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Abstract The Cold Dark Matter (CDM) hypothesis accu-
rately predicts large-scale structure formation and fits the
Cosmic Microwave Background temperature fluctuations
(CMB). However, observations of the inner regions of dark
matter halos and dwarf galaxy satellites have consistently
posed challenges to CDM. On the other hand, the Modi-
fied Newtonian Dynamics (MOND) hypothesis can explain
galactic phenomena but fails to account for the complex
shape of the CMB and matter power spectra. CDM and
MOND are effective in nearly mutually exclusive regimes,
prompting the question: is there a physical mechanism where
CDM and MOND share acommon origin? Q-balls, which are
localized, non-topological solitons, can be a bridge between
the two hypotheses. Q-balls formed in the early Universe
can mimic CDM at cosmological scales. Interestingly, Q-
balls can exhibit MOND-like behavior in the late Universe at
galactic scales, providing a unified framework. Specifically,
we demonstrate that millicharged composite Q-balls formed
from complex scalar fields, decoupled from the background
radiation, can naturally arise during the radiation-dominated
epoch. From the matter-radiation equality, we also obtain the
mass of Q-balls to be 1 eV, which are much smaller than the
electron mass. Using the constraints from the invisible decay
mode of ortho-positronium, we obtain 0 < 3.4 x 1075, We
also establish an upper bound on the number density of Q-
balls, which depends on the charge of the Q-ball and the small
initial charge asymmetry. Furthermore, we demonstrate that
the MOND naturally emerges at the galactic scale within the
framework of our Q-ball model.

1 Introduction

The most convincing evidence for dark matter (DM) is found
at the cosmological scales [27,30,47,60,72,91]. The A-
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Cold-Dark-Matter (ACDM) model, in which DM is com-
posed of collisionless particles, fits the temperature fluctu-
ations of the Cosmic Microwave Background (CMB), the
matter power spectra, and the abundance and mass func-
tion of galaxy clusters extraordinarily well. The foundation
of the conventional cold dark matter hypothesis is the exis-
tence of non-relativistic, collision-free dark matter particles
[27,30,47,60,72,91]. Also, dark matter constituents cannot
possess an electric charge comparable to that of electrons
unless they are extremely heavy [13]. However, this does
not rule out the intriguing possibility of electrically mil-
licharged particles [26,81]. Millicharged particles have an
electric charge ¢’ = se, where e is the electron charge and
& < 1. These particles can be either bosons or fermions, and
they naturally arise in a wide range of models [26,81]. On
cosmological scales, CDM accurately predicts the formation
of structure.

At smaller distance scales, however, the accurate pic-
ture is nebulous. As galaxy simulations and measurements
have advanced, the CDM paradigm has encountered sev-
eral challenges. Contradictory predictions concerning struc-
ture on galactic and sub-galactic scales, however, seem to
result from it [53,94,102]. Local group dwarf satellite galax-
ies present the main obstacles. Dwarf satellites are excellent
candidates for in-depth studies of DM microphysics due to
their DM dominance. With the discovery of ultra-faint dwarfs
[9,101,103], the old “missing satellite” problem [48,71] has
been gradually resolved, and other, more pressing problems
have emerged. Recent attempts to match populations of simu-
lated subhaloes and observed Milky Way (MW) dwarf galax-
ies uncovered a “too big to fail” issue. The most massive
black halos are too dense to contain the brightest MW satel-
lites. Even more perplexing is that most MW and Andromeda
(M31) satellites co-rotate within immense planar structures.
This can not be explained within the ACDM model [21].
Also, recently, it has been suggested that the growth rate of
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perturbations is higher than predicted by the ACDM model
[73].

These issues raise the possibility or implication that
dark matter is not cold or collision-free. Weakly interact-
ing massive particles (WIMPS) [79,83,89,95] or axions
[31,42,46,63,90,100] the two generally accepted possibil-
ities for dark matter, would be excluded in that case. The
defining feature of the thermal WIMP is its relic abundance
naturally explained by the freeze-out process with a weak-
scale cross-section. This cross-section would account for the
elusive non-gravitational interactions of dark matter (DM).
WIMP candidates naturally appear around the weak scale in
many theories beyond the standard model (BSM). While a
simple thermal WIMP is not the only possibility for DM,
it is a compelling scenario that demands definitive testing.
If WIMPs constitute the DM in the Universe, including
our Galaxy’s DM halo, they should be ubiquitous, even in
our immediate vicinity. This raises the question of directly
detecting these WIMPs in the laboratory. This possibility
was first explored by M Goodman and E Witten in 1985.
They proposed that WIMPs elastically scattering off nuclei
of chosen detector materials might leave recoiling nuclei with
detectable kinetic energies. Goodman and Witten suggested
that coherent elastic scattering of WIMPs off nuclei, with
the cross-section proportional to A (A is the mass num-
ber of the nucleus), could yield a detectable rate of scatter-
ing events. Subsequently, numerous experiments worldwide,
employing diverse detection techniques and materials, have
sought WIMPs. However, to date, none of these experiments
have definitively claimed WIMP detection.

In contrast, Modified Newtonian Dynamics (MOND)
[68,69,92] provides a radical alternative to DM by modi-
fying the Newtonian force law. According to MOND, the
modification to Newtonian force law occurs at low acceler-
ation. Thus, MOND can be understood as either a change to
the Poisson equation that modifies gravity or a shift in inertia
that modifies inertia by breaking the inertial and gravitational
mass equivalence. This empirical force law has astonishingly
explained a broad range of galactic events [21]. It predicts
asymptotically flat rotation curves for spiral galaxies and pro-
vides an excellent fit to exact rotation curves [87]. The only
free parameter is the critical acceleration ag, whose best-
fit value is the Hubble constant. Interestingly, the Baryonic
Tully Fisher Relation (BTFR) [65,66] is a direct result of this
force law deep within the MOND regime.

In ACDM, galaxies are surrounded by extensive DM
halos, so a merger cannot be avoided [75]. In contrast, in
MOND, there is only stellar dynamical friction so that a
merger can be avoided [75]. According to MOND, tidal
dwarf galaxies should have flat rotation curves and reside
on the BTFR, consistent with NGC5291°s dwarfs. On extra-
galactic scales, however, MOND faces more severe problems
(see [1,4,5,86]). MOND and CDM are, therefore, effective
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in almost mutually exclusive regimes. The A-CDM model
can explain the expansion and linear growth histories and
the abundance of clusters, but on a galactic scale, it has cer-
tain limitations. MOND explains the observable features of
galaxies reasonably well in general, notably the empirical
scaling relations. However, it is highly improbable that it can
be consistent with the complex shape of the CMB and matter
power spectra.

This naturally raises the question: Is there a framework
where the DM behaves as a CDM in the cosmological scales
and can mimic MOND in the galaxy scales? In other words, is
there a mechanism where CDM and MOND share a common
ancestry? To our knowledge, it is difficult to have CDM and
MOND behaviors through particle dark matter models. As
mentioned earlier, WIMPS or Axions cannot connect these
theories in their respective mutually exclusive domains. More
than that, WIMPs and axions cannot explain the low-energy
theory of phonon modes at the galactic scale as their rest
mass energy is very high. Recently, the interest in Primordial
Blackholes (PBHs) as a dark matter candidate over particle
dark matter candidates is to fill this gap [10,18-20,22,33,
37,74,76,88,99]. Also, PBHs are not subject to the Big Bang
nucleosynthesis (BBN) constraints of Baryons, making them
non-baryonic entities that exhibit similar characteristics to
CDM particles.

This work proposes an alternative mechanism with the
same origin but behaves differently in the cosmological and
galactic scales. We demonstrate that non-topological soli-
tons — the Q-balls — can be formed in the early Universe
and mimic CDM at the cosmological scales. Specifically, we
show that Q-balls from complex scalar field decoupled from
the background radiation can naturally form in the radiation-
dominated epoch. In contrast, they mimic MOND at galac-
tic scales in the late Universe. Q-balls can naturally form
in a wide range of particle physics models [3,16,23,24,50-
52,61,62,84,84,96] and can be produced in the early Uni-
verse, and can be stable. Recently, the existence of Q-balls
in the dark sector of the Universe and its astrophysical con-
sequences have gained interest [6].

For a class of complex scalar field theory, we show that
Q-ball configurations exist in the recombination epoch dur-
ing the radiation-dominated (RD) era in the early Universe.
We show that the Q-balls formed satisfy the two conditions
— stability and existence. We show that the density perturba-
tions that reenter during the recombination epoch increase
the production of Q-balls and compute the number density
of the thin-wall Q-balls in the Universe. We also compute
the upper bound on the number density of Q-balls based on
its global U (1) charge and small primeval charge asymme-
try, which might be created due to primordial anomaly due
to helical magnetic fields similar to the case shown in Ref.
[56]. It is also possible to generate charge asymmetry due to
the helicity of the gravitational waves [2]. From the matter-
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radiation equality, we also obtain the mass of Q-balls to be
1 eV, which are much smaller than the electron mass. Com-
bined with the invisible decay mode of ortho-positronium
leadsto Q < 3.4 x 1073 [8,28,38]. Suggesting that the mil-
licharged Q-balls are DM candidates responsible for the early
structure. Since the Q-balls decay as 1 /a’(n) in the early
epoch, they behave like CDM in the cosmological scales.

Later, we look at the possibility of forming Bose-Einstein
condensate (BEC) and superfluidity by these Q-balls in the
present Universe (dominated by dark energy). We find the Q-
balls can indeed form these phases of matter, which eventu-
ally lead to the law predicted by Modified Newtonian dynam-
ics at the galactic scale [11,45]. Thus, we show that the cos-
mological and galactic dark matter share acommon ancestry,
representing distinct phases of a single background fluid.

The possibility that galactic DM can be a superfluid has
recently attracted attention [11,12,45]. This is based on two
key ideas: The first notion that the DM forms a superfluid
within galaxies with a coherence length equal to the size of
the galaxies is widespread [1 1,45].! Second, the DM super-
fluidity phenomenon occurs frequently if the DM particle
is sufficiently light and has a significant self-interaction. A
superfluid is a state of matter where impurity particles flow
without dissipation as long as they remain below a critical
velocity, a phenomenon known as Landau’s criterion [7].
Superfluidity and Bose-Einstein condensation are intimately
related phenomena. In order to acquire a superfluid phase,
Bose-Einstein condensation must first occur; however, the
converse is not true, as the superfluidity property disappears
in the absence of interactions. Thus, we show that Q-balls
can be considered a DM candidate, which acts as a compos-
ite object at the cosmological scale and behaves as collective
excitation on the galactic scale.

The present article is structured as follows. In Sect. 2,
we consider a complex scalar field theory in the spatially flat
FRW spacetime at the RD epoch. For adiabatic evolution, we
derive the equations governing the radial profile Q-balls. We
include thermal corrections in the RD epoch and show that
the thermal corrections enhance the formation of Q-balls. In
Sect. 3, we discuss why Q-balls can be considered a dark
matter candidate. Further, we compute the rate of formation
of Q-balls and their number density in the MD epoch of the
Universe. In Sect. 4, we look at the possibility of forming
BEC and superfluid phase of matter by Q-balls, which even-
tually can resolve issues faced by the Modified Newtonian
Dynamics and ACDM model simultaneously. Finally, we
end this article by concluding our main results in the Sect. 5.

I In Ref. [70], galactic rotation curves are fitted to test the superfluid
dark matter model.

2 Complex scalar field theory in early universe

The general invariant line element describing the expansion
of the spatially flat Universe is given by

ds® = —dt* + a*(t)dx? = a®> () (—dn* + dx?), (1)

where 7(n) is the cosmic (conformal) time, x refers to the
3-spatial coordinates, and a(¢)[a(n)] is the scale factor in
cosmic [conformal] time. On this background, we consider
a test complex scalar field theory (®) described by the fol-
lowing action:

S=— / d*x =g [g’”BMCDBUCD* + U(@*cb)] )

where @ is a complex scalar field and U is the field potential.
In Appendix (A) we explicitly show that this action describes
the Q-ball configuration for the FRW background and the
interaction with the U(1) gauge field is irrelevant for the FRW
background. In conformal time, the above action reduces to:

S = /d4x [azcb/cb’* — VOVt — a4U(d>*CI>)]. 3)

where prime denotes derivative w.r.¢ the conformal time.
Redefining the field variable in the following manner

¢ =amd, ¢* =a(nd* “

the above action becomes:
S = / d*x [(¢’ — HP)(P™* — HP*) — Vo .Vo* — U (¢*¢>]
- f dhx [09" — H@¢"™ +8'9") + H2 1ol — V9.V
~U¢*$)]. ®)

where

/

H = % U(¢p¢*) = a*U(@D*) . (6)

By doing integration by parts, we may write the action as:

S = /d4x [¢’¢’* + (H +H)|p)? — V. Vo™ — 0(¢*¢)].
7

We may note the following:

d (1da 1da\?
/ 2 _ == It
R+ 7 m = dn (adn> * (adn)

=a’[H + H*|+a’H? = d*(H + 2H?)
®)
where ‘dot’ represents derivative w.r.t the coordinate time,
and
aa

H+2H*>=H*(1—-9q), 9=-= 9)
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In the case of de Sitter, ¢ = —1, and for all other power-
law expansions, g > —1. Interestingly, for the radiation-
dominated (RD) epoch ¢ = 1 and hence H’ + H? vanishes.
Thus, in the RD epoch, except for the potential term, all the
other terms in the above action do not have any explicit time-
dependence. Thus, studying the Q-ball formation at any time
in this epoch is possible. In the rest of this section, we explic-
itly show the formation of Q-balls from the charged scalar
field (®) in this era through the thermal phase transition.

2.1 Conditions for Q-ball formation during RD epoch

As afirst step, we first obtain the physical conditions that are
required for the Q-ball formation during RD epoch. To go
about this, we obtain an associate conserved charge invariant
under global U (1) transformation. From Noether’s theorem,
the expression of the total conserved global U (1) charge is:

Q=i f Ex(@" P —¢'¢%). (10)
Further, the Hamiltonian corresponding to action (7):
Hy = /d3x[¢/¢’* +Vp.Ve* + U(¢*¢)]. (11)

Now, we define the following quantity in which we are inter-
ested in

& =Hy+1Q—0Q) = /d3x[|¢/ —irg]> + V. V"
+0@*9) - 21812 + 20, (12)

since we want to obtain a field configuration by minimizing
the energy subjected to the global U (1) charge conservation,
which acts as a constraint, and X is the Lagrange multiplier.
To minimize the above quantity, we need to define 3-space
coordinates explicitly. We consider dx* = dr? + r?(d6* +
sin® @dp?), where r is the radial coordinate and (6, ¢) are
the angular coordinates.

As mentioned above, the action (7) has no explicit time-
dependence (except the potential term). Hence, at a given
instant of time n = ng, we take the following ansatz for the
field:

$(no.1) = %o(n no)e’ ™. (13)
Note that the / = 0 spherical mode will cost the least energy
for the system. If a Q-ball does not form in this configuration,
then Q-balls in another configuration are highly unlikely, and
hence, we only consider / = 0 mode. Substituting the above
expression in Eq. (12) leads to:

& =4n /dr rz[%(a,a)2 +U(o) — %ﬂaz] +10. (14
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In order to evaluate this, we need to assume a form of poten-
tial. The condition for an attractive force in the formation
of Q-balls cannot be satisfied by a renormalizable single-
field potential that is bounded from below [25]. Instead, it is
necessary to consider multi-field potentials [35] or higher-
dimensional operators that arise from integrating out heav-
ier fields [59]. Neglecting quantum corrections, the latter
approach leads to polynomial potentials in the scalar field
o . In our work, we limit ourselves to polynomials with three
terms of the form [40,41]

U(o) =m20? — 0P + &0,

as this represents the minimal form that meets the require-
ments for the formation of large Q-balls. Although the major-
ity of our mathematical analysis holds for arbitrary integer
or even real exponents satisfying 2 < p < g, it is impor-
tant to note that for potentials derived within effective field
theory, both p and ¢ must be even integers. As a result, the
first obvious choice would be p = 4, g = 6. It should be
emphasized that by retaining only the renormalizable terms,
one cannot obtain stable Q-balls in a single-field potential.
Consequently, non-renormalizable terms must be incorpo-
rated into the effective scalar potential. According to stan-
dard effective field theory expectations, the o term, which
may be generated by the inclusion of additional heavy scalar
fields, is anticipated to represent the dominant contribution of
these non-renormalizable effects. Higher-order terms would
then be suppressed by additional powers of the mass scale
of the heavy scalar fields. Hence, we consider the following
form:

- 1 ¢ 3
U(o) = Emgazoz — Za“ + @aﬁ, (15)

where m, is mass of the field o and we make the appropri-
ate field redefinition mentioned earlier in Eq. (4). The above
potential allows the possibility of a negative quartic coupling
while higher dimensional operators restore the stability of the
potential. Such non-renormalizable operator to the standard
model potential can potentially induce a strong first-order
phase transition sufficient to drive baryogenesis [39]. Substi-
tuting this in Eq. (14) leads to:

1 1
& = 4w /dr Vz[z(aro)z + Emiazaz — %04 + %0‘6

1
— 23202 +20.
2
Minimizing the above quantity w.7¢ A leads to

0

== 16
4r [drr? o2 (16)

We may note that the Hamiltonian explicitly depends on the
scale factor for the field ansatz mentioned above. Considering
the scale factor changes adiabatically, we may consider this
Hamiltonian an instantaneous Hamiltonian. Substituting the
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ansatz (13) in action (7) for the RD epoch, we obtain the
following equation of motion for the o field:

§ s

d*c  2do
— —0
a2

dr2 ' rdr
Defining the dimensionless field variable x = o/m, and

dimensionless radius 7 = rm,, the above equation reduces
to the following form

= (m(zra2 — )\2)0 — §G3 + (17)

>y 2dy 2 32 3, & 5

— 4+ - = —A - = 18

2 T ar (a )X —¢x + X (18)

where

_ A _ 2

A=—, E=Em. (19)
mey

The Eq. (18) describes the radial profile of Q-ball for a given
instant of conformal time at which the scale factor is fixed.
This is one of the key expressions regarding which we want
to discuss the following points: first, the mass and the Hexic
potential terms explicitly depend on the epoch of expansion.
Second, while the Hexic term is positive definite at all times,
the mass term is not positive definite. In other words, the
mass term can be positive or negative depending on the scale
factor at that instant. Third, even if we consider the time-
dependence of A, since the field equations are linear, for a
range of A, the mass term can be positive or negative. This
provides the stability condition for the Q-balls:

a>xr = mga>r (20)

The above condition is not sufficient condition for the exis-
tence of Q-ball. In order to ensure the existence of the Q-balls
in the RD epoch, the field potential must have to satisfy the
following condition [77]:

s . (20
ATzmin | — ). 21
o
We may note the following
o= L () 50 L (3 (22)
= —_— —_— o = N . = N
do \ o2 * 3

where the non-zero value of o2 leads to two minima which
we can obtain from the following relation

d> (20
do? \ o2
As a result, we obtain the following relation

2U 2U 3¢2
AM>min (%) =2 =42 m(z,—i ) (24)
os 16&

o2 o2
Combining the above two inequalities, we may now say that
the existence of Q-balls in RD epoch is guaranteed once the
condition:

—2¢ > 0. (23)

o+

a’ <m2 - ﬁ) < 2% < (mga)? (25)
o 16t 7
is satisfied. Moreover, A2 > 0 condition implies that m(z, >
% must be satisfied for Q-balls to exist. The above inequality
leads to
16€
T )
The above condition restricts the domain of the quartic cou-
pling ¢ in terms of the mass m, and the hexic coupling &.
Moreover, the value of m,, is later constrained to be 10KeV.
In contrast, the value of & can be constrained from the low-
energy behavior of phonon modes (specifically from the dis-
persion) about the superfluid dark matter phase at the galactic
scale. In this manner, one can put constraints on the param-
eters of the field potential of the Q-ball matter.

To our knowledge, this is the first time the conditions
for Q-ball formation have been explicitly obtained in the
RD epoch. Lastly, as shown in the following subsection, the
above condition ensures that Q-balls are formed during the
RD epoch. However, we still have to obtain o (r) to determine
the size of the Q-balls formed and, hence, obtain A. Note that
the value of Q is an input parameter [97]. We determine the
above values within the thin-wall approximation in Appendix
B. Before we proceed, we show that the thermal field theory
corrections enhance the Q-ball formation in RD-epoch.

< (26)

2.2 QQ-ball formation in early universe through phase
transition

Having established a condition for the Q-ball formation in
the RD epoch, we need to include the thermal effects on the
complex scalar field potential U (®P*®). More specifically,
we consider the thermal field theory effects on the Hexic
potential (15):

U(o) = %(mgaz — 2o + %a“ + %06, (27)
where ¢ < 0. As mentioned earlier, the above potential
allows the possibility of a negative quartic coupling while
higher dimensional operators restore the stability of the
potential. Such non-renormalizable operator to the standard
model potential can induce a strong first-order phase tran-
sition sufficient to drive baryogenesis [39]. For discussion
on the near-criticality of Higgs Bosons in which the quartic
coupling term becomes negative, see [17,32].

As we show, due to the finite-temperature corrections
[14,15,82], the quartic term can effectively become more
negative, leading to a domain in field space in which the
potential becomes attractive. This is not exactly a spon-
taneous symmetry breaking. However, temperature-related
corrections change the effective potential so that the quadratic
term remains positive, whereas the quartic term becomes
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more negative [14,15,82]. This leads to the formation of
composite Q-balls.

Taking into account the finite temperature corrections at
the temperature T, the effective field potential becomes [14,
15,82]

¢ £

Veti(o) = %(mgaz -0 + 404 + 6—0 + Trlog[g[a]]
(28)
where
1 Gy ' (k. o)
p rrleetdloll == Zf @y ( T )
Z / gg%k)
(2 )3 T2 ’
(29

and Qo_l(k, o) = k2+a)3+m§a2 —2243¢0%+5(&/a%)o?

where w, is the bosonic Matsubara frequency. Carrying out
the summation and integration, we obtain the following result
at high-temperature expansion

1
Veir(0) = S (mza® =320 + jo“ + —65 °
1 1
— —MT*+ —M.T
24 ¢ * 127 ¢

;Mo E S M ]
0, PV )
6ar2 L7VE T 2 T % Ten2t2
(30)

where yg = 0.578 is the Euler—-Mascheroni constant and

M? :m%,az—)»2+3§02+5%04. (31)
a

Defining A = m2a? — A2, we may express the effective field
potential as

fo(U) ¢ £
o = Verr(X) = A2x2+ =x*+ =5x°
U 4 6a
1 272 1 3
- — T —MT
24X + 127 X

(32)
whereé and A are defined in (19), X =0/mg,
M; =a2—i2+3;X2+5%X“, (33)
a
and
_ T _
T=—, A>=a%>—- 2% (34)
My

4000 -

3000 -

2000

Y(x)

1000 A

-20 -15 -1.0 -05 0.0 0.5 1.0 15 2.0

Fig. 1 Plot of effective field potential for three different temperatures
(T = 1, 10,20) by setting for f = —0.1,€ = 0.01, A = 0.5, a =
1. The lower plot is a zoomed version of the upper plot. The lower
plot shows the enlargement of the magnitude of ¢ (negative) at high
temperatures

InFig. 1, we plotted the effective potential for = —0.1, £ =
0.01, A = 0.5, @ = 1 and for three different temperatures
T =1, 10, 20.

In Fig. 2, we plotted the same effective potential for the
same three scaled temperatures (T = 1,10, 20) for differ-
ent values of the coupling parameters — ¢ = —107°, & =
10_6, A =5x10"2 a =10"* Thus, as long as the condi-
tion (20) is satisfied, varied ranges of the coupling parameters
lead to composite Q-ball formation.

From the above plots, it is clear that composite Q-balls can
form in the early Universe for a broad range of parameters of
¢, &, % and T. Since these parameters are rescaled w.r.t m,
the mass of the complex scalar field is crucial in determining
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— T=1
10 1 — T=10.
— T=20.

V(x)

-20 -15 -10 -5 0 5 10 15 20

Fig. 2 plot of effective field potential for three different (scaled) tem-
peratures (T = 1, 10, 20) by setting for £ = —1072,& = 107°, X =
5x107%, a=10"*

the composite Q-ball formation in the early Universe. Note
that m, is the mass of the scalar field and not the mass of the
composite Q-ball. As shown below, m, can be fixed based
on the physical inputs.

The first input is that if composite Q-balls are dark matter
and dominate during the matter-dominated epoch, the Q-balls
need to be formed in the RD epoch. In the RD epoch, the free
® particles are in equilibrium with the photons, i.e.,

O+ OF < 2y. (35)

This can be seen if we consider the action (105) and do a
expansion of the form ® = & + §® and consider the ansatzs
in (4) and (13) together and gauged the action defined over
the field §® and §®*. This would describe the interactions
between elementary ®-particles with photons and Q-balls.
Moreover, given the ansatz for the field ®, the tree-level
action reduces effectively to a time-independent real scalar
field which do not couple with the gauge field. For more
details, see Appendix A.

Hence, the formation of Q-balls in the RD epoch requires
a primordial U (1) charge asymmetry of the complex scalar
field ®@. The primordial U (1) charge asymmetry of the com-
plex scalar field & can be characterized by the conserved
quantity [29,80]

ng — N+
77Q=¥, (36)
y

where n, = 2.4Ty3 /m? where T, is the temperature of the
photons. As shown recently, the charge asymmetry [57] nat-
urally occurs due to helical magnetic fields generated during
inflation [55].

The above equilibrium condition implies that the chemical
potential for the creation of the free ® and ®* particles satisfy
the relation up = — L g*. Thus, the number density of & and
®* free particles are given by:

nex = n¢e_2“¢/T.

Substituting the above expression in Eq. (36), we have:

ne
ny

ng = — (1 — e /Ty, (37)

In the epoch when T > 119, we have:

_ 2none

e n, T

while in the epoch when T < g, we have

ne

no = (38)

ny,

The second input is the critical temperature 7. ~ 1 for the
Q-ball formation. The third input is that the annihilation pro-
cess between the charged particles ® and their anti-particles
@*, which forms photons, should be sub-dominant compared
to the Q-ball formation as Q-ball is a low-energy configura-
tion.

The fourth input is that once the Q-ball has formed, it
needs a robust environment to grow. The process of Q-ball
formation through the gradual charge accumulation is effi-
cient as the Q-balls satisfy the condition Eg9 = AoQ where
Ao < mg (see the discussion in Appendix (B)) which means
that Q-ball is the low-energy configuration compared to free
charge particle configuration [24,85]. This process of the for-
mation of Q-balls in the thermal history of the Universe is
termed solitosynthesis [80], just like the case of nucleosyn-
thesis. Solitosynthesis of large Q-balls in the RD epoch in
thermal equilibrium is only possible if freeze-out does not
hinder the following chain of reactions leading from small
to large solitons. Unlike some other non-topological soli-
tons, the classically stable Q-balls must exist for very small
charges Q > 1 (For a detailed discussion, see Ref. [49]):

d+d— (Q=1)
(39)
(D+P—>(Q+1)

In principle, the Q-balls can form with varied charge (Q)
values. However, the Q-balls, which slowly dominate over
the radiation, depend on their charge Q. Therefore, knowing
the RD-MD equality time, we can, in principle, fix the value
of the mass of the Q-balls, which also depends on the charge
Q. We show this explicitly in the next section. With this input,
we can constrain the mass of Q-balls, which can be treated
as a DM candidate.
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The above physical inputs suggest that the best sce-
nario for the Q-ball formation in the RD epoch before the
matter-radiation equality, where the energy scale is around
1 eV. Comparing the above energy scale with T, we get
mg ~ 10 KeV. This corresponds to the fact that the above
transition occurs during the RD epoch, particularly during the
recombination time scale, since, at this time, charged parti-
cles start forming heavier elements. In other words, once
such phase transition occurs above the critical temperature
T, = T./my > 1, the composite Q-balls start forming
through the accumulation of constituent charged particles.

Although the total global U(1) charge of Q-ball is a
free parameter, we can obtain a bound on this value using
the constraint from the invisible decay mode of ortho-
positronium [8,28,38]. Since the Q-ball mass is much smaller
than the electron’s mass, the invisible decay mode of ortho-
positronium leadsto QO < 3.4x 105 [8,28,38]. For thin-wall
Q-ball in the present epoch, Egs. (117) and (120) lead to:

(40)
—1 352 4
= Q0 =my, /]l ——==>3x10"eV.
16&

From the above expression and Eq. (26), we see that m, >
30 KeV. Interestingly, the ortho-positronium constraint leads
approximately to the same value of m, obtained from a
completely different physical condition above. Based on the
experimental data, this consistency check bolsters the mil-
licharged Q-balls with mass less than 1 eV as a possible dark
matter candidate in the cosmological scales.

Interestingly, the density perturbations that reenter during
the recombination epoch increase the production of Q-balls.
The density perturbations within the Hubble radius during
the RD epoch can be expressed as temperature fluctuations,
ie.,

T(t,x)=Tot)+8T(t, %)

where Tj is the ambient temperature and 67 represents the
temperature fluctuations in the Universe. Thus, when the Uni-
verse expands, and the homogeneous temperature of the Uni-
verse decreases as the scale factor, the inhomogeneities in
local regions can be above the critical temperature 7, for Q-
ball formation. This can be achieved if 7 (¢, X) at a given
region is such that T'(¢, X) is above the critical temperature.
Thus, the scalar perturbations generated during inflation that
left the horizon around the last 5 to 10 e-foldings of inflation
and reentered in the RD epoch provide the physical mecha-
nism for the Q-ball formation. As a result, more and more Q-
balls start forming. Since the Q-ball is a stable configuration,
the charged particles corresponding to the complex scalar
field @ will prefer to interact with Q-balls. Hence, effectively,
Q-balls are decoupled from the photons. Once the Q-balls and
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other normal matter start forming, the Universe transitions
toward the matter-dominated era. Our proposal differs from
the earlier approach of Q-ball formation in the early universe
[36]. Specifically, our proposal for Q-ball formation depends
on the temperature in a given overdense region. Hence, for
the mass m,, we can have multiple Q-balls formed in vari-
ous regions, and as discussed in Appendix A, they are stable.
Appendix B shows that, in the thin-wall approximation, the
Q-ball approximation has more energy.

Having shown that the Q-balls can form in the recombi-
nation epoch, we need to confirm whether these Q-balls are
indeed stable. In Appendix (C), we use Derrick’s theorem to
show that these Q-balls are indeed stable.

3 Q-balls as “Cold” dark matter in cosmological scales

In the previous section and Appendix (C), we have estab-
lished that the Q-balls can form in the RD epoch, and these
Q-balls are stable. As shown in Appendix (B), in the thin-
wall approximation, the core value of the field (o) increases.
This implies that the energy of the Q-ball increases during
the RD epoch. This raises the question: Can the Q-balls be
considered dark matter? If yes, can they have a sufficient
energy density that triggers the transition from RD epoch to
Q-matter dominated epoch in a finite time? It then remains to
be determined whether these constraints are consistent with
the observations and theoretical constraints we obtained in
the previous section.

In Appendix (B), under thin-wall approximation, we
obtained the decay of energy density of Q-ball in the RD
epoch to be
N 1

a’(n)
This is identical to the energy density of pressure-less matter
decay. Hence, Q-balls can act as dark matter and in cosmolog-
ical scales can be treated as CDM which results in a transition
from the RD epoch to the MD epoch. This result is crucial
for establishing that the Q-balls can act as dark matter. In
Sect. (3.2), we show this explicitly.

In the rest of this section, we address the above questions
by considering the possibility of Q-balls as a dark matter
candidate and its implications in standard cosmology.

po (41)

3.1 Rate of formation of Q-balls and its number density in
thermal equilibrium

After the formation of Q-balls, the photon decouples once
the Universe becomes matter-dominated. In this epoch, we
can treat Q-balls as composite particles or objects in thermo-
dynamic equilibrium with the free ® particles. More specif-
ically, the following reaction is in equilibrium:



Eur. Phys. J. C (2025) 85:178

Page 9 of 21 178

(Q+P<(Q+1), (42)

and the chemical potentials of Q-balls (11 o) and free ® (wq)
particles are related as up = Queo.

These particles can be treated as non-relativistic since
T < mg, hence, the number densities of Q-balls and free
® particles can be approximated by the Boltzmann distribu-
tion:

1

2
_ __rT
Toe(P) = S =g ST e @)

Thus, the number density for the Q-balls and free ® particles,
respectively, are

EnT 3/2 B
no = go (%) elo=EQIT, (44)
T\3/2
ne = g (”’2‘; ) elko—ma)/T (45)

Here go = 2 and g is the internal partition function of Q-
ball [80]. Using the fact that free particles ® and Q-balls are
thermal equilibrium, the number density of Q-balls can be
rewritten as:

EoT\*?

_ (Qno—EQ)/T 46

np = e .

0 =80 ( . ) (46)
As aresult, we obtain the following relation between the two
number densities

3/2 3(0-1)/2
rg _ so (£0)" (22 YO
ng 20 \ my meT

3/2 3(0-1)/2
_ 382 (M 2 NP
20 \ mg, meT ’

where Bp = Omy, — Eg = Q(ms — A9) > 0is the binding
energy of the Q-ball. In deriving the above condition, we
have used the thin-wall approximation relation (112). While
the results in Appendix B are obtained for the RD epoch, the
analysis is usually valid for the MD epoch. The quantity on
the left-hand side is bounded from above by

3(0-1)/2
no 3280 ( 2m (©@-vr/ Bo/T
— < Q"= — e . (48)
quQ) 29 \mT

(47)

The above expression determines the size of the Q-ball in
order for the Q-balls to be in thermal equilibrium with free
® particles.

Having obtained this, we can now evaluate the rate of Q-
ball formation for the above reaction (42). Specifically, we are
interested in a Q unit of charge combined with a ® particle,
forming a Q-ball of charge Q -+ 1 unit and its reverse. The
following Boltzmann’s formula can express the reaction rate
for this process in the cosmological setting:

1 d(nga’)
@ dt
where o = (ov) is the thermally-averaged collisional cross-
section which comes from the collision term in the Boltz-
mann equation. On the other hand, 8 can be obtained from
the thermal equilibrium condition, i.e.,

B=a <”Q”‘D) . (50)
eq

ng+1

= —angnge + Bngyi, (49)

Substituting these in Eq. (49), we have:

! _d(”Q“3)=_£[1_”Q“ (—”Q’”’) | e
eq

npa’ dloga H none \ no+i
where
T = ng(ov). (52)

From the above expression, we see that (I'/H) ~ (1/T) in
the RD epoch, while in the MD epoch, we have (I'/H) ~
1/T'/2, This implies that the prefactor in the RHS of Eq. (51)
decays faster w.r. temperature in the RD epoch compared
to the MD epoch. This is because the temperature in the
Universe during the MD epoch is much smaller compared to
the RD epoch. One may re-express I'/ H interms of Ty / T'(2)
where T is the current temperature of the Universe and 7 (z)
is the temperature at a given epoch.

The factor with ‘eq’ subscript inside the parenthesis on the
right-hand side can be obtained from the equilibrium number
density expressions mentioned previously, and it is of the
following form

(nanb) _ 8089 (mUEQT>3/Ze[EQ+1maEQ]/T
no+1 /).y 80+1 \2mEgyi

3/2

) e—A/T

_ 8080 ( me QT
go+1 \2m(Q+ 1)

g08d (MoT 32
< - e AT (53)
go+1 \ 2w

where we have used the thin-wall approximation discussed in
Appendix (B) to rewrite Eg and A = m, — Ao. Note that in
the MD era, temperature T < A and the above upper bound
are exponentially suppressed. However, in the RD epoch,
when T >> A, the upper bound grows as 73/, This shows
that as the temperature drops, the Q-ball formation decreases.
It is also important to note that as the temperature goes down
as the Universe expands, the interaction rate also goes down.
Iteventually becomes much smaller compared to Hubble rate
H , at which pointng ~ l/a3.

Having obtained the rate of Q-ball formation for the above
process (42), we are now interested in evaluating the number
density of Q-balls at the MD epoch. This is crucial to deter-
mine whether the Q-balls can act as dark matter in the early
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universe and seed structure formation. In order to do this, it
is necessary to compare it with the number density of pho-
tons, as they are present now and were present in the early
Universe. As discussed in the previous section, the charge
asymmetry parameter (17¢), a conserved quantity, provides a
crucial link to compare with photons. Substituting Eq. (38)
in Eq. (48), we have:

(:‘BQ/T

nQ - Q3/2(77Q)Q 1Y (
”V

no 32, .0 Q( 2n
< 07" (ng)
n{e mo To

ng . ngTO 3/2[’7 ot 3/2eaA/T0]Q
00 2\~ 274 2\ iy Toa 2

(54)

3(0-D/2
)

4B/ To 1
a3(0+1)/2

)3(Q—l)/2

where A = m, —Ag > 0, Ty refers to the present temperature
of the Universe and ng,o) corresponds to the present density of
photons in the Universe. From the above expression, we can
infer that, for a given non-zero value of n¢, ng gets larger
and larger in the past for large Q values. Alternatively, as we
go back in time, the number density of the Q-ball grows.
Our analysis suggests that millicharged composite Q-balls
can be considered a dark matter candidate for the following
reasons. First, they are weakly interacting and stable non-
topological soliton configurations, which means they do not
interact with normal matter strongly. Second, their formation
in the RD epoch depends on the phase transition that occurs
in distinct places in the Universe due to temperature fluc-
tuations. Hence, they have a non-trivial distribution in the
Universe. We may also note that temperature fluctuations in
the RD epoch are related to the matter density fluctuations;
hence, there is a strong correlation between dark matter distri-
bution and the late-time structure formation of the Universe.
Lastly, following the expressions of the number density of
Q-balls produced in MD epoch Eq. (44) and number density
of @ particles Eq. (45), we can compute the following ratio

3/2
no _ 8o (Eo /exp me —Eg | Ro—he) s
no 8o \ Mo T T ’

Since my > Eg and g = Quo <K (o, the above expres-
sion reduces to:

no 80 (@)”exp <_M>
no 8d \ Mgy T

~ 1076 x exp (-@) . (56)

Since g > m,, the exponent is decaying function and in
the MD epoch is close to unity. This shows that the number
density of Q-balls in MD epoch is very small compared to the
number density of ®-particles. This shows that if Q-balls can
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explain DM at cosmological scale then the number density
of ®-particles should be atleast 10° times larger compared
to the number density of Q-balls. Since m, > mg_pau,
the energy required to produce Q-ball is much less than the
energy available in the & field. Hence, the mechanism to
produce Q-balls in the early Universe is viable.

Therefore, for the above-mentioned strong reasons, we
propose that Q-balls can be considered a dark matter can-
didate. We now compare the theoretical and observational
constraints for the Q-ball configurations to drive from the
RD epoch to the MD epoch.

3.2 Radiation-dominated era to Q-matter-dominated era
transition

In the previous subsection, we have shown that the number
density of Q-balls grows as we go back in time. Given this,
we now obtain the condition for the transition from RD epoch
to Q-matter dominated epoch.

Photons and neutrinos were the dominant form of energy
in the early Universe and are given by

Prad = 3 11 Py, Py = 5a*

where N, and g, are the number of degrees of neutrinos
and the degeneracy of states for neutrinos, respectively. The
energy density of Q-balls of charge Q unit is:

EoT\""? Eg)/T 2T
PQ—EQ”Q28Q<2n> ettt =2

MoT\"* 2%
:gQ< Y ) 0 o Qo—20)/T

27 T
MoTo\*? 27 1 La0A/Ty
— 58
gQ( 27T ) TO 613/2 ( )

In deriving the last expression, we have used the relation
between (1o and e in the previous subsection and e ~
m . To obtain the epoch in which the radiation and Q-matter
equality happens, we equate the above expression with Eq.
(57),1.e., pg = pPrad- This leads to:

EpTy\>?27 1 Y 4N*3\ =1y
e\ 2x To a2 g 1 154

2/5
27 K
S = 2y =T o (59)

Egp 0 - 0 X

(60)
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Hence, by viewing Q-matter as a potential candidate for dark
matter and requiring the equality of radiation and matter at a
redshift of z = 3600, it is possible to impose constraints on
either the values of charge Q and A or the mass Eg. Second,
using that fact that 7oy = 2.7 Kelvin and g, N, = 3, we get:

21 4N\ = 1?°
Eop =21Ty(1 1+=(— —
0 7 To( +Zeq)[ + 3 (11) 30gQ}

0.176\*° 2.6
= 27TTO(1 + Zeq) e = Z_/SGV (61)
80 g
0

The expression above serves as an upper limit for the mass of
Q-balls, as it takes into account the component e22/T0 > 1

Within the thin-wall approximation, the mass (or co-
moving energy of the associated static configuration) of Q-
balls with charge Q in our model is determined by (see Eq.
(122)):

E 3¢2
MQ57Q=Q,/’"%—%7 (62)

Their co-moving radius is given by (see Eq. (126)):

1/3

0¢
2 b
oymi - T

Consequently, in natural units, the Compton wavelength of
these Q-balls is:

1 1

aRg ~ (63)

Mo~ o o
Q 0,/ m% — %
This leads to the following ratio:
Compton wavelength  1/My 1 1
Co-moving radius ~ aRp Q%3 (mgg 3;)1/3'
¢~ T6
(65)

It is important to emphasize that these results hold true at any
epoch in the cosmic history as we have evaluated comoving
quantities. It is important here to note that the Eq. (25) estab-
lishes the necessary condition for Q-ball stability, ensuring
they do not decay into ® quanta. Importantly, in the present
Universe, ¢ is extremely small and approaches zero. This
significantly weakens the attractive part of the field poten-
tial, inhibiting Q-ball formation. As a result, both the Comp-
ton wavelength and thermal de Broglie wavelength? become
smaller than the coherence length or the size of the Q-balls
in the current epoch.

2 Thermal de Broglie wavelength X, denotes the inter-particle separa-
tion between the scalar field quantas in thermal equilibrium.

4 “Superfluid” Q-Balls in galactic scales

On the galactic or sub-galactic structure scale, the ACDM
model — cold dark matter (CDM) with the cosmological con-
stant — seems to encounter difficulties despite its widespread
use and remarkable success in explaining the large-scale
structure of the Universe [11,45]. Contrary to observations,
numerical simulations with the ACDM model typically pre-
dict a cusped central density and too many sub-halos [11,45].
Since typical CDM particles, such as WIMPs, are heavy and
slow, they tend to cluster together to form smaller structures,
such as a dark matter star or planet. In contrast, observations
suggest that the smallest DM-dominated structure is a dwarf
galaxy [58]. This implies that DM has a natural minimum
length scale. In addition, observed halo spins appear to be
larger than those predicted by the ACDM model. Although
the significance of this disparity remains debatable, it is
imperative to look for alternatives or a unified framework.
Consequently, it is desirable to contemplate an alternative
DM candidate that can function as a CDM on scales larger
than a galaxy while suppressing sub-galactic structures.

This section shows that Q-balls can be a good candidate.
In other words, on the largest length scale, Q-balls can behave
like CDM in cosmological scales; however, at late times, due
to the self-interacting potential, they can form BEC and can
have interesting implications on small scales.

4.1 Bose-FEinstein condensation by Q-balls

In Appendix D, we obtain two conditions for forming BEC.
The two conditions in the context of DM can be translated
as follows: DM particles must be Bosons, and their thermal
de Broglie wavelength must overlap with the inter-particle
separation within the galaxies. This leads us to the following
two questions which we try to answer in the rest of this work:
What must be the mass of the DM particles in order to form
the BEC? How does the Q-balls fit into this?

To answer the first question, we ascribe an effective DM
temperature for the DM particles moving with a velocity v
to be:

3 1

EkBT = zm U2 .

Thus, the thermal de Broglie wavelength is
VA4

Ath = . (66)
mv

and the condition for BEC translates to

1 3/2 1/3
L8682 13 L en—13 = 06 (T> )
N3 o

As mentioned earlier, in the current epoch, ¢ is extremely
small and approaches zero. This significantly weakens the
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attractive part of the field potential, inhibiting Q-ball forma-
tion. As a result, both the Compton wavelength and thermal
de Broglie wavelength become smaller than the coherence
length or the size of the Q-balls in the current epoch. Since
we are considering the condensation of scalar field quanta in
the present epoch into the ground state, which is effectively
the coherent state formed by the Q-ball, it is sufficient to
compare de Broglie wavelength.

Given the energy density p = mn and velocity dispersion
in the neighborhood of the Milky Way galaxy, the above
relation puts an upper bound on the mass of DM particles
that can form BEC:

4.63p\'*
m§< 3,)) . (68)

v

The above expression answers whether BEC formation (by
Q-balls) can occur at the galaxy scales. To go about this, we
consider the Milky way galaxy to be typical in the current
Universe. Taking the local average density of the Milky Way
galaxy to be p ~ 1072g/cm> = 4 x 10~ 7eV* [93] and the
velocity of the dark matter particles to be v = 10° m/s [34],
we obtain the following bound on the particle’s mass m < 15
eV in order to form BEC. In other words, any particle whose
mass is less than 15 eV can form a BEC in the galaxy scale.
From Eq. (61), we infer that the mass of Q-balls, formed in
the RD epoch and drives the Universe to the MD epoch, is
of the order eV.

4.2 Dark matter superfluid

As discussed in the Introduction, Bose—FEinstein conden-
sation and superfluidity are intimately related. In order to
acquire a superfluid phase, Bose—Einstein condensation must
first occur; however, the converse is not true, as the super-
fluidity property disappears in the absence of interactions.
The superfluidity of DM dramatically affects the macro-
scopic behavior of DM in galaxies. Rather than acting as
individual collisionless particles, DM can be more accurately
described as a collective excitation, which, at low energies,
are only Phonons. It is well known that superfluid parti-
cles are generally described by the scalar field, governed
by the effective field theory, as described in the Appendix.
4.3. These phonons are essential in mediating a long-range
force between ordinary (baryonic) matter particles [11]. As
a result, any test particle orbiting the galaxy is now subject
to two kinds of forces: the Newtonian gravitational force and
the phonon-mediated force [11,45].

In the previous subsection, we showed that the Q-balls
can form BEC. This leads us to the following question: Can
Q-balls form a superfluid phase? Since the average tem-
perature of the present Universe is 2.7K, we neglect the
finite-temperature corrections in the analysis. In the follow-
ing subsection, we explicitly show that the Q-balls conden-
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sate formed in the early Universe can form a superfluid phase
at late times due to contact repulsive interaction. Specifically,
assuming that the Milky Way galaxy is typical in the current
Universe, we obtained expression (87) that determines when
the objects passing through the DM superfluid medium feel
friction. Interestingly, for a Q-ball dark matter of mass 10 eV,
we obtain the critical velocity below which the superfluidity
phenomenon can be observed.

4.3 Dark matter superfluidity

The simplest model of superfluidity is described by the fol-
lowing Lagrangian density

L=—8,0%"Q—m*Q - §|Q|4, (69)

where g is the self-interaction coupling which is dimension-
less. The above Lagrangian density is invariant under the
global U(1) symmetry Q@ — Qe!® where « is a constant.
Therefore, according to Noether’s theorem, the associated
conserved 4-current is expressed by

j* =2Im(Q*3"Q), (70

whereas the conserved charge or particle number density is
expressed as

n = —2Im(Q*Q). (71)

In order to describe the condensate in the superfluid phase,
we consider the mean-field theory in which the condensate
wavefunction Qy satisfies the following classical equation of
motion

92Q0 = m*Qo + g|Qo|* Q0. (72)

Assuming the homogeneous condensate in its rest frame, we
consider the following ansatz for the condensate wavefunc-
tion

Qo(r) = ve'l k! (73)

where (g is the relativistic chemical potential. Substituting
the above ansatz into the Eq. (72), we obtain the following
relation

py =m’+ gv’, (74)

which in the non-relativistic limit becomes the following

2
v

We use the above-mentioned non-relativistic result, as the
DM particles are believed to be non-relativistic in nature.
Therefore, we introduce the non-relativistic chemical poten-
tial by

gv’

MEMR—WZ:%- (76)
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Substituting the ansatz (73) in the Eq. (71), we obtain the
following relation

n= 2,bLRU2 = 2mv?, 77
which can also be expressed as
4m?p

P

On the other hand, according to Goldstone’s theorem, we
expect the existence of a massless/gapless excitation due to
the spontaneous symmetry breaking of global U (1) symme-
try, and these gapless excitations are the phonons. In order to
describe the system, let us take into account the fluctuations
into account which make the Q field as follows

Q. 1) = (v + h(X, 1))e! HRIFTE), (79)

n >~

(78)

Substituting the above into the Lagrangian density (69), we
obtain the following Lagrangian density

L=—8,hd"h+ (v+ h)2|:gv2

+2ups + 7% — (%n)z} - %(v + h)*. (80)

Expanding the above Lagrangian density to quadratic order
in fields, we find that the mass of & field is given by
m% = 2gv?>. Since the & field is massive in nature, in the
low energy/momentum limit, it is justified to integrate out
the field & order by order in its derivatives. To the zeroth
order within the saddle point approximation, we have the

following equation of motion
g +h)? = gv? +2urt + 72 — (V)? = Xg. (81)

Substituting the above relation into the action (80), we obtain
the following effective action for the phonons

1
Lr=—X3%, 82
T 2gXR (82)
where Xy in non-relativistic limit (ug = m, 7 K m)

reduces to the following

% 2
XR:2m<u+7'T—( ) )Ezmx. (83)
2m

Therefore, at zero temperature in the non-relativistic limit,
effective action for the gapless mode 7 is of the following
form

2
L=y (84)
8
which is invariant under the shift symmetry 7 — 7 + «
which is the original U (1) symmetry. To the quadratic order,
L, reduces to the following form
2m? 4m? 2m? /. >
Lo oy R T (2 B@np?), 89)
8 8 8 m

where the first two terms can be dropped as they are constant
and first-order time-derivative terms. The dispersion of these
gapless excitations is of the following form

o =csk, cg = gn3 2 g,o (86)
V m?

Considering the local average energy density of the Milky
Way galaxy p to be 4 x 10~ 7eV* and m = 10eV, we obtain
the following expression of speed of sound c;

cs ~9.5,/g km/s. &7

Depending on the value of g, the speed of sound determines
when the objects passing through the DM superfluid medium
feel friction. Specifically, objects moving with velocity v <
¢s will not feel any friction and objects moving with velocity
v > ¢, feel the friction since they can create phonons.

We may note that in the absence of phonons, the bosonic
condensate at T = 0 leads to a non-zero pressure which is
expressed as

2m?
Peona = ?sz (88)

whereas its number density is given by

aP  4m?
=— = —/U. (89)
I g
Therefore, the equation of state associated with the conden-
sate of the superfluid state is given by
8§ 2 g

Peonda = %” = %pgona" 0)

As a result, the continuity equation of DM superfluid con-
densate becomes

Peond +3H (/Ocond + Sm 4pcond) 0, D

whose solution is given by

sm*\ 8m*
1+—)a’ =1+ , (92)
800 8Pcond

which is g — 0 limit leads to a pressure-less fluid solution.
However, in the presence of a weak interaction that produces
the superfluid phase, we obtain the pressure of the DM super-
fluid condensate to be non-zero. Moreover, the energy density
of condensate evolves as

1

& 1\ 3_ 8
8m4+Po)a 8m?

Peond = : ©3)
(

where po = pcona(t = 0). Given this setup, we are now in a
position to show that the Q-balls formed in the early Universe
can lead to superfluid dark matter in the late universe.
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4.4 MOND from dark matter superfluid

Like in Sect. 2, now we consider our model of Q-ball matter
in the present epoch, which is described by the following
Lagrangian density:

5
3
For the current epoch, we have set the scale factor to unity.

Like earlier, we consider the background field solution ansatz
to be

LQ:_aﬂcbaﬂcb*—m2|q>|2+%|q>|4— |6 (94)

® =ope' = A2 =m? - ¢of + £0y, 95)

where oy is the vacuum expectation value of the field |®|.
Now, we consider the fluctuation around it, which is of the
same form

® = (09 + h)e™ 1T, (96)

where £ is massive fluctuation mode and 7 describes mass-
less phonon modes [11]. Plugging the above field ansatz into
the Lagrangian density for Q-ball and consider the lowest
order perturbations in v, we obtain the following Lagrangian
density

Lpert ~ (00 -+ W24t — ()2 + £ = £od1+ & (o0 + I
—%(00 + h)°. 97)

Now, integrating out the & degrees of freedom leads to the
following relation:

/72
(00 + h)? = %’ 98)

where X is given by:
X =247 — (V)2 + Eoif — Lol (99)

As a result of the relation mentioned above, we obtain the
following expression of Lpert

3+ 1206 X + (22 +46X)3?

36 (100)

Epen =

We know from renormalization group flow [78] of ¢*-theory
that
¢ (m)

- o (5)

¢(p) = (101)

which means in the IR limit (galaxy scale) ¢ — 0 and this
conclusion is valid even after the inclusion of hexic term
in the field potential since its coupling & (in our model) is
irrelevant at the IR in four spacetime dimension. Therefore,
for ¢ « Em? and for X > 0, the above Lagrangian density
reduces to the following form

@ Springer

Lpert ~ —=XVX, (102)

2
3VE
which has the same structure as the one conjectured in [11]
for explaining MOND at the galaxy scale using the super-
fluid dark matter model (here by MOND we meant a scalar
fluid with observational properties similar to the MOND
paradigm). However, unlike in Ref. [11], we do not start
with a Lagrangian density containing a term like |d®[°. In
Ref. [11], the authors argue that MOND cannot be derived
from a pure |®|® potential, representing our limiting case.
By examining the sign of X, we can prove that this conclu-
sion is incorrect. Since we are considering phonons in the
long-wavelength limit, the term (%n)2 /2m is much smaller
compared to the other three terms in X. Moreover, in the low-
energy limit, the expectation value of o approaches zero, as
shown in Eq. (120). Therefore, our approximation aligns with
the initial assumption, indicating that a MOND-like theory
can emerge from the low-energy effective theory of Q-ball
matter.

4.5 Consequences of Q-ball DM superfluid

The galaxy merger rate is one interesting consequence of
the superfluid DM compared to CDM. Using Landau’s cri-
terion for superfluidity, two possible results can be obtained
depending on the infall speed. If the infall velocity is less than
the speed of sound, then the halos of the galaxy condensate
will pass through each other with minimal dissipation. This
will result in a much longer time scale for the merger than in
the ACDM model and multiple encounters, as the density of
superfluid halos is negligible. Conversely, suppose the infall
velocity exceeds the sound speed. In that case, encounters
will cause the halos to be out of equilibrium and attract DM
particles from the condensate, resulting in a fast halo merger,
similar to ACDM. After a while, the merged halo undergoes
thermalization and condensates back to its superfluid ground
state. This needs a detailed investigation, which we plan to
do in the following work.

As we have shown above, MOND (here we considered
scalar fluid with observational properties similar to the actual
MOND) emerges out of the superfluid phase of Q-ball matter
at the galactic scale [11]. This establishes the fact that Q-
balls mimic CDM at cosmological scale whereas it behaves
as collective excitation at galactic scale. Thus, it establishes
the possible connection between CDM and MOND at two
different length scales which are mutually exclusive.

5 Discussion

As discussed earlier, the CDM model explains CMB tem-
perature variations and structure formation on cosmic scales.
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However, the CDM has consistently been questioned by mea-
surements that look at the deepest dark matter halo areas
and the characteristics of dwarf galaxy satellites. In con-
trast, a wide variety of galactic events may consistently be
explained by MOND. MOND, however, cannot account for
the CMB and matter power spectra’s intricate shapes. In order
to resolve this contrast, we proposed millicharged composite
Q-balls as a candidate for dark matter in the present article.

In order to show this, we first established that compos-
ite Q-balls can indeed form in the RD epoch and drive it
towards the MD epoch of the Universe. We showed that the
interaction between the complex scalar field and the radia-
tion is irrelevant in the FRW background. We then obtained
two conditions for the Q-ball formation in the early Universe.
Moreover, we have also shown that the formation of the Q-
balls in the RD epoch is robust by considering the thermal
corrections. Then, we computed the number density of Q-
balls in the MD epoch and its formation rate, using which we
could put an upper bound on the mass of the Q-balls. From
the matter-radiation equality, we also obtain the mass of Q-
balls to be 1 eV, which are much smaller than the electron
mass. Combined with the invisible decay mode of ortho-
positronium leads to Q < 3.4 x 107> [8,28,38]. Suggesting
that the millicharged Q-balls are DM candidates responsi-
ble for the early structure. Based on the experimental data,
this consistency check bolsters the millicharged Q-balls with
mass less than 1 eV as a possible dark matter candidate in
the cosmological scales.

The Q-ball model outlined in this article differs signif-
icantly from axions due to the field potential’s indepen-
dence from the angular field variable 8 of the complex scalar
field. Instead, in the background geometry, this field vari-
able assumes a non-zero value that is contingent upon the
global charge Q of the system. Furthermore, as detailed in
Sect. 2, it becomes apparent that the value X, which is asso-
ciated with the angular field variable 6 up to the conformal
time 7, serves as a chemical potential of the system. This
distinction effectively separates our model from axion field
theories. Although the Q-ball model outlined in this arti-
cle possesses all the properties of WIMPs, there are distinct
differences between these two types of theories. Firstly, Q-
balls are formed specifically during the radiation-dominated
epoch through the solitosynthesis mechanism discussed ear-
lier, whereas, for WIMPs, the formation channel is entirely
different (see [83]). Secondly, Q-balls’ formation rate and
number density depend on the global U (1) charge Q, distin-
guishing them from WIMPs. Thirdly, WIMPs are massive,
whereas Q-balls shown here are lighter. Furthermore, WIMPs
cannot form the superfluid phase of dark matter at the galactic
scale, whereas Q-balls could do so through the formation of
BEC. These features clearly distinguish Q-balls from other
candidates of dark matter.

In order to show that Q-balls can lead to MOND at the
galactic scales, we looked at the possibility of the forma-
tion of BEC and superfluidity by Q-balls as suggested in
[11,45], and we found that Q-balls can indeed form a BEC
given the averaged matter density at the galactic scales. More-
over, it is also shown that once the Q-balls form through
the charge accumulation process and form BEC, they can
give rise to a superfluid state of matter due to a contact-
repulsive interaction that arises due to the charge repulsion.
We explicitly demonstrated in Sect. 4.4 how MOND natu-
rally emerges at galactic scales from the low-energy effective
theory of phonons surrounding the proposed superfluid dark
matter, as detailed in [11,12,44]. In contrast to the approach
outlined in [11], our analysis does not contain |0®|° in the
Lagrangian. Unlike in Ref. [11], we have shown that MOND
can be derived from a purely |®|° potential. This demon-
strates that the Q-balls can provide a unified framework for
the dark matter at galactic and cosmological scales.

Thus Q-balls act differently in cosmological and galactic
scales. In the cosmological scales, as Q-balls begin to clump
together to form a halo, they behave similarly to CDM. Up
to the point where particles start to scatter off each other,
they can mimic the density profile of a typical galaxy. How-
ever, in regions where the density becomes high enough for
phonons to frequently collide, the evolution of the density
profile starts to diverge from that of a collisionless system.
Thus, as shown explicitly, the Q-ball at the galactic scale
which can mimic the MOND behaviour. As has been shown
earlier, MOND can solve the core-cusp problem and the too-
big-to-fail problem in galaxy formation. Thus, we expect that
the superfluid state of the Q-ball in galactic scales can poten-
tially solve these problems. In a follow-up work, we plan to
identify possible signatures that could effectively distinguish
Q-balls from dark matter observations.

In our future study, we want to look at the possibility of
vortex formation by Q-balls at the galactic scales that were
previously studied through different mechanisms [43,64,67].
Lastly, from Eq. (58), we may write pg in terms of the scale
factor as

0

_Po ©)_3/2
PQ—m”PQZ .

(103)
Substituting in the Friedmann equation, we infer that Hy; p (z)
Ho(1 + z)*/* which is distinct from that of baryonic mat-
ter. The implications of this for the structure formation are
beyond the scope of this work and require further investiga-
tion. We also plan to modify the publicly available N-body
code with the Q-ball modified expansion and look at the struc-
ture formation in the non-linear regime.
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Appendix A: Interaction between perturbations around
complex scalar field and U(1) gauge field

In this section, we discuss how the Q-balls get decoupled
from the gauge field in the background and the interaction
are present only at the level of perturbations. Although this is
known result, we show this explicitly for completeness [54].
To see this, let us consider the following U (1) gauge field
theory in arbitrary 4-D space-time:

S=— / \/jgdAX I:gMV(D;Lq))(DVCD)* + U(QQ*)_’_%FHUFMU:I,
(104)

where D, = 0, —iqA, is the gauge covariant derivative,
and F,, = V, A, — VA = 0,A, — 0,A, is the field-
strength tensor associated with the gauge field. Substituting
the expression of covariant derivative, the above action can
be rewritten as

§=- / VR X[ 0, DO DF + A + PO DAL AN

+%FWF’“’ n U(CD*CD)], (105)
where J, = iq($®*9,P — 9, P*P) is the conserved U(1)
four-current. It is important to note that the above gauge
field does not drive the radiation-dominated epoch. In the
early universe, the perturbations can be assumed to be small.
Hence, we can decompose the field variables as follows:

D1, %) = () + 8P (n, x), D* (1, %) = D*() +aq>(n,x>(lo6)
A, x) = Au(n) + 8A, (0, %)

@ Springer

where @ (1) is the field configuration associated with the
FRW background and, similarly, A « 1s the background gauge
field. &, §P* and § A, are the perturbations about the back-
ground.

The conductivity of the medium during most of the history
of the universe is(was) very high. [During the radiation-
dominated era, the universe was a plasma, and during/after
the reionization era, again, the universe was a plasma.]
Hence, there are no electric fields. Although magnetic fields
can be present, these are of the order of 1015 Gauss as
the large value will break the background isotropy and is
not seen in CMB [56,98]. The Coulomb gauge condition
implies Ag = 0 and 9; A’ = 0. To satisfy the homogeneity
and isotropy of the FRW background, the U(1) gauge field
must satisfy the condition A; = 0. With the above-mentioned
decomposition, the action (105) can be written as:

S =58+ 51, (107)

where

The above expression of the classical (tree-level) action Sy
shows that there is no interaction between Q-balls and pho-
tons. This is the same ansatz of the Q-ball field configuration
mentioned earlier (cf. Eq. (2)), and the fact that we can always
choose a gauge in which A? = 0. S; is given by

1 -

+ 8, 8A* + g"V9,8D%3,8P + 19U _89?
290218
L1 32U o2 4 32U
2007218 IPID*

+ PP D + B*ED + 5D*SD)SA, 5A“],

_3PsO*
@

(109)

where the fluctuation in current §J,, is given by

8J, = iq(P*9,80 — 9, D*8P) +iq(§D*3, D — 3,50*D)

+ig(89*9,8P — 9,8D"5D). (110)

From the above, we see that Sy describes the classical action
whose minimization subject to the Q-ball ansatz Eq. (13)
leads to the radial profile of Q-ball configuration. S describes
the interactions between the gauge field fluctuations and
86®. Hence, in the background FRW, there is no interaction
between the gauge field and ®; hence, action (2) describes
the Q-ball configuration in the radiation-dominated epoch.
In other words, Q-balls are decoupled from the gauge field
soon after the formation in the RD epoch.

As seen from the last term of the S; action (109), the
interaction exists between the fluctuations of these two fields.
However, the interaction is in the third and fourth order. Also,
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from the second term of the action S, the interaction between
the gauge field and §® is in short range. This validates the
non-trivial interaction between the complex scalar and the
gauge field used in Eq. (35).

Appendix B: Thin-wall Q-balls

In this section, we go through the thin-wall approximation
for the Q-ball configuration in the radiation-dominated epoch
since this approximation is valid for Q-balls with large sizes.
Moreover, to transition from the RD epoch to a matter-
dominated epoch, Q-ball configurations should be domi-
nated over the radiation and the normal matter constituents
of the Universe, which requires the charge to be high so that
the energy density eventually dominates over the radiation.
While the calculations in this section are similar to the flat
space-time case [24], there are some differences that we want
to highlight.

Thin-wall Q-ball essentially corresponds to the large vol-
ume limit in which the energy of the Q-ball is dominantly
contributed by the homogeneous core of the Q-ball (due to
the large charge). The thin wall interpolates the core value of
the field oy to the trivial vacuum o = 0 of the theory. In this
limit, the Q-ball profile can be approximated to the following
form:

o(r) ~ 69O (R —r), (111)

where R is the radius of the Q-ball. We may note that the
above ansatz is consistent with the boundary conditions of
the Q-ball. As the core is homogeneous, we can effectively
express the energy density of the Q-ball in the thin-wall
approximation as

Eg =x0 (112)

where Ag is the Lagrange multiplier defined in Sect. (2) cor-
responding to the thin-wall Q-balls. This above expression
is valid because the derivative terms contribute only over a
thin region.
Substituting the above form of o (r) in Eq. (14) reduces

to:
E ~ A0+ V L2t

A Ao 54000 + U(oo) | - (113)
where V = 4T”R3Q is the volume of the Q-ball. &, is a func-
tionof Ag, 09, Q, Rp (hence, V). Inorder to determine A, we
need to minimize the above expression w..t Ao, 0o, Q, Rg.
This will lead to four independent relations, leading to a

unique solution.
First, minimizing Eq. (113) w.r.t Ao leads to:

0 = o V. (114)

Substituting the above condition in Eq. (113) results in:

2

&~ + U(op)V. (115)

208V
In order to determine the volume of the core, we minimize the
above expression w.r.¢ the volume. This leads to the following
relation:
2
V2=2Q—orV=L (116)
204U (00)

o0v/2U (00)

Substituting the above relation in Eq. (115) leads to:

2U (op)
o

& =2VU(0p) = Q (117)

Comparing the above expression with Eq. (112), gives the
following relation:

12U (00)
A = 7
90

However, to determine Ao uniquely, we need to determine
09. This can be achieved by minimizing £, w.r.t o such that
00 < Mg

(118)

dU(oy) _ ,Uo0)
doy oy

(119)

For the Hexic potential (27), the above relation reduces to

¢ 3 2 3a?¢
50'02&70:0'0: 45

Substituting the above expression in Eq. (118) leads to the
following form:

Ay = ZU(GO)za m2—£<ma
0 o2 o Jeg Mo

Substituting the above expression in Eq. (112), we have:

3r2
_ 2 _ 2>
Eg =a(mQ,|m; 162

From the above expressions, we infer the following: First,
substituting the above expression in Eq. (34), we have:

(120)

(121)

(122)

- - 322
Rog?-2=2%
168

(123)

Comparing this with the condition (20), we see that the Q-
balls produced during the RD era are stable. This justifies the
thin-wall approximation and the formation of Q-balls in the
RD epoch. Second, the above expression shows that the core
value of the field increases in the RD epoch. This implies
that the energy of the Q-ball in the thin-wall approximation

@ Springer
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(111) increases justifying the thin-wall approximation at late-
times. Third, from the expression (122), the energy density
associated with the Q-ball in the RD epoch is

po = (Eg/a)ng ~ (124)

a’(n)
Note that the energy density of radiation p, decays as 1 Ja*.
This result is crucial for establishing that the Q-balls can act
as dark matter and in cosmological scales can be treated as
CDM. We discuss more on this in Sect. 3. Lastly, using the
condition that Lo > 0, we have:

[3¢2 /3¢2

Using Eq. (116) and substituting Hexic potential (27), we
have:
1/3

Rg = (125)

Thus, we see that Rg increases as Q increases.

Here we want to emphasize a few points regarding the
structure of Q-balls within thin-wall approximation. Firstly,
from the Eq. (4), one might think that the non-trivial vac-
uum expectation value inside the core of the Q-ball within
the thin-wall approximation gets large due to the cosmic
expansion. However, that is not true. This can be seen by
combining Eq. (120) obtained from the minimization of &,
from the various parameters with the Eq. (4). Moreover, from
the expression (125) one might think the size of the Q-ball
decreases with the cosmic expansion despite it being a local
object. However, that is not true if we express in-terms of the
comoving-radius:

1/3

(126)

akp = 0

/1.2 3;2
77.';’ img m

This shows that the Q-ball configuration and its size are not
affected by the cosmic expansion.

Appendix C: Classical stability of Q-balls in RD epoch

Following Ref. [77], the condition for the classical stability
of Q-balls is:

(127)

As we have seen earlier, the existence of Q-ball demands the
following condition on A2

- (2U(0)\ _ 2U(o0)
k2<k2<m2a2,k2=mln< )5 ,
0 o 0 ) 002

(128)
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where oy is the minima of 2U (¢') /2. In this work, we have
considered A(z) > (, which, of course, restricts the parameter
space of field potential. [See, for instance, Eq. (24).] Thus, A
is considered positive, and consequently, Q is positive. For
thin-wall Q-balls, as discussed in Appendix B, we have

2
dQ _ 52+

= 0. 129
d A2 — 22 = (129)

The above result clearly shows that the Q-balls within thin-
wall approximation are classically stable. Since the above
inequality follows the existence criterion of Q-balls in the
RD epoch, it holds independent of the scale factor a value in
the RD epoch.

Appendix D: Bose-Einstein condensation

Here, we briefly discuss some facts about Bose—Einstein con-
densation (BEC), as some readers may not be familiar with
the mathematical details of BEC (see also [45]). The partition
function in the grand canonical ensemble of charged parti-
cles with chemical potential « and single particle dispersion
relation €;, is given by

zZ= ZTr[eﬂNl?(“’El?)], (130)
k

where Ny is the number operator associated with the mode
labeled by k. The average occupation number in such a state
is given by (Np) = Z?\/C;;:O N P(Ny) where the probability
density is given by
PN (—€p)

Z

The above sum converges and leads to the following Bose-
Einstein distribution of the number of particles in k¥ mode:

" 1
(Ng) =

T Bl

P(Np) = (131)

(132)

if u < ¢ for all k. Summing over all the k modes gives the
total number of particles:

N = Z(Niﬁ = No + Nexc
k

(133)

1 1
TP * Z Pl _ 1’
k#0

where Ny is the ground state occupancy, assuming €y = 0
without loss of generality and N,y is occupation number for
excited states. In terms of fugacity, defined by z = e, we
may express Ny as

Z
Ny =

—z (134)
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In the case of the ground state, the convergence of the geo-
metric series in (133) requires —oo < u < 0, which implies
0<z<1

In the MD epoch, the particles are non-relativistic and
we can consider non-relativistic parabolic dispersion €; =
K2 /(2m). Assuming that the gravitational field is weak and
that the Q-balls formed during the RD epoch weakly self-
interact, we may express Ney. as

43k 1
(2;-[)3 eﬁ(é,;—u) -1

m3/2 [ el/2
- Vﬁnz /0 deeﬂ(efu) -1

where V' is the volume of the system and the above integral
leads to the following relation

Nexe =V

(135)

N v m3/? fwd x1/2 Vv @
= _— X— = — Z .
e V2m2B3/2 Jo zlex =1 23, 83/2
(136)
2

ka T
and g, (z) is the polylogarithm function defined by

where A, =

is the thermal de Broglie wavelength,

1 ') xvfl S 7"
8v(@) F(v)/o Py ) B

n=1

(137)

Since the g3/2(z) is a monotonic increasing function and z <
1, we may say that g3/2(z) < ¢(3/2), hence the number
density of the excited state is bounded from above:

tG/2)

3
)"th

(138)

Nexe <

At a fixed temperature T, if we increase the number density
by adding more particles such that

£(3/2)
A

n >

: (139)

then excess particles must populate the ground state, and this
macroscopic occupation of the ground state is known as the
BEC phenomenon. At fixed T, it occurs at the critical density

mkpT \*/?
2 ’
whereas at fixed number density, the condensation phe-
nomenon occurs at the critical temperature

2 no\3
To=— (—=) .
mkp <§(3/2)>

Combining the above results, one can show that below the
critical temperature, the ground state occupancy satisfies the

_2G3/2)
- 3

th

ne (140)

=¢(3/2) (

(141)

following relation:

No_l T\3?
N T. '

We may note that the criterion of BEC roughly translates
from (139) (ignoring numerical factors) to

(142)

Ap >n P =1, (143)

where [ is the characteristic inter-particle separation. This
implies that for BEC to occur, the particles’ thermal de
Broglie wavelength must be larger than the inter-particle sep-
aration.

References

1. A.Aguirre, J. Schaye, E. Quataert, Problems for modified Newto-
nian dynamics in clusters and the lyo forest? Astrophys. J. 561(2),
550 (2001)

2. S.H.S. Alexander, M.E. Peskin, M.M. Sheikh-Jabbari, Leptoge-
nesis from gravity waves in models of inflation. Phys. Rev. Lett.
96, 081301 (2006)

3. K.N. Anagnostopoulos, M. Axenides, E.G. Floratos, N. Tetradis,
Large gauged q balls. Phys. Rev. D 64(12), 125006 (2001)

4. G.W. Angus, A. Diaferio, The abundance of galaxy clusters in
modified newtonian dynamics: cosmological simulations with
massive neutrinos. Mon. Not. R. Astron. Soc. 417(2), 941-949
(2011)

5. G.W. Angus, H.Y. Shan, H.S. Zhao, B. Famaey, On the proof
of dark matter, the law of gravity, and the mass of neutrinos.
Astrophys. J. 654(1), L13 (2006)

6. A. Ansari, L.S. Bhandari, A.M. Thalapillil, Q-balls in the sky.
Phys. Rev. D 109(2), 023003 (2024)

7. G.E. Astrakharchik, L.P. Pitaevskii, Motion of a heavy impurity
through a Bose—Einstein condensate. Phys. Rev. A 70(1), 013608
(2004)

8. A. Badertscher, P. Crivelli, W. Fetscher, U. Gendotti, S.N. Gni-
nenko, V. Postoev, A. Rubbia, V. Samoylenko, D. Sillou, Improved
limit on invisible decays of positronium. Phys. Rev. D 75, 032004
(2007)

9. V. Belokurov, D.B. Zucker, N.W. Evans, J.T. Kleyna, S. Koposov,
S.T. Hodgkin, M.J. Irwin, G. Gilmore, M.I. Wilkinson, M. Fell-
hauer et al., Cats and dogs, hair and a hero: a quintet of new milky
way companions. Astrophys. J. 654(2), 897 (2007)

10. K.M. Belotsky, A.E. Dmitriev, E.A. Esipova, V.A. Gani, A.V.
Grobov, M. Yu Khlopov, A.A. Kirillov, S.G. Rubin, I.V. Svad-
kovsky, Signatures of primordial black hole dark matter. Mod.
Phys. Lett. A 29(37), 1440005 (2014)

11. L. Berezhiani, J. Khoury, Theory of dark matter superfluidity.
Phys. Rev. D 92(10), 103510 (2015)

12. L. Berezhiani, J. Khoury, Dark matter superfluidity and galactic
dynamics. Phys. Lett. B 753, 639-643 (2016)

13. G.Bertone (ed.), Particle Dark Matter: Observations, Models and
Searches (Cambridge University Press, Cambridge, 2010)

14. D. Boyanovsky, H.J. de Vega, R. Holman, Nonequilibrium
dynamics of phase transitions: from the early universe to chiral
condensates, in 2nd Journee Cosmologique within the framework
of the International School of Astrophysics ed. by D. Chalonge,
vol. 6 (1994)

15. R.H. Brandenberger, Quantum field theory methods and inflation-
ary universe models. Rev. Mod. Phys. 57, 1 (1985)

@ Springer



178  Page 20 of 21

Eur. Phys. J. C (2025) 85:178

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Y. Brihaye, B. Hartmann, Interacting g-balls. Nonlinearity 21(8),
1937 (2008)

D. Buttazzo, G. Degrassi, P.P. Giardino, G.F. Giudice, F. Sala, A.
Salvio, A. Strumia, Investigating the near-criticality of the Higgs
boson. J. High Energy Phys. 2013(12), 1-49 (2013)

B. Carr, K. Kohri, Y. Sendouda, J. Yokoyama, Constraints on
primordial black holes. Rep. Prog. Phys. 84(11), 116902 (2021)
B. Carr, F. Kiihnel, Primordial black holes as dark matter: recent
developments. Ann. Rev. Nucl. Part. Sci. 70, 355-394 (2020)

B. Carr, F. Kiihnel, M. Sandstad, Primordial black holes as dark
matter. Phys. Rev. D 94(8), 083504 (2016)

K.-H. Chae, Breakdown of the Newton—Einstein standard grav-
ity at low acceleration in internal dynamics of wide binary stars.
Astrophys. J. 952(2), 128 (2023)

S. Clesse, J. Garcia-Bellido, Seven hints for primordial black hole
dark matter. Phys. Dark Universe 22, 137-146 (2018)

A. Cohen, S. Coleman, H. Georgi, A. Manohar, The evaporation
of g-balls. Nucl. Phys. B 272(2), 301-321 (1986)

S. Coleman, Q-balls. Nucl. Phys. B 262(2), 263-283 (1985)
S.R. Coleman, Q-balls. Nucl. Phys. B 262(2):263 (1985)
(Addendum: Nucl. Phys. B 269, 744 (1986))

M. de Montigny, P.-P.A. Ouimet, J. Pinfold, A. Shaa, M. Staelens,
Minicharged particles at accelerators: progress and prospects 7
(2023)

J. Diemand, B. Moore, The structure and evolution of cold dark
matter halos. Adv. Sci. Lett. 4(2), 297-310 (2011)

A.D. Dolgov, S.L. Dubovsky, G.I. Rubtsov, LI. Tkachev, Con-
straints on millicharged particles from planck data. Phys. Rev. D
88, 117701 (2013)

A. Dolgov, J. Silk, Electric charge asymmetry of the universe and
magnetic field generation. Phys. Rev. D 47(8), 3144 (1993)

J. Dubinski, R.G. Carlberg, The structure of cold dark matter
halos. Astrophys. J. 378, 496-503 (1991)

L.D. Duffy, K. Van Bibber, Axions as dark matter particles. New
J. Phys. 11(10), 105008 (2009)

J.R. Espinosa, G.F. Giudice, E. Morgante, A. Riotto, L. Sena-
tore, A. Strumia, N. Tetradis, The cosmological higgstory of the
vacuum instability. J. High Energy Phys. 2015(9), 1-56 (2015)
P.H. Frampton, M. Kawasaki, F. Takahashi, T.T. Yanagida, Pri-
mordial black holes as all dark matter. J. Cosmol. Astropart. Phys.
2010(04), 023 (2010)

K. Freese, M. Lisanti, C. Savage, Colloquium: annual modulation
of dark matter. Rev. Mod. Phys. 85, 1561-1581 (2013)

R. Friedberg, T.D. Lee, A. Sirlin, A class of scalar-field soliton
solutions in three space dimensions. Phys. Rev. D 13, 2739-2761
(1976)

J.A. Frieman, A.V. Olinto, M. Gleiser, C. Alcock, Cosmic evo-
lution of nontopological solitons. Phys. Rev. D 40, 3241-3251
(1989)

J. Garcia-Bellido, Primordial black holes, Handbook of Gravita-
tional Wave Astronomy (2020), p. 1-18

S.N. Gninenko, N.V. Krasnikov, A. Rubbia, New limit on mil-
licharged particles from reactor neutrino experiments and the
pvlas anomaly. Phys. Rev. D 75, 075014 (2007)

C. Grojean, G. Servant, J.D. Wells, First-order electroweak phase
transition in the standard model with a low cutoff. Phys. Rev. D
71, 036001 (2005)

J. Heeck, A. Rajaraman, R. Riley, C.B. Verhaaren, Understanding
Q-balls beyond the thin-wall limit. Phys. Rev. D 103(4), 045008
(2021)

J. Heeck, M. Sokhashvili, Q-balls in polynomial potentials. Phys.
Rev. D 107(1), 016006 (2023)

R. Holman, G. Lazarides, Q. Shafi, Axions and the dark matter of
the universe. Phys. Rev. D 27(4), 995 (1983)

L. Hui, A. Joyce, M.J. Landry, X. Li, Vortices and waves in light
dark matter. J. Cosmol. Astropart. Phys. 2021(01), 011 (2021)

@ Springer

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

L. Hui, J.P. Ostriker, S. Tremaine, E. Witten, Ultralight scalars as
cosmological dark matter. Phys. Rev. D 95, 043541 (2017)

J. Khoury, Dark matter superfluidity. SciPost Phys. Lect. Notes
042 (2022)

V.B. Klaer, G.D. Moore, The dark-matter axion mass. J. Cosmol.
Astropart. Phys. 2017(11), 049 (2017)

A. Klypin, A.V. Kravtsov, J.S. Bullock, J.R. Primack, Resolving
the structure of cold dark matter halos. Astrophys. J. 554(2), 903
(2001)

A. Klypin, A.V. Kravtsov, O. Valenzuela, F. Prada, Where are the
missing galactic satellites? Astrophys. J. 522(1), 82 (1999)

A. Kusenko, Phase transitions precipitated by solitosynthesis.
Phys. Lett. B 406(1-2), 26-32 (1997)

A. Kusenko, Small q balls. Phys. Lett. B 404(3—4), 285-290
(1997)

A. Kusenko, L.C. Loveridge, M. Shaposhnikov, Astrophysical
bounds on supersymmetric dark-matter Q-balls. JCAP 08, 011
(2005)

A. Kusenko, M. Shaposhnikov, Supersymmetric g-balls as dark
matter. Phys. Lett. B 418(1-2), 46-54 (1998)

A. Kusenko, PJ. Steinhardt, Q-ball candidates for self-interacting
dark matter. Phys. Rev. Lett. 87(14), 141301 (2001)

A. Kushwaha, S. Shankaranarayanan, Galileon scalar electrody-
namics. Phys. Rev. D 101(6), 065008 (2020)

A. Kushwaha, S. Shankaranarayanan, Helical magnetic fields
from Riemann coupling. Phys. Rev. D 102(10), 103528 (2020)
A. Kushwaha, S. Shankaranarayanan, Helical magnetic fields
from Riemann coupling lead to baryogenesis. Phys. Rev. D
104(6), 063502 (2021)

A. Kushwaha, S. Shankaranarayanan, Helical magnetic fields
from Riemann coupling lead to baryogenesis. Phys. Rev. D
104(6), 063502 (2021)

J.-W. Lee, Is dark matter a BEC or scalar field? J. Korean Phys.
Soc. 54, 2622 (2009)

T.D. Lee, Y. Pang, Nontopological solitons. Phys. Rep. 221, 251-
350 (1992)

A.R.Liddle, D.H. Lyth, The cold dark matter density perturbation.
Phys. Rep. 231(1-2), 1-105 (1993)

A K. Lloyd-Stubbs, J. McDonald, Q-balls in nonminimally cou-
pled palatini inflation and their implications for cosmology. Phys.
Rev. D 105(10), 103532 (2022)

V. Loiko, I. Perapechka, Y. Shnir, Q-balls without a potential.
Phys. Rev. D 98(4), 045018 (2018)

D.J.E. Marsh, J. Silk, A model for halo formation with axion
mixed dark matter. Mon. Not. R. Astron. Soc. 437(3), 2652-2663
(2014)

R. Mauland, @. Elgargy, Quantized vortices in superfluid dark
matter. J. Cosmol. Astropart. Phys. 2022(01), 044 (2022)

S.S. McGaugh, The baryonic tully-fisher relation of galaxies with
extended rotation curves and the stellar mass of rotating galaxies.
Astrophys. J. 632(2), 859 (2005)

S.S. McGaugh, J.M. Schombert, G.D. Bothun, W.J.G. De Blok,
The baryonic tully-fisher relation. Astrophys. J. 533(2), L99
(2000)

J. Mielczarek, T. Stachowiak, M. Szydlowski, Vortex in axion
condensate as a dark matter halo. Int. J. Mod. Phys. D 19(11),
18431855 (2010)

M. Milgrom, A modification of the newtonian dynamics as a
possible alternative to the hidden mass hypothesis. Astrophys.
J. Part 1 (ISSN 0004-637X) vol. 270, July 15 (1983), p. 365-370.
Research supported by the US-Israel Binational Science Founda-
tion. 270:365-370 (1983)

M. Milgrom, A modification of the Newtonian dynamics-
implications for galaxies. Astrophys. J. 270, 371-383 (1983)



Eur. Phys. J. C

(2025) 85:178

Page 21 of 21 178

70.

71

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

T. Mistele, S. McGaugh, S. Hossenfelder, Galactic mass-to-light
ratios with superfluid dark matter. Astron. Astrophys. 664, A40
(2022)

B.Moore, S. Ghigna, F. Governato, G. Lake, T. Quinn, J. Stadel, P.
Tozzi, Dark matter substructure within galactic halos. Astrophys.
J. 524(1), L19 (1999)

J.F. Navarro, The structure of cold dark matter halos, in
Symposium-International Astronomical Union, vol. 171 (Cam-
bridge University Press, 1996), p. 255-258

N.-M. Nguyen, D. Huterer, Y. Wen, Evidence for suppression of
structure growth in the concordance cosmological model. Phys.
Rev. Lett. 131, 111001 (2023)

J.C. Niemeyer, K. Jedamzik, Dynamics of primordial black hole
formation. Phys. Rev. D 59(12), 124013 (1999)

C. Nipoti, P. Londrillo, L. Ciotti, Galaxy merging in modified
newtonian dynamics. Mon. Not. R. Astron. Soc. Lett. 381(1),
L104-L108 (2007)

0. Ozsoy, G. Tasinato, Inflation and primordial black holes. Uni-
verse 9(5), 203 (2023)

F. Paccetti Correia, M.G. Schmidt, Q balls: some analytical
results. Eur. Phys. J. C 21, 181-191 (2001)

M.E. Peskin, D.V. Schroeder, An Introduction to Quantum Field
Theory (Addison-Wesley, Reading, 1995)

EJ. Petriello, K.M. Zurek, Dama and wimp dark matter. J. High
Energy Phys. 2008(09), 047 (2008)

M. Postma, Solitosynthesis of g-balls. Phys. Rev. D 65(8), 085035
(2002)

A.A. Prinz et al., Search for millicharged particles at SLAC. Phys.
Rev. Lett. 81, 1175-1178 (1998)

M. Quiros, Finite temperature field theory and phase transitions,
in ICTP Summer School in High-Energy Physics and Cosmology,
vol. 1 (1999), p. 187-259

L. Roszkowski, E.M. Sessolo, S. Trojanowski, Wimp dark matter
candidates and searches-current status and future prospects. Rep.
Prog. Phys. 81(6), 066201 (2018)

A .M. Safian, S. Coleman, M. Axenides, Some non-abelian g-balls.
Nucl. Phys. B 297(3), 498-514 (1988)

N. Sakai, M. Sasaki, Stability of g-balls and catastrophe. Prog.
Theor. Phys. 119(6), 929-937 (2008)

R.H. Sanders, Clusters of galaxies with modified newtonian
dynamics. Mon. Not. R. Astron. Soc. 342(3), 901-908 (2003)
R.H. Sanders, S.S. McGaugh, Modified newtonian dynamics as
an alternative to dark matter. Ann. Rev. Astron. Astrophys. 40(1),
263-317 (2002)

88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

M. Sasaki, T. Suyama, T. Tanaka, S. Yokoyama, Primordial black
holes-perspectives in gravitational wave astronomy. Class. Quan-
tum Gravity 35(6), 063001 (2018)

M. Schumann, Direct detection of wimp dark matter: concepts
and status. J. Phys. G Nucl. Part. Phys. 46(10), 103003 (2019)

P. Sikivie, Dark matter axions. Int. J. Mod. Phys. A 25(02n03),
554-563 (2010)

J. Silk, A. Stebbins, Clumpy cold dark matter. Astrophys. J. Part
1 411(2), 439-449 (1993). (ISSN 0004-637X)

C. Skordis, T. Zlosnik, New relativistic theory for modified new-
tonian dynamics. Phys. Rev. Lett. 127, 161302 (2021)

Y. Sofue, Grand rotation curve and dark-matter halo in the milky
way galaxy. Publ. Astron. Soc. Jpn. 64(4), 75 (2012)

D.N. Spergel, PJ. Steinhardt, Observational evidence for self-
interacting cold dark matter. Phys. Rev. Lett. 84(17), 3760 (2000)
G. Steigman, B. Dasgupta, J.F. Beacom, Precise relic wimp abun-
dance and its impact on searches for dark matter annihilation.
Phys. Rev. D 86(2), 023506 (2012)

T. Tamaki, N. Sakai, Large gauged g-balls with regular potential.
Phys. Rev. D 90(8), 085022 (2014)

M.I. Tsumagari, The physics of g-balls (2009). arXiv:0910.3845
M.S. Turner, L.M. Widrow, Inflation produced, large scale mag-
netic fields. Phys. Rev. D 37, 2743 (1988)

P. Villanueva-Domingo, O. Mena, S. Palomares-Ruiz, A brief
review on primordial black holes as dark matter. Front. Astron.
Space Sci. 8, 681084 (2021)

L. Visinelli, P. Gondolo, Dark matter axions revisited. Phys. Rev.
D 80(3), 035024 (2009)

S.M. Walsh, B. Willman, H. Jerjen, The invisibles: a detection
algorithm to trace the faintest milky way satellites. Astron. J.
137(1), 450 (2008)

B.D. Wandelt, R. Dave, G.R. Farrar, P.C. McGuire, D.N. Spergel,
P.J. Steinhardt, Self-interacting dark matter, in Sources and Detec-
tion of Dark Matter and Dark Energy in the Universe: Fourth
International Symposium Held at Marina del Rey, CA, USA Febru-
ary 23-25, 2000 (Springer, 2001), p. 263-274

B. Willman, M.R. Blanton, A.A. West, J.J. Dalcanton, D.W. Hogg,
D.P. Schneider, N. Wherry, B. Yanny, J. Brinkmann, A new milky
way companion: unusual globular cluster or extreme dwarf satel-
lite? Astron. J. 129(6), 2692 (2005)

@ Springer


http://arxiv.org/abs/0910.3845

	Can Q-balls describe cosmological and galactic dark matter?
	Abstract 
	1 Introduction
	2 Complex scalar field theory in early universe
	2.1 Conditions for Q-ball formation during RD epoch
	2.2 Q-ball formation in early universe through phase transition

	3 Q-balls as ``Cold'' dark matter in cosmological scales
	3.1 Rate of formation of Q-balls and its number density in thermal equilibrium
	3.2 Radiation-dominated era to Q-matter-dominated era transition

	4 ``Superfluid'' Q-Balls in galactic scales
	4.1 Bose–Einstein condensation by Q-balls
	4.2 Dark matter superfluid
	4.3 Dark matter superfluidity
	4.4 MOND from dark matter superfluid
	4.5 Consequences of Q-ball DM superfluid

	5 Discussion
	Acknowledgements
	Appendix A: Interaction between perturbations around complex scalar field and U(1) gauge field
	Appendix B: Thin-wall Q-balls
	Appendix C: Classical stability of Q-balls in RD epoch
	Appendix D: Bose–Einstein condensation
	References


