes, so one expects that there is a good string theory interpretation of the

results, though we have not found it so far.

In terms of the 2+1-dimensional interpretation, the supersymmetric solutions give a

quantum critical phase transition, at g23d,YM = 0, between a phase with no VEV (and

no horizon in the dual), and spectrum that is continuous above a mass gap, and a phase

with VEV (and horizon in the dual), and discrete spectrum, and the transition to periodic

AdS space is to a continuous and no mass gap spectrum, at nonzero g23d,YM.
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Remarkably enough, we have found that the phase diagram of these solutions should

correspond to the strongly coupled description of the existence of two possible vacua of

the large N N = 4 SYM when compactified on an S1 in four dimensions and antiperiodic

boundary conditions for the fermions on the S1. Unexpectedly, we found that at finite

values of the source the supersymmetry breaking vacuum gets its supersymmetry restored,

corresponding to the BPS states existing in supergravity.

Hence, this should correspond to the existence to a non-perturbative object in the field

theory, most likely the Q-ball [203], embedded into the supersymmetric theory, and

extended to strong coupling (where its stability properties and mass value with respect to

the ones fundamental fields are not currently understood). Indeed, we see that in the UV,

at x = 1, we have A1 = A2 = q1(1− x−1
0 )Ldφ, A3 = q2(1− x0)Ldφ.

In the case of the double Wick rotation of the solution, with F (x) multiplying −dt2 instead

of dφ2 in the metric, this would give A1 = A2 = q1(1 − x−1
0 )Ldt, A3 = q2(1 − x0)Ldt,

which is the standard case for µ1 = q1(1 − x−1
0 )L, µ2 = q2(1 − x0)L, chemical potentials,

or sources, for the corresponding U(1) charges
∫
d3x ρ, where ρ ∼ Tr[Z̄∂0Z] + Tr[ψ̄γ0ψ],

with Z complex combinations of XI ’s, and ψ complex fermions, both charged under the

U(1)’s.

Therefore in our case, A1 = A2 = q1(1− x−1
0 )Ldφ and A3 = q2(1− x0)Ldφ, µ1 and µ2 are

sources for the U(1) current components in the φ direction, ∼ Tr[Z̄∂φZ]+Tr[ψ̄γφψ], so they

are understood as Jφ = ρvφ = ρdφdt ≡ ρω (if we had ρv⃗, we would write Z = Z(x⃗ − v⃗t),

with x⃗ = (y, z)). We see that, from the point of view of the reduced 2+1 dimensional

theory in (t, y, z), in which φ is an internal direction, ω might be understood as Q-ball

[203] angular frequency (for effective potential Veff(Z) = V + 1
2ω

2|Z|2), for writing Z(φ =

ωt, x⃗) = eiωtZ(x⃗), and Jφ is then Q-ball charge density (except, of course, that we don’t

have a time dependence of the phase φ, that was just assumed). Then µ1, µ2 would be

chemical potentials for the Q-ball charges.

This might provide a generalization of the Coulomb Branch solution for N = 4 SYM, by

the parameters η (operator VEV) and q1, q2 (related to the µ1, µ2, the "chemical potentials

for Q-ball charges"), that contains both solutions with arbitrary (or no) periodicity of φ,

better understood within N = 4 SYM, and solutions with periodic φ and cigar-type

solution with an x0 ("horizon"), understood either from the point of view of the reduction

to 3 dimensions ((y, z, t)), or from the point of view of Euclidean version of 4 dimensions,

at finite KK temperature TKK. We expect to make this picture more concrete in a future
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work.

In the next chapter, we turn to black hole physics in the STU model in D = 4. More

precisely, based on [31], we study the stability of 4-charge electric and magnetic black

holes.
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Chapter 5

Black holes in the STU model

Black holes in SO(8)-gauged N = 8 supergravity yield concrete examples of the physics of

the low energy limit of M-theory. The four-dimensional theory was originally constructed

in [204] and proven to describe the massless sector in the spontaneous compactification of

eleven-dimensional supergravity on S7 [205]. The consistent truncation of this theory to

the four vectors gauging the Cartan subalgebra of SO(8) is the N = 2 U(1)4-STU model,

whose bosonic sector consists of the metric, four U(1)-vectors, three dilatons and three

axions. The static-spherically symmetric black holes in this model were obtained with

either four electric or four magnetic charges in [206]. These black holes were embedded in

eleven dimensions and generalized to hyperbolic and planar horizons in [195]. The spinning

solution, with two dilatons and two axions set to zero, was constructed in [207]. In [206],

the BPS limit of the spherical black holes was found to yield naked singularities in the

electric case and not to exist in the magnetic one. When the four U(1)-vectors are equal

to one another, this theory reduces to the minimal gauged N = 2 supergravity, with the

bosonic sector corresponding to the Einstein-Maxwell theory with a negative cosmological

constant. In this limit, spherical black holes exhibit naked singularities [182], while finite-

area black holes must have a locally hyperbolic horizon [208] and it was unknown whether

running scalars would allow for spherical and planar black holes. Eventually, the first

regular, finite-area spherically symmetric and planar supersymmetric black hole in N = 8

supergravity was constructed in [209]. The N = 8 black holes are known to contain

different kinds of instabilities which have been studied restricting the number of charges

[210, 211, 212].

In this chapter, we provide a general and simple proof that the four-charge planar electric
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black holes of gaugedN = 8 supergravity are unstable when the temperature is low enough.

Indeed, there is a finite temperature at which the black holes are no longer equilibrium

states in the thermodynamic sense. To this end, we construct the equation of state of

these black holes and compute the determinant of the Hessian of the energy, showing that,

below a certain temperature, it is always negative. This means that there is a spinodal

line for these black holes, and we construct it explicitly in the pure Einstein-Maxwell case.

This result is puzzling for the magnetic supersymmetric black hole. Indeed, from

electromagnetic duality, one would expect that the same equation of state would apply

in this case by replacing the electric charge squared with the magnetic charge squared.

However, this would mean that the supersymmetric black hole is unstable. Following the

results of [213, 214] we propose that the Hessian has to be computed on an energy that

goes to zero in the BPS limit and that satisfies the topological twist condition ab initio, a

condition necessary for the supersymmetric charge to exist asymptotically. Using this mass

we find that the black hole is indeed meta-stable. Metastability of supersymmetric black

holes should be expected as they are at the boundary of the allowed region of stability.

The organization of the chapter is as follows. In Section 5.1 we give a detailed explanation

about the embedding of the STU model in the maximal SO(8)-gauged supergravity in four

dimensions. Then, in Section 5.2 we specialize the discussion in the previous section for

the purely dilatonic sector of the STU model. In Sections 5.2.2 and 5.2.3, we provide the

general non-extremal solutions of [206, 195] written in a slightly different way. Eventually,

we derive the BPS limits of the electric and magnetic black holes. In the Section 5.3,

we compute the equation of state of electric black holes and show that there is a critical

temperature at which the Hessian is always negative. There, we compute the spinodal

line for the usual Reissner-Nordström black hole. Then we analyze the magnetic case,

where there are supersymmetric black holes of finite area. We find that if the ensemble

of black holes is required to have boundary conditions that allow for the existence of a

finite supercharge asymptotically, and the mass is shifted, the Hessian is indeed positive

definite. We also discuss the stability of the non-BPS extremal solutions, which admit a

first-order description in terms of a fake-superpotential [215, 216, 217, 218].

5.1 The STU model from maximal supergravity

In this section we recall basic facts about the STU model and its embeddings in the

SO(8)-gauged maximal supergravity [206]. This STU model describes N = 2 supergravity
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coupled to 3 vector multiplet, with a suitable Fayet-Iliopoulos (FI) term. The four vector

fields gauge a Cartan subalgebra of the so(8) gauge algebra. The corresponding gauge

group SO(2)4 = SO(2)0 × SO(2)1 × SO(2)2 × SO(2)3 ⊂ SO(8) can be chosen so that each

factor act on one of the four couples (AI), I = 0, . . . , 3:

A0 = (1, 2); A1 = (3, 4); A2 = (5, 6); A3 = (7, 8).

in which the R-symmetry index of the eight gravitini ψiµ, i = 1, . . . , 8, of the maximal

theory, can be split:

Ψiµ = {ΨAI µ}I=0,...,3 ,

so that the couple of gravitini ψAI µ transform as a doublet under SO(2)I . The bosonic

sector of the STU model is defined by the fields of the N = 8 theory which are singlets

under SO(2)4. The 28 gauge fields AIJ
µ , I, J = 1, . . . 8, of the parent model, transforming

in the 28 of SL(8,R), together with their magnetic duals AIJµ, yield, upon truncation,

the following singlet vector fields

(AMµ ) = Ω · (A12
µ , A

34
µ , A

56
µ , A

78
µ , A12µ, A34µ, A56µ, A78µ) . (5.1.1)

The above fields transform as a symplectic vector in the (2,2,2) of the classical global

symmetry group SU(1, 1)3 of the N = 2 theory and Ω is a constant 8 × 8 symplectic

matrix encoding the freedom in the choice of the basis of the symplectic representation

(symplectic frame). We shall discuss the relevant symplectic frames below.

The 70 scalar fields φijkl of the maximal theory, transforming in the 70 of SU(8),1 upon

reduction to SO(2)4-singlets, reduce to three complex scalars

(φ(12)(34), φ(12)(56), φ(12)(78)) = zi = χi + ie−φi , i = 1, 2, 3

spanning the scalar manifold of the STU model:

Mscal. =
(SU(1, 1)

U(1)

)3
.

This is a special Kähler manifold2 whose isotropy group U(1)3 being the subgroup of SU(8)

commuting with the SO(2)4 residual gauge group. The isometry group SU(1, 1)3 defines

1Recall that the φijkl satisfy the reality condition φijkl = 1
24 ϵ

ijkli′j′k′l′ (φi′j′k′l′)∗.
2See [60], and references therein, for a review of special geometry and of the gauging of N = 2 models in
the embedding tensor formalism.
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the on-shell global symmetry group of the classical theory, acting on the eight AMµ in the

(2,2,2) symplectic representation, as mentioned above.

The fermionic sector, on the other hand, depends on the factor SO(2)I , within SO(2)4,

which is chosen to lie within the R-symmetry group of the N = 2 model. This sector

of the corresponding STU model, which will be referred to as STUI , is then defined

as the singlet sector, within the maximal theory, with respect to the remaining group

SO(2)3 = SO(2)J × SO(2)K × SO(2)L, I /=J /=K /=L/=I and ψAI µ are the spin-3/2 fields

of the truncation. The consistency of this truncation is guaranteed by the fact that the

STUI model, so defined, is the singlet sector with respect to the subgroup SO(2)3 =

SO(2)J × SO(2)K × SO(2)L of SO(8). Choosing, for instance, the STU0 model, whose

gravitini are ψA0 µ = (ψ1µ, ψ2µ), the spin-1/2 fields which are singlets with respect to

SO(2)1 × SO(2)2 × SO(2)3, are:

(λA034, λA056, λA078) ≡ λiA0 , i = 1, 2, 3, A0 = 1, 2.

and enter the three vector multiplets together with the complex scalar fields and three of

the vector fields.

Upon reducing the gauge group of the maximal theory to SO(2)4 and the electric/magnetic

duality index to the eight SO(2)4-singlets, the gauge connection reduces to:3

AMµ XM = AMµ ΘM
I tI , (5.1.2)

where tI are the four generators of SO(2)4. In the STUI model, only tI has a non-trivial

action on the fermionic fields and thus the only minimal couplings involve the spin-1/2

and 3/2 fields and the single vector combination AMµ ΘM
I . The 8-component symplectic

vector ΘM
I defines the FI term of the model and the corresponding scalar potential. For

the sake of concreteness, we shall work in the STU0 model, which we shall simply refer

to as the STU model, denoted by θM the corresponding FI term ΘM
0 and by A,B = 1, 2

the R-symmetry indices A0, B0.

The geometry of the spacial Kähler manifold Mscal. is described in terms of a holomorphic

symplectic section ΩM (zi) which, in the symplectic frame that we adopt and modulo

multiplication by a non-vanishing holomorphic function, reads:

ΩM = (z2z3, z1z3, z1z2,−1, z1, z2, z3,−z1z2z3) , (5.1.3)

3We absorb the gauge grouping constant g in the embedding tensor.
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The Kähler potential, for instance, reads:

K(z, z̄) = − log(iΩTCΩ) = 8 Im(z1)Im(z2)Im(z3) = 8 e−φ1−φ2−φ3 . (5.1.4)

where C is the Sp(8,R)-invariant matrix:

C =

 0 1

−1 0

 (5.1.5)

The metric reads:

giȷ̄ = ∂i∂ȷ̄K = − 1
(zi − z̄ı̄)2

δiȷ̄ =
3∑
ı̂=1

eı̂i(eı̂j)∗ , (5.1.6)

where eı̂i is the complex vielbein matrix. We also define the covariantly holomorphic

symplectic section VM (z, z̄) ≡ eK/2Ω(z)M , in terms of which the N = 2 central charge Z

on a given solution and the gauge superpotential W induced by the FI term, read:

Z ≡ ΓT · C · V , W ≡ V T · θ , (5.1.7)

Γ = (ΓM ) = (PΛ, −QΛ) being the symplectic vector of quantized charges.

The relationship between the different STUI models within the maximal one can be

inferred from inspection of the gravitino shift-matrix A1ij as a function of the singlet

scalars, whose only non-vanishing entries are:

A1A0,A0 (L−1) = 1√
2
W = 1√

2
V
T · θ ,

A1Ai,Ai (L−1) = 1√
2
W(i) =

1√
2
Dı̂V

M ΘM
i , i = 1, 2, 3 , (5.1.8)

where DiV
M are the Kähler-covariant derivatives of VM :

Dı̂V
M ≡ eiı̂DiV

M = eiı̂

(
∂i +

1
2 ∂iK

)
VM , eiı̂ = −(zi − z̄ı̄)δiı̂ .

If W(0) ≡ W is the gauge superpotential in the STU=STU0 model, W(i) is the

corresponding function in the STUi model. In the chosen symplectic frame, we have:

θM ≡ ΘM
0 = 1√

2L
(1, 1, 1, 1, 0, 0, 0, 0) , (5.1.9)

ΘM
1 = O1M

N θN , ΘM
2 = O2M

N θN , ΘM
3 = O3M

N θN ,
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where the symplectic matrices Oi, i = 1, 2, 3 read:4

O1 = diag(1,−1,−1, 1, 1,−1,−1, 1) ,

O2 = diag(−1, 1,−1, 1,−1, 1,−1, 1) ,

O3 = diag(−1,−1, 1, 1,−1,−1, 1, 1) .

Moreover, one can verify that:

Oi · V (z, z̄) = Dı̂V
∣∣∣
(zi→zi , zj /=i→−z̄ȷ̄)

,

Oi · Dȷ̂V = |ϵijk| Dk̂V
∣∣
(zi→zi , zj /=i→−z̄ȷ̄) . (5.1.10)

Using the first of the above properties, one can verify that:

W(i) = W
∣∣∣
(zi→zi , zj /=i→−z̄ȷ̄)

. (5.1.11)

We then conclude that solutions to the STU =STU0 model are mapped to solutions of the

STUi one through the following transformation:

STU0 → STUi ⇔


Γ → Oi · Γ , θ → Θi = Oi · θ

zi → zi , zj /=i → −z̄ȷ̄
(5.1.12)

Under this transformation, a BPS solution of the STU model is mapped into a BPS

solution of the STUi one, which is non-BPS in the original truncation but BPS in the

maximal theory. The action of Oi for going from STU0 to STUi, at the level of R-

symmetry indices, as an SU(8) compensating transformation, has the effect to exchanging

the couples (A0) = (1, 2) with (Ai) and (Aj) with (Ak), i /=j /=k /=i. For instance, O1 implies

(1, 2) ↔ (3, 4) and (5, 6) ↔ (7, 8).

Action and supersymmetry transformations

The N = 2 gauged STU model has the following bosonic action principle (we set 8πGN =

1):

4The matrices Oi (i = 1, 2, 3),together with the identity matrix 18×8 define a Klein group Z2 × Z2. They
satisfy the relation

Oi · Oj = δij 1+ |ϵijk|Ok .
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S =
∫

d4x
√
−g

(
R

2 − giȷ∂µz
i∂µzȷ − V (z, z) + 1

4IΛΣF
Λ
µνF

Σµν + 1
8eRΛΣF

Λ
µνF

Σ
ρσε

µνρσ
)
.

(5.1.13)

where i, j = 1, 2, 3, Λ,Σ = 1, . . . , 4 and we are considering the symplectic frame described

by a holomorphic section of the form (5.1.3). This frame is associated with a prepotential

of the form

F (X) = 2i
√
X0X1X2X3 . (5.1.14)

Indeed ΩM (z), modulo multiplication by a non-vanishing holomorphic function, can be

written in the form ΩM = (XΛ, ∂F/∂XΛ) provided we identify:

z1 = −i

√
X1X2

X0X3 , z2 = −i

√
X0X2

X1X3 , z3 = −i

√
X0X1

X2X3 . (5.1.15)

The Kähler potential and the metric are given in eqs (5.1.4) and (5.1.6), respectively.

The supersymmetry variations of the fermions in a bosonic background are given by5

δΨA
µ = Dµϵ

A + 1
4L

ΛIΛΣFΣ+
ρσ γρσγµε

ABϵB + 1
2 i(σ

2)ACεBC︸ ︷︷ ︸
δAB

WγµϵB , (5.1.16)

δλiA = −∂µziγµϵA + 1
2g

iȷf
Λ
ȷ IΛΣFΣ−

µν γ
µνεABϵB +W iABϵB . (5.1.17)

where

Dµϵ
A = ∂µϵ

A + 1
4ωµ

abγabϵ
A + 1

2A
M
µ θM i(σ2)ABϵB︸ ︷︷ ︸

εABδBCϵC

+ i

2Qµϵ
A , (5.1.18)

Qµ = i

2(∂ıK∂µz
ı − ∂iK∂µzi) =

1
2

3∑
i=1

eφi∂µχi , (5.1.19)

VM = eK/2ΩM = (LΛ,MΛ) , (5.1.20)

W = VMθM , (5.1.21)

V (z, z) = giȷDiWD ȷW − 3WW , (5.1.22)

5We consider (σ2)AC = −iδA1 δ2C + iδA2 δ
1
C , for which the following identities hold i(σ2)ACε

BC = δAB ,
i(σ2)ABϵ

B = εACδCBϵ
B , i(σ2)CBεCA = δAB . Requiring that (σ2)12 = (σ2)12, meaning that they are the

same matrices, implies that (σ2)BA = −iδ1BδA2 + iδ2Bδ
A
1 leading to the identity i(σ2)CBεCA = δAB .
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W iAB = i(σ2)CBεCA︸ ︷︷ ︸
δAB

giȷD ȷ(V
M
θM ) . (5.1.23)

and the embedding tensor θM was given in (5.1.9).

Further truncations of the STU model are summarized in the Figure 5.1.1. There are two

truncations that are well studied. One of them is called the T3 truncation, obtained by

identified the three vector multiplets. Then, the T3 model is anN = 2 gauged supergravity

with one vector multiplet and one gravitational multiplet. The T truncation corresponds

to setting two out of three complex scalars to the origin of the scalar manifold, in our

parametrization it means for instance setting the scalar of the first two multiplet to the

origin z1 = z2 = i. Consistency implies that the associated vectors must be identified

A1 = A2 and the third must be identified with the gravi-photon A3 = A4. The resulting

theory has two vectors and one complex scalar field with a scalar potential containing a

negative cosmological constant term.

There is a third subsector of the STU model, called the purely dilatonic, where the axion

fields are set to zero. However, this sector is not on the same footing as the T truncation

and the T3 truncation because setting the axions to zero is not a consistent truncation.

This is the sector of the STU model that we will study trough out this chapter. In the

next section we will analyze the consequences to setting the axion fields to zero and then

we study black holes solutions to this model.

5.2 Purely dilatonic sector of the STU model

We are interested in studying the dilatonic sub-sector of the STU model, where the complex

scalars parameterizing the special Kähler manifold are purely imaginary zi = ie−φi ,

i = 1, 2, 3, which leads to a substantial simplification of the model. The effective action

principle, that we consider for practical proposes, is given by

S =
∫

d4x
√
−g

(
R

2 − 1
4
∑
i

∂µφi∂
µφi −

1
4
∑
Λ
YΛF

Λ
µνF

Λµν + 1
L2

∑
i

coshφi

)
. (5.2.1)

The field equations coming from the action principle (5.2.1) are given by

d(YΛ ⋆ FΛ) = 0 , Λ = 1, . . . , 4

1
2□φi +

1
L2 sinhφi −

1
4

4∑
Λ=1

∂YΛ
∂φi

FΛ
µνF

Λµν = 0 , i = 1, 2, 3 ,
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T
gµν , A

1, A3, z3

STU
gµν , A

1, A2, A3, A4, zi

N = 8, SO(8)-gauged
gµν , 56×Aµ, 70× φ

Purely dilatonic*
gµν , A

1, A2, A3, A4, φi ∈ R

Einstein-Maxwell Λ < 0
gµν , A

T 3

gµν , A
1, A4, z

A
1 = A

2 , A
3 = A

4

z
1 = z

2 = i
A 1= A 2= A 3

z 1= z 2= z 3= z

singlets SO(2)3 ⊂ SO(8)

χi = 0

φi = 0
AΛ = A

z =
i

A
1 = A

4 ≡ A

z 3= iA 1= A 3≡ A

Figure 5.1.1: Summary of different truncations of STU model of the maximal SO(8)-
gauged supergravity in D = 4.

Rµν −
1
2gµνR = T

(φ)
µν + T

(F )
µν .

The energy momentum tensors are

T
(φ)
µν = 1

2

3∑
i=1

[
∂µφi∂νφ

i − gµν

(1
2(∂φi)

2 − 2
L2 coshφi

)]
,

T
(F )
µν =

4∑
Λ=1

YΛ

(
FΛ
µρF

Λ
ν
ρ − 1

4gµνF
Λ
ρσF

Λρσ
)
.

They partially reproduce the field equations of the dilatonic sector of the STU model. It

is required to impose also the following equations

e2φ1F 2 ∧ F 3 − F 1 ∧ F 4 = 0 ,

e2φ2F 1 ∧ F 3 − F 2 ∧ F 4 = 0 , (5.2.2)

e2φ2F 2 ∧ F 2 − F 3 ∧ F 4 = 0 ,

coming from the truncation of the axion fields to zero. These constraints are automatically

fulfilled for purely electric and purely magnetic configurations. The quantities YΛ depends

on the scalar fields and are equal to the diagonal components of the generalized couplings

IΛΣ in the purely dilatonic sector, as see Section 5.1 for further details. They are given
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explicitly by

Yi = eφ1+φ2+φ3−2φi , Y4 = e−φ1−φ2−φ3 , i = 1, 2, 3 . (5.2.3)

Reducing to the dilaton fields, some simplifications occur in the supersymmetry

transformations: the Kähler connection vanishes Qµ = 0, the first four components of

the U(1)-section are real LΛ ∈ R, and the superpotential is real W ∈ R. Hence the Killing

spinor equation coming from the supersymmetry variation of the gravitino reduces to

δΨA
µdxµ ≡ DA(ϵ) (5.2.4)

≡ dϵA + 1
4ωabγ

abϵA + 1
2A

MθMε
ABδBCϵ

C + 1
4L

TIFabγabγεABϵB + 1
2WγδABϵB = 0 ,

where we have defined the 1-form Clifford algebra valued γ = γae
a. The supersymmetry

variation for the gaugini are

δλiA = −γµ∂µziϵA + 1
2g

iȷf
Λ
ȷ IΛΣFΣ

abγ
abεABϵB + giȷUMȷ θMδABϵB = 0 , (5.2.5)

where in this cases the quantities zi, fΛȷ and U ȷMθM are purely imaginary in the dilatonic

sector. The quantity U ȷM is the U(1) covariant derivative of the U(1) section VM and f ȷΛ

are the first four symplectic components of U ȷM . The local supersymmetry parameters

are chiral spinors satisfying γ5ϵA = ϵA and γ5ϵ
A = −ϵA, and are related to each other

through complex conjugation (ϵA)∗ = ϵA. AM are the symplectic gauge fields, and the

embedding tensor is given by

θM = 1√
2L

(1, 1, 1, 1, 0, 0, 0, 0) . (5.2.6)

The supercovariant derivative (5.2.4) is the object entering the Dirac bracket between

supercharges that we outline in the next section. Since we are considering real γ-matrices,

all the coefficients in the above equation are real. We can write an equation for the

Majorana spinor ψA = ϵA + ϵA by combining (5.2.4) with its complex conjugated. For

simplicity, it is useful to define a complex spinor whose real and imaginary parts are the

SU(2) components of the Majorana spinor ζ = ψ1 + iψ2. The Killing spinor equation for

the complex Killing spinor is

(
d + 1

4ωabγ
ab − i

2A
MθM − i

4L
TIFabγabγ + 1

2Wγ

)
ζ = 0 . (5.2.7)
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The same can be done for the gaugino equations that implies the following equations for

the complex spinor

(
−γµ∂µzi −

i
2g

iȷf
T
ȷ IFabγab + giȷU ȷ

MθM

)
ζ = 0 , (5.2.8)

See Appendix A3 for the explicit form of the γ-matrices that we are considering.

5.2.1 Dirac bracket between supercharges

In gauge theories, the conserved charges associated with large gauge transformations are

obtained by the integration of a suitable conserved current on a co-dimension 2 spacelike

surface, due to the fact that the Hodge dual of the Noether current is a closed form, up

to imposing the field equations [219]. In [213] was developed a method to evaluate the

superalgebra in backgrounds that have an asymptotic Killing spinor for N = 2 gauged

supergravity solutions. This prescription was applied to compute the BPS bound for

configurations that asymptote to AdS or mAdS, resolving the tension between the BPS

bound propose in [220] and the explicit BPS configurations found by Romans [182]. The

same analysis was carried out in [214] for D = 4, N = 2 gauged supergravity coupled to

matter fields, where it was shown that the 3-form dual to the Noether supercurrent can

be written as the exterior derivative of a 2-form up to imposing the field equations. This

leads the supercharge to be expressed as an integral of a 2-form over a spacelike surface

in the asymptotic region. The Dirac bracket between the supercharges is computed by

acting with the supersymmetry transformation on the supercharge leading to

{Q,Q} = −2
∫
∂Σ

(
ϵAγ ∧DA(ϵ)− ϵAγ ∧DA(ϵ)

)
. (5.2.9)

where DA(ϵ) is the supercovariant derivative defined in (5.2.4), and DA(ϵ) is its complex

conjugated. We defined the Clifford algebra valued 1-form γ = γae
a. We consider Q

being the product between the Grassmann-odd supercharge and the spinorial parameters

ϵA, i.e. there are no free indices and it is a Grassmann-even quantity. If the superalgebra

(5.2.9) is computed in a supersymmetric background, the spinor ϵA is chosen to be the

Killing spinor of the background, leading to zero in the right-hand side. However, one can

consider a configuration that breaks supersymmetry in the bulk but it has an asymptotic

Killing spinor defined in the asymptotic region by imposing certain boundary conditions
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on the gravitino and the gaugini

δΨA
µ = o(1/rn) , δλAi = o(1/rni) , (5.2.10)

where the constants n, ni > 0 must be chosen in such a way that the conserved charges in

(5.2.9) are finite. Configurations having the same boundary condition as a supersymmetric

background can be understood as excitations of it. We will compute the superalgebra in

backgrounds belonging to the dilatonic sector of the STU model. In that case (5.2.9) can

be written in terms of the Majorana Killing spinor ψA as (see Appendix A4 for a detailed

derivation.)

{Q,Q} = 2
∫
ψ
A
γ5γ ∧

(
δABd + 1

4ωabγ
abδAB + 1

2A
MθMεAB +

+1
4L

TIFabγabγεAB + 1
2γWδAB

)
ψB . (5.2.11)

5.2.2 Electric dilatonic black holes and their singular supersymmetric
limits

The four charges electric black hole in the dilatonic sector in the STU model, with a

spherical horizon, was found in [206], and its generalizations to planar and hyperbolic

horizons were constructed in [195]. Here, we present the solution for arbitrary horizon

geometry controlled by the parameter k = −1, 0, 1 leading to hyperbolic, planar and

spherical horizons. The BPS limit of the configurations can be analysed in a simple way

by introducing a parameter q through a change of coordinates. The metric reads

ds2 = − f(r)√
H(r)

dt2 +
√
H(r)
f(r) dr2 + r2

√
H(r)

(
dx2

1− kx2
+ (1− kx2)dy2

)
, (5.2.12)

f(r) = k + r2

L2H(r)− m

r
− q

r2
, H(r) = H1H2H3H4 , HΛ = 1 + qΛ

r
. (5.2.13)

The dilatons and the gauge fields are

φ1 =
1
2 log

(
H2H3
H1H4

)
, φ2 =

1
2 log

(
H1H3
H2H4

)
, φ3 =

1
2 log

(
H1H2
H3H4

)
, (5.2.14)

AΛ =
(

QΛ√
2rHΛ

− µΛ

)
dt , Q2

Λ = q2Λk + qΛm− q . (5.2.15)

Where µΛ is related to the electric chemical potential which is fixed in terms of the rest

of the parameters in such a way that the the gauge fields are regular in the Euclidean
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configuration. A necessary condition, and sufficient in this case, to preserve some amount

of supersymmetry is that the matrices of the gaugino equations (5.2.8) are not invertible.

Imposing that the matrices have zero determinant implies the following relation between

the parameters

−kq = m2

4 . (5.2.16)

The BPS configurations exist only in the spherical and planar case, even though they are

naked singularities, they have a Killing spinor defined on the geometry. For the hyperbolic

case the condition (5.2.16) leads to purely imaginary gauge fields, which only can make

sense by Wick rotating the time coordinate leading to a Euclidean configuration without

a Lorentzian limit.

The Majorana Killing spinor for the planar BPS configuration can be found and is given

by

ψApl(r) =
f
1/4
pl (r)

2H1/8(r)
(αpl(r)− βpl(r)γ1)(δAB + εABγ0)ψB0 , (5.2.17)

where ψB0 is Majorana constant spinor and the relevant functions are

αpl(r) =

1− √
−q

rf
1/2
pl

1/2

, βpl(r) =

1 + √
−q

rf
1/2
pl

1/2

, fpl(r) =
r2

L2H − q

r3
.

(5.2.18)

The projector δAB + εABγ0 has matrix rank equal 2, which implies that planar BPS

configuration preserves four real supercharges. Note also that the Killing spinor diverges

at the curvature singularities of the manifold which are located at H(r) = 0.

The Majorana Killing spinor for the spherical BPS configuration is explicitly given by

ψAsp(t, r, x, y) =
f
1/4
sp (r)

2H1/8(r)
e

it
2L e

i
2γ012 arccosxe−

1
2yγ23(αsp(r) + βsp(r)γ1)(δAB + εABγ0)ψB0 ,

(5.2.19)



5.2. Purely dilatonic sector of the STU model 121

where the radial functions are

αsp(r) =
(
1 +

1− m
2r

f
1/2
sp

)1/2

, βsp(r) =
(
1−

1− m
2r

f
1/2
sp

)1/2

, fsp(r) =
r2

L2H +
(
1− m

2r

)2
.

(5.2.20)

This background preserves four real supercharges, hence it is 1/2 BPS, and the Killing

spinor diverges at the singularity. The spinor depends on all the coordinates, which is also

the case in the purely AdS background.

5.2.3 Magnetic dilatonic black holes

The first example of, asymptotically globally AdS spacetime, supersymmetric static black

holes was given by Cacciatori and Klemm [209] by considering extremal magnetically

charged black holes. They also considered hyperbolic and planar horizon topology. The

non-extremal version of the spherical black holes with an arbitrary number of vector

multiplets and FI terms was constructed in [221]. In [218] a family of non-extremal

solutions was constructed which contain, in certain limits, the solutions of [209] and

of [195, 206]. Here we present the dilatonic, magnetic black hole configurations in a

slightly different parametrization which allows us to straightforwardly connect, through a

suitable BPS limit, the magnetic version of the four-dimensional black holes constructed

in [195, 206] to the BPS configurations of [209], when the theory allows an embedding in

the maximal gauged supergravity.

The metric of the configuration is

ds2 = − f(r)√
H(r)

dt2 +
√
H(r)
f(r) dr2 + r2

√
H(r)

(
dx2

1− kx2
+ (1− kx2)dy2

)
, (5.2.21)

f(r) = r2

L2H(r) + k − m

r
− q

r2
, H(r) = H1H2H3H4 , HΛ = 1 + qΛ

r
, (5.2.22)

and the matter fields are given by

φ1 = −1
2 log

(
H2H3
H1H4

)
, φ2 = −1

2 log
(
H1H3
H2H4

)
, φ3 = −1

2 log
(
H1H2
H3H4

)
,

AΛ = 1√
2
PΛxdy , P 2

Λ = q2Λk + qΛm− q , (5.2.23)

Note that the magnetic charges PΛ are related to the rest of the parameters in order

to satisfy the field equations. This configuration corresponds to the magnetic black

holes constructed in [206] with different topologies for the horizon. The parameter q
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allow to analyze the BPS equations in a simple way, and it was introduced through a

diffeomorphism by shifting the radial coordinate.

The vanishing of the determinant of matrices entering in the gaugini variations (5.2.8)

implies a relation between the parameters that can be established in a simple way in

terms of the variable pΛ related to the qΛ as


q1

q2

q3

q4

 =


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1




p1

p2

p3

p4

 . (5.2.24)

The supersymmetry conditions are given by

m = −2kp1 +
8
L2 p2p3p4 , (5.2.25)

q = −1
4k

2L2 + k(−p21 + p22 + p23 + p24)−
4
L2 (p

2
3p

2
4 + p22p

2
3 + p22p

2
4 − 2p1p2p3p4) . (5.2.26)

These are sufficient conditions to have a non-trivial Killing spinor satisfying (5.2.4). In

this limit, the magnetic charges and the metric function can be expressed as follows:


P1

P2

P3

P4

 = 1
2L


1 1 1 1

1 −1 −1 1

1 −1 1 −1

1 1 −1 −1




kL2

4p3p4
4p2p3
4p2p4

 , (5.2.27)

f(r) = 1
L2r2

(
k

2L
2 + (r + p1)2 − p22 − p23 − p24

)2
, (5.2.28)

where pΛ are real provided:6

(P1 + P2 − kL)(P1 + P3 − kL)(P2 + P3 − kL) < 0 .

The metric function factorizes in a perfect square, then if there is any horizon, it will be

an extremal horizon. For the BPS configuration it follows that

∑
Λ
PΛ = 2kL ⇐⇒ 1√

2
ΓMθM = k , (5.2.29)

6If this condition is not met, we need to change the last three signs in the last column of the matrix on
the right-hand side of eq. (5.2.27).
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which was recast in a symplectic-invariant way by using ΓM that is the symplectic vector

of the topological charges ΓM = (PΛ, QΛ), and QΛ are the electric charges that in the

present case are zero. The condition (5.2.29) is known as the topological twist condition,

and it was shown in [215] that (5.2.29) is a necessarily condition to have a BPS static

configuration with dyonic topological charges in D = 4, N = 2 supergravity with vector

multiples and FI terms.

The configurations satisfying the BPS conditions (5.2.25) and (5.2.26) have a well-defined

Majorana Killing spinor given by

ψA(r) = f(r)1/4

H(r)1/8
1
4(1 + γ1)(δAB − εABγ23)ψB0 , (5.2.30)

where ψB0 is a constant Majorana spinor. The projector (1 + γ1)(δAB − εABγ23) rule out

6 of the 8 components of the doublet ψB0 . Hence, the magnetic BPS black holes for any

geometry of the horizon have 2 real supercharges, which corresponds to 1/4 of the total

supersymmetry.

5.3 Thermodynamic analysis for planar configurations

In this section, we will analyze the thermodynamic stability of the planar black holes in

both the electric and magnetic cases. In this case, the equation of state can be written

analytically in terms of the horizon “area-density”, given by

A = r2+

√
H(r+) . (5.3.1)

From now on, with a slight abuse of notation, we will refer to it as the horizon area. In

our units the length dimension of A is 2 and the length dimension of the electric charges

QΛ is 1.

5.3.1 Stability of electric black holes

Considering the electric configurations with arbitrary parameters given in (5.2.13), we can

solve the parameter m, which up to a numerical factor corresponds to the boundary term

given by the on-shell value of the Hamiltonian density [222, 223], in terms of the horizon

area and the electric charges QΛ,
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E ≡ m = 1
A1/2

[ 4∏
Λ=1

(
A2

L2 +Q2
Λ

)]1/4
. (5.3.2)

The energy density given in (5.3.2) reproduces the Hawking temperature, up to a numerical

factor, by computing its derivative with respect to the horizon area

TH = m

4πA

A2

L2

∑
Λ

(
A2

L2 +Q2
Λ

)−1

− 1

 = 1
2π

∂E

∂A
. (5.3.3)

For the electric black holes, the regularity of the gauge fields at the horizon fixes the

chemical potentials µΛ in (5.2.13). This can be also reproduced by the computation of the

partial derivative of the energy (5.3.2) with respect to the electric charges

µΛ = QΛ√
2r+HΛ(r+)

= mQΛ√
2(A2

L2 +Q2
Λ)

= 1√
2
∂E

∂QΛ
. (5.3.4)

Then, we can construct the first law for the electric black holes

1
8πδE = THδS + 1

8π
√
2
∑
Λ
µΛδQΛ , (5.3.5)

where the factors can be reabsorbed in the definition of the energy density E and the

electric charges QΛ.

Having an expression for the energy density as a function of the physical charges and the

entropy of the electric black holes, we can analyse the stability of the system by studying

the Hessian matrix

Hab =
∂E

∂la∂lb
, la = (A/L,QΛ) . (5.3.6)

which is a 5× 5 symmetric matrix, and hence there is a limitation to find the eigenvalues

in a closed form for a generic value of the parameters. However, the determinant of the

Hessian can be written in a simple form in terms of the temperature as follows

detH = πL2

4A3TH − 1
16E3L4

∑
Λ
Q2

Λ . (5.3.7)

Clearly, for all the extremal black holes, i.e. TH = 0, the Hessian has at least one negative

eigenvalue, indicating an instability. Consequently, all the extremal electrically charged
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black holes in this ensemble are thermodynamically unstable. Furthermore, even above

extremality, there is a finite gap for which these black holes are all unstable.

Now we will specialize in the computation for electrically charged Reissner-Nordström

black hole with a planar horizon, which is obtained by setting qΛ = 0 and defining Q2 = −q.

The metric function and gauge fields reduce to its standard form

f(r) = r2

L2 − m

r
+ Q2

r2
, AΛ =

(
Q√
2r

− µΛ

)
dt , (5.3.8)

and the temperature of the black hole becomes

TH = 3A2 − L2Q2

4πA3/2L2 . (5.3.9)

In this case, it is possible to compute the eigenvalues of the Hessian matrix (5.3.6) which

are given by

λ = A2 − L2Q2

2
√
A(A2 + L2Q2)

, (5.3.10)

λ± = 1
8A1/2

5 + 3L2Q2

A2 ±

√
1 + 22L2Q

2

A2 + 9L4Q
4

A4

 , (5.3.11)

where λ has multiplicity three. The eigenvalues λ± are always positive for any value

of A > 0 and Q ∈ R, while the triple eigenvalue λ is positive for large black holes

compared with the AdS radius and the electric charge, namely A > L|Q|. Whence the

spinodal line, which separates the stable from the unstable region, is located at A = L|Q|.

Consistently with our previous discussion, the extremal black holes are obtained at

A = L|Q|/
√
3 < L|Q|, namely outside the stability region.

5.3.2 Stability of magnetic planar black holes

The planar magnetic black holes presented in (5.2.21) have a well-defined BPS limit that

generically represents extremal BPS black holes with a globally defined Killing spinor

(5.2.30). One can notice that for the magnetic black holes (5.2.21), it is also possible to

solve the integration constant m in terms of the horizon area A, defined in (5.3.1), and

the magnetic charges PΛ as

m = 1
A1/2

[∏
Λ

(
A2

L2 + P 2
Λ

)]1/4
. (5.3.12)
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Then, if m is identified with the energy density of the configurations, we can run the same

argument that we outline for the electric black holes and conclude that the extremal BPS

black holes are unstable. This is in tension with the fact that the magnetic planar BPS

black holes are vacuum states of the theory, and therefore are believed to be stable. In

what follows, we will show that the configurations (5.2.21) with k = 0 asymptote to the

BPS configurations, in the sense that they admit an asymptotic Killing spinor which leads

to finite conserved charges, if and only if the topological twist condition (5.2.29) is satisfied.

Then, we compute the Dirac bracket between the supercharges for the asymptotic Killing

spinor, showing that the quantity that we would like to identify with the energy density

should vanish in the BPS limit. We will take this fact into account to propose an energy

density that leads to a semi-positive defined Hessian matrix on backgrounds that satisfy

the topological twist condition imposed at the beginning of the analysis.

To simplify the analysis we consider the supersymmetry transformation for the complex

spinors, and denote the complex gravitino and complex gaugini as the chiral one but

erasing the SU(2) index. The leading order of the gaugini equations expanded at r → ∞

goes as 1/r and is a matrix equation that can be solved by imposing the following projector

ζ∞ = 1
2(1 + γ1)χ∞ , (5.3.13)

then the subleading term of the complex gaugini equations read

δλi = 1
2r2

[
(P 2

i − P 2
4 )2 − (P 2

j − P 2
k )2

2Lm2 +
∑
Λ

ΩiΛPΛiγ23

]
ζ∞ + o(r−3) , i /=j /=k /=4 ,

(5.3.14)

ΩiΛ =


1 −1 −1 1

1 −1 1 −1

1 1 −1 −1

 . (5.3.15)

It is interesting to notice that the matrix in bracket in the subleading term is invertible

unless the PΛ and m satisfy the BPS conditions; the same will happen for the subleading

terms in the gravitino equations. Using the projector (5.3.13) the gravitino equations for

the complex spinor in the asymptotic region are given by

δΨt = ∂tζ∞ + i
8Lr

∑
Λ
PΛγ023ζ∞ + o(r−2) , (5.3.16)
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δΨr = ∂rζ∞ − 1
2r ζ∞ + o(r−2) , (5.3.17)

δΨx = ∂xζ∞ + i
8r
∑
Λ
PΛγ3ζ∞ + o(r−2) , (5.3.18)

δΨy = ∂yζ∞ − i
4x
∑
Λ
PΛζ∞ + i

8r
∑
Λ
PΛγ2ζ∞ + o(r−2) . (5.3.19)

Note that the second term in the equation (5.3.19) is leading in the expansion on r, thus,

a necessarily condition on the background to have asymptotic Killing spinors is that the

topological twist condition (5.2.29) must be fulfilled. Solving the leading order of the above

equations equal zero, and going back to the Majorana spinor, we find that the asymptotic

Killing spinor on a background that fulfills the topological twist condition is given by

ψA∞(r) = 1
2r

1/2(1 + γ1)ψA0 + o(r−1/2) ≡ r1/2PABψB0 , (5.3.20)

where ψA0 is a constant doublet of Majorana spinors. Observe that the radial dependency

agrees with both the expansion at infinity and the projection 1 + γ1 of the Killing spinor

of the BPS background given in (5.2.30), and there are no further projections of the

asymptotic Killing spinor. Therefore, the asymptotic spinor (5.3.20) has 4 independent

real components which represent an enhancement of the 2 independent real components

with respect to the global Killing spinor defined in the vacuum (5.2.30). Indeed we can

assert that the asymptotic Killing spinor can be split into two independent spinors obtained

by projecting (5.3.20) with the projector

P±
AB ≡ 1

4(1 + γ1)(δAB ± εABγ23) . (5.3.21)

Computing the right-hand-side of the algebra (5.2.9) on the background (5.2.21) satisfying

the topological twist condition for the asymptotic Killing spinor (5.3.20) we get the

following result

{Q,Q} = −1
2

∫
∂Σ

∑
Λ
H1/4

[(
− ir2f1/2

HΛ
+ ir3

L
HΛ

)
ψ
A
0 γ0PABψB0 − (5.3.22)

−rPΛ
HΛ

ψ
A
0 γ5εABPBCψC0

]
dx ∧ dy .

Note that the last term would be combined with the first term if the asymptotic spinor

would satisfy the extra projection condition that we are lacking to reproduce from the

asymptotic analysis. We proceed as follows, let us consider the two independent Killing
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spinors obtained by projecting the asymptotic Killing spinor (5.3.20) with (5.3.21) and then

computing Dirac bracket between supercharges twice, one for each independent spinor. To

emphasize this fact we include a subscript in the supercharge Q±. The resulting algebra

is the following

{Q±,Q±} = i
2

∫
∂Σ

∑
Λ
H1/4

(
−r

2f1/2

HΛ
+ r3

L
HΛ ± rPΛ

HΛ

)
ψ
A
0 γ

0P±
ABψ

B
0 dx ∧ dy , (5.3.23)

= iM±ψ
A
0 γ

0P±
ABψ

B
0

∫
dx ∧ dy , (5.3.24)

where

M± = L

2m3 (m
2 ±m2

BPS)(2m2 ±m2
BPS) , (5.3.25)

m2
BPS ≡ 1

2
√
2L

3∏
i=1

(∑
Λ

ΩiΛP 2
Λ

)1/2

, (5.3.26)

and ΩiΛ is defined in (5.3.15). We will show that indeed, the charges are such that

m2
BPS > 0 in the region of the phase space where the black holes exist. As expected

the BPS bound computed with the spinors that asymptote to the Killing spinor of the

background (5.2.30), i.e. with the lower sign, leads to a non-trivial constraint on the

parameter m

M− > 0 =⇒ m > mBPS . (5.3.27)

While the BPS bound coming from the asymptotic Killing spinor with the upper sign is

trivially fulfilled. Now, we go back to the issue of the definition of the energy density in

this configuration.

Note that the derivative of (5.3.12) with respect to the horizon area correctly reproduces

the Hawking temperature of the black hole. To avoid spoiling the above relation, any

reasonable attempt to define a new thermodynamic energy density can only differ from

(5.3.12) by the addition of a function of the magnetic charges.

For configurations satisfying the topological twist condition, we propose the following

definition of energy density

E = m(A,PΛ)−mBPS(PΛ) , (5.3.28)

where m(A,PL) is given in (5.3.12) and mBPS is given by (5.3.26). Under these
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considerations, it is straightforward to prove that the 4×4 Hessian matrix is semi-positive

defined on extremal configurations.

Now we move to the discussion on the existence of black hole configuration in the extremal

limit that satisfies the topological twist condition. First of all, observe that the location

of the horizon in terms of the horizon area and the location of singularities in terms of the

integration constant m and q are

r0 =
A2

L2m
− q

m
, r

(sing)
Λ = −qΛ = −

P 2
Λ
m

− q

m
, (5.3.29)

respectively. The black hole configuration exist if r0 > r
(sing)
Λ which implies that

1
m

(
A2

L2 + P 2
Λ

)
> 0 . (5.3.30)

The existence of a zero of the metric function f(r0) = 0 implies the existence of a horizon

with horizon area A > 0. The equation (5.3.30) implies that if such a condition is fulfilled,

a horizon automatically covers the singularities.

Extremal configurations have Hawking temperature equal to zero. The Hawking

temperature for the magnetic black hole configurations is obtained by computing the

derivative of the energy (5.3.28) with respect to the entropy over 8π, leading to

TH = m(A,PΛ)
4πA

A2

L2

∑
Λ

(
A2

L2 + P 2
Λ

)−1

− 1

 . (5.3.31)

Replacing the topological twist condition on (5.3.31), we find that the right-hand-side gets

factorized and consequently

TH = 0 =⇒ Pol+(A,PΛ)Pol−(A,PΛ) = 0 , (5.3.32)

where

Pol±(A,PΛ) = (2± 1)A
4

L4 + A2

2L2

∑
Λ
P 2
Λ ∓

∏
Λ
PΛ satifying

∑
Λ
PΛ = 0 . (5.3.33)

The greater root for A coming from Pol−(A,PΛ) = 0, which we call A−, correctly

reproduces the horizon area of BPS black holes. While the greater root for A from

Pol+(A,PΛ) = 0, which we call A+, corresponds to the horizon area of non-BPS extremal

black holes. In the surface with TH = 0 for configurations satisfying the topological twist
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conditions, there are three magnetic charges as remaining free parameters. The horizon

areas A+ and A− take values on this space. It is interesting to note that in the region

where A− > 0 we have A+ < 0 and vice versa, therefore, the location where A− = 0

coincides with A+ = 0. This is depicted in Figure 5.3.1.

One can interpret this result as follows. For extremal black holes, there are certain

boundary conditions that allow the existence of supersymmetric magnetic black holes, and

its complementary region will lead to extremal non-BPS black holes. These two essentially

different boundary conditions lead to the horizon area A− and A+, respectively, that

can be written in terms of quartic invariant quantities constructed out of the embedding

tensor θM , the topological charges symplectic vector ΓM and KMNPQ rank-4 completely

symmetric tensor of Sp(8,R). The explicit form of the horizon area for the extremal BPS

black holes is7

A2
− = 3

2
I2
I0

+

√√√√√(3
2
I2
I0

)2

− 1
4
I4
I0
, (5.3.34)

since I2 < 0 then the area is real an if I4 < 0. The horizon area for extremal non-BPS

black holes are

A2
+ = 1

2
I2
I0

+

√√√√√(1
2
I2
I0

)2

+ 1
12
I4
I0
. (5.3.35)

again I2 < 0 then the above area is real if I4 > 0. We have defined

I0 = −2I1(θ, θ, θ, θ) =
1
L4 , (5.3.36)

I4 = −2I1(Γ,Γ,Γ,Γ) = 4
∏
Λ
PΛ , (5.3.37)

I2 = −2
3

3∑
i=1

Ii(Γ, θ,Γ, θ) = − 1
6L2

∑
Λ
P 2
Λ , (5.3.38)

where the last relation was obtained provided that
∑

Λ PΛ = 0, see Appendix A5 for the

definition of the tensor Ii.

5.3.3 First-order description and stable extremal non-BPS solutions

The BPS solutions discussed above admit a first-order description in terms of gradient-flow

equations defined by a suitable black-hole superpotential. The general form of the latter

was found, in the spherical horizon case, in [215]. A general discussion of the first-order

7For the expression of A− in terms of SL(2,R)3-invariants see [224]. Here we also give the analogous
expression for the horizon-area A+, corresponding to new extremal non-BPS solutions.
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description of extremal solutions in the STU model was performed in [218]. Using the

following standard notation for the spacetime metric:

ds2 = −e−2U dt2 + e−2U dr2 + e2(ψ−U) d2Ω , (5.3.39)

where d2Ω is the metric on the horizon and U = U(r), ψ = ψ(r), the superpotential for

the BPS case can be written in the form:

W (U,ψ, zi, z̄ ı̄) = eU (Z+i e2(ψ−U)W) . (5.3.40)

where Z ≡ V TCΓ is the N = 2 central charge and W ≡ V T θ is the gauge superpotential.

In our solutions:

U(r) = 1
2 log

(
f(r)

H(r)1/2

)
, ψ(r) = log

(
rf(r)1/2

)
(5.3.41)

The scalar fields satisfy the gradient flow equations:

dzi

dr = −2 e−2ψ giȷ∂ȷ|W | .

There is a non-BPS branch of extremal solutions whose first-order description was studied

in [217, 216, 218]. The fake-superpotential for the dilatonic solutions has the form

Wnon-BPS(U,ψ, zi, z̄ ı̄) = eU
(
1
2

(
Z +

3∑
ı̂=1

Dı̂Z
)
+ i e2(ψ−U)W

)
, (5.3.42)

where:

Dı̂Z ≡ ejı̂

(
∂i +

1
2 ∂iK

)
Z , (5.3.43)

are the three matter charges, ejı̂ being the inverse vielbein matrix, see Appendix 5.1 for

the relevant definitions related to the special geometry of the model.

The expressions for the relevant quantities for these non-BPS solutions are obtained from

the corresponding ones derived above for the BPS black holes, upon changing P4 → −P4.

The topological twist condition (5.2.29), for instance, for the flat-horizon case, becomes:

P1 + P2 + P3 − P4 = 0 . (5.3.44)

Just as it happened for the BPS case, the above condition implies a factorization of the

expression of the temperature TH . The horizon area now corresponds to a root A′
− given
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Figure 5.3.1: Considering P3 = −P1 − P2 − P4, we consider the plane (P1/P4, P2/P4)
where the coloured regions correspond to the existence of susy black holes with A− > 0.
We defined A± as the grater root for A of Pol±(A,PΛ) = 0

by that of A− by changing P4 → −P4:

A′2
− = 3

2
I2
I0

+

√√√√√(3
2
I2
I0

)2

+ 1
4
I4
I0
, (5.3.45)

since I2 < 0 then the area is real an if I4 > 0. The expression of the Hessian, as a

function of the charges, is the same as that of the BPS case. By the same token, we then

conclude that also these non-BPS extremal solutions, described by first-order gradient flow

equations, are stable. Stability seems then to be implied by the existence of a first-order

description of the solution.

By the same token, we also find, for suitable values of the magnetic charges, extremal non-

BPS solutions with area A′
+ whose expression is obtained from that of A+ by changing

P4 → −P4:

A′2
+ = 1

2
I2
I0

+

√√√√√(1
2
I2
I0

)2

− 1
12
I4
I0
. (5.3.46)

Reality of A′
+ then requires I4 < 0. We conclude that the condition I4 < 0 does not

uniquely define the BPS configuration. This is to be expected since, in the two cases, the

linear conditions on the charges, (5.2.29) and (5.3.44), are different.

The stability of the magnetic configuration can be compared with perturbative stability

analysis existent in the literature [225, 226] where the authors studied the perturbative

stability of magnetic configurations in the context of the purely dilatonic sector of the
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STU model. In particular, they studied the stability of magnetically charged AdS2 × R2

geometry, which corresponds to the near horizon region of the extremal magnetically

charged black holes considered here.

Considering the extremal limit of the magnetically charged black hole solutions in (5.2.21)-

(5.2.23), we can find analytically an expression for the value of the scalars at the horizon

φi(r+) = − log
[

m2A

(P 2
i +A2/L2)(P 2

4 +A2/L2)

]
, i = 1, 2, 3. (5.3.47)

In [226] they studied a perturbation of the STU model of AdS2 × R2 background in the

T3-truncation of the STU model, and gave an analytic expression for the eigenvalues of

the mass matrix. These backgrounds can be obtained from our black holes by taking the

extremal limit and then the near horizon geometry for ±P1 = ±P2 = ±P3 ≡ P, for any

choice of the relative signs. The smallest eigenvalue of the mass matrix of the perturbation

is given by [226]8

L2
AdS2m

2
min = − 1

48
(5 + 3X4)2

2 + 3X4 +X
8 , (5.3.48)

X ≡ mA1/2

(P2 +A2/L2)1/2(P 2
4 +A2/L2)1/2

, (5.3.49)

where LAdS2 is the AdS radius of the AdS2 near the horizon and X = Y
−1/2
1 = Y

−1/2
2 =

Y
−1/2
3 = Y

1/6
4 evaluated at the horizon. The BF bound on the AdS2 is violated when

X < (−1 + 2√
3)

1/4. We found that for the BPS configuration X saturates the bound

X|BPS = (−1 + 2√
3)

1/4 in agreement with [226], while for the non-BPS configuration

X|non−BPS = 1 > (−1+ 2√
3)

1/4, which is above the BF bound indicating that the instability

is not triggered by the particular perturbation considered in [226]. For the non-BPS,

thermodynamically stable configurations, we found that they also saturate the BF bound,

as they are obtained from the BPS configurations by mapping P4 → −P4, and the value

of the scalars at the horizons depends on the P 2
Λ.

5.4 Last comments

In this work, we presented a simple argument to prove the thermodynamic instability of

extremal planar 4-charges electric black holes in the STU model of the maximal theory

in D = 4. This result constitutes a generalization of the instabilities of electric black

8The exact mapping between conventions is the following: φhere
i = −φthere

i , Ahere
Λ = 2Athere

Λ , and L = 1/
√
2.
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holes studied in [212]. The argument can be made sharper to conclude that there is

a finite critical lower temperature for which electrically charged black holes are unstable,

indicating that the mechanics that trigger the instability do not rely on particular features

of extremal black holes. We note that indeed it is well known that extremal black holes

are unstable under charged perturbations [227]. However, the phenomenon presented here

is different because it does not require extremality and occurs at fixed charges. It seems,

in other words, to somehow capture the non-linearity of gauged N = 8 supergravity.

It would be interesting to investigate which kind of instability is at work. There are at

least two candidates: a Gregory-Lafflamme type of instability, due to the presence of flat

directions; a superradiance effect that could appear in rotating black holes, as in our case,

from the point of view of 11D supergravity, the system corresponds to rotating M2-branes

along the U(1)4 isometries of the S7.

We also considered 4-charge magnetic black hole configurations with different horizon

topologies constructed in [206, 195], and presented them in a slightly different form that

allows us to prove that they do have a regular black hole BPS limit. This result shows

that, when the embedding in the maximal theory exists, the non-extremal configurations

which generalize [209], correspond to the black holes discussed in [206, 195] and, in the

spherical case, they coincide with the non-extremal black holes presented in [221].

Within the context of extremal magnetically charged black holes with flat horizon

geometry, we identified three families of extremal black holes classified by their boundary

conditions. One of them corresponds to the family of extremal BPS black holes, whose

fields can be written as a solution of a first-order system of equations controlled by a

superpotential [215], and the quartic invariant in the charges turns out to be negative.

The thermodynamic stability analysis of the Hessian matrix imposing the topological

twist condition ab initio indicates these configurations are metastable. The remaining two

families of black holes are extremal non-BPS and they differ in the sign of the quartic

invariant; this suggests that the sign of the quartic invariant is not a sufficient condition

to identify a black hole configuration as supersymmetric or not. One of these families is

obtained from the extremal BPS family by flipping the sign of the magnetic charge of the

graviphoton, and thus satisfies a topological twist condition with one sign flipped. This

class is also described by a first-order system controlled by a fake-superpotential [217].

We assert thermodynamic quasi-stability for the black holes belonging to this family,

and the perturbative stability analysis carried out in [226] shows that the mass of the

perturbed scalars saturate the BF bound in the AdS2. The last family corresponds to
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extremal non-BPS configurations that exist for certain choices of boundary conditions

in a complementary region in the space of the magnetic charges where the two latter

families exist. These black holes are not described by a first-order system and its Hessian

has generically negative eigenvalues indicating thermodynamic instability. Applying the

analysis in [226] to these backgrounds leads to scalars whose mass squared is above the

BF bound of the AdS2, indicating that the instability is not triggered by the perturbation

considered in [226]. A more exhaustive perturbative analysis is required to explore this

further. In general, all these instabilities open the question of what is the phase diagram

relevant for supergravity and its dual field theory, something that we expect to explore in

the future along the lines of [228].
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Chapter 6

Summary and future directions

This thesis was mainly based on two facts coming from superstring theory. The first

one is supersymmetry, a consequence of the framework of the theory. The second is a

concrete prediction of the theory at low energies, which corresponds to the inclusion of

higher curvature terms. Supersymmetry is a crucial ingredient of the formulation of the

theory that allows for having sensible properties, such as identifying a vacuum state on

the phase space of the theory by requiring that the configuration is supersymmetric. The

prediction of higher curvature terms at low energies in lower dimensions is a very welcome

fact as general relativity is a non-renormalizable theory and it is well accepted that higher

curvature terms do improve the UV behavior of the theory.

In Chapter 1, we began the discussion by presenting general facts about differential

geometry and General Relativity. In particular, we present in a detailed way the

computations of charges following the Iyer-Wald method.

In Chapter 2, we study black hole physics in D = 4 by considering Einstein-dilaton-

Gauss-Bonnet theory. This theory is obtained by performing a field redefinition of the

α′-correction of the heterotic string theory in D = 10 and then making an analytic

continuation on the spacetime dimension to arbitrary D. The correction of heterotic

string in the lagrangian is proportional to RµνρσRµνρσ leading to four order equations of

motion, by performing the field redefintion it is possible to map this theory, in string frame,

to Einstein-dilaton-Gauss-Bonnet up to quadratic terms in α′. We construct the first

correction to the Schwarzschild black hole in arbitrary dimensions. The metric functions

are given by a Gaussian hypergeometric function. For the D = 4 case, we construct the

conserved charges by considering the appropriate generalization of the Gibbons-Hawking-



137

York term for Gauss-Bonnet. The charges were finite and they satisfy the Smarr formula

at first order in α′. Then, we construct a slowly rotating black hole starting from the

stationary one by solving the equations, neglecting terms α′2, aα′, and compute the

angular momentum. The only correction of order αa was in the off-diagonal term. This

configuration was studied later by simulating its black hole shadow in [229]. After that,

we constructed the α′-correction to the C-metric. In this case, for an arbitrary value of the

accelerating parameter A, the resulting system of differential equations is a PDE for the

first correction of the scalar field. Unfortunately, we did not manage to solve it analytically,

but a perturbative solution in the acceleration parameter was provided.

In general, higher curvature theories have certain pathologies, such as a degeneracy of

the vacuum, modes with unbounded energy from below, and higher derivative equations

of motion, among others. However, string theory is a healthy theory regarding these

issues. The evident tension is that if you take the first non-trivial α′-correction, e.g.,

in the Heterotic or type II theories, one lands in a higher curvature theory carrying

the above-mentioned pathologies. A proposal to resolve this tension is to consider field

redefinitions order by order in α′, as we did in Chapter 2, where the higher curvature

term is governed by the Gauss-Bonnet density belonging to the Lovelock family. However,

it is possible to show that the quartic correction to type II theories cannot be mapped

via field redefinition to the corresponding Lovelock density. In the last fifteen years, a

new family of higher curvature theories, known as Quasi-topological families, defined by

requiring the existence of a Birkhoff’s theorem for generic values of the couplings, was

constructed. They have second-order equations of motion around a spherically symmetric

background, and their equations in this background are polynomial in the metric function

[111, 230, 231, 232]. After that, a family of theories known as generalized quasi-topological

gravities was proposed that inherits the properties of having second-order field equations

around a spherically symmetric background, but the equations are no longer polynomial

in the metric function. A remarkable example in D = 4 is Einsteinian cubic gravity [114].

Recently, it was shown in [233] that, considering type IIB reduced on a 5-sphere with its

quartic correction, there exists a field redefinition in such a way that the quartic term

can be recast as a series of QT terms. As a future direction, it would be interesting

to implement this technique to prove that the statement holds for any 10-dimensional

manifold, not only containing a 5-sphere factor.

In Chapter 3 we consider D = 5, α′-corrections to the black string with dilaton equal

to zero. The correction was known since [154], we extended the analysis by studying
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the thermodynamics using Iyer-Wald charges and studying the perturbations around

α/r2+ ≪ 1. For the latter, we study the scalar perturbation that in GR triggers the

Gregory-Laflamme instability, showing that the instability window gets enlarged linearly

with the perturbative coupling α′. At the beginning of Chapter 4, we discuss the semi-

classical instability of the Kaluza-Klein vacuum proven by Witten in [180]. The black

string configurations are asymptotically the Kaluza-Klein vacuum; hence, it would be

interesting to understand the relation, if any, between the semi-classical instability of

the boundary metric and the Gregory-Laflamme instability occurring at the black string

horizon.

Then, we moved to a supergravity context where there exists a sharp way to assess the

stability of a background by studying the presence of Killing spinors. If such spinors

exist, then the energy of the background is bounded from below by the central charges

as the supersymmetry algebra dictates. If there are no Killing spinors, stability is not

warranted. In Chapter 4, we provide a new configuration asymptotically locally AdS5 with

a contractible cycle in the bulk. The dual interpretation corresponds to a deformation of

the Coulomb branch of N = 4 SYM on R1,2 × S1. The configuration that we presented is

general enough, namely, the boundary values of the gauge fields at infinity are non-trivial,

introducing a current in the dual theory, which allows us to write sections of the phase

diagram and distinguish two branches of solutions for generic values of the boundary values

of the gauge fields. We provide the uplift to type IIB, whose non-trivial field content is

the self-dual 5-form and the metric. The configuration becomes BPS for a certain relation

between the boundary values of the gauge fields, with a precise relation between their

signs. While, from the point of view of the 10-dimensional field theory, one can see that

there is no relation between the signs whatsoever. This is a consequence of the fact that

in D = 5 we are dealing with a N = 2 gauged supergravity, and as we explained for D = 4

STU model in Section 5.1, there is no unique way to embed them in the maximal theory.

In Chapter 5 we construct the STU model in maximal SO(8)-gauged supergravity in

D = 4 and study the purely dilatonic sector of the theory. In this sector, we write the

static magnetic and electric black hole configurations for arbitrary geometry of the 2-

dimensional horizon constructed in [206, 195] in a slightly different way. We carry out

the thermodynamic stability analysis for the electric black holes. For them, the BPS limit

leads to naked singularities for spherical and planar horizons. For hyperbolic horizons,

the configurations are not real. In the planar case, we obtained an equation of state that

related the energy, the entropy, and the electric charges. Using this relation, we show
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that if the temperature of the black hole is below a certain value fixed in terms of the

electric charges and the entropy, then the configuration is thermodynamically unstable.

This instability also happens for the well-known Reissner-Nordström black hole. It would

be interesting to understand the origin of these instabilities.

For the magnetic black holes, we prove that the BPS limit of magnetic configurations

allows BPS states with a horizon protecting the curvature singularity, making the Duff

and Liu magnetic black holes with arbitrary horizon geometry [206, 195] equivalent to those

presented by Cacciatori and Klemm [209] ten years later. We perform a thermodynamic

analysis for the planar configurations. We include an extra term in the definition of

the thermodynamic energy in such a way that its Hessian matrix leads to quasi-stable

configurations for the magnetic BPS black holes. Finally, we showed that extremal black

holes do not imply BPS black holes, and they can be differentiated by looking at the

SL(2,R)3 invariants, which were constructed in Appendix A5. We assess the stability of

the extremal non-BPS black holes by computing the eigenvalues of the Hessian matrix,

and they have negative eigenvalues. By using the results provided in [226, 225] regarding

the mass matrix for perturbations on AdS2 ×R2 background in the STU model, we prove

that at least they are not triggered by the near-horizon values of the scalar field in the

extremal case. For the extremal non-BPS black holes, the values of the scalars at the

horizon are above the BF bound. While for the extremal BPS black holes, the scalars

precisely saturate the BF bound. This raises the question whether this is always the case:

do all BPS extremal black holes have scalars saturating the BF bound at the horizon?

It would be interesting in the future to go back to this problem and give a more general

statement.



Bibliography 140

Bibliography

[1] Marc H. Goroff and Augusto Sagnotti. QUANTUM GRAVITY AT TWO LOOPS.
Phys. Lett. B, 160:81–86, 1985.

[2] Marc H. Goroff and Augusto Sagnotti. The Ultraviolet Behavior of Einstein Gravity.
Nucl. Phys. B, 266:709–736, 1986.

[3] Carlo Rovelli and Lee Smolin. Loop Space Representation of Quantum General
Relativity. Nucl. Phys. B, 331:80–152, 1990.

[4] A. Ashtekar. New Hamiltonian Formulation of General Relativity. Phys. Rev. D,
36:1587–1602, 1987.

[5] C. M. Hull and P. K. Townsend. Unity of superstring dualities. Nucl. Phys. B,
438:109–137, 1995.

[6] Edward Witten. String theory dynamics in various dimensions. Nucl. Phys. B,
443:85–126, 1995.

[7] E. Cremmer, B. Julia, and Joel Scherk. Supergravity Theory in 11 Dimensions. Phys.
Lett. B, 76:409–412, 1978.

[8] John H. Schwarz. Covariant Field Equations of Chiral N=2 D=10 Supergravity.
Nucl. Phys. B, 226:269, 1983.

[9] Luis Alvarez-Gaume and Edward Witten. Gravitational Anomalies. Nucl. Phys. B,
234:269, 1984.

[10] J. D. Bekenstein. Transcendence of the law of baryon-number conservation in black
hole physics. Phys. Rev. Lett., 28:452–455, 1972.

[11] S. W. Hawking. Particle Creation by Black Holes. Commun. Math. Phys., 43:199–
220, 1975. [Erratum: Commun.Math.Phys. 46, 206 (1976)].

[12] Gerard ’t Hooft. Dimensional reduction in quantum gravity. Conf. Proc. C,
930308:284–296, 1993.

[13] Leonard Susskind. The World as a hologram. J. Math. Phys., 36:6377–6396, 1995.

[14] Andrew Strominger and Cumrun Vafa. Microscopic origin of the Bekenstein-
Hawking entropy. Phys. Lett. B, 379:99–104, 1996.

[15] Juan Martin Maldacena. The Large N limit of superconformal field theories and
supergravity. Adv. Theor. Math. Phys., 2:231–252, 1998.



Bibliography 141

[16] Ofer Aharony, Oren Bergman, Daniel Louis Jafferis, and Juan Maldacena. N=6
superconformal Chern-Simons-matter theories, M2-branes and their gravity duals.
JHEP, 10:091, 2008.

[17] Edward Witten. Anti de Sitter space and holography. Adv. Theor. Math. Phys.,
2:253–291, 1998.

[18] Michael B. Green, J. H. Schwarz, and Edward Witten. SUPERSTRING THEORY.
VOL. 1: INTRODUCTION. Cambridge Monographs on Mathematical Physics. 7
1988.

[19] N. D. Birrell and P. C. W. Davies. Quantum Fields in Curved Space. Cambridge
Monographs on Mathematical Physics. Cambridge University Press, Cambridge, UK,
1982.

[20] Cornelius Lanczos. A Remarkable property of the Riemann-Christoffel tensor in four
dimensions. Annals Math., 39:842–850, 1938.

[21] D. Lovelock. The Einstein tensor and its generalizations. J. Math. Phys., 12:498–501,
1971.

[22] K. S. Stelle. Renormalization of Higher Derivative Quantum Gravity. Phys. Rev. D,
16:953–969, 1977.

[23] K. S. Stelle. Classical Gravity with Higher Derivatives. Gen. Rel. Grav., 9:353–371,
1978.

[24] Barton Zwiebach. Curvature Squared Terms and String Theories. Phys. Lett. B,
156:315–317, 1985.

[25] David J. Gross and Edward Witten. Superstring Modifications of Einstein’s
Equations. Nucl. Phys. B, 277:1, 1986.

[26] R. R. Metsaev and Arkady A. Tseytlin. Two loop beta function for the generalized
bosonic sigma model. Phys. Lett. B, 191:354–362, 1987.

[27] E. Bergshoeff and M. de Roo. Supersymmetric Chern-simons Terms in Ten-
dimensions. Phys. Lett. B, 218:210–215, 1989.

[28] Felipe Agurto-Sepúlveda, Mariano Chernicoff, Gaston Giribet, Julio Oliva, and
Marcelo Oyarzo. Slowly rotating and accelerating α’-corrected black holes in four
and higher dimensions. Phys. Rev. D, 107(8):084014, 2023.

[29] Carla Henríquez-Báez, Julio Oliva, Marcelo Oyarzo, and Marcel I. Yáñez Reyes. R2
corrections to the black string instability and the boosted black string. Phys. Rev.
D, 107(4):044021, 2023.

[30] Andrés Anabalón, Horatiu Nastase, and Marcelo Oyarzo. Supersymmetric AdS
solitons and the interconnection of different vacua ofN = 4 Super Yang-Mills. JHEP,
05:217, 2024.

[31] Andrés Anabalón, Stefano Maurelli, Marcelo Oyarzo, and Mario Trigiante. The
instability of low-temperature black holes in gauged N = 8 supergravity. JHEP,
03:201, 2025.



Bibliography 142

[32] Roger Penrose and Wolfgang Rindler. Spinors and Space-Time. Cambridge
Monographs on Mathematical Physics. Cambridge Univ. Press, Cambridge, UK,
4 2011.

[33] Stephen W. Hawking and George F. R. Ellis. The Large Scale Structure of Space-
Time. Cambridge Monographs on Mathematical Physics. Cambridge University
Press, 2 2023.

[34] M. Nakahara. Geometry, topology and physics. 2003.

[35] Pietro Giuseppe Fré and Alexander Fedotov. Groups and Manifolds: Lectures for
Physicists with Examples in Mathematica. De Gruyter Textbook. Walter de Gruyter
GmbH & Co KG, illustrated edition, 2017.

[36] Alessandro Tomasiello. Geometry of String Theory Compactifications. Cambridge
University Press, 1 2022.

[37] Ergin Sezgin. Survey of supergravities. 12 2023.

[38] Clifford M. Will. The Confrontation between General Relativity and Experiment.
Living Rev. Rel., 17:4, 2014.

[39] B. P. Abbott et al. Observation of Gravitational Waves from a Binary Black Hole
Merger. Phys. Rev. Lett., 116(6):061102, 2016.

[40] Albert Einstein. Approximative Integration of the Field Equations of Gravitation.
Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys. ), 1916:688–696, 1916.

[41] Albert Einstein. Über Gravitationswellen. Sitzungsber. Preuss. Akad. Wiss. Berlin
(Math. Phys. ), 1918:154–167, 1918.

[42] H. Bondi, F. A. E. Pirani, and I. Robinson. Gravitational waves in general relativity.
3. Exact plane waves. Proc. Roy. Soc. Lond. A, 251:519–533, 1959.

[43] H. Bondi, M. G. J. van der Burg, and A. W. K. Metzner. Gravitational waves in
general relativity. 7. Waves from axisymmetric isolated systems. Proc. Roy. Soc.
Lond. A, 269:21–52, 1962.

[44] R. Sachs. Asymptotic symmetries in gravitational theory. Phys. Rev., 128:2851–2864,
Dec 1962.

[45] Steven Weinberg. Cosmology. 2008.

[46] S. W. Hawking. Black holes in general relativity. Commun. Math. Phys., 25:152–166,
1972.

[47] Werner Israel. Event horizons in static vacuum space-times. Phys. Rev., 164:1776–
1779, 1967.

[48] B. Carter. Axisymmetric Black Hole Has Only Two Degrees of Freedom. Phys. Rev.
Lett., 26:331–333, 1971.

[49] Werner Israel. Event horizons in static electrovac space-times. Commun. Math.
Phys., 8:245–260, 1968.

[50] James M. Bardeen, B. Carter, and S. W. Hawking. The Four laws of black hole
mechanics. Commun. Math. Phys., 31:161–170, 1973.



Bibliography 143

[51] Jacob D. Bekenstein. Black holes and entropy. Phys. Rev. D, 7:2333–2346, 1973.

[52] Jacob D. Bekenstein. Nonexistence of baryon number for static black holes. Phys.
Rev. D, 5:1239–1246, 1972.

[53] D. Sudarsky. A Simple proof of a no hair theorem in Einstein Higgs theory,. Class.
Quant. Grav., 12:579–584, 1995.

[54] N. M. Bocharova, K. A. Bronnikov, and V. N. Melnikov. 1970.

[55] Jacob D. Bekenstein. Exact solutions of einstein-conformal scalar equations. Annals
of Physics, 82(2):535–547, 1974.

[56] Cristian Martinez, Ricardo Troncoso, and Jorge Zanelli. De Sitter black hole with a
conformally coupled scalar field in four-dimensions. Phys. Rev. D, 67:024008, 2003.

[57] Eugen Radu and Elizabeth Winstanley. Conformally coupled scalar solitons and
black holes with negative cosmological constant. Phys. Rev. D, 72:024017, 2005.

[58] Andres Anabalon and Adolfo Cisterna. Asymptotically (anti) de Sitter Black Holes
and Wormholes with a Self Interacting Scalar Field in Four Dimensions. Phys. Rev.
D, 85:084035, 2012.

[59] Carlos A. R. Herdeiro and Eugen Radu. Asymptotically flat black holes with scalar
hair: a review. Int. J. Mod. Phys. D, 24(09):1542014, 2015.

[60] Mario Trigiante. Gauged Supergravities. Phys. Rept., 680:1–175, 2017.

[61] Robert M. Wald. Black hole entropy is the Noether charge. Phys. Rev. D,
48(8):R3427–R3431, 1993.

[62] Vivek Iyer and Robert M. Wald. Some properties of Noether charge and a proposal
for dynamical black hole entropy. Phys. Rev. D, 50:846–864, 1994.

[63] Vivek Iyer and Robert M. Wald. A Comparison of Noether charge and Euclidean
methods for computing the entropy of stationary black holes. Phys. Rev. D, 52:4430–
4439, 1995.

[64] B. Carter. Hamilton-Jacobi and Schrodinger separable solutions of Einstein’s
equations. Commun. Math. Phys., 10(4):280–310, 1968.

[65] G. W. Gibbons and S. W. Hawking. Action Integrals and Partition Functions in
Quantum Gravity. Phys. Rev. D, 15:2752–2756, 1977.

[66] Roberto Emparan, Clifford V. Johnson, and Robert C. Myers. Surface terms as
counterterms in the AdS / CFT correspondence. Phys. Rev. D, 60:104001, 1999.

[67] Marco M. Caldarelli, Guido Cognola, and Dietmar Klemm. Thermodynamics of
Kerr-Newman-AdS black holes and conformal field theories. Class. Quant. Grav.,
17:399–420, 2000.

[68] G. W. Gibbons, M. J. Perry, and C. N. Pope. The First law of thermodynamics for
Kerr-anti-de Sitter black holes. Class. Quant. Grav., 22:1503–1526, 2005.

[69] S. W. Hawking, C. J. Hunter, and Marika Taylor. Rotation and the AdS / CFT
correspondence. Phys. Rev. D, 59:064005, 1999.



Bibliography 144

[70] D. Lovelock. The four-dimensionality of space and the einstein tensor. J. Math.
Phys., 13:874–876, 1972.

[71] H. Lu and C. N. Pope. Critical Gravity in Four Dimensions. Phys. Rev. Lett.,
106:181302, 2011.

[72] S. Deser, Haishan Liu, H. Lu, C. N. Pope, Tahsin Cagri Sisman, and Bayram Tekin.
Critical Points of D-Dimensional Extended Gravities. Phys. Rev. D, 83:061502, 2011.

[73] Alexei A. Starobinsky. A New Type of Isotropic Cosmological Models Without
Singularity. Phys. Lett. B, 91:99–102, 1980.

[74] David G. Boulware and Stanley Deser. String Generated Gravity Models. Phys.
Rev. Lett., 55:2656, 1985.

[75] David G. Boulware and Stanley Deser. Effective Gravity Theories With Dilatons.
Phys. Lett. B, 175:409–412, 1986.

[76] Ted Jacobson, Gungwon Kang, and Robert C. Myers. Increase of black hole entropy
in higher curvature gravity. Phys. Rev. D, 52:3518–3528, 1995.

[77] Alex Buchel, Jorge Escobedo, Robert C. Myers, Miguel F. Paulos, Aninda Sinha, and
Michael Smolkin. Holographic GB gravity in arbitrary dimensions. JHEP, 03:111,
2010.

[78] Yevgeny Kats, Lubos Motl, and Megha Padi. Higher-order corrections to mass-
charge relation of extremal black holes. JHEP, 12:068, 2007.

[79] Filipe Moura. String-corrected dilatonic black holes in d dimensions. Phys. Rev. D,
83:044002, 2011.

[80] Filipe Moura. Dilatonic black holes in superstring gravity. Phys. Rev. D,
99(8):086008, 2019.

[81] Curtis G. Callan, Jr., Robert C. Myers, and M. J. Perry. Black Holes in String
Theory. Nucl. Phys. B, 311:673–698, 1989.

[82] Robert C. Myers. Superstring Gravity and Black Holes. Nucl. Phys. B, 289:701–716,
1987.

[83] Clifford Cheung, Junyu Liu, and Grant N. Remmen. Proof of the Weak Gravity
Conjecture from Black Hole Entropy. JHEP, 10:004, 2018.

[84] Clifford Cheung, Junyu Liu, and Grant N. Remmen. Entropy Bounds on Effective
Field Theory from Rotating Dyonic Black Holes. Phys. Rev. D, 100(4):046003, 2019.

[85] Sergio Ferrara, Ramzi R. Khuri, and Ruben Minasian. M theory on a Calabi-Yau
manifold. Phys. Lett. B, 375:81–88, 1996.

[86] Ignatios Antoniadis, S. Ferrara, R. Minasian, and K. S. Narain. R**4 couplings in
M and type II theories on Calabi-Yau spaces. Nucl. Phys. B, 507:571–588, 1997.

[87] Monica Guica, Lisa Huang, Wei Li, and Andrew Strominger. R**2 corrections for
5-D black holes and rings. JHEP, 10:036, 2006.

[88] R. R. Metsaev and Arkady A. Tseytlin. Order alpha-prime (Two Loop) Equivalence
of the String Equations of Motion and the Sigma Model Weyl Invariance Conditions:



Bibliography 145

Dependence on the Dilaton and the Antisymmetric Tensor. Nucl. Phys. B, 293:385–
419, 1987.

[89] E. A. Bergshoeff and M. de Roo. The Quartic Effective Action of the Heterotic
String and Supersymmetry. Nucl. Phys. B, 328:439–468, 1989.

[90] Olaf Hohm, Warren Siegel, and Barton Zwiebach. Doubled α′-geometry. JHEP,
02:065, 2014.

[91] Olaf Hohm. Background Independent Double Field Theory at Order α′: Metric vs.
Frame-like Geometry. Phys. Rev. D, 95(6):066018, 2017.

[92] Olaf Hohm and Barton Zwiebach. Green-Schwarz mechanism and α′-deformed
Courant brackets. JHEP, 01:012, 2015.

[93] Olaf Hohm and Barton Zwiebach. Double field theory at order α′. JHEP, 11:075,
2014.

[94] Olaf Hohm and Barton Zwiebach. Double metric, generalized metric, and α’ -
deformed double field theory. Phys. Rev. D, 93(6):064035, 2016.

[95] Olaf Hohm and Barton Zwiebach. T-duality Constraints on Higher Derivatives
Revisited. JHEP, 04:101, 2016.

[96] Usman Naseer and Barton Zwiebach. Three-point Functions in Duality-Invariant
Higher-Derivative Gravity. JHEP, 03:147, 2016.

[97] Oscar A. Bedoya, Diego Marques, and Carmen Nunez. Heterotic α’-corrections in
Double Field Theory. JHEP, 12:074, 2014.

[98] Diego Marques and Carmen A. Nunez. T-duality and α’-corrections. JHEP, 10:084,
2015.

[99] Eric Lescano and Diego Marques. Second order higher-derivative corrections in
Double Field Theory. JHEP, 06:104, 2017.

[100] Walter H. Baron, Jose J. Fernandez-Melgarejo, Diego Marques, and Carmen Nunez.
The Odd story of α’-corrections. JHEP, 04:078, 2017.

[101] Mauro Brigante, Hong Liu, Robert C. Myers, Stephen Shenker, and Sho Yaida.
Viscosity Bound Violation in Higher Derivative Gravity. Phys. Rev. D, 77:126006,
2008.

[102] Mauro Brigante, Hong Liu, Robert C. Myers, Stephen Shenker, and Sho Yaida. The
Viscosity Bound and Causality Violation. Phys. Rev. Lett., 100:191601, 2008.

[103] Xian O. Camanho and Jose D. Edelstein. Causality in AdS/CFT and Lovelock
theory. JHEP, 06:099, 2010.

[104] Xian O. Camanho and Jose D. Edelstein. Causality constraints in AdS/CFT from
conformal collider physics and Gauss-Bonnet gravity. JHEP, 04:007, 2010.

[105] Diego M. Hofman. Higher Derivative Gravity, Causality and Positivity of Energy in
a UV complete QFT. Nucl. Phys. B, 823:174–194, 2009.

[106] Alex Buchel and Robert C. Myers. Causality of Holographic Hydrodynamics. JHEP,
08:016, 2009.



Bibliography 146

[107] A. Gruzinov and M. Kleban. Causality Constrains Higher Curvature Corrections to
Gravity. Class. Quant. Grav., 24:3521–3524, 2007.

[108] Xian O. Camanho, Jose D. Edelstein, Gaston Giribet, and Andres Gomberoff. A
New type of phase transition in gravitational theories. Phys. Rev. D, 86:124048,
2012.

[109] Xian O. Camanho, Jose D. Edelstein, Juan Maldacena, and Alexander Zhiboedov.
Causality Constraints on Corrections to the Graviton Three-Point Coupling. JHEP,
02:020, 2016.

[110] Harvey Reall, Norihiro Tanahashi, and Benson Way. Causality and Hyperbolicity of
Lovelock Theories. Class. Quant. Grav., 31:205005, 2014.

[111] Julio Oliva and Sourya Ray. A new cubic theory of gravity in five dimensions: Black
hole, Birkhoff’s theorem and C-function. Class. Quant. Grav., 27:225002, 2010.

[112] Robert C. Myers and Brandon Robinson. Black Holes in Quasi-topological Gravity.
JHEP, 08:067, 2010.

[113] Robert C. Myers, Miguel F. Paulos, and Aninda Sinha. Holographic studies of
quasi-topological gravity. JHEP, 08:035, 2010.

[114] Pablo Bueno and Pablo A. Cano. Einsteinian cubic gravity. Phys. Rev. D,
94(10):104005, 2016.

[115] Pablo Bueno, Pablo A. Cano, and Alejandro Ruipérez. Holographic studies of
Einsteinian cubic gravity. JHEP, 03:150, 2018.

[116] Pablo Bueno, Pablo A. Cano, and Robie A. Hennigar. (Generalized) quasi-
topological gravities at all orders. Class. Quant. Grav., 37(1):015002, 2020.

[117] Pablo Bueno, Pablo A. Cano, Javier Moreno, and Ángel Murcia. All higher-curvature
gravities as Generalized quasi-topological gravities. JHEP, 11:062, 2019.

[118] Mariano Chernicoff, Octavio Fierro, Gaston Giribet, and Julio Oliva. Black holes in
quasi-topological gravity and conformal couplings. JHEP, 02:010, 2017.

[119] Pablo Bueno and Pablo A. Cano. Four-dimensional black holes in Einsteinian cubic
gravity. Phys. Rev. D, 94(12):124051, 2016.

[120] José D. Edelstein, Nicolás Grandi, and Alberto Rivadulla Sánchez. Holographic
superconductivity in Einsteinian Cubic Gravity. JHEP, 05:188, 2022.

[121] Pablo A. Cano, Patrick Meessen, Tomás Ortín, and Pedro F. Ramírez. α′-corrected
black holes in String Theory. JHEP, 05:110, 2018.

[122] Pablo A. Cano, Samuele Chimento, Román Linares, Tomás Ortín, and Pedro F.
Ramírez. α′ corrections of Reissner-Nordström black holes. JHEP, 02:031, 2020.

[123] Pablo A. Cano and Alejandro Ruipérez. String gravity in D=4. Phys. Rev. D,
105(4):044022, 2022.

[124] Kei-ichi Maeda, Nobuyoshi Ohta, and Yukinori Sasagawa. Black Hole Solutions in
String Theory with Gauss-Bonnet Curvature Correction. Phys. Rev. D, 80:104032,
2009.



Bibliography 147

[125] Gaston Giribet, Matias Leoni, Julio Oliva, and Sourya Ray. Hairy black holes sourced
by a conformally coupled scalar field in D dimensions. Phys. Rev. D, 89(8):085040,
2014.

[126] Nobuyoshi Ohta and Takashi Torii. Charged Black Holes in String Theory with
Gauss-Bonnet Correction in Various Dimensions. Phys. Rev. D, 86:104016, 2012.

[127] Kei-ichi Maeda, Nobuyoshi Ohta, and Ryo Wakebe. Accelerating Universes in String
Theory via Field Redefinition. Eur. Phys. J. C, 72:1949, 2012.

[128] Ted Jacobson and Robert C. Myers. Black hole entropy and higher curvature
interactions. Phys. Rev. Lett., 70:3684–3687, 1993.

[129] Ted Jacobson, Gungwon Kang, and Robert C. Myers. On black hole entropy. Phys.
Rev. D, 49:6587–6598, 1994.

[130] Nathalie Deruelle, Nelson Merino, and Rodrigo Olea. Einstein-Gauss-Bonnet theory
of gravity: The Gauss-Bonnet-Katz boundary term. Phys. Rev. D, 97(10):104009,
2018.

[131] Leonardo Amarilla, Ernesto F. Eiroa, and Gaston Giribet. Null geodesics and shadow
of a rotating black hole in extended Chern-Simons modified gravity. Phys. Rev. D,
81:124045, 2010.

[132] Jerry B. Griffiths and Jiri Podolsky. Exact Space-Times in Einstein’s General
Relativity. Cambridge Monographs on Mathematical Physics. Cambridge University
Press, Cambridge, 2009.

[133] Andres Anabalon. Exact Black Holes and Universality in the Backreaction of non-
linear Sigma Models with a potential in (A)dS4. JHEP, 06:127, 2012.

[134] Gregory Walter Horndeski. Second-order scalar-tensor field equations in a four-
dimensional space. Int. J. Theor. Phys., 10:363–384, 1974.

[135] Gary T. Horowitz, editor. Black holes in higher dimensions. Cambridge Univ. Pr.,
Cambridge, UK, 2012.

[136] R. Gregory and R. Laflamme. Black strings and p-branes are unstable. Phys. Rev.
Lett., 70:2837–2840, 1993.

[137] Ruth Gregory and Raymond Laflamme. The Instability of charged black strings and
p-branes. Nucl. Phys. B, 428:399–434, 1994.

[138] Matthew W. Choptuik, Luis Lehner, Ignacio Olabarrieta, Roman Petryk, Frans
Pretorius, and Hugo Villegas. Towards the final fate of an unstable black string.
Phys. Rev. D, 68:044001, 2003.

[139] David Garfinkle, Luis Lehner, and Frans Pretorius. A Numerical examination of an
evolving black string horizon. Phys. Rev. D, 71:064009, 2005.

[140] Luis Lehner and Frans Pretorius. Black Strings, Low Viscosity Fluids, and Violation
of Cosmic Censorship. Phys. Rev. Lett., 105:101102, 2010.

[141] Gary T. Horowitz and Kengo Maeda. Fate of the black string instability. Phys. Rev.
Lett., 87:131301, 2001.



Bibliography 148

[142] Pau Figueras, Tiago França, Chenxia Gu, and Tomas Andrade. Endpoint of the
Gregory-Laflamme instability of black strings revisited. Phys. Rev. D, 107(4):044028,
2023.

[143] Roberto Emparan, Ryotaku Suzuki, and Kentaro Tanabe. Evolution and End Point
of the Black String Instability: Large D Solution. Phys. Rev. Lett., 115(9):091102,
2015.

[144] Roberto Emparan, Keisuke Izumi, Raimon Luna, Ryotaku Suzuki, and Kentaro
Tanabe. Hydro-elastic Complementarity in Black Branes at large D. JHEP, 06:117,
2016.

[145] Roberto Emparan, Raimon Luna, Marina Martínez, Ryotaku Suzuki, and Kentaro
Tanabe. Phases and Stability of Non-Uniform Black Strings. JHEP, 05:104, 2018.

[146] Evgeny Sorkin. Non-uniform black strings in various dimensions. Phys. Rev. D,
74:104027, 2006.

[147] Toby Wiseman. Static axisymmetric vacuum solutions and nonuniform black strings.
Class. Quant. Grav., 20:1137–1176, 2003.

[148] Steven S. Gubser. On nonuniform black branes. Class. Quant. Grav., 19:4825–4844,
2002.

[149] Pau Figueras, Markus Kunesch, and Saran Tunyasuvunakool. End Point of Black
Ring Instabilities and the Weak Cosmic Censorship Conjecture. Phys. Rev. Lett.,
116(7):071102, 2016.

[150] Pau Figueras, Markus Kunesch, Luis Lehner, and Saran Tunyasuvunakool. End
Point of the Ultraspinning Instability and Violation of Cosmic Censorship. Phys.
Rev. Lett., 118(15):151103, 2017.

[151] Hans Bantilan, Pau Figueras, Markus Kunesch, and Rodrigo Panosso Macedo. End
point of nonaxisymmetric black hole instabilities in higher dimensions. Phys. Rev.
D, 100(8):086014, 2019.

[152] Tomas Andrade, Pau Figueras, and Ulrich Sperhake. Evidence for violations of Weak
Cosmic Censorship in black hole collisions in higher dimensions. JHEP, 03:111, 2022.

[153] Áron D. Kovács and Harvey S. Reall. Well-posed formulation of Lovelock and
Horndeski theories. Phys. Rev. D, 101(12):124003, 2020.

[154] Yves Brihaye, Terence Delsate, and Eugen Radu. Einstein-Gauss-Bonnet black
strings. JHEP, 07:022, 2010.

[155] Gaston Giribet, Julio Oliva, and Ricardo Troncoso. Simple compactifications and
black p-branes in Gauss-Bonnet and Lovelock theories. JHEP, 05:007, 2006.

[156] David Kastor and Robert B. Mann. On black strings and branes in Lovelock gravity.
JHEP, 04:048, 2006.

[157] Marco M. Caldarelli, Joan Camps, Blaise Goutéraux, and Kostas Skenderis.
AdS/Ricci-flat correspondence. JHEP, 04:071, 2014.

[158] J. L. Hovdebo and Robert C. Myers. Black rings, boosted strings and Gregory-
Laflamme. Phys. Rev. D, 73:084013, 2006.



Bibliography 149

[159] David Kastor, Sourya Ray, and Jennie Traschen. Smarr Formula and an Extended
First Law for Lovelock Gravity. Class. Quant. Grav., 27:235014, 2010.

[160] David Kastor, Sourya Ray, and Jennie Traschen. The First Law for Boosted Kaluza-
Klein Black Holes. JHEP, 06:026, 2007.

[161] Brian P. Dolan. The cosmological constant and the black hole equation of state.
Class. Quant. Grav., 28:125020, 2011.

[162] Toshifumi Noumi and Hibiki Satake. Higher derivative corrections to black brane
thermodynamics and the weak gravity conjecture. JHEP, 12:130, 2022.

[163] Liang Ma, Yi Pang, and Hong Lü. Negative corrections to black hole entropy from
string theory. Sci. China Phys. Mech. Astron., 66(12):121011, 2023.

[164] Oscar J. C. Dias, Takaaki Ishii, Keiju Murata, Jorge E. Santos, and Benson Way.
Gregory-Laflamme encounters Superradiance. JHEP, 01:147, 2023.

[165] Oscar J. C. Dias, Takaaki Ishii, Keiju Murata, Jorge E. Santos, and Benson Way.
Gregory-Laflamme and superradiance encounter black resonator strings. JHEP,
02:069, 2023.

[166] Adolfo Cisterna, Sebastián Fuenzalida, and Julio Oliva. Lovelock black p-branes
with fluxes. Phys. Rev. D, 101(6):064055, 2020.

[167] Adolfo Cisterna, Carla Henríquez-Báez, Nicolás Mora, and Leonardo Sanhueza.
Quasitopological electromagnetism: Reissner-Nordström black strings in Einstein
and Lovelock gravities. Phys. Rev. D, 104(6):064055, 2021.

[168] Adolfo Cisterna, Sebastián Fuenzalida, Marcela Lagos, and Julio Oliva.
Homogeneous black strings in Einstein–Gauss–Bonnet with Horndeski hair and
beyond. Eur. Phys. J. C, 78(11):982, 2018.

[169] Adolfo Cisterna, Cristóbal Corral, and Simón del Pino. Static and rotating black
strings in dynamical Chern–Simons modified gravity. Eur. Phys. J. C, 79(5):400,
2019.

[170] Alex Giacomini, Julio Oliva, and Aldo Vera. Black Strings in Gauss-Bonnet Theory
are Unstable. Phys. Rev. D, 91(10):104033, 2015.

[171] Alex Giacomini, Marcela Lagos, Julio Oliva, and Aldo Vera. Charged black strings
and black branes in Lovelock theories. Phys. Rev. D, 98(4):044019, 2018.

[172] Alex Giacomini, Carla Henríquez-Báez, Marcela Lagos, Julio Oliva, and Aldo Vera.
Instability of black strings in the third-order Lovelock theory. Phys. Rev. D,
93(10):104005, 2016.

[173] Ryotaku Suzuki and Shinya Tomizawa. Phase and stability of black strings in
Einstein-Gauss-Bonnet theory at large D. JHEP, 02:101, 2023.

[174] Ryotaku Suzuki and Shinya Tomizawa. Einstein-Gauss-Bonnet black strings at large
α. JHEP, 09:135, 2022.

[175] Yoshifumi Hyakutake. Boosted Quantum Black Hole and Black String in M-theory,
and Quantum Correction to Gregory-Laflamme Instability. JHEP, 09:067, 2015.



Bibliography 150

[176] Shuxuan Ying. Two-dimensional regular string black hole via complete α′ corrections.
Eur. Phys. J. C, 83(7):577, 2023.

[177] Olaf Hohm and Barton Zwiebach. Non-perturbative de Sitter vacua via α′

corrections. Int. J. Mod. Phys. D, 28(14):1943002, 2019.

[178] Olaf Hohm and Barton Zwiebach. Duality invariant cosmology to all orders in α’.
Phys. Rev. D, 100(12):126011, 2019.

[179] Andres Anabalon and Simon F. Ross. Supersymmetric solitons and a degeneracy of
solutions in AdS/CFT. JHEP, 07:015, 2021.

[180] Edward Witten. Instability of the Kaluza-Klein Vacuum. Nucl. Phys. B, 195:481–
492, 1982.

[181] Gary T. Horowitz and Robert C. Myers. The AdS / CFT correspondence and a new
positive energy conjecture for general relativity. Phys. Rev. D, 59:026005, 1998.

[182] L. J. Romans. Supersymmetric, cold and lukewarm black holes in cosmological
Einstein-Maxwell theory. Nucl. Phys. B, 383:395–415, 1992.

[183] Edward Witten. Anti-de Sitter space, thermal phase transition, and confinement in
gauge theories. Adv. Theor. Math. Phys., 2:505–532, 1998.

[184] D. Z. Freedman, S. S. Gubser, K. Pilch, and N. P. Warner. Continuous distributions
of D3-branes and gauged supergravity. JHEP, 07:038, 2000.

[185] Andrés Anabalón, Patrick Concha, Julio Oliva, Constanza Quijada, and Evelyn
Rodríguez. Phase transitions for charged planar solitons in AdS. Phys. Lett. B,
835:137521, 2022.

[186] A. Anabalón, D. Astefanesei, A. Gallerati, and J. Oliva. Supersymmetric smooth
distributions of M2-branes as AdS solitons. JHEP, 05:077, 2024.

[187] Andrés Anabalón, Antonio Gallerati, Simon Ross, and Mario Trigiante.
Supersymmetric solitons in gauged N = 8 supergravity. JHEP, 02:055, 2023.

[188] Andres Anabalon, Mattia Cesaro, Antonio Gallerati, Alfredo Giambrone, and Mario
Trigiante. A positive energy theorem for AdS solitons. Phys. Lett. B, 846:138226,
2023.

[189] Fabrizio Canfora, Julio Oliva, and Marcelo Oyarzo. New BPS solitons in N = 4
gauged supergravity and black holes in Einstein-Yang-Mills-dilaton theory. JHEP,
02:057, 2022.

[190] Carlos Nunez, Marcelo Oyarzo, and Ricardo Stuardo. Confinement in (1 + 1)
dimensions: a holographic perspective from I-branes. JHEP, 09:201, 2023.

[191] Carlos Nunez, Marcelo Oyarzo, and Ricardo Stuardo. Confinement and D5-branes.
JHEP, 03:080, 2024.

[192] Ali Fatemiabhari and Carlos Nunez. From conformal to confining field theories using
holography. JHEP, 03:160, 2024.

[193] D. Klemm and W. A. Sabra. General (anti-)de Sitter black holes in five-dimensions.
JHEP, 02:031, 2001.



Bibliography 151

[194] Jan B. Gutowski and Harvey S. Reall. General supersymmetric AdS(5) black holes.
JHEP, 04:048, 2004.

[195] Mirjam Cvetic, M. J. Duff, P. Hoxha, James T. Liu, Hong Lu, J. X. Lu, R. Martinez-
Acosta, C. N. Pope, H. Sati, and Tuan A. Tran. Embedding AdS black holes in
ten-dimensions and eleven-dimensions. Nucl. Phys. B, 558:96–126, 1999.

[196] D. Klemm and W. A. Sabra. Supersymmetry of black strings in D = 5 gauged
supergravities. Phys. Rev. D, 62:024003, 2000.

[197] Massimo Bianchi, Daniel Z. Freedman, and Kostas Skenderis. Holographic
renormalization. Nucl. Phys. B, 631:159–194, 2002.

[198] Kostas Skenderis. Lecture notes on holographic renormalization. Class. Quant.
Grav., 19:5849–5876, 2002.

[199] Vijay Balasubramanian and Per Kraus. A Stress tensor for Anti-de Sitter gravity.
Commun. Math. Phys., 208:413–428, 1999.

[200] Massimo Bianchi, Daniel Z. Freedman, and Kostas Skenderis. How to go with an
RG flow. JHEP, 08:041, 2001.

[201] Steven S. Gubser. Curvature singularities: The Good, the bad, and the naked. Adv.
Theor. Math. Phys., 4:679–745, 2000.

[202] Andrés Anabalón and Horatiu Nastase. Universal IR holography, scalar fluctuations,
and glueball spectra. Phys. Rev. D, 109(6):066011, 2024.

[203] Sidney R. Coleman. Q-balls. Nucl. Phys. B, 262(2):263, 1985. [Addendum:
Nucl.Phys.B 269, 744 (1986)].

[204] B. de Wit and H. Nicolai. N=8 Supergravity. Nucl. Phys. B, 208:323, 1982.

[205] B. de Wit and H. Nicolai. The Consistency of the S**7 Truncation in D=11
Supergravity. Nucl. Phys. B, 281:211–240, 1987.

[206] M. J. Duff and James T. Liu. Anti-de Sitter black holes in gauged N = 8 supergravity.
Nucl. Phys. B, 554:237–253, 1999.

[207] Z. W. Chong, Mirjam Cvetic, H. Lu, and C. N. Pope. Charged rotating black holes in
four-dimensional gauged and ungauged supergravities. Nucl. Phys. B, 717:246–271,
2005.

[208] Marco M. Caldarelli and Dietmar Klemm. Supersymmetry of Anti-de Sitter black
holes. Nucl. Phys. B, 545:434–460, 1999.

[209] Sergio L. Cacciatori and Dietmar Klemm. Supersymmetric AdS(4) black holes and
attractors. JHEP, 01:085, 2010.

[210] Mirjam Cvetic and Steven S. Gubser. Thermodynamic stability and phases of general
spinning branes. JHEP, 07:010, 1999.

[211] Andrew Chamblin, Roberto Emparan, Clifford V. Johnson, and Robert C. Myers.
Charged AdS black holes and catastrophic holography. Phys. Rev. D, 60:064018,
1999.



Bibliography 152

[212] Steven S. Gubser and Indrajit Mitra. Instability of charged black holes in Anti-de
Sitter space. Clay Math. Proc., 1:221, 2002.

[213] Kiril Hristov, Chiara Toldo, and Stefan Vandoren. On BPS bounds in D=4 N=2
gauged supergravity. JHEP, 12:014, 2011.

[214] Kiril Hristov. On BPS Bounds in D=4 N=2 Gauged Supergravity II: General Matter
couplings and Black Hole Masses. JHEP, 03:095, 2012.

[215] Gianguido Dall’Agata and Alessandra Gnecchi. Flow equations and attractors for
black holes in N = 2 U(1) gauged supergravity. JHEP, 03:037, 2011.

[216] Susanne Barisch, Gabriel Lopes Cardoso, Michael Haack, Suresh Nampuri, and
Niels A. Obers. Nernst branes in gauged supergravity. JHEP, 11:090, 2011.

[217] Alessandra Gnecchi and Chiara Toldo. On the non-BPS first order flow in N=2
U(1)-gauged Supergravity. JHEP, 03:088, 2013.

[218] Dietmar Klemm and Owen Vaughan. Nonextremal black holes in gauged
supergravity and the real formulation of special geometry II. Class. Quant. Grav.,
30:065003, 2013.

[219] Geoffrey Compère. Advanced Lectures on General Relativity, volume 952. Springer,
Cham, Cham, Switzerland, 2 2019.

[220] V. Alan Kostelecky and Malcolm J. Perry. Solitonic black holes in gauged N=2
supergravity. Phys. Lett. B, 371:191–198, 1996.

[221] Chiara Toldo and Stefan Vandoren. Static nonextremal AdS4 black hole solutions.
JHEP, 09:048, 2012.

[222] Andres Anabalon, Dumitru Astefanesei, and Cristian Martinez. Mass of
asymptotically anti–de Sitter hairy spacetimes. Phys. Rev. D, 91(4):041501, 2015.

[223] Andres Anabalon, Fabrizio Canfora, Alex Giacomini, and Julio Oliva. Black Holes
with Primary Hair in gauged N=8 Supergravity. JHEP, 06:010, 2012.

[224] Davide Astesiano, Sergio L. Cacciatori, and Alessio Marrani. Black hole attractors
and U(1) Fayet-Iliopoulos gaugings: analysis and classification. JHEP, 04:099, 2022.

[225] Aristomenis Donos, Jerome P. Gauntlett, and Christiana Pantelidou. Spatially
modulated instabilities of magnetic black branes. JHEP, 01:061, 2012.

[226] Aristomenis Donos, Jerome P. Gauntlett, and Christiana Pantelidou. Magnetic and
Electric AdS Solutions in String- and M-Theory. Class. Quant. Grav., 29:194006,
2012.

[227] Steven S. Gubser. Breaking an Abelian gauge symmetry near a black hole horizon.
Phys. Rev. D, 78:065034, 2008.

[228] Andres Anabalon and Julio Oliva. Plasma-Plasma Third Order Phase Transition
from Type IIB Supergravity. Phys. Rev. Lett., 133(12):121601, 2024.

[229] F. Agurto-Sepúlveda, J. Oliva, M. Oyarzo, and D. R. G. Schleicher. Black hole
shadows of α’-corrected black holes. Phys. Rev. D, 110(2):024078, 2024.



Bibliography 153

[230] M. H. Dehghani, A. Bazrafshan, R. B. Mann, M. R. Mehdizadeh, M. Ghanaatian,
and M. H. Vahidinia. Black Holes in Quartic Quasitopological Gravity. Phys. Rev.
D, 85:104009, 2012.

[231] Adolfo Cisterna, Luis Guajardo, Mokhtar Hassaine, and Julio Oliva. Quintic quasi-
topological gravity. JHEP, 04:066, 2017.

[232] Javier Moreno and Ángel J. Murcia. Classification of generalized quasitopological
gravities. Phys. Rev. D, 108(4):044016, 2023.

[233] Monserrat Aguayo, Leonardo Gajardo, Nicolás Grandi, Javier Moreno, Julio Oliva,
and Martín Reyes. Holographic explorations of regular black holes in pure gravity.
5 2025.

[234] Dumitru Astefanesei, Horatiu Nastase, Hossein Yavartanoo, and Sangheon Yun.
Moduli flow and non-supersymmetric AdS attractors. JHEP, 04:074, 2008.



A1. Integrability conditions of type IIB in the metric−Φ− F5 sector 154

A1 Integrability conditions of type IIB in the metric−Φ−F5
sector

In this appendix we compute the integrability condition for IIB in the metric-F5 sector.

The supersymmetry transformations of the spin 3/2 field is

δψµdx
µ = dϵ+Wϵ ≡ Dϵ , (A1.1)

where for our field content

W = 1
4ωabΓ

ab + 1
16 iσ2

/F 5Γaea . (A1.2)

We define integrability conditions 2−form as the commutator of the covariant derivative

defined in (A1.1)

Ξ ≡ D ∧Dϵ . (A1.3)

It is simple to show that

Ξ = dW +W ∧W . (A1.4)

Let us compute it term by term. The exterior derivative of W is

dW = 1
4dωabΓ

ab + 1
16 iσ2d

/F 5Γaea +
1
16 iσ2

/F 5Γadea . (A1.5)

Using the torsion-less condition dea + ωab ∧ e
b = 0 and the definition of curvature 2−form

Rab = ωab + ωac ∧ ωcb we obtain

dW = 1
4RabΓ

ab − 1
4ωac ∧ ω

c
bΓab +

1
16 iσ2d

/F 5Γaea −
1
16 iσ2

/F 5Γaωac ∧ ec . (A1.6)

Note that in general one can write W = WA ⊗ ΓA where WA is the tensor product of

the 1-form space and 2 × 2 matrices, in general we suppress the tensor product symbol.

The repeated indices A are sumed over all terms which defines W and encodes the index

structure of the Γ matrices in each term. Using this, we have

W ∧W = 1
2WA ∧WB

[
ΓA,ΓB

]
. (A1.7)
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A general identity of the Γ matrices that we will use are

Γa1...apΓbc = Γa1...apbc − 2pΓ[a1...ap−1
[bδ

ap]
c] − p!

(p− 2)!Γ
[a1...ap−2δ

ap−1
[b δ

ap]
c] , (A1.8)

ΓbcΓa1...ap = Γaba1...ap − 2pδ[a1[b Γa2...ap]
c] − p!

(p− 2)!δ
[a1
[b δ

a2
c] Γ

a3...ap] . (A1.9)

In particular, we can derive from it

[
Γab,Γc

]
= 4Γ[aδ

b]
c ,

[
Γab,Γcd

]
= 8δ[c[aΓ

d]
b] , (A1.10)

[Γa1a2a3a4a5 ,Γbc] = −20Γ[b
[a1a2a3a4δ

a5]
c] .

Replacing (A1.2) into (A1.7) we get

W ∧W = 1
2
1
4ωab ∧

1
4ωcd

[
Γab,Γcd

]
+ 1

82 iσ2ωab ∧ e
c 1
5!Fd1...d5

[
Γab,Γd1...d5Γc

]
− 1
83
[
/F 5Γa, /F 5Γc

]
ea ∧ ec . (A1.11)

Using the commutator relations, we obtain

W ∧W = 1
4ωac ∧ ω

c
bΓab +

1
2
1
8 iσ2ω

a
b ∧ e

b /F 5Γa −
1
2
1
8 iσ2ω

ab ∧ ec 14!Fd1...d4bΓ
d1...d4

aΓc

− 1
83
[
/F 5Γa, /F 5Γc

]
ea ∧ ec . (A1.12)

Replacing (A1.6) and (A1.7) into (A1.4), the 2−form integrability conditions become

Ξ = 1
4RabΓ

ab + 1
16 iσ2

1
5!dFb1...b5Γ

b1...b5Γaea −
1
2
1
8 iσ2ω

ab ∧ ec 14!Fd1...d4bΓ
d1...d4

aΓc

− 1
83
[
/F 5Γa, /F 5Γc

]
ea ∧ ec . (A1.13)

Note that the second and third term form a Lorentz covariant derivative

Ξ = 1
4RabΓ

ab + 1
16 iσ2

1
5!DFb1...b5Γ

b1...b5Γaea −
1
83
[
/F 5Γa, /F 5Γc

]
ea ∧ ec . (A1.14)

The last term can be simplified by using
[
Γd1...d5 ,Γa

]
= 2Γd1...d5a, then

[
/F 5Γa, /F 5Γc

]
ea ∧ ec = 4/F 5

1
4!Fab1...b4Γ

b1...b4Γcea ∧ ec − 2/F 5 /F 5Γacea ∧ ec . (A1.15)
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The last term of (A1.15) vanishes due to the fact that F5 is self-dual,

(5!)2 /F 5 /F 5 = Fa1...a5Fb1...b5Γa1...a5Γb1...b5 , (A1.16)

∼ F d1...d5ϵa1...a5d1...d5Fc1...c5ϵ
c1...c5b1...b5Γa1...a5Γb1...b5 ,

= F d1...d5Fc1...c5δ
c1...c5b1...b5
a1...a5d1...d5

Γa1...a5Γb1...b5 ,

= F d1...d5F a1...a5δa1...a5b1...b5c1...c5d1...d5
Γa1...a5Γb1...b5 .

Now we can anti-symmetrize and construct a Γa1...a10 , and then use the fact that it is

proportional to ϵa1...a10Γ11,

(5!)2 /F 5 /F 5 = F d1...d5F a1...a5δa1...a5b1...b5c1...c5d1...d5
Γa1...a5b1...b5 , (A1.17)

∼ F d1...d5F a1...a5Γd1...d5a1...a5 ,

∼ F d1...d5F a1...a5ϵd1...d5a1...a5Γ11 .

Note that the last line vanishes since it is equal to minus itself. Replacing everything into

(A1.14), we get the final form of the integrability conditions

Ξ = 1
4RabΓ

ab + 1
16

1
5! iσ2DFb1...b5Γ

b1...b5Γaea −
1

128
1
4!
/F 5Fab1...b4Γb1...b4Γcea ∧ ec . (A1.18)

A2 Rotating D3-branes interpretation?

Regarding the configurations presented in chapter 4. We already saw that the 10-

dimensional solution (4.4.6) is understood as a deformation of a solution described by

a continuous distribution of D3-branes.

But we know [234] that an extremal RNAdS solution (double Wick rotation of the RNAdS

soliton), with constant scalars Xi = X =constant and equal gauge fields Ai = A can be

obtained as a limit from the 10-dimensional solution with angular momenta li, i = 1, 2, 3

in 3 different (non-intersecting) planes,

ds2 = H−1/2
[
−
(
1− 2m

r4∆

)
dt2 + dx21 + dx22 + dx23

]
+H1/2

[
∆dr2

H1H2H3 − 2m/r4

+r2
3∑
i=1

Hi(dµ2i + µ2i dφ
2
i )−

4m coshα
r4H∆ dt

3∑
i=1

ℓiµ
2
i dφi +

2m
r4H∆

( 3∑
i=1

ℓiµ
2
i dφi

)2 ,(A2.1)



A2. Rotating D3-branes interpretation? 157

where

∆ = H1H2H3

3∑
i=1

µ2i
Hi

; H = 1 + 2m sinh2 α
r4∆ ; Hi = 1 +

ℓ2i
r2
. (A2.2)

So it is a reasonable question whether the current solution (4.4.6) cannot be obtained by

a similar limit from the same.

At first, things seem plausible. With

µ1 = cos θ sinψ , µ2 = cos θ cosψ , µ1 = sin θ , (A2.3)

and the rescaling (similar to, and inspired by the one in [234])

m = ε4m′ , sinhα = ε−2 sinhα′ , ℓ1,2 = ε2ℓ̃′ , ℓ3 = εℓ′ ,

r = εr′ , xµ = ε−1x′µ , (A2.4)

followed by ε→ 0 and dropping the primes, one obtains

H1 = H2 = 1 , H3 = 1 + ℓ2

r2
= λ6

∣∣∣
ϵ=+1

, ∆ = 1 + ℓ2

r2
cos θ = ζ2

∣∣∣
ϵ=+1

, (A2.5)

and so the coefficient of dx⃗21,2 matches,

H−1/2dx⃗1,2 →
(
2m sinh2 α

r4ζ2

)−1/2

= ζr2

L2 , L4 ≡ 2m sinh2 α > 0 , (A2.6)

and one finds also matching for the coefficients of dφ21, dφ22, dφ23, which are H1/2r2Hiµ
2
i

(note that 2m
r4H∆ℓ

2
i ∼ ε6 is subleading in ε with respect to r2H2

i ∼ ε2, so is dropped), and

of
∑
iHidµ

2
i = ζ2dθ + cos2 θdψ2, which is r2H1/2 = L2/ζ.

The problem comes in the interpretation of the terms with Ai and dφ, and of the dr2 term.

Matching of the dr2 coefficient results in the equation

2m = ℓ2L2
[
q21

(
1 + ℓ2

r2

)
− q22

]
⇒ ℓ2

L2 (q
2
1 − q22) ≃

1
sinh2 α

for r ≫ ℓ , (A2.7)

which could only be satisfied approximately, for r ≫ ℓ and q2 < q1, due to the 1/r2 term

(note that q1 = 0 does not work, since it implies m < 0).

Matching of the terms with Aidφi, after the double Wick rotation, replacing dt from

the rotating D3-brane solution with the dφ from the soliton solution, is only possible

in some approximate sense as well, but now also with r − r0 ∼ ε or ∼ ε2 fixed, since
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in the soliton dφiAi is proportional to q1 ℓ
2

L

r2−r20
r20

or q2 ℓ
2

L

r2−r20
r20+4ℓ2 , while the former has (at

least) an extra power of ε, and so is proportional to (ε2ℓ̃)4m coshα ≃ (ε2ℓ̃)2L4/ sinhα or

(εℓ)4m coshα ≃ (εℓ)2L4/ sinhα, respectively, so one would have to consider some unusual

simultaneous near-horizon limit, depending on the charge.

Moreover then, the coefficient of the dφ2 term, composed of (ζr2/L2)F (r)L2 =

H−1/2F (r)L2 and the Hiµ
2
iA

2
i terms, would have to match H−1/2 (1− 2m/r4∆

)
=

H−1/2 (1− 2m/(r4ζ2)
)
, which depends on the previous near-horizon limit.

In conclusion, the deformation found constructed here is a nontrivial deformation of the

rotating D3-brane solution, that is not easily understandable within the same context,

except maybe in some generalized

A3 Relation to other symplectic frames and spinor

conventions

Let us now give the explicit relation between the symplectic frame used in the present

work and other frames commonly used in the literature.

Frame 1. The first is the symplectic frame, which we shall refer to as cubic frame, in which

the prepotential function F̃ (X̃) has the following cubic form:

F̃ (X̃) =
dijk
3!

X̃iX̃jX̃k

X̃0 = −X̃
1X̃2X̃3

X̃0 . (A3.1)

The corresponding holomorphic section Ω̃(z) = (X̃Λ, ∂F̃ /∂X̃Λ) reads, modulo

multiplication by a non-vanishing holomorphic function:

Ω̃(z) = (1, z1, z2, z3, z1z2z3,−z2z3,−z1z3,−z1z2) , (A3.2)

where

zi =
X̃i

X̃0 = χi + i e−φi , i = 1, 2, 3 .
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The two frames are related by the following symplectic matrix E = (EMN ):

Ω(z) = E · Ω̃(z) , E =



0 0 0 0 0 −1 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1

−1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 −1 0 0 0



. (A3.3)

The charges ΓM = (PΛ, QΛ) in our frame are then related to those Γ̃M = (pΛ, qΛ) as

follows:

ΓM = (−q1,−q2,−q3,−p0, p1, p2, p3,−q0) . (A3.4)

The quartic invariant, see Appendix A5, in the cubic frame, reads:

I4(Γ̃) = −(pΛqΛ)2 − 4 q0 p1 p2 p3 + 4 p0 q1 q2 q3 + 4

∑
i<j

piqip
jqj

 . (A3.5)

In light of eq. (A3.4), we can write the quartic invariant in our frame, in the magnetic

case QΛ = 0, in terms of the charges in the cubic one as follows

I4(Γ) = 4P 1P 2P 3P 4 = 4p0 q1 q2 q3 .

Frame 2. The second symplectic frame is the one which naturally arises from direct

truncation of the SO(8) gauged maximal theory. It is a special coordinate frame with a

prepotential function F̂ (X̂) of the form:

F̂ (X̂) = −2
√
X̂0X̂1X̂2X̂3 . (A3.6)

The holomorphic section Ω̂ = (X̂Λ, ∂F̂ /∂X̂Λ), modulo multiplication by a non-vanishing

holomorphic function, can be written in the form:

Ω̂(z) = (z1z2z3, z1, z2, z3,−1,−z2z3,−z1z3,−z1z2) , (A3.7)
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where:

zi =

√
X̂0X̂i

X̂jX̂k
, i /=j /=k /=i . (A3.8)

The symplectic transformation relating this frame with the cubic one is straightforward:

X̂0 = ∂F̃

∂X̃0 , X̂
i = X̃i ,

∂F̂

∂X̂0
= −X̃0 ,

∂F̂

∂X̂i
= ∂F̃

∂X̃i
.

We use the Majorana basis for the Clifford algebra

γ0 = −i

 0 σ2

σ2 0

 , γ1 = −

 σ3 0

0 σ3

 , γ2 = i

 0 −σ2
σ2 0

 , γ3 =

 σ1 0

0 σ1

 .

(A3.9)

The charge conjugation matrix and γ5 matrix are given by

C = γ0 , γ5 = iγ0γ1γ2γ3 . (A3.10)

We use N = 2 chiral supersymmetry parameters ϵA, ϵA with A = 1, 2, satisfying

γ5ϵA = −ϵA , γ5ϵA = ϵA , (A3.11)

that are defined as the chiral components of doublet of Majorana spinors ψA = ϵA + ϵA.

The relation between the chiral spinors is ϵA = (ϵA)∗. It is useful to define the complex

spinors

ζ = ψ1 + iψ2 (A3.12)

that allows one to write down a set of differential equations. The general rule to go from an

equation with real coefficients for the Majorana spinor ψA to an equation for the complex

spinor ζ is by replacing δAB → 1 and εAB → −i, and vice-versa.

A4 Dirac bracket between supercharges

The author of [214] showed that the Dirac bracket between the supercharges is expressed

as

{Q,Q} =
∫
∂M

dΣµνϵµνρσ
(
ϵAγρDAσ(ϵ)− ϵAγρD

A
σ(ϵ)

)
, (A4.1)
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where DA
σ(ϵ) is generically defined by the variation of the gravitino ΨA

σ . Since we are

interested in the purely dilatonic sector, DA
σ(ϵ) is given by (5.2.4) and DAσ(ϵ) is its

conjugated, explicitly

DA(ϵ) = dϵA + 1
4ωabγ

abϵA + 1
2A

MθMεABδ
BCϵC + 1

4L
TIFabγabγεABϵB + 1

2WγδABϵ
B ,

(A4.2)

we used the fact that the Kähler connection vanishes. The 2-form volume is defined as

dΣµν = 1
2ϵµνρσdx

ρ ∧ dxσ . (A4.3)

First, we simplify the contraction appearing in the integral, namely

dΣµνϵµνρσ = 1
2ϵµνλδϵ

µνρσdxλ ∧ dxδ . (A4.4)

Considering the definitions of the symbolic with curved indices

ϵµνρσ = e−1eaµe
b
νe
c
ρe
d
σϵabcd , ϵµνρσ = eea

µeb
νec

νed
ρϵabcd , (A4.5)

where the symbol with flat indices is ϵ0123 = 1 = −ϵ0123. Hence,

ϵµνλδϵ
µνρσ = ecλe

d
δeg

ρeh
σϵabcdϵ

abgh . (A4.6)

using the identity ϵabcdϵabgh = −4δg[cδ
h
d], it follows that ϵµνλδϵ

µνρσ = −2(δρλδ
σ
δ −δ

σ
λδ

ρ
δ ), which

leads to the following simplified form of (A4.4)

dΣµνϵµνρσ = −(δρλδ
σ
δ − δσλδ

ρ
δ )dx

λ ∧ dxδ = −2dxρ ∧ dxσ . (A4.7)

Replacing this result into the bracket between supercharges (A4.1) we obtain (5.2.11). The

expression (5.2.11) can be obtained by defining a Majorana spinor

ψA = ϵA + ϵA (A4.8)

which implies the following relations

ϵA = P+ψA , ϵA = P−ψA , P± = 1
2(1± γ5) . (A4.9)
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We recall that the conjugated of the chiral spinors is defined as ϵA = i(ϵA)†γ0 and ϵA =

i(ϵA)†γ0, in order to preserve the chirality. In our basis γ†5 = γ5, so one can check that

ϵA = ψ
A
P+ , ϵA = ψ

A
P− . (A4.10)

Now, we use the fact that the electric components of the U(1) section and the

superpotential are real functions, i.e. LΛ,W ∈ R. Then, the supercovariant derivatives

DA(ϵ),DA(ϵ) can be written in terms of the Majorana spinor as follows

DA(ϵ) = P−dψA + 1
4ωabγ

abP−ψA + 1
2A

MθMε
ABδBCP−ψC+ (A4.11)

+ 1
4L

TIFabγabγεABP+ψB + 1
2WγδABP+ψB ,

DA(ϵ) = δABP+dψB + 1
4ωabγ

abδABP+ψB + 1
2A

MθMεABP+ψB+ (A4.12)

+ 1
4L

TIFabγabγεABP−ψB + 1
2WγδABP−ψB ,

The 2-form appearing in the integral of the Dirac bracket are

ϵAγ ∧DA(ϵ) = ψ
A
γ ∧ P−

(
dψA + 1

4ωabγ
abψA + 1

2A
MθMε

ABδBCψ
C+

+1
4L

TIFabγabγεABψB + 1
2WγδABψB

)
,

ϵAγ ∧DA(ϵ) = ψ
A
γP+ ∧

(
δABdψB + 1

4ωabγ
abδABψ

B + 1
2A

MθMεABψ
B+

+1
4L

TIFabγabγεABψB + 1
2WγδABψ

B
)
,

Clearly, its subtraction cancels the identity factor in P± leading to (5.2.11).

A5 Quartic invariant of SL(2,R)3

To construct the quartic invariants of SL(2,R)3 ⊂ Sp(8,R) we consider its generators given

by

Xi =
∂M
∂χi

∣∣∣∣
χ,φ=0

, Yi =
∂M
∂φi

∣∣∣∣
χ,φ=0

, Zi = [Yi, Xi] , (no sum over i) (A5.1)

with i = 1, 2, 3. They span the three commuting sl(2,R) algebras. It is convenient to

consider the basis with nilpotent generators e2i = f2i = 0 and the generators hi of the
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Cartan subalgebra, given by

hi =
1
2Yi , ei =

1
4
√
2
(Zi + 2Xi) , fi = eTi , (A5.2)

[hi, ei] = ei , [ei, fi] = hi , [hi, fi] = −fi .

We collect all the generators as t(i)α = {ei, hi, fi} with α = 1, 2, 3. By definition

the positions of the symplectic indices are t(i)α = (t(i)α)MNand we lower them by the

symplectic matrix C = CMN defining t(i)αC = (t(i)α)MN . We construct the Cartan-

Killing form η(i)αβ = Tr(t(i)αt(i)β) and its inverse, denoted by ηαβ(i) . These allow us to

define (tα(i))MN = ηαβ(i) (t(i)β)MN and construct the following tensors of ⊗48

CMNPQ = CMNCPQ , (A5.3)

(Ii)MNPQ = (tα(i))MN (t(i)α)PQ , (A5.4)

(Lij)MNPQ = (tα(i))M•(tβ(j))
•
N (t(i)α)P•(t(j)β)•Q , (A5.5)

(Zijk)MNPQ = (tα(i))M•(tβ(j))
•
•(tγ(k))

•
N (t(i)α)P•(t(j)β)••(t(k)γ)•Q . (A5.6)

which are invariant under SL(2,R)3. Among all the above tensors only eight of them are

independent, and one can pick these to be {C, I1, I2, I3,L12,L13,L23,Z123}. Nevertheless,

when these tensors act on two arbitrary symplectic vectors the eight invariants reduce to

seven independent functions.

In our case we have two symplectic vectors ΓM and θM = CMNθN , hence we can construct

the following independent invariants

I1(Γ,Γ,Γ,Γ) = −2
∏
Λ
PΛ , (A5.7)

I1(θ, θ, θ, θ) = − 1
2L2 , (A5.8)

Ii(Γ, θ,Γ, θ) =
1

16L2

(∑
Λ

ΩiΛPΛ

)2

. (A5.9)

The rest are zero or functionally dependent on the above ones. Note that the BPS mass

can be expressed in terms of the invariants as

m4
BPS = 64L3∏

i

Ii(Γ, θ,Γ, θ). (A5.10)
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Other invariants that are dependent on the above are the following.

C(Γ, θ,Γ, θ) = 1
2L2

(∑
Λ
PΛ

)2

, (A5.11)

I1(Γ,Γ, θ, θ) = − 1
2L2 (P2P3 + P1P4) , (A5.12)

I2(Γ,Γ, θ, θ) = − 1
2L2 (P1P3 + P2P4) , (A5.13)

I3(Γ,Γ, θ, θ) = − 1
2L2 (P1P2 + P3P4) , (A5.14)

Z123(Γ,Γ, θ, θ) = − 1
128L2

∏
Λ≥Σ

PΛPΣ , (A5.15)
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