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Abstract: Model building in SO(10), which is the leading grand unification framework, often involves
large Higgs representations and their couplings. Explicit calculations of such couplings is a multi-step
process that involves laborious calculations that are time consuming and error prone, an issue which
only grows as the complexity of the coupling increases. Therefore, there exists an opportunity to
leverage the abilities of computer software in order to algorithmically perform these calculations
on demand. This paper outlines the details of such software, implemented in C++ using in-built
libraries. The software is capable of accepting invariant couplings involving an arbitrary number of
SO(10) Higgs tensors, each having up to five indices. The output is then produced in IATgX, so that it
is universally readable and sufficiently expressive. Through the use of this software, SO(10) coupling
analysis can be performed in a way that minimizes calculation time, eliminates errors, and allows for
experimentation with couplings that have not been computed before in the literature. Furthermore,
this software can be expanded in the future to account for similar Higgs-Spinor coupling analysis, or
extended to include further SO(N) invariant couplings.

Keywords: SO(10); C++; Higgs couplings

1. Introduction

The standard model of particle physics, including the strong and electroweak inter-
actions comprising the group SU(3)c x SU(2)_ x U(1)y, is highly successful [1-5]. One
of the important challenges for particle physicists is to determine the underlying scheme
where these forces are all unified. The aim of grand unified theories is three-fold: (1) To
accomplish these unifications; (2) to provide an understanding of the three generations
of quarks and leptons; (3) to provide an explanation of the hierarchy of their masses and
of other properties. A more ambitious goal is to extend these ideas to encompass gravity,
which requires the framework of superstring theory.

Grand unified models based on the gauge group SO(10) [6,7] have the most desirable
features. They provide a framework for the unification of electroweak and strong inter-
actions. They also allow for all the quarks and leptons of one generation to reside in a
single 16—plet irreducible spinor representation. Additionally, this complex representation
contains a right-handed singlet state, needed for the generation of neutrino masses via the
seesaw mechanism. SO(10) models also solve - in a relatively natural way - the doublet-
triplet splitting problem without fine tuning. Next, they possess gauge interactions that
conserve parity. SO(10) are aslo free from all gauge anomalies. Supersymmetric SO(10)
models have the additional feature that they manage to unify the gauge couplings, and
solve the hierarchy problem.

The Higgs sector of SO(10) models is largely unconstrained consisting of numerous
possible representations. An avenue to the computation of the SO(10) couplings is via
the decomposition of these in terms of SU(5) x U(1) invariant couplings and then the
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further decomposition of them in terms of the SU(3)¢ x SU(2) x U(1)y invariant cou-
plings. The formalism to accomplish this was carried out in [8-11]. However, the explicit
analyses of the couplings can be laborious and time consuming. For instance the com-
plexity of computation involving large Higgs representations can be seen in the works
of [12-14]. Thus various models employ elaborate Higgs representations to break the
SO(10) grand unified theory (GUT) symmetry down to the Standard Model (SM) gauge
group SU(3)c x SU(2)p x U(1)y. These consist of both small and large Higgs representa-
tions of SO(10) such as 10, 16 + 16, 45, 54, 120, 126 + 126, 144 + 144, 210 and 560 + 560.
This enormous freedom of choosing symmetry breaking patterns allows one to construct
SO(10) models with natural splitting of Higgs doublets and Higgs triplets to accomplish
electroweak symmetry breaking [12-15] and models with a one-scale breaking of SO(10)
GUT symmetry [16-20]. However, there are restrictions on the Higgs content of a GUT
model, such as the strict proton decay limits [21,22]. There are two commonly used sym-
metry breaking paths: One through the SU(5) x U(1) maximal subgroup [8-11,23,24] and
the other through the SU(4) x SU(2), x SU(2)g maximal subgroup [25,26].

The Higgs-Higgs interactions, appearing in supersymmetric and non-supersymmetric
SO(10) models, are necessary to break the GUT and electroweak symmetries. Additionally,
a thorough study of higher dimensional operators arising from three point, four point
and higher Higgs-Higgs Interactions and matter-Higgs interactions is necessary to ex-
plore physics beyond the SM. For example, from matter-Higgs interactions, a top-down
approach [14] has been used to find dimension five, seven and nine B — L = —2 operators
within the supersymmetric SO(10) grand unification framework. This is in stark contrast to
the bottom-up approach that exists prominently in the literature. These B — L violating
operators are important in the investigation of seesaw neutrino masses, baryogenesis,
proton decay and n — 7 oscillations.

In this paper, we use the techniques (see Appendix B.4) developed in [8,9,11] for the
analysis of such SO(2N) invariant interactions which allows a full exhibition of the SU(N)
invariant content of tensor representations. In particular, in this paper, we focus on the
analytic determination of SO(10) tensor interactions in terms of irreducible SU(5) fields.
It would then be very straightforward to expand all the SU(5) invariants in terms of SM
group invariants using the particle assignments. We wish to point out that our approach
here is field theoretic rather than group theoretic [27,28] or other technique [29,30]. Our
method is specially suited for the computation of SO(N) tensor couplings.

Manually preforming such tensor calculations can be a time-consuming endeavor that
can very easily lead to errors. There are numerous intermediate calculations, each posing
the risk of making an error, which may propagate throughout, affecting the final result.
Therefore, there exists a compelling argument to use computer software to perform these
calculations automatically, as proposed in this paper.

This C++ program allows users to perform Higgs-Higgs SO(10) coupling calculations
rapidly and automatically, reducing the time needed to complete them and eliminating
calculation errors.

With this program, the user is able to enter a coupling via a simple text-based interface.
Next, the user is provided with the final normalized output, in a IXTgXformat, which can
easily be added to a user’s publication. Further, the user is allowed to enter an arbitrary
number of tensors in an SO(10) invariant and can name their indices and tensors as needed.
The maximum number of indices a single tensor can have is 5.

Furthermore, to ensure the correctness of the algorithm when applied to couplings not
previously attempted in the literature, manual hand calculations were evaluated for certain
terms and were successfully matched to the program output.

This program can be easily extended to account for Higgs—Spinor couplings [31], as
well as other SO(N) couplings.

The code is available to download https:/ / github.com /AHB99/tensor-coupling-program/
releases (accessed on 13 September 2021).


https://github.com/AHB99/tensor-coupling-program/releases
https://github.com/AHB99/tensor-coupling-program/releases
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There exists a variety of software packages for Lie algebra related computations used
in grand unified models that are based on various classical and exceptional groups. Here
are some examples. LieART 2.0 [32] uses a Mathematica library to perform various com-
putations such as tensor product decomposition and subalgebra branching of irreducible
representations. SARAH 4 [33] also exploits a Mathematica library that carries out cal-
culations used in the study of supersymmetric and non-supersymmetric grand unified
models, particularly, the full two-loop renormalization group equations for a supersym-
metric theory. CleGo [34] package uses OCaml programming language to determine
Clebsch—Gordan coefficients of irreducible tensor product representations of Lie algebras
A — G. FeynRules 2.0 [35] is a Mathematica package that derives Feynman rules from
the Lagrangian of the Standard Model, Minimal Supersymmetric Standard model and
their numerous extensions. These software packages rely extensively on standard group
theoretic methods and display different degrees of generality. As mentioned earlier, our
C++ code uses the more intuitive field theoretic formalism for the analytic decomposition
of the SO(10) invariants of arbitrary order in terms of SU(5) invariants exhibiting their
precise tensorial structure and Clebsch—-Gordan coefficients. Our computer program is
complementary to the existing software packages.

The paper is organized as follows. Section 2 contains a detailed breakdown of the
computer algorithm to provide readers with an overview of how the code is designed.
Section 3 provides sample calculation output and Section 4 discusses the significance of
our algorithm. To fully appreciate and understand the properties associated with the
SO(N) groups, we provide a thorough presentation of these groups in the appendices.
Specifically, we discuss vector and tensor representations of SO(IN) group and aspects of
SO(N) gauge theory in Appendix A. SO(2N) group algebra in SU(N) basis, branching rules
for SO(2N) into SU(N) x U(1) irreducible representations and its specialization to SO(10)
case are explained in Appendix B. We show explicitly the technique to decompose SO(2N)
tensor invariants in terms of SU(N) tensor invariants in Appendix B.4. This technique (The
Basic Theorem) uses a unique set of reducible SU(N) tensors in terms of which the SO(2N)
invariants have a straight forward decomposition. The Basic Theorem is specially useful
for couplings involving large tensor representations and is central to the computation of
any SO(N) invariant couplings. SO(10) tensors expressed in terms of SU(5) irreducible
tensors with canonically normalized kinetic energy terms are exhibited in Appendix B.5. In
Appendix B.6, we identify SU(3)¢ x SU(2), x U(1)y singlets, SU(2)_ doublets and SU(3)¢
triplets in SU(5) fields.

2. Materials and Methods

The program evaluates tensor couplings from input to their final normalized form.
Internally, it is executed through various functions of the Product Resolver class, which
stores all the intermediate terms during the calculation. It is based on the algorithm
developed in Appendix B.4.

In brief, first the user inputs the original tensor coupling. This coupling is expanded
to all its unsimplified reducible tensor terms. Then, all the reducible tensor terms are
simplified by reordering the indices, accounting for anti-symmetry, and renaming indices
if valid. Next, each reducible tensor term is substituted for its corresponding irreducible
tensor expression. This expression is then expanded out fully. All Levi-Civita tensors are
evaluated, following which the expression is simplified using the Kronecker Deltas and
further properties of irreducible tensors. Then, all simplified irreducible tensor terms are
further simplified by renaming if valid. Finally, these terms are substituted for their related
normalized tensor term expressions, and the final expression is determined, to be output in
ATpXformat. See Figure 1.
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Figure 1. Flowchart showing the breakdown of the computer algorithm to compute SO(10) tensor invariants.

2.1. Input Phase

The user inputs a tensor coupling in the format “X_{/i/j/k}Y_{/i/j/k}...” where “X”
and “Y” are labels for tensors and “/i/j/k” are labels for index names. The input is parsed
using the standard C++ regex library. A regex expression is hard-coded to tokenize the
tensors and the indices each. The Product Resolver class uses the following method:

void parselnput(std::string input);

2.2. Generation Phase

All the initial generated reducible tensor terms can be determined by the following
pattern. If one were to take a binary number where each binary digit corresponds to each
unique index of the input tensor, and then increment the binary number from 0 to 2" — 1
(where n is the number of unique indices), each binary number would correspond to a
generated term. A term can be developed by the rule where for each binary digit, the
corresponding index in that position will have its first occurrence barred if the binary digit
is 1, or unbarred if it is 0. The function is as follows:

void generateAllUnsimplifiedReducibleTensorTerms ();

2.3. Simplification of Reducible Tensor Term Expression Phase

Now we have all the raw, generated reducible tensor terms, we may simplify them. This
phase is based on the idea of tensor terms having similar “structure”. Two terms have the
same “structure” if, assuming they have the same number of tensors, every tensor in every
corresponding position has the same label and number of barred and unbarred indices.
Only once two tensor terms have the same “structure” can the possibility of a rename
operation leading to equality between them be considered. Currently, the generated tensor
terms have their indices unordered, with no grouping of barred and unbarred indices. So
firstly, each reducible tensor term has its indices reordered, accounting for anti-symmetry,
by the below algorithm. The function is as follows:
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void simplifyReducibleTensorTerms ();

2.3.1. Reordering of Reducible Tensor Term Indices

The algorithm is a modified implementation of bubble sorting, accounting for grouping
of barred /unbarred indices, as well as anti-symmetry, acting on each Tensor. By the end,
the tensors will have their barred indices grouped to the left, and unbarred indices grouped
to the right, with each group ordered in ascending order of index names.

2.3.2. Sorting Tensor Terms

The tensor terms need to now be sorted in a uniform manner so that it becomes obvious
to identify terms with the same “structure”, as defined above. We require sorting to be
done first by tensor labels (alphabetically), then by number of indices, and then by number
of barred indices

After sorting, the tensor terms are transferred to a separate container of simplified
reducible tensor terms, checking to see if an addition or rename operation can be done
with any existing simplified term first. The rename operation is detailed below

2.3.3. Renaming of Reducible Tensor Term Indices (Ignoring Commutativity) Algorithm

The algorithm takes two tensor terms, an Attempt Term that we are will be manipulating
and renaming, as well as a Source Term, which will not be modified and is what the Attempt
Term will be manipulated to match, if possible. It outputs a Renamed Term if the operation
was successful, that, once its indices are reordered, will be identical to the Source Term
(excluding coefficients, which are to be added). Moreover, the algorithm makes use of
the concept of “zones”, which are either unbarred or barred groups of indices in a tensor.
Tensor terms with the same “structure” will also have the same “zones”, and hence when
deciding whether a rename operation is possible, we only have to focus on mapping each
“zone” of the Attempt Term to the Source Term.

The algorithm assumes the Source Term and Attempt Term have their indices grouped
as barred/unbarred and each group is ordered ascendingly, and that their tensors are
sorted. The handling of commutativity, for tensor terms that retain identical structure upon
permutations, is not considered in this algorithm.

2.3.4. Renaming of Reducible Tensor Term Indices (Accounting for
Commutativity) Algorithm

This algorithm deals with the concept of “ambiguity” of tensor terms. This is a charac-
teristic of a tensor term where it is possible to permute the ordering of the tensors within
the term (due to the commutativity of tensors) and still retain identical “structure” (as
defined above). This requires special consideration as the above Renaming Algorithm
focuses on trying to equate corresponding “zones” in the Source and Attempt Terms based
on position, so when such permutations are possible, the algorithm may fail to find a legal
rename mapping for one arbitrary permutation while it may have been possible in another.

Hence, we need to exhaust every single possible permutation of “ambiguous” tensor
terms. Specifically, we deal with the concept of “ambiguous zones”, which are groups of
tensors within a tensor term that cause the “ambiguity” property (there can be multiple
“ambiguous zones” within a single tensor term)

Ambiguity Detection:

During the rename operation, if a Source Term (and hence it’s matching structure
Attempt Term) is found to be ambiguous, then we must generate all possible permutations
of the ambiguous zones of the Attempt Term, attempt to rename them to the Source Term,
and if even 1 successful rename exists, that must be chosen and applied. Only failing
this do we conclude no possible rename exists. To generate all these permutations of the
Attempt Term, we first must locate all such zones.

Finding all ambiguous zone locations and sizes:

Once we have the locations and sizes of all ambiguous zones of a tensor, we can generate
all the permutations of the locations of all the ambiguous zones. This will be stored in a
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vector (the overall container) of vectors (for each zone) of vectors (for each permutation) of
integers (the locations). For uniformity, we will consider each zone’s locations start from 0,
and offset it with the actual location later.

Finding all permutations of the locations for all ambiguous zones:

Now, given this information, we can generate the tensor terms. However, we must
consider the fact that for tensor terms with multiple ambiguous zones, we must generate
all combinations of all the possible permutations of the ambiguous zones. For example,
if a tensor term has 2 ambiguous zones, we must not permute the first zone and exhaust
all the permutations of the second zone. Once we have exhausted them, only then can
we proceed with the next permutation of the first zone, but again pause as we exhaust
all the permutations of the second zone. This logic is expanded to the general case in the
algorithm below.

Finding all permutations of the tensor terms for all ambiguous zones:

Now we permute the actual tensor terms in the locations to achieve all possible permu-
tations to test out.

2.3.5. Simplification of Reducible Terms Algorithm

Now, we put all the algorithms together to simplify the raw, generated reducible tensor
terms. The Product Resolver class contains within itself a vector of the raw, unsimplified
terms, as well as the simplified terms.

1.  Reorder the indices of all terms, alphabetically.
2. Sort the tensors of all terms, as defined above.
3.  Iterate over all unsimplified terms:

(@) Iterate over all simplified terms:

i If the current unsimplified (Attempt Term) and simplified (Source
Term) terms have the same structure, attempt to rename them.

ii. If the rename is successful, reorder the indices of the Re-named Term.

ii. Check if the Renamed Term is identical to the Source Term. (Theoreti-

cally, this must always be true, as else the rename operation would not
have been successful). If so, add the coefficient of the Renamed Term
into the Source Term. Break iteration over the simplified terms.

(b) If all simplified terms were iterated over with no successful matches, add the
current unsimplified term to the vector of simplified terms. (It could not be
simplified with any existing simplified term).

4.  Erase all simplified tensor terms with a coefficient of 0

By the end of this stage, we have a vector of all simplified, reducible tensor terms.

2.4. Reduction of Reducible Tensor Terms to Irreducible Tensor Terms Phase

In this phase, we will first substitute the simplified, reducible tensors with their corre-
sponding (pre-determined) expressions written in terms of irreducible tensors, Kronecker
Deltas, and Levi-Civita tensors. We will then expand out these expressions, expand the
Levi-Civita tensors, and then simplify the expression using the properties of Kronecker
Deltas, Symmetric-Asymmetric irreducible tensors, and the ability to rename the indices of
irreducible tensors and add them.

This phase will make use of the Math Expression class, which resembles a typical
algebraic expression, composed of algebraic terms from the Math Expression Term class.
The Math Expression Term will serve as a more complex form of the Tensor Term class
used in previous phases, as it now will contain various mathematical objects. There are
also self-explanatory classes for Deltas, Levi-Civitas, Irreducible Tensors, and Coefficients.
The function is as follows:

void fullyReduceTensorTerms ();
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2.4.1. Substitutions of Reducible Tensors for Expressions with Irreducible
Tensors Algorithm

1.  Given the Source Reducible Tensor, find the number of indices it contains.

2. Based on the number of indices, choose the correct substitution sub-category

3. In the chosen substitution sub-category, given the Source Reducible Tensor, find the
number of barred indices it contains

4. Based on the number of barred indices of this sub-category (of number of indices),
return the corresponding substituted Math Expression

The terms are then expanded by multiplication.

2.4.2. Multiplication of Levi-Civita Tensors Algorithm
1.  Iterate for every Math Expression Term in a Math Expression:

(a) If there is more than 1 Levi-Civita:

i If there are 3 or more Levi-Civitas, group the Levis based on number
of common indices

ii. Create a temporary Math Expression for the full Delta Expression

iii. Iterate while there exists atleast one pair of Levis:

A.  Expand the pair into this temporary.
B.  Delete the pair

iv. Multiply the original term with the full Delta Expression, and ap-pend
this to the final result Math Expression.

V. Set the original term to 0.

Vi. Delete all terms with 0 coefficient

2.4.3. Simplification of Expression by Kronecker Deltas Algorithm
1.  Iterate for every term:

(a) Sum over the indices of the Deltas.

(b)  Check for possibility of the deltas cancelling out the term. If so, move on to
the next term.

(c) Rename the indices of the irreducible tensors by using the Deltas.

(d)  Solve identical Deltas and modify the coefficient accordingly.

2. Erase all terms with coefficient 0.

2.4.4. Simplification of Expression by Renaming Indices of Irreducible Tensors (Accounting

for Commutativity)

e While before the concept of “zones” related to barred versus unbarred indices, now
“zones” relates to upper versus lower indices.

*  While before the concept of “structure” (and hence “ambiguity”) related to whether
2 reducible tensors have the same label, number of indices, and number of barred
indices, now “structure” relates to whether 2 irreducible tensors have the same bar
state, field, symmetric property, and number of upper and lower indices.

e While before the sorting of the reducible tensor terms was by (in ascending order) label,
then by number of indices, and then by number of barred indices, now the sorting
of the irreducible tensor terms is (in ascending order) by field, then by symmetric
property, then by bar state, then by number of upper indices, and then by number of
lower indices.

¢ A Single Levi-Civita tensor may survive after simplification and also must be consid-
ered in the renaming process. It is considered as its own unique “zone”.

2.4.5. Overall Reduction Phase

1. TIterate for every Math Expression Term:
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(a) Substitute the reducible tensor terms for the appropriate Math Expressions
containing irreducible tensors, Levi-Civitas, and Deltas.

(b)  Multiply and expand all the substituted expressions.

() Multiply the Levi-Civitas of each term and expand the expression.

(d)  Simplify the overall expression by the properties of Kronecker Deltas.

(e) Simplify the overall expression by the property of Symmetric and Asymmetric
Irreducible tensors that share 2+ indices.

() Simplify the overall expression by the renaming the indices of the expression.

(g)  Multiply the overall expression with the original coefficient from the reducible
tensor term.

(h)  Append this result to the overall Math Expression of the final result.

2. Simplify this final result by renaming the indices of the expression

(@) (This step is repeated because before it was only considered within each ex-
pression that arose from a reducible tensor term, whereas now it is considering
all simplified expressions from all the reducible tensor terms.)

3. Multiply the overall expression with the coefficient that arose from expanding the

o . : 1 _
initial user input to the reducible tensors (of the form S——1o- OfIndices)

2.5. Normalization of Irreducible Tensors to Normalized Tensors Phase

In this final phase, we substitute the irreducible tensors with the corresponding nor-
malized tensors, including their coefficients. This is similar to the step in the previous
phase where we substituted the reducible tensors for their respective expressions. Each
substitution is a unique function due to its coefficients, however the general procedure is
outlined below.

1. For a given irreducible tensor of a Math Expression Term:

2. Create a normalized tensor and transfer the indices exactly as they are from the
irreducible tensor.

Multiply the whole Math Expression Term by the required coefficient.

4.  Erase the Irreducible Tensor from the Math Expression Term.

@

This process is repeated for every irreducible tensor in every Math Expression Term in
the result expression. No further simplification occurs here because all simplification has
been completed before this. Hence, we arrive at our final result. The function is as follows:

void normalizelrreducibleTensorTerms ();

2.6. Output Phase

Every component in the result, be it a Delta, Normalized tensor, Coefficient, etc., has
a representation in I&XTgXdesigned for it, and hence printing a term simply calls all these
functions in turn, and printing an expression calls the printing of each term. The function
is as follows:

void printMathExpressionAsLatex ();

3. Results

The computer program outputs results in IATEX format that can be easily included in a
publication, as it has been done in Sections 3.1-3.3. The original SO(10) coupling inputs
are mentioned along with their respective processed results in their final format. Some
of these couplings have not previously been demonstrated in the literature, proving the
generalized capabilities of the software.

The normalizations of SU(5) fields are displayed in Appendix B.5. Here the H—fields
represent SU(5) irreducible tensors with canonically normalized kinetic energy terms.
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3.1. Quadratic Couplings
3.1.1.126 x 126
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% Hl(ilZO) pim(210) g (126) _ % H;p(120) £9(210) Hé},%) + % (120) £yq(210) HJ(;(256)) _
% £70(120) £7q(210) Hé;%) _ %gﬁ H}z’(j(120) Hgﬁjlo) HJIFTII'H(W) i %go H}J(‘ﬂ(120) Hl(ilo) H]I'(rle(ﬁ) +
%HZ(”‘”Hﬁfflo)H’ém(f) n %ngzo)HZ;zl())Hm(m) _ #Hffl(lzo)Hi(l2lo)H’”(m) _
% 17 (120) Hirzl,(,flo) H]%fqm(l%) + % pgn(120) Hl(nz110) HLM(126) + % H}if(120) Hlf;m(210) H]I‘crl,fi%) +
%?Hlim(m)Hzan)Hfﬁi%) I %H{,ﬁz(lzo)H;n(zlo)H;im) _ %H{"(lzo)H(210)H;£m) _
% H]il(lzo) Hinlm(ZlO) Hki(nﬁe) B % Hi(uo) er;zn(ZlO) Hr(ll%) " % pin(120) Hlm(210) H,Sm) "
% Fgm(120) H;1(210) H;S;%) _ 147\/01*57 i(120) H?(Zlo) Hr(,ué) _ % pgn(120) Ii(m) H7(1126) +
%eﬂmno Hlij(lzo) Hfmn(ZlO) Hggué) _ %Ogeﬂmno H}]{’n(lZO) Fyim(210) Hggua) "

% €jmnop H{W(HO) Im(210) pop(126) _ % €/t 1i(120) Hl(mn(Zlo) HE’(;()W) _

% €imno 1/(120) ggim(210) H?so)(m) _ % €lmmop i(120) Hfmn(210) Hop(126) 4

24 — € i(12 1 210 jo(1
%elmnopHH(lzo) !m(210) pyop(126) L%TS il 0H1(1 o)Himn( )Héo() 26)
1v30 (120) 210 126 1\/5 ikl i(lZO) i’l( 10) (1 6)

%Ho H0(210) ((126) 4 1V15 ) monk Hil 2 H 02( )
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% eikimo H]{]£1zo) g (210) y(126) 15 jkimo H n(120) 1£(210) 11 (126)

il Hyos) — 200€ Im ho(s)
15 gktmop pi(120) £ 210) £ (126) | 175 _jk 120)  nian0) 129
g0 € PHy,  Hy " Hop 360 € H T H H )

15 ikl (120) 7 7(210) 1 ;(126) 15 kl (120) 1 ,(210) ;,(126)
1¥5 giktmo p{(120) (210 )+i mop 120 (210 pr(126) _

jl mo(S .
1\/ﬁ jlmopH(lzo) H]”l(zw)H(lzé) + 1\/7H (120)Hm”(210)HZ'I;111(126) +

120 il

1\ﬁ m(120) ; ;n(210) ]kl(126) 15 1(120) n(210) 1 kI(126)  14/5 ;n(120) 1 ;m(210) 1 kI(126)
120 H H, Hinn a0 Hkl H; Hy ~ %0 Hgn  H Hy -
1v6 (120) 210 kl(126) 1f i(120) 1 ;mn(210) 171(126) _ 1/15 4i(120) 1;12(210) 151(126

120 H HEOH, ~ 120 * i Hy H!(126) — 180 Hp,  H, H!(126) —

1fH(120)H (210) pik(126) _ %Higzo)Hgn(zlo)Hﬂ(lzé) 1\/ﬁH(1zo)Hn(21o)Hi(@)
\/7H (120)H1m(210)H]k(126)

% Hl(lzo) (210) H!(126) _ @ Hi(lZO) Hfmn(ZlO) H{fn(;Zé) it N
1\/§Hn(1zo)Hzm(z10) k(;26)_|_ 11\2€H(120)H5mn(210)Hr(1126) 1\ﬁH (120)Hl’”(210)H(126) N
13@ H(lZO)Hlmn(Zlo)Hli:E%) +%H15120)H1m(210)Hlkn(1126) ngr(nlzo) Hlm(zlo)H(l%)
1}5H]k(120)H,Efio)Hlmn(u@+@Hkl(uo)Hl(im)H,T"(l%)—i—%H’"(m) l(i1o)Hl(126)+
1;5 ij(lzo) Hzn(zm) H]l;:;(lzs) 1\f kl(120) Hln(zlo) H]Zl(m) _ %%T) H1(120) Hli:;(zw) H;Z(m) n
e IO ) e O o)

% £70(120) H(SZlO) H(126) i klmnoHl]IElZO) le(nz;o) H](ol(zsé)) B

@ kzmnoHuzo) le(nz;m HIS?S; @ Hj(lzo) H[i:’lﬂ(ZlO) H]k’im(ﬁ) B

1ig H](120) H;:’tﬂ(ZlO) H]{m(126) 1\F H](120) Hzmn(210) H]kii(;%) n

% Hl]151120) Hlimn(Zlo) H]l';gﬁ) _ % ng(JlZO) H(210) Hop(126) 4 % Hziuo) HéZlO) Hi(c;,)(ﬁ) B
%Hglzo)ngle)Hoq(l%) _ %Hlm(lzo) l(ilO)H(l%) _ %qu(lzo)Hfmo)H%%g)) n

% Flm(120) Hli£5210) H(m) @ Flr(120) Hj(210) Hj(:%) 17\/8 £a7(120) ((210) Hé}%> n

%g’o ijk OpHop(120) lemn(210) H]kl(126) + ié(? Hop(lzo) g (210) szk(lzé) n

11\4(1?561] OPHOP(HO) ;J”(Zlo)Hkl(126)+ 12\46@] pHop(lz())Hln(ZlO)H]k(126)_|_

% eijkopHop(lZO) Hijk(zlo) pl(126) _ 1f B e.kop Fop(120) £7ij(210) pk(126)

% Hmn(lzo)H‘;ﬂO)Hq(lZﬁ) % an(uo)HéZlO) 7(1126)

3.2.3.210 x 120 x 120

Xynpouspa Xy p2ps Xyuspaps =

+%H“"(12‘)>Hﬁ§m)H;m) n %an(lzo)H(uO)Hl(quO) fH (120)H (120)Hz]k(210)
1# F(120) Hg(lzo) Fii(210) _ 1\[ H(uo) HI 1(120) Hlijk(210) M H]glzo) Hi(uo) 210

1v/6 12 Im (120
T{eijmnoHno( O)Hk (120)

%eijmnoHl(HO)Hno(lZO) H;jm(210) MHkl(lzo)Hij (120)Hll(]l(210) +
%Hﬁﬁ(lzo)H?(m)Hmo) 1fH(120) Hkl(lZO) Hij(ZlO) 1\[H(120)H{l(120)Hli(210)
%HI(HO) Hzl'(j(lzo)Hli]l'(zm) %H1(120)H (120)H](210) MHk(IZO)HJ(lzo) Hj(ZlO) _

Hllfk(210) 12 ¢ o H0(120) Hfm(120) Hik(210) _

1\1/51’5 1i(120) (7 (120) p7(210) % FgK1(120) £7(120) Hl](210) +2f Fgka(120) H(120) HJ(210>

i ij
115 120) 17(120) 17(210) | 2+/3 13jm(120) 1(120) ik(210) | 1 km(120) 1(120) i(210)
Lyt ol 'Hyy ' H )+ 23 H] Hy,,~ Hj + L2 H, Hy, H -

km 1
16 7 yjm(120)  KI(120) 1 1i(210)  1,/6 171(120) q/K(120) 1i(210) 113 171(120) 3/K(120) 1;(210)
8 Hy W Hyg ) = B H RO P g — B2 g0 gt g oo
7v/2 17k(120) 17j(120) £7(210) | 116 kI (120) 147(120) 4i(210) | 12 _kI (120) 7 j(120) 1 ;(210)
gt HE RO HIMRO oy Ay ekmno gy S HL = Hyg ™ + Rtk Hy,™ Hy, ™ Hy ™ —

%\é@eklmnoH}lzo)H’S})ZO) H;(gilo) 4 %Hﬁl(uO)HSZO) HPp(210) + 17\6/6Hl(120) H;;ZO)HP(ZN)
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3.3. Quartic Couplings
3.3.1. 210 x 120 x 120 x 45

Xinp2psua Xy p2ps Xuspane Xusue =

1\/7 l]kloH(45)H (lZO)HZl(lZO)Hﬂgle) l\[ l]kloH(45)H(120) H(120)H(210) +
13? king _Hkn(45) Hls(lZO) Fg97(120) HS(210) 1\f Hns(45) Fgk1(120) £yqr(120) H(210) +
1 (45) jm(120)  ,In(120)  ,ik(210) | 1 (45) km(lzo) 1n(120)
Yoy H] B H A e Him H, H" TV HE0) 4
1\6/()3T)H’(;13)Hm(lzo)Hn(uo)H(zlo) %H(%)Hj(lzo)Hl(lzo)H?f(ﬂO) +

i

137\égHmn(45)H{;s1120)H]l<(nle) Hlk(210) + 1\/7Hmn(45) lkrSZO) H}(SZO)H(ZN) +
1/30 45) 17(120) 1 7(120) 7 7(210) | 1 1(45) 17(120) 7 1(120) 1 7ik(210)
T\/()»Hmn( ) H(120 H( ) %H}( JH H H;j +
%eklnqulgimHl(slzo) Héizo)Hs(ZlO) _ %eklnqu_]ﬁl‘f) ngllzo)nglzo) Fs(210) 4

17\72@ ijkto i (45) HZ(UO) H’,ﬁl (120) £70(210) _ % ijkto ik (45) £7i(120) £71(120) po(210)

3.3.2. 210 x 210 x 210 x 210
Xytp2yu3ua Xyt p2p3ua Xpuspep7us Xusuep7us =

+4Hs(210)Ht(21O)HS(210)H(210) &Hr(Zlo)H(ﬂO) H;””O(Zlo) Hp(ZlO) +

mno

47 (210) pgmn(210) Hr(210) H(210) + 2Hr(210) H(210) Hﬂ;ﬂ(Zlo) H%(zm) +

4|7 (210) H(210) H;(ZIO) HP(210) + 4(210) ;7(210) pyr(210) Hr(210) +
Hz;k(zm) H;nno(ZlO) /(210) Hp(ZlO) +2 Fmn(210) ijk(210) H(210) i(210)

ijk mn g
210) 1210 k(210 210 210) ,,1(210
Hl](ZlO) Fmn(210) Hi(j )y ( ) +1 H’]( ) HZ;,”( ) 0131( ) sz(k ) 4
2 111(210) £,p(210) 1 4ijk(210) l(210) 2 17(210 210) 7i7k(210) £ ;1(210)
sHy™ "Hy ™ H, Hijy +3HAO RO, Hyje ™ +

H,‘j(zm)ng]glo)H‘;r;)n(Zlo)H%Z(Zlo) + 2 Fii(210) Hn(ZlO)H’];J(ZlO)ngglO) +
2 (210) f7(210) if(210) 7 (210) | %HIZ(ZN)Hkl(Zlo)HW;j"(ﬂO)HUP(ZlO) +
i ij 0
H n(210) Hp(ZlO) Hij(210) kl(210) 4 [(210) (210) le(zm) Hl;l(210) n
HJ(210) H](210) H) (210) HP(210) 4+ 2H(210) j(210) H{(210) Hj(210) + H(210) ;7(210) 7(210) £7(210)

4. Discussion

This paper proposes a novel C++ software that can compute SO(10) Higgs couplings au-
tomatically in terms of SU(5) invariants, based on the algorithm developed in Appendix B.4.
These interactions arise in both supersymmetric and non-supersymmetric SO(10) models.
A top-down approach to calculate two-point, three-point and higher Higgs-Higgs Inter-
actions is necessary. Such couplings are needed in the breaking of GUT and electroweak
symmetries and in the study of higher dimensional operators such as B — L = —2 for the
exploration of physics beyond the SM. This is important as these operators contribute to the
understanding of neutrino masses, baryogenesis, proton decay and n — 7 oscillations. The
stand-alone software exposes a text-based interface to conveniently facilitate the calculation
procedure from start to finish. The user enters their required coupling via text, and the
program then processes the various intermediate calculations, until it presents the final
normalized result in I&TgXformat. The number of indices can go up to 5, but the number
of tensors appearing in an SO(10) invariant is not limited. The reliability of the algorithm
has also been confirmed, as manual calculations were performed and compared with the
computer result, and these were successfully matched.

The code has also been made publicly available so that future development can be
done to expand the capabilities of the software. Firstly, one such expansion could be the
ability of the software to account for any SO(N) invariant couplings. Currently this is
not supported, however the existing algorithms and data structures could be used as a
template for such changes. Secondly, it is also possible to expand this software to account
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for Higgs—Spinor coupling [31] analysis in the future. This would require the introduction
of certain other algorithms and data structures, however the existing codebase will provide
a solid foundation for the key algorithms required for the overall process.

We believe that our C++ program will be very useful for particle physicists in general.
Researchers will have access to our computer code which will calculate SO(10) tensor
interactions exactly and efficiently within their own models using the top-down approach.
The code is available to download https:/ /github.com/AHB99/tensor-coupling-program/
releases (accessed on 13 September 2021).
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Appendix A. SO(N) Group

In this appendix we discuss vector and various tensor representations of SO(N) group
and aspects of SO(N) gauge theory [11].

Appendix A.1. Vector Representation

Consider a real N—dimensional coordinate space in which a vector ¢ = (¢, ¢4, ..., Pp)
transforms as

‘Py —>¢;4:Ow/¢v} wv=12...,N. (A1)
In order for the transformation (A1) to leave the length of ¢ invariant, that is, ¢’ T¢’ = ¢T¢,

Equation (A1) gives (O¢) (O¢)=¢ ¢ = ¢ (OTO)gb = ¢ ¢. Therefore, the matrix

O must satisfy OTO = OO" = 1. The set of such length-preserving transformation
matrices O represent rotations in N—dimensions and forms a group called orthogonal

group O(N). Taking the determinant of both sides of the last equation gives det ( o’ (9) =

det(1) = (detoT)(detO) = 1= (det®)? = 1. Thatis det® = +1.
The special orthogonal group SO(N) is a group of N x N of real matrices O obeying,

OTo=00"=1  detO = +1. (A2)

Now consider the group element O(a) of SO(N) which differ infinitesimally from
the identity:

O(a)~1+a fora< 1. (A3)
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On using Equation (A3) in Equation (A2), we get 1+a' +a+ O(a?) = 1. Thus

a' = —a, thatis

Qv = —Ayyu, (,u # V)' (A4)

The real numbers a,,, are the parameters of the group and specify rotation. Since the N x

N matrix a is antisymmetric, it has only (';') = %N (N — 1) independent parameters. Making
use of Equation (A4) in the infinitesimal SO(N) transformation (A3), we get [O(a)],, ~
S + @ = O+ 3 (A = Aup) = Sy + 330p [~ (Gpadup — duadyup)] = G + 3305 (Map) -
Thus the $N(N — 1) generators of the SO(N) group in the vector representation are given
by N x N linearly independent matrices M,z (The factor of 1 is chosen for convenience
and the reason for inserting i in Equation (A5) is because it is more convenient in quantum
mechanics to use the anti-Hermitian generators (Ml p=— M) rather than antisymmetric

(M;rﬂ = —M,p). Then group O(a) in Equation (A9) is unitary (O" = ©71). Of course this
does not change the fact that SO(N) is a real Lie algebra):

(M,Xﬁ)w — —i(8uadup — Ouadyp);  1<p<v<N (A5)

Note that the matrices M, are antisymmetric: (M,Xﬂ)w = - (Ma}g)w = Mzﬁ = —Myg,.
= 0 = Tr(M,g) = 0. Equation (A5) also shows that
the only non-vanishing elements of the matrix M,g are —i and +i at the intersection of

Hence, necessarily traceless: (M,g)

the a' row, " column (« # ) and ™ row, a' column, respectively. The commutation
relation satisfied by the generators M, can be easily calculated using Equation (A5):

[Mag, Mo | = =i, Map + 00p Mgy, = 80y Mpy = 05y Mas ). (A6)

If we rewrite Equation (A6) as

|:M’XIS’ M'YP:I = ng;l?,'yp MU’/\/ (A7)
then we see that the structure constants f7, /g\ Y A€ given by
feba = 9o (‘5“7% - ‘S“P‘S“M) oo (%% - %%)- (A8)

We now obtain finite transformation for the group element from the infinitesimal transformation:

. . n

O(a) ~ 1+ sa,sMys = r(a) using O(a) = lim, 00 [r(2)]" = limy 00 [l +5 (a%ﬁ') Maﬁ} .
Therefore,

. N
O(a)—exp{; Z aaﬁM“ﬁ}. (A9)

1<a<p
Note that traceless and antisymmetry conditions satisfied by the generators M,z follow
immediately from Equations (A2) and (A9) irrespective of its representation as given by
L‘atx M, i
Equation (A5): 1 = det @ = Tt(InO) — ,Tr(in[e? PRP]) = 22ap Tr(Mag) — Tr(Mgp) = 0 and
1= OO = [ed%Mu] Tty — o23MuppiaMus — o2 Mo M) o M T 1 My = 0.
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Appendix A.2. Tensor Representation

In general, we define an SO(IN) rank—p tensor Tylm_,,yp, having N” components, to
transform as a product of p ordinary vectors, ¢, :

Tiposy = P @, 0O, , (A10)
TVWZ"'P‘P — T}/llﬂz--»ﬂp = 04, Ouy, -+ O,‘upvavlvz...vp (A11)

Appendix A.2.1. Isotropic Tensors

*  2nd—RANK IDENTITY TENSOR (KRONECKER SYMBOL): &)y = 6/ = 8! (Recall form
Appendix A.1 that SO(N) transformations preserve the scalar product: ¢ . This
invariant can be written using upper (or equally with lower) indices as ¢/ =
P"op’ = Pt g, where gy is a metric tensor and is defined through g, = eyey
for a set of basis vectors e, in an N— dimensional space. This implies that the
metric tensor ¢,y = 6,y = eyey corresponds to the orthogonal group. Further, the
metric tensor can be used to raise or lower indices of vectors/tensors: ¢, = g ¢",
¢! = g"¢,. Therefore, ¢, = ¢. In other words the covariant and contravariant
vectors/tensors coincide for orthonormal basis. Hence, we do not distinguish between
superscripts and subscripts).

The Kronecker symbol is defined through

B 1 ifu=v,
5”"_5”‘_{ 0 ifu#v.
It is invariant under SO(N) transformation: 6, — (5;”, = (’)Wovﬁé,xﬁ = 0Oy =
(OO )y = .

e N RANK ALTERNATING TENSOR (LEVI-CIVITA SYMBOL): €}y ...y = €M1F2HN
The completely antisymmetric Levi-Civita symbol is defined through

+1 for even permutation of indices,
€mpm..uy = § —1 for odd permutation of indices,
0  if any two indices equal.

As a consequence of antisymmetry of the Levi-Civita symbol, we have

V. UN . SV1 UN
€y € 12N = 5[},1 e '%N], (Al2a)
N] K V1V N ] UN_
€y oo fin gy € 1 MIIZ N = ] 5[141 o '5HN—'::]' (A12b)

Using Equation (A12b), we define the determinant of a N x N matrix A as
detA = 1 V1Vp...UN A]/‘l A]"N
etA = memm---ime vy T Py

Finally, multiplying both sides of this last equation by e#1#2-#N and using Equation (A12b),
we get

eV1v2--UN A;jll L Am — ¢hH2-IN det A. (A13)

Using Equation (A13), the alternating symbol can be also shown to be an invari-
ant of the SO(N) group: €u,py..uy — €uypppiny = Ot Opavs *+* Oy €nyvg.vy =

detO Curpo-pin = Eprpinepin-

e  OTHER SO(N)—INVARIANTS

One may now construct [36] various rh__rank invariant tensors I uipia...p, from the lin-

ear combination of the sum of the products of Kronecker symbols and the alternating
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tensor. For example, the most general invariant tensors for the case when r is even,
take the form

(1) _ . =
L.y = ZS; Ag Go(u)o(u2) O (us)or(is) Oy )o(r)r TOT NZodd
oeS,
(2) _ . =
Ly = ZS Ac (1) (1) O () ()~ Ot 1) (un) + BEpurpauns fOT NZeVeny
TESN

where the summation is over the set S; of all r! permutations ¢ of r indices and
o(p1)o(p2) . ..o(py) represent a permutation of pq, o, ..., yy. For the special case
r = 4, we get 4! permutations of y1, pp, 13, pt4 out of which only three unique quadratic

product of Kronecker deltas can be formed. Hence, I 1 - _ a10480yp + A20uy0pp +

apyp
0360p0py and 1.3 | = @10058yp + 0200105, + 03 dappy + Beupyo. Here ay's are linear
combinations of 4! A;’s. In a similar fashion, one can form general invariant tensors
when 7 is odd.

Appendix A.2.2. Irreducibility

Contraction of a tensor with Kronecker symbol (trace operation) and Levi-Civita sym-
bol play an important role in constructing irreducible tensors. A tensor is reducible, if
through a contraction operation, a new non-vanishing tensor (generally of smaller rank)
can be formed.

If a tensor T;,ll)mmmy, is reducible because it has nonzero trace, say over indices y1 and
2, then we may contract it with a Kronecker symbol over those two indices,

(1) _ _ (1)
5H1H2TV1H2H3---M - TV1H1}43-~~Hr = Tmm...yw

leading to a tensor T;ls)y 4..u, Of Tank ¥ — 2. Here the first two indices have been contracted
and summed over but the trace operation can be applied to any pair. A tensor is traceless if
the contraction with a Kronecker symbol of any pair of indices vanishes. Moreover, a tensor
with all d—contracted indices (T ... 11, 1) 18 @an SO(N)—invariant scalar (singlet).

On the other hand, if a tensor Tﬁlzl';,)z uzvavs...v, 18 reducible because it is not symmetric with
respect to some of its indices, say y1, y2 and p3 or a tensor T,(lzl?)zmﬂ, is reducible because it
is not symmetric with respect to any of its indices, then we may contract these tensors with

a Levi-Civita symbol over those indices,

(2a) 2a)

— (2b) _ (2b)
€prpapspaeiin L pinpiavavs..vr = Tpgpis..unvavs...vpr €ppreain T =T

Hip2---pr Hr1Hr42.-IN7
leading to a tensor T;i’;)s unvavs...v, Of rank N 47 — 6 with mixed symmetry (antisymmetric
in pg, s, ... yuN and symmetric in vy, vs,...1,) and a completely antisymmetric tensor
7(20)
Hr+1Mr+2---BN
indices (T = €, jopsug...jin Tiia a1y ) 15 an SO(N)—invariant scalar.

Therefore,

of rank N — r, respectively. Additionally, a tensor with all e—contracted

* anirreducible tensor T}, ,us..;, is completely traceless, that is

O Tunpapizcpty = 00 Opapis Tynpopzecsty = 00 Opyps Tyiypiouzecy = 0, o) (A14)

% r(r—1) trace conditions

and
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. . . . c e . 2 2b
e in view of contraction with Levi-Civita tensor, the tensors T}(41L;4)2H3V4V5~-~Vr and T,(J]P,)zmm

are irreducible, if they are symmetric with respect to the indices on which the sum has
been performed, so that
(2a) — 2b)
Cppapzpg- N TV1H2V3V4V5~~W =0, €H1%2~-~FNTH1H2~-IM =0. (A15)
Since completely antisymmetric tensors automatically satisfy Equation (A14), they are

the first class of irreducible tensors. The second being completely symmetric and traceless
tensors and finally traceless tensors with mixed symmetry.

Appendix A.2.3. Completely Antisymmetric Tensors

A 2nd—rank antisymmetric tensor ‘1’;(113) (: —455‘:)) is defined through

= (.20, 9,99,). (A16)

o) = (¢,9,)

antisymmetric

Using Equation (A1) in Equation (A16) gives the transformation law for the second
rank antisymmetric tensor:

C
o) — ol = E(omow - oypovA)¢§;‘), (A17a)
= 0,90], (A17b)
~ o) +a,ol) +a, A‘D%‘)f (A17¢)

where we have made usage of Equation (A3) in obtaining Equation (A17c). Note that
this is also the adjoint representation of the group. This is because number of group
generators matches the dimensionality (';') = IN(N — 1) of the second rank antisymmetric
tensor representation.

To find the the generators in the adjoint representation, we use Equation (A3) in

. . A A A
Equation (A17a) to obtain <D;(41}22 — QP(,IJZ =1/ 2[((5;41V1 ay,y, + ‘51421/23;111/1) —(n + 1/2)]4>§1V)2 =

A A
Aup /Z(Miﬁ) )Hl H2,v1V2 qjl(/l V)zf where,

= %{ {5#11/1 (‘Sl’éﬂz 551/2 - 5“1/2‘5[3]42) + 5#21/2 (5W155V1 - 51’“’1 55#1)}

o] }

are the generators in the adjoint representation.

In a similar fashion one can define completely antisymmetric tensors of higher rank. In
th

<M5‘2))V1V2rv1vz

(A18)

general, an r'"—rank antisymmetric tensor of dimensionality ('>') can be formed from the
antisymmetric product of ¢’s as

A 1
Pl = 1 2 580(0) Pouy) © Do) © - P

toes,

and with the transformation law in various useful forms given by

A A 1 4

¢P(’1P)‘2--'Vr — qs.‘(lllzz--ﬂr = ﬁ ZS sgn((f) Oy]a(w)oyza(vz) o Oy,g(ur) (p1(/1v>2...v,/ (A19a)
TgES,

— O,y Oy Oy D) A19b

H1v1 ™ H2V2 WrVr FV V. V7 ( )

~ o4 . (4)
~ Py T Z A0, Loty iy..vipty 1 (A19¢)

i=1
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Finally, the generators in the 7" —rank antisymmetric representation is given by

r

(4) _1 - o
(Maﬁ )]41}‘2---VV/V1V2--~Vr - 1; g5l‘j1’j (50%5;%,' - 5“Vi5ﬁﬂi) - [Vz < V]]
i#]

(4)

A .
For N even (N = 2m), a tensor of rank m, ®,., ., can be expressed in terms of another

A A A
tensor of rank m, *<D}(,1]22mym, called the dual, through *qu(mgz.-.ym ~ € o Y V1V Vi Q,glv)zl‘.vm.

Both Q}(lﬁ),zm i, and *@P(,ﬁ)l}_ym are not irreducible tensors under SO(2m). Now, if we define

+ A A + . .
Q;(qp)tz...ym = %[‘Dp(mzz...ym + *<1>P(,”22m;4m , then .(2;(4122‘"},"1 are irreducible tensors. Complete

formulation of this subtlety is as follows: The tensor <DP(I?P22MM of dimension (Zn’f ) splits into
two irreducible tensors Q;T,szym and Q;;;z,..ym each of dimension %(277:
SO(2m) invariant decomposition of a tensor of rank m,

) according to the

D) 0, = O, + Ol (A20a)
,mZ
where, Q) . = % (@,m Bzt - Oy lm!emm.,.ymVWZ...Vm) o) ., (A20b)
’1112
satisfying, iy, = il},},Tleﬂlﬂz---l"mVlVZ---VmQ’E’i)z-ul’m‘ (A20c)
From Equation (A20c), we see that for m = even, the tensors Q;;),z.__,,m and

Q;,I,zzﬂm are real and satisfy self and anti-self duality conditions, respectively. While
for m = odd, the tensors are complex conjugates of each other. To show the validity of the

results (A20b)-(A20c¢), one can start with *d>£ﬁ22__.ym = 0 €py gt i 1V U 4’1(/;?/)2...%, where

« needs to be determined. Next compute the dual of the dual tensor: **@,S‘lq]zzmym =

A 2 A
"‘2“3;!1;tz---ymvm...vm€V1V2...v,,,A1/\2...A,,,<P§];)\2m,\m = a?(-1)" (m!)2<1>;(41;22,,,ym, where we have
ma(d()e use of Equrz\ti)ons (AlZai e)md (A12Db). (N)ow write,(d;ﬁfﬁzmym = %(‘(p;g)fp)tz...ym +

A 1 A A _ + - + _
*®V1V2---Hm) + j((pﬂllﬁ,um - *(Dﬂlﬂl---,um) = QV],”Z---Vm + QH1#2---Vm' then *QV1V2---,”m -

+ 2 A A . .
o eP‘lPQm}lm;VlVZmeQl(/]V)zmvm = :I:%[acz(—l)m (m!)z‘pp(thz...ym + *<IJP(,”22“_VW]. Finally, requir-

2
ing zx2(—1)’"2(m!)2 =1lgivesa = L.

Appendix A.2.4. Completely Symmetric and Traceless Tensors

We begin by illustrating second rank symmetric and traceless tensor, @ﬁsv) ( = d>1(,i)>

1 Oy
s = 3 (Pu OB TP E9,) ~ WP DBy (A2)

traceless

o) = (9,2 0,)

Here ¢, ® ¢, (= dSEL‘j\)) is the singlet of SO(N) group and the dimensionality of dJ]SSV) is
("3 —1=3(N-D(N+2).

As before one can easily write down the transformation law for the second rank sym-
metric and traceless tensor:

P
(pl(gi‘z — qu(‘f) ) (Ow\ovp + prow\) (p/(\f))/ (A22a)
= 0,00}, (A22b)

(S)

S S
~ @) +ay, ) +a, 0. (A220)
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Using Equation (A22a), one can find the generators in the 2nd—rank symmetric repre-
sentation as

(%) _ 1
(Maﬁ )ﬂlﬂzﬂfll/z - 2{ {51111/1 (‘S“MZ‘SﬁVz - 50(1/2%#2) + 5#21/2 (5W15/5V1 - 5“”1%#1)}

o]}

th

(A23)

N+r—1
In general, an r L) -

(Nj_r; %) can be formed from the symmetric product of ¢’s as follows

—rank symmetric and traceless tensor of dimensionality (

(S) _
Pirpig.pty = %Zaesr "’U(ul)‘/’ﬂ(uz) o ¢‘T(}4r)

1O PP Pruy Py + O PPy, PPy P,

=

4.4 (5}”71% ¢141¢}42 ce ¢}4772 ¢V¢V} <— (3) single-trace terms
(A24)

+i2 5V1V25}‘3}44 ¢y¢y¢v¢v¢y5 e ¢yr +-

+5}47—3}4r—25y771]47 4)]41 ¢,Mz e ¢yr4¢‘u¢y¢v¢v:| %(E)X(r52) double-trace terms

where, for conciseness, we have completely dropped the outer product symbol and the

numerical coefficients x;’s ensure that the tensor GDF(,?LZW},, is completely traceless. We now
illustrate Equation (A24) by means of 3rd and 4th rank symmetric and traceless tensors of
SO(N) with dimensionality tN(N — 1)(N +4) and 2zN(N — 1)(N + 1)(N + 6), respectively.
Explicit expressions are given by

s _1
Piiipos = 31 (4)#1 ¢H2¢H3)

1
symmetric B m {5111”2 ¢V¢V¢}l3 + 5#1#3 ¢v¢y2¢y

+ 5.“2#3 ¢H1 ¢v¢v] ’ (A25a)

(S) 1 1
L R R | I e [5”1’*2%%4’;434’#4 O Pu Py, Pu Py
+ 5#1;’444’1/4);42 ¢y3¢v + 5}‘2P‘3¢y1 ¢v¢v¢y4 + 5.”21444)]414)1/47;13 P,

1
+ 51”31444)#1 4)]42 ¢1/¢1/:| + m |:5l411425l43}‘4¢]4¢;4¢v¢v

+ 5#1#35H2Fl44’y¢v¢y¢v + 5#1#45M2V3 ¢y¢v¢v¢y] : (A25b)
The transformation law for an "—rank symmetric tensor in various useful forms take
the form

() sy ~_1 ()
Pjiaeptr = Loy = o [ Z 01,001 Oao(vz) O po(vy) | Prrva..vys (A26a)

*loes,
S
= Oﬂlvl Oﬂzvz T 0}471/7 (D1(/132...v,/ (A26Db)
T
S S
~ ¢l(412‘2~~-ﬂr + y Ay (p;(llitz..‘vi...yr,ly,/ (A26C)

i=1
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while the generators in this representation are given by

r

() _1 -
(M’Xﬁ )VlP‘Z-"]‘r,Vll/Zu.Vy Tl z:Zi E(SVJV; ((5"‘#1‘%”1‘ - 5"“’1'55}‘1') + [Ui A Vf]
i#j

Appendix A.3. Elements of SO(N) Gauge Theory
Appendix A.3.1. Global Symmetries

The real group parameters a,g are independent of space-time coordinate, x”.

° SCALAR BOSON IN THE VECTOR REPRESENTATION
Introduce a set of N scalar bosonic fields by means of an N dimensional column
vector, ¢(x):

p(x) =1 " (A27)
Pn(x)

Of course, the transformation law is the same as before (see Equations (Al)and (A9)):

$(x) — ¢'(x) = Op(x) (A28)

and in terms of its components, Equation (A3) in Equation (A28), gives

¢,(x) — ¢,(x) = ¢, (x) +auwe, (x) (A29)

Kinetic energy term for the N real scalar bosonic fields appearing in the Lagrangian is
given by

1 N
‘CI‘?E = E Z a/q¢y(x)aﬂ¢y(x)
p=1 (A30)

1 A
= 502¢(x) 979 ()

Itis invariant under global rotations, since L¥1, = 1329 (x) T07¢' (x) = 19a[¢p(x) T O )0
[O¢(x)] = 204¢(x) T07p(x) = E;’;E. Here 4 is the Dirac index (4 = 0 — 3) and we
are using the metric y = diag(1, -1, -1, —1).

One can also add to the Lagrangian the self-interaction terms. The most general
fourth-order invariant couplings take the form

N

2
Ei}lf-int = Z [)\147#47;, +22 <¢H¢ﬂ> }

u=1

= Mg g+ (¢ 9)

(A31)

e  SCALAR BOSON IN THE 2nd—RANK (ADJOINT) ANTISYMMETRIC TENSOR REPRESEN-
TATION

Recall that is also the adjoint representation of the group. Thus, it implies that we have
IN(N — 1) vector gauge bosons denoted by gfv having the global transformation
law (A17¢): ,

gﬁv — gﬁv = ﬁv + aypgﬁu + avAgﬁ/\ (A32)
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In analogy with Equation (A30), we define the Lagrangian for N scalar bosonic fields
o _ 1§ o ()2 ()
KE — Z Z A®uy nv
p#v=1 (A33)
Y (220570 ()
4

and it is easily seen to be invariant under the global transformation (A17b).
The most general invariant quartic self-couplings in the Lagrangian take the form

d(4) A A
Loelgint = M (D}(H/ ) (D}(n/ )

= LT (@) 1, [Tr(q><A>2)]2 2 Te(@))

2
+ Ao o))+ o ol o @l .

Self-interaction terms for the vector gauge bosons G” and its interactions with scalar
bosons will be dealt in the next subsection.

° SCALAR BOSON IN THE 2nd—RANK SYMMETRIC AND TRACELESS TENSOR REPRESEN-
TATION

In this case, the globally invariant kinetic energy and self-interaction terms in the
Lagrangian are given by given by

L2 = %Tr (aﬂqﬂsﬁa%(s)) (A35)
2
Lo = MO @) + Mo (@) @) ) + 1,00 0l 0f) @) (A36)

A SCALAR BOSON IN THE GENERAL " —RANK TENSOR REPRESENTATION

The invariant Lagrangian under global transformations is given by

oas) 1 (AS) (AS)
LxE —27!82qjﬂmzmuraﬂqjymzmur (A37)

Appendix A.3.2. Local Symmetries
The SO(N) group parameters a,g are functions of space-time coordinate, x*.
d SCALAR BOSON IN THE VECTOR REPRESENTATION
This time the scalar fields introduced through Equation (A27) must transform as

¢, (x) — ¢,(x) = O (x)¢, (x) (A38a)

O(x) = (e%aw(”""aﬁ) : (A38b)
uv

The kinetic energy for ¢’s given by Equation (A30), EI‘I;E =1 Z;\l':l dad,, (x)aﬂ(pﬂ(x) is
no longer invariant under the local rotations (A38a), because d2¢'(x) = O(x)0a¢p(x) +

[020(x)]¢p(x) # O(x)da¢(x). As in QED, we modify the Lagrangian by replacing
the differential operator 0% by the gauge covariant derivative D, where

_ ig
aﬂ E— Dfﬁ = “lBaﬂ _ Egﬁy(x) (Myy)aﬁ,
and require D¢ (x) to transform like ¢ (x):

Dag(x) — [Dag(x)] = D' (x) = O(x) [Dag(v)]. (A39)
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Note that D5 is to be understood as a N x N matrix carrying a Dirac index, 4, and
operating on the N component scalar bosonic field, ¢(x). Here g is a coupling constant
between scalar bosons and vector gauge bosons. Further, using the local gauge
transformation (A38a) in Equation (A39) gives

Dy — D) = Ox)D1O 7 (). (A40)

There are %N(N — 1) group generators and we introduce one vector gauge boson,
gﬁv (x) for each and define

DAp(x) = |10 - §67(x)| g (v) (Ad12

where G (x) = MGy (%), (A41b)

in terms of Lie-algebra valued gauge field, g ﬂ(x). In Equation (A41a), 1 represents
N x N identity matrix. Next, we determine the transformation law for the vector

gauge boson. Substituting Equations (A38a) and (A41a) in Equation (A39) and using
the fact O(x)O(x) " = 1 which implies [0,0(x)]O(x) " = —O(x)2.0(x) T, we get

~

Ga(x) — Gi(x) = O(x) |Galx) +170a| O(x) . (a22)

One could equivalently start from Equation (A40) and derive Equation (A42). We now
work out the infinitesimal form of Equation (A42). Using Equations (A3) and (A5) in
Equation (A42), we obtain after some algebra, the local transformation law for the
vector bosons

G, (x) — Gil(x) = G (x) + 2y (¥)G %, (%) + 2y (x) G (x)
+ gaﬂaw(x), (A43a)
with G, (x) = =Gy, (x). (A43b)

In analogy with QED, we define the field strength tensor, F ﬁf (x) as

(D4, D] = S Fan(x), (Adda)
where F(x) = My F iy (x). (A44b)

Substituting Equations (A41) into Equations (A44) and together with Equation (A5),
we get

Tﬁf(x) = aﬂgﬁv(x) - aggﬁv(x) - g[gﬁrf(x)ggv(x) - gﬁa(x)gfv(x)} : (A45)

To find the transformation law for F** we left and right multiply Equation (A44a) by
O(x) and O (x), respectively, to obtain

~/

F ap(x) = (’)(x).’f-'%(x)(’)—rx, (A46)

where we have use of Equation (A40). Note that Equation (A46) is in the form of
Equation (A42), hence the corresponding infinitesimal result (A43a) applies without
the derivative term:

Fit (x) — Fil (x) = Fi(x) + app (x) F o (x) + 2 (x) F i3 (x). (A47)
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After the introduction of local transformation the Lagrangian (A30) must be replaced by

£ = Dag” (D ()

1

, (A48)
= 5026,0"¢, —2(929, ) G, — S 0, GGl

In order to define the system including the new gauge field, G fv (x), it is necessary to
include a kinetic energy term for gf},, (x):

L= Fan(F(x) + 3Dag” (1D g (x). (A49)

SCALAR BOSON IN THE 2nd—RANK ANTISYMMETRIC TENSOR REPRESENTATION
(4)

Recall from Equation (A17b) that the second rank antisymmetric tensor, @,;,” trans-
forms as @'(4) = O®(A) O Then just as in the case of the vector representation we
want the D ;@A) to transform like @(4):

D0 — [D@(A)]' = O(x)[Da@W]O7 (x) (A50)

Then the covariant derivative, D, ®(4) in terms of Lie-valued gauge fields, which has
the transformation property (A50), is given by

D@ = 9,04 _ % {Gﬂq)(f\) n gﬂTq,(A)} (A51)

Inserting the generators, we find the expression for the covariant derivative to be

(Do) =a'el) —g[g el gl al)] (A52)
The total Lagrangian is
1 a3 | 1 (A)T A g (A)
L= Famu Tl + | Tr (D@ D ® ) (A53)

SCALAR BOSON IN THE 2nd—RANK SYMMETRIC TENSOR REPRESENTATION

Recall from Equation (A22b) that the 2nd—rank symmetric tensor, (%), transforms
as 'S = 0O, Hence, the results for this case will be identical to that for the
2nd—rank antisymmetric tensor case. Therefore

(Dﬂd:(S))W — o705 - g( 1 @l — fadﬂ(fi)) (A54)
L= Fapn P+ 5 Tr(Da0 D0 (A55)
g7 s Ty A
and of course
!
D20 — [D10()] = O(x) [D20®]O(x) (A56)

SCALAR BOSON IN THE GENERAL " —RANK TENSOR REPRESENTATION

Recall from Equations (A19b) and (A26b) the transformation law for an arbitrary an-

. . . AS) A,S
tisymmetric and symmetric tensor of rank r: @P(ll #2-)--Mr = O, 01505 Oy, d>1(,11,2“).1,r.
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. . . . . A,S)!
Hence, we require that the corresponding covariant derivative, D4 <I>£,”,2,)“V,, trans-

forms as

(D2 9)) = 041,01y Oy (D204 (A57)

Hip2---pr Viva..Ur

The expression for the covariant derivative is then given by

2.4 (AS a 1)° A5
(D @' ))Mlﬂz...yr ? (pﬂlﬂz Hr 82 Pgﬂlp VP’2P<2)”3P(3)'~~VrP(r> (A58)

For example, in the case of 3rd—rank tensor, the above result takes the form

AS _ (AS) a4 pAS) a4 pAS) a (AS)
(]])ﬂq>( )>}41V2H's = 07Dy iy, — < pv VV2ﬂ3 pov Pty + Giusy Py > (A59)

Appendix B. SO(2N) Group in a U(N) Basis

In this appendix, we explain SO(2N) group algebra in SU(N) basis, branching rules for
SO(2N) into SU(N) x U(1) irreducible representations and its specialization to SO(10) case.
Further, we show explicitly the technique to decompose SO(2N) tensor invariants in terms
of SU(N) tensor invariants and illustrate this method with some concrete SO(10) invariants.
Finally, in this appendix, we express SO(10) tensors in terms of SU(5) irreducible tensors
with canonically normalized kinetic energy terms and identify SU(3)¢ x SU(2). x U(1)y
singlets, SU(2)| doublets and SU(3) triplets in SU(5) fields.

Appendix B.1. Complete Embedding of U(N) into SO(2N)

Let o and A given by
c=a+ib and A=c+id, (A60)

be N—dimensional complex column vectors of the U(N) group where a, b, ¢ and d are real
vectors. Then the U(N) group transformations [11],

o =Uco, N =UA,

U =M, 1t = Lt = 1 My = MIJ(N)/ (A61)
leaves the following scalar products invariant:
cto=a"a+b'p, (A62a)
AMr=cTe+d'd, (A62b)
Ao = cTa+dTb+i(ch—dTa). (A620)

Now, define two 2N—dimensional real column vectors as follows:

g (Z) A= (;) (A63)

The U(N) invariants Equations (A62a)—(A62c) can now be expressed in terms of X and A:

t'2=a'a+0b'p, (A64a)
ATA=c'c+d"d, (A64b)
A'Z=c'a+d'p, (A64c)

AIE=cTb—dTa, J= (_01 [1)) (A64d)
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Next, consider the SO(2N) group acting on the real 2N dimensional vectors L and A.
Then, the SO(2N) group transformations

L =0%, A =0A,

M (A65)
O = Mo, 0TO = 00T =1; Msgan) = ~Mdg )
leaves the following scalar products invariant:
'L ATA; ATE (A66)

Since the SO(2N) invariants in (A66) are also U(N) invariants (see Equations (A64a)—(A64¢)),
U(N) is a “natural” subgroup of SO(2N).

Note that since © € SO(2N), the antisymmetric generators Msg oy in the basis of
Equation (A63), can be written as

[ A B
Mson) = l(_BT C) (A67)

where A and C are real antisymmetric (A = —AT,C=—C")N x N matrices while B is an
arbitrary real N x N matrix.

Additionally, if we impose that O € U(N), then Mgg o) is also a generator of U(N):
Mson) O My(n)- Then the corresponding transformation must also leave the fourth

. T .
quantity in Equation (A64d) invariant: A'TJE = ATJE = ¢“Mum g*Mum) = J, which
under infinitesimal transformations takes the form

MJ(N)J + My =0 (A68)

Inserting Equation (A67) into Equation (A68) gives

A B
Muyn)y = (—B A) (A69)

where A is a real N x N antisymmetric matrix and B is a real N X N symmetric matrix.
The number of independent elements in A and B are sN(N — 1) and $N(N + 1), re-
spectively, giving a total of N? independent elements in My(n)- The traceless matrices
A (since A is antisymmetric) and the traceless part of matrices iB: i[B — § Tr(B)1] will
form the adjoint N2 — 1 dimensional representation of the SU(N) group and the trace of B:
# Tr(B)1 will be an SU(N) singlet. This term generates the U(1) group of complex phase
transformations. Thus, we have the decomposition SO(2N) — U(N) — SU(N) ® U(1).
However, the adjoint and singlet representations of SU(N) is not the full story. There are
other generators of SO(2N) that are not in My y). These remaining (2;‘) —~N2=N(N-1)
generators of SO(2N) form two antisymmetric tensor representations of U(N): —K £ iL

each of dimension JN(N — 1):
K L
(< L) w0

This can be seen from the following argument. From above we have learned that 2N
a
b
sponding to a =+ ib, that is, 2N] — {N} & {N}. Further, the (antisymmetric) generators
of SO(2N) can be associated with 2" rank antisymmetric tensors. Thus, under SO(2N) —
SU(N) ® U(l) decomp()sjﬁon: [ZN ® ZN}antisymmetric — {(N D N) ® (N D N) }anﬁsymmetric =

dimensional real vector, ( >, decomposes into N & N dimensional vectors of SU(N) corre-
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|:(2£\|)} — {N ® N}antisymmetric ® {N®N}antisymmetric ® {N ®N} Thus, [N(ZN - 1>] —
{%N(N - 1)} & {%N(N - 1)} ® {N? — 1} @ {1}. Altogether,

Mso2n) (A71)

A+K B+L
-B+L A-K

Summarizing;:
e N2 — 1 dimensional adjoint of SU(N) is formed from A + i(B - % Tr(B)l)
Singlet of SU(N) is formed from  Tr(B)1
*  Antisymmetric representations of SU(N) is formed from —K +iL and —K — iL each
of dimensionality sN(N — 1)
¢ A K,Larereal N x N antisymmetric matrices and B is a real N x N symmetric matrix.

Appendix B.2. Generators of SU(N) in Terms of SO(2N)

For compactness and clarity we drop the subscript from Mgg o) and write them simply
as M. Looking at the block structure of M in Equation (A71), we can make the following
assignments [11,24] (i,j =1,...,N)

; 1 !
Aj=—5 (Mij +Min j+N>; Bj =5 (Mij+N + M; i+N)/ A7)
| PR |
KV =3 (Mij —Miin ]'+N)} LY = §<Mij+N - M; i+N)-
The generators of U(N) group are P, defined by
P! = Al +iB, (A73)
and the SU(N) (traceless) generators, ;-, are given by
i—pi_ Lpksi A74
They satisfy U(N) algebra,
[ﬂyﬂ:ﬁﬁ-#ﬂ,
. . . (A75)
@}, qf] = 5ja} - ¢fa;,
The U(1) generator, P, is given by
P =iM; N (A76)
Lastly, the broken generators of SO(2N) group, S” and S;; are
ST = —Ki/ — L,
(A77)

§1’]' = —Kij + iLij.

Appendix B.3. Branching Rules for SO(2N) into SU(N) ® U(1) Irreducible Representations

The irreducible tensor representations of SO(2N) can be decomposed under SO(2N) —
SU(N) ® U(1) by forming tensor products and using Young tableau [11].

e VECTOR OF SO(2N)
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This case was already considered in the Appendix B.1:
2N] — {N} & {N} (A78)

*  2nd—RANK TENSORS OF SO(2N)
The antisymmetric tensor representation was also considered in the Appendix B.1:

NeN-1)] — {INN-D} o {INN-1)} o (N> -1}

{1}
In the case of 2nd—rank symmetric traceless tensor of dimensionality (2N2+1) - (2(')\'), we

get 2N ® 2N] — {(N®N)® (N®N)} which on simplifying gives

(A79)

symmetric symmetric”

[(N+1)(2N-1)] — {;N(NJrl)} ® {;N(N +1)} ® {Nz—l}
®{1} (A80)

®  3rd—RANK TENSORS OF SO(2N)
Here we form an anti-symmetrized and a symmetrized product of three vectors and
subtract off the trace in the case of a symmetric tensor representation. The result for
the decomposition of antisymmetric tensor representation with dimensionality (2:',’\') is
given by

BNeN-1(N-1] — {INN-D(N-2))

{%N(N—i—l)(N—Z)} (A81)

The result for the symmetric traceless tensor representation of dimensionality (2N3+2) -

() is

ENN+2)N-1)] — {INN+D)(N+2)] (A82)

®
o{INN-1)(N+2)}

*  4th—RANK TENSORS OF SO(2N)
Using the technique as before, we have the following decomposition of the (*))
component 4th—rank antisymmetric tensor representation

[%N(N —1)(2N — 1)(2N —3)} — {QjN(N —1)(N—2)(N —3)}

o{ EN(N-1)(N-2)(N-3)}
S{INN+1)(N-1)(N-3)}
o{INN+1)(N-T)(N-3)} (A83)
@{%N(N _ 1)} @ {m}

S{INN+1(N-3)} & (N> -1}

{1}
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For the case of symmetric traceless tensor representation of dimensionality (2N+3)

(2N+1) the decomposition is

[%N(2N+1)(N+3)(2N—1)} LN( N+1)(N+2)(N+3)}

EN(N+1)( N+2)(N+3)}

IN(N+1)(N—1)(N+3) (A84)

{
@
@ )}
o INN+1(N=1)(N+3)}
@

{
{
{an
{IN(N-1)(N+3)}

*  5th—RANK TENSORS OF SO(2N)

The 5th—rank antisymmetric tensor representation has dimensionality is (zé\') and
can be decomposed as follows

[%N(ZN —1)(N—1)(2N — 3)(N —2)} —

5=

(=
=
=z

~1)(N-2)(N-3)(N-4)}
BoN(N—1)(N=2)(N =3)(N - 4)}

LN(N+1)(N—1)(N —4)}
9]

INZ(N+1)(N—=1)(N— 4)} (A85)

& & e & & b & b

For the case of symmetric traceless tensor representation of dimensionality (2N+4)

(2N+2) the decomposition is

NN+ 1)(N+2)(N+3)(N+4)

BN (N +2)(N+3)(N+4)}

N

(A86)

[%N(N £1)(2N +1)(N + 4)(2N — 1)} — {
@
®
@

N
AN(N+1)(N—1)(N+2)(N+4)

N

1

{ )
{ZLN(NH)( —1)(N+2)(N +4) }
{ ( }
{ANZ(N = 1)(

53]

o{IN(N-T)(N+3)}

®  SPECIALIZING TO SO(10) GAUGE GROUP

N2(N — 1) N+3)}

ENT
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Under SO(10) — SU(5) ® U(1)

pu” 10 — {5} & {5} (A87)
oY [45] — {24} @ {10} ® {10} & {1} (A88a)
o) :  [54) — {24} @ {15} @ {15} (A88b)
(2N : 1120] — {5} @ {5} @ {10} @ {10} @ {45} © {45}  (A8%)
®21) . 210 — {35} & {35} & {70} & {70} (A89b)
oW 210] — {1} @ {5} @ {5} @ {10} @ {I0} ® {24} & {40}
@ {40} @ {75} (A90a)
@\ %) . [660] — {70} @ {70} @ {160} & {160} & {200} (A90b)
g [252) — {1} e {1} @ {5} @ {5} & {10} & {10} & {15}
® {15} & {45} ® {45} & {50} @ {50} (A91a)
@ 72 [1782) — {126} @ {126} & {315} & {315} @ {450}
@ {450} (A91b)

Recall from Equations (A20b)—(A20c) that the real 252-dimensional 5th—rank tensor of
SO(10), = (252)(4) decomposes into two complex Sth—rank tensors, @!120)(4) (: o) )

UvpoA uvApo — "uvpoA
(126)(A) (— ~(+) : ; : . 7(252)(A) _ 5(126)(A) (126)(A)
and (DMW\PU (: .prm\> each of dimensionality 126: E oo _‘DVMPV + quMPV ,
where

di(?)m) 1 i (252)(A)
;(4;/26%%14) ) <5F’“5V5‘5P7(5/\55179 + 5161“407\‘7“,3759) szﬁ’yé(? (A92)

¢;w/\p(7
@(0W . [126] — {1} ® {5} & {10} & {15} & {45} ® {50} (A93a)
q’,glvzf,fo(—A) : [126) — {1} & {5} @ {10} @ {15} & {45} & {50} (A93b)

Appendix B.4. Technique for the Evaluation of SO(2N) Invariant Tensor Couplings. The Basic
Theorem

Here we discuss a technique for the analysis of SO(2N) invariant couplings which
allows a full exhibition of the SU(N) invariant content of the tensor representations [8-11].
The technique utilizes a basis consisting of a specific set of reducible SU(N) tensors in terms
of which the SO(2N) invariant couplings have a simple expansion.

We begin with the identification that the natural basis for the expansion of the SO(2N)
invariants is in terms of a specific set of SU(N) reducible tensors, ¢ ¢, and ¢ which we
define as

k _ _ .
A" =@ =Py iy 1,

) (A94)
Ak = g, = Qo — iy
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Inversely,
= (9, + ).
_)P T S (A95)
Po1= 5 (fl’ck - ‘pfk)’
wherei,j,k,...=1,... ,Nare SU(N) indices and u,v,p,... = 1,... ,2N are SO(2N) indices.

This can be extended immediately to define the quantity ®,c,... with an arbitrary number
of unbarred and barred indices where each ¢ index can be expanded out so that

I3

AAA - = Peicicy... = Poicjey... T1Pi-1¢g..  etc.. (A96)

Thus, for example, the quantity @, _is a sum of 2" terms gotten by expanding

c in Ei3 .G
all the c indices. ¢Cifjck“f7 is completely antisymmetric in the interchange of its c—indices

whether unbarred or barred:

d’fifjck..fr = _(pckfjci_,f,, etc..
Further,
* = —
¢Cichk~-~Er‘ - QC,’C/‘Ck_.,Cr etc..

*7 —
C,‘C]‘Ck...Cy

such as: —%8 ﬂ%aﬂ(p;, %@ﬁf @, 28, etc., where 4 and B are Dirac indices.

As a first example, consider the SO(10) bilinear invariant 10 - 10: I,,J u- We evaluate this
invariant in terms of the specific set of SU(5) reducible tensors. To that end, write I}, =
(Li,Ipi-1), Ty = (Jai/Jaoi—1), wherei = 1,2,... ,5and p = 1,2,...,5. Then I]],, = IpiJ; +
Iyi 1)5i—1- Writing, I, = Ip; +iXp; 1 and ], = Jo; +iYoi1, we getIeJ;, = Iifoi + Ii—1)2i1 +
i(Li-1]5 — Lif2i—1) and Ig ], = Lol + Li-15i—1 + i(Iaif2i—1 — Lai—1]5;). Adding the last
two equations give I, Jz, + Ir,J ., = 2(I2i]5; + I2i—1J2i—1) and hence,

Use of quantities like @ are also useful in evaluating kinetic energy like terms

1
10-10] L], = 27(1@.]@ +I:),,)-

(10) -
One can now exploit the last result to compute other SO(10) bilinear invariants such as 120 - 120:

Lol p- Therefore, Lol = %(ICiVP]EivP + Igivp]qvp). Repeating the process, we get Levplzp =
1 171 1 .

2 (ICiijIEiE]"D + ICiE]'pIE,-ij) =2 [f (ICiCjCkIEiE]'Ek + ICiCjEkIEiE]'Ck) + 2 (ICiEjCk]EiCjEk + ICiEjEk]E,'CjCk)} and sim-
: 171 1

ﬂarly, IEiVPICin =3 [z (IEiCjCkICiEjEk + IEiCjEkICiE/‘Ck) + 3 (IEiEjCk]C,'CjEk + IEiEjEk]CiCjck)]' Thus, IVVPIPVP —
11

7 (1 ) (ICiCjCk]E,'E]'Ek + ICiCjEk]EiEjCk + ICiE]’CkIE,'C]‘Ek + ICiE]'Ek]E,'C]'Ck + IEiC]'Ck]ciE]-Ek+ IEiCjEkICiE]'Ck + IEiEjCkICiCjEk
+IEiE],Ek]CiC/,Ck). Finally, using the antisymmetry of the c—indices, we get
1

120- 120‘50(10) : I;ul/p]yvp = 273 (ICiCjCk]EiE]fk =+ IEiEjEkICiCjCk + 3ICiijkIEiE]'Ck + 3ICiE/‘EkIEiCjCk

+IE,‘C]'C)<]C1'E]‘E)() .

Higher order SO(10) invariants in terms of specific set of SU(N) reducible tensors can
also be easily computed. As a third example, consider the SO(10) trilinear invariant 10 - 10 -
45: 1], Lyy. Expanding, IuJ,Lyy = 5 (L) Lew + IeJuLew) = 5[5 (IeJ e L, + L Je Lac;) +
% (Ifi](jj LCI‘E]‘ + IE,‘IE]' LCiC/' )] . Rearranging’

1
10.10.45‘50(10): LlLw = 5 |laJeLeg +IaJeLag + (IeJe, — Il Lag |-

For our last example, we compute the quartic SO(10) invariant, 45 - 45 - 45 - 45: H, gl ] psLys-
The result is
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45 .45 - 45 . 45
SO(

10) :

1
Hzx,BIuc'y]/SéL'yzS = 24

|:(HC,'C]'ICiCk + HCifjlfick) (IC]‘C_ILEkC[ + ]CjC[LEkE[)

+ <HEiEjIC,‘C_k + HC,‘C_/'IElfk> (]c/-E, LCkCI + chC]LCkEI)

+ (HCiC]'IEiEk + HEiC]'ICiCk) (]Ejfl LCkC[ + IEjClLCkE[)

+ (HCiC]‘IC_iCk + HC_,‘C/'ICl‘Ek> (]ch_l Lfkcl + ]ch]LC_kEl):|

We now give some general results here,

1

¢H1V2H3---Vr ¢V1V2V3---Vr = or

1
1 _
¢H1M2V3---Vr¢V1M2H3---Hr -

2r

|:¢C,'1 Ciy Cig ++-Ci_4 Ciy ‘pEil EiZEiS "'Eir,lfir
+ Ciy Cin Cig-+-Ci_ Ciy
+‘Dc,-1ci2c,-3...c,-7712i,
+@;

C,’1 EiZ CI'3 A..Cir_l Ciy

DT G
Ciy Ciy Cig -:Ci, 1 Ciy

D6

Ciy Ciy Cig+-Ci, 1 Ciy
4+ .-
4+ .-

C,’1 CiZEiS A..Eir_l Eir

Do G GGG Ci
+ Ciy Ciy Cig -+-Ci, 4 Cip = Ciy CinCig -+:Ciy_4 Cip

+;

C,‘l 5[2 E,‘s . .E,‘r71 Eiy

(A97a)

¢C,‘1 Ciz C,‘S ...Cir71 Cip |7

+
C,‘1 Cl‘2 C,'3 "'Cirfl Cir

+ @ !

c,-lcl-zc,s...c,-rilci, CilciZCiS"'C"rflciV

C,'l C,‘2 Ci3 ...Cl‘r71 Cir

+® . ot

Cil CiZCiS"'C’r—lciV Cil Ci2ci3"'cirflcir

+®: , ot

Ci, CinCin...C Ci, £C:i. CinC; . :
i1 Cip Cig+-Ci,_q Cir = Ci Ciy Cig +--Ciy_ Ciy

+® ot

C,‘l C{z C,‘s "'C‘.rfl Ciy, C,‘l Ciz C,‘S ...6[771 Ciy,

+ ...
N

+ @, & o Pr

,1Ci2C13...C,r71 CilciZCiS...Cir_lCl‘r:|

(A97b)

Finally, we make the observation that the object @Cicjgkmcy transforms like a reducible

representation of SU(N). Thus if we are able to compute the SO(2N) invariant couplings
in terms of these reducible tensors of SU(N) then there remains only the further step of
decomposing the reducible tensors into their irreducible parts. See subsection B.5.

Appendix B.5. Explicit Decomposition of Irreducible SO(10) Tensors in Terms of SU(5) Irreducible
Tensors with Canonically Normalized Kinetic Energy Terms

e SU(5) TENSORS IN THE 10-PLET OF SO(10)

The 10-plet of SO(10), qbillo), can be decomposed in SU(5) components [8] as follows

10 10
95" ="

pll” = nO0), (A98)

7
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The tensors are already in their irreducible form and one can identify ¢((;i10) with the

5-plet of Higgs and ¢§}°) with the 5—plet of Higgs. Now the kinetic energy for the
10—dimensional Higgs field [8] is

£09 = 5,405 5100t

1
=-5 (awgo)ag(pgon n aﬂ(pgo)a%gw)
= _% (aﬂhglo)aﬂhglo)’r + aﬂh(lo)iaﬂh(lo)h‘)
— _aﬂHi(lo)azHi(lo)Jr — 9,H(10iga g (10)it

Therefore, we normalize the fields according to

hl(w) _ \[Znglo); R0 — /5 (10)i (A99)

SU(5) TENSORS IN THE 45-PLET OF SO(10)

The 45—plet of SO(10) Higgs, 45;%5), can be decomposed in SU(5) multiplets as follows

o) — ), @5145) — p(4)ij,
oo (A100)
o) _ ,45) o™ _ h](45)i n ééj’:h(‘ﬁ),

CnCn 4 CiE]'

where (45, (45)i] hl(;ﬁ) and h](.45)i are the 1-plet, 10-plet, 10-plet and 24-plet repre-
sentations of SU(5), respectively. To normalize these SU(5) Higgs fields [9], we carry
out a field redefinition:

h®) = VIOH®); %) — /o,
45)i 15)i . b (A101)
B = VaH®Y, )i — )i

In terms of the normalized fields, the kinetic energy of the 45-plet of Higgs,

LY = _g,0007 ()"

1
- _Z<aﬂ¢§£>aﬂ¢gg>+ +aﬂ¢f(i4§>azq,f(§>+ n 2aﬂ¢§j§)aﬂ¢§§”)

_ _i 9.,V (9)ift | aﬂhgxs)aﬂhgxsﬁ +2<aﬂh](45)iaﬂh](45)i+

+ éaﬂh(45)aﬂh(45)+) ]

= _gAH)y, Ut _ % 51 Hl.(fS) 94 Hi(]45)+ _ % 9 )iy St

B (45)i 57 1 ,(45)it
E)ﬂHj d Hj .
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e SU(5) TENSORS IN THE 120-PLET OF SO(10)

The 120—plet of SO(10), q)ylvio), can be decomposed in SU(5) components [8] as follows

(120) _ , (120)i 4+ = {51 ,(120) _ 5],1(120)} o120 _ eifkl’”hl(fo),

e CiCjCk
i ; 120 !

C(E/gz _ h](;zo)l . [ 5},1]((120) _ 5}1{,1]@120)} 4’§»c-jc-z = €ijkim p200m (A102)
' 120 120

C(nznc)l - h(lZO)l; C(ncngz - ( )

where hflzo), (120)i hl(jlzo), 1 (120)ij, h,(clzo)ij , h;;zo)i are the 5-plet , 5-plet , 10-plet, 10—
plet, 45-plet and 45-plet representations of SU(5). To normalize them we make the
following redefinition of fields

p20i = & g, a0 — 1 gasey, 020 2 1 pao)

7 7 -l] l]
V3 V3 V3 (A103)
(120 _ iH(HO)_ (120 _ iH(lzo) ,120)i _ 2 2 p(120)i
N S k /3K ’ jk N
In terms of the redefined fields the kinetic energy term for the 120 multiplet takes on
the form
(120) _ (120) (120)t
’CKE = —02a q>],n/)x o ;u/)\

(00202 < 01020 ol

CiCjck C;
120 120
+3aﬂ(bc(ff,za (Dc(izjzg )
S [1zaﬂhi<aﬂhf + 1292k Hiit + 3(aﬂh(1zo)”aﬂh<lzo)ﬁ*
+ 8 h(lZO)zaﬂh(lZO)ﬁ') +3<aﬂh(120) aﬁlh(lzo) + a h(120)aﬂh(120)+)]

- _faﬂ H(120)ij p(120)ijt _ a B0 'aﬂ HO2iga (120}

_ 7aﬂH(120) aﬂH(HO) aﬂH(12O)zaﬂH(120)i+ _ aﬂH.(m)aﬂH(m)
1

e SU(5) TENSORS IN THE 210-PLET OF SO(10)
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The 210-plet of SO(10), <Dﬂ2vlp?7), has the following decomposition in SU(5) multiplets

(]

(D(zm) _ h(210)1] 4= [5]h(210) 5kh(210)] —|—5]h(210) _(5]]/1(210)]

C,C]CkCI
] 7\ 7,(210
+20((5}5k—(5}((51>h( ),

(210) _ hl(zlo)ijk n %(51%(210)17 B §{h(210)ik _|_5lih(210)jk),

€icjckT
<I>(,2§?3nc,n h§21°>’+g(s;ih<21°>, (A104)
q>£i§8,2q = %elf”mh,ﬁflo%

(lzig)”% _ (210

& =,

Snmertn = 1P,

where 7210, 10, p10) (2100, 210y FION PO 310 ang 5O are the

1-plet, 5-plet, 5-plet, 10-plet, 10-plet, 24—plet, 40-plet, 40-plet and 75-plet representa-
tions of SU(5), respectively. To normalize these fields, we carry out a field redefinition

(210)ijk _ |2 (210)ijk
(210) H(zm R210)i _ /5 (210)i hl = \/>H ,
,(210) (210),
,(210)i _ S\fH 10y, My =2 H ](13110 \[ H](kzllo ) (A105)
(210)i _ (210) )
210 =8v6 H 210 hj - ﬁH]’ ’ (210 (210)i
hy Hk

Now the kinetic energy for the 210—dimensional Higgs field in terms of the redefined
fields takes the form

(210) (210) A (210)t
‘CKE = —0a (pyup)\a HVPA
o (210) (210) (210) (2 0)t (210) (210)t
- 16 <aﬂq)fxC/Ckflaﬂ CiCjCkCr + 0 q)EEEkcla CiCjCkCy + 49 d)c Cj ckcla q§cic/ck51

149,020 3120 4 65 210 Ha 45‘219)7)

CiCiCkCy c CiCkCy CiCiChCy CiCiCkCy

= _9,H20)ga g0t _ 5 p(210)igay(210)it _ 5 H(Zlo)az (210>

_ 782H(210>82H<210) laﬂH(zw)ijazH(zw)z]f — 94 H(210) azH(Zlo)
2!
(21047, (210)1+ 1 (210)ijk - 7 ; ,(210)ijkt (210)11 a (210)z]+
—aaﬂ e 9 Hg T = aaH 9T H) Efa aHy o H

SU(5) TENSORS IN THE 126 + 126—-PLET OF SO(10)
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—(252)

The 252—dimensional tensor of SO(10), = JwApe

SU(5) multiplets [8]

has the following decomposition in

Egzgzczclcm _ h(rlnTé)i]k < SISO _ 51260 | gy (1260 _gi 200k g7 (126)i
- 27 ) 415 (29— ol T — g 1 of1 020
1 56 Wi skl I (126)i>/,
252 126 126 126 i 1 (126)j 1. (126 126
E'zC]CiClCm - hl(clm )1] +5 <5kh( ) 5lh( )] + 571’”111((1 )] - 57]€hl(m ) + 5]h( !

s (126) ) T <5;~(5{h1(1}26) B 5;‘{(5’];1]11(126) B 5;‘5@7(1326) +5;‘5{nhl(126)

+51,0ln 1% _ 5t 5 h,ﬁlzf’)) .

=(252) 126)ni | 1 i i i (126)pq
= eiCickCitm e]klm"h(s) + 5 5]'€klml7q ~ Ok€jlmpq T O1€jkmpg — OmEijklpg h ’
m=(252) 1]kln (126) i .jklpqg _ si .iklpq k ijlpq 1 ijkpq (126) .
=eicickeem h( S)nm + Om€ o€ + 0p€ — € hpq ;
=(252) (126 |, 1/, (126) (126)
Eeiickincn = hjk + —( ok (5 h
£ (126)jk | 1k (126)j 5 (126)k
CiCjCkCnCn — hi + Z 5ih - 5ih ’
(252 iikl 126).
"-*'Eicjc;zclcm =¢' mh( )/
=(252) 126
LA eijklmh( ),
5(252)  _ ijkim},(126).
=cicjcktntn T Im 7
=(252) 126)Im
HC_iij_kCnC_n - ez]klmh( ) ’
=(252) _ 1,(126)i.
= h
h’cic‘nc,,fpcp - ’
=(252) _ p(126)
‘-’Eic‘ncnc'pcp ] .

The fields that appear above are not yet properly normalized. To normalize the fields
we carry out a field redefinition, so that,

(126) _ _2_py(i26), p(126) = _2_p(126)

jp(126)i _ 4\/51_[(126)1". h(126) _ 4\/EH(126)’
126 \/7 H (126) ; j(126)lm _ \/7 p(126)1
(A107)
B = 4m-waz
(126 _2\/7 (126)i ’ 126 _2\/7H126

h(126)1]k H (126)ijk . h(126)l H (126)1

Im \/E Im ’ ijk

(A106)
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The kinetic energy for the 252—plet field [,1%552) = —9 ._45421/5/\22 ‘78"4 ;421/5/\2’3; in terms of the

normalized fields is then given by

(252) =(252) a(252)
EKE = —0aE ;u//\paa/q = uvApo

_ 1 <aﬂu(252) ARt o 2(052)  gag(s)t

- 32 [ C/CkClCm ‘-’C,'C]'CkClCm

=CiCickciCm CiCiCkCiCm

22%)  qag(t oy 2(52)  qag(5)t

CiCjCkCiCm "’cicjckclfm CiCiCkCiCm CiCiCkCiCm

+100,2%%__ 9252t 109,232 Ha w(m)*)

c;c CkC[Cm CiC]'CkC[Cm c;c CkC[Cm HCiCjCkCICm

= _9,H(120)9a (1200t _ 5 p(126)5a y(126)t _ (126) e H(126)

_ aﬂH(@)iaﬂH(ﬁ)h‘ _ laﬂH(126)ijaﬂH(126)1]+ . 7aﬂH§'126)a;4H§176)+
2! g

laﬂH((gZ)aﬂH(((ﬁ%) 7aﬂH((1§6)z]a,q (( 2 6)ijt %aﬂng126)jkaﬂnglz6)jk+
(126)i (126)it (126)1m (126)Imt
aﬂH 97 H] 3,2'aﬂHl]k 'H)
(126)ijk 2 (126)1]k+
— ﬁaﬂ[H 0" H,,

where H(126)(H(m)) H'(126) H(ﬁ)l H(126)ij H(m) H((;§6) H((é§6)lj H(126) H(k176)1

o 7 i 7 7 7 l] 7 l] 7 1 ] 7
Hi(jf&lm, Hl(;l%)l]k are the 1, 5, 5, 10, 10, 15, 15, 45, 45, 50, 50 representations of
SU(5), respectively.

Appendix B.6. Extraction and Normalization of SU(3)c Triplets, SU(2)_ Doublets and
SU(3)¢c x SU(2) x U(1)y Singlets in SU(5) Fields

SM doublets, triplets and singlets contained in the SU(5) fields are needed in the sponta-
neous breaking of SO(10)—GUT and electroweak symmetry. Let’s first identify them [14]:

(Go)pe, (Gulp,
(Gi20)pe, Gro)p,, (45120)pa, ($B120)p),
SU(2) weak doublets : (5126)D,,, (45126)D
Grsbe, B,
(G20)pa, (320D,

Grorre, Gro)T,
(5120)'[“/ (Gr20)T,, 45120)‘|’i¢, (#B120)T,
SU(3) color triplets : (5r26)T,, (45126)T (50126)T
(5@)"’%[ (45@)"'“/ (SOW)T,X
(5210070 (5210)T“
and
S1,.s S
ST
S1_
126
S1,,r 524,/ 575

45

SU(3)¢ x SU(2)L x U(1)y singlets :

2107

where for example, the notation (%126)1'“ means the triplet field with canonically normalized
kinetic energy term and residing in the SU(5)’s 50-plet of SO(10)’s 126-plet. Here a, B, v =
1, 2, 3 are SU(3) color indices, while a, b = 4, 5 are SU(2) weak indices.
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SM DOUBLETS AND TRIPLETS IN 5-PLET AND 5-PLET OF SU(5)

5 and 5 fields of SU(5) have the following SU(3)¢ x SU(2), x U(1)y decomposition
(27]

H®i(5) = (1,2,3) ®ID7 4 (3,1,—2) GilTe,
HY (5) = (1,2,-3) D, +(3,1,2) BT,

where # appearing in the subscript refers to 10, 120, 126, 126, 210 fields of SO(10) and
we have defined

H®a = Gepa, H,g#) = Gup,;
g — (5#)7'06,- HO((#) — (5#)7;; (A108)

Here, D’s and T"’s represent unnormalized SM doublet and triplet fields. The kinetic
energy of the 5— and 5— plets are given by
—_9 HWigAg®it [aA (5e)pa gAGeIpat 4 g , (Gee aA(S#)-l—a-t'] )

—aaH® AT — [a 4%¥)D, 944Dt + 5, G4t aA(5#*r,j§},
so that the SM fields are normalized according to

Ge)pa — (5#)Da; (5#)'1)“ — (5#)Du;

_ _ Al
Grhya — (5#)1'06/- (5#)7; — (5#)'['“,- (A109)

SM DOUBLETS AND TRIPLETS IN 45-PLET AND 45-PLET OF SU(5)
45—dimensional field of SU(5) have the following SU(3)¢ x SU(2). x U(1)y decom-

position [27]
HM(a5) = (1,2,3) WD 4 (3,1, -2) USIT™ 1 (3,3, —2)W + (3,1,8) W,
+ (3,2, ~7)Waa + (6,1, —2)WF + (8,2,3) Wi,

where # refers to 120 and 126 fields of SO(10). The traceless condition on the SU(5)

tensor H ]({#)ij leads to the definitions

HPP = — g™ = @pe, g = g = (ST (A110)

We now express all the reducible tensors of the 45-plet in terms of the irreducible ones
as follows:

(#)aw _ Lo (5)a. py(#)ea _ L cu (454)1ya.
H,™ = Wit — o) 0T =DM = Wit 2oy WD
HP™ = eyy,; WP = eabryy, (A111)

HC(#)ﬂh _ 5? (454)pa _ o (45#)1)17/, HEY#)“’S _ Wﬁ';’s + % 55; (454)7B _ 55 (450)ga]
The kinetic energy of the 45-plet is given by
—ou H,S#)ijaA H]E#)iﬁ _ [aA(45#)DaaA(45#)Da’r + aA(45#)-|—aaA(45#)-|—a+

+ 04 W2 AW 9 W, d WT + 8, W, dW,
+aaWsP WP 4 a awita it
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so that the SU(3)¢ x SU(2). x U(1)y fields are normalized according to

3 1
45# a __ — 45#) (45#)7'0( — (45# o,
D" = \/; D% V2 i ’
1 1

Wy = —=Wy; Waw = —=Wag;
1& \/16 (A112)
Wae — _—_yaa, W — e,
B \/’ B b \/E b
1

One can now easily extend Equations (A111) and (A112) to SU(5)’s 45. field contained
in 120— and 126—plets:

1 —
H = Wi, — 28 50T P = Wi, + 2ol Bop,;
Hﬁf) = eV H :eaﬁvW”'

# 45, 15, # —
Héb)c = o5 B, — 6 Bp,; H (ﬁ)v WY s+ [ s (45#)775 _ 5;(45#)7; ]

@, — ;ﬁ @p,; @ — \% @y, (A113)

1 1
sz — 7Wlx‘ Wuac — 7me'
v2 Ve

1 1
Waa = EWEL;} W,?,x = ﬁWfia;

1
Yo WY
Wiy = W

In Equation (A113), # refers to 120— and 126-plets.

SM TRIPLETS IN 50-PLET AND 50-PLET OF SU(5)
50—dimensional field of SU(5) have the following SU(3)¢ x SU(2)_ x U(1)y decom-
position [27]

(126)ijk
Hlm

(50) = (1,1,—12)X + (3,1,—2) G0meTe 4 (3,2, —7) X2 1 (6,3, ~2)x" xp
+(6,1,8) X%, +(8,2,3) X",

where we have defined

H£;26)ub7 _ Ho((}a%)zxﬁv Hﬁ%)“” — (5()%)7—0(;
HZ10P — 6, (A114)
AT
Dyp = A"

The first relationship above follows from the traceless condition on the SU(5) irre-
ducible tensor H ;;126)1] K

(126)aai 17 (126)api (126)abi
HE™ = =2 [HZ" 4 }
We now express the reducible tensors of the 50—plet in terms of the SM irreducible

ones as follows:
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HZOPn g poft — sp et 4 shavan — o HPOMT — gapre, &
HPOPY 57 xP _ sP a7 4 guxh, H2OME — by
- T (A115)
Hﬁzé)aﬁa _ Xff“ + Lag [ 52 (0T B — (55(5()%)7“}; HC([1326)aba _ 5 ng iy xg
HO™ = 1 [510} — o302 | T, H{1200aPa _ o b _ go yf
HZOPT = Yool SomTy — ofoy ComTr — 367 oI TP + 676 (Ome)TP N
+ohod (SomITe — o] of omIT].
The kinetic energy of the 50-plet is given by
_aAHl(F)ijkaAHl(F)in _ [anaAX+ +04 (SOE)T"‘BA (50@)"’&1’ + %angﬁangﬁf
+
+ HOAXETIAXGT 4 L 10, X0 AKX
+ haaxs oAt |,
so that the SM fields are normalized according to
P LX; (50p35) 7 — 1 (50035 )T
2V3 3
1 1
X = —xiP ame = e A117

apa 1 apa, xe — 1 X
b _6\5 b’ ﬁv_z\/g B

One can now extend the above results to 50 of SU(5) contained in 126 plet.

e  SM SINGLET IN 24-PLET OF SU(5)

24—dimensional field of SU(5) have the following SU(3)¢ x SU(2)_ x U(1)y decom-
position [27]

H"'(24) = (1,1,0)8, + (1,3,0] + (8,1,0V5 +[(3,2, —5) Vi +ccl,

where # refers to 45 and 210 fields of SO(10). The tracelessness condition on the tensor
H](#)I gives the following definition

= - = 8y (A118)

The reducible tensors of the 24-plet can be expressed in terms of the irreducible ones
as follows:

# 1 #
ng )a = y{} — 555824#; Hé )a

1
= yg + 552824#. (A119)
The kinetic energy of the 24-plet is given by

—oaHPOAHTT = —[a45y, 0%k, +0aYE0 VS +a,vi0 V!

+ 4% 19, Y204y,
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so that the SM fields are normalized according to

6
S, = \/;524#; Vg =Yg V=Y (A120)
VE=YE VE=Y

SM SINGLET IN 75-PLET OF SU(5)

75—dimensional field of SU(5) have the following SU(3)¢ x SU(2)_ x U(1)y decom-
position [27]

Hi'(75) = (LL,0)Sss, +(8,1,0)2 +(8,3,0) 25
+1[(3,2,-5) 2 + (6,2, -5) 258 + (3,1, -10) Z,
+c.cl, (A121)

where we have defined

Hﬁlo)ab _ Hiél())“ﬁ _ —Hu(azzm)w S
Hﬁw)"‘b = X% (A122)
2y = (210) ﬂ 575,
Again the first relationship above follows from the double tracelessness condition on
the tensor nglzm)ij :

210)aa 1/ (210)ap (210)ab
HG O™ = =2 (B + HGO™).

The reducible tensors of the 75—plet can be expressed in terms of the irreducible SM
states as follows:

210 b
HGO (5?53 — 0382 )575210

1 1
ngalo)aﬁ _ 1 (50(25 s gﬁ) + = ((sg(sﬁ — (5{’7‘(55)575210

6
H O = 3+ ‘5b 25— ‘5b‘5/337521o (A123)
HEOP — z0f 2 (J“Zf - hzy);
H, (210)“’9 =g, e"‘*g“VZ7
H,Sflo)‘“" — 5RZY — 2L
The kinetic energy of the 75-plet is given by
—oaHg Vot HTOT = 94875, 94SEs 4+ 0Z,00Z) + 9474072

+ aAzgaAzg+ + aAzgaAz"f+ +042%9475% +

a/S A a,B+ 711 A va'l'

Azaat
o zvaA B0 gy |/
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1 a L Q. ap 1 ap
S75,, = \76575210; 2 \/gz P 2y = mzwr
1 x L «. ya __ 1 ya
2y = 570 z; = %Zu, Zl = 2\72“'5’ (A124)
uc_llx. ﬂ_iﬂ. wa 11xa
Z —2Z, Za—\@za, ﬁbziﬁb‘
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