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We perform imaging of a fundamental string from string scattering amplitudes, and show
that its image is a double slit.
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1. Introduction and summary

Have you ever seen a string? Since the discovery of string theory as a candidate for the unifying
theory, the rich dynamics of strings has been revealed. For example, strings can be reconnected
and be torn apart. They can be attached to branes or absorbed into. Furthermore, strings can
undergo the transition to black holes. The black hole-string correspondence [1,2] (see also [3.,4])
tells us that a single long string tends to shrink, if its self-gravity is turned on, and finally it
becomes a black hole when its typical size reaches the Schwarzschild radius. Although it is
expected that strings answer the microscopic degrees of freedom of black holes, secrets are still
hidden inside horizons.

If possible, it would be worthwhile to shoot photos of a string. In physics and engineering,
imaging technologies are widely used to take pictures of various objects. Imaging technologies
allow us to investigate the inner structures of objects when they are hidden from the outside.
Even if their structures are highly complicated, imaging technologies provide us clear and intu-
itive ways to understand the structures. For example, the structure of the human body is highly
complicated and cannot be seen directly from the outside. However, various imaging technolo-
gies, such as X-ray imaging and ultrasound wave imaging, enable us to study the functions of
human organs, and find the causes of disease.

The string is a suitable target for applying such imaging technologies. The inner structure
of a long string is unclear and expected to be highly complicated. And in fact, the traditional
perturbative string theory is defined only through string scattering amplitudes, and thus if one
wants to see a fundamental string itself, one needs the imaging from the scattering amplitudes,
solving the inverse problem—it is a reconstruction of the internal structure by the scattering
wave data.
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In this paper, as the first step, we study tree-level scattering amplitudes of open bosonic funda-
mental strings, and reconstruct their images from the amplitudes. The imaging is just a Fourier
transformation, as the standard optical theory tells. The reconstruction method works as an
eye to look inside the scattering processes. The results of the imaging show that the images of
the fundamental string are double slits.

String scattering amplitudes have a lot of zeros, and we find that their pattern of bright-
ness/darkness observed at the spatial infinity matches that of the standard double-slit experi-
ment. This is the reason why the imaging via the string scattering amplitudes results in images
of double slits.

As the simplest example, we consider the scattering of tachyons. We apply the imaging method
to the s-channel pole of the Veneziano amplitude, and find that the image is a double slit. In the
large-level limit of the pole mass, the coincidence with the double slit is exact. We also apply the
imaging method to the s-channel pole of the string decay amplitude of a highly excited string
(HES), using the amplitude obtained in [5,6]. We find that the image is a set of multiple slits
aligned on a straight line.

Slits in the images of the string scattering amplitudes are separated by the typical length of
the fundamental string at the excited s-channel pole, which leads us to interpret that the slits
are end points of the string.

Since the imaging technologies are natural to be applied to string theory, more applications
in various situations will reveal the hidden structure of a fundamental string. For example,
the differences between ordinary quantum field theories and string theory, such as nonlocality,
finiteness, and chaos, may be visualized in this imaging process.

This paper is organized as follows. In Sect. 2, we review the standard double-slit experiment,
and present an imaging method to reconstruct a double-slit image from the amplitude on a
screen. In Sect. 3, we study the Veneziano amplitude, and show that the image of a fundamental
string read from the amplitude is indeed a double slit. In Sect. 4, we apply the same method
to another scattering process: an HES decaying into two tachyons, and show that its image is
a multi-slit. In Sect. 5, we provide a possible interpretation of our results and discuss some
implications for string physics.

2. Double-slit experiment

In this section, we review the standard double-slit experiment, and a method to reconstruct the
image from the amplitude on a screen, to demonstrate that the amplitudes actually encode the
image of the double slit.

Let us put two slits S, .S, on (z, x) = ( £ //2, 0), and place the center of a spherical screen of
radius L > [ at the origin. A wave with wavelength A4 passes through the slits from the negative
to the positive x-direction. An observer P is placed at (z, x) = (Lcos6', Lsin#) on the screen.
See Fig. 1.

If the screen is sufficiently large, i.e. L > [, the difference of two optical paths is given by

S,P — S;P ~Icos¥'. (1)

Thus the condition that the amplitude at P vanishes is

K \gs

0~ ——
cos >

2)
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Fig. 1. Double slit is put at S; and S,, and scattered wave is observed at point P.
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Fig. 2. The amplitude of waves in the double-slit experiment, for /145 = 15.
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where k' is an odd integer. More precisely, supposing that a spherical wave is emitted from the
two slits with identical phase and amplitude A4, the wave amplitude on the sphere placed at the
spatial infinity L( > /) is

ds
Zeros of this amplitude are given by Eq. (2). The result is independent of another spherical
coordinate ¢ as the slits are separated along the z-axis in this case.

The wave amplitude itself does not give the image of the slit, as understood in Fig. 2. Optical
wave theory provides a method for the imaging. The popular method is just to put a lens of
a finite size d on the celestial sphere, and convert the wave amplitude with the frequency w =
27 /Ags into the image on a virtual screen located at a focal point of the lens. The formula for
converting the amplitude to the image is approximated just by a Fourier transformation for L
> [ (see [7,8] for more details and brief reviews of the formula):

1 0;+d ¢o-+d/ sin 6
X, Y)= —5—— / do' / g @ C =X+ =60V A@' | o). 4)
(2d)?*sin 0 Jo;—a oy—d/sin6,

Here the coordinate (X, Y) is the one on the virtual screen placed behind the lens, so the image
I of the optical wave is produced on that X Y-plane. The location of the center of the lens is
at (0', ¢') = (65, ¢;), and a rectangular shape of the lens region is adopted for computational
simplicity.

A0, @) >~ 24 cos <:—I cos 9’) . 3)
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Fig. 3. The lens resolution, seen in the behavior of the function o(x) in Eq. (6), for 2w d/rqs = 10 (left)
and for 2 d/1gs = 100 (right). For large d/).4s (meaning that the wavelength is small enough that it detects
many oscillations of the amplitude), this function is highly peaked at x = 0, and the resolution is high.

The lens size d needs to cover at least several zeros of the amplitude to find a sharp image,
otherwise the image is blurred and no structure can be reconstructed from the amplitude. In
the present case of the double-slit experiment, when one takes the limit / 3> A4 the zeros of the
amplitude are aligned densely, so the lens size d can be taken as quite small compared to 2.
It means that the curvature effect of the celestial sphere in the imaging can be ignored and the
formula Eq. (4) is validated.

Let us substitute the double-slit amplitude Eq. (3) into the imaging formula Eq. (4) and check
if the image reproduces the shape (location) of the slits. The result is

; Isin¢ Ising
I(X.Y) = A(~ 1Yo (Y/sin6)) (g <X_ oin o) +G(X+ it o)) “
where we have defined
B sin (%stx)
o) = —5g — 6)

Ads

See Fig. 3 for the meaning of this function o (x). The calculation is straightforward but we have
just assumed that the center of the location of the lens satisfies the condition

icos@é:icez (7)
Ads

to simplify the result. It can be met easily because we can find such an integer in the limit / >
Ads Which we took as described above.

The density plots of the image function in Eq. (5) are shown in Fig. 4. One clearly finds the
position of the double slits. The parameters are chosen as: 2w d/Ags = 30 and [ = 1. The left
figure is the image of the lens put at (6, ¢;) = (7 /2, 0). The location 6) = 7 /2 means that the
lens is put at the right-hand side in Fig. 1, facing the double slits head-on, and the distance
between the images of the two slits should be the largest. On the other hand, when the location
of the viewer is shifted in the z-direction in Fig. 1, the distance between the images of the slits
should decrease. In fact, as seen in the middle and the right figures in Fig. 4, for (6}, ¢;) =
(7r/3,0) and for (6, ¢,) = (7 /4, 0), respectively, one finds a consistent behavior.

In the next section, we apply this method to string scattering amplitudes, and see the images
of the fundamental string.
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Fig. 4. The X-Y images of the double-slit experiment, reconstructed from the wave amplitudes at the
spatial infinity. Left: seen from the head-on point (6, ¢;) = (7/2,0) facing the aligned slit. Middle:
(05, @) = (/3. 0). Right: (6), @) = (7 /4, 0). As the viewer shifts from the head-on point, the distance
between the slits decreases by the function sin §; consistently.

3. Images of string via Veneziano amplitude
In this section, we obtain the images of a fundamental string by using the Veneziano amplitude,
and show that the fundamental string is a double slit.

More specifically, we point out that the zeros of the Veneziano amplitude match the ones of
the double-slit amplitude described in Sect. 2. Then we reconstruct images of a string by the
Fourier transformation of the Veneziano amplitude. The images show two columns (which are
“slits”) standing apart at a distance of a typical length of strings.

3.1. Veneziano amplitude and its zeros
First, we describe our notation of the Veneziano amplitude, tachyon-tachyon to tachyon-
tachyon scattering amplitude.

We label its four vertices with 1, 2, 2', 1. The momentum conservation law is

0=pi+p2+p,+ 7). (®)
Since each vertex is a tachyon, we have the on-shell condition
pi=p=p5=pt=—(-2). ©)

Here, we conventionally chose &' = 1/2. In the following computations, we will use the same
unit. The Mandelstam variables are defined as

/ / 2
S:_(P1+P2)2:_(P1+P2) ) (10)

/12 , 2
t=—(p+ ) ==+ ) (11)

/12 1\ 2
u=—(p+n) =-(p+r) (12)

These satisfy an identity
s+t+u=4-(=2). (13)
The Veneziano amplitude [9] is given by

AV = DAY 4+ AP AT (14)

where
AVen — F(—a(x))F(—a(y))
~ C(—a(x) —a(y))

a(x) =1+ x/2. (15)
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The amplitude has s-channel poles at s = 2n for integers n > —1. Since we are interested in the
images of a string formed at the scattering, we pull out one of the s-channel poles and look at
the residue of the pole of the Veneziano amplitude. Using the reflection formula of the Gamma
function and the identity in Eq. (13), the residue of the s-channel pole is

sint(—1 —5/2)

A;/en — lim ( _Axen + 'ALY_?“)
s—2n T
_ 1 ['(=1-1/2) 1 I(—=1—1/2) -
"re+n)LX—2—n—ﬁn**le“ﬂ'-FQ+H)[F@+MQ)+%t uﬂ.
(16)

To evaluate this amplitude, we denote the magnitude of the momentum of the incoming
tachyons as p. In the center-of-mass frame, the momenta can be generically parametrized as

V=2 VPr =2

psinf , psinf’ cos ¢’
pl = 9 _p] = . I ,
0 psinf’sing
pcosh \ pcosb’
V-2 ( VP2
—psin6 , —psinf’cos ¢’
= [ = . . . 17
P 0 P2 —psinfd’sin ¢’ a7
—pcoso —pcosb’

The parameter 6, which measures the angle of the incoming tachyon against the z-axis, will be
fixed later for convenience in numerical computations. Under this parametrization, the Man-
delstam variables are expressed as

s=4(p* —2) =2n, (18)
t = —=2p*(1 + cosfcos@ +sinfsinb cosg’), (19)
u=—2p*(1 —cost cost’ — sinf sin@’ cos¢’). (20)

Let us look for zeros of the residue of the s-channel pole of the amplitude in Eq. (16). It is zero
if and only if

0=T(=1—¢/2)IQ2+1/2)+ (t < u)

T
= smnci—y TUew @D

This condition is equivalent to

7(=1—-1/2)+n(—1—-u/2) =27Zm, (22)

or m(=1—1/2)—n(=1—u/2)=QZ — ). (23)

If n is even, the first equation is satisfied for any angles. Then the amplitude is trivially zero. In
the following discussion, we assume that 7 is odd. The second equation reduces to
27— 1

— (24)

cosf cosf’ +sinfsinf’ cos ¢’ =
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Fixing 6 = 0 makes clear a comparison of this result to the double-slit experiment in Sect. 2.
In the present case the zeros of the amplitude are at

2k +n
0 = , 25
o8 n+4 @3)
for an integer k € Z. Rewriting this as
4 K
0 ~ = —, 26
o’ n+4 2p? (26)

where k' is an odd integer, k' € 2Z — 1, we find that the location of the zeros is exactly the same
as that of the double-slit experiment, Eq. (2), with the replacement
/
2
P = " (27)
Here p is the magnitude of the tachyon momentum in the Veneziano amplitude, while / (A4s) is
the slit-separation (wavelength) in the double-slit experiment.
We have found here that the zeros of the Veneziano amplitude coincide completely with the
double-slit experiment. In the next subsection, we look at the Veneziano amplitude in more
detail and will find that indeed the imaging of the fundamental string results in a double slit in

the n — oo limit.

3.2. Imaging of a fundamental string
Here first we present images of a string by straightforward numerical evaluations, and after
that, we analyze the images analytically in a certain limit to extract the structure.

The imaging formula described in Sect. 2 is

1 0y+d @)+d/sinf] NP o N
I(X,Y)= ——5—— f e’ / do'POIXTE=)Y) JVeng! o). (28)
(2d)?*sin 6 Jo; —a ¢)—d/sin8) S
Here d is the size of the lens whose center is put at (6', ¢') = (6, ¢;). The lens is applied to
the wave signal AY(¢’, ¢') which reached the asymptotic infinity with the angle (6, ¢') in the
2-dimensional spherical coordinate. The frequency of the wave, appearing in the formula Eq.
(4), is now given by the tachyon momentum p. The wave amplitude is taken as the residue of

the s-channel pole at s = 2n, of the Veneziano amplitude in Eq. (16).

A straightforward numerical evaluation of the imaging in Eq. (28) produces the images shown
in Figs. 5 and 6. Since the tachyon scattering is in the center-of-mass frame, we can fix 6 without
losing generality. Figures 5 and 6 are for & = /2 and 6 = w/4, respectively, with n = 11. We
find that in fact the images of the fundamental string are those of the double slits.

Analytic estimation of the image, which is useful to study the structure of the images, is
possible. Let us investigate in particular the separation between the two slits. For simplicity let
us take 6 = 0 to eliminate the ¢ -dependence of the amplitude in Eq. (16). We find

ven 1 |:F(’§+l—#cose’) F(%%—l—l—#cose/)}
s (n+D! T (-2 -2 cost) I (—%+ 2 coso)
To perform an analytic evaluation of the imaging formula for this amplitude, we need to find a
simplified expression of the amplitude. A simplification occurs when we take a large n. Indeed,
in the large n limit the zeros are very close to each other, thus a small lens is sufficient for the

imaging. This means that we need only a local expression of Eq. (29) around a certain value
of 0.

(29)
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Fig. 5. (Top) Images of a fundamental string, extracted and reconstructed from the s-channel pole of
the Veneziano amplitude. The incoming angle is chosen as 6 = 7/2. Various figures are for different
choices of the viewer’s location (lens location) specified by (6, ¢;). Brightness of these density plots is
normalized in each plot. The red points in the images are the brightest points. (Bottom) The incoming
trajectory (red line) and the observed points on the celestial sphere (yellow circles).

Below, we obtain a simplified local expression of the amplitude around a zero specified by the
integer k given in Eq. (24). We present two expressions: one is for the region around the zero
with k = —(n + 1)/2, which means the expression for & ~ 0 in the large » limit; and the other is
for a generic value of k.

First, notice that the amplitude in Eq. (29) can be locally approximated by

AYen ~ £(6") cos(ct'), (30)
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Fig. 6. (Top) Images of a fundamental string, with 6§ = /4. To generate the images from the different
relative angles, we have changed 6 instead of the collection of (6, ¢'), compared to the previous fig-
ure. (Bottom) The incoming trajectory (red line) and the observed points on the celestial sphere (yellow
circles).

where c is a constant dependent on the choice of k of the central zero, and f(6') is some smooth
positive function giving the magnitude of the oscillation. This is obvious if we look at the plot
of the amplitude in Eq. (29) given in Fig. 7. The amplitude has zeros at Eq. (24) and does
not diverge, so it can be approximated by the form in Eq. (30) with a very simple function
10).

The derivation of the explicit form of f(8") and the constant ¢ is simple. The latter can be fixed
by the distribution of the location of the zeros given in Eq. (24), and the magnitude function
/(0 can be fixed by evaluating the slope of the amplitude at those zeros. A straightforward

9117

€20z Aey 90 uo Jasn uosj0IydUAS usuodpd|3 sayasinaq Aq 6zZ£860.//709EY0/1/£202/210n4e/da1d/woo dno-oiwapese//:sdyy wolj papeojumoq



PTEP 2023, 043B04 K. Hashimoto et al.

~0.001

-0.002 -

-0.003C
Fig. 7. A plot of the amplitude in Eq. (29) for n = 11, magnified around 8" = /2.

calculation shows

nmw T

} cos (— (9/ — —)) O ~ 6, =1/2) 31)

iVen pry
SR R INEYAE.

2
T an

This expression tells us that the magnitude function f(6") is constant around 6" = 7/2. And for
a generic k (which means 6" ~ 6, for generic ), we find

N 2 1 — 0’ (nsin6)/2)(0'—6) ino’
Ayen(e’)~i[ ( cos 0) cos <m(9’—%)>. (32)

ni nC%(l—cos%) 1 +cos 96 2

We can see that the magnitude function f(#") is an exponentially growing function. As a con-
sistency check, if one puts ) = 7 /2 in this expression (32), it reduces to (31).!

Let us evaluate the imaging formula in Eq. (28) with these large-n approximated amplitudes
in Egs. (31) and (32). For the case #' ~ 7/2, the expression in Eq. (31) is completely the same
as that of the double slit in Eq. (3), and we find

Ly=rpp (X, Y)xo(Y)[o (X —mp)+0 (X +7p)] (33)
where
o (x) = SnPdY) (34)
pdx

The function o is, as was described for the case of the double-slit experiment, highly peaked at
x = 0 in the limit p — oo. Thus the bright spots in the image are localized at

(X,Y) = (£rp,0). (35)

This is in fact a double slit. In the limit n ~ 2p?> — oo, the image consists of just two bright
point-like spots, and the coincidence with the double-slit experiment is exact.
The distance A between the two bright points in the image is given by

A =n2n (36)

in the string length unit /; = 1/+/2 which we took throughout the paper. The behavior A ~ /n [,
is consistent with the approximate length of a fundamental string at the excitation level n, as
we will discuss in Sect. 5.

"Note that the difference factor 1/n is irrelevant as it comes out by just how the combinatoric factor
nCs(1-cosg) 1s evaluated in the sub-leading order in the large n expansion. In any case, the overall constant
factor is not the issue in looking at the structure of the images.
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Fig. 8. String amplitude of three tachyons and J photons. Picking out a pole at the internal line labeled
with v leads to the amplitude of an HES decaying into two tachyons.

Next, let us evaluate the images with the generic 6) using (32). The result is

190:9/(X, Y) X O’(L) |:O' (X — ﬂ + lX/()) +o (X + ﬂ + lj(())i| (37)
0 sin 6)) 2 2

where
, VR n,. 1 4 cosé)
A (0)) = nv/2nsing), Xo= \/; (sin6;) log TOSHZ' (38)
This means that there are two slits which are located, in the complexified coordinates, at
A0 s
X,Y)= :tT +iXp,0]. (39)

The imaginary part contributes to make the peak of o(x) smoother, as the pole deviates from
the real axis. The real part gives a physical consistency with the spatial location of the double
slit: the distance between the bright spots in the image is A(6;). The factor sin 6 in this A(6;)
is expected from the spatial consistency since the position of the viewer is shifted from the
equator and thus the two slits should be seen at an angle, exactly giving the factor sin 6. Thus
we conclude that the images seen at an angle are spatially consistent with each other, which is
a nontrivial check for the image slits to be present in the real space.

4. Images of HES

In this section, we show that the slit-like behavior of a string is not limited to the Veneziano
amplitude. As another clean example, we study an HES decaying to two tachyons.

The amplitude formula for an HES decaying to two tachyons was computed in [5,6]. We
will briefly review their results but with slight modifications. Later, we list the location of the
amplitude zeros, and point out that these amplitude zeros also match the ones of the double
slit in Sect. 2. Then we reconstruct images of an HES by the Fourier transformation of the
amplitude. The images show multi-slits, which are understood as convolutions of double slits.

4.1.  Amplitude and its zeros
Following [6], we start with a string scattering amplitude for

tachyon, J photons — 2 tachyons

as depicted in Fig. 8. After computing the amplitude, we pick out a pole which corresponds to
an intermediate HES state. Momenta of one incoming tachyon and two outgoing tachyons are
denoted by p1, p», and p3. Momenta of J photons are chosen to be proportional to a null vector,
¢, and are given by —N,g, where N, are integers and ¢ = 1, ---, J. The momentum conservation
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law is
0=(p1 —Ng)+p+p3 (40)
where
J
N=> N. (Ny=1). (41)
a=1

When a pole of the intermediate state is picked out, N and J will be interpreted as the excita-

tion level and the angular momentum of the HES, respectively. The on-shell conditions for the

tachyon momenta are
p=pi=pi=—(-2). (42)

For simplicity, polarizations of photons are taken to be equal to each other and denoted by A.
Then, the conditions for the photon momenta and polarizations are given by

£=0. =0, g-r=0. 43)
For simplicity, we assume that
(p2+p3)- 2 =0. (44)

This condition is satisfied, for example, in the center-of-mass frame. Then the amplitude is
factorized as

J
.AHES — 1_[‘/4“’ (45)
a=1
— Dy A) — (—pa- A
A = (=p2-2)—(=p3-})
2
M(-e” + DM(za;”) oy )Mes”) | TN+ D] o
F(—el —ai®+1) T =) Tl - +1)
where
o« = Nopi - q. (@7
Each factor of the amplitude, A,, has poles when 1 — a%a) is a negative integer. Poles at
a9 ~ N, (48)
are located at the same position in the momentum space,
v=—(p1 — Ng)’ ~2(N —1). (49)

Picking out this pole, we have an HES at an intermediate state. By taking the residues of A,,
we obtain the decay of the HES with the mass

M? =2(N —1), (50)

12/17

€20z Aey 90 uo Jasn uosj0IydUAS usuodpd|3 sayasinaq Aq 6zZ£860.//709EY0/1/£202/210n4e/da1d/woo dno-oiwapese//:sdyy wolj papeojumoq



PTEP 2023, 043B04 K. Hashimoto et al.

and the total angular momentum J. Using an identity ozga) + aga) + ag")

of the pole, a%“) ~ N,, we find

= 0, and the condition

J . (a)
. ) sin T
AIVHES = lim (l | —_—— )AHES
y—s2(N—1) 1 T

J B (a)
7 p2-A) = (=p3-2) I'(—a;") 5 s 3
- 11 2 | (NN (—a” — N, + 1) +( )}
J B (a)
17 (P2 )= (=p3-A) ['(—a, 5 o 3 51
_ ]j[l 5 T or@ 1) + ( )} : (51)

Here, the first term is a contribution studied in [6].
In the center-of-mass frame, we take the following parametrization of the momenta,

1 0
1 0 1 |1
— = — , o A=—1 .1, 52
1= 7| o 7 (52)
-1 0
V2N =2 V2N —2/2 V2N —2/2
0 2N +6/2 sin6’ —+/2N 4+ 6/2 sin6’
r—Ng= 0 . —D2 0 , —P3= 0
0 2N +6/2 cos 6’ —+2N +6/2 cos®’
(53)
Under this parametrization, the variables alg“) are expressed as
o\ =N, (54)
N, V2N + 6
=21+ VENEO oser ), (55)
2 V2N =2
N, V2N + 6
oega) =——1- vEN O cosf']. (56)
2 V2N =2
Let us look for zeros of the amplitude in Eq. (51). It is zero if and only if
0= (=p2-2)=—(=p3-2), (57)
or 0=T (_a;a>) r (a§”> + 1) F(2o3) (58)

for some 1 < a < J. Calculations similar to those in Sect. 3 show that the amplitude is trivially
zero if some N, is even. In the following discussion, we assume that N,’s are odd for any 1 < a
< J. Then we find that the zeros of the amplitude are at

V2N +6 , 27-1
—————cosf

= . 59

2N —2 N, 9)
In the high excitation limit N, — oo, it is written as
k/

o~ —, 60

cos N (60)

a
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«[I(X)| 2 «[I(X)| 2

-40 -20 20 40 X -40 -20 20 40 X

Fig. 9. Images of an HES, extracted and reconstructed from an HES intermediate-state pole of the
tachyon—photon amplitude. The size of the imaging lens is chosen as d = 0.11. The left panel, for a
division N = Ny + N, = 19 + 39, shows a 4-slit, while the right panel, for N = Ny + N, + N3 =19 + 39
+ 79, shows an 8-slit.

where k' is an odd integer, k' € 2Z — 1. We find that the location of the zeros is exactly the same
as that of the double-slit experiment, Eq. (2), with the replacement

N, [

e T 61

2 Ads 6l
Here N, is an excitation level of the a-th mode such that N = ) ,N,, while / (Ag4) is the slit
separation (wavelength) in the double-slit experiment.

4.2. Imaging of an HES
Here first we present images of an HES by straightforward numerical evaluations, and then
understand the images analytically in a certain limit.

Since the amplitude depends only on the outgoing angle 6', we restrict ourselves to imaging
in this single direction. We use the following imaging formula:

oj+d

(2d)2 sin 9(/) /0:6_(1

Here p is now the magnitude of the outgoing tachyon momentum p = /2N + 6/2. A straight-
forward numerical evaluation of the imaging formula Eq. (62) produces the images shown
in Fig. 9. Both of the images are for ) = /2, but with different numbers of excitations of
N = Zizl N,. We find that the images of an HES are those of multi-slits.

Such multi-slit structures can simply be understood by using the results in the Veneziano
amplitude. When N, > 1, the amplitude in Eq. (51) reduces to a simple form:

N I T (+3¢(1 +cos6)) T (+%(1—cosd)
HES 1—[ / 2 2
A =] | snd |:F (—2e(1 —cos0)) T (—%(1+cost)) (3)

I(X) _ d@’eip(e/_eé)XA?Es(G/). (62)

a=1

J

-1 coincides with the Veneziano amplitude

up to a constant. Remark that each factor inside [ |
at 6 = 0 (29) with the replacement n — N,

J
ATES ~ (sing) [T AYe"

a=1

(64)

n—N,
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Thus the reconstructed image of an HES, the Fourier transformation of AMFS, is the convolu-
tion of the images of the Veneziano amplitudes with n — N, as,

IMES ~ (sin @) % 1V sk [V (65)
Recall that the image of the Veneziano amplitude 7" is a double slit with a slit separation /A
=~ n/2. With replacements n — N,, Aqgs — 1/ VN, the image of an HES is the convolution of
double slits with separations A, ~ N,/ V/N. Then we can conclude that the image of an HES is

a 2’-slit. Indeed it can be easily demonstrated that the convolution of double slits with different
slit separations is a multi-slit. Let

n— N n—>Ny*

Ay Ay
Ia(X):é(X—T)—i—S(X—I—?) (66)
be an ideal image of a double slit with the slit separation A,. Then its convolution
L I(X) = / dX’ LX) (X — X')
A, A
= Z ) X+S1—+Sz—b (67)
2 2
s1,5==%1

is a 22-slit. Performing similar operations recursively, we can show that J-times convolution of
the double slit with different slit-separations is a 2/-slit as:?
Lx- s [(X)= Za(x+s1A1.--+s,A,). (68)
Sa==1
We conclude that the image of the HES reconstructed from its decay amplitude is a multi-slit.

5. Interpretation
In this section, we present several observations from the results obtained above, and provide
their possible interpretations.

Firstly, we point out that the slit-like appearance of scattering amplitude images is an inherent
feature of strings. Recall, for example, the Veneziano amplitude. At the zeros of the amplitude
in Eq. (24), each term of Eq. (16) becomes zero simultaneously. There is no nontrivial cancella-
tion between the two terms. In other words, the zeros of the amplitude originate in the gamma
functions in the denominator. These gamma functions are also the source of poles which cor-
respond to intermediate excited string states. Thus the existence of a series of zeros in Eq. (24)
reflects the existence of a series of intermediate states in string theory. Remember that, contrary
to string theory, perturbative quantum field theories have only a few intermediate states, and
scatterings occur at a point.

Secondly, it is remarkable that the order of slit separations agrees with that of the total string
length. Recall that the slit separations in the Veneziano amplitude and in the HES scattering
amplitude (with J = 1) are

AVen \/;lls, AHES ~ \/ﬁls, (69)

respectively. Here 7 is roughly the square of the invariant mass, and N is roughly the square of
the mass of an HES. On the other hand, the total length of a string with a mass M is roughly
estimated as

1
liotal ~ JM ~ \/N [ (70)

Particularly when A,/A| ~ 2%, the slits are equally separated.
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Fig. 10. Three slits are put at Sy, S5, S, and the scattered wave is observed at point P.

since a string has a constant tension « . Thus, the slit separation and string length coincide with
each other, meaning that the string may extend between the slits.

Thirdly, we stress that slits can only show up on a straight line both in the Veneziano ampli-
tude and in the HES amplitude. Technically, this is because the 8 dependence of their amplitude
zeros is only in the form of +cos 6. In fact, other types of " dependence with nontrivial phases
cos (8 — §) are required for the slit to show up away from the straight line. This can be easily
demonstrated as follows. Suppose that we have three slits Sy, S, S3 which are not on a straight
line as in Fig. 10. If the location of Ss is (z, x) = (0, —//2), the optical path lengths are

S [
SiP—-OP = —3 cost’, (71)
- / ,
S,P - OP = +§ cosf’, (72)
- 4
S;P — OP = +3 cos(0' — 7 /2). (73)

Thus the location of the amplitude zeros depends not only on +cos6’ but also on the phase-
shifted 4+cos (9" — 7/2).3

From these observations, we can provide an interpretation that the locations of slits are the
end points of a string. Firstly, we should remark that the order of the slit separation is not
the random walk size / ~ M"? ~ N4 but rather it is the total length of the string L ~ M ~
N2 It motivates us to assume that the string behaves like a simple harmonic oscillator in the
scattering processes.

Then there remain two possibilities: the locations of slits indicate (i) the nodes, or (ii) the end
points, of the vibrating string. The first possibility is excluded since the HES amplitude with J
=1, N> 1 behaves like a double slit as discussed in Sect. 4. If the nodes of the vibrating string
are the origin of the slit image, the HES image with /=1, N > | would have been a multi-slit,
rather than the double slit. Since this is not the case, thus we are left with possibility (ii): slits
are end points of the string.

Such an interpretation is also supported by the following scenarios. Suppose there is a clas-
sical vibrating string with markers attached to its end points, as an analogy of the world
sheet with open string vertex operators inserted at its boundary. The long time average of the

3The existence of such a slit-like structure within a scattering region is a sign of chaos. The chaoticity
of string scatterings will be discussed in the authors’ next paper [10].
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probability that the markers are found at a point X is roughly evaluated by

ngﬁ(X—Xosina)t)N ; (74)
o T Jx2 - x2

Then it becomes maximum at the point where the string is fully extended to its maximum size.
This is consistent with our results where slits are separated at a distance of the order of the
total string length.

Another scenario is about the origin of interference patterns. Suppose that two incoming
strings are shot along the z-direction and scattered at the origin. Our results have shown that
if this scattering is observed from the x-direction, the image is the double slit lined up along
the z-direction. It would be natural to imagine that a string formed at the origin vibrates along
the z-direction, and is torn apart when the string reaches its maximum length. Each of the
two pieces of the broken string can be scattered in any directions, though one must go in the
opposite direction to the other. The observer in the x-direction can detect the scattered string
with a definite probability. At the observation, the observer has two possibilities: the left one of
the two pieces of the broken string reaches the observer while the right one goes in the opposite
direction, or vice versa. The superposition of these two possibilities would be the source of the
interference patterns which appear in the string scattering amplitudes.

These scenarios encourage us to state that the slits are the end points of a fundamental string.
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