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This document is based on lectures by ¢.C. on physics beyond the Standard Model at the 2013
European School of High-Energy Physics. We present a pedagogical introduction to supersymme-
try, extra dimensions, and composite Higgs. We provide references to useful review literature and
refer to those for more complete citations to original papers on these topics. We apologize for any

omissions in our citations or choice of topics.



1 The Hierarchy Problem

At loop level, the Higgs mass receives corrections from self interactions, gauge loops, and fermion
loops (especially the top quark). Diagrammatically,

These loops are quadratically divergent and go like [ d*k (k* —m?)~* ~ A? for some cutoff scale

A. Explicitly,

A? 1
3972 6\ + 1 (99° +39"%) — y; (1.1)
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If A > 10 Tev (for example, A ~ Mpy), then the quantum correction to the Higgs mass is much
larger than the mass itself, dm?% > m?%. This is the Hierarchy problem: the Higgs mass is
quadratically sensitive to any mass scale of new physics. This problem is specific to elementary
scalars.

Unlike scalars, the quantum corrections to fermion and gauge boson masses are proportional to
the particle masses themselves. In this way, small fermion and gauge boson masses are technically
natural: the loop corrections are suppressed by the smallness of the tree-level parameter. For
fermions this is because of the appearance of a new chiral symmetry in the massless limit. For
gauge bosons this is because gauge symmetry is restored in the massless limit. By dimensional
analysis, the corrections to these mass parameters cannot be quadratically sensitive to the cutoff,

A,

Am, ~ m.In (£> (1.2)
Me
2 2 A

The Hierarchy problem is independent of the renormalization scheme. It is sometimes argued
that in dimensional regularization there are no quadratic divergences since the 1/¢ poles correspond
to logarithmic divergences. This is fallacious. The Hierarchy problem isn’t about the cancellation of
divergences, it is about the separation of the electroweak and UV scales. Any new physics coupled
to the Higgs will reintroduce the quadratic dependence on the scale at which the new physics
appears. For example, suppose new physics enters at the scale mg by a four-point interaction
between the Higgs and an additional complex scalar, AL D A\g|H|*|S|?>. The contribution to the
Higgs mass from a loop of the S particle is

As
1672

dmy = [A%V —2m%In (@> + (ﬁnite)} . (1.4)
mg

Suppose one chose to ignore the term quadratic in the loop regulator, A%, —note that there’s no

justification to do this—the logarithmically divergent piece (corresponding to the 1/¢) and the

finite pieces are proportional to the squared mass scale of the new physics, m%. The regulator

Ayv is not a physical scale, but m% is the scale of new physics. The Higgs mass is quadratically

sensitive to this scale, no matter how one chooses to regulate the loop.



Figure 1: Heuristic two-loop contributions to the Higgs mass from heavy fermions, ¥. Even though
the ¥ do not directly couple to the Higgs, they reintroduce a quadratic sensitivity to the new scale.

This quadratic sensitivity is true even if these new states are not directly coupled to the Higgs
but only interact with other Standard Model fields. For example, suppose there were a pair of
heavy fermions W which are charged under the Standard Model gauge group but don’t directly
interact with the Higgs. One still expects two loop contributions to the Higgs mass from diagrams
such as those in Fig. 1. These contributions are of the form

2\ 2 A
Sm3; ~ <1g7r2) [a/\%v + 48m3% In mL: + (finite) | . (1.5)

This is indeed of the same form as (1.4). Note that in this case, the sensitivity to the new scale is
softened by a loop factor.

The Higgs mass operator |H|? is a relevant and thus grows in the infrared. From the Wilsonian
perspective, the Hierarchy problem is the statement that is is difficult (finely tuned) to choose a
renormalization group trajectory that flows to the correct Higgs mass. In summary, the Hierarchy
problem is the issue that the Higgs mass my is sensitive to any high scale in the theory, even if
it only indirectly couples to the Standard Model. Thus naively one would expect that mpy should
be on the order of the scale of new physics. In the Wilsonian picture, the Higgs mass is a relevant
operator and so its importance grows towards the IR. Indeed, my is the only relevant operator in
the Standard Model.

The implication of the Hierarchy problem is that there should to be new physics at the Tev
scale that eliminates the large loop contributions from above the Tev scale!. In these lectures we
explore some of options for the physics beyond the sM that enforce naturalness. Before going into
further detail, here is a brief overview of some of the possibilities for this to happen:

e Supersymmetry: relate the elementary scalar Higgs to fermions in such a way that the
chiral symmetry protecting the fermion mass is extended to also protect the scalar mass.

e Gauge-Higgs unification: relate the the elementary scalar Higgs to an elementary gauge
field so that gauge symmetry also protects the Higgs mass.

e Technicolor, Higgsless: there is no Higgs boson, just a dynamically generated condensate.

e Composite Higgs, warped extra dimensions: There is a Higgs, but it is not elementary.
At the Tev scale the Higgs “dissolves”: it becomes sensitive to large form factors that
suppresses corrections.

e Pseudo-Goldstone Higgs: The Higgs is a pseudo-Goldstone boson of a spontaneously bro-
ken symmetry. This gives some protection against quadratic divergences, usually removing

1See [1] for a recent discussion of naturalness and fine-tuning in the post-Higgs era.



the one-loop contribution. In practice one must still combine with additional mechanisms,
such as collective symmetry breaking.

e Large extra dimensions: The fundamental Planck scale is actually ~ Tev and only appears
much larger because gravity is diluted through its propagation in more directions.

2 Supersymmetry

Recall that under an infinitesimal transformation by an ‘ordinary’ internal symmetry, a quantum
field ¢ transforms as

wi = (Li +1i€"T) @y, (2.1)

where €* is an infinitesimal parameter, T is the [bosonic] generator of the symmetry, and i, j label
the representation of ¢ with respect to this symmetry. These internal symmetries do not change
the spin of ¢: bosons remain bosons and fermions remain fermions. Supersymmetry (SUSY)
is a generalization of this ‘ordinary’ symmetry where generator is now fermionic. Thus a SUSY
transformation changes fermions into bosons and vice versa.

Further reading: Wess and Bagger [2] is the canonical reference for the tools of supersymmetry. The text
by Terning has a broad overview of sSUSy and its modern applications in particle physics. Additional reviews
include [3-5]. Key historical papers are collected in [6] and a more personal account is presented in [7]. More
formal topics in SUSY that are beyond the scope of these lectures, but are key tools for model builders, can be
found in [8-10].

2.1 The SUSY algebra

The ’60s were very successful for classifying hadrons based on Gell-Mann’s SU(3) internal symme-
try. Physicists then tried to enlarge this group to SU(6) so that it would include

SU3) geptntann X SU(2) (2.2)

spin’?

but they were unable to construct a viable relativistic model. Later this was understood to be a
result of the Coleman-Mandula ‘no go’ theorem which states that one cannot construct a consistent
quantum field theory based on a nontrivial combination of internal symmetries with space-time
symmetry [11]. The one exception came from Haag, Lopuszanski, and Sohnius: the only non-
trivial combination of an internal and spacetime symmetry is to use a graded Lie algebra whose
generators are fermionic [12]. Recall that fermionic objects obey anti-commutation relations rather
than commutation relations. The main anti-commutation relation for SUSY is:

[Q1.Qu,} = 2P0 67, (2.3)

where the Q and @ are SUSY generators (supercharges) and P, is the momentum operator. Here
the o and & are Lorentz indices while A, B index the number of supercharges. For completeness,



the rest of the algebra is

[]\/[‘“’ Mpa] — ( uvnl/p + lepn;w Mupnwf _ M”"'r]“p) (2.4)
[P, PY] = (2.5)
(M, P?] =@(P" Y7 — P'nt?) (2.6)
[Q4, M™] = (0“”) ’Qs (2.7)
QA PH] = (2.8)
{Q2.QF}) = eaBZAB- (2.9)

The Z4P may appear for N’ > 1 and are known as central charges. By the Coleman-Mandula
theorem, we know that internal symmetry generators commute with the Poincaré generators. For
example, the Standard Model gauge group commutes with the momentum, rotation, and boost
operators. This carries over to the SUSY algebra. For an internal symmetry generator 7,,

(T4, Qa] = 0. (2.10)

This is true with one exception. The SUSY generators come equipped with their own internal
symmetry, called R-symmetry. For N’ = 1 there exists an automorphism of the supersymmetry
algebra,

Qo — €2Q, Q. — e "Qy, (2.11)

for some transformation parameter ¢. This is a U(1) internal symmetry. Applying this symmetry
preserves the SUSY algebra. If R is the generator of this U(1), then its action on the susy
operators is given by

Qo — e Qe (2.12)
By comparing the transformation of ) under (2.12), we find the corresponding algebra,
[Qa, Bl = Qa Qs Bl = —Qs. (2.13)

Note that this means that different components of a SUSY multiplet have different R charge. For
N > 1 the R-symmetry group enlarges to U(N).

2.2 Properties of supersymmetric theories

Supersymmetric theories obey some key properties:

1. The number of fermionic degrees of freedom equals the number of bosonic degrees of freedom.
To see this, first introduce an operator (—)V# such that,

(=)™ |a) :{ Flay boson (2.14)

—|g)  fermion

where N is the fermion number operator. Note that

()" Q5 la) = —Q4(—)"" |g) (2.15)



so that (=)™ and the supercharges anticommute, {(—)"*,Q4} = 0. Next consider the
operator in (2.3) weighted by (—)™*. When one sums over the states in a representation—
which we write as a trace over the operator—one finds:

Te ()% {Qa, Q5 }] = T [-Qa(-)™"Qf + (-)¥ Q5] =0, (2.16)

where in the last step we've used the cyclicity of the trace to convert the first term into
the second term up to a minus sign. By (2.3) the left-hand side of this equation is simply

Tr [(_)NFQUZB PM]. Note that since Poincaré symmetry is assumed to be unbroken, P, is
identical for each state in a representation. Thus we are left with the conclusion that

Tr(—)Nr =0, (2.17)
which implies that there is an equal number of fermions and bosons.

2. All states in a supersymmetry multiplet (‘supermultiplet’ or superfield) have the same mass.
This follows from the equivalence of P, acting on these states.

3. Energy for any state ¥ is positive semi-definite (¥U|H|¥) > 0 and the energy for any vacuum
with unbroken Susy vanishes exactly, (0|H|0) = 0.

2.3 Classification of supersymmetry representations

For the basic case of A" = 1 SUSY there is a single supercharge Q and its conjugate ). The massless
representations of this class of theories are separated into two cases:

e (anti-)chiral superfield: contains a complex scalar and a 2-component (Weyl) spinor.
e vector superfield: contains a 2-component (Weyl) spinor and a gauge field.

These are the only N = 1 representations that do not involve fields with spin greater than 1.

Multiplets when there is more supersymmetry. If there are more sUSY charges, e.g. N/ = 2, then the
smallest representation is the hypermultiplet which contains a 4-component (Dirac) fermion and two complex
scalars. For supersymmetric extensions of the sum it is sufficient to focus only on the A/ = 1 case since this is
the only case which admits the observed chiral fermions of the Standard Model.

One can compare the number of bosonic and fermionic degrees of freedom in these representa-
tions. In the chiral superfield, the complex scalar carries 2 degrees of freedom while the complex
Weyl spinor carries 4 degrees of freedom. Recall, however, that fermions only have two helicity
states so that in fact only 2 of these fermionic degrees of freedom propagate on-shell. Since one
of the key points of using fields to describe physical particles is that we can describe off-shell
propagation, we would like to also have supersymmetry hold off-shell. This requires adding two
‘dummy’ scalar degrees of freedom, which we package in a non-propagating ‘auxiliary’ complex
field F:

Field off-shell degrees of freedom on-shell degrees of freedom
scalar, ¢ 2 2
fermion, 1 4 2
auxiliary, F 2 0



For the vector superfield the Weyl spinor has 4 (2) off-(on-)shell degrees of freedom while the
massless gauge boson has 3 (2) off(on-)shell degrees of freedom after identifying gauge equivalent
states. As in the chiral superfield, the number of on-shell degrees of freedom match automatically
while the number of off-shell degrees of freedom require an additional non-propagating auxiliary
field. In this case we introduce a real scalar, D:

Field off-shell degrees of freedom on-shell degrees of freedom
fermion, v 4 2
gauge boson, A, 3 2
auxiliary, D 1 0

2.4 Superspace

The most convenient way to describe N/ = 1 supersymmetric field theories is to use the superspace
formalism. Here we understand the supersymmetry transformation generated by Q and @ to be
a spacetime transformation in an additional fermionic dimension. To do this, we introduce Weyl
spinor superspace coordinates 6, and §%. Superfields are functions of z, #, and # and encode all of
the off-shell degrees of freedom of a supermultiplet.

Weyl spinors and van der Waerden notation. We assume familiarity with two-component Weyl spinors.
These are the natural language for fermions in four-dimensions. We use the van der Waerden notation with
dotted and undotted indices to distinguish the indices of left- and right-chiral spinors. Readers unfamiliar with
this notation may consult [2,13]. The encyclopedic ‘two component bible’ is a useful reference for full details
and as a template for doing calculations [14].

The susy algebra tells us that the effect of a SUSY transformation with infinitesimal parameters
€ and € on a superspace coordinate (x,0,6) is

(z",0,0) — (2 + ifo"E —ica”D,0 + €, 0 + €). (2.18)
It is useful to define the superspace covariant derivatives,

— 0 PLa’ D. = 9 0%t
D, = —|—% +1i0},,0%0, D4 = a_e—d 0% 00,50, (2.19)

These are ‘covariant derivatives’ in that they anticommute with the SUSY generators®. They satisfy
{Da, Dy} = =2i(0"),30, and {Da, Dg} = {Ds, Dg} =0 (2.20)

By expanding in the fermionic coordinates, a generic superfield F(z,6,0) can be written in
terms of component fields of different spin that propagate on ordinary spacetime,

F(z,0,0) = f(x)+0¢(z) + 0x(x) + 0*M(z) + 0°N(z) + 05"0v,,() + 0*0\(z) + 20¢ + 620D ().

This expansion is exact because higher powers of @ or § vanish identically because an anticommuting
number 6, satisfies (6;)> = 0. As a sanity check, we are allowed quadratic terms in 6 since it is a

Weyl spinor and 6% = 00, = €*7030,, = 20,0,.

20ne may be used to thinking of covariant derivatives as coming from local symmetries with some gauge field.
Here, however, we consider only global suSY. Geometrically, the covariant derivative comes from the fact that even
rigid superspace carries torsion [15].



With modest effort, one can work out the transformation of each component of this general
superfield by applying the transformation (2.18), expanding all fields in § and 6, and matching
the coefficients of each term. Some of the terms require massaging by Fierz identities to get to
the correct form. Fortunately, the general superfield above is a reducible representation: some of
these fields do not transform into one another. We can restrict to irreducible representations by
imposing one of the following conditions:

chiral superfield Do® =0 (2.21)
anti-chiral superfield Ds® =0 (2.22)
vector (real) superfield V=Vl (2.23)
linear superfield D’L=D?L=0 (2.24)

The chiral and anti-chiral superfields carry Weyl fermions of left- and right-handed helicity respec-
tively. It is convenient to write all anti-chiral superfields into chiral superfields, for example by
swapping the right-handed electron chiral superfield with a left-handed positron superfield. The
field content is identical, one is just swapping which is the ‘particle’ and which is the ‘anti-particle.’

The linear superfield. The defining condition for this superfield includes a constraint that the vector com-
ponent is divergence free, 9,V* = 0. It is thus a natural supersymmetrization of a conserved current. We will
not consider linear superfields further in these lectures.

2.5 Supersymmetric Lagrangians for chiral superfields

One can check that because Dy (2" +ifo#f) = 0, any function of y* = 2# + ifo*f is automatically
a chiral superfield (xSF). Indeed, the most compact way of writing the components of a xSF is

O(y,0) = o(y) + V200 (y) + 0°F(y). (2.25)

Again, we point out that this expansion is exact since higher powers of the Weyl spinor 6 vanish
by the antisymmetry of its components. Under a SUSY transformation with parameter e, the
components of the ySF each transform as

dep(z) = V2e(x) (2.26)
o (x) = iV20"€0, () + V2eF () (2.27)
0. F(x) = iv/2e5" 9,1 (). (2.28)

Observe that the auxiliary field transforms into a total spacetime derivative. This is especially nice
since a total derivative vanishes in the action and so the highest component of a ySF is a candidate
for a susy-invariant term in the Lagrangian. Thus we arrive at our first way of constructing
supersymmetric Lagrangian terms: write the F'-term of a chiral superfield.

To generate interesting interactions we don’t want to write the F-terms of our fundamental
fields—indeed, these are generally not even gauge invariant. Fortunately, one can check that
a product of chiral superfields is itself a chiral superfield. Indeed, a general way of writing a
supersymmetry Lagrangian term built out of chiral superfields is

L= /d20 W(®) + h.c., (2.29)



where W is a holomorphic function of chiral superfields called the superpotential. Note that the
integral over d?6 is an ordinary fermionic integral that just picks out the highest component of W.
Performing the fermionic integral gives Lagrangian terms

L=~ a@ aq) TV, Z‘—' . (2:30)

Observe that the superpotential is evaluated on the scalar components of the superfields, ® = .
One can check that restricting to renormalizable terms in the Lagrangian limits the mass dimension
of the superpotential to [IW] < 3.

Cancellation of quadratic divergences. One can check from explicit calculations that the susy formalism
ensures the existence of superpartner particles with just the right couplings to cancel quadratic divergences. A
more elegant way to see this, however, is to note that the symmetries of superspace itself prevent this. While
it is beyond the scope of these lectures, the superpotential is not renormalized perturbatively—see, e.g. [8,16]
for details. The holomorphy of W plays a key role in these arguments. The symmetries of the theory enforce
the technical naturalness of parameters in W, including scalar masses.

Superpotential terms, however, do not include the usual kinetic terms for propagating fields.
In fact, one can show that these terms appear in the 6262 term of the combination

law*a“go + %amaw - %&aaw. (2.31)

1 1
T _ * * 02 2 %
o' ., = FF +L—1g0690+18<,04p—2

Two immediate observations are in order:

1. The complex scalar ¢ and Weyl fermion 1) each have their canonical kinetic term. The non-
propagating field, F', does not have any derivative terms: its equation of motion is algebraic
and can be solved explicitly. This is precisely what is meant that F' is auxiliary.

2. ®'® is not a chiral superfield. In fact, it’s a real superfield and the 6%6? component is the
auxiliary D field. Indeed, in the same way that the highest component of a ySF transforms
into a total derivative, the highest component of a real superfield also transforms into a total
derivative and is a candidate term for the Lagrangian.

We thus arrive at the second way to write supersymmetric Lagrangian terms: take the D-term
of a real superfield. We may write this term as an integral over superspace, [ d*f ®'P, where
d*0 = d?0 d?0.

More generally, we may write a generic real function K (®,®") of chiral superfields, ® and
T, whose D term is supersymmetric contribution to the Lagrangian. This is called the Kéhler
potential. The simplest Kéhler potential built out of chiral superfields is precisely (2.31) and
includes the necessary kinetic terms for the chiral superfield. One can check that restricting to
renormalizable terms in the Lagrangian limits the mass dimension of the Kahler potential to
[K] < 2. Combined with the condition that K is real and the observation that chiral superfields
are typically not gauge invariant, this usually restricts the Kahler potential to take the canonical
form, K = ®!®,.

The most general N' = 1 supersymmetric Lagrangian for chiral superfields is thus

L= /d49 K(®, ) + (/ d*0 W (®) + h.c.> : (2.32)

10



This expression is general, but renormalizability restricts the mass dimensions to be [K] < 2 and
[W] < 3. For theories with more supersymmetry, e.g. N' = 2, one must impose additional relations
between K and W. Assuming a renormalizable supersymmetric theory of chiral superfields ®;, we
may plug in K = <I>I<I>,~ and integrate out the auxiliary fields from (2.32). The result is

2

ow
i

- O*W
L = 0,p;0"p; + ;0" 00 — ——=—ih; — 2.33
Here the superpotential is assumed to be evaluated at its lowest component so that W[®;(y, 0)] —
Wpi(x)]. Observe that dimension-2 terms in the superpotential link the mass terms of the Weyl
fermion and the complex scalar. Further, dimension-3 terms in the superpotential connect Yukawa
interactions to quartic scalar couplings.

2.6 Supersymmetric Lagrangians for vector superfields

Until now, however, we have only described supersymmetric theories of complex scalars and
fermions packaged as chiral superfields. In order to include the interactions of gauge fields we
must write down SUSY Lagrangians that include vector superfields.

Suppose a set of chiral superfields ® carry a U(1) charge such that ®(x) — exp(—iA)P(z). For
an ordinary global symmetry this is an overall phase on each component of the chiral superfield.
For a gauge symmetry, the transformation parameter is spacetime dependent, A = A(x). Note,
however, that this is now problematic because our definition of a chiral superfield, D,® = 0,
contains a spacetime derivative. It would appear that the naive gauge transformation is not
consistent with the irreducible SUSY representations we’ve written because it does not preserve the
chiral superfield condition.

This inconsistency is a relic of keeping A(x) a function of spacetime rather than a function of the
full superspace. We noted above that a function of y* = x#+ifc*f is a chiral superfield and, further,
that a product of chiral superfields is also a chiral superfield. Thus a consistent way to include
gauge transformations is to promote A(x) to a chiral superfield A(y) so that exp(—iA(y))P(y) is
indeed chiral. In this way we see that supersymmetry has ‘complexified’ the gauge group.

Under this complexified gauge transformation, the canonical Kéhler potential term that con-
tains the kinetic terms transforms to

o' — dfe A, (2.34)

For gauge theories one must modify the Kahler potential to accommodate this factor. This is
unsurprising since gauging an ordinary quantum field theory requires one to modify the kinetic
terms by promoting derivatives to covariant derivatives which include the gauge field. To correctly
gauge a symmetry, we introduce a vector (real) superfield (vSF) V' which transforms according to

V =V +i(A— AT (2.35)
and promote the Kahler potential to
K(®, o) = o’ 0. (2.36)

A generic VSF has many components, but many can be eliminated by partially gauge fixing to
the Wess-Zumino gauge where

_ _ _ 1 .
V = —00"0V,(z) + i0*0\(z) — i0°O\(x) + 59292D(9&). (2.37)

11



here V() is the gauge field of the local symmetry, A(z) and A(z) = A(x) are gauginos, and
D(x) is the auxiliary field needed to match off-shell fermionic and bosonic degrees of freedom. The
two gauginos are the pair of two-component spinors that make up a Majorana four-component
spinor. This gauge choice fixes the complex part of the ‘complexified’” gauge symmetry, leaving
the ordinary spacetime (rather than superspace) gauge redundancy that we are familiar with in
quantum field theory.

We have not yet written a kinetic term for the vector superfield. A useful first step is to
construct the chiral superfield,

W, = — }lbdeav (2.38)
. Z —v \ &
=~ idalo) 85 |ED() = 5 (09")] Fynly)] + 9%02.0,3%). (2:39)

One can see that W, is a chiral superfield because EBWQ = 0 from the antisymmetry of the
components of D, (2.20). Observe that unlike ®, the lowest component is a spin-1/2 field. Further,
W contains the usual gauge field strength. Indeed, one can write the supersymmetric Yang Mills
kinetic terms for the vector superfield as

1 1
Lovi = 1 WaW?[; +he. = 5 / POW? + hec.. (2.40)

One can check that this gives the usual kinetic terms for the gauge field and gauginos as well
as an auxiliary term. For completeness, the general form of the field strength superfield for a
non-Abelian supersymmetric gauge theory is

1—(1— a a a a
TWe = —7D Dae TV D™ V", (2.41)

Under a non-Abelian gauge transformation the chiral and vector superfields transform as

O — e TN P (2.42)

ay/a a Aat ay/a apAa
eIV AT TV AT (2.43)

The final form of the renormalizable, gauge-invariant, N' = 1 supersymmetric Lagrangian is

L= / d*0dTed” d; + / d*0 ngwauh.c.) + / d*0 (W (®) +h.c.). (2.44)

Non-renormalization and the gauge kinetic term. Although W? looks like it could be a superpotential
term, it is important to treat it separately since it is the kinetic term for the gauge fields. Further the arguments
that the superpotential is not renormalized in perturbation theory do not hold for the W? term. Indeed, the
prefactor of W2 can be identified with the [holomorphic] gauge coupling, which is only corrected perturbatively
at one loop order. One way to see this is to note that for non-Abelian theories, the gauge kinetic term
W2 20 + h.c. also includes a topological term, FF, which we know is related to anomalies. Another way to
see this is the note that the simplest demonstration of non-renormalization of the superpotential makes use of
holomorphy and the global symmetries of W: the vector (real) superfield from which W, is built, however, is
not holomorphic and its fields cannot carry have the U(1) global symmetries used in the proof.

12



2.7 Example: SUSY QED

As a simple example, consider the supersymmetric version of quantum electrodynamics, SQED. In
ordinary QED we start with a Dirac spinor representing the electron and positron. Since we’ve
seen above that a chiral superfield only contains a Weyl spinor, we require two chiral superfields,
&, which we may interpret to be the electron and positron superfields. Our only two inputs are
the electromagnetic coupling e and the electron mass m. The latter suggests a superpotential

W(®+7 @,) - m¢+®,. (245)
Writing out the resulting Lagrangian in components:

1 1 _
Lo = 5D2 = 1 Fw " = i O,
+ FiFy + Dy |* + ihy Duo* iy
+ F*F_ + |Dyp_|* + itp_D,o"_
e S -
- — A—@_1p_\) +h.c.
\/§ (90+¢+ o )
e
<D (lpu P~ lp-P)
+m (o Fo+ 9 Fy — 1) +he. (2.46)
We can write this out explicitly by solving for the auxiliary fields D, F.. The equations of motion
are

€ ‘
D=-3 (lp+* = 1e-1?) Py =—mypz. (2.47)

Plugging this back into the Lagrangian gives
1

Lsqep = Y (IDupil® + i D" 4;) — T Fw 1 — iAo B\
1=+
—m® (|5 + o %) — map o —map
2 .
e 9 o2 1€ S S
—— — o ¥ = |—= — 9 ¢_)) +he|. 2.4
7 (esl* = le-I) 7 (o4t A — 9 - X) +hec (2.48)

The first line gives the kinetic terms for the electron ¢_, positron ¢_, selectron (¢_), spositron
(¢+), photon A, and photino A. The second line gives an equivalent mass to the chiral scalars
and fermions. The last line gives vertices that come from the supersymmetrization of the kinetic
terms: four-point scalar interactions from the D terms and a three-point Yukawa-like vertex with
the ‘chiral’ scalars and photino. The relation between the gauge group and the four-point scalar
interaction plays a central role in how the Higgs fits into SUSY, as we show below.

2.8 The MSSM

We now focus on the minimal supersymmetric extension of the Standard Model, the MssMm. To
go from the sM to the MssM, it is sufficient to promote each SM chiral fermion into a chiral
superfield and each sM gauge field into a vector superfield. Thus for each SM fermion there is a
new propagating scalar sfermion (squarks or sleptons) and for each sMm gauge field there is also a

13



xSF SU

—~

3). SU@)L U(ly

2 /6
1 —2/3
1 1/3
2 —1/2
1 —1
2

1

1y
—1/5

Table 1: Matter content of the MssM. Note that we have used 2 = 2 for SU(2)y.

ISR ECTISAVESTS
= = o W

propagating gaugino, a fermion in the adjoint representation. As we showed above, off-shell susy
also implies non-propagating auxiliary fields.

The matter (yxSF) content of the MSsM is shown in Table 1. It is the same as the SM except
that we require two Higgs doublet chiral superfields. This is necessary for the cancellation of
the SU(2)2xU(1)y and SU(2);, Witten anomalies coming from the Higgs fermions, or Higgsinos.
An additional hint that this is necessary comes from the observation that the superpotential is a
holomorphic function of the chiral superfields while the Standard Model up-type Yukawa coupling
requires the conjugate of the Higgs, H = ioc? H*.

The most general renormalizable superpotential made with these fields can be split into two
terms, W = W (good) 1 jp/(bad),

WeeoD) —y Q' H, U7 + y Q' HaD + yJ L' Hy ¥ + puH, Hy (2.49)
W ad) X\GRQiLI DR 4 NSFLILIER 4+ NLLYH, + NP* D' DIU”. (2.50)

In WD one can straight forwardly identify the Standard Model Yukawa couplings which give
the sM fermions their masses. Since these are packaged into the superpotential these terms also
encode the additional scalar quartic interactions required by supersymmetry. The last term in
W(eood) is a supersymmetric Higgs mass known as the p-term. By supersymmetry this term also
gives a mass to the Higgsinos, which we require since we do not observe any very light chiral
fermions with the quantum numbers of a Higgs.

The W2 terms, on the other hand, are phenomenologically undesirable. These are renormal-
izable interactions which violate baryon (B) and/or lepton (L) number and are thus constrained
to have very small coefficients. Compare this to the sM where B and L are accidental symmetries:
all renormalizable interactions of sM fields allowed by the SM gauge group preserve B and L. Vio-
lation of these symmetries only occurs at the non-renormalizable level and are suppressed by what
can be a very high scale, e.g. Mqyr.

We see that in the MsSSM we must find ways to forbid, or otherwise strongly suppress, the terms
in W®2d)  Otherwise one would be faced with dangerous rates for rare processes such as proton
decay, pt — e™n® or vt (or alternately with 7 replaced with K) as shown in Fig. 2. Observe
that this is a tree level process and all of the couplings are completely unsuppressed.

A simple way to forbid W®d is to impose matter parity, which is a Z, symmetry with
assignments:

14



Figure 2: Proton decay mediated by squarks. Arrows indicate helicity and should not be confused
with the ‘charge flow’ arrows of Dirac spinors [14]. Tildes indicate superpartners while bars are
used to write right-chiral antiparticles into left-chiral fields in the conjugate representation.

Superfield Matter parity
quark, lepton ySF Py =-1
Higgs xsSF Py =+1
gauge VSF Py = +1.
Under these assignments, all terms in W(€°°9 have Py; = +1 while all terms in ®*Y have Py; = —1.

One can check that one may write matter parity in terms of baryon and lepton number as
Py = (=) B0, (2.51)
A common variation of this is to impose the above constraint using R-parity,
Pg = (—)3B-D)+2s. (2.52)

where s is the spin of the field. Conservation of matter parity implies conservation of R-parity. This
is because the (—)?* factor always cancels in any interaction term since Lorentz invariance requires
that any such term has an even number of fermions. Observe that all s™m fields have R-parity
+1 while all superpartner fields have R-parity —1. (This is similar to 7T-parity for Little Higgs
models.) The diagrams assocaited with electroweak precision observables carry only SM external
states. Since R-parity requires pair-production of superpartners, this means that electroweak
precision corrections cannot occur at tree-level and must come from loop diagrams.

It is important to understand that R-parity (or matter parity) is an additional symmetry that
we impose on top of supersymmetry. R-parity has some important consequences:

1. The lightest R-parity odd particle is stable. This is known as the lightest supersymmetric
particle or LSP. If the LSP is an electrically neutral color singlet—as we shall assume—it is
a candidate for wiMP-like DM.

2. Each superpartner (sparticle) other than the LSP will decay. At the end of any such sequence
of decays one is left with an odd number (usually one) of LSPs.

3. In collider experiments, the initial state has Pr = +1 so that only an even number of
sparticles can be produced at a time (e.g. via pair production). At the end of the decay these
end up as LSPs which manifest themselves as missing energy signals at colliders.

For most of this document we postulate that the MSSM has exact R-parity conservation—though
this is something of an ad-hoc assumption.
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2.9 Supersymmetry breaking

Any scalar partners to the sSM leptons or quarks with exactly degenerate masses as their SM partner
would have been discovered long ago. Thus, the next piece required to construct a realistic MSSM
is a way to break supersymmetry and split the mass degeneracy between the SM particles and
their superpartners. Since we want to keep the desirable ultraviolet behavior of supersymmetry,
we assume that SUSY is a fundamental symmetry of nature which is spontaneously broken.

SUSY is unbroken when the supercharges annihilate the vacuum, Q|0) = Q|0) = 0. The SUSY
algebra, {Q, Q} = 20*P, allows us to write the four-momentum operator as P* = %6”{@,@} SO
that the Hamiltonian is

H=P = (@0 + Qi + Qi+ 0u@s) (253)

Observing that this expression is positive semi-definite, we see that

if SuSY is unbroken, (0|H|0) =0
if Susy is broken, (0|H|0) >0 °

The vacuum energy can be read from the scalar potential,

V] = Vel¢] + VD[¢] (2.54)
Z ‘ IF k (2.55)
Vplgl =) %g2 => %gD“D“. (2.56)

We see that SUSY breaking corresponds to one of the auxiliary fields, F; or D;, picking up a vacuum
expectation value (VEV). We refer to the case (F;) # 0 as F-type SUSY breaking and the case
(D) # 0 as D-type SUSY breaking.

When an ordinary global symmetry is spontaneously broken due to a field picking up a VEV
there exists a massless boson in the spectrum of the theory known as the Goldstone boson. In
the same way, when SUSY is broken spontaneously due to a auxiliary field picking up a VEV, there
exists a massless fermion in the theory known as the Goldstino®. The spin of this field is inherited
by the spin of the SUSY generators. Heuristically, the massless Goldstone modes correspond to
acting on the VEV with the broken generators and promoting the transformation parameters to
fields. Since the susy transformation parameter is fermionic, the Goldstone field must also be
fermionic.

For example, if (F') # 0, then the transformation of the fermion ¢ under the broken (Susy)
generator is

Sab = 2¢(F). (2.57)

SUSY acts as a shift in the fermion, analogously to the shift symmetry of a Goldstone boson under
a spontaneously broken global internal symmetry. If there is more than one superfield with a

3This is somewhat unfortunate nomenclature. One would expect the massless mode coming from spontaneously
broken SUSY to be called a Goldstone fermion whereas the ‘Goldstino’ should refer to the supersymmetric partner
of a Goldstone boson coming from the spontaneous breaking of an ordinary symmetry.
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non-zero I’ term, then

Sab; = 2¢(F) (2.58)

F;
7#Goldstone = Z W 77D

Note that we have used the convention that, when there is no ambiguity, F' refers to the Susy
breaking background value, dropping the brackets (- - - ) to avoid clutter. One can further generalize
this to include a linear combination of gauginos when there is also D-term SUSY breaking.

When ordinary spontaneously broken internal symmetries are promoted to gauge symmetries,
their Goldstone modes are ‘eaten’ and become the longitudinal polarization of the gauge fields.
Similarly, gauging supersymmetry corresponds to writing a theory of supergravity. The gravitino
then becomes massive by eating the Goldstino from spontaneous sUSY breaking.

(2.59)

2.10 Sum rule for broken SUSY

Even when it is spontaneously broken, SUSY is a strong constraint on the parameters of a theory.
One of the most important constraints is the SUSY sum rule, which relates the traces of the mass
matrices of particles of different spins.

First consider the mass terms for chiral fermions (¢/) and gauginos (\):

O*W

W29 (T} (ph" = W) = 55

= Vih; + hee. (2.60)

We may write this succinctly as a mass matrix,

(i Aa) ( \/%a] ﬁODbi> (ff}) (2.61)

where we use the shorthand notation

OF; 0*W oD,
Fy=2t= D, =
T 0p; 00y, dp;

= 9o T (2.62)

Call this fermion mass matrix m=1/2). Next, the scalar mass matrix (mQ)gZO) is obtained by the
Hessian of the scalar potential,

Sene Bode Fii Fy; + DiD,; + Di, D, FikF, + DIDi
(35*28902 35&%) B < FijtF* + Dai Doy Fip F7* 4 Dy D] + DiiDc) (263)
Finally, the gauge boson matrix comes from the kinetic terms
> PlALT G gial* = | A DL, (2.64)
and may thus be written
(m*)Y=Y = DI Dy + Dy Di. (2.65)
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The traces of the squared mass matrices are, respectively,

Tr mU=1/2) (m(jzlm)T =F,;F7 +4]D,;? (2.66)
T (mV=)" =2F9F,; 4 2D% D,; + 2D, D', (2.67)
Tr (mVU=Y)* =2D, D! (2.68)

For convenience, we may define the supertrace, a sum of the squared mass matrices weighted by
the number of states,

STr ( Z Tr (27 + 1)(=)¥m? (2.69)
= —2FF —u|Dy|* + 2FF + 2D.Dy; + 2D, D', + 3 - 2D,; D', (2.70)
=2D,(D,). (2.71)
=2D; Z qu) (2'72)

Note that (D,) # 0 only for U(1) factors, so (D,)! = 3 ¢;, the sum of all U(1) charges. We have
written @ to index only the U(1) factors of the gauge group. Note, however, that usually

> ¢ =0 (2.73)

due to anomaly cancellation. This leads to the very stringent constraint that

STr m? = 0. (2.74)

Note that this is a tree-level result that assumes renormalizable interactions?.

2.11 Soft breaking and the MSSM

The sum rule (2.74) is a road block to susy model building. To see why, consider the scalar mass
matrix (2.63) applied to squarks. In order to preserve SU(3)., the squarks should not obtain a
VEV. This implies that the D-terms vanish, Dfl = Decolor = 0, for squarks. Thus further means
that quarks only get their masses from the superpotential.

Similarly preserving U(1)gy implies that the D-terms corresponding to the electrically charged
SU(2),, directions should also vanish: Dy = D; o = 0. This means that the only D-terms which
are allowed to be non-trivial are D3 and Dy, corresponding to the third generator of SU(2), and
hypercharge. The scalar mass matrix for the up-type quarks is then

T /
Mo /3m Ds+2¢g'Dy) 1 A
m§/3 _ 2/31My /3 (29T 5+ 59'Dy) ; ), (2.75)
A m2/3m2/3 - §g Dy]]_
T
m3 = myjsmy s+ (3905 + 59'Dy) 1 ; A . (2.76)
A,T m1/3m1/3 + §g/Dy]]_

4Non-renormalizable terms in the Kahler potential, for example, modify how the superpotential terms contribute
to the scalar potential since one has to rescale fields for them to be canonically normalized.
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where the A and A" are the appropriate expressions from (2.63) and mg/31/3 correspond to the
quadratic terms in the superpotential that contribute to the quark masses.
Charge conservation requires the sum of D terms to vanish, so that at least one D term is less
than or equal to zero. For example, suppose that
1 1,
Let £ be the direction in field space corresponding to the up quark. Then S is an eigenvector of
the quark mass matrix my/3 with eigenvalue m,,. Then (2.77) implies that

(8" 0) mas (g) < m, (2.78)

This implies that there exists a squark in the spectrum that has a tree-level mass less than the up
quark. Such an object would have been discovered long ago and is ruled out.

More generally, the observation that there is at least one negative D-term combined with the
form of the squark matrices (2.75) and (2.76) implies that there must exist a squark with mass less
than or equal to either m, or my. Thus even if SUSY is broken, it appears that any supersymmetric
version of the Standard Model is doomed to be ruled out at tree level.

In order to get around this restriction, one typically breaks SUSY in a separate supersymmetry
breaking sector (Susy) that is not charged under the Standard Model gauge group. This sSusy
sector still obeys a sum rule of the form (2.74) but the spectrum is no longer constrained by
observed SM particles. In order for the SUsSY sector to lend masses to the SM superpartners, one
assumes the existence of a messenger sector which interacts with both the sM and the susy
sectors. The messenger sector transmits the sUusy-breaking auxiliary field VEV to the SM sector
and allows the SM superpartners to become massive without violating the sum rule (2.74). Note
that this also allows a large degree of agnosticism about the details of the SUsY sector—as far as
the phenomenology of the MSSM is concerned, we only need to know about the Susy scale and the
properties of the messenger sector.

There are two standard types of assumptions for the messenger sector depending on how one
assumes it couples to the sMm:

e Gravity mediation: here one assumes that the sM and SusyY breaking sectors only com-
municate gravitationally. The details of these interactions fall under the theory of local
supersymmetry, or supergravity (SUGRA), but are typically not necessary for collider phe-
nomenology.

e Gauge mediation: The messenger sector contains fields which are charged under the sm
gauge group.

An alternative way around the SusyY sum rule is to construct a ‘single sector’ model based on
strong coupling [17,18]. These turn out to be dual to 5D models of sSUSY breaking using tools that
we introduce in Section 3.

Often we are only interested in the properties of the Standard Model particles and their super-
partners. We can ‘integrate out’ the details of the messenger sector and parameterize SUSY breaking
into non-renormalizable interactions. As an example, suppose that a superfield, X, breaks super-
symmetry by picking up an F-term VEV: (X) = --- + (F)#*. X may also have a scalar VEV, but
this does not break susy. We then parameterize the types of non-renormalizable couplings that
are generated when we integrate out the messenger sector. We have four types of terms:
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1. Non-holomorphic scalar masses are generated by higher order Kahler potential terms

such as
1y XTX F\* :
d*0 Iz O'P = ) P + (SUSY preserving terms). (2.79)
X + X7 F*
/d46’ +T PP = (M) /d29 ®'® + h.c. + (SUSY preserving terms). (2.80)

We have written the SUSY-breaking part of (2.80) suggestively to appear as a non-holomorphic
superpotential term. Since ® only contains fs and not 6, [d?0 ®T® = p*F, = o*W'[p*].
For renormalizable superpotentials, this can give an A-term of the form (2.82) or a b-term
of the form (2.81) below; the latter with a slightly different scaling with F.

The mass scale M is required by dimensional analysis and is naturally the scale of the
mediator sector that has been integrated out. For gravity mediation M ~ Mp; while for
gauge mediation M ~ M, the mass of the messenger fields. Doing the Grassmann
integral and picking the terms that depend on the SUSY breaking order parameter F' gives a
mass m? = (F/M)? to the scalar . Note that F' has dimension 2 so that this term has the
correct mass dimension.

2. Holomorphic scalar masses are generated by a similar higher order Kahler potential term,

XtX F\?
/d46’ Ve [‘I)Z + (CIDT)Q] = (M) (¢* 4+ ¢*?) + (SUSY preserving terms). (2.81)

These are often called b-terms. One may want to instead write these masses at lower order in
F by writing a superpotential term W O X ®2. This, however, is a renormalizable interaction
that does not separate the susy sector from the visible sector—as one can see the mediator
mass does not appear explicitly in such a term. Thus W D X ®?2 is subject to the SUSY sum
rule and is not the type of soft term we want for the MSSM.

3. Holomorphic cubic scalar interactions are generated from the superpotential,

X F
/d29 M<D3 +h.c. = % (¢ 4+ ¢**) + (sUSY preserving terms). (2.82)

These are called A-terms and are the same order as the scalar mass.

4. Gaugino masses are generated from corrections to the gauge kinetic term,
2 X « F .
a0 MWaW +h.c = M)\)\ + h.c. + (SUSY preserving terms). (2.83)

This is a gaugino mass on the same order as the scalar mass and the A-term.

In principle one could also generate tadpole terms for visible sector fields, but we shall ignore this
case and assume that all field are expanded about their minimum. These four types of terms are
known as soft supersymmetry breaking terms. The key point is that these do not reintroduce
any quadratic UV sensitivity in the masses of any scalars. This is clear since above the SUSY
breaking mediation scale M, the theory is supersymmetric and these divergences cancel.
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It is common to simply parameterize the soft breaking terms of the MSsM in the Lagrangian:

1 s — o~

Lot = = 5 (Msgg + MoWW + MiBB) + e, (2.84)
- <au@Hu5 + ad@Hd§+ aeszE:) +h.c. (2.85)

— Q'm3Q — L'm2 L — @m0 — d'm2d — &m?E — m2y, HiH, —m3 H;H,  (2.86)

— (bH,Hy +h.c.)). (2.87)

This is simply a reparameterization of the types of soft terms described in (2.79 — 2.83), from
which one can read off the scaling of each coefficient with respect to F'/M.

Note that the trilinear soft terms, @, 4., and the soft masses mg 1, 4. are 3 X 3 matrices in
flavor space. The trilinear terms are in a one-to-one correspondence with the Yukawa matrices
except that they represent a coupling between three scalars. In general, the soft masses cause the
squarks and sleptons to have different mass eigenstates than the sMm fermions.

Phenomenologically, we assume that

Ml,2,37 Qude ™~  Mgusy (2-88>

2 2
MQ u,d,LeHy Hys b~ Mgysy > (2'89>

where mgyqy is between a few hundreds of Gev to a Tev. This is the range in which generic
MSSM-like models provide a solution to the Hierarchy problem.

R-symmetry, gauginos, supersymmetry breaking. Recall that when an R-symmetry exists, the different
components of a superfield carry different R charges. Because the O(6) component of W*, F,,,, is real, it
cannot carry an R charge. This means that the lowest component, the gaugino A, must have non-zero R-
charge. Further, the gaugino mass term (2.83) breaks this symmetry. One will find that R-symmetry plays an
important role in many non-perturbative results in SUSY. Two important results related to SUSY breaking and
gaugino masses are [19,20].

2.12 Electroweak symmetry breaking in the MSSM

The most important feature of the Standard Model is electroweak symmetry breaking. Recall that
this is due to a tachyonic Higgs mass at the origin being balanced by a positive quartic coupling
leading to a non-zero vacuum expectation value. In the MSSM we have two Higgs doublets,

- (g%) H,— <g§) . (2.90)

We have already seen that supersymmetry relates the scalar quartic coupling to the other couplings
of the theory. This then constrains the expected Higgs boson mass.

To preserve SU(3). and U(1)gy we assume that no squarks or sleptons pick up VEvs. Then
the quartic terms in the Higgs potential come from D-terms, (2.56):

2 /2
Vp = gz (HgaaHu v H;o—“Hd) (H;aaHu v H;o—“Hd) v gz (1Hu P = | Hd?)”
1 1 2
= 592|H£Hd|2 + g(g2 +9?) (|Hu* = [Hdl*)", (2.91)
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where we have simplified the SU(2);, terms using the relation 050k = 20,005 — 0;50ke. We see
immediately that the Higgs quartic A coupling goes like the squared electroweak couplings, g? and

¢"?. This connection between the Higgs sector and the gauge parameters does not exist in the

Standard Model

In addition to the D-term contribution, there is also the supersymmetric F'-term contribution
coming from the p-term in the superpotential. The quadratic contributions to the Higgs potential
are,

Vi = |ul[Hul? + |u?[Hal* + - - (2.92)

We have dropped terms proportional to the Yukawa couplings since we assume the scalar partners
of the sM fermions do not acquire VEVs. On top of this, there are the soft supersymmetry breaking
terms. These include soft masses for each Higgs doublet and a ‘holomorphic’ b-term which is called
B,, (or sometimes Bp),

Viott = m3y, |Hu|? +miy |Hal* + (B.Hy, - Hq+h.c.). (2.93)

Note that the contraction of H, and Hy in the D-term (2.91) is different from that in the B, term
(2.95). Specifically, H, - Hy is contracted using the e, tensor and gives H, H; — HYHY. Further,
the D-term couplings are real since they are part of a real superfield. The F-term couplings are
made real because they are the modulus of a complex parameter. The couplings of the soft terms,
on the other hand, carry arbitrary sign and phase.

Combining all of these factors, the full Higgs potential is

Ve= Vp+ Ve + Vst (2.94)
1 1 2
= 592|H2Hd|2 + §(92 + %) (|Hu> — |Hal?)
+ (|u> + m3) [Hu* + (|u]> +m3,) |Hal> + (B.Hy, - Hq +h.c.). (2.95)

To simplify this, we can assume that the charged components of the doublets pick up no VEvV
and write everything in terms of only the neutral components (we address the validity of this
assumption below):

1 2
Vi = g0 +9%) (IHP = [HJP)" + > (|l +mi,) |H — 2B,Re(H, HY). (2.96)

i=u,d

Observe that this potential has a direction in field space, |HY|*> = |H?|? where the D-term quartic

vanishes. This is called a D-flat direction and requires caution. In order to break electroweak
symmetry, we must destabilize the origin of field space with a tachyonic mass term to force a linear
combination of the neutral Higgses to pick up a VEV. In the SM destabilization is balanced by
the quartic coupling which forces the VEV to take a finite value. We see now in the MSSM that
one has to take special care to make sure that the destabilized direction does not align with the
D-flat direction or else the potential isn’t bounded from below. In other words, we must impose a
negative mass squared in one direction in the Higgs moduli space while making sure that there is
a positive definite mass squared along the D-flat direction. This can be written as two conditions:

1. We require exactly one negative eigenvalue in the neutral Higgs mass matrix,

uf* +mpy,  -B

—By |ul? +;L”§{d = (Il + iy, ) (el +miy, ) = B, <0. (2.97)
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2. The mass squared term is positive when |HY| = |H3|. For simplicity, suppose B, (H?), and
(HY) are all real (see below). Then this imposes

(lul? +m2.) + (lu? +m%,) +2B, > 0. (2.98)

The conditions (2.97) and (2.98) are the requirements for electroweak symmetry breaking in the
MSSM.

Note that a natural choice for the soft masses, m3;, = m7 , does not obey the restrictions
(2.97) and (2.98). One way to nevertheless enforce this relation is to impose it as a boundary
condition at some high scale and allow the renormalization group flow to differentiate between
them. This is actually quite reasonable, since the S-function for these soft masses include terms
that go like the squared Yukawa coupling. The two soft masses flow differently due to the large
difference in the top and bottom Yukawas. In fact, the up-type Higgs mass parameter shrinks in
the IR and it is natural to assume

my, < my,. (2.99)

A convenient choice is m7;, < 0 and m%, > 0. In this way the MSSM naturally admits radiative
electroweak symmetry breaking where the tachyonic direction at the origin is generated by
quantum effects.

Since there are many parameters floating around, it use useful to summarize that the following
all prefer electroweak symmetry breaking and no runaway directions:

e Relatively large B,

e Relatively small y

e Negative m%{u .

Be aware that these are only rough guidelines and are neither necessary nor sufficient.
It is standard to parameterize the VEVs of the two Higgses relative to the sm Higgs VEV by
introducing an angle, 3,

(HY) = 7% =% sin 3 (HY) = 5 Ecos 8. (2.100)

Minimizing the potential, V/JH? = OV/OH? = 0, one obtains
2B

sin 28 = " 2.101
P+, s (2.10)

M2 , My, —my tan®f3
— =l e’ 1 (2.102)

The second relation is especially strange: it connects the supersymmetric g term to the soft-
breaking masses, even though these come from totally different sectors of the theory. In other
words, unlike the quartic and gauge couplings which are tied together by supersymmetry, these
parameters have no reason to have any particular relation with each other. Further, M2 is ex-
perimentally measured and much smaller than the typical expectation for either u or m%{w, so it
appears that there’s some cancellation going on.
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The Higgs sector of the MSSM contains the usual cp-even Higgs h, a heavier cP-even Higgs,
the Goldstones of electroweak symmetry breaking, an additional pair of charged Higgses H*, and
a cp-odd Higgs A. With a little work, one can show that the cpP-even Higgs masses are

1
m? = L [M; 2 \J (M + m?)? — 43, M2 cos? 28] | (2.103)

2
where m?% = B, /(sin B cos 8). One can further show that this is bounded from above,
mpy, S MZ |COS 2ﬁ| S Mz. (2104)

Of course, we now know that mj, ~ 125 Gev. In fact, even before the LHC it was known from LEP
that m;, 2 114 Gev. While at first glance (2.104) appears to be ruled out experimentally, this is
only a tree-level bound. What this is really saying is that one requires large corrections to the
quartic self-coupling to pull up the Higgs mass from its tree level value. Due to the size of ¥, the
main effect comes from top and stop loops.

To maximize the quartic coupling, we are pushed towards large values of tan 3 since this would
put most of the Higgs VEV in H, and would make the light Higgs be primarily composed of H,.
Examining the H;! coupling at loop level, consider diagrams of the form:

0 0 0 0
Hu'~)~. tf’ _?,—Hu Hu ----- )_ _.=—._:__>__--'Hu

~ "' “‘ ~

tR v A tL tLR < {l\t[”R
\‘~ "

O ¢ LR e T
0- t ~ 770 0-= =170
HY p HY HY HY

Assuming negligible A terms, the result is

2N, y4 mg Mg,
A =\ c7t 1 12 2.105
(1m0 = Asvsy + o tn (5% ) (2.105)
where Agysy comes from the D-term potential and NN, is the number of colors. This equation tells
us that in order to push the Higgs mass above the tree-level bound of My, one must increase my.
The correction is
3 my ms
Ami = —v?*y}sin® B1n (M) . (2.106)

42 m?

For further details, we refer to the treatment in [21] or the encyclopedic reference [22].

2.13 The little hierarchy problem of the MSSM

It has been well known since LEP that in order to push m; > 114 GeVv in the MSSM, one requires large
stop masses, my ~ 1 — 1.4 Tev. Pushing the stop mass this heavy comes at a cost, unfortunately.
The stops contribute not only to the Higgs quartic—which we need to push the Higgs mass up—but
also to the soft mass m7, from loops of the form
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The larger one sets my, the larger the shift in m3, . Recall, however, the strange cancellation
we noted in (2.102). This equation seems to want mj; ~ MZ/2. The loop corrections above
contribute a shift of the form

2 A
Amj, = Bimt2 In ( UV) : (2.107)

47 2 my

For mj = 1.2 Tev and Ayy = 10'° this balancing act between m# and M7 /2 requires a fine tuning

of
M2/2
Aquu

Physically what’s happening is that the stop plays a key role in naturalness by canceling the
sensitivity to the UV scale. By pushing the stop to be heavier to increase the Higgs quartic, one
reintroduces quadratic sensitivity up to the scale of the stop mass. This is known as the little
hierarchy problem of the MSsM.

~ 0.1%.

2.14 SUSY breaking versus flavor

The soft breaking Lagrangian introduces many new masses, phases, and mixing angles on top of
those found in the Standard Model for a total of 124 parameters [23]. Most of this huge parameter
space, however, is already excluded from flavor and CP violating processes. Recall that in the
sM, there are no tree-level flavor-changing neutral currents (FCNC) and loop-level contributions
are suppressed by the GIM mechanism. Lepton number violation is similarly strongly suppressed.
In the limit where the Yukawa couplings vanish, y — 0, the Standard Model has a U(3)® flavor
symmetry where each of the five types of matter particles are equivalent. This flavor symmetry
is presumably broken at some scale Ag in such a way that the only imprint of this UV physics at
scales well below Ap are the Yukawa matrices. This flavor scale can be very large so that effects
of this flavor breaking go like 1/Ar and are plausibly very small.

In the MssM, one must further check that the flavor breaking dynamics has already ‘frozen
out’ at the sUsY breaking scale so that the only non-trivial flavor structure in the sSusy breaking
parameters are the Yukawa matrices themselves. This means we would like the mediator scale M
to be below the flavor scale, M < Ag. In gravity mediation, however, A,,.q = Mp;, and we can no
longer guarantee that the suSY breaking mediators are insulated from flavor violating dynamics.
This leads to strong constraints on the flavor structure of the MSSM soft parameters.

For example, consider one of the most carefully studied FCNC processes, kaon anti-kaon (K-K)
mixing. The quark content of the mesons are K = d5 and K = ds. In the SM this process is
mediated by diagrams such as

d

Each vertex picks up a factor of the CKM matrix. The GIM observation is the fact that the unitarity
of the CKM matrix imposes an additional suppression. In the MSSM, on the other hand, the squark
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soft masses introduce an additional source of flavor violation so that the quark and squark mass
matrices are misaligned. This manifests itself as flavor-changing mass insertions, Am?_, on squark
propagators when written in terms of the Standard Model mass eigenstate combinations:

Note that rather than W bosons, this diagram is mediated by gluinos which carry much stronger
coupling constants ag > as. Further, Since there are no factors of Vg, there is no GIM suppres-
sion. The loop integral goes like d*k/k¥® ~ 1/mS . Thus we can estimate this contribution to
kaon mixing to be

. Am?, 1
MEER ~ o ( ! > —— (2.108)
SUSY SUSY

Comparing this to the experimental bound,

Am? Misus
2Mds < 4. 1073 (ﬁ) . 2.109
M2, 500 GeV (2.109)

There are similar constraints on CP violating and lepton number violating processes (e.g. dipole
moments and g — e7y). This is the SUSY flavor problem: a generic flavor structure for the
MSSM soft parameters is phenomenologically ruled out. We are led to conclude that the off-diagonal
flavor terms must be strongly suppressed to avoid experimental bounds.

One way to do this is to suppose an organizing principle in the SUSY breaking parameters,
soft-breaking universality,

1. Soft breaking masses are all universal for all particles at some high scale. This means that
mé x 1 in flavor space, and similarly for each MSSM matter multiplet.

2. If a-terms are not flavor-universal, then the Higgs VEV induces similar problematic mixings,
Lo, = al;QU;H, + af;Q;D;Hy + a5, L; E; Hy. (2.110)

To avoid this, assume that afj is proportional to the Yukawa matrix,
aj; = Aly],. (2.111)

This way, the rotation that diagonalizes the sSM fermions also diagonalizes their scalar part-
ners.

3. To avoid CP violation, assume that all non-trivial phases beyond those in the Standard Model
CKM matrix vanish.

These are phenomenological principles. Ultimately, one would like to explain why these properties
should be true (or at least approximately so).
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2.15 Gauge mediated SUSY breaking

One straightforward realization of soft-breaking universality is to have the messenger sector be
flavor universal. A natural way to do this is gauge mediation since the SM gauge fields are blind
to flavor [24-27]. See [28] for a review.

SM gauge

SUSY messenger MM MSSM

(Fx) #0 D;, D,

The main idea is that the SUSY breaking sector has some superfield (or collection of superfields)
X which pick up F-term VEVs, (Fx) # 0. This generates mass splittings in the messenger sector
superfields, ®; and ®,. These messengers obey the tree-level SUSY sum rules discussed above but
are not problematic since all of the components can be made heavy. One then assumes that the
messengers are charged under the SM gauge group so that the MSSM superfields will feel the effects
of susy breaking through loops that include the messenger fields. Note that anomaly cancellation
of the sM gauge group typically requires the messenger superfields to appear in vector-like pairs,
® and ® with opposite SM quantum numbers.

The messenger fields generate non-renormalizable operators that connect the MSSM and the
SUSY breaking sector without introducing any flavor dependence for the soft masses. Further,
because the messenger scale is adjustable, one can always stay in regime where it is parametrically
smaller than the flavor scale M < Ap. Recall the estimates in Section 2.11 for the size of the
MSSM soft terms. For gauge mediation, M is the mass of the messenger sector fields ®; and ®,
and F'is the Susy breaking VEV, Fy. Below M we integrate out the messengers to generate the
MSSM soft parameters.

The simplest realization of this is minimal gauge mediation. Here one assumes only one
SUSY breaking field X and N,, mediators, ®; and ®;, in the fundamental representation of an
SU(5) auT. The superpotential coupling between these sectors is

W =0oX0. (2.112)
The contribution to the potential is
2
%—Z = (X [e? + (X |2l + ¢ (Fx) (2.113)
The messenger masses are
my = X (2.114)
m? = X* £ Fx, (2.115)

using the notation where the angle brackets (- - - ) are dropped when it is clear that we are referring
to the VEV of a field. Observe that the messenger scale is set by the lowest component VEV of
the susy breaking parameter, M = X. In what follows we make the typical assumption that
F/M? < 1. Note that these masses satisfy the SUSY sum rule.

Now let’s consider the spectrum arising from this simple set up. The gauginos of the sM gauge
group pick up a mass contribution from diagrams of the form
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Yo (083
(X)

The (X) insertion on the 1 line is required to flip the gaugino helicity (recall that arrows on
fermion indicate helicity). The F' insertion on the ¢ line is required to connect to SUSY breaking
so that this is indeed a mass contribution that is not accessible to the gauge boson. The F' VEV
is also required to flip from a ¢ to a ¢ so that the scalar of the chiral superfield picks up a sense
of chirality as well. Using powerful methods based on holomporphy [29, 30], the gaugino mass for
the i*h gauge factor is

FM ¢? o F
_ L N, =—N,,—. 2.116
M? 1672 47 M ( )

A

This expression—which one could have guessed from a back-of-the-envelope estimate—turns out
to be exact to leading order in F'/M?. This is a reflection of the powerful renormalization theorems
in supersymmetry, see e.g. [31]. One of the concrete predictions of minimal gauge mediation is the
relation

My, : My, : My, =a1 : ay : as. (2.117)

1
The heaviest superpartners are those which couple to the largest rank gauge group.

The scalar partners of the SM matter particles do not directly couple to the messengers. Thus
the masses for the squarks and sleptons must be generated at two loop level. There are many
diagrams that include loops of both the messenger scalar and fermion:

PR RS

* A . .
S ] 1
'
l 90 \d 1Y 1
[ ' ¢
] -~
1
NPT LT JJM\’k
. ~
PR ] w0 eweGeasssssss=D e
-
- - - kd -~
e ~~~ 4 Y
. ] 1
. 2 . ' ¥ ]

The loops either include a gauge boson or otherwise use the scalar quartic D-term interaction
between messengers and sfermions. The result is that the soft scalar masses go like

2 2 2
2 g I
2~ == ) N,,—C,, 211
Msoft ( 1672 ) M? ¢ (2.118)

where C; is the relevant quadratic casimir. Observe that m2, ~ m3 so that the sfermions which
couple to the higher rank gauge factors pick up more mass. Including the various gauge charges
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and taking the limit ag > ay > o gives a prediction for the sfermion spectrum in minimal gauge
mediation,

4 3 3
2.,2.,.2 _ 2 9 2 9 9
ma.m~.m~——a3.—a2.ga1.

t o E 3 4
Note that (2.117) and (2.119) are only predictions of minimal gauge mediation. A parameterization
of the soft terms from a generic gauge mediation model is presented in [32,33] under the banner of
general gauge mediation. Requiring that the superpartner masses are around the electroweak
scale sets

(2.119)

F
7 ~ 100 Tev. (2.120)

Note that since the messengers interact with the sm superfields only through gauge interactions,
the holomorphic soft terms (A and B terms) are typically very small in gauge mediation.

One important phenomenological consequence of gauge mediation is that the lightest super-
symmetric partner (LSP) is not one of the MSSM fields but rather the gravitino whose mass is [28],

2
F VF
~ ~ 2.4 eV, 2.121
TV (100 Tev> ¢ (2.121)

Thus the gravitino is much lighter than the electroweak scale, but is also similarly weakly coupled.
The relevant couplings at low energies are not gravitational, but rather through the Goldstino
component of the gravitino. This coupling is proportional to the SUSY breaking VEV F'. Because
of R-parity, any supersymmetric partner produced in the MsSsM will eventually decay into the next-
to-lightest superpartner (NLSP). This NLSP must eventually decay into the gravitino LSP since it
is the only decay mode available. When v/F > 10 GeV, the NLSP is so long lived that on collider
scales it behaves effectively like the LsP. On the other hand, if v/F < 105 GeV, the NLSP decays
within the detector. This gives a fairly unique signal with displaced photons and missing energy
if the NLSP is the bino, B.

2.16 The p—B, problem of gauge mediation

Let’s return to an issue we addressed earlier when discussing electroweak symmetry breaking. We
wrote two relations (2.101 — 2.102) satisfied at the minimum of the Higgs potential. We noted
the p-problem associated with (2.102): p and m%,u’d seem to come from different sectors of the
theory but must conspire to be roughly the same scale. In principle, since p is a supersymmetric
dimensionful parameter (the only one in the MssM), it could take a value on the order of the Planck
mass. We now present a solution to the p-problem, but we shall see that this solution will cause
problems in gauge mediation due to the second relation, (2.101).

One way to address this pu-problem is to forbid it in the supersymmetric limit and then assume
that it is generated through the Susy breaking sector. For example, a global Peccei-Quinn (PQ)
symmetry,

H, —e“H, (2.122)
Hy —eHy, (2.123)

prohibits the p term in the superpotential. Gravity, however, is believed to explicitly break global
symmetries. Indeed, gravity mediation of SUSY breaking will produce a u term. Consider, for
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example, the higher order Kéhler potential term that couples the SuSYy breaking superfield X to
the Higgses [34],

X'H,-H
/d‘*G# +he. (2.124)
Mp,

When (X) ~ 6?F, one generates an effective y term of order y ~ F/Mp;. This neatly addresses
the p-problem and ties the p term to the SUSY breaking masses. The B, term that is generated
comes from

X'XH,-Hy
dg——0 2.125

Mgl ( )
and thus is of the same order as p?. This is consistent with the observation in (2.101) that By, u,
and the soft breaking terms seem to want to be the same order. We remark that this is no longer
true in gauge mediation since F' < 10 GeV, the p and B, terms generated from gravitational

breaking are far too small. This must be addressed separately in such theories.

2.17 Variations beyond the MSSM

The MSsM is under pressure from the LHC. For a review of the status after Run I of the LHC,
see [35]. There are two main issues:

1. The Higgs mass m; = 125 GeV is hard to achieve in the MSSM since it requires a large
radiative correction to the tree level upper bound of m;, = M.

2. There are no signs of superpartners. With the simplest assumption that mgz ~ mg, the LHC
pushes the scale of colored superpartners to be over 1.2 Tev. This appears to no longer be
natural.

In this section we present some model-building directions that the LHC data may be suggesting.

2.17.1 Additional D-term contributions

One simple direction to increase the tree-level Higgs mass is to add extra D-terms to increase the
Higgs quartic coupling [36-40]. This requires charging the Higgs under an additional U(1)y gauge
group which one must break above the weak scale. This technique is able to indeed push the
tree-level Higgs mass up to the observed value, but one is constrained by changes to Higgs decay
branching ratios, particularly h — bb [41,42].

2.17.2 The NMSSM

At the cost of adding an additional singlet superfield S to the MSSM sector, one may solve the u
problem and also raise the Higgs mass by enhancing its quartic coupling [43-47]. The Higgs sector
superpotential for this “next-to-minimal” supersymmetric SM (NMSSM, see [48,49] for reviews) is

_ _ _ 1
Winssm = Yo HuQU + yaHiQD + y.HyE + NSH, Hy + gﬁsi’). (2.126)

The x term breaks the Peccei-Quinn symmetry, (2.122 — 2.123), to a Zs. Since S is a gauge singlet,
the D-term potential is unchanged from (2.91). Note, however, that there is no longer a p term
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in the superpotential, instead the SH,H, coupling has taken its place. Thus the F-term potential
differs from that of the MSsM, (2.92), and is instead

Viswssu = N2[S|? (|Hul? + |Hal?) + N | H, Hy” . (2.127)

We observe that the combination A(S) plays the role of an effective p term and solves the u-
problem. Finally, there are additional soft terms allowed which augment V.5 in (2.93),

1
AVt sy = mg|S|? + MAN(SH, Hy + h.c.) + g,@A,.;(Sf‘ +h.c.). (2.128)

The resulting expression for the Higgs mass is approximately

. A2p2 | 3mi [ (mp) | A2 A7
(2.129)

This can be larger than the value in the MSSM depending on the value of A. There are limits on
the size of A coming from perturbativity, but lifting the Higgs mass to 125 GevV is fine. The singlet
S contributes an additional complex scalar to the Higgs sector and an additional neutralino.

2.17.3 Natural SUSY

The simplest choices for the MSSM parameters—those that treat all the flavors universally, as
preferred by the flavor problem—are tightly constrained by the non-observation of new physics
at the LHC. Because the LHC is a proton-proton collider, it is easy for it to produce colored
superpartners such as squarks and gluinos. These, in turn, are expected to show up as events with
many jets and missing energy as the heavy colored states decay into the LsP. The fact that no
significant excesses have been found pushes one to consider other parts of the large MSSM parameter
space.

Instead of biasing our parameter preferences by simplicity, one may take a different approach
and ask what is the minimal sparticle content required for naturalness? In other words, which
superpartners are absolutely required to cancel quadratic divergences? Once these are identified,
one may decouple the remaining sparticles and check the experimental constraints on the resulting
spectrum. The ingredients of a ‘minimally’ natural MSSM spectrum are [50,51] (see [52-55] for a
re-examination from the early LHC run)

1. Light stops. The largest sM contribution to the Higgs quadratic UV sensitivity is the top
loop. Naturalness thus requires that its superpartner, the stop, is also accessible to cancel
these loops. Since the stop lives in both the Ugr and () superfields, this typically also
suggests that the left-handed sbottom is also light.

2. Light Higgsinos. In order to preserve natural electroweak symmetry breaking, p should
be on the order of the electroweak scale. This is the same parameter that determines the
Higgsino mass, so the Higgsinos should also be light.

3. Not-too-heavy gluinos. The stop is a scalar particle which is, itself, quadratically Uv
sensitive at face value. The main contribution to the stop mass comes from gluon loops so
that naturalness requires ‘not-too-heavy’ (~ 1.5 Tev) gluinos to cancel these loops. In other
words, the gluino feeds into the Higgs mass at two-loop order since it keeps the light-stop
light enough to cancel the Higgs’ one-loop UV sensitivity.
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Figure 3: Heuristic picture of a natural SUSY spectrum. All other superpartners are assumed to
have masses well above the Tev scale and decouple.

4. Light-ish electroweak-inos (optional). Finally, if one insists on grand unification, the scale
of the gluinos imposes a mass spectrum on the electroweak gauginos with Mpy.ino < Mgluino-
As a rough estimate, Majorana gluinos should have mass < 2m; while Dirac gluinos should
have mass < 4m,.

5. All other particles decoupled. All of the other squarks and sleptons are assumed to be
well above the Tev scale and effectively inaccessible at Run-I of the LHC.

These are shown in Fig. 3.

The simplest models have a light stop ¢;, which decays either to a top and neutralino /gravitino,
t+N , or a bottom and a chargino, b+ C. Bounds on these decays depend on the N (5) mass. The
‘stealthy’ region near mg = 0 and the ‘compressed’ region near mg ~ m; are especially difficult
to probe kinematically.

2.17.4 R-parity violation

One of the main ways to search for ‘vanilla’ SUSY signatures is to trigger on the large amount
of missing energy (MET or £7) expected from the neutral LsP. Underlying this assumption is
R-parity, which forces the LSP to to be stable.

Recall that R-parity was something that we embraced because it killed the supersymmetric
terms in the superpotential (2.50) that would violate lepton and baryon number and would be
severely constrained by experiments, most notably proton decay. If, however, there were another
way to suppress these dangerous operators, then perhaps we could avoid the experimental bounds
while giving the LSP a way to decay into non-supersymmetric particles. This would allow us to
consider models with R-parity violation (RPV) with no missing energy signal [56-60], see [61] for
a review. Such models would be immune to the usual MET-based SUSY search strategies.

The simplest way to do this is to turn on only the A\,U DD term. This violates baryon number
but preserves lepton number so that protons remain stable. Motivated by naturalness, we may
now allow the stop to be the LSP since this is no longer a dark matter candidate. The RPV coupling
would allow a decay ¢ — b3, which would be hidden in the large QcD di-jet background.

One still has to worry about the effects of this RPV coupling on the partners of the light
squarks. Phenomenologically, the strictest bounds come from neutron—anti-neutron oscillation and
dinucleon decay. Indeed, most of the flavor bounds on the MSSM come from the first two generations
of sparticles. One interesting model-building tool is to invoke minimal flavor violation, which
posits that the flavor structure of the entire MSSM is carried by the Yukawa matrices [62]. This then
implies that the coefficient of the U?D’D* RPV coupling is proportional to a product of Yukawa
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elements depending on the generations 7,7, and k. This gives a natural explanation for why the
RPV couplings of the first two generation squarks are much smaller than the stop.

3 Extra Dimensions

The original proposal for extra dimensions by Kaluza [63], Klein [64], and later Einstein [65] were
attempts to unify electromagnetism with gravitation. Several decades later the development of
string theory—originally as a dual theory to explain the Regge trajectories of hadronic physics—
led physicists to revisit the idea of compact extra dimensions [66-68]. In early models, the non-
observation of an additional spatial direction was explained by requiring the compactification
radius to be too small for macroscopic objects.

Further reading: Two of the authors’ favorite reviews on this subject are [69] and [70]. This lecture is meant
to be largely complementary. Additional references include [71-76], which focus on different aspects.

3.1 Kaluza-Klein decomposition

The simplest example to begin with is a real scalar field in 5D where the fifth dimension is com-
pactified to a circle of radius R. The details of the compactification do not change the qualitative
behavior of the theory at low energies. The Lagrangian is

S = /d5x %GMd)(:v,y)aMd)(x,y) = /d5w Lo 0,0(x, )" (. y) — (9,0(x,y))*] | (3.1)

where M =0,---,5 and x5 = y. Since y is compact, we may identify energy eigenstates by doing
a Fourier decomposition in the extra dimension,

T,y) = ! M) (x) 'Y
¢z, y) mnzoocb () "5V, (32)

Since ¢ is real, (qb(”))T = ¢(™™. Plugging this expansion into the action allows us to use the
orthogonality of the Fourier terms to perform the dy integral. This leaves us with an expression
for the action that is an integral over only the non-compact dimensions, but written in terms of
the KK modes ¢™ (),

-/ d%Z( [ e ) 5 o @ @) + e e @] 6

—n) gu 4(n n2 —n) 1(n
- §/d4xzn: {%b( gl — gl )} (3.4)
2
= /d4xnz:>0 { ¢(n au¢(n) _ % ‘Qg(n)l?} ) (3.5)

From the 4D point of view, a single 5D scalar becomes a ‘Kaluza-Klein (KK) tower’ of 4D particles,
each with mass n/R. If there were more than one extra dimension, for example if one compactified

33



on an k-dimensional torus with radii Rs, Rg, ..., then the KK tower would have £ indices and
masses

n
My =mp+ —> =0 R (3.6)
where m? is the higher dimensional mass of the field.

3.2 Gauge fields

A more complicated example is a gauge field. We know that gauge fields are associated with
vector particles, but in 5D the vector now carries five components, Ay;. We perform the same KK
decomposition for each component M,

An(z,y) e'RY, (3.7)

- A A

Note that this decomposes into a KK tower of 4D vectors, AL”), and a KK tower of 4D scalars,

Aé”). Similarly, the field strengths are antisymmetric with respect to indices M and N so that the
action is decomposed according to

S = / d*z dy (—EFMNFMN> (3.8)

1 1

= /d4x dy — Z__LF‘LWF!LV + 5 (8MA5 — 8514#) (8“A5 — 8514“) (39)
1 —-n n)uv 1 -n —-n n n

- / Ao Y=g FG O 4 2 (9,457 = 95AL ) (9445 — 954 ) (3.10)

This looks complicated because there is an odd mixing between the 4D vector, A , and the 4D
scalar A5 n), Fortunately, this mixing term can be removed by fixing to 5D axial gauge,

A — A — /Ra ALY A — 0, (3.11)

for n # 0. Note that for n = 0 there’s no scalar-vector mixing anyway. The resulting action takes
a much nicer form,

e —Lpon2 i1y o) a4 L2 4 (Cn) 4 ()
S—/dm 4(FW)+2< ) +3 2 4FW FUw 4 S ACIADE) - (3.12)

n>1

The spectrum includes a tower of massive vector particles as well as a massless (zero mode) gauge
boson and scalar.
Recall the usual expression for the number of degrees of freedom in a massless 4D gauge boson:

(4 components in A,) — (longitudinal mode) — (gauge redundancy). (3.13)
When the gauge boson becomes massive, it picks up a longitudinal mode from eating a scalar by

the Goldstone mechanism. This is precisely what has happened to our KK gauge bosons, AEL")

they pick up a mass by eating the scalar KK modes, Aé").
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In a theory with (4 + n) dimensions, the (4 + n)-component vector Ay decomposes into a
massless gauge boson, n massless scalars, a tower of massive KK vectors A, and a tower of (n—1)
massive KK scalars.

One may similarly generalize to spin-2 particles such as the graviton. In (4 + n) dimensions
these are represented by an antisymmetric (4 +n) X (4 + n) tensor,

gun = | I . (3.14)

The massless 4D zero modes include the usual 4D graviton, a vector, and a scalar. At the massive
level, there is a KK tower of gravitons with (n — 1) gauge fields and [3n(n + 1) — n] scalars. Here
we observe the graviton and vector eating the required degrees of freedom to become massive.

3.3 Matching of couplings

It is important to notice that the mass dimension of couplings and fields depend on the number
of spacetime dimensions. The action is dimensionless, [S] = 0, since it is exponentiated in the
partition function. Then, in (4 + n) dimensions, the kinetic term for a boson gives

n

[d*z (09)] = —(4+n)+2+2[¢| =0 =  [¢]= L+ 5. (3.15)

Note that this is consistent with the dimensions in the KK expansion (3.2). The 5D scalar contains
the 4D scalars with a prefactor ~ R~'/2 that has mass dimension 1/2. Similarly, for fermions,
Y] = 2 + 5. With this information, dimensions of the Lagrangian couplings can be read off

2
straightforwardly. For example, the 5D gauge field lives in the covariant derivative,

. . 95
Du:8“—29514#:8#—2\/m14£?)+..., (3.16)
We see that [g5] = —1/2 since [0] = 1 and [Ay]| = 3/2. Further, we find an explicit relation
between the 5D parameter g5 and the observed 4D gauge coupling,
g=—2_ (3.17)

V2rR

More generally, in (4+mn) dimensions the 4D coupling is related to the higher dimensional coupling
by the volume of the extra dimensional space,

(2 )
2 g 44n
g, = —- 3.18
4 RV ln ( )

One can read off the matching of the gravitational coupling by looking at the prefactor of the Ricci
term in the action,

Satn) = ij:; /d4+nx V9 Ragn) = M%;’;)V /d T /G Ry + , (3.19)

where we’ve written g for the determinant of the metric. From this we identify 4D Planck mass
Mp, from the fundamental higher dimensional Planck mass, M.,

Mgy = MG V. (3.20)
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The higher dimensional Planck mass is a good choice for a fundamental mass scale for the
theory,

M, = M. (3.21)

In a (4 + n) dimensional theory where the characteristic mass scale is M, and a compactification
radius R. Then dimensional analysis tells us that the higher dimensional gauge couplings, which
are dimensionful, characteristically scale like

Glapny ~ M2, (3.22)

Relating this to the 4D couplings with (3.18) and relating M, to the 4D Planck mass with (3.20)
gives

I (mgoyn
R~ ——g\mt/N 3.23
Tt (323)
Plugging in the observed sM gauge couplings on the right hand side gives a compactification radius
which is far too small to be relevant at colliders—the first Kk modes will be near the Planck scale.

3.4 Branes and Large Extra Dimensions

In the mid ’90s, developments in string theory led to a new ingredient that renewed interest in
extra dimensions that might be accessible at collider scales. The key idea is that branes, solitonic
objects which form lower dimensional subspaces, can trap fields. In other words, not all fields
have to propagate in all dimensions. This was introduced by Rubakov and Shaposhnikov [77],
who showed that instead of a very small radius of compactification, it may be that our observed
universe is constrained to live in a (341)-dimensional subspace of a higher dimensional spacetime.

Terminology. Models that make use of branes to localize fields are known as braneworld models and are
distinguished from models where all fields propagate in the extra dimensions, known as universal extra
dimensions. In braneworld models, fields which are allowed to propagate in the full space are said to live in
the bulk.

Allowing the fields to be brane-localized buys us quite a lot. It allows us to separate particle
physics from gravity. One can, for example, force the sSM fields to be truly four-dimensional
objects that are stuck to a (3+1)-dimensional brane. This avoids the bound on the size of the
extra dimension in (3.23), since that relied on the SM propagating in the bulk.

With this in mind, one could allow the volume of the extra dimensions to actually be quite
large. This idea was explored by Arkani-Hamed, Dimopoulos, and Dvali in the ADD or large
extra dimension scenario [78]. If this were feasible, then (3.20) gives a new way to address the
Hierarchy problem. The large volume factor allows the fundamental scale of nature to be much
smaller than the observed Planck mass, M, < Mp,. If, for example, M, ~ 1 Tev, then there is
no Hierarchy problem. Gravity appears to be weaker at short distances because its flux is diluted
by the extra dimensions. As one accesses scales smaller than R, however, one notices that gravity
actually propagates in (4+n) dimensions. A cartoon of the braneworld scenario is shown in Fig. 4.

How large can this extra dimension be? Doing a rough matching and using Vol,, = r™ in (3.20)

gives
1 [ My \ 2"
R= (MP‘) . (3.24)
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Figure 4: Cartoon pictures of a (3+1) dimensional brane in a compact 5D space. (LEFT) The brane
(red line) as a subspace. Gravity propagates in the entire space ‘diluting’ its field lines relative to
forces localized on the brane. (RIGHT) SM processes localized on the brane, now with an additional
dimension drawn, emitting a graviton into the bulk.

Pushing the fundamental scale to M, ~ Tev requires
R=10*" tev=! =2-107'7 10°%/" cm, (3.25)

using GeV~! = 2- 107 cm. We make the important caveat that this is specifically for the ADD
model. Considering different numbers of extra dimensions,

e n = 1. For a single extra dimension we have R = 10* cm, which is roughly the size of the
solar system and is quickly ruled out.

e n = 2. Two extra dimensions brings us down to R ~ 0.1 cm, which is barely ruled out by
gravitational Cavendish experiments.

e n = 3. Three extra dimensions pushes us down to R < 107¢ cm.

How much do we know about gravity at short distances? Surprisingly little, actually. Cavendish
experiments (e.g. Eot-Wash?) test the r=2 law down to 107* m. These set a direct bound on the
n = 2 case that R < 37 um and M, > 1.4 TeV. For larger n one is allowed to have M, = TeV.

One might have objected that one cannot say that M, is the fundamental scale while allowing
R, itself a dimensionful quantity, float to take on any value. Indeed, in a completely natural theory,
one expects R ~ 1/M, so that R ~ Tev~!. This is quite different from what we wrote in (3.24).
Indeed, what we have done here is swapped the hierarchy in mass scales to a Hierarchy between
R and M. In other words, we have reformulated the Hierarchy problem to a problem of radius
stabilization. This is indeed very difficult to solve in ADD.

Nevertheless, we may explore the phenomenological consequences of an ADD type model at
colliders and through astrophysical observations.

e The first thing to consider is the production of KK gravitons.

5The name is a play on the E6tvos experiment by University of Washington researchers.

37



79

f

The KK graviton couples too weakly to interact with the detector so it appears as missing
energy. By itself, however, missing energy is difficult to disentangle from, say, neutrino
production. Thus it’s useful to have a handle for the hardness of the event (more energetic
than Z — vv) so one can look for processes that emit a hard photon or gluon. Thus a
reasonable search is a jet or photon with missing energy. It is worth noting that this is the
same search used for searching for dark matter, which is also typically a massive particle
which appears as missing energy.

e Alternately, one may search for s-channel virtual graviton exchange in processes like ete” —
ff. One expects a resonance at the KK graviton mass.

e Supernovae can cool due to the emission of gravitons. This is similar to the supernovae
cooling bounds on axions. The strongest bounds on n = 2 theories push M, = 100 TeV.

~Y

e An additional byproduct of lowering the fundamental gravitational scale is that one may form
microscopic black holes at energies kinematically accessible to the LHC and cosmic rays. For
FEcv > M, black holes are formed with a radius

1 ([ Mgy ™
R ~ (BH) | (3.26)

M, \ M,

the cross section is roughly the geometric value, opg ~ mR% and can be as large as 400 pb.
These microscopic black holes decay via Hawking radiation,

1
Ty ~— 3.27
R (3.27)
with this energy distributed equally to all degrees of freedom, for example 10% going to

leptons, 2% going to photons, and 75% going to many jets.

3.5 Warped extra dimensions

We’ve seen that the framework of large extra dimensions leads to interesting phenomenology, but
the ADD realization leaves the size of the radius unexplained and is therefore not a complete solution
to the Hierarchy problem. The Randall-Sundrum (RS) proposal for a warped extra dimension offers
a more interesting possibility [79]. The set up differs from ADD in that the space between the two
branes has a non-factorizable metric that depends on the extra space coordinate, z,

2
ds* = (g) (Nuwdatdz” — d2?) . (3.28)

This is the metric of anti-de Sitter space (AdS) with curvature & = 1/R. There are two branes
located at z = R (the UV brane) and z = R’ > R (the IR brane) that truncate the extra dimension;
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in this sense the RS background is often described as a ‘slice of Ads.” We see that 1/R is naturally
a fundamental UV scale of the theory. The metric (3.28) warps down the natural physical scale as
a function of the position along the extra dimension. In particular, when R’ > R one finds that
near z = R’, the scales are warped down to much smaller values. Note the different notation from
the ADD case: the size of the extra dimension is R’ — R ~ R’, while R should be identified with
the radius of curvature.

To see how this works, suppose that the Higgs is localized to live on the IR brane at z = R'.
The action on this brane depends on the 4D induced metric g,, (note that v/ = /g/1/s5),

2\ 2
S = / diz\/§ [aMHaVHgW - (|H|2 - %) ] (3.29)

We assume that the Higgs VEV is on the order of the UV scale, v = 1/R, since this is the funda-
mental 5D scale. Plugging in the metic gives

— 4 54 1% 5/2_ 2_0_22
S—/dz(R/ 0,HO"H 7 |H | 5

where indices are implicitly raised with respect to the Minkowski metric. Canonically normalizing
the kinetic term via

, (3.30)

z=R'

H= %H, (3.31)

allows us to write the action in the form,

2
L\ 2 R 2
5= /d% (@H) ~A [yHP - % (Ug)

where we see that the canonically normalized Higgs picks up a VEV that is warped down to the
TeV scale. One can further imagine that the cutoff for loops contributing to the Higgs mass are
similarly warped down to, say, the Tev scale. In this way, the warped extra dimension gives a
new handle for generating hierarchies. Readers should be skeptical that we're not just hiding the
Hierarchy problem in some fine tuning of the IR scale R’ relative to the fundamental scale R.
Indeed, the real solution to the Hierarchy problem requires a mechanism for radius stabilization,
which we present below. Note that typically R ~ Mg' and R’ ~ TeV~' so that R’ is roughly the
size of the extra dimension. A cartoon of this scenario is shown in Fig. 5.

In the remainder of this lecture we’ll focus on the RS background. In the appendices we present
some additional technical results that may be useful for building RS models. Further details of
the RS gravitational background are discussed in Appendices A.1 and A.2. Details of bulk matter
fields are discussed in Appendices A.3 and A .4

: (3.32)

3.6 The Planck scale and hierarchy in RS

We have seen how the AdS curvature can warp mass scales to be much smaller than the fundamental
5D scale 1/R. It is instructive to also check the observed Planck scale. With respect to the
fundamental Planck scale M, (ostensibly M, ~ 1/R), the gravitational action is

R/
Sg = ME/R dz/d% ./9(5)73(5), (3.33)
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Figure 5: Cartoon of the RS scenario with a brane-localized sM. The warp factor, (R/z)?, causes
energy scales to be scaled down towards the IR brane.

where the quantities with subscripts are the determinant of the 5D metric and the 5D Ricci scalar,
respectively. By performing the dz integral one finds the effective 4D gravitational action,

S.o= M3 Rld 53& 7@—]\431—52
g =M 2\ T /Gy = M, R

We can thus identify the effective 4D Planck mass by reading off the coefficient,

R\ ?2
Ml?;l = Mf [1 - (ﬁ)

so that for a large extra dimension, R’ > R, the 4D Planck mass is insensitive to R’ and is fixed
by the 5D Planck mass, M, ~ 1/R. This is precisely what we have set out to construct: assuming
there is a dynamical reason for R’ > R, we are able to warp down masses to the Tev scale by
forcing particles to localize on the IR brane while simultaneously maintaining that 4D observers
will measure a Planck mass that is much heavier.

An alternate way of saying this is that the Hierarchy problem is solved because the smM Higgs
is peaked towards the IR brane while gravity is peaked towards the UV brane. What we mean by
the latter part of this statement is that the graviton zero mode has a bulk profile that is peaked
towards the UV brane. Recall that in flat space, zero modes have flat profiles since they carry no
momentum in the extra dimension. In RS, the warping of the space also warps the shape of the
graviton zero mode towards the UV brane; the weakness of gravity is explained by the smallness of
the graviton zero mode profile where the Standard Model particles live. This should be compared
to the case of a flat interval where the zero mode wave function decouples as the size of the extra
dimension increases. In this case the coupling with the IR brane indeed becomes weaker, but the
graviton KK modes become accessible and can spoil the appearance of 4D gravity. In RS the zero
mode doesn’t decouple and one doesn’t need to appeal to a dilution of the gravitational flux into
the extra dimensions as in the ADD model. See [69] for more explicit calculations in this picture.

/ d'z /g R (3.34)

~ M?, (3.35)
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3.7 Bulk scalar profiles in RS

In the original RS model, only gravity propagates in the bulk and has KK modes. However, it is
instructive to derive the KK properties of a bulk scalar.

e This serves as a simple template for how to KK reduce more complicated bulk fields, such as
the graviton, in a warped background. See, e.g. [69] for the analysis of the graviton.

e We anticipate the ‘modern’ incarnations of the RS where gauge and matter fields are pulled
into the bulk. The properties of these fields are detailed in Appendix A and follow this
analysis of the bulk scalar.

e As mentioned above, the solution to the Hierarchy problem depends on stabilizing the posi-
tion of the IR brane, z = R/, relative to the UV brane, z = R. The standard technique for
doing this requires a bulk scalar.

Start with a bulk complex scalar ®(z, z) with a bulk mass parameter m. The bulk action is

S = /R/ dz/d4x\/§ [(0m®) OV — m*D* D] . (3.36)

In principle one may have additional brane-localized interactions proportional to d(z — R’) or
d(z — R). We use M, N to index 5D coordinates while p, v only run over 4D coordinates. Varying
with respect to ®* yields an equation of motion

—0u (Vgg"™Non®) — \/gm*® = 0. (3.37)

In writing this we have dropped an overall surface term that we picked up when integrating by
parts. Specializing to the RS metric, this amounts to picking boundary conditions such that

" (2)0.8(2) gy = 0. (3.38)

with the appropriate modifications if there are brane-localized terms. We see that we have a choice
of Dirichlet and Neumann boundary conditions. We now plug in the Kaluza-Klein decomposition
in terms of yet-unknown basis functions f(z) which encode the profile of the n'" mode in the
extra dimension:

Dz, 2) = % S 60 (@) £ (2). (3.39)

The factor of 1/ V'R is pulled out for explicit dimensional analysis; that is, the profile f M (2) is
defined to be dimensionless. By assumption, the ¢ are eigenstates of n* 0,0, with eigenvalue
—m?n), the KK mass. We are thus left with a differential equation for £ (z),

()

R\* , 3[R\’ R\, [(R\® ,
<z> mw‘%(z) @*(z) 32‘(?) " R

This is a Sturm-Liouville equation with real eigenvalues and real, orthonormal eigenfunctions,

/ o (5) FO(2) 0 (2) = 7 (3.41)

= 0. (3.40)

41



Just as we saw in Section 3.1 for a flat extra dimension, this orthonormality relation diagonalizes
the KK kinetic terms. One may now solve (3.40) by observing that through suitable redefinitions
this is simply a Bessel equation. The result is a general solution for n > 0 of the form

f(”)(z) = cleJa(m(n)z) + clz2Ya(m(n)z), (3.42)

where J,Y are the familiar Bessel functions and o = v/4 +m2R?. The integration constants c; o
and the spectrum of KK masses m%n) can be found using boundary conditions on each brane and the
orthonormality relation (3.41). The states have a discrete spectrum with spacing of approximately
R'~' ~ Tev with profiles peaked towards the IR brane.

Sturm-Liouville theory. The orthonormality relations for bulk fields in a warped background are results of
the Sturm-Liouville form of the equations of motion for these fields. The generic form of such an equation is

0. [p@)0-f " (2)| + a(2) () = —dw(z) f(z) (3.43)

where the weight w(z) > 0 and the eigenvalue \ is identified with the squared KK mass, m2. The regular
solutions of such an equation satisfy the orthonormality relation

/ dz £ ()£ (2w (z) = G | (3.44)

where the integration is over the relevant interval. In the case of the RS model, this range is (R, R') and one
must use the dimensionful profiles, f(™(z) — f(™(2)/v/R so that the integral is dimensionless. As shown in
Appendix A, the equations of motion for bulk fields of non-trivial spin will lead to Sturm-Liouville equations
with different weight functions. The orthonormality condition for the KK profiles of these fields then differ in
the power of (R/z) weighting the overlap integral. We note that the equations of motion for bulk fields of any
spin can be massaged into Bessel equations, which are themselves a special case of a Sturm-Liouville equation.

For n = 0 the zero mode profile is

f(o)(z) — VAR VAR (3.45)

We use this result in the Goldberger-Wise mechanism discussed below, but let us remark that
the zero mode is neither consistent with Neumann nor Dirichlet boundary conditions and requires
brane localized terms to generate boundary conditions that permit a zero mode.

The same general procedure can be used to find the profiles of higher spin bulk fields. In
Appendices A.3 and A.4 we work through the additional subtleties coming from fermions and
gauge bosons. A Standard Model field is associated with the zero mode of a 5D field, where
the sSM mass is a correction from electroweak symmetry breaking on the zero mass from the KK
decomposition. Note that the meaning of the 5D profile is that a 4D particle, even though it is
localized and pointlike in the four Minkowski dimensions, is an extended plane wave in the fifth
dimension. The boundary conditions imposed by the branes mean that this system is essentially

identical to a waveguide in electrodynamics®.

3.8 Radius stabilization

We've now shifted the Hierarchy problem to a question of why the IR scale R’ is so much larger
than the UV scale R. In fact, one should think about R’ as the expectation value of a dynamical

6This should have been no surprise given the appearance of Bessel functions.
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degree of freedom, R’ = (r(z, z)), called the radion. This is identified with the 4D scalar arising
from the dimensional decomposition of the 5D metric. This isn’t surprising since the metric is, of
course, the quantity which measures distances. Thus far in our description of the RS framework,
the radion is a modulus—it has no potential and could take any value. This is problematic since
excitations of this field would be massless and lead to long-range modifications to gravity. It is
thus important to find a mechanism that dynamically fixes R’ ~ Tev~! to (1) provide a complete
solution to the Hierarchy problem and (2) avoid constraints from modifications to gravity.

Don’t be fooled by coordinate choices. The original RS literature used variables such that the metric
explicitly contained an exponential warping ds? = e~2*¥dz? — dy? so that an O(10) value of kw R’ leads to large
hierarchies. Do not confuse this variable choice with a solution to the Hierarchy problem—it just shifts the
fine tuning into a parameter to which the theory is exponentially sensitive. The reason why the exponential
hierarchy is actually physical in RS (with a dynamically stabilized radius) is that fields propagating in the space
are redshifted as they ‘fall’ towards the IR brane in the gravitational well of the Ads background.

A standard solution in the RS model is the Goldberger-Wise mechanism” [81,82], where radion
kinetic and potential energy terms conspire against one another to select vacuum with finite R'. To
do this, we introduce a massive bulk scalar field ®(z, z) of the type in Section 3.7. We introduce
brane-localized potentials for this field which force it to obtain a different VEV at each brane,

Pov 7 Prws
AL = -N(z— R) (9% — ¢2,)" = No(z — R)) (9% — 2)* A = 0. (3.46)
This causes the scalar to pick up a z-dependent VEV that interpolates between ¢y, and @,
(B(x,2)) = (2) p(R) = poy P(R) = Q. (3.47)

The general form of p(z) is precisely the zero mode profile in (3.45) since the VEV carries zero
momentum in the Minkowski directions. One may now consider the terms in the action of ®(z, z)
(evaluated on the VEV ¢(z)) as contributions to the potential for the radion via R’ = (r(z, z)).
The kinetic term for ®(z, z) contributes a potential to r(x, z) that goes like ¢'(z)%.

1. This gradient energy is minimized when ¢(z) has a large distance to interpolate between
@uv,r since larger R’ allows a smaller slope.

2. On the other hand, the bulk mass for ®(z, z) gives an energy per unit length in the z-direction
when ¢(z) # 0. Thus the energy from this term is minimized when R’ is small.

By balancing these two effects, one is able to dynamically fix a value for R’. A pedagogical
derivation of this presented in [71]. The main idea is that for small values of the bulk ®(z, z) mass,
m? < R7%, one may write the ®(z,z) VEV as

p =127+ ezt (3.48)

where ¢ = a — 2 = V4 + m2R? — 2 &~ m?R?/4 is small. The coefficients c; 5 are determined by the
boundary conditions (3.47). The potential takes the form
R4
+0Q_), (3.49)

R e\ 2
(4+2¢) (‘PIR — Puv (ﬁ) ) — e R R

7 While the Goldberger-Wise mechanism is just one simple option to stabilize the size of the extra dimension, it
is close to what actually happens in string compactifications that tacitly Uv complete the RS scenario [80].

2 3
% R
VIRl =+ 3
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where judicious checkers of dimensions will recall that the dimension of the 5D scalar is [¢(x, )] =
%. The minimum of this potential is

© 1/e
R =R ( UV) : (3.50)
PR

We can generate the Planck-weak hierarchy with 1/e ~ 20 and @y /@ ~ 10. A key point here is
that we may write the radius in terms of a characteristic energy scale, R' ~ 1/u, and the potential
for v carries terms that go like pu* times a polynomial in p¢. This is reminiscent of dimensional
transmutation and, indeed, we explain below that the RS scenario can be understood as a dual
description of strongly coupled 4D dynamics.

The above description of the Goldberger-Wise mechanism neglects the effect of the background
® field on the RS geometry. For example, one may wonder if the RS metric is even compatible
with the & VEvV. In order to account for this gravitational backreaction, one must solve the &
equation of motion combined with the Einstein equation as a function of the metric (discussed in
Appendix A.1) in the presence of the ® VEV. This set of coupled second order differential equations
is generically very difficult to solve. Fortunately, there exists a ‘superpotential®’ trick that one may
apply to solve the system exactly. This method is described and demonstrated pedagogically for
the Goldberger-Wise field in [69, 72]. One finds that it is indeed possible to maintain the RS
background in the presence of the bulk field necessary to stabilize the radius.

3.9 Holographic interpretation

Gauge/gravity duality is a way to understand the physics of a warped extra dimension as the dual to a
strongly coupled 4D theory. Our goal here is to develop the intuition to use and understand the AdS/CFT
dictionary as an interpretational tool. The most rigorous explicit derivations of this duality are often presented
in the language of string theory. This idea is presented pedagogically in the language of 4D quantum field theory
(rather than string theory) in [74,75,84-88]. Those interested in presentations that connect to supergravity and
string theory may explore [89-94], listed roughly in order of increasing formal theory sophistication starting
from very little assumed background. We also point out [95] which is an excellent presentation of dualities
between 4D supersymmetric gauge theories that are analogous to the gauge/gravity correspondence.

We now introduce a way to re-interpret the observables of RS scenario in terms of the dynamics of
a purely four-dimensional theory in its non-perturbative regime. The idea is that the symmetries
of the bulk Ads space enforce the symmetries of a conformal theory in 4D—this latter theory
approximates a strongly coupled theory near a fixed point. Combined with the observation that a
shift in z causes an overall rescaling of the Ads metric (3.28), we can identify slices of constant z as
scale transformations of the 4D [approximately] conformal theory. In this way, the 5D Ads theory
‘geometrizes’ the renormalization group flow of the 4D theory. One then interprets the physics on
the UV brane as a 4D conformal theory that sets the boundary conditions for the 5D fields. Slices
of constant z describe the RG evolution of this theory at lower energies, u ~ 1/z. Because the
higher-dimensional theory encodes information about the behavior of a lower-dimensional theory
on its boundary, this identification is known as the holographic interpretation of warped extra
dimensions. This interpretation is sketched in Fig. 6.

8 The trick was inspired by similar calculations in supergravity but otherwise is only related to SUSY in the sense
that the ‘superpotential’ here also allows one to write first order equations of motion [83].
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Figure 6: Cartoon of the AdS/CFT correspondence. The isometries of the extra dimensional space
enforce the conformal symmetry of the 4D theory. Moving in the z direction corresponds to a
renormalization group transformation (rescaling) of the 4D theory.

3.9.1 Plausibility check from an experimentalist’s perspective

As a very rough check of why this would be plausible, consider the types of spectra one expects
from an extra dimensional theory versus a strongly coupled 4D theory. In other words, consider
the first thing that an experimentalists might want to check about either theory. The theory with
an extra dimension predicts a tower of Kaluza-Klein excitations for each particle. The strongly
coupled gauge theory predicts a similar tower of bound states such as the various meson resonances
in QCD. From the experimentalist’s point of view, these two theories are qualitatively very similar.

3.9.2 Sketch of a more formal description

We can better motivate the holographic interpretation by appealing to more formal arguments.
One of the most powerful developments in theoretical physics over the past two decades is the
Ads/CFT correspondence—more generally, the holographic principle or the gauge/gravity
correspondence [84,96-98|. The conjecture states that type IIB string theory on Adss x S° is
equivalent to 4D N = 4 superconformal SU(N) theory on Minkowski space in the large N limit:

Ads; x S° — N = 4 super Yang-Mills. (3.51)

The essence of this duality is the observation that a stack of IV so-called D3-branes in string theory
can be interpreted at low energies in two ways:

1. A solitonic configuration of closed strings which manifests itself as an extended black hole-like
object for which Adss x S° is a solution.

2. Dirichlet boundary conditions for open strings which admit a non-Abelian U(N) gauge sym-
metry associated with the N coincident D3-branes.
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These correspond to the left- and right-hand side of (3.51) and form the basis of the AdS/CFT
correspondence.

The key for us is that the AdSs x S° extra dimension ‘geometrizes’ the renormalization group
flow of the strongly coupled theory by relating the position in the extra dimension z with the RG
scale . An operator O; in the 4D theory has a source j;(x, u) that satisfies an RG equation

i) = B o ). 1), (3.52)

The gauge/gravity correspondence identifies this source as the value of a bulk field j;(z,u) <
®;(x, z) at the UV boundary of the AdS5 extra dimension. The profile of ®; in the extra dimension
is associated with the RG flow of j;(x, ). Each Minkowski slice of Adss represents a picture of the
4D theory probed at a different energy scale p ~ 1/z.

More concretely, the duality gives a prescription by which the correlation functions of one
theory are identified with correlation functions of the other. The parameters of these two theories
are related by

4
= = 4rg®N, (3.53)

where R is the AdS curvature, ¢ is the string length, and g is the Yang Mills coupling. Here we
see why AdS/CFT is such a powerful tool. In the limit of small string coupling o/ ~ ¢* where
string theory can be described by classical supergravity, the dual gauge theory is strongly coupled
and very ‘quantum’. The correlation functions of that theory are non-perturbative and difficult to
calculate, whereas the dual description is weakly coupled. The duality gives a handle to calculate
observables in theories outside the regime where our usual tools are applicable.

3.9.3 What it means to geometrize the RG flow

For our purposes, it is only important that we understand the warped extra dimension as the
renormalization group flow of a strongly coupled 4D gauge theory. To see how this RG flow is
‘geometrized,” we consider the internal symmetries of the two theories.

e The isometry of the S° space is SO(6) = SU(4). This is precisely the R-symmetry group of
the N = 4 gauge theory.

e The isometry of the AdS; space is SO(4, 2), which exactly matches the spacetime symmetries
of a 4D conformal theory.

Since RS only has a slice of the AdS space without the S%, we expect it to be dual to a confor-
mal theory without supersymmetry. Steps towards formalizing the holographic interpretation of
Randall-Sundrum are reviewed in [95].

Armed with this background, we can develop a working understanding of how to interpret
RS models as a picture of a strong, four-dimensional dynamics. Observe that in the conformal
coordinates that we’ve chosen, the metric has a manifest scale symmetry

z = oz T — . (3.54)

Consider 4D cross sections perpendicular to the z direction. Moving this cross section to another
position z — az is equivalent to a rescaling of the 4D length scales. Increasing z thus corresponds
to a decrease in 4D energy scales. In this way, the AdS space gives us a holographic handle on the
renormalization group behavior of the strongly coupled theory.
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3.9.4 What it means to take a slice of Anti-de Sitter

The RS scenario differs from AdS; due to the presence of the UV and IR branes which truncate
the extra dimension. Since flows along the extra dimension correspond to scale transformations,
the branes represent scales at which conformal symmetry is broken. The UV brane corresponds
to an explicit UV cutoff for the 4D conformal theory. The IR brane sets the scale of the KK
modes. We heuristically identified these with bound states of the strongly coupled theory, and so
we can identify the IR brane as a scale where conformal symmetry is spontaneously broken, the
theory confines, and one finds a spectrum of bound states. Recall that the bound state profiles
are localized toward the IR brane; this is an indication that these bound states only exist as one
approaches the confinement scale. The picture of the RS ‘slice of AdS’ is thus of a theory which is
nearly conformal in the UV that runs slowly under RG flow down to the IR scale where it produces
bound state resonances.

The sMm, and in particular the Higgs, exist on the IR brane and are thus identified with composite
states of the strongly coupled theory. In the extra dimensional picture, we argued that the Higgs
mass is natural because the UV cutoff was warped down to the Tev scale. In the dual theory, the
solution to the Hierarchy problem is compositeness (much like in technicolor): the scalar mass is
natural because above the confinement scale the scalar disappears and one accesses its strongly
coupled constituents. By comparison, a state stuck on the UV brane is identified with an elementary
(non-composite) field that couples to the CFT.

3.9.5 The meaning of 5D calculations

At the level presented, it may seem like the AdS/CFT correspondence is a magic wand for describing
strong coupling perturbatively—and indeed, if you have started to believe this, it behooves you
to always know the limits of your favorite tools. A 5D calculation includes entire towers of 4D
strongly coupled bound states—in what sense are are we doing a perturbation expansion? First
of all, we underscore that the AdS/CFT correspondence assumes the 't Hooft large N limit, where
N is the rank of the gauge group [99]. Further, whether in four or five dimensions, a scattering
calculation assumes a gap in the particle spectrum. This gap in the 5D mass is translated into a
gap in the scaling dimension A of the 4D CFT operators. Thus one of the implicit assumptions of
a holographic calculation is that the spectrum of the CFT has a gap in scaling dimensions. More
practically, a scattering process in 5D include 4D fields with large KK masses. We can say definite
things about these large KK mass states, but only as long as these questions include a sum over
the entire tower.

3.10 The RS Radion is a Dilaton

We have already met the radion as the dynamical field whose VEV sets the distance between
the UV and IR brane. Excitations of the radion about this VEV correspond to fluctuations in the
position of the IR brane. From its origin as a part of the 5D dynamical metric, it couples to the
trace of the energy-momentum tensor,

r

TH. .
T (3.55)

Observe that this is very similar to the coupling of the sM Higgs except that it is scaled by a factor

of i and there are additional couplings due to the trace anomaly—for example, a coupling to
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gluons of the form [82,100]

r 1r s |
A_IR - §:F1/2(mt) g(Guy)Q’ (356>
where Fjo(my) = —8mj/mj + - -+ is a triangle diagram function, see e.g. (2.17) of [101].

Why should the radion coupling be so similar to the Higgs? Before one stabilizes the radion
VEV (e.g. asin Section 3.8), the radion is a modulus and has a flat potential. In the holographic 4D
dual, the radion corresponds to the Goldstone boson from the spontaneous breaking of conformal
symmetry by the confining dynamics at the IR scale. In other words, in the 4D theory, the radion
is a dilaton. This is the reason why it is so similar to the sm Higgs: the Higgs is also a dilaton
in a simple limit of the Standard Model.

In the sM the only dimensionful parameter is that of the Higgs mass,

V(H) =\ (HTH — %2)2 (3.57)

In the limit when A — 0, the Standard Model thus enjoys an approximate scale invariance. If we
maintain v # 0 while taking A — 0, that is, we leave the Higgs VEV on, then:

e Electroweak breaking SU(2)xU(1) —U(1) gives the usual three Goldstone bosons eaten by
the W+ and Z

e The breaking of scale invariance gives an additional Goldstone boson, which is precisely the
Higgs.

Indeed, the Higgs couples to the sources of scale invariance breaking: the masses of the fundamental
SM particles,

h _
- (mpUW + My W, W+ .. (3.58)

This observation leads to an interesting possibility: could one construct a complete model
with no elementary scalar Higgs, but where a condensate breaks electroweak symmetry and scale
invariance? Then the dilaton of this theory may have the properties of the sm Higgs. If one can
reproduce the observed Higgs mass then it could be very difficult to tell the scenario apart from
the sMm [102].

3.11 Realistic Randall-Sundrum Models

While the original RS model is sometimes used as a template by LHC experiments to put bounds
on KK gravitons, most theorists usually refer to RS to mean a more modern variant than the model
presented thus far. In the so-called ‘realistic’ version of Randall-Sundrum, all of the Standard
Model fields are allowed to propagate in the bulk [103-105]. Doing this allows one to use other
features of the RS framework to address other model building issues. For example, pulling the
gauge fields into the bulk can help for grand unification, but this typically leads to unacceptably
large corrections to the Peskin-Takeuchi S-parameter. One way to control this is to also allow the
fermions to live in the bulk. We explain below that the bulk fermions open up a powerful new way
to use the RS background to generate the hierarchies in the Yukawa matrix.
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Solving the Hierarchy problem requires the Higgs to either be stuck on the IR brane or otherwise
have a bulk profile that is highly peaked towards it. Allowing the fermions and gauge fields to
propagate in the bulk introduces a tower of KK modes for each state. These tend to be peaked
towards the IR brane and, as we learned above, are identified with bound states of the strongly
coupled holographic dual. The Standard Model matter and gauge content are identified with the
zero modes of the bulk fields. These carry zero KK mass and pick up small non-zero masses from
their interaction with the Higgs. When boundary conditions permit them, zero mode profiles can
have different types of behavior:

e Fermion zero modes® are either exponentially peaked toward the IR brane or the UV brane.
The parameter controlling this behavior is the bulk mass'’, see (A.46).

e Gauge boson zero modes are flat in the extra dimension, though electroweak symmetry
breaking on the IR brane distorts this a bit, see (3.63).

The holographic interpretation of a Standard Model field with a bulk profile is that the sMm state is
partially composite. That is to say that it is an admixture of elementary and composite states.
This is analogous to the mixing between the p meson and the photon in QCD. States whose profiles
are peaked towards the UV brane are mostly elementary, states peaked toward the IR brane are
mostly composite, and states with flat profiles are an equal admixture.

The effective 4D coupling between states depends on the overlap integral of their extra di-
mensional profiles. This gives a way to understand the hierarchies in the Yukawa matrices, since
these are couplings to the Higgs, which is mostly localized on the IR brane [104-110]. This is a
realization of the split fermion scenario™ [111-114]. The zero-mode fermions that couple to the
Higgs, on the other hand, can be peaked on either brane. We can see that even with O(1) 5D
couplings, if the zero-mode fermions are peaked away from the Higgs, the dz overlap integral of
their profiles will produce an exponentially small prefactor. We can thus identify heavier quarks as
those whose bulk mass parameters cause them to lean towards the Higgs, while the lighter quarks
are those whose bulk mass parameters cause them to lean away from the Higgs. Because the 5D
couplings can be arbitrary O(1) numbers, this is often called flavor anarchy. This scenario is
sketched in Fig. 7.

This framework tells us how to search for ‘realistic’ RS models. Unlike the original RS model,
whose main experimental signature were KK gravitons decaying to SM states like leptons, the
profiles of our sm fields tell us what we expect realistic RS to produce. The most abundantly
produced new states are those with strong coupling, say the KK gluon. Like all of the RS KK
states, this is peaked towards the IR brane. The sM field which couples the most to this state are
the right-handed tops. This is because we want the tops to have a large Yukawa coupling, and
the left-handed top cannot be too peaked on the IR brane or else the bottom quark—part of the
same electroweak doublet—would become heavy. These KK gluons are expected to have a mass 2
3 Tev, so we expect these tops to be very boosted. This suggests experimental techniques like jet
substructure (see [115-117] for reviews).

There are additional features that one may add to the RS scenario to make it even more realistic.
From the picture above, the electroweak gauge KK modes lean towards the IR brane where the

90ne immediate concern with bulk fermions is that in 5D the basic spinor representation is Dirac rather than
Weyl. Thus one does not automatically obtain a chiral spectrum of the type observed in the sM. While heavy KK
states indeed appear as Dirac fermions, one may pick boundary conditions for the bulk fermion field that project
out the ‘wrong chirality’ zero-mode state. See Appendix A.3.6.

100bserve that this is a manifestation of our identification of bulk masses and scaling dimension in Sec. 3.9.5.

"Note that the use of an extra dimension to explain flavor hierarchies does not require warping.
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Figure 7: A cartoon of the zero mode profiles of various SM particles in the ‘realistic’ RS scenario.

Higgs can cause large mixing with the sm W and Z. This causes large corrections to the Peskin-
Takeuchi T" parameter which seems to push up the compactification scale, causing a reintroduction
of tuning. A second issue is that the third generation SM fermions also have a large overlap with
the Higgs and can induce a large Zbb coupling through the neutral Goldstone. This coupling
is well measured and would also require some tuning in the couplings. It turns out, however,
that imposing custodial symmetry in the bulk can address both of these problems [118,119]. The
symmetry is typically gauged and broken on the IR brane so that it is holographically identified
with a global symmetry of the 4D theory—just as in the sM. This introduces several new states
in the theory, many of which are required to have boundary conditions that prevent zero modes.

3.12 A sketch of RS flavor

Let us assume that the Higgs is effectively IR brane-localized. The effective 4D Yukawa coupling
between a left-handed quark doublet and a right-handed quark singlet is given by the O(1) anarchic
(non hierarchicial) 5D Yukawa coupling multiplied by the zero-mode fermion profiles evaluated on
the IR brane, ¢,

yij ~ O(1)y x efesm. (3.59)

Here we have implicitly treated the Higgs boson profile as a d-function on the IR brane and
integrated over the profiles. In the 4D mass eigenstate basis, y; ~ 1, we can write €5 ~ €3Q ~ 1.
For a choice of these parameters, one may then use the bottom mass to determine the value of
egR. This, in turn, may be used in conjunction with the CKM matrix,

e
Vern,i<j ~ O (—Q> , (3.60)

€

to determine the es of lower generations and so forth. One automatically obtains a hierarchical
pattern of mixing.

Neutrino zero modes, on the other hand, must be highly peaked on the uv brane. In fact,
these are typically even more peaked on the UV brane than the Higgs is peaked on the IR brane.
In other words, one should no longer treat the Higgs as purely brane localized'? and rather as a

12This itself causes some conceptual issues since the interactions of a purely brane Higgs is incompatible with the
boundary conditions required to make the fermion zero modes chiral [120].
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profile which is exponentially small on the UV brane. In this limit, one can treat the right-handed
neutrinos as each having a d-function profile on the Uv brane. Even with O(1) anarchic Yukawa
couplings, the smallness of the Higgs profile then suppresses the neutrino mass to automatically
be small. Further, since each neutrino Yukawa coupling has the same Higgs mass, one finds larger
mixing than in the quark sector, as phenomenologically observed.

3.13 Example: the coupling of the Z in RS

As a sample calculation, consider the coupling of the Z boson in RS. We first derive the effective
4D (sM) coupling of the Z in terms of the 5D parameters and then calculate the FCNC induced
by the zero mode Z. In the SM the Z is, of course, flavor universal and flavor-changing coupling.
Indeed, at zeroth order, RS also prevents such a FCNC since the gauge boson zero mode profile is
flat and therefore universal. We will see, however, that the correction to the Z profile induces a
small FONC term.

Let us first state some results that are derived in the appendix. The localization of the nor-
malized zero mode fermion profile is controlled by the dimensionless parameter c,

1 Z\2 2\ "¢
(0) — adl adl (0)
V() = (5) () £PO0@), (3.61)
where ¢/R is the fermion bulk mass and P, is the left-chiral projection operator. Right chiral
states differ by P, — Pr and ¢ — —c. We have also used the RS flavor function characterizing the
fermion profile on the IR brane (larger f means larger overlap with the Higgs),

1—2c
fe= \/1 —(R/R) 2 (3.62)

Each sm fermion has a different bulk mass ¢ which according to the size of its SM Yukawa coupling.
For simplicity of notation, we will simultaneously use ¢ as the bulk mass parameter and as a flavor
index rather than ¢;. Further, the profile for the zero mode Z boson is

1

M?2 z
L 22—22210—}, 3.63
\/RlogR’/R{ 4 ( gR> (3.63)

Starting in the canonical 5D basis where the bulk masses (¢ parameters) are diagonal, the zero
mode fermion coupling to the zero mode Z is

hy)(2) =

R

5
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z

where I'M = %’yM , the prefactor coming from the vielbein. Plugging in the profiles gives

L N 1 My 2
= dz — (= 2 |14+ 2 (22 —22lg S 3.65
Jap g5D/R Wz <R> Je RlogR’/R{ ! ( ) OgR)}’ (369

where the cc superscripts index fermion flavor. We write g5t = gsu + giene I anticipation that the
term in the bracket proportional to M is non-universal and will contribute a FCNC. The leading
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term, on the other hand, gives the usual SM coupling. Performing the dz integral for that term
gives

g5f62(R/)20 R/

_ - (E) e (3.66)
I R /Rlog RR1— 2c R VRIgR/R '

This is indeed flavor-universal since it is independent of ¢ so that upon diagonalization of the zero
mode mass matrix with respect to the Yukawa matrices, this contribution remains unchanged.

On the other hand, the term proportional to M, gives a non-universal contribution. Performing
a change of variables to y = z/R and performing the dy integral gives

(MzR')*1log R'/R ,
e _ 3.67
gFCNC g5 2(3 _ 20> c? ( )

where we’ve dropped a subleading term that doesn’t have the log R’/ R enhancement. Consider,
for example, the coupling between a muon and an electron through the zero mode Z. The unitary
transformation that diagonalizes the Yukawa mass matrix goes like f;/f; so that

gioke = (Utg™U) —~—=£ i ke (M R’)Qllog Eg (3.68)
FCNC pe 3 20” 3 _ 206 Z 9 R SM+ .

We can drop the second term since flavor anarchy requires f? < fi The result is

. (MZR/)Q R/
ook = _gSMm log Ef,u,fe- (3.69)

The observation that the coupling is suppressed by (M,R')? is sometimes called the ‘RS GIM
mechanism.” Note that in order to do a full calculation, one must also include the non-universal
contribution from KK Z bosons. These couplings do not have a (M, R’)? suppression, but FCNC
diagrams with these KK modes are suppressed by the Z( mass.

4 The Higgs from Strong Dynamics

Further reading: The original phenomenological Lagrangian papers lay the foundation for the general treat-
ment of Goldstone bosons [121,122]. See §19.6 of [123] for a slightly more pedagogical treatment that maintains
much of the rigor of [121,122], or Donoghue, et al. for a discussion tied closely to QCD [124]. Very readable
discussions can be found in [125,126]. For a rather comprehensive review that emphasizes the role of ‘gauge’
symmetries, see [127]. For the composite Higgs see [128,129] or the 2012 1cTP “School on Strongly Coupled
Physics Beyond the Standard Model” [130] for a modern sets of lectures and [131,132] for a phenomenological
reviews. See [133,134] for reviews of the little Higgs scenario. Finally, a recent comprehensive review can be
found in [135].

For our last topic we explore models where strong dynamics at a scale A ~ 10 Tev produces a light,
composite Higgs. The solution to the Hierarchy problem is that there is no elementary scalar—
beyond A one becomes sensitive to the underlying ‘partons’ that make up the Higgs. Through
the holographic principle, we have already discussed many broad features of this paradigm in the
context of warped extra dimensions above.
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One key question to address is the lightness of the Higgs mass. If A ~ 10 Tev, how is it that the
Higgs appears at 125 Gev? By comparison, the strong coupling scale for quantum chromodynamics
is Agep ~ O(300 Mev) while most QCD states, such as the p meson and proton are at least as heavy
as this'®. Those who are sharp with their meson spectroscopy will quickly observe that there is a
counter-example in QCD: the pions are all lighter than Aqep, albeit by only an O(1) factor.

The reason that the pions can be appreciably lighter than the other QCD states is the well-known
story of chiral perturbation theory, a subset of the more general nonlinear 3 model (NLxM)
construction. The pions are the Goldstone bosons of the spontaneously broken SU(2),xSU(2)g
flavor symmetry coming from chiral rotations of the up and down quarks. Small explicit breaking
of this symmetry generates a mass for the pions so that they are pseudo-Goldstone modes. In the
composite models that we consider in this section, we assume a similar structure where the Higgs
is a pseudo-Goldstone boson of some symmetry for which A ~ 47 f with breaking scale f ~ 1 TeV.
We show that the generic composite Higgs set up still requires some tuning between the electroweak
scale v and the symmetry breaking scale f. One way to generate this ‘little hierarchy’ is through
the mechanism of collective symmetry breaking.We close this section by drawing connections to
models of an extra dimension and by providing a phenomenological taxonomy of composite Higgs
models to help clarify nomenclature.

4.1 Pions as Goldstone bosons

Before exploring composite Higgs models in earnest, it is useful to review strong electroweak
symmetry breaking in QCD since this gives a concrete example of the effective theory of Goldstone
bosons. It is also useful because electroweak symmetry breaking in QCD formed the motivation
for technicolor models that have since fallen out of favor—it is useful to see why this is, and how
composite Higgs models are different from a revival of technicolor.

First, consider the Lagrangian for pure QCD: a theory of vector-like quarks and gluons, where
‘vector-like” mean the left- and right-handed quarks come in conjugate representations,
—}ngyqu—(z’w —m)q. (4.1)
This is a theory which becomes strongly coupled and confines at low energies, leading to a spectrum
of composite states. This makes it a good template for our own explorations into compositeness.
We can already guess that at low energies the effective theory is described by Goldstone bosons,
the pions. In anticipation, we examine the global symmetries of the theory.

We focus only on the three lightest quarks with masses m; < Agcp. In the chiral limit, m — 0,
the physical quarks are Weyl spinors and have an enhanced U(3)p, xU(3)r global flavor symmetry
acting separately on the left- and right-handed quarks,

qf: — (UL)ijQ% (4.2)
qn — (UR)ijqf%. (4.3)

One may write the currents for this global symmetry. For compactness we move back to Dirac
spinors and write in terms of the vector (U, = Ug) and axial (Uy, = U},) transformations:

Uyt = " T GO = av" T (4.4)
(Jv)" = ar'q (Ja) = @y 54, (4.5)

£QCD =

13A better comparison is A = 47 f, ~ O(GeV), where f, is the pion decay constant. ‘Typical’ QCD states such as
the p meson have masses of at least this value, m, ~ A. We explain the distinction in Section 4.3.7.
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where the T are the generators of SU(3). We can identify j, with baryon number, which is
conserved in QCD, and we note that j4 is anomalous so that it is not a good symmetry and we
don’t expect to see it at low energies'?. The vectorial SU(3), with current j&, is precisely the
symmetry of Gell-Mann’s eightfold way and can be used to classify the light hadrons. What do
we make of the axial SU(3), 747

Phenomenologically we can observe that the axial SU(3) is not a symmetry of the low energy
spectrum, otherwise we would expect a parity doubling of all the ‘eightfold way” multiplets. There
is one way out: this symmetry must be spontaneously broken. What could possibly enact this
breaking in a theory with no Higgs boson? It turns out that QCD itself can do the job! We assume
that the axial SU(3), is broken spontaneously by a quark—anti-quark condensate,

(qq) = (@qr +h.c) #0 (4.6)

in such a way that the vector SU(3)y is preserved. This is the unique combination that preserves
Lorentz invariance and breaks SU(3)4. By dimensional analysis, this ‘chiral condensate’ takes the
form (q'q;) ~ 0;;A%.,. Given that QCD is strongly interacting in the IR, the existence of this non-
trivial vacuum condensate should not be surprising and is indeed supported by lattice calculations.
However, the exact mechanism by which this condensate forms is non-perturbative and not fully
understood. This also gives a robust prediction: we should have eight pseudoscalar Goldstone
bosons as light excitations. These are precisely the pions, kaons, and 7. Because SU(3), is only
a symmetry in the chiral m — 0 limit, these are not exactly Goldstone bosons as the symmetry
is explicitly broken by the quark masses and electromagnetism. However, because this explicit
breaking is small relative to Agcp, these excitations are still very light m, < Aqcp and are often
referred to as pseudo-Goldstone bosons (sometimes pseudo-Nambu—Goldstone bosons, pNGB,
in the literature).
Note that the electroweak group sits inside the QCD flavor symmetry!?,

SU(3), x SUB)x x U(1)g D SU(2), x U(1)y. (4.7)

We can see this since an SU(3)y, fundamental contains (ur, dy, 1), where the first two components
form the usual SU(2)y, first generation quark doublet. In this way, SU(2)y, is simply the upper left
2 x 2 component of the SU(3);, generators. Similarly, hypercharge is a combination of the diagonal
generators,

B
We say that the electroweak group is weakly gauged with respect to low energy QCD. By this we
mean that the gauge couplings are perturbative in all energy scales of interest. This weak gauging
is a small explicit breaking of the QCD flavor symmetries and accounts for the mass splitting
between the 7° and 7.

14What happens to this symmetry at low energies is rather subtle and was known as the ‘U(1) problem.” There
is a lot more to the story than simply saying that the axial U(1) is anomalous and so does not appear at low
energies. One can construct a current out of j4 and a Chern-Simons (topological) current that is anomaly-free
and spontaneously broken. This current indeed has a Goldstone pole. However, Kogut and Susskind showed that
this current is not gauge invariant. There are actually two Goldstone bosons that cancel in any gauge invariant
operator [136].

15Tt has to be true that the electroweak gauge group sits in the full QCD global symmetry group in order for some
of the quarks to have non-trivial electroweak charges.
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4.2 A farewell to technicolor

Because of (4.7), the spontaneous breaking of SU(3), by the chiral condensate (ggq) also breaks
electroweak symmetry. This is an important observation: even if there were no Higgs boson,
electroweak symmetry would still be broken and W and Z bosons would still be massive, albeit
with a much smaller mass. This mass comes from ‘eating’ part of the appropriately charged
pseudo-Goldstone bosons. We will see this in slightly more detail below. Readers unfamiliar with
this story are encouraged to follow the treatment in [137].

The observation that strong dynamics can—and indeed, does in QCD—break electroweak sym-
metry led to the development of technicolor theories where the sM is extended by a confining
sector [138-142]. By the holographic interpretation of extra dimensions, this type of electroweak
symmetry breaking is analogous to the RS scenario where a brane-localized Higgs picks up a
VEV. The large hierarchy between the Planck and electroweak scales is then understood to be a
result of dimensional transmutation. The simplest constructions of these models, however, suf-
fer from several issues. These include the requirement for an additional mechanism to generate
fermion masses [143,144] and generically large deviations in flavor and electroweak precision ob-
servables [144-146]. However, the nail in the coffin for most of these models is observation of the
Higgs boson at 125 Gev, much lighter than the compositeness scale. Such a state—even if it is not
the Standard Model Higgs—is very difficult to explain in the context of these models.

As such, even though the models we consider here encode strong dynamics, they are completely
different from the pre-Higgs technicolor strong dynamics of the past. To repeat: composite Higgs is
not technicolor. In technicolor, the strong dynamics generates a techni-condensate (QQ) of techni-
quarks which spontaneously breaks SU(2),xU(1)y. In the composite Higgs models we consider,
there is a spontaneous breaking of some symmetry which produces Goldstone bosons but does not
itself break electroweak symmetry. Instead, one of the Goldstone bosons develops a non-trivial
potential and is identified with the Higgs doublet.

4.3 Chiral perturbation theory

In this section we review the main framework for describing Goldstone bosons of chiral symmetry
breaking, known as chiral perturbation theory. Many of the results highlight general principles
that appear in any theory of Goldstone bosons, known as nonlinear sigma models. A completely
general treatment of spontaneously broken global symmetries is captured in the the so-called
Callan-Coleman-Wess-Zumino (CCwz) construction, which we present in Appendix B.

The importance of having a Lagrangian theory of Goldstone bosons is clear from the success of
sM predictions before the Higgs discovery. Naively, one might wonder how we knew so much about
the Standard Model before the Higgs discovery—isn’t the Higgs a very central piece to the theory?
As we saw above, the key feature is actually electroweak symmetry breaking: whether or not there
is a Higgs, one always has the Goldstone bosons which are eaten by the W* and Z to become
massive. It is this nonlinear sigma model that pre-Higgs experiments had studied so carefully. The
discovery of the Higgs is a statement that the nonlinear sigma model is UV completed into a linear
sigma model.

4.3.1 Framework

We begin with the concrete example of low-energy QCD that we described above. Given that the
chiral condensate (gGq) breaks SU(3)a, we proceed to write down the effective theory describing
the interaction of the resulting Goldstone bosons. Let us write Uy to refer to the direction in field
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Figure 8: Cartoon of the Goldstone excitation for a ‘Mexican hat’ potential. Image from [147].

space associated with the chiral condensate, Uy ~ (gq). This transforms as a bifundamental with

respect to SU(3)L,xSU(3)g,
U(z) — ULU (2)Uf, (4.9)

where U, and Ug are the transformation matrices under the SU(3)y, and SU(3)g respectively. The
observation that SU(3)a is broken corresponds to Uy = 1. Note that this indeed preserves the
SU(3)v transformations Uy, = Ug.

We now consider the fluctuations U(x) about Uy—these are what we identify with the Goldstone
bosons. Recall the picture of spontaneous symmetry breaking through the ‘Mexican hat’ potential
in Fig. 8. The action of an unbroken symmetry does not affect the VEV (represented by the ball),
while broken symmetries shift the VEV along the vacuum manifold. This gives an intuitive picture
of how to identify the Goldstone modes:

1. Identify a convenient VEV, U,
2. Act on that VEV with the broken group elements
3. Promote the transformation parameter to a field, identify these with the Goldstones.
For the chiral Lagrangian, our broken symmetries are those for which U, = UIT%. Writing Uy =

exp(1e*T®), we act on Uy = 1,

eieaT“ 1 eieaT“ — eZiEaTa (4 10)
1
We now promote the transformation parameter ¢* to Goldstone fields, €* ~ 7%(x). Since € is

dimensionless, in order for 7% to have canonical scaling dimension we should rescale by the decay
constant'® f. We may understand the physical meaning of f if we recall Fig. 8, since we want € to

16The name comes from identifying the appearance of this factor in the matrix element for pion decays, e.g.
(OlayHysdlm=) = ifp".
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be an angle that parameterizes the position along the vacuum circle: the Goldstone is a periodic
variable with period 27 f, so that f is identified with the value of the symmetry breaking VEV.
The angle € is then 7(z)/f. We thus promote €* — 7w(z)/f so that we may define the field U(z),

7 (@) pa 'Wa(x) a '"a(x) a
T Uy =T (4.11)

U(x)=e
We now have an object U(x) which packages the Goldstone fields, 7*(z). Note that U(x) transforms
linearly under the full SU(3);,xSU(3)r group, U(z) — ULU(z)U}, but the fields that actually

describe the low energy spectrum are related in a non-trivial way to U(z).

4.3.2 How pions transform

We can determine the transformation of the pions 7* by using the transformation of the linear
field U(z). Under the SU(3)y (unbroken) symmetry, Uy, = Ug = Uy, we have

W@ﬁwﬂmW=M(HﬂigW+m)w, (4.12)

where we can see from the first term that 7%(z)T* — Uyn®(z)T°U),. In other words, 7%(z)
transforms linearly under the unbroken symmetry. Note that the higher order terms also obey
this by trivially inserting factors of U‘T/UV = 1. Indeed, we expected this result because we know
that Gell-Mann’s eightfold way is precisely a realization of SU(3)y, so our pions must transform
as octets.

Things are not as simple for the broken symmetry, Up, = UliL = Up. In this case the transfor-
mation is

U(z) — UsU(2)Un = 2717 (4.13)

In this case the pion does not transform in a nice, linear way'”. Unlike the above case, there is no
sense in which this looks like 7%(2)T* — Ua7®(x)T°U}. The best we can do is say that we have
moved Uj to a new point on the vacuum manifold, which we parameterize by an angle 27'*(x)/ f.
The transformation 7%(z) — 7’a(zx) is nonlinear. To leading order,

1+ 2@#? = (14 ic"T?) (1 + 21’%@)@) (1+ic"T?) (4.14)
so that
7 (2)T* = 7(x)T* + fc*T°. (4.15)

In other words, to leading order the pion shifts 7 — fc¢®. This shift symmetry in the nonlinear
realization is precisely why the pion is massless; the only non-trivial pion Lagrangian terms must
carry derivatives.

17"This may seem confusing since U(x) transforms as a bifundamental under SU(3)y, x SU(3)g. However, compo-
nents of U(x) are not independent due to the nonlinear constraints of being unitary and having unit determinant.
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Coset space description. In anticipation of the more general CCWZ construction, let us restate the above
arguments in a more compact way. The symmetry breaking pattern is the coset SU(3)r,xSU(3)r/SU(3)v.
Using the notation above, this means that group elements of the full symmetry Uy r can be written as a
product of elements of the unbroken group Uy and the [left] coset Ua € SU(3)LxSU(3)r/SU(3)v,

Up, = UpaUy Ur = Ul Uy. (4.16)

One can check that this matches the above cases when one sets Uy = 1 or Uy = 1. The general transformation
of the linear packaging of the pions, U(x) = exp (2ix%(x)T*/f), is

U(z) = Ua (UVU(:E)U\T,) Un. (4.17)

From here it is clear that SU(3)y is realized linearly while SU(3)4 is realized non-linearly.

SU(3), is not a subgroup of SU(3); x SU(3)r. While one can divide the algebra of SU(3); x SU(3)y
into axial and vector generators, one should note that there is no such thing as an ‘axial subgroup’ of SU(3), x
SU(3)g- One can check that the commutation relations of axial generators include vector generators so that
the SU(3)a algebra doesn’t close by itself.

4.3.3 Lagrangian description

Thus far we have found a convenient way to package the Goldstone fields 7%(z) into a linear
realization of the full SU(3),xSU(3)g symmetry. We would like to write down a Lagrangian
describing the dynamics of the Goldstones. Our strategy will be to write the lowest order terms
in U(x) that are SU(3), xSU(3)g invariant and then expand U(x) in Goldstone excitations about
Up. One can see that many invariants, such as U(z)'U(z), are independent of the Goldstones. In
fact, only derivative terms contain the Goldstone fields. This is consistent with our argument that
Goldstones must have derivative couplings. The lowest order non-trivial term is

f2

L= ZTr [(0#UY(2)) 0,U ()] (4.18)
The pre-factor is fixed by expanding U(x) = 1+ Qi@T“ +--- and ensuring that the kinetic term

for 7%(x) is canonically normalized. We have used the normalization that Tr T%T° = %éab . The
higher order terms in the expansion of U yield a series of non-renormalizable pion—pion interactions.

Next we weakly gauge the electroweak group. Recall that this sits in SU(3);,xSU(3)gxU(1)p.
The left- and right-chiral quarks are fundamentals under SU(3);, and SU(3)g respectively and have
baryon number 1/3. This information, combined with knowing how SU(2)y, sits in SU(3);, and
(4.8), determines the quantum numbers of the linear field U(z), which transforms as a 3 x 3 x 0
under SU(3), xSU(3)gxU(1)g. To ‘turn on’ the electroweak gauge interactions, we simply promote
derivatives to covariant derivatives 9, — D,, where

i i - vrral o ayi : 1 k i
D,U(x)"; = 0,U(x)"; — zgwﬂé (), U(z)¥; + Zg/B“i (T7)," U(x) (4.19)

We have written the SU(2);, generators as

57 =3 c SU(3),. (4.20)



Promoting 0, — D,, in (4.18) yields

2
E—f—Tr

A (a %gwg(xw) U(z)

SRR (4.21)

where we leave the similar term with B, (x) implicit.

4.3.4 Electroweak symmetry breaking

One may check that (4.21) has terms that are linear in W (z) such as § fW(z)0#7~(x) +h.c. This
is precisely a mixing term between the 77 (x) and the W, (x). In other words, the IV has eaten the
Goldstone boson to pick up a longitudinal polarization. This is precisely electroweak symmetry
breaking at work. Note that similar terms mixing the W and B, with the 7°. As usual, the
masses of the heavy gauge bosons come from the gauge fields acting on the Uy ‘VEV’ part of U(x),
the resulting spectrum is

2f g + g f2 22

2
_l’_
—WTW™ + 1

AL = (4.22)

The characteristic mass scale is 100 Mev, much smaller than the actual W and Z since most of the
mass contribution to those fields comes from the Higgs VEV. Diagrammatically, we can imagine
the mixing as follows:

mmw:m+m®m+m®m®m+--- (4.23)

We have parameterized the strong dynamics in terms of a momentum-dependent form factor II(¢?).
What the W boson is really coupling to is the SU(2), current formed from the quarks,

wv@fvv» W‘\N\ (4.24)

where the W bosons are coupling to quarks which then interact strongly with one another. In
other words,

i (q) = (J (@), (~))- (4.25)

The QCD corrected W propagator A, (¢) from resumming the diagrams in (4.23) is

Do) = ot () = (0~ %2 ) 1P (020)

The observation that a charged pion has been ‘eaten’ to make the W massive is the statement
that II,,(¢*) has a zero-momentum pole. Indeed, (0. |7~ (p)) = i fxp,/V/2. The QCD blobs in
(4.23) also encode, however, the effects of heavier resonances and has poles at the masses of these
states. In the ‘large N’ limit (large number of colors) one may write the current-current correlation
function as a sum of resonances [99, 148, 149],

Gy fa
(TIW - 2—2> (¢*) = (QQUW - qqu) Z q2_—mQa (4.27)

where the Goldstone pole appears for mg = 0.

29



Figure 9: ‘Cat diagram’ adapted from [150]. Despite the silly appearance, the key point is that
the photon couples to the electric current J, = e\T/fyM\Il (‘ears’) formed from interactions with
fundamental quarks in the strongly coupled sector. The ‘whiskers’ are the pseudo-Goldstone
external states when expanding the U(x) field in (4.28). The contribution to the charged meson
masses come from the ‘two whisker” diagram.

4.3.5 Electromagnetic mass splitting

In addition to the spontaneous chiral symmetry breaking by strong dynamics, the SU(3);, xSU(3)r
group is also broken explicitly from the gauging of U(1)gy C SU(3)y. The neutral Goldstones
(pions, kaons, and the 7) are unaffected by this. The charged Goldstones, on the other hand, pick
up masses from photon loop diagrams of the form in Fig. 9. These diagrams contribute to an
operator that gives a shift in the [pseudo-]Goldstone mass,

AL ~ e*Tr [QU(2)'QU (z)] (4.28)

where () = %diag(2, —1,—1) is the matrix of quark electric charges. Since the electromagnetic
force does not distinguish between the down and strange quarks, this diagram gives an equal shift
to both the charged pions (e.g. ud) and kaons (e.g. u5). Since the up and anti-down/strange quark
have the same charge, the bound state is more energetic than the neutral mesons and we expect the
shift in the mass-squared to be positive [150,151]. Note that the contribution to the charged pion
mass is quadratically sensitive to the chiral symmetry breaking scale, though it is also suppressed

by the smallness of agy.

4.3.6 Explicit breaking from quark spectrum

One can add quark masses that constitute a small (m, < Aqcp) explicit breaking of the global
symmetry and generate small masses to the pseudo-Goldstone bosons. One can write this as a
spurion M = diag(m,,, mg, ms) which has the same quantum numbers as U(x). One can add these
terms to the effective Lagrangian by forming the appropriate global symmetry group invariant. In

particular, we add to the Lagrangian
y (wﬂ(m)Ta)Q
f

In the limit where m, = my and ignoring the electromagnetic splitting above, one may identify the
masses for the pions, kaons, and 7 (different components of 7) to derive the Gell-Mann—Okubo
relation,

AL ~Tr [MU(z)] ~ Tr e (4.29)

m; +m2 = 4mi. (4.30)
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4.3.7 NDA: When the theory breaks down

Finally, let us note that the effective Lagrangian for pions is non-renormalizable, so we should
say something about the cutoff for this theory. At tree-level, the two-to-two scattering of pions
with characteristic momentum p goes like p?/f? from (4.18). Using naive dimensional analysis
(NDA) [152-155], we see that the loop contributions go like

L4
A
’

A ]

. 21.2 2,2 A . 2

.t ‘. p°k 1 Ap AR A
° ~ d*k - ~ —_  ~ B 4.31
RN ," / ( f4 ) kA 1672 f4 ' X 1672 12’ (4.31)

where we have used the shift symmetry (the full SU(3)? group structure) to tell us that at the
numerator of the integrand carries at least two powers of the external momenta. Validity of our
loop expansion thus requires that A ~ 47 f ~ Gev, and this is indeed the scale at which additional
QCD states appear. Note that this cutoff, based on perturbativity of the 1/ f couplings in the chiral
Lagrangian, is slightly different from Aqep ~ O(300 Mev), which is the scale where «,; becomes
non-perturbative.

Indeed, this UV behavior of the theory of Goldstones is one of the reasons why we expected
either the Higgs or something new to be manifest at the LHC: the sM without a Higgs is simply
a nonlinear sigma model. By the Goldstone equivalence theorem, the scattering cross section
for longitudinal W boson scattering grows linearly with the center of mass energy. In order to
maintain unitarity, one requires that either there is a Higgs boson (a linearization of the nonlinear
sigma model) or that the theory becomes strongly coupled so that higher order terms can cancel
the unphysical behavior.

4.3.8 NDA: Characteristic couplings

To show the power of NDA, let us explore the qualitative behavior of a strongly coupled theory
without doing any calculations. The rules of NDA boil down to (1) a factor of 1/ f for each particle
involved and (2) powers of a heavy scale, m,, to make up the remaining dimensions [154]. Rule
1 comes from the fact that the Goldstone fields'® 7(z) appear in the Lagrangian pre-packaged
as U(x) = exp(im(x)/f). Rule 2 is straight dimensional analysis with respect to a mass scale
which one can take to be a UV scale A, or more phenomenologically, the mass of the lowest non-
Goldstone resonances, m,. We use the p meson as an example of such a state. Let us parameterize
the separation between the heavy mass scale m, and the compositeness scale f by g, =m,/f. We
may interpret g, as the ‘natural’ coupling size of the heavy state p to the strong sector.
For a strong sector field ¢, define the dimensionless combinations

f Pmp mp ( )

We’d like to build an NDA Lagrangian to estimate the size of couplings. We start by writing some
dimensionless function £(z,y). In order to obtain the correct mass dimension of a Lagrangian, we
further define Ly(z,y) = mﬁﬁ(x, y). This function is assumed to contain a kinetic term,

Lo(x,y) D mya?y? = g70(8%, ¢%). (4.33)

18This rule of applies even for non-Goldstone fields. For example, baryons appear a factor of 1/fv/A, where the
VA makes up for the difference between the scalar and fermion mass dimensions [154].
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We see that we have to rescale by gp_2 to obtain a canonically normalized Lagrangian,

1 mﬁ ~ 2 025
p 9p
Let us use this to determine the expected size of a quartic coupling of strong sector fields. This

comes from the O(z*) term in the expansion of £(z,y) so that

m? , ¢
LD g_ngﬁﬁ = g§¢4. (4.35)

P P

Thus we expect the quartic coupling of the ¢ to go like gg ~ m?, /f?, justifying the intepretation
of g, as a strong sector coupling scale.

4.4 Composite, pseudo-Goldstone Higgs

The main idea for composite pseudo-Goldstone Higgs models is that the Higgs mass parameter
is protected against quadratic quantum corrections up to the compositeness scale because it is a
pseudo-Goldstone boson. Above the scale of compositeness, it is simply not an elementary scalar.
This should be contrasted with the solutions to the Hierarchy problem already discussed:

e SUPERSYMMETRY: due to the extended spacetime symmetry, thre is a cancellation of the
quadratic corrections through the introduction of different-spin partners.

e TECHNICOLOR/HIGGS-LESS: there is no elementary Higgs and electroweak symmetry break-
ing proceeds through a Fermi condensate. This is now excluded.

e WARPED EXTRA DIMENSIONS: the Higgs itself is a composite state so that above the compos-
iteness scale it no longer behaves like a fundamental scalar. However, there is no explanation
for why the Higgs is lighter than the confinement scale.

Note, in particular, that the composite Higgs scenario that we’re interested in is distinct from
technicolor: the pseudo-Goldstone nature of the Higgs is an explanation for why the Higgs mass
is so much lighter than the other bound states in the strongly coupled sector.

Goldstone bosons, however, behave very differently from the Standard Model Higgs. We saw
that Goldstone bosons have derivative couplings owing to their shift symmetry. The Higgs, on the
other hand, has Yukawa couplings and the all important electroweak symmetry-breaking potential.
Our goal in this section is to see how to construct a theory of Goldstones which can produce a
Higgs particle that has all of the required couplings of the sm Higgs.

We shall closely follow the discussion in [128] and refer the reader there for further details and
references.

4.4.1 The framework

Start with a large global symmetry group G, analogous to the ‘large’ SU(3)r, x SU(3)r global
symmetry of low energy QCD. We will break this symmetry in two ways:

1. We assume that the strong dynamics spontaneously breaks G to a subgroup Hgjohar. This is
analogous to chiral symmetry breaking in Qcp, SU(3);, x SU(3)gr — SU(3)y.
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Figure 10: Pattern of symmetry breaking. (LEFT, tree level) Strong dynamics breaks G — Hgiobal
spontaneously, while Hgayee C G is explicitly broken through gauging. The unbroken group H =
Hgange N Hylobal contains the SM electroweak group, SU(2)y, x U(1)y. (RIGHT, loop level) Vacuum
misalignment from SM interactions shifts the unbroken group H — H’ and breaks the electroweak
group to U(1)gm. The degree of misalignment is parametrized by &, the squared ratio of the EwSB
VEV to the G — H VEV. Adapted from [156].

2. In addition to this, we will explicitly break G' by weakly gauging a subgroup Hgauge Which
contains the sM electroweak group SU(2);, x U(1)y. This is analogous to the gauging of

We assume that the SM electroweak group is a subgroup of H = Hgauge U Hgiopar 50 that it is
gauged and preserved by the strong dynamics. This is shown on the left of Fig. 10. This results
in dim Hgyyee transverse gauge bosons and (dim G — dim Hgjeha) Goldstone bosons. The breaking
G — Hgoba also breaks some of the gauge group so that there are a total of (dim Hgayge — H)
massive gauge bosons and (dim G — dim Hyjopar) — (dim Hgayee — dim H ) ‘uneaten’ massless Gold-
stones.

Now we address the white elephant of the Higgs interactions—can we bequeath to our Goldstone
bosons the necessary non-derivative interactions to make one of them a realistic Higgs candidate?
This is indeed possible through vacuum misalignment, which we illustrate on the right of Fig. 10.
The gauging of Hgauge gives loop-level corrections to the dynamical symmetry breaking pattern
since this is an explicit breaking of the global symmetry. This is analogous to how the gauged
U(1)gm splits the masses of the charged and neutral pions through a photon loop. Loops of sMm
gauge bosons can generate an electroweak symmetry breaking potential for the Higgs. We illustrate
this below.

One key point here is that since the Higgs potential is generated dynamically through sm gauge
interactions, the electroweak scale v is distinct from the G — H symmetry breaking scale f. The

‘angle’
0\ 2
€= <?) (4.36)

parameterizes this separation of scales and quantifies the degree of vacuum misalignment. Note
that this is a separation of scales which does not exist in technicolor and is the key to parame-
terizing how the Higgs remains light relative to the heavier resonances despite not being a ‘true’
Goldstone boson. The limits £ — 0 and £ — 1 correspond to the sM (heavy states completely
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decoupled) and technicolor, respectively. We note that this parameter is also a source of tuning in
realistic composite Higgs models. Once the pseudo-Goldstone Higgs state is given non-derivative
interactions, these interactions generically introduce quadratic divergences at loop level which
would lead to an expected O(1%) tuning. To avoid this, one needs to introduce a smart way
of dealing with these explicit breaking terms called collective symmetry breaking which we
discuss below. First, however, we focus on the effects of gauge bosons on the Higgs potential.

We have the following constraints for picking a symmetry breaking pattern:

1. The sM electroweak group is a subgroup of the unbroken group, SU(2)p, x U(l)y C H. In
fact, it is better to have the full custodial SU(2)y, x SU(2)g = SO(4) group embedded in H
since this will protect against large contributions to the p-parameter.

2. There is at least one pseudo-Goldstone boson with the quantum numbers of the sm Higgs.
To protect the p-parameter, it is better to have a (2,2) under the custodial group.

At this point we have said nothing about the sM fermions. These, too, will have to couple to
the strong sector to generate Yukawa couplings with the Higgs. We show below that a reasonable
way to do this is to allow the sM fermions to be partially composite, a scheme that we had
already seen in the holographic interpretation of the RS scenario. Indeed, extra dimensions provide
a natural language to construct composite Higgs models.

4.4.2 Minimal Composite Higgs: set up

We now consider an explicit example, the minimal composite Higgs model, which was explored
in [157,158] using the intuition from the RS framework. Following the guidelines set above, we
would like to choose choose Hglobar = SO(4), the custodial group which is the minimal choice to
protect the p-parameter. However, the SO(4) = SU(2), x SU(2)g charge assignments don’t give
the correct U(1)y charges, as is well known in left-right symmetric models. Thus our ‘minimal’
choice for Hgiohar requires an additional U(1)x so that one may include hypercharge in the unbroken
group, H,

Y = (T%)? + X. (4.37)

We then choose G = SO(5) x U(1)x and introduce a linear field 3 that is an SO(5) fundamental and
uncharged under U(1)x. Note that we can ignore the U(1)x charge in our spontaneous symmetry
breaking analysis since it’s really just ‘coming along for the ride’ at this point. % acquires a VEV
to break SO(5) — SO(4),

<E> = (0707070’ l)T' (438)

This is analogous to the QCD chiral condensate. We can now follow the intuition we developed
with chiral perturbation theory. The Goldstone bosons of this breaking are given by transforming
this VEV by the broken generators. A useful parameterization of the four broken generators is

7

where a € {1,---4}. We refer to the unbroken generators with an undecorated index: 7. The
SO(5) group element that acts non-trivially on the VEV, exp(ih®T%/f), can be written in terms
of sines and cosines by separately summing the odd and even terms of the exponential. The

TY = —= (6707 — 6567) (4.39)
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linear field ¥ can then be decomposed into the Goldstone pieces h%(x) and a radial component

W) = \/ho(x)h?(x),

¥ = M@ (x) = w (h', h2, B3, h* heot(h/ f)) . (4.40)

With this parameterization, the SM Higgs doublet is

1 (h'+ih?

4.4.3 Gauge couplings

Why ¢ is an angle. As a quick exercise, let’s see why we said (4.36) should be identified with an angle.
Starting from the kinetic term for ¥ in (4.40) with electroweak covariant derivative, one finds that the W and
Z mass terms are

2.2
g f* . (h) 2 1 2
LD 4 sin 7 W)= + 5 o2 9WZ . (4.42)

Using the relation My, = cos Oy mz, this tells us that

sin@ =

v
for
so that we now see the relation between ¢ = v?/f? and the ‘angle’ (h)/f. Note that the VEV (h) # 246 GeV.

(4.43)

We would like to write down a Lagrangian for this theory and parameterize the effects of the strong
sector on the sM couplings. A useful trick for this is to pretend that the global SO(5) x U(1)x
symmetry is gauged and then ‘demote’ the additional gauge fields to spurions—i.e. turn them off.
We can then parameterize the quadratic part of the Lagrangian for the full set of SO(5) [partially
spurious] gauge bosons, V,, = AT + A,‘iT @ and the U(1)x gauge boson, X, by writing down the
leading SO(5) x U(1)x-invariant operators:

oV
AL = % (nw + %) M ()X, X, + To(A)Te(A,A,) + T () Tr(SAAST)] . (4.44)
Where the form factors are completely analogous to (4.25) and (4.26). Contained in this expression
are the kinetic and mass terms of the SM electroweak gauge bosons. To extract them, we must
expand the form factors II(¢%) in momenta and identify the O(¢") terms as mass terms and the
O(q?) terms as kinetic terms. Since the IIx and I, terms include gauge fields in the unbroken
directions, they should vanish at ¢? = 0, otherewise masses would be generated for those directions.
The II; term, however, selects out the broken direction upon inserting the > — ¥, and thus

contains the Goldstone pole, (4.27). We thus find
I1p(0) = Ix(0) = 0 I1,(0) = f2~ (4.45)

Assuming that the Higgs obtains a VEV, one may rotate it into a convenient location (h!,--- , ht) =
(0,0,v/4/2,0) corresponding to the usual sm Higgs VEV parameterization. We now assume that
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Hgauge is the sSM electroweak group and drop all spurious gauge bosons. Using (4.40), the strong
sector contribution to the Lagrangian of these gauge bosons to O(¢?) is

ALyo = [ "™ + 0" 1 f—2s1n2 10} (BB, + W2W? —2W?2B, + 2W W) (4.46)
I q> 2\ 4 f pv pov wv w v
2
q atpra
ALp == [TIG(0)WSW + (I15(0) + 1T (0)) BuB, |, (4.47)

where we have used the choice of SO(5) generators in the appendix of [159]. AL, gives contribu-
tions to the kinetic terms of the gauge bosons. Observe that these are not canonically normalized,
but instead can be thought of as shifts in the gauge coupling,

1 1

A <?) = —II;(0) A <ﬁ> = — (I15(0) + I (0)) . (4.48)
Thus if the SU(2), gauge bosons have a ‘pure’ gauge coupling go when one turns off the strongly
coupled sector, the full observed SU(2);, gauge coupling is

1 1

— = —II)(0), (4.49)

% 9
and similarly for ggy,.

AL corresponds to contributions the masses of the heavy electroweak gauge bosons. Taking
into account the need to canonically normalize with respect to ALz, we obtain the usual W= and
Z masses by identifying the sm Higgs VEV as v = fsin((h)/f). We see the appearance of the
misalignment angle,

= —. (4.50)

Finally, by restoring (h) — h(x) in (4.46) we may determine the composite Higgs couplings to the
gauge bosons!®. The key is the expansion

f*sin® @ =02+ 20/ 1 — Eh(x) + (1 + 26)h(z)* + - . (4.51)

From this we can make the prediction that the SO(5)/SO(4) composite Higgs couplings to the
massive electroweak gauge bosons V = W=, Z deviate from their SM values,

gvve = V1 — €GN, gvvin = (1 =28 g\ (4.52)

At this point, these couplings introduce gauge boson loops which are quadratically divergent.
These loops go like

A~ gi(1 =€), (4.53)

9This is a trivial use of the Higgs low-energy theorem: the low-momentum Higgs couplings are equivalent to
promoting the VEV to h(z) like [160,161] This theorem can be used, for example, to calculate the Higgs coupling
to photons by evaluating the mass dependence of the running of the QED gauge coupling. The application of the
theorem to composite Higgs models is explored in [162].
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(a) Mass from technicolor (b) Higgs and sm fermion (¢) Yukawa coupling

Figure 11: Fermion couplings to the composite sector, represented by shaded blobs. (a): Bilinear
coupling of fermions to the composite sector (4.54) lead to fermion masses from the condensate
of techniquarks. (b): Partial compositeness scenario. In addition to the Higgs being part of the
strong sector, the elementary SM fermions mix linearly with strong sector operators with the same

quantum numbers. (c): Yukawa interactions are generated through the strong sector dynamics.
Adapted from [159].

where we have used the dimensional analysis limit A = 47 f. We see that having explained the
lightness of the Higgs by appealing to the Goldstone shift symmetry, reintroducing the Higgs
couplings to the gauge bosons breaks this shift symmetry and wants to push the Higgs mass back
up towards the symmetry breaking scale. In order to avoid this, one additional ingredient called
collective breaking (along with light gauge and top partners) is necessary. We present this in
Section 4.5.

4.4.4 Partial compositeness

Having introduced the Higgs couplings to the gauge bosons, we can move on to finding a way to
incorporate the Yukawa couplings into composite Higgs models. The way this is done in technicolor
is to introduce a four-Fermi interaction that is bilinear in sMm fields, e.g.

AL ~ (Qrur)(Yrcirc) (4.54)

where the (¢rctirc) are bilinears of the techni-quarks. The resulting fermion mass is shown in
Fig. 11a. This strategy typically runs afoul of constraints on CP violation and flavor-changing
neutral currents since one can imagine the composite sector similarly generating a four-fermion
operator between SM states unless elaborate flavor symmetry schemes are assumed.

Instead of connecting the strong sector to a SM fermion bilinear, we can consider a linear
connection. This is known as partial compositeness [105,163] and is shown in Fig. 11b. We
assume that instead of (4.54), the elementary fermions mix with a fermionic composite operator,

AL ~Q10¢,, (4.55)

where O, is a strong sector operator that is interpolated into a composite quark doublet. We
assume similar mixing terms for each of the other sm fermions. In order to preserve the sm
quantum numbers we must assume that the the sM gauge group is a weakly gauged subgroup
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of the strongly coupled sector’s flavor symmetries. Note that the gauge bosons are also partially
composite® as we saw in (4.23). The resulting Yukawa interactions are shown in Fig. 11c.

The degree of mixing is now a freedom in our description. Let us parameterize the elementary—
composite mixing by ‘angles’ ¢,

|observed particle) ~ |elementary) + €|composite). (4.56)

We can use this degree of compositeness to control flavor violation. Since the strongest flavor
constraints are for the first two generations, we assume that the first two generations have very
small mixing with the composite sector. This suppresses dangerous flavor-violating four-fermion
operators. On the other hand, we may assume that the third particles are more composite than
the first two generations,

€3 > 6172. (457)

Since the degree of compositeness also controls the interaction with the Higgs, this means that
the third generation particles have a larger Yukawa coupling and, upon electroweak symmetry
breaking, have heavier masses. The astute reader will note that this is exactly the same as the
flavor structure of the ‘realistic’ Randall-Sundrum models in Sec. 3.11-3.12. The observation that
light fermions can automatically avoid flavor bounds is precisely what we called the ‘RS GIM
mechanism.” This is no surprise since the holographic interpretation of the RS model is indeed one
where the Higgs is composite.

Let us briefly see how this works with an explicit example. Let us write out (4.55) with a
coupling A\g, and cutoff A = 4rxf:
AQ -

- QLOQL + h.c., (458)

ALS AdimOq, —5/3

where the power of A is chosen so that AL has mass dimension four. We assume that at low
energies, the operator Og, dimensionally transmutes into a fermion Wg, with canonical mass
dimension. We say that Wy, is an interpolating field for the composite operator O, . It is treated
as a local field in the same way that one may treat the proton as a local interpolating field for a uud
composite operator in QCD. We further assume that Vg, comes with conjugate W, (interpolating
a conjugate operator Op ) so that it may form a vectorlike mass,

AL D g NVgq, VG +he, (4.59)

which comes from a coupling g*A472dimOQL @QL OE)L in the UV; the powers of A sort themselves
out as the operators dimensionally transmute into the interpolating fields. The coupling g, is a
characteristic coupling of the strong sector discussed below in (4.92). Together, (4.58) and (4.59)
give the mass matrix

_ _ _ 0 0 AQL QL
AL = —A2 (QL \I[QL \IIZQL) 0 0 Jx \IIQL . (460)
>\QL G« 0 EQL

20T this framework the longitudinal modes of the massive SM gauge bosons pick up this partial compositeness from
the Higgs. It is also possible to have a scenario where the transverse modes are partially composite, see [164,165]
for explicit realizations.
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The light eigenstate is:

Q) = cosflg, Qu) + sinfl, |V, ) (4.61)
with mixing angle

A
sinflg, = ———tb (4.62)

92+,

We typically expect \g, < g, so that this simplifies to g, ~ Ag, /g«

4.4.5 Breaking electroweak symmetry

Having addressed the Higgs couplings to both the sM gauge bosons and fermions, we move on
to the Higgs self-couplings. Until now we have simply assumed that the strong sector generates
an electroweak-symmetry breaking potential. We now check that this assumption is plausible by
arguing that loops involving the third generation quarks generate such a potential; this is similar
to the Nambu—Jona-Lasinio model [166, 167].

The sM fermions do not form complete SO(5) multiplets. In fact, they cannot even be embedded
into SO(5), as we noted in (4.37). The sM fermions can be embedded in the global group G =
SO(5) x U(1)x, but certainly do not fill out complete representations. We thus follow the same
strategy that we used for the gauge bosons in Sec. 4.4.3. Let us promote the sSM fermions to full
SO(5) spinor representations,

Q ([ % A ([ @ )
Vg = ( L) U, = | ur Vo= | xa | (4.63)
Xu dR

where the dashed line separates the SU(2);, x SU(2)g parts of SO(4) C SO(5). The ¢ and x fields
are spurions. Recall from Sec. A.3.1 that the fundamental spinor representation for SO(5) is a
Dirac spinor which decomposes into two Weyl spinors. Do not confuse these Weyl spinors (4.63)
with Poincaré representations—these are representations of the global SO(5) internal group. In
other words, the entire ¥ multiplet are Weyl spinors with respect to Poincaré symmetry but are
Dirac spinors with respct to the internal SO(5) symmetry. The upper half of the Dirac ¥ spinors
are charged under SU(2);, while the lower half is charged under SU(2)g. This imposes a U(1)x
charge of 1/6 on the V¥ fields to give the correct hypercharge assignments on the sM fields.

Now let us parameterize the strong sector dynamics in the couplings of the SO(5) fermions ¥
and the linear field ¥ in (4.40) that encodes the composite Higgs. Since the 3 is an SO(5) vector,
it can appear in a fermion bilinear as ¥;I"*, where the I" are the 5D Euclidean space representation
of the Clifford algebra. The effective SM fermion bilinear terms are

L= Up[lo+TaT D)V, + > Wop[Mo+ My (- 5)] ¥, +hec. (4.64)
r=Q,u,d r=u,d

where, as before, the form factors IT and M are momentum-dependent. We shall focus on only the
@1, and tg pieces since they have the largest coupling to the strong sector.
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Keeping track of conjugate fields. One should be careful with the conjugate fields in the above expression.
For the Lorentz group in four and five dimensions, SO(3,1) and SO(4,1), we use the Dirac conjugate ¥ = W40
to form Lorentz invariants. Recall that this is because objects like WTW are not necessarily invariant because
representations of the Lorentz group are not unitary—boosts acting on the spinor representation do not satisfy
U'U = 1. This is due to the relative sign between the time-like and space-like directions in the Minkowski
metric. The Dirac conjugate is a way around this. For the case of the G = SO(5) internal symmetry, however,
there is no issue of non-unitarity. Hence no additional '’ (acting on the internal SO(5) space) is necessary in
the Lagrangian. To be clear, we can write out the spacetime v and internal I' matrices explicitly:

U = Uiy £ wis070, (4.65)

The matrix I' - ¥ takes the form

1 (hcos(h/f) lsin(h/f)
b-x=7 (%sin(h/f) —hcos(h/f)) ’ (4.66)

where Ji and /i are appropriate contractions with Pauli matrices. With the above caveat that
there is no I'” acting on the SO(5) conjugate, we may write out the Lagrangian for Q and tz by
dropping the spurious components of the ¥ fields,

_ h _ h - h
L= QL? |:HQO + HQl COS ?:| QL —+ tRp |:Ht0 -+ Htl COS ?:| tR —+ QLMul |:h sin ?Hcl tR7 (467)
where H¢ = io?H is the usual conjugate Higgs doublet in the smM?!. Observe that upon canonical
normalization, the top mass can be read off the Yukawa term,

2 2
2 _ (VY My
e (f) (Tlgo + Mg1) (T — Iy’ (4.68)

where the form factors are evaluated at zero momentum. One may write similar expressions for
the other fermions. Observe from (4.67) that the fermions which are more composite (e.g. the top
quark) will also experience deviations from their SM couplings depending on &, analogously to the
deviation of the Higgs—gauge boson couplings, (4.52).

In order to determine whether electroweak symmetry is broken, we can now plug this infor-
mation into the Coleman-Weinberg potential for the Higgs, also known as the [quantum)] effective
potential. This is the potential term in the effective action after taking into account quantum
corrections from integrating out the top quarks. In other words, it is the potential that determines
the vacuum expectation value of fields. The result is

h
Vew = —6/d4p log (HQO + Mg cos ?)

h h
+ log {pZ (HQO + Il cos ?) (Ht() — I1;; cos ?) M} sin® %] ) (4.69)
Expanding this to first order and keeping the leading order terms in the Higgs gives
h h
Vew(h) = accos — — Bsin® —, (4.70)

f f

21Here we have used the SO(5) basis in [128].
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where o and [ are integrals over functions of the form factors where [ is typically of the order the
top Yukawa. If o < 20, then the Higgs acquires a VEV parameterized by

¢ = sin? <fﬂ> =1- (%)2 (4.71)

This means that a small ¢ typically requires a cancellation between o and . Since these come
from different sources, this is generically a tuning in the theory.

One can also ask if it was necessary to rely on the top quark. For example, we know that the
gauge sector also breaks the Goldstone shift symmetry so that loops of gauge bosons can generate
quadratic and quartic terms in the Higgs potential. However, for a vector-like strong sector, gauge
loops contribute with the wrong sign to the 5 term and pushes to align—rather than misalign—the
vacuum [168,169].

There are, however, alternate mechanisms to enact electroweak symmetry breaking for a com-
posite Higgs. For example,

e mixing the composite Higgs with an elementary state [150],
e making use of an explicitly broken global symmetry [170]

e enlarging the Hyyyge so that it cannot be completely embedded into Hgjopa [171-173)].

4.5 Collective symmetry breaking

The general composite Higgs is a useful framework for working with the Higgs as a psuedo-
Goldstone boson. However, we saw in Section 4.4.1 and equation (4.53) that this is not enough to
avoid tuning. The source is clear: a pure Goldstone Higgs is protected from quadratic corrections
to its mass because of its shift symmetry. This very same shift symmetry prevents the required
Higgs couplings to gauge bosons, fermions, and itself. One must break this shift symmetry in order
to endow the Higgs with these couplings; this generically reintroduces a dependence on the cutoff,
A=Anf.

This may make it seem like a no-go theorem for any realistic model of a pseudo-Goldstone
Higgs. However, there is a nice way out of this apparent boondoggle called collective symme-
try breaking that was originally introduced in ‘little Higgs’ models [174-176] (see [133,134] for
reviews) and is now an a key ingredient in composite Higgs models??. The idea is that one can
separate the scales v and f by introducing new particles which cancel the quadratic divergences at
one-loop order. Unlike supersymmetry, these partner particles carry the same spin as the Standard
Model particles whose virtual contributions are to be cancelled. Further, this cancellation only
occurs for one-loop diagrams: higher loop diagrams are expected to contribute quadratically at
their naive dimensional analysis size, but these are suppressed relative to the leading term.

The general principle that allows this cancellation is that the shift symmetry is redundantly
protected. A process is only sensitive to explicit symmetry breaking—as necessary for sMm-like
Higgs couplings—if this explicit breaking is communicated by at least two different sectors of the
theory. More concretely, the symmetry is only explicitly broken if multiple couplings are non-zero
in the theory so that any diagram that encodes this explicit breaking must include insertions from
at least two different couplings. This softens the cutoff sensitivity of various operators by requiring
additional field insertions that decrease the degree of divergence of loop diagrams.

22In Section 4.7.4 we present an alternate protection mechanism based on a Zy symmetry.
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Figure 12: Anatomy of collective symmetry breaking, following the conventions in Fig. 10.

4.5.1 Collective breaking in action

We now demonstrate collective symmetry breaking in a model based on the ‘anatomy’ in Fig. 12.
The reader may find it useful to refer to the explicit example of a simple little Higgs model in
Section 4.5.2 below. Instead of a simple global group G, suppose that G = G’ x G”. Each of
these factors breaks spontaneously to subgroups Hyy.,,, and Hy,,,, respectively. The spontaneous
symmetry breaking pattern is thus

G - G, X G” — Hélobal X Hglobal (472)

This gives us two linear fields ¥’ and ¥” analogous to (4.40) so that there are two separate sets of
Goldstone bosons.

We explicitly break G by gauging Hgage C G. Suppose that both Hj., and Hg, . are
subgroups of Hgayee in such a way that both X' and ¥” are charged under Hgyyee with nonzero
charges ¢ and ¢” respectively. A piece of each subgroup is gauged, as shown in Fig. 13a. Hyp, X
H é’lobal is then explicitly broken to a smaller subgroup, for example a vectorial subgroup identified
by the gauging, H.

On the other hand, when either ¢’ or ¢” is set to zero, only one of the global subgroups is
gauged, as shown in Fig. 13b and 13c. In either of these cases, the resulting global symmetry

group is still Hyp ., X Hg .- In other words, one requires both ¢' and ¢” to explicitly break
/ "
Hglobal = Hglobal X Hglobal'

When one of the global subgroups is uncharged under the gauged subgroup, say H global, those
Goldstone bosons pick up no mass from the gauge sector. For the other global subgroup which is
charged under the gauge group, say H’ there are two possibilities:

global»
L If Hgauge © Hyopas then loops of the gauge bosons will feed into the mass of the pseudo-
Goldstone bosons. In the absence of collective symmetry breaking, this gives a contribution

that is quadratic in the cutoff.

2. If, on the other hand®, G’ C Hgauge, then the would-be Goldstone bosons from G' — H}jp.
are eaten by the (G//Hyopa) N Hgauge gauge bosons. There is no quadratic sensitivity to the
cutoff.

In the second case, the Higgs mechanism removed the A% contribution to the pseudo-Goldstone
mass, but it also got rid of the pseudo-Goldstones themselves.

231t is sufficient to consider some subgroup G’ C G’ that contains H. alobal &S & proper subgroup
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Figure 13: Collective symmetry breaking. Upper (blue) and lower (red) blobs represent H' and H”
in Fig. 12. The thick black line represents the gauged symmetry Hgauge under which ¥’ has charge

q' and ¥" has charge ¢”. When either ¢’ or ¢” vanishes, the unbroken group is Hgp.y X Hgjopar-

This leads us to consider the case when both G’ and G” (not just their Hgjopa subgroups ) are
charged under the gauged symmetry. For simplicity, suppose G’ = G” = Hgayge S0 that one gauges
the vectorial combination. In this case, both the ¥’ and " fields carrying our Goldstone bosons
are charged under the gauge group. The gauge fields become massive by the Higgs mechanism,
but there are twice as many Goldstone bosons than it can eat?*. Indeed, the ‘axial’ combination
of G’ and G” furnishes a set of Goldstone bosons that remain uneaten and are sensitive to explicit
breaking effects so that they are formally pseudo-Goldstones. Any contribution to the pseudo-
Goldstone mass, however, must be proportional to (gq')(gq”), where g is the gauge coupling. In
other words, it requires interactions from both ¥’ and ¥”. The resulting mass term is suppressed
since this requires factors of the ¥’ and ¥” VEVs to soak up additional boson legs. We now
demonstrate this with an explicit example.

Why can’t you just rotate to a different basis? Based on Fig. 13, one might wonder if we can repartition
G = G’ x G" so that the H}y, ., and Hy ., subgroups are always both gauged. Alternately, perhaps one can
repartition G so that only one subgroup is ever gauged. This cannot be done, even when ¢’ = ¢”. The reason is
precisely what we pointed out above Sec. 4.3.3: the axial combination of two groups is not itself a group since
its algebra doesn’t close.

4.5.2 Explicit example: (SU(3) — SU(2))?

Let us see how this fits together in a simple little Higgs model-—though we emphasize that collective
symmetry breaking is a generic feature of all realistic composite Higgs models, not just those of
little Higgs type. We classify composite Higgs models in Section 4.7 to clarify this disambiguation.
Consider the case where G' = G" = SU(3) and Hy,.; = Hyjop,. = SU(2). We thus have two fields

global

24This is a manifestation of general outdoors advice: if you (a Goldstone boson) are being chased by a hungry
bear (a gauge boson), it is not necessary for you survival that you can outrun it (have zero coupling). It is sufficient
that you are with friends whom you can outrun. Collective breaking is, in part, the requirement that you have
more slow friends than hungry bears.
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which are linear representations of SU(3) and carry the Goldstone bosons,

: | 0 0
i [ Ogyo , H' Ny 1 0
— Xz 0l=10]+3 — = , (4.73)

I CH 0 7 7 0 2f Xyt )
and similarly for ¥”. For simplicity let us set f’ = f” = f. The kinetic terms for the X fields are

arla 2 arila 2
L= |DNE/|2 + |DMZ”|2 =t (gq/>2 ‘V# T E/l + (gq//)2 |V# Trayy|?.

(4.74)

where T'* = T"* are the generators of the gauged group. To see the contribution to the Higgs
mass, one can Wick contract the two gauge bosons in these terms—this is precisely the analog
of the ‘cat diagram’ in Fig. 9. This contraction ties together the gauge boson indices so that the
resulting term goes like

/\2
[loop factor] (g¢')?X1T*T"% = [loop factor] %CQE’T 1gauge &, (4.75)

and similarly for ¥”. Here the loop factor contains the quadratic dependence on the cutoff,
[loop factor] ~ A?/167%, and the factor 1guge is the identity matrix in the appropriate gauged
subgroup. Here we have used T%T* = (31, where C5 is the quadratic Casimir operator of the
representation®. Now let’s explicitly demonstrate how collective breaking works.

e If only the SU(2)= Hyp. = Hyjopa Parts of G" and G” were gauged, then there would be
two separate sets of pseudo-Goldstone bosons H' and H”. We plug in the expansion of ¥

(4.73) into (4.75) and note that in this case,

(4.76)

S = O
o O O

1
1gauge =10
0

This picks up the Goldstones in the second term on the right-hand side of (4.73) so that there
is indeed a Goldstone mass term proportional to A2 = (47 f)? for each set of Goldstones.

e On the other hand, in the case where G’ and G” are both gauged with ¢’ = ¢”, the matrix
1,,u0e becomes a true identity operator,

O = O

100
Tywge = [0 1 0. (4.77)
00 1

Now the global symmetry breaking vEvs (¥') and (3”) break part of the gauge symmetry
and the Higgs mechanism tells us that there are gauge bosons that eat would-be Goldstones.
Indeed, the first term on the right-hand side of (4.73)—which is no longer projected out
by 1gauge—encodes the mass picked up by the gauge bosons. Observe, however, what has
happened to the A? mass contribution in the previous scenario: it is now cancelled by the
cross term between the first and third terms on the right hand side of (4.73). In other words,
the terms which gave the quadratic sensitivity to the cutoff have vanished.

25y (fundamental) = (N2 — 1)/2N for SU(N).
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If we were only considering a single SU(3)—SU(2) global symmetry breaking, then we would still
be out of luck since the massive gauge bosons would have eaten all of our Goldstone bosons—so
even though we got rid of the A? sensitivity of the pseudo-Goldstone masses, we also would have
gotten rid of the pseudo-Goldstones themselves. With foresight, however, we have followed the
advice of footnote 24: we have more Goldstones than our gauge bosons can possibly eat.

A useful way to parameterize our Goldstones is to follow the convention in (4.16):

| , | 0
¥ =exp 2 U2 | v exp O | H 0 (4.78)
f vt o0 f OHT 0 1)
— \ ] [ | 0
ZN =exp i 02X2 | V exp __Z 02X2 | H 0 , (479)
f vt f OHY 0 1)

where we have identified the Higgs as the axial combination of global shifts, while the vector
combination of Goldstones, V', is eaten by the gauge bosons to become massive.

Now the H pseudo-Goldstones only pick up mass from diagrams that involve both the (g¢’)
and the (gq”) couplings. In other words, it requires a combination of the ¥’ and the ¥ fields. The
leading order contribution comes from diagrams of the form

! o - /
Z '~.).. . -‘)_—— E

~Y

g 2 Tyr |2
/ "
o508 A =" (4.80)

R 2 R N S

YV -
Since Y1¥" = f2 —2HTH +- - -, we see that the leading term in the Higgs mass is only logarithmi-
cally sensitive to A because it required one power each of the ¥’ and ¥’ VEvs. The Higgs mass sets
the electroweak scale to be on the order of f/(4m). This is a factor of (47) suppressed compared to
the global symmetry breaking scale f—generating the hierarchy in £ that we wanted—and also a
further factor of (47) from the cutoff A = 47 f. In this sense, collective symmetry breaking shows
us what we can buy for factors of (47) and why those factors are important in naive dimensional
analysis.

4.5.3 Top partners

As before, the largest contribution to the Higgs mass comes from the top quark. In the simple
scenario above, we have extended our gauge group?® from SU(2)p, to Hgauge =SU(3) so we’ll need
to also extend the usual top doublet to include a partner 77,

t b
Qz(j)%@z br | . (4.81)
L T

We must also include a right-handed SU(3) singlet 77, as a partner for the 77, in parallel to the
usual right-handed t, partner of the sM t;. The prime on the t;—what is normally called tg in

26For simplicity we ignore the U(1)y factor, it is straightforward to assign charges appropriately.
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the sM—is for future convenience. The Yukawa terms for the top quarks are,
Liop = NETQUE + XS QTH + hec. (4.82)

where the fermions are written in terms of Weyl spinors. Other terms, such as ¥’ TQT}';r or Y TQt;,;;,
can typically be prohibited by invoking chiral symmetries. Observe that the A term is invariant
under G’ if Q is a fundamental under G’. Similarly, the A" term is invariant under G” if Q) is a
fundamental under G”. This is indeed consistent since () is a fundamental under Hg,,g which is
the diagonal subgroup of G’ x G”. This shows us how collective symmetry breaking is embedded in
the Yukawa sector. When only one of the A terms is nonzero, Lo, is G' x G” invariant. However,
when both are turned on, the global symmetry is broken down to the diagonal subgroup.

This is collective breaking is similar to the breaking of the global U(3)g x U(3)y x U(3)p flavor
symmetry to U(3) by the up- and down-type Yukawas in the Standard Model. If y, = 0 and
yq # 0, then the flavor symmetry would be enhanced to U(3)? since the right-handed up-type
quarks could be rotated independently of the other fields.

We can now plug in the expansion (4.78 — 4.79) into the Yukawa terms (4.82), ignoring the V'
terms since we now know those are eaten by the gauge bosons. Expanding the resulting product
gives

Liop =i HIQN'TS, — Nt} + ( — %f[) Ty (Xt’; + X’T;) : (4.83)

From this we can write out the right-handed top eigenstates

)\/t/ )\I/T/ )\//T/ _ )\/T/
_ AR T AR tp=i R C°R (4.84)

and the resulting top Yukawa, top partner mass, and top partner coupling to HTH,

Ty

A
Liop = MH'Qth, + N fTLT, — ﬁHTHTLT}%, (4.85)

where we see that all of the couplings are simply related to the sM top Yukawa, A\, = v A2 + "2
These relations ensure the cancellation between diagrams that give a A% contribution to the Higgs
mass,

Af

t
[ —h * = O(log A). (4.86)
At At T
h — — — — h

—Aie/ f

Note the symmetry factor of 1/2 in the h*T; LT;; Feynman rule. For simplicity we also drop an
overall v/2 in the normalization of the h field which is irrelevant for the A? cancellation. We
see that indeed collective symmetry breaking can protect against the reintroduction of quadratic
sensitivity to the cutoff by the Yukawa interactions.

Just as in the case of natural sUSY, an important signature of this class of models is to look
for the ‘partner top’ particles which are responsible for the softening of the cutoff dependence of
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Higgs mass from the top sector. One can search for these objects at the LHC through either pair
production,

aq/99 — TT, (4.87)
or through single production in association with a sM quark,
bg — T4q q¢ — Tb. (4.88)

The top partner decays are fixed by the Goldstone equivalence theorem. The partner top decays
approximately 50% of the time to b1V, with the remaining decay products split evenly between ¢ 2
and th [177]. The lower bound on the top partner mass from vector-like heavy top (also referred
to as fourth generation) searches is 2 700 GeV [178].

One can continue to calculate the Coleman-Weinberg potential in this scenario to check for
electroweak symmetry breaking and further study the phenomenology of these models. As dis-
cussed below (4.94), in addition to playing an important role generating the Higgs potential, these
top partners are of phenomenological significance since they are expected to be lighter than the
other strong sector resonances. By virtue of filling out representations of the global group, some
of these top partners are expected to have exotic electromagnetic charges, such as Qpv = 5/3;
these states are considered to be ‘smoking gun’ signals of a composite Higgs scenario. We refer
the reader to the excellent reviews [133,134] for a pedagogical introduction in the context of the
little Higgs. See [179-181] for a more general discussion of experimental bounds on top partners.

4.6 Deconstruction and moose models

We now briefly mention some connections with extra dimensional models and introduce a diagram-
matical language that is sometimes used to describe the symmetry breaking pattern in composite
models.

In Section 3.9 we introduced the holographic principle as a connection between strongly coupled
4D theories and weakly coupled theories on a curved spacetime with an extra spatial dimension.
This turns out to be a natural tool to get a handle for some of the strong dynamics encoded into
the form factors. Indeed, the minimal composite Higgs model described above was developed using
these insights [157].

There is, however, another way to connect 5D models to 4D models. 5D models have dimen-
sionful couplings and are manifestly non-renormalizable. One proposal for a UV completion is to
discretize (‘latticize’) the extra dimension [176,182,183]. In this picture, the extra dimension is
split into N discrete sites which should no longer be thought of as discrete spacetimes, but rather
as nodes in a ‘theory space’ that describe a gauge symmetry structure on a single 4D spacetime.
The bulk gauge symmetry G latticized into a 4D gauged G on each of the N nodes,

© ©© @O

At this level the nodes are just N separate gauge groups; after all, this is precisely what we mean
by a local symmetry (see [184,185] for a discussion in depth). We next introduce a set of (N — 1)
scalar link fields ®; which are in the bifundamental representation with respect to the N*" and
(N + 1) gauge groups: (N;, N;;1). We may draw these link fields as lines between the nodes,
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The arrow on the link field keeps track of the representation with respect to a group:
e Arrows leaving a node are fundamental with respect to that group.
e Arrows entering a node are anti-fundamental with respect to that group.

Now suppose each of these link fields acquires a VEV proportional to 1 in their respective G; X G141
internal spaces. Each link field would spontaneously break the symmetry G; x G;y1 — Gaiag. The
symmetries are broken down to G. One can diagonalize the mass matrix for the gauge boson—a
problem that is mathematically identical to solving the waves in a system of N — 1 springs in
series [186]—to find that the spectrum looks like a tower of Kaluza-Klein modes. In fact, the link
fields can be identified with the KK modes of the fifth component of the bulk gauge field As. This
construction also shows explicitly that the Kaluza-Klein gauge fields in 5D acquire their masses
from eating the KK modes of the A5, which are here manifestly would-be Goldstone bosons. By
coupling matter appropriately, one constructs a UV complete 4D model of a product of gauge
groups that gives the same ‘low’ energy physics as an extra dimension. We refer the reader to the
original literature for details [176,182,183] or [73] for a brief summary.

Rather than just way to UV complete extra dimensions, deconstructions are also a useful tool
for motivating models of chiral symmetry breaking. In fact, they are a manifestation of a more
general tool for composite models called moose diagrams?’ [188,189]. One can use this dia-
grammatic language to construct little Higgs models; indeed, this was the original inspiration for
the development of collective symmetry breaking paradigm in Section 4.5. The topology of these
diagrams encodes information about spectrum of Goldstone modes [190]. From the dimensional
deconstruction of an extra dimension, it’s clear that all of the Goldstones are eaten by the KK
modes of gauge bosons. More general connections between nodes, however, allow more Goldstones
to survive hungry gauge bosons.

As an example, we present the ‘minimal moose’ little Higgs model from [191]. The basic
building block is the coset for chiral symmetry breaking, SU(3)r, x SU(3)r/SU(3)y. We gauge the
electroweak subgroup Ggw of SU(3);, and the entire SU(3)g, which we represent schematically

with shaded blobs:
SU@3)L SU(3)r
Gew /////// S ‘ SU(3)r

The minimal moose model actually requires four copies of this basic structure. As before, we only
gauge the vectorial Ggw of each of the SU(3);, factors and similarly for the SU(3)g factors. In
other words, the theory only has two gauge couplings. This is shown schematically in Fig. 14. We
note that typically one only draws nodes for the gauge groups so that the usual moose diagram
for this model is:

2TThese diagrams are also called quiver diagrams by string theorists [187].

78



Gew @ . SU3)r
iil TN AN

Figure 14: Full symmetry structure of the minimal moose little Higgs model. Shaded blobs repre-
sent gauged subgroups. We explicitly show that only the ‘diagonal’ subgroups are gauged.
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See §4.1 of [134] for a review of this particular model. A full discussion of these moose-based
little Higgs models is outside of the scope of these lectures. In addition to the reviews mentioned
above [133,134], see [192] for the self-described ‘bestest’ little Higgs model and [179,193] for a
discussion of the status of composite Higgs models after the first run of the LHC.

4.7 A taxonomy of composite Higgs models

Having surveyed the main features of composite Higgs models, let us classify the landscape of
such theories. This section is meant to clarify the distinctions between what is colloquially called
a ‘composite Higgs’ versus a ‘little Higgs’ or a ‘holographic composite Higgs’ versus a ‘dilatonic
Higgs.” We closely follow the discussion in Sections 2 — 3 of [131], to which we refer the reader for
further details and references.

As a warm up and review, recall the Standard Model Higgs potential

1 A
V(h) = —p?|HP? + \NH* — —§u2h2 + Zh“. (4.89)
Minimizing the potential and matching to experiment yields
2
v? = (h) = “7 = 246 Gev m2 = 2% = (125 Gev)?, (4.90)

79



where v has long been known from the masses and couplings of the electroweak gauge bosons, but
m? is new data from 2012. This new information tells us that u = 89 Gev and, from the expression
for v, that A = 0.13.

Let us now map this onto a convenient parameterization of the Higgs potential in composite

Higgs models.

212
gsm 2 b 4
Vih) = "5 (—ah + 5t ) . (4.91)

One can compare this to (4.70). Here gsy is a characteristic Standard Model coupling, such as
g4 = Ney?. Tmplicit in this parameterization is the expectation that the Higgs potential is ra-
diatively generated, giving a g3,;/1672 prefactor. With this normalization, tree-level contributions
appear as coefficients a,b that go like 1672 /g2,;. The mass scale M is typically that of the new
states (e.g. top partners) that cut off the quadratic divergence introduced by the explicit breaking
of the Goldstone shift symmetry, as discussed in Section 4.4.3. It is useful to parameterize this in
terms of the coupling of these new states to the strong sector g,

M =g.f. (4.92)

These states are typically lighter than the cutoff, 47 f, to help with the little hierarchy problem.
We expect the lighter mass comes from a weaker coupling to the strong sector, g., motivating
the definition (4.92). This coupling is sometimes written as g, = g, in the literature, making the
analogy to the coupling of the spin-1 p meson in QCD, see Section 4.3.8. (4.92) defines g, as a ratio
of mass scales, but when one includes this state in chiral perturbation theory (using the ccwz
formalism introduced in Appendix B), this ratio is manifestly the value of the prm coupling. In
this sense, g, is the ‘gauge coupling’ of the p as a massive gauge boson, g, =m,/f.

The experimental information that the SM quartic is A = 0.13 is strongly suggestive of a loop
induced coupling. Using the NDA scaling of a strong sector quartic (4.35) and a proportionality
factor from an explicit global symmetry breaking sM loop, g&,;/1672, we estimate

1 gsm 2 G« 2
Moo & 2—— g2 g% ~ 0.15 (-) . 4.93

Here the factor of 2 comes from two top partner polarizations and the scaling with respect to
g« = M/ f comes from NDA [154]. Thus the coupling of the new state is g. < 47 and is expected
to be weakly coupled. This is a more quantitative version of the statement that the discovery of
the 125 Gev Higgs signaled the death of technicolor, as we explained qualitatively in Section 4.2.
The other implication of this weak coupling is that the new particles that cancel the quadratic
sensitivity of the Higgs potential have masses well below the strong coupling scale, M < A =4« f;
where we recall the NDA cutoff from Section 4.3.7.

Comparing (4.91) to (4.89 — 4.90) gives

_a

2 2 2
2 2 2 2 _ oYM yr2 4 295MTk 2
= bf = (246 cev) my, = 2167T2M a =4v 62 b= (125 Gev)~. (4.94)

We can restate the discussion below (4.93) in terms of (4.94). Prior to the Higgs discovery,
one could have tuned & = v?/f? by, say, increasing the parameter b. With the discovery of a
125 Gev Higgs boson, one can no longer do this since increasing b also increases m?. Indeed, this
is why prior to the Higgs discovery people said that composite Higgs models predict a heavier
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MODEL O(a) O(b)  O(g«) , COMMENTS

Bona-fide composite Higgs 1 1 4m | Requires tuning of both a and b.
Little Higgs 1 % < 4m | Tree level quartic, h too heavy.
Holographic Higgs 1 1 < 4m | ~ little Higgs with loop-level quartic.
Twin Higgs 1 1— 13152 gsm | Zy rather than collective breaking.
Dilatonic Higgs SEE TEXT Related to RS radion Higgs.

Table 2: Taxonomy of composite Higgs models according to the couplings in (4.91) and (4.92);
based on [131]. Models must be tuned when phenomenology requires values of the couplings that
are very different from the expected magnitudes shown here.

Higgs mass of my, ~ 300 Gev. One way to evade making m7 > m? is to observe that most of the
contributions to b comes from the fermionic top partner resonances. We've been characterizing
all of the heavy particle couplings as g,, but in principle the top partners could have a different
coupling, gr, in which case g, — g in (4.94). If this top partner coupling is smaller than the
general resonance coupling gr < g., while also satisfying gr = 1 to push the mass up, then one
can keep m? < m? while pushing up b to achieve tuning in £. This is why one may expect the
‘light’ top partners described in Section 4.5.3 to have masses lighter than the other strong sector
resonances mr =~ grf < M.

In the remainder of this section we examine five classes of composite Higgs models and classify
them according to their natural expectations for a, b, and g,. These are summarized in Table 2.

4.7.1 Bona-Fide Composite Higgs

The ‘bona-fide composite Higgs’ models in the first row of Table 2 are the simplest realizations
of the Higgs as pseudo-Nambu—Goldstone boson idea: a strongly coupled sector has a global
symmetry which is spontaneously broken and yields a Goldstone with the quantum numbers of
the Higgs. The Higgs potential is assumed to be radiatively generated by explicit breaking terms
so that in the parameterization (4.91), a ~ b ~ O(1). From the left-side equation of (4.94), a
parametric separation between v and f requires a to be tuned small by an amount £ in (4.36).

Even with this, however, this is a second tuning required on b since the new states are expected
to couple to the strong sector with strong couplings, g, ~ 4m. Thus one finds that the quartic
coupling is too large in (4.93) compared to A = 0.13. In other words, one predicts a Higgs mass
that is heavier than observed in (4.94). This is mapped onto a tuning of b.

4.7.2 Little Higgs

In little Higgs models, collective symmetry breaking naturally gives a hierarchy

v g
£ = 75~ 1o < 1. (4.95)

The quartic coupling appears at tree-level, A ~ ggyq. This is shown as b ~ 167%/¢2 in Table 2.
Prior to the Higgs discovery, this set up was seen to be a feature: one explains the separation
between v and f. However, (4.94) shows that this predicts a Higgs mass that is on the order of
500 Gev for ggy ~ 1.
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4.7.3 Holographic Higgs

These models are motivated by Ads/CFT duals of warped extra dimensional models, as we discussed
in Section 3.9. Like the ‘bona-fide composite Higgs,” the entire potential for these models are
radiatively generated. This thus suffers the same O(¢ = v?/f?) to obtain the correct electroweak
symmetry breaking scale. Unlike the ‘bona-fide composite Higgs,” however, g, is still weak and
thus no additional tuning is required to keep the Higgs light. The four-dimensional effective theory
(or deconstruction) of this scenario is what is most commonly meant when referring to a [modern]
‘composite Higgs’ model; see e.g. [157].

The holographic Higgs also has a version of collective symmetry breaking that is a result of
locality in 5D [184]. Unlike the little Higgs models above, however, holographic Higgs models have
radiative quartics. These models have the minimal amount of tuning: just £, which is a tuning of
a few percent.

4.7.4 Twin Higgs and neutral naturalness

Twin Higgs models [194,195] have received a lot of interest after the non-discovery of any top-
partners at Run I of the LHC. Rather than protecting the pseudo-Goldstone Higgs from quadratic
corrections with collective symmetry breaking, these models impose a Zy symmetry that protects
the Higgs potential. The key phenomenological feature of this framework is that the partner
particles that enact this protection are uncharged under the Standard Model. Since the top
partners aren’t colored, one no longer expects a large production cross section at the LHC and one
avoids the Run 1 bounds. These models are thus often referred to under the banner of ‘neutral
naturalness’ and are considered a last bastion for naturalness against collider bounds.

We illustrate the twin mechanism with the toy example presented in [194]; the interested reader
is encouraged to read the succinct paper in its entirety. Suppose a theory has a global G =SU(4)
symmetry and a field H in the fundamental representation with a symmetry-breaking potential,

V(H) = —p?|H|* + \H|" (4.96)

The field develops a VEV (|H|) = m/v/2X = f and breaks SU(4) — SU(3). Now let us gauge a
subgroup SU(2)4 xSU(2)p of the global symmetry. We decompose H into a doublet under each
gauge group, Hy and Hg. We may identify A with the Standard Model SU(2);,. As we saw in
Section 4.4.3, this gauging generates mass terms for the would-be Goldstone bosons,

9A2
V> 61n2 (gzx|HA|2 + 9129|HB|2) : (4.97)

Next impose a Zs ‘twin’ symmetry which swaps A <> B. This imposes g4 = gp so that the
quadratic potential becomes,

9g%A?
6472

VD |H|* +---, (4.98)

which respects the original SU(4) symmetry of the theory and thus does not contribute to the
mass of the Goldstone bosons. The higher order terms still introduce logarithmically divergent
terms that break this SU(4) symmetry.

We can see the ‘twin’ cancellation in the top couplings:

Lo —yHAt ) — g Hpt P4, (4.99)
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The SU(4)—SU(3) breaking imposes (h,)? + (hy)?> = f?. Expanding the SU(4) fundamental H
analogously to (4.40), one may expand to O(h?/ f?),
h2
Hy — h, HB%f—g. (4.100)
Inserting this into (4.99) yields a cancellation that is diagramatically identical to (4.86) with the
important difference that the t#) and £(®) are charged under a ‘twin’ QCD, but not ordinary Qcp.
Having demonstrated the basic principle, we refer the reader to the original literature for
a demonstration of a complete model. In our phenomenological taxonomy of composite Higgs
models, we have written b ~ O(1—167%/g?) reflecting that the original twin Higgs models included
a tree-level quartic put in by hand to generate the v < f hierarchy, though this is not an intrinsic
feature of these models. As we have discussed, the observed A\ = 0.13 disfavors the inclusion of
this tree-level term.

4.7.5 Dilatonic Higgs

Rather than being a pseudo-Goldstone of an internal global symmetry, this scenario assumes that
the Higgs is a dilaton coming from the spontaneous breaking of scale invariance [102,196-201].
We have already explored this scenario in Section 3.10, where we identified the radion in a warped
extra dimension as a state which is holographically dual to the dilaton. This is distinct from the
‘holographic Higgs’ scenario where the Higgs is the Goldstone of an internal global symmetry.

In this scenario the VEV that breaks scale invariance, f, sets the scale of the potential and
is unrelated to the electroweak VEV: for example, the order parameter for the breaking of scale
invariance talks to all massive particles, whereas the electroweak VEV ought to only talk to elec-
troweak doublets. Thus the parameterization in (4.91) is not relevant for comparison with the
other composite Higgs models discussed: the dilaton is a completely different type of beast. For
a dilaton to play the role of a Higgs, one assumes that the UV theory also has a small explicit
breaking of scale invariance to allow a VEV f that breaks electroweak symmetry spontaneously.

Scale transformations act on spacetime as x — 2’ = e~“x and on mass-dimension-1 objects as
¢ — ¢ = e®¢. For a refresher, see [149,202,203]. Suppose that scale invariance is spontaneously
broken with some order parameter, f. Applying the rule of thumb from Section 4.3.1, we identify
the dilaton, o, with the parameter of scale transformations:

foxf=ellf (4.101)

Unlike the case for internal symmetries, the dilaton, o, points in the same direction in field space
as the order parameter, f. Thus the potential for the dilaton can be read off the potential for the
VEV, V(f). For internal symmetries, V'(f) is trivial since without explicit breaking since these
the Goldstones only couple derivatively. For scale symmetries, V(f) is allowed to have a quartic
term, V(f) D Af% This term is identified with a cosmological constant. The naive dimensional
analysis size of its coefficient is A ~ 1672 coming from vacuum bubbles—this is essentially the
cosmological constant problem. In order for scale symmetry to have been spontaneously broken,
V(f) must realize its minimum value at f # 0. This is not possible for purely quartic potential,
so that one still requires a small explicit breaking of scale invariance that would give a V(f) with
a nontrivial vacuum. From our intuition with the Higgs, one might want to write a breaking term
like V(f) D —u%f?, but this would be a large breaking of scale invariance. Instead, we consider
operators that are close to marginal,

V(f)~ At +aftlog f~ A +aft™. (4.102)
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In order for this potential to spontaneously break scale invariance, both terms must be of roughly
the same size. Since we expect A to be large, this means that the ‘small explicit breaking’ must
actually also be large. This is a contradiction to our initial assumption that the theory is approx-
imately scale invariant so that the dilaton is a pseudo-Goldstone boson: with the large explicit
breaking of scale invariance, one also expects the dilaton to be a heavy field. In essence this is the
source of tuning in dilatonic Higgs models: one needs A to be small so that the explicit breaking
required for f # 0 can also be small which, in turn, allows the dilaton to be light. A detailed
discussion of this tuning is presented in Section 5 of [102] and [201]. One way out of this apparent
contradiction is supersymmetry, which gives a symmetry reason to protect against the cosmolog-
ical constant: we saw from the SUSY algebra that (0|H|0) = 0 when supersymmetry is unbroken.
Five-dimensional variants have been constructed in [200,201].

As a qualitative example of the above considerations, one may ask whether QCD could furnish
a light dilaton since it is an approximately scale-invariant theory for which the chiral condensate
is a spontaneous breaking of scale invariance. While ay is small in the UV, we know that it grows
in the 1R. As the couplings get larger, so does the § function, which is a concrete manifestation
of scale invariance being broken by a larger amount. Thus the would-be dilaton in QCD is not a
light state in the effective theory.

4.8 Parameterization of phenomenology

We see that the composite Higgs can be probed through its deviations from the SM Higgs couplings.
A phenomenological parameterization of the space of light, composite Higgs models is presented
in [204] as the ‘strongly interacting light Higgs’ (SILH, pronounced “silch”) effective Lagrangian
and extended in [205]. We briefly review the main results and refer to [204,205] for a detailed
discussion including matching to specific composite Higgs models. We now examine a convenient
parameterization of the phenomenological Lagrangian,

_psm, CH t t Cr )2 Ge t 3
Lo =L + S50 (HH)O,(H'H) + 2 (H DH) — SAHH)

Cu t7 A 17 icwyg t i v i

+ (Q—UQ%H HQuHur +++) + 5yt (H'o H) (0w, + - (4.103)
=

where H' D ,H = H'D,H — D,H'H and the --- represent similar terms for the other fermions

and gauge bosons. The expected sizes of these coefficients are

v? M,
EH,ET,EG,E ~ =5 EW,B ~ 05 (4104)
E g f?

where g, is defined in (4.92). Following [205], the operators in (4.103) are normalized with respect
to the Higgs VEV v rather than the scale f in [204]; this is why the expected values of the barred
couplings ¢; differ by factors of v/f from the couplings ¢; ~ 1 in equation (15) of [204].

The phenomenological Lagrangian (4.103) can be constructed systematically from the non-
linear sigma model including symmetry breaking terms which we assume are parameterized by the
sM couplings that break those symmetries: the Higgs quartic coupling A (breaking the pseudo-
Goldstone Higgs shift symmetry) and the Yukawas (breaking shift and flavor symmetries). See
Appendix B of [206] for a detailed discussion in terms of naive dimensional analysis. Following the
NDA of Section 4.3.8, the general strategy is to write

M* ~ 0
»CSILH = ?»C <U7 M) ) (4105)

*
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where U = U(7/f) is the dimensionless linear field containing the Goldstones (4.11) and the partial
derivative carries a factor of M1, the scale of new states (4.92), to make it dimensionless. Each
Goldstone field m comes with a factor of 1/f. The NDA prefactor M*g;2 = M?f? is derived in
(4.33-4.34). Recall that this is precisely the A% f? prefactor in the NDA literature except that we
replace A with a scale which exists in the effective theory, M < A [153,154]. This inequality is
equivalent to g. < 47 and parameterizes the regime in which the NLxM is weakly coupled. We
then take the dimensionless function £ to be a derivative expansion analogous to (4.18); the SILH
interactions appear at higher order from the term

4 < 2
where 7(z) is identified with the Higgs doublet H(x) and the partial derivatives 0, are promoted
to SM gauge covariant derivatives. Gauge field strengths are included with factors of m;Q since
F,, ~ [D,,D,]. The ¢y and ér terms encode the O(H*, %) interactions after shifting the Higgs
by a factor proportional to (HTH)H/f?* (see [204]). The &, ¢,, éw (and analogous terms) break
the shift symmetries of the NLxM and carry explicit factors of the SM couplings that break those
symmetries: the Higgs quartic interaction, the Yukawas, or SM gauge couplings, respectively.
Electroweak precision observables? set bounds on composite Higgs models [205,212]; at 20

~1.5x 107 <er <22x107° (4.107)
—14x 107 <y +ép < 1.9x 1073, (4.108)

coming from the 7" and S parameters respectively. The former condition reflects the requirement
of custodial symmetry [213] (see [214] for an introduction) which is assumed in the latter bound.
The S parameter bound comes from the exchange of new spin-1 states of characteristic mass M
(analogous to the p meson) and goes parametrically like S ~ My, /M?2. This pushes M > 2.5 Tev.
The observation of the 125 Gev Higgs and the opportunity to measure its couplings offers additional
data to fit the phenomenological Lagrangian. For example, the ¢y and ¢y (f running over the SM
fermions) are related to each other via the couplings of the Higgs to W bosons [215]. The Higgs
mass sets (at 30)

g < 0.16. (4.109)

This and other bounds on composite Higgs models coming from Higgs observables are reviewed
in [216,217] using a slightly different effective theory parameterization introduced in [159]. In that
notation, (4.109) comes from a? > 0.84. Further phenomenological bounds and their relations to
specific models can be found in [131,204,205,218]. At 20, Higgs data constraints the minimal
composite Higgs model to satisfy [219]

<0.5. (4.110)

| <

The bounds on composite Higgs models coming from Higgs observables are reviewed in [205,
216,217]. Further phenomenological bounds and their relations to specific models can be found
in [131,204,218].

28See [207,208] for pedagogical reviews and [209-211] for details.
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5 Closing Thoughts

We briefly review interconnections between some of the salient ideas in these lectures, acknowledge
topics omitted, and point to directions of further study. One of the themes in the latter part of
these lectures were weakly coupled descriptions of strong dynamics and we close by highlighting
this common thread.

5.1 Covariant Derivatives

Each of the scenarios that we explored carries its own sense of covariant derivative. The most
explicit example is in a warped extra dimension, where spacetime is explicitly curved. The holo-
graphic principle made use of this geometry: the isometries of Ads match the conformal symmetries
of the strongly coupled theory near a fixed point. The system is so constrained by these symme-
tries that the behavior of 5D fields could be identified with the renormalization group flow of
4D operators. Even in supersymmetry—where superspace can be thought of a ‘fermionic’ extra
dimension—we introduced a SUSY covariant derivative. The practical significance of this covariant
derivative is to define chiral superfields, the irreducible representation of A" = 1 sSUSY that we use
for matter fields. Finally, the nonlinear realizations we used for composite Higgs models also has
a geometric structure coming from the coset space. This is seen in the ccwz formalism reviewed
in Appendix B, where one identifies covariant derivative and gauge field for the coset space that
are necessary to construct invariant Lagrangians.

5.2 Nonlinear realizations

The simplest handle on strong dynamics is to work in an effective theory of pseudo-Goldstone
bosons given by the pattern of global symmetry breaking in the strong sector. In composite Higgs
models, one addresses the Hierarchy problem by assuming that the Higgs is a pseudo-Goldstone
boson associated with the dynamics of a strongly coupled sector that break global symmetries at
a scale f. We saw that generically the sM interactions required for a Higgs boson tend to push its
mass back up towards the compositeness scale, A ~ 47 f. One way to push the Higgs mass back
down is to invoke collective symmetry breaking, which can often be described succinctly using
‘moose’ diagrams.

5.3 Holographic and deconstructed extra dimensions

We saw that the holographic principle is an alternative way to describe the dynamics of a strongly
coupled sector through the use of a higher dimensional theory with a non-trivial geometry. From
the extra dimensional perspective, the Higgs mass is natural because it is localized towards the
IR brane where the Planck scale is warped down to Tev scale. Holographically, this is interpreted
as the Higgs being a composite state. Indeed, the minimal composite Higgs model [157] was
constructed using holography as a guiding principle.

Further, the little Higgs models that first highlighted collective symmetry breaking were mo-
tivated by deconstructions of an extra dimension. This picture allowed us to clearly see that the
Goldstone modes of the spontaneously broken global symmetries can be identified with the scalar
component of a 5D gauge field. In the deconstruction, the gauge bosons from each copy of the
gauge group eat these Goldstone modes to become the spectrum of heavy KK modes. In this sense,
little Higgs and holographic composite Higgs constructions are similar to gauge-Higgs unification
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Figure 15: Schematic moose diagram for natural SUSY.

scenarios in 5D where the Higgs is the zero mode of a bulk gauge field, see [220] and references
therein. One way to interpret the lightness of the Higgs mass is via locality in the deconstructed
extra dimension: the symmetries are only broken on the boundaries and one needs a loop that
stretches between the boundaries to generate a Higgs potential. This implies that the loop can-
not be shrunk to zero and that the Higgs potential is finite since it can have no short-distance
divergences. The natural cutoff is set by the size of the extra dimension.

Deconstruction itself, however, is rooted in the idea of a hidden local symmetry in nonlinear
models. See [127] for a comprehensive review. A 5D version of the little Higgs in Ads was presented
in [221]. Shortly after, [184] connected the holographic composite Higgs to a little Higgs theory,
relating the ccwz formalism of Appendix B to the hidden local symmetry construction.

5.4 Natural SUSY and partial compositeness

We began these lectures with what appeared to be a completely different subject: supersymmetry.
We saw that the natural setting for SUSY is superspace, which is superficially an ‘extra quantum
dimension’ that is both Grassmannian and spinorial. One way to see how SUSY solves the Hierarchy
problem is to observe that it requires the existence of superpartners (differing by half integer spin)
that cancel the loop contributions of particles to superpotential parameters such as the Higgs mass.
We saw a similar cancellation when invoking collective symmetry breaking (or the twin Higgs
mechanism) in composite Higgs theories with the notable difference that the partner particles had
the same spin as their SM counterparts.

Susy, however, must be broken. These effects feed into the large parameter space of the
minimal supersymmetric Standard Model and are required (in the Mssm) for electroweak symmetry
breaking. The LHC puts tight bounds on the simplest MSSM spectra and leads us to consider ways to
hide sUSY. One of these solutions is ‘natural SUSY’ where one only maintains the minimal spectrum
of superpartners required for the naturalness of the Higgs mass. Among the predictions of natural
SUSY is a light stop and heavy first and second generation quarks. This type of spectrum, however,
is automatic when supersymmetrizing the RS model with anarchic flavor?®. When SUSY is broken
on the UV brane®’, 5D superfields which are localized near the UV brane are more sensitive to the
splitting between the sM and superpartner masses. Invoking what we know about the anarchic
flavor 5D mass spectrum (i.e. localization of the fermion profiles), we come to the conclusions in
Table 3. Holographically this is interpreted as supersymmetry being an accidental symmetry in the
IR. That is, the strong sector flows to a fixed point that is supersymmetric, even though the theory

290ne should note that because 5D spinors are Dirac, N' = 1 susy in 5D corresponds to N' = 2 susy in 4D.
N = 2 was used in [222] to generate Dirac gaugino masses, which can help soften the two-loop quadratic corrections
to the Higgs mass. See [223] for a recent analysis of prospects.

30This is one of the ways to interpret anomaly mediation of SUSY breaking [224].
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FIELD 5D LOCALIZATION 4D INTERPRETATION SUPERPARTNER

Higgs IR localized Composite state ~ degenerate, mixes with é, W
Top Peaked toward IR~ Mostly composite Slightly heavier than top
Light quarks Peaked toward uv =~ Mostly elementary Large Susy breaking masses

Table 3: Holographic picture of natural SUSY spectra. Superfields localized near the IR brane
have a large overlap with the Higgs so that the SM component of the superfield picks up a large
mass. Superfields localized near the UV brane have a large overlap with sSUSY breaking so that the
‘superpartner’ component of the superfield picks up a large mass. Thus light sM fermions have
heavy superpartners and vice versa.

at the UV is not manifestly supersymmetric. As a particle becomes more composite, it becomes
more degenerate in mass with its superpartner. A schematic moose diagram is shown in Fig. 15;
note that one of the sacrifices of this realization of natural SUSY is conventional unification, see
e.g. [225].

5.5 Naturalness and top partners

The three classes of physics beyond the Standard Model that we have explored all generically pre-
dict new particles accessible at high energy colliders. For supersymmetry and extra dimensions,
these particles were a manifestation of the extended spacetime symmetry under which the sm
particles must transform. For a composite Higgs, this reflected a larger global symmetry breaking
pattern and included additional fermions that appear necessary to generate an SM-like Higgs po-
tential. At a technical level, we needed new particles to run in Higgs loops to soften the quadratic
sensitivity to the cutoff. Since the top quark has the largest coupling to the Higgs, a generic
prediction for naturalness are light (i.e. accessible at the LHC) states to cancel the top loop. While
these particles may have different spin, the examples we've explored focused on the case where
they have the same SM quantum numbers as the top. The color charge of these new particles make
them easy to produce at the LHC so that their non-observation is particularly disconcerting. One
model building direction out of this puzzle is to consider models where the top partner is not color
charged. We saw this in the twin Higgs model in Section 4.7.4. A supersymmetric cousin on these
models go under the name of folded susy [226], where the top partners are uncolored but still
carry electroweak charges. Non-supersymmetric variants include the quirky little Higgs [227] and
the orbifold Higgs [228].

5.6 Seiberg duality

In the composite Higgs models, same-spin partners cancel the leading SM particle contributions
to the quadratically sensitive terms in the Higgs mass. We saw that this is not coincidental,
but is in fact imposed by the structure of collective symmetry breaking. In the same way, the
protection against quadratic divergences in SUSY is most clearly understood from the tremendous
constraints put on the theory by supersymmetry. Among other things, these constraints impose
the holomorphy of the superpotential which, in turn, prevents the perturbative renormalization
of any of the superpotential terms. A derivation of this important result is beyond the scope of
these lectures, but can be found—along with further implications of SUSY—in the reviews already
mentioned.
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(a) Supersymmetric QCD (b) SUSY QCD + meson

Figure 16: Moose diagrams for a pair of Seiberg duals. Green nodes are gauged symmetries while
white notes are global symmetries. Note that the lines now represent superfields.

Supersymmetry turns out to also be a powerful constraint on the behavior of gauge theories.
In fact, they allow one to map out the entire phase structure of the supersymmetric generalization
of QCD, sqQcD. This, in itself, is a topic of depth and elegance which is covered very well in
[4,8-10, 31]. One key outcome of this exploration in the 1990s was the observation that two
distinct supersymmetric non-Abelian gauge theories, shown in Fig. 16, flow to the same IR theory.
One theory, SQCD, is a standard SU(/N) supersymmetric gauge theory with F' flavors such that

F>N+1. (5.1)

In the case where N+1 < F' < 3N, this theory is asymptotically free and becomes strongly coupled
in the 1R. The other theory is an SU(F — N) gauge theory with F' flavors and an additional color
singlet ‘meson’ which is a bifundamental under the SU(F)xSU(F) flavor symmetry. This theory
has a superpotential,

W~ QMQ, (5.2)

which can be understood as a loop in the moose diagram since all indices are contracted. When
N+1< F < %N , the dual theory is IR free and is perturbative. On the other hand, when
%N < F < 3N, the dual theory is also asymptotically free and flows to the same Banks-Zaks-like
non-trivial fixed point that is the same endpoint of the original ‘electric’ theory’s RG flow.

The fact that two a priori unrelated theories flow to the same IR theory suggest a compelling
interpretation: the initial asymptotically free theory becomes strongly interacting at low energies
and can be equivalently described by its dual theory. In the case where N+1 < F' < %N , the dual
theory is IR free and perturbative precisely in the regime where the original theory is not. This is
an ‘electromagnetic’ duality in the sense of exchanging strongly and weakly coupled descriptions
of the same physics, similar to the AdS/CFT correspondence.

This Seiberg duality is a powerful handle on strongly coupled physics via a weakly coupled
4D dual description. One popular application was to simplify the construction of models with
dynamical susy breaking, see [10,229] for reviews. In some sense this is completely analogous to
using chiral perturbation theory to describe low-energy Qcb. However, unlike QCD, the low energy
(‘magnetic’) theory is not composed of gauge singlets. In fact, there is an emergent SU(F — N)
gauge symmetry that appears to have nothing to do with the original SU(N) gauge symmetry
of the ‘electric’ theory. Omne recent interpretation, however, is that this magnetic gauge group
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can be identified with the ‘hidden local symmetry’ in nonlinear models [230], which we previously
mentioned in the context of deconstruction and moose models. In this construction, the p meson
in QCD (the lightest spin-1 meson) is identified as the massive gauge boson of a spontaneously
broken gauge symmetry present in the nonlinear Lagrangian.

One can also relate Seiberg duality to the AdS/CFT correspondence through explicit string
realizations. Note that (5.1) is typically a different regime from the large N limit invoked in
Ads/cFT. From a purely field theoretical point of view, the AdS/CFT correspondence can be
understood as a duality cascade where a SUSY gauge theory has a renormalization trajectory
that zig-zags between a series of fixed points. This is reviewed pedagogically for a field theory
audience in [95].

5.7 Multiple guises of strong dynamics

In this final section we have touched on multiple ways in which we can address strong dynamics in
field theory: nonlinear realizations based on the symmetry breaking structure, holographic extra
dimensions, and Seiberg duality in sSusy. The lesson to take away from this overview is that
one should be flexible to think about strong dynamics in different languages. Often the intuition
from one understanding of strong dynamics can shed light on constructions based on a different
description.

One example is the use of Seiberg duality to describe a [partially-|composite electroweak sector
based on the ‘fat Higgs’ model [231]. The idea is to take super-QCcD with F' = N + 2 flavors so that
the magnetic gauge group can be linked with SU(2);,. The realization of this idea in [164] described
this in terms of moose diagrams where the magnetic gauge group is ‘color-flavor locked” with an
externally gauged SU(2),. This mixes the magnetic gauge bosons with the external gauge bosons so
that the observed W and Z are partially composite. Independently, a similar model was presented
in [165] where the nature of this mixing was explained in terms of the intuition from a warped
extra dimension. In particular, one hope is that one can directly identify the magnetic SU(2)
with the electroweak SU(2),. This, however, is not possible since—as we know from composite
model building—at the compositeness scale the nédive dimensional analysis expectation is that the
composite vector boson couples strongly: g ~ 47/ V/N. In other words, if the electroweak gauge
bosons are strongly coupled bound states, then one would expect a large residual interaction with
other strongly coupled bound states. In the RS language, a composite W and Z would have IR
brane localized profiles and this would typically predict very strong couplings. This would require
a very large running to squeeze the profile on the IR brane. In the Seiberg dual picture, this
requires a very large number of flavors if one maintains that the W and Z are purely composite
but have the observed sSM couplings, leading one to prefer partial compositeness of these particles.
This general framework was later used to construct a model of natural SUSY in which follows the
general deconstruction/moose in Fig. 15 [232].

5.8 Omissions

We have necessarily been limited in scope. Even among the topics discussed, we have omitted an
exploration of SUSY gauge theories (leading up to Seiberg duality), variants of the ‘realistic’ RS
models (as well as ‘universal extra dimension’ models), the virtues of different cosets for composite
Higgs model building, and an overview of product space (moose-y) little Higgs models. Many
explicit calculations were left out and are left to the dilligent reader as exercises, and we only
made cursory nods to the phenomenology of these models. In addition to the three major topics
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covered in these lectures, there are various other extensions to the Standard Model that we have
not discussed. Our preference focused on models that address the Higgs hierarchy problem, and
as such we have omitted discussions of many important topics such as grand unification, dark
matter, flavor, strong CP, cosmology (of which the cosmological constant is the most extreme
fine tuning problem), or any of the phenomenology of interpreting possible experimental signals
from colliders/telescopes/underground experiments/etc. We have only presented very cursory
comparisons to current data; we refer the reader to the appropriate experiments’ results pages and
conference proceedings for the latest bounds. See also [233] for an overview of the Run I searches
for new physics. All of these topics—and perhaps many others—are, in some combination, key
parts of a model builder’s toolbox in the LHC era.
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A Details of the Randall-Sundrum Scenario

A.1 The RS gravitational background

We have assumed the metric (3.28). In this appendix we derive it from the assumption of a
non-factorizable metric of the form

ds? = e~ 4% (Nudadz” — dz?) (A.1)

and check the conditions for which a flat 4D background exists. This generic form of the metric is
useful since it is an overall rescaling of the flat metric, that is, it is conformally flat. We can thus
use a convenient relation between the Einstein tensors Gy = Ryuny — % gun R of two conformally
equivalent metrics gyv = e 4@ Gy in d dimensions [234],

~ —92[1~ ~ ~ o~ ~ ~ — 3 ~
Gun = Gun + dT {ivMAVNA + VuVNA = Gun (VKVKA - %vKAvKA)] . (A2)

When A = A(z) this is straightforward to calculate by hand for gy;n = ny . Alternately, one may
use a computer algebra system to geometric quantities for general metrics, e.g. [235]. We assume
a bulk cosmological constant A so that the 5D bulk Einstein action is

§—— / Fe /G (MPR 1), (A.3)
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The Einstein equation is Gy y = (M,)3Tyy. The MN = 55 component gives

§Al2 1

_ —A

This only has a solution for A < 0 so that we’re forced to consider AdS spaces. This equation is
separable with the general solution,

—AG) = L pe N
(kz + constant)? 1203

(&

(A.5)

To recover (3.28) we identify R = 1/k and impose A = 0 at z = R, setting the constant to zero.
The latter choice simply sets the warp factor at the Uv brane to be 1.

We must remember that the RS space is finite—and has branes at its endpoints—when we
solve the M'N = puv Einstein equations. These equations depend on the second derivative of A(z)
and one should be concerned that this may be sensitive to the energy densities on the branes.
This is analogous to the Poisson equation in electrostatics where a second derivative picks up the
o-function of a point charge. In general the branes carry tensions which appear as 4D cosmological
constants, Ay . Recalling the form of the induced metric v/§ = 1/g/gss, these appear in the
action as

1 68 g
Pr L Ay bz — 2 = T, =—22 = I (A §(z—R)+ And(z — R)).
[0\ M = ) = e = g (And(e — ) + Az~ )
(A.6)

A.2 RS as an orbifold

To better understand the physics of the brane cosmological constants, it is useful to represent
the interval with an orbifold S'/Z,. This is simply the circle y € [, 7] with the identification
y = —y. While this may sound somewhat exotic, such compactifications are common in string
theory, and was the original formulation of the RS scenario. Note that y can take any value due to
the periodic identification of the circle, while the fixed points at y = 0, 7 demarcate the physical
RS space.

The orbifold identification forces us to modify (A.5) by replacing z — |z| to preserve the
z <» —z symmetry. This absolute value, in turn, leads to J functions in A”(z) at the fixed points,

2k? n 4k
(k|z| + const)? = k|z| + const

A(z) = — (6(z— R) — 6(z — R)). (A7)

The pv Einstein equation then implies

3 Ak (0 —R) =0z = R))] _ nw [Awd(z — R) + Awd(z — R (A.8)
g k|z| + const - 2M3 k|z| + const '
From this we see that the brane cosmological constants must have opposite values,
Aoy = —A = 12EM3. (A.9)

Recall, further, that & is related to the bulk cosmological constant by (A.5), so that this represents
a tuning of the bulk and brane cosmological constants. This is a necessary condition for a static,
gravitational solution. Physically, we see that the brane and the bulk cosmological constants are
balanced against one another to cause the brane to be flat.
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A.3 Bulk Fermions in RS

The properties of fermions in a curved space can be subtle. In particular, it’s not clear how to
generalize the usual Dirac operator, 1y#0,. In this appendix we review properties of fermions in
an extra dimension and then derive the form of the fermion action in RS.

A.3.1 The fifth v matrix

Firstly, unlike in 4D where the fundamental fermion representation is a Weyl spinor, 5D Lorentz
invariance requires that fermions appear as Dirac spinors. A simple heuristic way of seeing this is to
note that in 4D one can construct a 4°> ~ 4% ---~3 as a linearly independent chirality operator. In
5D, however, ~°, is part of the 5D Clifford algebra and is just a normal v matrix in the z-direction.
Note that the normalization of ° is fixed by {7°,7°} = 21°® and has a factor of ¢ compared to the
usual definition in 4D. One should immediately be concerned: if the 5D fermions are Dirac, then
how does one generate the chiral spectrum of the Standard Model matter? As we show below, this
follows from a choice of boundary conditions. An excellent reference for the properties of fermions
in arbitrary dimension is [236].

A.3.2 Vielbeins

In order to write down the fermionic action, we first need to establish some differential geometry
so that we may write the appropriate covariant derivative for the spinor representation. We will
be necessarily brief here, but refer to [237-239] for the interested reader3!.

The familiar v matrices which obey the Clifford algebra are only defined for flat spaces. That
is to say that they live on the tangent space (locally inertial frame) of our spacetime manifold.
In order to define curved-space generalizations of objects like the Dirac operator, we need a way
to convert spacetime indices M to tangent space indices a. Vielbeins, eZ(az‘), are the geometric
objects which do this. The completeness relations associated with vielbeins allow them to be
interpreted as a sort of “square root” of the metric in the sense that

gun(z) = €4,(x)el ()10, (A.10)

where 1, = diag(+, —, -, —) is the Minkowski metric on the tangent space. For our particular
purposes we need the inverse vielbein, e (z), defined such that

eM(z)es (z) = My eM(z)el(x) = 6,°. (A.11)
Spacetime indices are raised and lowered using the spacetime metric gy, n(x) while tangent space
indices are raised and lowered using the flat (tangent space) metric 7,(x).

Physically we may think of the vielbein in terms of reference frames. The equivalence principle
states that at any point one can always set up a coordinate system such that the metric is flat
(Minkowski) at that point. Thus for each point x in space there exists a family of coordinate
systems that are flat at x. For each point we may choose one such coordinate system, which we call
a frame. By general covariance one may define a map that transforms to this flat coordinate system
at each point. This is the vielbein. One can see that it is a kind of local gauge transformation, and
indeed this is the basis for treating gravity as a gauge theory built upon diffeomorphism invariance.

31For a beginner-friendly introduction, see [240] or your favorite general relativity textbook.
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A.3.3 Spin covariant derivative

The covariant derivative is composed of a partial derivative term plus connection terms which
depend on the particular object being differentiated. For example, the covariant derivative on a
spacetime vector V* is

Dy VYN = oy VN + T, VE (A.12)

The vielbein allows us to work with objects with a tangent space index, a, instead of just spacetime
indices, p. The v matrices allow us to further convert tangent space indices to spinor indices. We
would then define a covariant derivative acting on the tangent space vector V¢,

Dy V® = 0V + i VP, (A.13)

where the quantity w$,, is called the spin covariant derivative. Consistency of the two equations
implies

Dy Ve = e Dy VY. (A.14)

This is sufficient to determine the spin connection. It is a fact from differential geometry that the
spin connection is expressed in terms of the veilbeins via [241]

a 1 a b 1 a b c
Wb = égRPeg%(?[Me}l] - ZgRPgTSeB%eTla[sep}eﬁ/[ncd (A.15)
1 1 1
= §eN“ (Omely — Onely) — §er (Omey — Onely) — §eP‘16Rb (Opere — Oregre) €4- (A.16)

When acting on spinors one needs the appropriate structure to convert the a,b tangent space
indices into spinor indices. This is provided by

1

o = 1 Dias 0l (A17)

so that the appropriate spin covariant derivative is

1
DM = 8M + 5&]%0’@. (A18>

A.3.4 Antisymmetrization and Hermiticity

The fermionic action on a d-dimensional curved background is?
S = /ddx lg| ¥ (w%am - m) v, (A.19)

where the antisymmetrized covariant derivative is defined by a difference of right- and left-acting
derivatives

Dy = LDy — 2507, (A.20)

2 2

32We write \/|g| to allow for a general sign of g = det g,
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This is somewhat subtle. The canonical form of the fermionic action must be antisymmetric in
this derivative in order for the operator to be Hermitian and thus for the action to be real. In
flat space we are free to integrate by parts in order to write the action exclusively in terms of a
right-acting Dirac operator. Hermiticity is defined with respect to an inner product. The inner
product in this case is given by

QAIAE / Az \/]g| T100,. (A.21)

A manifestly Hermitian operator is Oy = % ((’) + OT), where we recall that

(0, |01,) = (O, [W) = / 'z \/Tg] 0T, s, (A.22)

The definition of an inner product on the Fock space of a quantum field theory can be nontrivial
on curved spacetimes. However, since our spacetime is not warped in the time direction there is
no ambiguity in picking a canonical Cauchy surface to quantize our fields and we may follow the
usual procedure of Minkowski space quantization with the usual Minkowski spinor inner product.

As a sanity-check, consider the case of the partial derivative operator J, on flat space time.

The Hermitian conjugate of the operator is the left-acting derivative, & , by which we really mean
/ddl'\ll_laT\Ifg == <\I/1|8L\I/2> == <8M\I/1|\Ifg> == /ddI 8M\I/1\I’2 == /ddl'\lf_lgu\llz == /ddl‘\ll_l(—au) \112.

In the last step we've integrated by parts and dropped the boundary term. We see that the
Hermitian conjugate of the partial derivative is negative itself. Thus the partial derivative is not
a Hermitian operator. This is why the momentum operator is given by ﬁu = 10, since the above
analysis then yields ]—C’J = Pm where we again drop the boundary term and recall that the 7 flips
sign under the bar.

Now we can be explicit in what we mean by the left-acting derivative in (A.19). The operator
ieM~y2Dys is not Hermitian and needs to be made Hermitian by writing it in the form Oy =

% (O + OT). Thus we may write a manifestly Hermitian Dirac operator as,
0 : — 11 - M _a 1 - M _a T
U (Dirac) ¥ = ¥ B (ie)' v Dar) + 5 (ie)' " Dar) | ¥ (A.23)
_ @%e%aDM\y - %e%aDMw, (A.24)

where we've used the fact that e is a real function with no spinor indices. The second term on
the right-hand side can be massaged further,

Yo Dy WU = \IITﬁMW“WO\IJ = \IJT(% + whe oty 1w = ﬁmyaﬁ/ = Wv“m\l/. (A.25)

Note that we have used that yMT = 49940 and, in the last line, that [0%¢,7%] = 0. Putting this
all together, we can write down our manifestly real fermion action as in (A.19),

S = /ddas lg] ¥ (ief‘f’y“m — m> G (A.26)

- / iz \/]g] (%@%CLDM\IJ - %DM\Ife%a\p - mm/) . (A.27)
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All of this may seem overly pedantic since integration by parts allows one to go back and forth
between the ‘canonical’ form and the usual ‘right-acting only’ form of the fermion kinetic operator.
Our interest, however, is to apply this to the Randall-Sundrum background where integration by
parts introduces boundary terms and so it is crucial to take the canonical form of the Dirac operator
as the starting point.

A.3.5 Application to the RS background

We now apply this machinery to the RS background. The vielbein and inverse vielbein are

a R a <
et (z) = ;(SM eM(z) = E(Séw (A.28)

We may write out the spin connection term of the covariant derivative as

1 1 oy 4
Wit = 59" erduicy + 199" ehepdlschelima. (A.29)
) )

This can be simplified using the fact that the vielbein only depends on z. The first part is

I
Wif() = 5200, (A.30)

; b _ _1.b55 : MN,a ;b _ oab Qi
where we've used dyep = —-epdy, and the completeness relation g™ Vef el = n®. Similarly,

with some effort the second part is given by
a 1 a ¢b

These vanish identically for M = 5. We can now write out the spin-connection part of the covariant
derivative,

1w 1/1 @ o] 1 1 5
§WMUab = 5 (;5]\455 o ZL [’Ym%] = E (’YM’Y5 + 5M) ) (A-32)

where we've inserted a factor of 63, to cancel the (75)? when M = 5. Finally, the spin connection
part of the covariant derivative is

1 1
éwﬁgaab =5 (”yM% + 5%) (A.33)

so that the spin covariant derivative is
0, + L if M =
Dy = { RO " (A.34)

For all of the geometric heavy lifting we’ve done, we are led to an anticlimactic result: the spin
connection drops out of the action,

i (R\"' [— 1— 1
S = / d°x 3 (;) (\II7M§>M\IJ + LYY - E%%W‘I"P) : (A.35)
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The two spin connection terms cancel since 7,7 y*¥W¥ = @7#757“\11, so that upon including a bulk
mass term,

. 4 . 5 . 4
§ = /d5w% (E> T M oW — /d%f (E) mUW = /d%f <5> T (’YMyM -2,
z 2\ z 2\ z z

(A.36)

where ¢ = mR = m/k is a dimensionless parameter that is the ratio of the bulk mass to the
curvature and

Before we can dimensionally reduce the action straightforwardly, we must write the Dirac
operator to be right-acting, i.e. acting on U, so that we can vary with respect to ¥ to get an operator
equation for W. Obtaining this is from (A.36) is now a straightforward matter of integration by
parts of the left-acting derivative term. Note that it is crucially important that we pick up a
derivative acting on the metric/vielbein factor (R/z)*. We would have missed this term if we had
mistakenly written our original ‘canonical action,” (A.19), as being right-acting only.

The integration by parts for the M = u =0, - - - | 4 terms proceeds trivially since these directions
have no boundary and the metric/vielbein factor is independent of x#. Performing the M = 5
integration by parts we find

R 4
— 2

S = /d%/ dz (g) v (z& +i7°0, —i=v" — g) ¥ + (boundary term)| . (A.37)
/ z

The term in the parenthesis can be identified with the Dirac operator for the Randall-Sundrum
model with bulk fermions. The boundary term is

(boundary) = (R/z)4 (wx — X@) Z , (A.38)

where we’ve written out the Dirac spinor ¥ in terms of two-component Weyl spinors x and . This
term vanishes when we impose chiral boundary conditions, which we review in the next section.
In terms of Weyl spinors this gives

ool (B 050w

where we use the two-component slash convention 7 = v,6", ¥ = v,0".

A.3.6 Chiral boundary conditions

The vector-like (Dirac) nature of 5D spinors is an immediate problem for model-building since the
Standard Model is manifestly chiral and there appears to be no way to write down a chiral fermion
without immediately introducing a partner fermion of opposite chirality and the same couplings.
To get around this problem, we can require that only the zero modes of the 5D fermions—those
which are identified with Standard Model states—to be chiral. We show that one chirality of zero
modes can indeed be projected out, while the heavier Kaluza-Klein excitations are vector-like but
massive.

We can project out the zero modes of the ‘wrong-chirality’ components of a bulk Dirac 5D
fermion by imposing chiral boundary conditions that these states vanish on the branes. For left-
chiral boundary conditions, v» = 0 on the branes, while for right-chiral boundary conditions, x = 0
on the branes. These boundary conditions force the ‘wrong-chirality’ zero mode to be identically
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zero everywhere. Thus we are guaranteed that both terms in (A.38) vanish at z = R, R’ for
either chirality. Imposing these chiral boundary conditions is equivalent to the statement that the
compactified extra dimension is an orbifold. This treatment of boundary conditions for interval
compact spaces was first discussed from this viewpoint in [120].

A.3.7 KK Decomposition of RS Fermions

Some care is necessary to dimensionally reduce the fermion equation of motion coming from (A.39):
this is a matrix equation in Weyl spinor space with off-diagonal elements. Analogously to what
we are used to in flat 4D space, one may ‘square’ the warped 5D Dirac equation to obtain a scalar
equation of motion that is diagonal. For convenience, define the conjugate Dirac operators

2 _ 2
D =iyMoy —i=n® — = D=iyMoy —i=n" + < . (A.40)
z z z z
One recognizes at S = [ d*z dz(R/z)*¥DV. Decompose the 5D Dirac fermion ¥(z, z) in the usual

way,
1 o0
U(z,2) = 75 ; T () f(2) . (A.41)

Our trick is to apply D to the equation of motion DV (x, z) = 0. The combined ‘squared’ operator
DD is
AAxc—6

PD — ((DD) (DD)s — 8 — 3 + gaz 25 (A.42)

<m>>+)

Applying this to a Kk mode®® f(™(z) gives an expression that is equivalent to the equation of
motion. Multiplying by (R/z)*—which is non-singular over the RS interval (R, R’')—for convenience

and using 9> = —p? = —m?, we have
R\* 4 Axc—6
(—) (—mi — 02+ -0, + —2) fM(2)=0. (A.43)
z z z

This can now be solved to yield the KK profiles f((z). One may confirm that this is a Sturm-
Liouville equation of general form (3.43) with the following parameters:

p<z>:(5)4 q<z>=—(5)4°’2iL6 w<z>=(5)4 A=md . (AAd)

z z 22

From the Sturm-Liouville orthogonality relation (3.44), we find that the fermion profiles satisfy

I (5)4f<"><z>f<m><z> = G- (A45)

z

Compare this to the orthonormality condition for the scalar field, (3.41).

33We have implicitly applied to the entire KK tower in (A.41) and then used the orthogonality of solutions.
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The general solution of the equation of motion (A.43) is then fixed to a unique solution using the
normalization condition (A.45) and boundary conditions on the UV and IR branes. For example,
the profile of a bulk fermion in RS,

e - e ) mrnetn,

where U (x) is a canonically normalized 4D field and Py, is the usual left-chiral projector. The
term in the square root is a flavor factor that is often written as f..

A.4 Gauge fields in RS

We now move on to the case of bulk gauge fields. See Section 2 of [76] for a brief, pedagogical
discussion of gauge fields in a compact, flat extra dimension. We follow the approach of [242],
though we adapt it to follow the same type of derivation espoused above for the fermion propagator.
The bulk action is

1
Sy = /d4xdz V9 [—ZFMNFMN + (brane) + (gauge ﬁxing)} (A.4T)

To derive the propagator, we would like to write the kinetic term in the form A,;OMN Ay so
that we may invert the quadratic differential operator OM¥ . This require judicious integration by
parts including the (R/z) factors from the metric and the measure, \/g. The relevant integration
is

—R

—FMNFu N = 1 [ANaM (EaM> Ay — ANoM (EaN) Ay — oM (
4z 2 z z

gANa[MANO] , (A.48)
where the last term integrates to a boundary term. Observe that this boundary term vanishes
for both Dirichlet and Neumann boundary conditions so that it vanishes for y — v and 5th
component scalar propagators. It does not vanish, however, for the case of vector—scalar mixing.
For simplicity, we will drop the term here in anticipation that it will be removed by gauge fixing.
With this caveat, the above integration becomes

—R
ZFMNFMN - AH

E {8277‘“’ — 20, (lﬁz) nt — 8“8”} A, + A5E(928“AH — A5£82A5 .
2z z z 2z
(A.49)

This is now in the desired form: we can read off the quadratic differential operators which encode
the propagation of the 5D gauge bosons. Observe that we have a term that connects the 4D vector
A, to the 4D scalar A;. We prefer to work with these as separate fields. This term is removed by
a judicious choice of gauge fixing.

A.4.1 Gauge fixing

We must now gauge fix to remove the gauge redundancy which otherwise appears as unphysical
states in the propagator. Ideally we would like to pick a gauge where the scalar vanishes A; = 0
and the vector has a convenient gauge, say, Lorenz gauge 9,A" = 0. Unfortunately, these gauges
are incompatible. Intuitively this is because we only have a single gauge fixing functional to work
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with in the path integral so that we are allowed to set at most one expression to vanish. Instead,
motivated by the desire to cancel the vector-scalar mixing in (A.49) and to recover the usual R
gauge in 4D, we choose a gauge fixing functional

2
L gage fix = — (R) T [a AP — €20, GAE,)} (A.50)

We have introduced a gauge fixing parameter £ which will play the role of the ordinary R, gauge

fixing parameter in 4D. We can integrate by parts to convert this to the form AMOgauge ax AN,

ﬁgauge fix — Au2—§—3 (9 A A5—8 8“A + 145€ It 2 {z@z <§A5>:| . (A51>

Observe that the second term here cancels the unwanted mixing term in (A.49). Summing this
together with the gauge kinetic term gives a clean separation for the kinetic terms for the gauge
vector and scalar:

1 1
Lgauge + Loauge fix = A E { o — (1 — g) o'9” —nM'20, <;az):| A,

"9z
1
A Ay Ao, {zaz (A)} (A52)
2z z
1
= AﬂéO“”Ay + A5§O5A5. (A53)

As above, now that we have the action written in terms of right-acting operators on the gauge
fields. The 5D equations of motion are simply

O“VAV — 0 05145 — 0 . (A54)

We now proceed to do a KK reduction to determine the KK mode properties.

A.4.2 KK Decomposition of RS Gauge Bosons
Define the KK reductions of the 5D A, and Aj fields,

J;Z:L ) ()™ (2 xz:L ™) ()R (2
Ay(z, 2) @;AM (@)h™™(2) As(, 2) \/E;f% (z)hs " (2) - (A.55)

For the n' KK mode, we know 024" (z) = —p?A[" (z) = —m2 A" (z), defining the mass of the
KK mode, m,. Taking the £ = 1 gauge for simplicity, the equation of motion for the n'" KK mode
is a differential equation for the KK masses and profiles,

(g) {—mi — 20, Ga)] R (z) = 0. (A.56)

This is Sturm-Liouville equation of generic form (3.43). where in the case of h™ we identify

(A.57)
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The Sturm-Liouville weight, w(z), defines the orthonormality relation (3.44),
dz R
/ _Z_h VRO (2) = G (A.58)

Observe that the weight differs from that of a scalar field, (3.41), or a fermion (A.45). The general
solution for the n'" Kk mode profile of a bulk gauge field is

A (2) = azJy(myz) + bzYi(my2), (A.59)

where J, and Y, are Bessel functions. The n = 0 modes are constant.

A.4.3 The A; scalar gauge boson

We now turn to the As piece of the 5D gauge field. The equation of motion for the n'" Kk mode

of the As is
1 n5 o (n
o, [zaz (;h@)} + %hg ) (A.60)

One could follow the same analysis as above, but it turns out that there is a convenient shortcut
if we compare this to (A.56). Let us make the ansatz that

hén)(z) = miﬁzh(")(z) m?2 s =m? . (A.61)
One can confirm that this is a solution to the equation of motion by applying (A.56) and choosing
& =1 for consistency with our gauge choice for A,,.

The results are general for any &, and indeed one recognizes that the equations of motion for
the A, and A5 KK modes mirror that of massive gauge bosons and the Goldstone modes that they
eat in a spontaneously broken gauge theory. This is manifest, for example, in the £&-dependence in
the A5 KK mass. This behavior is not a coincidence and is, indeed, predicted from the perspective
of the extra dimension as a deconstruction with many copies of the gauge group spontaneously
breaking into the symmetric combination, see Section 4.6. To be explicit: the n'® KK vector, Aftn)
with n > 0, can be understood as the gauge boson of its very own copy of the gauge symmetry.
This gauge boson, however, is massive because it picks up the KK mass m,,. We know that massive
gauge bosons have three polarizations and so expect that the longltudmal polarization came from
eating a Goldstone boson. These Goldstone bosons are precisely the A ) states. The symmetry
that was broken spontaneously is the product of gauge symmetries in the deconstruction. In
other words: a 5D gauge symmetry can be thought of as a product of 4D gauge symmetries:
Gsp = Gyp X Ggp X ---Gyp. The compactification of the extra dimension breaks G, — Gyp in
such a way that the Aén)s are the Goldstone bosons. In unitary gauge, & — oo, the Aén) fields
decouple, but in general one must include them as internal states in calculations.

For the Standard Model gauge fields one selects boundary conditions where the scalar zero
mode A(50) vanishes. However, one can also realize the Higgs as the fifth component of a 5D
gauge field whose 4D vector piece has no zero mode [243-245]. The realization of this gauge-Higgs
unification scenario in Randall-Sundrum is dual to composite Higgs models [157,246,247] in the
sense described in Section 3.9.5. With this application in mind, the zero mode profile of the Ajs is

hgo)(z) =az+bzlogz . (A.62)

The proportionality to z means that such a field is peaked sharply on the IR brane and is indeed
phenomenologically suitable to be a Higgs.
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A.4.4 Gauge boson masses and profiles

A sMm gauge field must have a zero mode (which is identified with the sM state) so that it must
have Neumann boundary conditions (BC). Using the formulae for derivatives of Bessel functions

and (A.59), we find
Yo(mnR)Jo(m,R') = Jo(m,R)Yo(m,R'), (A.63)

where m,, is the mass of the n'" Kk mode. We know that m,, ~ n/R’ and that R < R’. Thus
my, R =~ 0 for reasonable n. Now invoke two important properties of the Jy and Y, Bessel functions:

1. Jo(0) =1 and |Jo(z)| < 1.
2. Yo(x — 0) - —oo and |Yo(x > y1)| < 1 where y; is the first zero of Yy(x).

From this we see that the left-hand side of (A.63) is very large and negative due to the Yy(m, R)
term while the right-hand side is a product of terms that are O(1) or less. This implies that
Jo(m,R') =~ 0. In other words, the KK masses are given by the zeros of Jy. The first zero is
xr1 = 2.405 so that the first KK gauge boson excitation has mass m, ~ 2.4/R’. The solution for
the the n'" KK mode profile of a SM gauge field is thus

" (2) = Nz [Yo(mnR)Jy(mnz) — Jo(m, R)Y:(my,2)] . (A.64)

The normalization is fixed by performing the dz integral and requiring canonical normalization of
the zero mode 4D kinetic term,

/d4x dz/gFunFpog™t g™ = /d4m dz §F(0)(a:)WF(O)(m)“” [h(o)(z)]2 +-- (A.65)

This gives N ~V/2 = Rlog R'/R.

Finally, for the W and Z bosons, the Higgs VEV on the IR brane changes the boundary con-
ditions so that the zero mode profile is not flat. Heuristically it introduces a kink on the profile
near the IR brane. Since Mz < my, we may treat this as a perturbation to my = 0 so that the Z

boson profile is [248]

h(ZO)(z) I [1 — %% <z2 —22%log i)} ; (A.66)
V/RIogR'/R 4 R

and similarly for the W.

A.5 Caution with finite loops

One should be careful when calculating loop diagrams in theories with extra dimensions. When
one calculates a finite loop, say a dipole operator, naive application of effective field theory suggests
taking only the lowest KK mode and letting the 4D loop momentum go to kK — oo. This, however,
can lead to erroneous results since the loop integral runs over all momenta, including those in the
fifth dimension. Only integrating over the 4D directions removes terms that scale like k?/M?2,
which would otherwise make an O(1) finite contribution. This can appear as a dependence on the
order in which one does the 4D loop integral versus KK sum; this discrepancy has appeared in
the RS gg — h production calculations [249]. One way to avoid this problem is to work in mixed
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position-momentum space [242]. This was used to calculate RS constraints from f — f'vy [250,251]
and the muon magnetic moment in [252]. These references include Feynman rules for performing
mixed space calculations. For a recent explanation of the subtleties of 5D dipoles and the resolution
to puzzles in the previous literature, see [253]. In particular, Section 3 of that paper shows how to
quickly estimate the size of 4D couplings from overlap integrals.

B The CCWZ Construction

The general theory of Goldstone bosons is described in the papers by Callan, Coleman, Wess,
and Zumino (ccwz) [121,122]. In this appendix we summarize the CCWZz procedure and identify
key aspects that are often referred to in the composite Higgs literature. See §19.5 — 19.7 of [123],
§2.3 of [135], or the introductions of [254,255] for more pedagogical and explicit discussions, the
relevant sections of [127], or [256,257] for more depth on how this procedure is applied to the chiral
Lagrangian. Since this discussion can be somewhat abstract, we shall include boxes relating each
section to the example of chiral perturbation theory (xPT) from Section 4.3.

The cCWZ construction is a systematic way to write down the interactions of a theory in which
a global symmetry G spontaneously broken to H. The G symmetry is thus nonlinearly realized
and one can write a theory of Goldstone bosons, as we reviewed for xPT in Section 4.3. CCWz
goes beyond this by also providing the ingredients for how to couple non-Goldstone fields to such
a theory.

B.1 Preliminaries

Suppose a Lagrangian is invariant under a global symmetry G, but that G is spontaneously broken
to a subgroup H C G by some order parameter v9. We assume that 1)y is the VEV of some field,
Y (z), that transforms as a linear representation of G,

(x) = gi(z) . (B.1)

The statement that 1y spontaneously breaks G — G/H means that for any h € H, hig = 1.

The spontaneous symmetry breaking pattern G — H implies the existence of dim G — dim H
Goldstone bosons that take values on a vacuum manifold. This manifold is the coset space G/H
(‘G mod H’). In particular, the left coset space G/H is an equivalence class of elements g € G
modulo elements h € H, g ~ gh. In other words, any element in g is equivalent to another element
¢’ if there exists an h such that ¢’ = gh. Note that in general G/H is not a group.

XPT coset space. For case of two flavors, G = SU(2)1, x SU(2)g and H = SU(2)y, the diagonal subgroup. Let
us choose 1(x) to be a field transforming in the bifundamental of SU(2),xSU(2)g. This means that it can be
represented as a 2 X 2 matrix where the linear transformation (B.1) is represented by

Y(x) = gr(z)gg' (B.2)

for gz, g are matrices in the defining representation of SU(2), . One could also have written this as a ma-
trix acting on a column vector, ¥'(z) — ¢(gr,gr)ij1’ (), which more closely matches (B.1). However, the
bifundamental representation is convenient since the transformation is more intuitive.

103



B.2 Decomposition of the Algebra

The generators of G' can be divided between two classes: T* which generate the unbroken group
H, and X® which do not. This is called the Cartan decomposition. The generators satisfy the
following commutation relations for some structure constants f:

[T%,T7] = ifo*T*" (B.3)
[T7, X°] = if P XxP (B.4)
(X XP] =i fofkTh 4 fofr X (B.5)

The non-trivial commutator (B.4) is derived by making use of the Cartan inner product for two
generators, (A|B) = Tr(AB), and the fact that the H and G/H algebras are orthogonal, (T'|X) =
0. Using the cyclicity of the trace, one finds

(T'[T7, X°]) = (T[T X*) = (T"|X°T7) = ([T, ]| X*) = i f"(T*|X*) = 0. (B.6)
This proves that [T%, X?] is a series of only the X generators. The commutation relation (B.4)
can be interpreted as defining the action of the subgroup H on a set of matrices X; it thus implies
that the X's furnish a linear representation of H.

If, additionally, there exists a parity transformation P such that P? = 1 and P([g1, ¢»]) =
[P(g1), P(g2)] and further such that P(X) = —X and P(T) = +T, then one can further restrict

(X, XP] =4 forkpk, (B.7)

In this case, the coset G/H is a symmetric space.

XPT algebra. The generators of the SU(2) algebra are 7/ = $o*, for i = 1,2, 3. These satisfy

|:7‘£,TJ} = ig¥krk [T}’%,Té} = ig¥krk [Ti,T;%} =0. (B.8)

We may re-organize these into generators of the broken symmetry, X = 74 = 7¢ — 7'}%, and the unbroken
symmetry, I’ = 7{, = 7; + 7. For convenience we only use lowercase Roman indices. One may check that

[T‘i/, Tj} = ikl {TA,Tﬂ = jglikrl [T‘Z,Tj} = jgikrk (B.9)
We see that a special result of chiral symmetry breaking is that [X, X] ~ T without any component in the
broken algebra. This is because SU(2)r, xSU(2)g is a symmetric space with parity transformation P = 71, <> 7g.
The observation that the algebra of the broken generators does not close is the reason why SU(2)4 is not a
properly subgroup of of SU(2);,xSU(2)gr. A general transformation is parameterized by pairs of 3-vectors,
(v,a). The action on the bifundamental field ¢(x) is

Y(x) — e VFTY ()T VAT (B.10)

B.3 Decomposition of the Group

The distinct G elements ghy, ghs, ghs,... € G are all identified with the same element of G/H.
For each element of G/H, it is useful to pick a representative element of GG, which we denote g.
Then any group element g € G may be written in the form g = gh, for some h € H. Further, for
a compact and connected group, one may further write each of ¢ and h as an exponentiation of
elements of the algebra, so that for any g € G,

g =X T = 5(6)h(u) . (B.11)
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B.4 Decomposition of the Linear Representation

Suppose we have a field ¢(z) which transforms as a non-trivial linear representation of the group
G. This field contains the Goldstone degrees of freedom associated with the broken generator
directions in field space; that is, the field directions with a flat potential that transform . Let
us define an object y(z) € G that factorizes ¢ (z),

(x) = y(@)p(z) , (B.12)

in such a way that @Z(:p) contains no Goldstone degrees of freedom. Indeed, if one were to ignore
all ‘radial’ (massive) excitations of ¢(z), one may pick this to be the VEV, ¢ (z) = 1, so that v(z)
is simply the transformation from vy — v (z). By the invariance of 1)y under H transformations,
~(x) is only defined up to right multiplication by any h € H. In other words, we may identify
~(z) with the representative element 4(z) which is chosen to be the exponentiation of only broken
generators, analogously to g above. We may now drop the hat on 4 for notational clarity. Let us
suggestively call the transformation parameter 7(z),

v(z) = 7 [1] = ™ @X7 (B.13)

The 7%(x) are to be identified with the Goldstone bosons. We leave it dimensionless, remembering
that the pion field with canonical mass dimension can be restored by taking 7%(x) — 7%(x)can/ f-

Suppose the Lagrangian of the theory with respect to the linearly represented field i (z) is
written in terms of ¢ (x) and 0v(x). G-invariants formed out of only ¢ (z) don’t contain the
Goldstone fields, while those made of 0¢(x) do. 9Y(z) can be written in terms of ¢y and the
Goldstone fields using (B.12) and (B.13),

B (x) = [0, + 77 (8,7)] ¥, (B.14)

where we’ve suppressed the = dependence of 7. Without loss of generality, we can write y19,y =
719, in terms of the broken and unbroken generators,

Y0y =D X +iE T (B.15)
Dj = D ()9, n” (B.16)
E, = E¥(m)0,n". (B.17)

In the case of a symmetric space, the parity operator, P, gives a short-cut to express the Dz‘(x)
and B/ (z). P takes X — —X and T — T'. From this we sece that it takes, y[r] = y[—7] = v '[n]
and thus v7'9,7 — v9,7~'. We may thus take the sum and difference of (B.15) with its parity
conjugate to derive

DR X" =

(v 'Oy +7077") (B.18)

ipi L
(v 'Oy —0,77Y) BT = 3

N | —

General decomposition of 7719y into D and E. The general decomposition (B.15) uses the identity

1
6uei7r'X = Z'auﬂ'a/ ds ei(l_s)ﬂ—'XXaeiSﬂ-.X (Blg)
0
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and the Baker—-Campbell-Hausdorff (BCH) relation,
Ap, —A 1
e” Be :B+[A7B]+§[A,[A,B]]+-~- , (B.20)

to show that you end up with an expansion in the Xs and T's:

1
'Y_lau’}/ — i@,ﬂra(x) e—iﬂ(m)-X / ds ei(l—s)ﬂ(z)-XXaeiSﬂ(m)~X (B21)
0
1
= i0,m%(x) / ds e~ 1@ X xorgism(a)-X (B.22)
0
1 52
= 10,7 (x) / ds X —is[m(x) - X, X — 51 [ﬂ'(x) X () X, X 4 (B.23)
O .

From this last line we invoke the algebra with respect to the Cartan decomposition, (B.5), which tells us that
=10, is indeed composed of a series of terms in both the broken and unbroken algebras. See §2.8 of [255] for
a compact expression. These identities are derived in textbooks on the representations of Lie groups.

XPT linear representation. We use the field ¢(z) transforming in the bifundamental of SU(2);,xSU(2)g,
(B.2). The factorization of the linearly realized field ¥ (z) into a Goldstone piece and a ‘radial’ piece, (B.12), is

(@) () = @ (7’(615) 0 )) gim@T (B.24)

r(x

where we represent 15 (x) as the unit 2 X 2 matrix times a scalar function, r(z) 1x2, which represents the radial
(massive) degrees of freedom. We may replace ¢(z) with the VEV, o9 = (r(z)) Loy = flaxs. Observe that we
have explicitly written the left- and right-acting parts of the transformation in the broken (axial) direction so
that this is simply (B.10) with a = 7(z). Taking J(x) — g, and peeling off the 1y and corresponding f, one
obtains y(x) = exp (2im(x) - 7). Since this is a symmetric space, (B.18) straightforwardly gives an expression
for the D and E.

B.5 Transformation of the Goldstones
B.5.1 Transformation under a general group element

We would like to see how the 7%(z) transform under the global group G. We can derive this
implicitly from the transformation of the linear field ¥(z) — g¢»(z) using (B.12) and (B.13). The
decomposition of a general group element g in (B.11) tells us that there exist 7’ and «’ such that

g(x) = g™ X h(z) = ™ X e T(x), (B.25)

where the primed fields are, in general, nonlinear functions of g and m(z), that is 7’ = 7’(g, 7) and
v =u(g,m). We may write this as

(@) = A [l )i () | (B.26)

from which we may interpret an induced H-transformation on the Goldstone-less field 1}?(3:)

() = (x) = hluo(z) (B.27)
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and an accompanying implicitly defined transformation of the Goldstones, 7(z) — 7'(x). Both the
J (x) and 7(z) transformations have a messy dependence on 7 and g. We can now appreciate what
the non-linear®! realization has bought us: we now have a transformation rule for the Goldstone-
less field 1;(1;) which realizes the full symmetry group G as a non-linear representation of the
unbroken symmetry group H. If 1;(3:) = 1) is the order parameter for this symmetry breaking,
then it is H-invariant. However, the decomposition 1(z) = ~[x]¢(x) holds for general fields and
the transformation law (B.27) is thus way to write the transformation law of a field ¢ without
reference to its linearization ¢. In low energy QCD, for example, this can be used to describe the
interactions of nucleons with pions.

B.5.2 Transformation under H

The story is different for a transformation under the unbroken group, H. In this case, the Gold-
stones transform linearly with respect to the algebra of H. This serves as a useful counterpoint
to the non-linear representation of general GG transformations above. To see this, let us transform
the field ¥ (x), a linear representation of GG, by an element h € H. We again make use of the
decomposition (B.12),

hip(x) = hA[m]d(x) = halm] A~ h (@) (B.29)

where in the last step we have inserted 1 = h~'h. Observe that this is of the form (B.26) with

(@) = ¢ (x) = hib(x) Y] = Aln'] = hyla]h (B.30)

The 7 transformation, in particular, is a linear representation of H. This can be seen by invoking
the algebra of the Cartan decomposition, (B.5), which states that the commutator of a broken and
unbroken generator is proportional to the broken generator, [T, X] ~ T'. Using this relation in the
BCH formula (B.20) shows that

hX°h™ = Ry X" € G/H . (B.31)

From this it is clear that (B.30) is a linear representation of the unbroken group H acting on the
Goldstone fields that live on the space of broken generators®.

XPT pion transformations. Let us demonstrate this for SU(2),xSU(2)g —SU(2)y. We showed above that
the (un-)broken generators are parameterized by 3-vectors a (v) such that the transformation of a bifundamental
field ¥ (x) by (v,a) is (B.10). Further, the decomposition ¥(x) = 7[71']1;(3:) corresponds to (B.24). The
transformation ¢ (z) — gy(z) is thus identified with

o i(v+a)-r imr [ T\X 0 im-T  —i(v—a)-T
gv.a [l (z) = VT Te ( (0) r(x)) e TeTi v (B.32)

34The meaning of ‘non-linear’ is more clear when contrasted with the case of a linear transformation, for which
'7[7(] — glin'}/['ﬂgl;nl = V[Rab’fra] ) (B28)

for some linear representation R of the algebra of a linearly realized group Giiy.
35To make this more clear, one may expand ~[r] as a power series and insert 1 = h~'h so that X" =
Xh7hX ---h71hX, from which point one may use (B.31) to prove the linearity of (B.30).
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When we specialize to the case of a purely vectorlike (unbroken) transformation, a = 0, we may insert factors
of 1 =e "V'7e"™'™ to see that the 7 transforms linearly,

o _ [iveT imeT  —iveT iveT 7’(.73) 0 —iv-T VT _ATT  —iVeT
hoy[mle(z) = [e™V e e | e ( 0 r(x)) e [V Te ™ Te ], (B.33)
where each bracketed term can be written as [---] = ei”/'T, and the matrix in the center is unchanged. By

comparison, for a general transformation gy o the best we can do is to insert 1 = h‘;lh; for some v(, g) such
that it implicitly defines 7’ by

0 _ i(v4a)T imT  —iV-T JiVT T‘(IE) 0 —iv-T VT jimeT ,—i(v—a)-T
gvay[TY(z) =€ e e e < 0 r@) e eVTe™ e (B.34)
— in T ’I"(JU) O i’ T
=e ( 0 r(x)) e . (B.35)

Here v(m, g) is defined such that this relation is true. Thus our general transformation is realized non-linearly,
where m — 7’ is now complicated and hg is the H transformation that non-linearly realizes G.

B.6 From Linear to Non-Linear

From a linear UV theory, we have identified the Goldstone fields and can integrate out the massive
‘radial’ modes to obtain a low-energy Lagrangian by taking ¢ (z) — . Effective field theory tells
us that this UV theory wasn’t necessary to construct the low energy theory of Goldstone bosons.
So once we have a theory of Goldstone interactions, we may remain agnostic about the specific
UV completion of the theory®S. Prior to the discovery of the Higgs boson—a linear UV completion
of the theory of the Goldstone bosons eaten by W* and Z——the reason why experiments like LEP
could make precision measurements of the sM without knowing the details of the Higgs is simply
that the precision measurements asked precise questions about the non-linear sigma model (NLxM)
of Goldstones that were insensitive to the particular UV completion, linear or otherwise.

There are also reasons why one might be interested in keeping around a field like ¥ (x) in the
effective theory. These radial fields can be used to introduce, say, nucleon excitations in the chiral
Lagrangian. The radial modes are identified with excitations along the VEV direction 1. From
(B.25), we see that the radial field transforms as

zz — h[u'(g,m)] . (B.36)

Thus in order to build G-invariants out of the radial fields {E, it is sufficient to construct H
invariants. Said differently, the decomposition 1(x) = ~y[r]i)(x) converts G-linear representations,

1, into non-linear realizations of G, m and .

B.7 A Low-Energy Lagrangian without the UV

Let us now return to (B.14) since we know from the Goldstone shift symmetry that the Goldstones
only appear in derivative interactions. The object g~'0g, where g = v in (B.14), is called the
Maurer-Cartan form, it takes an element of the group g € G, differentiates it—pulling out the
Lie algebra element based at g—and pulls that generator back to the group identity so that one
can compare elements of the algebra on the same tangent space.

36You can also use this in the opposite direction: if you need an aide to write down non-linear interactions of
Goldstone bosons, you can always construct a linear UV theory and decouple the radial excitations.
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The expansion of the Maurer-Cartan form into broken and unbroken generators is given in
(B.15). Differentiating the transformation rule (B.26),

90,7 + gt = (9,7[']) Wb +417'] (D) & + AT (B.37)

We have crossed out terms on each side which are identical by (B.26). Now peel off the common

factor of 7 on each term and multiply each side of this equation from the left by v~ ![r]g~! =

h=u'ly~#'] to find,

0[] = b (@R R+ A0k, (B.38)
Comparing this to (B.15), we find
iDA ] X + i B [w|T" = ih ' DS [x'|X*h~" 4 ih (B, [«']T" +i9,) h™". (B.39)
In other words, the objects D and E defined in (B.15) transform under g € G as
o ap—1
D;; = hDjh (B.40)
E = hE'h™" —ihd,h~", (B.41)

where h = h[u/(m, g)] as in (B.26). This should look very familiar: D transforms linearly and F
transforms like a gauge field. Both transform under GG through representations of H rather than
the whole group GG. This realizes the observation in Section B.6: to write Lagrangians for nonlinear
realizations of G/H, we need to construct invariants with respect to only H. The linear object D
can indeed be used to construct a simple lowest-order Lagrangian,
f2

L= ZTI‘(DMD“), (B.42)
where we’ve introduced the symmetry breaking scale f to preserve dimensionality. This should be
compared to (4.18), our derivative expansion for in chiral perturbation theory.

XPT vs. CCWZ. See §2.8 of [255] for an explicit calculation showing that the ccwz and chiral perturbation
theory leading-order effective Lagrangians are indeed the same.

What about the curious object E,? This appears to transform as the gauge field of a local
symmetry. The locality of this symmetry is inherited from the x-dependence of the Goldstone
fields m(x) and is unsurprising since the coset identification g ~ gh is local. E, is thus a ‘gauge
potential’ with respect to the unbroken symmetry H. It encodes the fact that while all symmetries
are global, the H symmetry secretly is a subgroup of the larger, spontaneously broken GG symmetry.
Indeed, differentiating (B.36)—recalling that h(u’) depends on x through its implicit dependence
on 7(z)—shows that derivatives of the non-Goldstone fields transform inhomogeneously under G.
Promoting the partial derivative to a covariant derivative, D, = 9, — 0, + iE,, ensures that

D, (x) transforms homogeneously under H.

When did H become gauged? The appearance of a covariant derivative and a gauge symmetry may seem
surprising in a system where global symmetry G is spontaneously broken to a subgroup H. The appearance of
a local symmetry, however, is not surprising since the resulting coset space G/H precisely describes a gauge
redundancy. Mathematically, the description of a ‘gauged’ symmetry is identical to that of a spontaneously
broken global symmetry. See, for example, [257] or chapter 7 of [258]. For the mathematically inclined, details
of the geometric structure of these theories are presented in [259] and [260].
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The punchline is that one can construct a Goldstone boson Lagrangian which is invariant under
the full, nonlinearly realized group G, by constructing an H-invariant Lagrangian out of D,. One
can further introduce non-Goldstone fields i[j (not necessarily related to the linear field that gets
a VEV) so long as one uses the appropriate H covariant derivative, D,, with the corresponding
‘gauge field’” £,. In this way one may include, for example, ‘nucleon’ excitations to the effective
theory.

The description above is based on a ‘standard realization’ of the nonlinearly realized symmetry,
(B.25). One of the main results of the CCwz papers was the observation that every non-linear
realization can be brought to this standard realization [121,122]. Physically, this means that no
matter how one imposes the GG/ H restriction, the S-matrix elements for the low-energy dynamics
will be identical. Explicit examples of this are presented in chapter 1v of [256]

xPT including nucleons. Explicit examples of how one may invoke the cCwz formalism to extend the effective
theory to include heavy particles can be found in chapter 1v-7 of [256], §2.3 of [254], or §2.3 of [127].
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