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Variational quantum algorithms (VQAs)
hold much promise but face the challenge
of exponentially small gradients. Un-
mitigated, this barren plateau (BP) phe-
nomenon leads to an exponential training
overhead for VQAs. Perhaps the most per-
nicious are noise-induced barren plateaus
(NIBPs), a type of unavoidable BP aris-
ing from open system effects, which have
so far been shown to exist for unital noise
maps. Here, we generalize the study of
NIBPs to more general completely pos-
itive, trace-preserving maps, investigat-
ing the existence of NIBPs in the uni-
tal case and a class of non-unital maps
we call Hilbert-Schmidt (HS)-contractive.
The latter includes amplitude damping.
We identify the associated phenomenon
of noise-induced limit sets (NILS) of the
VQA cost function and prove its existence
for both unital and HS-contractive non-
unital noise maps. Along the way, we ex-
tend the parameter shift rule of VQAs to
the noisy setting. We provide rigorous
bounds in terms of the relevant variables
that give rise to NIBPs and NILSs, along
with numerical simulations of the depolar-
izing and amplitude-damping maps that il-
lustrate our analytical results.

1 Introduction

Variational quantum algorithms (VQAs) are
promising applications of quantum computing in
the NISQ era [1, 2, 3, 4]. These algorithms lever-
age a customizable quantum circuit design, inte-
grating both quantum and classical computation
capabilities. Using parameterized quantum cir-

cuits, they compute problem-specific cost func-
tions, followed by classical optimization to it-
eratively update the parameters. This hybrid
quantum-classical optimization process continues
until predefined termination criteria are met.

Previous studies have demonstrated that VQA
circuits operable within the existing noise lev-
els and hardware connectivity limitations of the
NISQ era, already find applications across diverse
domains, such as quantum optimization [5, 6, 7],
quantum optimal control [8], linear systems [9,
10, 11], quantum metrology [12, 13|, quantum
compiling 14, 15], quantum error correction [16,
17], quantum machine learning [18, 19| and quan-
tum simulation [20, 21, 22]. Moreover, VQA has
been established as a universal model of quantum
computation [23].

Despite their comparable computational power
to other quantum models and demonstrated ad-
vantages, VQAs exhibit inherent constraints that
present scalability challenges for problems of ar-
bitrary scale. Specifically, VQAs for random cir-
cuits suffer from exponentially vanishing gradi-
ents, commonly referred to as the Barren Plateau
(BP) phenomenon [24, 25, 26, 27, 28, 29, 30, 31,
32, 33]. This phenomenon renders the param-
eter training step asymptotically impossible for
circuits with a sufficiently large number of qubits
n, even at shallow circuit depth.

Here, we study noise-induced barren plateaus
(NIBPs), which emerge under decoherence-
induced noise [34]. NIBPs were previously shown
to be present in sufficiently deep circuits sub-
jected to unital maps [31]. This holds true even
in constant-width or non-random circuits. Al-
ternatively, NIBPs exist under strictly contract-
ing noise maps when the parameter shift rule
(PSR) [18, 35| is applicable [36].
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Unlike other BP types, for which mitigation
strategies have been proposed [37, 25, 38, 39,
40, 41, 42, 43, 44, 45, 46|, it remains unclear
whether NIBPs can be similarly mitigated. Ex-
perimental investigations on small systems have
suggested that error mitigation (EM) techniques
enable VQAs to more closely approach the true
ground-state energy [47]. Clifford Data Regres-
sion has proven effective in mitigating errors and
reversing the concentration of cost function val-
ues [48]. Nevertheless, it is noteworthy that
the majority of EM protocols do not enhance
trainability or even exacerbate the lack of train-
ability. Additionally, post-processing expectation
values of noisy circuits is not advantageous in the
context of NIBP [49|. Previous work suggests
that stochastic noise could be helpful for train-
ing VQAs [50[; an interesting open question that
remains is whether there is an intermediate noise
regime where we can train VQAs by exploiting
noise.

In this work, we extend the study of NIBPs
to completely positive trace-preserving (CPTP)
maps, including both unital maps and a class of
non-unital maps we call HS-contractive. A rigor-
ous definition of this class is given in Definition 1
below, but intuitively, this is the class of maps un-
der which the Bloch vector (or more generally, the
coherence vector) is shrunk before it is shifted,
just as in the case of the amplitude damping map.
We analytically derive the scaling of the cost func-
tion gradient as a function of circuit width n, cir-
cuit depth L, and noise strength. We find that
HS-contractive non-unital noise need not neces-
sarily give rise to NIBPs, but instead exhibits
a different phenomenon, which we refer to as a
noise-induced limit set (NILS). Moreover, we sim-
plify the NIBP derivation compared to Ref. [31],
guided by the intuition gained by considering the
effect of noise on the single-qubit Bloch sphere.
We generalize this to n-qubit systems via the co-
herence vector and compute derivatives of the
cost function via the PSR. In addition, we inves-
tigate the applicability of the PSR under control
noise and random unitary noise and assess the im-
pact of these noise types on the bounds we derive.
We find analytical expressions for the dependence
of the circuit depth L on relevant noise and cir-
cuit parameters that give rise to NIBP and NILS.
Our analytical results are supported by numerical
simulations.

This paper is organized as follows. Background
results regarding VQA, PSR, the coherence vec-
tor, and characteristics of CPTP noise maps are
presented in Section 2. Section 3 extends the PSR
analysis to scenarios involving noise. We study
the effects of HS-contractive non-unital and gen-
eral unital noise in Section 4 and Section 5, re-
spectively. In the unital case, we reprove that
NIBP is always present. In the HS-contractive
non-unital case, we find new results, in particular
the phenomenon of NILS. Our theoretical find-
ings are supported by numerical simulations in
Section 6. We summarize our findings in Sec-
tion 7.

2 Preliminaries

In this section, we review pertinent technical de-
tails and establish the notation we use to derive
our results.

2.1 VQA and PSR

We adopt the variational quantum algorithm
(VQA) framework of Ref. [31] and consider a gen-
eral class of parameterized unitary ansatzes:

U(6) =T_,Ui(6)), (la)

i

U6, =1t _ . e 20mHmyy, 1b
m=G@G|

where L is the circuit depth and the U;(8;) are
unitaries sequentially applied by layers. The I’th
layer consists of G gates: the unparametrized
gates denoted by Wi, (such as CNOT) and the
gates generated by dimensionless Hamiltonians
denoted by Hj,, (the m’th gate in the I’th layer).
In writing the various gates in Eq. (1) we im-
plicitly assume that they are in a tensor prod-
uct with the identity operator acting on all the
qubits that are not explicitly labeled. The set
0 = {0,}L | consists of vectors of dimensionless
continuous parameters 8; = {Hlm}glzl that are
optimized to minimize a cost function Cgq ex-
pressed as the expectation value of an operator
Q:

Cal8) = THQ UB) (p0). @)

Here,
U(6)(po) = U(0)poUT(6) = p(6)  (3)

is the unitary superoperator acting on the initial
state pg. An important special case, which we
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focus on, is when Q = H, the “problem Hamil-
tonian” whose energy one is trying to minimize,
and in this case we simply write C' for the cost
function.

For n qubits, we can always parametrize the
traceless gate-generating Hamiltonians as

d?—1
Hlm = Z hlijj = hlm : P> (4)
j=1

where P; € {I,0% 0¥,0%}®" is a Pauli string,
i.e., a tensor product of up to n Pauli matrices,
Py = I®", ] is the identity operator, and d = 2".
We assume that the P;’s are ordered such that j
increases with the Hamming weight of the Pauli
string, i.e., the number of non-identity terms in
P; (the manner in which j increases at fixed Ham-
ming weight does not matter for our purposes),
and P = (P1,...,Pp_q).

In most cases of interest, the hy,; € R van-
ish for strings involving more than two Pauli
matrices, i.e., the Hamiltonians are two-local.
This framework includes the Quantum Approx-
imate Optimization Algorithm or Quantum Al-
ternating Operator Ansatz (QAOA) |5, 7], where
H; = H16;0da+ H20) even V1, m with [Hy, Ha] # 0,
the Unitary Coupled Cluster (UCC) ansatz [51],
where the hy,,; are coefficients derived from one-
and two-electron integrals, which is used in the
Variational Quantum Eigensolver (VQE) algo-
rithm [20] with applications in quantum chem-
istry [52], and the Hardware Efficient VQE
Ansatz, which tries to minimize the circuit depth
(i.e., the set of non-zero 6y,,) given a predefined
gate-set tailored to particular hardware [21].

The parameter shift rule (PSR) is frequently
used in evaluating derivatives of cost functions
in VQAs [8, 18, 35]. For a cost function C(6)
as in Eq. (2), the PSR states that (see, e.g., [35,
Table 2]):

80 0 1 T iy
) = 5lce+ oy —clo- o). )
where -
6’ = éim (6)

and {é,} are standard unit vectors [i.e., the
(I,m)th component of 0?77/12 is 7/2 and the rest
are zero|. We reprove this result in Section 3.1.
The essential point is that we can compute the
derivative by means of a finite difference.

2.2 Nice operator basis and Schatten p-norms

Consider a Hilbert space H of dimension d < co.
The space of bounded linear operators acting on
H is denoted B(#H). Let M(d,F) denote the vec-
tor space of d x d matrices with coefficients in
F, where F € {R,C}. For our purposes it suf-
fices to identify B(H) with M(d, C). The Hilbert-
Schmidt inner product is (A, B) = Tr(A'B) for
any two operators A, B € B(H).

We define a “nice operator basis” as a set
{F}E5" € B(H), where Fy = =1, Tx(F}) = 0
Vj > 1, that in addition satisfies the following
properties:

Fy=F], (Fj,Fe)=Te(F;F) = b Vik.
o
The normalized Pauli strings {%Pj}‘;:_ol (where
d = 2™) are a convenient explicit choice for the
nice operator basis. Another convenient choice
is the set of generalized d x d Gell-Mann matri-
ces [53, 54|, normalized such that Tr(F;Fy) = d;i
is satisfied.
Let |A] = VATA. Recall that the Schatten
p-norm |[Al|, is given, for 1 < p < oo, by the
p-norm of the singular values o; of the operator

A e B(H):
|4l = Te(|4]7)/7 = QoD (8)

|All1 = Tr(|A]) is the trace norm (sum of the
singular values), ||All2 = (A, 4) = Tr(|A]?)
is the Hilbert-Schmidt or Frobenius norm, and
|Alloc is the operator norm (largest singular
value). Without risk of confusion, we use ||A]|
to denote ||A||» and also use ||v|| to denote the
Euclidian norm (i.e., 2-norm) of any vector v € H
from hereon.

2.3  The coherence vector

Quantum states are represented by density oper-
ators p € By(H) (positive trace-class operators
acting on H) with unit trace: Trp = 1. El-
ements of B[B(H)], i.e., linear transformations
N : B(H) — B(H), are called superoperators,
or maps.

Complete positivity of a superoperator N is
equivalent to the statement that A has a Kraus
representation [55]: VX € B(H),

N(X) =Y K.XK], (9)
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where the {K,} are called Kraus operators.
When they satisfy 3., KK, = I, the map A
is trace-preserving.

The density operator can be expanded in an
arbitrary nice operator basis as

d?-1
1 1
p==I+> vjFj=—4F+v-F, (10)
d j=1 \/a
where F' = {F,...,Fp_}7, and v =
{v1,...,u52_1} is called the coherence vector.

We summarize two well-known facts about the
coherence vector. First, the purity

P ="Trp” = (p,p) = llpll3 (11)

is bounded by

1 1/2 1 1/2
o<lol=(P-7) =(1-7) " <1
(12)

See Appendix A for a proof.
Second, let M(d, F) denote the vector space of
d x d matrices with coefficients in the field F'.

Proposition 1. The CPTP map p' = N(p) is
equivalent to the affine coherence vector trans-

formation
v' = Mv +c, (13)

where M € M(d? — 1,R) and ¢ € R have
elements given by

My, = (FLN(F) = Y TH(FEFK]) (14a)

IS

C; =

(Fu N(D) = 5 3 TH(FKGK])
’ (14b)

See Appendix B for a proof.

The Gell-Mann matrices reduce to the stan-
dard Pauli matrices for d = 2, normalized such
that F = o/v2 = (0%,0Y,0%)/v/2. Therefore,
in the case of single qubit, we can write p in the
well-known form

1 1
p—E(I—i-v-a)—\ﬁ
where v = ©/+/2. Note that ||| < 1, which is the
convention for the Bloch sphere representation.
We avoid this normalization and instead use the
nice operator basis convention from here on, even

for d = 2, so that ||v| < 1/v2 [Eq. (12)].

F+v-F,  (15)

2.4 Unital maps

A unital map N is defined as satisfying N'(I) = I,
hence Y, KoK}, = 1.

Lemma 1. Unital CPTP maps are purity non-
increasing: P' < P, where P and P’ are, respec-
tively, the purity of p and p' = N(p). Equality
holds for all p iff the map is unitary.

See Appendix C for a proof.

Lemma 2. For unital CPTP maps N we have:

c=0, (16a)
[0l = [[Mw]| < ]| (16b)

FEquality in Eq. (16b) holds for all v iff N is uni-
tary, in which case M is norm-preserving (hence
orthogonal).

Proof. To prove Eq. (16a), note that it follows
from Eq. (14) that ¢; = JTY[F; Y, K Kl =
ITe[F] = 0.

To prove Eq. (16b), note that from Egs. (12)
and (13) we have |Mv| = ||v'| = P —1/d,
where P = Tr[(p))?], o' = N(p). If |Mv| >
|v|]| = /P —1/d then P’ > P, which contradicts
Lemma 1. Moreover, from Lemma 1, P/ = P
iff V' is unitary. Since P’ = P is equivalent to
|Mwv| = ||v'|| = ||v]||, we have equality for all v
iff AV is unitary. O

2.5 Non-unital maps

From here on, when we consider non-unital noise
maps we restrict our analysis to the following
class, which are contractive under the Hilbert-
Schmidt (HS) norm:

Definition 1. A (finite-dimensional) map N is
called HS-contractive if dr < 1 s.t. for all states
p1 # p2 we have [N (p1) =N (p2)ll2 < rllpr—p2|l2-

This definition of contractivity is different from
the standard one for CPTP maps, which are well
known to be contractive under the trace norm,
Le., [N (p1) = N(p2)ll1 < [lp1 — p2ll1 for any pair
of states p1, p2 and any CPTP map N, including
all non-unital maps [56]. Other notions of con-
tractivity also exist, such as for general positive
maps between matrix spaces that include the zero
element, in which case a non-unital map is always
non-contractive [57]; see Appendix D for details.
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Lemma 3. A map is HS-contractive if and only
if its matriz M satisfies || M| < 1.

Proof. In terms of a nice operator basis and the
corresponding coherence vector, we can write
llp1—p2ll2 = ||[(vi—v2)-F||2. Let v = v1 —v2 and
using the properties of {F;} in Eq. (7), we have
|v- Flj2 = ||v]]. Let p' = N(p) and v' = Mv+ec.
We can write [0} — pall2 = [[(vi —v5) - Fl2 =
|(Mvy — Muvs) - Fl2 = || Mol

(=) By definition of N being HS-contractive
we have [Mv] = [IN(p1) = N(p2)ll2 < rllor —
p2ll2 = r||v]| < ||v]|, Vv # 0. This is true in par-
ticular for the vector v that achieves the supre-
mum in sup,q [|Mv||/|lv]| = [[M]|, which im-
plies that [|M]| < 1.

(<) Let r = ||[M]|. By assumption, r < 1. We
have ||Mwv|| < ||M||||v|| = r|lv|| for any v. Taking
two arbitrary density matrices p;, p2 with respec-
tive coherence vectors vi,ve and applying this
to v = v — va, we obtain ||N(p1) — N (p2)]|2 <
rllp1 = p2[2. O

Using the polar decomposition, let us decom-
pose M in Eq. (14) as M = OS, where O is
orthogonal and S = |M| is positive semidefinite.
Let Omax / min (M) denote the largest /smallest sin-
gular value of M (the largest/smallest eigenvalue
of S). We interpret O as a rotation, S as a dila-
tion, and ¢ [Eq. (13)] as an affine shift.

Lemma 4. For HS-contractive non-unital CPTP
maps N, we have:

c#0 (17a)
le|| <1/4/1—1/d (17b)
M| <1 (17¢)
|Mv|| < ||v]|,Vv # 0. (17d)

Lemma 5. Any single-qubit (d = 2) non-unital
map is always HS-contractive.

See Appendix E for proofs of these two Lem-
mas.

Corollary 1. If N is an HS-contractive non-
unitary CPTP map and U is unitary, with corre-
sponding coherence vector transformations v\ =
Muv + ¢ and v = Ow, where O is orthogonal,
then for the maps N olUd and U o N we have:

IMOv|, [|[OMv]| < [lv]|. (18)

Proof. This is an immediate consequence of
Lemma 2 and Lemma 4, since whether A
is unital or HS-contractive non-unital we have
[Mw]| <[[v], so that: [M(Ov)| < ||Ov| = ||,
and [O(Mwo)| = [[Mv]| < [lv]. O

3 Parameter shift rule in the presence
of noise

The PSR given in Eq. (5) is valid for closed sys-
tems undergoing unitary evolution without noise.
This section presents a brief rederivation for the
noiseless setting, which we then adapt to accom-
modate scenarios involving control noise and ran-
dom unitary noise. We also bound the gradient
of the cost function in both of these cases.

3.1 The noiseless PSR case

For simplicity (and w.l.o.g., but at the expense of
increasing the circuit depth), let us assume that
each of the gate Hamiltonians Hy,, [Eq. (4)] is a
single Pauli string, i.e., we can write the terms in
Eq. (1b) as

exp(—%ﬁlmHlm) = exp(—%@tu(u)) = U<6#)’

(19)
where p = (I,m) is the location of the gate in the
circuit (the m’th gate in the [’th layer), we wrote
j(p) since the Pauli string type depends on the
location u, and we dropped the subscript 7 on U
since, in the calculation below, the type of Pauli
string will not matter. From now on we some-
times also write j instead of j(u) for notational
simplicity.

Recall Eq. (1) and let us write 8 = {0,,0,,, 6},
where @, and 6, collect the rotation angles be-
fore and after 6, respectively. Thus, U(0) =
U(B,)oU(0,) oU(Oy), where we used the unitary
superoperator notation of Eq. (3).

Anticipating the derivative with respect to 6,
we rewrite the cost function as follows:

C(6) = Tr[Hp(0)] = Tr[HU(6)(po)] (20a)

— Te[HU(8.) 0 U(6,) o U(83)(po)] (20D)
= Te[HU(6,)(p)), (20c)

where
H =u(0.)(H) =U'(0)HU(6.)  (21a)
p=U(B)(po)- (21b)
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Thus, since OpU(0)(-) = *%
U(B)() = 9712 . P2

@)([Pj,-]) for

ac(0)
20,

:_%'Tr[guw“)([%),ﬁ])]- (22)

The following identity holds for U(f) =
exp(—i6P;/2), where P; is an arbitrary Pauli
string [18]:

™

P =i (5) o) - (-3) 0. @3)

Using this identity in Eq. (22) we have:

aC(8)
99,
-t (30— (5) )
(24a)
_ %Tr[fﬂ/{ (e,, + g) (5]
- el (0, 3) () (24b)

= %[o({ea, b+ 5. 05}) = C({60, 6, — 7. 6:})],
(24c)

where in the last line we used Eq. (20c). This is
the closed system PSR, Eq. (5).

3.2 Control noise

Now consider adding a small perturbation to the
ideal Pauli generator of a gate, i.e., P; — P;+A;,
such that ||4;|| < 1. In analogy to Eq. (4), we
can decompose A; in the Pauli basis such that

d2—1

Aj =" apby, (25)
k=0

where aj; € R. This amounts to control noise
that perturbs the intended gate Hamiltonian P;
by a bounded (but not necessarily local) operator.
We may now write the noisy version of the gate
as:

U'(6) = exp(=i0,u(Pj) + Aju)/2),  (26)

where the prime indicates the presence of
noise. Note that this noise model includes both
under /over-rotation and axis-angle errors. In the
former case a;, = adjx, so that 6, — 6, +a, while
in the latter case aji # J;i, so that the rotation

axis is no longer P;. Since j = j(u), this noise
model also accounts for the location of the errors
in the circuit. The errors can be deterministic or
stochastic, but our model assumes that they are
constant throughout the duration of each gate.

Using Eq. (20c) and Eq. (22), the noisy version
of the cost function and its gradient with respect
to 6, can be written as:

C'(0) = Tx[HU'(0,) ()]
ac' (o)
90,

(27a)

= — S TAU (B[P + Ay 2]
(27b)

Expanding Eq. (27b) using Eq. (23):

led()
00,

_ _%mﬁm’(eu)([Pj + A58  (289)

_ _%Tr[ﬁu'(eﬂ)([Pj,ﬁD]

_ % S a T AU (0,) ([ Pe, 7)) (28b)
k
— %mﬂu’(eu) (uj (g) (p) —U; (—g) (ﬁ))}
+ % S a4 T AU (6,) © (28¢)
k

(e (5) 0 - (-3) @)1

where, in the last two lines, we have used U; to
denote a map generated by P;, so that it is dis-
tinguished from ¢’, which is generated by P;+A;
as given in Eq. (26). We also denote

P = U O (£5 ) (9) = Rk, F.

(29)
where 'bji(u) is the corresponding coherence vector
after an expansion in a nice operator basis. This
bifurcation into the two paths labeled 4+ will turn
out to be key to the NIBP phenomenon.

Let

W) = Vi)~ Uy, (30a)
&) = Py ~ Pty = @i - F- (30b)

Accepted in (Yuantum 2025-01-23, click title to verify. Published under CC-BY 4.0. 6



Substituting Eq. (29) into Eq. (28), we have:
oC'(0)

1
2, (31a)
| | - __
= STrlH(p) = py)l + 5 > T H (P — b))
k
1 1
= §Tr(H§j) +3 > apTr(HE) (31b)
k
1 = 1 -
= 5Tr(ij F)+5 Zk:ajkTr(Hwk - F)
(31c)
1 d?-1 ~ 1 d?-1 ~
=3 () ihi + 3 > aje Y (i) (31d)
=1 k =1
1. | N .
5Wign R+ 352 g - b, (31e)
k

where we denoted h; = Tr(HF)) and selectively
added the p-dependence for emphasis (though
both j and k depend on y). Since H is related to
H via a unitary transformation [Eq. (21a)] they
have the same norm, and likewise ||h| = |h|.
We can now bound the derivative as follows:

‘ac'(e)

(32)

The noise term in Eq. (32) (the second term)
makes this bound looser than the noiseless case
(just the first term), and it might seem that this
could prevent the gradient from becoming van-
ishingly small. However, as long as [y, || is
exponentially suppressed, it is not loose enough
to escape the NIBP. We discuss this in more de-
tail in Section 5.

3.3 Random unitary noise

The noise model in Section 3.2 is semiclassical,
in that the bath is treated classically; a fully
quantum noise model would replace Eq. (25) by
2%22_01 aji Py ® B+ Hp, where { By} and Hp are,
respectively, bath operators and the bath Hamil-
tonian. This would change the system-only uni-
tary U’(6,,) into a system-bath unitary, but we do
not consider this case here. Instead, to account
for a quantum noise model of faulty gates, we
consider a (unital) noise map defined by a set of
unitary operators and their corresponding prob-
abilities {ps,Ur}. Le., with probability p; the
unitary Uy = exp(—i6,P;/2) is applied. Only

1, . 1 _
20, | < Slwjg ikl + QZI; |aji ||| @[l P

one of these unitaries is the intended one; w.l.o.g.,
we call this index j = j(p). We assume that
Dz < pj (e, pj $1).

For simplicity, we may assume that 6, , = 0,,
since the case 0, = 0, + (Af) was already ac-
counted for in Section 3.2. Hence, each Uy is
implicitly Ug(6,), which has the same angle de-
pendence as U(0,,) for k # 1.

This noise model can be written in the Kraus
representation as

V(X) =" pUc XU} (33a)
k
= pU(X)+ > prVi(X),
k#j
where V}(X) = UkXU,I for k # j and {\/pxUr}
are the Kraus operators.

Using a similar approach as in the derivation
of Eq. (32), we find:

(33Db)

oC’(0) oC(0)
| a0, ‘ = Pj(w) a0, (34)
1 -
+5 > iy lwrg 1B
py

Details are given in Appendix F. The conclusion
regarding this bound is similar to the case dis-
cussed in Section 3.2.

3.4 Bounds on ||kl

Both Egs. (32) and (34) involve the Hamiltonian
norm | k||, so we next bound this quantity.

Consider the scaling of the HS norm of the
problem Hamiltonian. Writing such Hamilto-
nians as H = 2?2:_01 hiF;, we have |H|} =
Z‘]ial hjz = h3 + ||k|*>. In practice, we choose
the nice operator basis {Fj} as the normalized
Pauli basis, {P;}/Vd.

Assume that the Pauli strings are ordered by
Hamming weight k. We say that H is K-local if
hj =0 for j > K with K a constant independent
of n. The number of non-zero h; terms in h is
at most YK | (3), and a crude upper bound for
K < n/2 (which holds in the K-local case) is

K
k; ("7) =8,8% <k> =k < K) (35a)

n—1--(n—K+1)

n(
=K K|

(35b)

n¥

< Z—Tr (35¢)
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Thus,

h
R < WHK/2, h = max h;. (36)
—1)! j

4 Cost Function Concentration and
Noise-Induced Limit Sets

Under the unital map setting of generalized Pauli
noise, Ref. [31] has shown that the cost func-
tion concentrates. We now extend this to the
action of HS-contractive non-unital noise maps
and show furthermore that a new phenomenon of
noise-induced limit sets arises in this context.

4.1 Cost function concentration under non-
unital noise

Expanding H in a nice operator basis, we have:

d?-1
H=)Y hiFj=hFy+h-F,  (37)
j=0

so that h collects the coordinates of the trace-
less component of H. The cost function can be
written as:

cwy:ﬁgmwﬂ:%ﬂgn+vn. (38)

We already showed that when the noise is part
of the gate, the gradient of the noisy cost function
is bounded as in Egs. (32) and (34). We now con-
sider noise between gate applications, which we
model as a concatenation of non-unitary CPTP
maps N after applying all the noisy gates in the
[’th layer:

pr41 = Nig1 o U (011)|(p) V1 =0.  (39)

L.e., for the evolution of a circuit of depth L, with
the initial state pg, we have

p(6) = p1.(8) = INLoU'(81)o- 0N ol (8)](po),
(40)
where, as before 8 = {6;}£_,, and U'(6,) denotes
the noisy unitary superoperator in the {’th layer,
formed from gates of the form given in Eq. (26).
Let v; be the coherence vector corresponding
to p; in Eq. (39). Let us denote the transformed
coherence vector after Nj o U](6;) by

vy =Qv_1+¢, Q=MO, (41)

with O; the orthogonal rotation corresponding
to U/(0;), and M; the rotation-+dilation and ¢
the affine shift corresponding to N (see Sec-
tion 2.5). Thus, O; is norm-preserving and ¢
is either zero or non-zero, depending on whether
N is unital or non-unital, respectively (Lemma 2
and Lemma 4). The dilation part of M; contracts
the vector it acts on. Let g; be the contractivity
factor associated with §2;, i.e., for any vector v,

1]l = qllvl, 0<q <1 (42)

Expanding the recursion given by Eq. (41),
with the initial condition vy corresponding to pg,
we obtain, with diy = ¢; and [ < L:

’Uj:Qj-'-Ql’Uo—{—dj, 1<5<L
dj:QjQQCl+Q]Q3CQ+

(43a)

+Qjcj—1 + ¢ (43Db)
J=1 [r+1
=S | I[%% |er+e, 1<i<L. (43c)
r=1 \s=j

Note that d; is entirely a property of the maps
and does not depend on the system state v;. In
other words, d; contains no useful information
about the state of the computation carried out
by the circuit. Using Eq. (43), we can write a
transformed v at the end of the circuit as

v, = Q- Qo + dy, (44)

where dj arises from the noise map combined
with the unitary VQA map. Substituting this
into Eq. (38) with v = v, we have:
1
c() = gTr(H) + Q- Quvg-h+dg, - h.
(45)
Grouping together the terms that do not get con-

tracted over the layers of the VQA circuit, we
find:

1
C(6) = STe(H) —dr - h| = ¢“lvo-h|  (46a)

< ¢"[lvolllh]l  (46b)
< q"||nl, (46¢)

where
“=qqn, 0<q<1Vl  (47)

Here ¢; is the contractivity factor associated with
Qy, so that the effective contractivity factor ¢ <
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1. Moreover, recall from Eq. (36) that [|h| <
h__nK/2 where K (a constant) is the locality

of H. We have thus proven that the cost function
landscape concentrates:

Theorem 1. The cost function of HS-contractive
non-unital maps concentrates for any VQA cir-
cuit with greater than logarithmic depth, i.e., if
L € w[log(n)] then!

h
|IC(0) —Cp| < mnK/qu (48a)
—0 as L— o0 (48b)
Cr, E%TI‘(H) +d.-h (48¢)

The meaning of the L € w[log(n)] condition is
that this result holds as long as L is large enough,
i.e., except for circuits that are shallower than
logarithmic depth, since then the ||h|| factor can
counteract the ¢ factor in Eq. (46c).

4.2 Noise-induced limit set

While Theorem 1 shows that the cost function
concentrates on Cog = STr(H)+ds - b, this does
not mean that it tends to a fixed point. The rea-
son is that the vector d, is affected by the unitary
transformations in the VQA circuit, which rotate
it, and by noise in the circuit, which rotates and
contracts it. The rotations prevent convergence
on a fixed point, and instead Cy lies in an in-
terval. We call this interval the noise-induced
limit set (NILS). Our next result characterizes
the NILS.
We can rewrite Eq. (43c) as:

dr, =Qp- - Qo1 +Qp -+ Qsca + -+ (49a)
+Qrep1+ecg
=pl'O1e1 + p5?Osco + -+ (49b)
+pr-10L-1cL-1 + ¢y,
where HlL:iHQl = piL*i@i, i.e., combining the

transformations of ¢; into an overall rotation ©;
and an overall contraction pf_’, where 0 < p; <
1,Vi. Let p = max; p;, a noise contraction factor.
Then:

"Recall the little omega notation; f(z) € w(g(x))

means that for any positive constant c, there exist a real
constant zo such that f(z) > cg(z) Vo > xo.

Proposition 2.

1—pk h
dy - h| < p | k]l
1— 1-1/d

= AL < Ao (50)

The proof is given in Appendix G.

Taking the limit L. — oo, we can identify the
noise-induced limit set (NILS) that the cost func-
tion concentrates in:

Corollary 2.

Co € %Tr(ﬂ) A, éTr(H) + An] = NILS,
(51)

where
1 il

1—py/1-1/d
Proof. 1t follows from Eq. (50) that —A. < d, -
h < As; adding 2 Tr(H) to all sides gives —Ao+
1Tr(H) < Cp, < Aoo + 2 Tx(H) VL. O

(52)

oo T

Thus, the NILS is an interval dictated by the
dimension of the system, the problem Hamilto-
nian, and the noise through the contraction fac-
tor p. Note again, that Cy and do, are nota-
tions we have chosen and are not meant to sug-
gest that a limit should exist as a point. As we
have shown, the limit is an nterval that we call
a noise-induced limit set.

4.3  The unital case

Since the unital case is the case for which dy, = 0
[all the shift vectors ¢; vanish in Eq. (43c)|, we
have:

Corollary 3. The cost function of unital maps
concentrates super-polynomially for any VQA
circuit with logarithmic depth, i.e., if L =
w(log(n)], and exponentially for any VQA circuit
with at least linear depth, i.e., if L = Q(n).

The latter statement recovers the concentra-
tion result for unital maps of Ref. [31, Lemma
1], which holds “whenever the number of layers L
scales linearly with the number of qubits”, i.e., if
L = w(n) in our notation.

Note that the NILS in the case of HS-
contractive non-unital noise is worse for VQA cir-
cuit performance than unital noise since knowl-
edge of C}, requires a precise characterization of
each of the intermediate non-unital maps (to de-
termine dy,), whereas in the unital case, the NILS
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is determined purely by the target Hamiltonian
H, and becomes a fixed point:

CT(H) = (H)ye(53)

Cunital —
[e.e]
i.e., the expectation value of the Hamiltonian
with respect to the fully mixed state.
Next, we discuss the NIBP phenomenon for
unital and HS-contractive non-unital maps and

show that it appears for the former (in agreement
with Ref. [31]) but not for the latter.

5 NIBP via parameter shift rules

From now on, when we use C'(8), we refer to the
cost function in the presence of a noise map. In
this section, we bound |0C(0)/06,,|, the magni-
tude of the cost function gradient, and show that
it is exponentially small in the circuit depth L
for both unital and non-unital noise, for n > 1
qubits. We interchangeably use both Im and p
to denote the gate location.

Our proof in the unital case is simpler and
more general than that of Ref. [31], but the HS-
contractive non-unital case is our main new re-
sult. The bound we find has implications for the
many applications of VQA where the goal is to
learn the optimal parameters, i.e., when one is
primarily concerned with trainability, and hence
the gradient is a key quantity of interest.

At this point, it is useful to provide a formal
definition of noise-induced barren plateaus. The
following definition is inspired by Ref. [31, Theo-
rem 1]:

Definition 2. A cost function C(0) exhibits a
noise-induced barren plateau (NIBP) if the mag-
nitude of its gradient, ’age(f)’7 decays exponen-
tially as a function of the circuit depth L for all L
larger than some constant Lo > 1, independently

of l and m, even for constant-width circuits.

Thus, NIBPs flatten the entire control land-
scape independently of the location p = (I,m) of
the gate in the circuit at which the derivative is
taken. Moreover, we impose the condition that
the result holds even for constant-width circuits
in order to preclude a measure concentration-type
argument, which is typical of noise-free barren
plateaus [24]. In this sense, NIBPs are distinct
from the latter, for which the global minimum

can be embedded inside a deep, narrow valley in
the control landscape [26].

Using the PSR [Eq. (5)], and choosing the tar-
get operator to be a Hamiltonian H, we have:

aC(8)
a0,

_ %Tr[H(p(Q:I) —p(6;),  (54)

where Gf =0+ 02/2. We use Eq. (10) to write

1. e 1
p(6;)==I1+ Y (v,)iFi=—F=Fy+v, - F,
! d =" Vd 8

(55)

so that 1
p(fo) = ﬁFO + v/f - F. (56)

Let

f)ﬁ = 'v:[ -v,, (57)

where we added the L subscript as a reminder
that ’lNJﬁ corresponds to the difference between two
states obtained at the end of the circuit. Using
Eq. (37):

aC(0)

1 N
5 = 51&«(1%5 - F) (58a)
o
1 d?—1
=5 > (9,)Tr(HF) (58b)
=1
1 d?—1 .
=5 2 (@b (58¢)
i=1

We thus arrive at the key result that the magni-
tude of the cost function gradient can be written
simply as:

: (59)

which expresses the cost function gradient in
terms of the overlap of the difference between
two coherence vectors with the coordinates of the
traceless component of the target Hamiltonian.

5.1 NIBP in the unital case

We now prove the existence of an NIBP for unital
maps, in agreement with Ref. [31].

Theorem 2. Assume that the maps {Ni}£ | in
the VQA circuits described by Eq. (40) are all
unital but non-unitary and that the Hamiltonians
generating the gates in the circuit and the control
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noise are K-local. Let n denote the circuit width.
Assume, moreover, that either L = c[In(n)]? with
Q >1 0or@Q =1 and K < 2cln(1l/r), where
c >0 is a constant and 0 < r < 1 is a contractiv-
ity factor associated with the maps maps {Nj}£_,
[defined in Eq. (63b)]. The cost function of such
circuits exhibits an NIBP.

Proof. Using the Cauchy-Schwarz inequality,
Eq. (59) yields:
oC(0) 1, .1
<= h
’ 90, | = oA, (60)

Since the maps N; in Eq. (40) are all unital,
N, o U] is also unital since U] is unitary and
hence unital. Let v; be the coherence vector
corresponding to p; in Eq. (39). It follows from
Lemma 2 that ||v;41|| = 7]|vi]|, where 0 < r; < 1
VI is the contractivity factor associated with Aj.
Since vf are the coherence vectors correspond-
ing to p(Oljf) — the states obtained at the end of
the circuit but with @ shifted by Off — the same
reasoning applies, and we can write:

L - L
loill=p"llwoll » llvgll = a"llwoll.  (61)

where v is the coherence vector of py (the initial
density matrix), and

pl=pprdh=qqn 0 <p,q < 1V

(62)
Here p and g are the effective contractivity factors
associated with the two paths involving Eq. (40)
and 0: or 8,,, respectively. Using the elementary
inequality |l@ — b|| < ||a|| + ||b|| we now have

o]l = v =, | < llwoll(" +¢") < 2r"
(63a)
r = max(q,p), (63b)

where we used ||vg]| < 1 [Eq. (12)]. Thus, using
Eq. (60):

< [lhlir*

‘80(0) 0<r<l1. (64)

a0,

The noise channel in Eq. (40) already includes
the situations with ideal gates [, Eq. (19)] and
control noise in the gates [U', Eq. (26)]. To make
this explicit, we can write:

< ||hllre

c
ctrl

‘80’(0) 0<r.<1l.  (65)

20,

We also model the random unitary noise which
is a linear combination of unitary noise channels
[Eq. (33b)]. Each summand can be modeled by
Eq. (40), hence, is bounded as in Eq. (64):

ac" (o)
20,

<> plhllrt, 0<n <1,
k./

(66a)

rand

which is still bounded since k£ does not scale ex-
ponentially with L.

Recalling Eq. (36), the magnitude of the gra-
dient of the cost function [whether Eq. (64),
Eq. (65), or Eq. (66)] satisfies the bound

‘00(0) |oce)]  |oce)| ke
89” 89“ ctrl aa“ rand
(67)
Y/} r_ h "
where ¢ = ¢'¢", and ¢ = e and ¢" are

positive constants independent of n.

If L = ¢[ln(n)]? (¢ > 0), i.e., the circuit has
sublogarithmic (0 < @ < 1), logarithmic (Q =
1), or superlogarithmic (Q > 1) depth, then n =
exp[(L/c)'/9], so that

g2 — 0 (exp[;K(L/c)l/Q _ ln(l/r)L]) .

(68)
This quantity decays exponentially provided
1K (L/e)Y/? < In(1/r)L. Solving this inequal-
ity for L, we see that for any () > 1, this is again
exponentially suppressed in the circuit depth L
for all L > Ly, where

Lozcl_Q( K/2 >Q_1. (69)

In both cases the cost function gradient decays
exponentially with the circuit depth L, i.e., we
have an NIBP as per Definition 2. The circuit un-
der extra control noise and random unitary noise
could not escape NIBP if the original noisy cir-
cuit exhibits NIBP.

When @ = 1 (logarithmic circuit depth), the
r.h.s. of Eq. (68) decays exponentially in L if
K < 2¢ln(1/r). This can be interpreted as an
upper bound on the locality of the Hamiltonian
and the control noise in terms of the largest con-
tractivity factor (r) of the unital noise maps in
the circuit. If this condition is satisfied then we
again find an NIBP. O

Note that if K > 2cln(1/r), or if @ < 1
(sublogarithmic circuit depth), then we cannot
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conclude from our bounds that the circuit ex-
hibits an NIBP. In other words, an NIBP may
still occur but this cannot be inferred from our
analysis.

5.2 The non-unital case

Now assume that at least one of the maps N
in Eq. (40) is non-unital. We will show that in
contrast to the unital case, in the non-unital case

‘%(;l(:)‘ can be lower-bounded by a quantity that

is non-vanishing even for arbitrarily deep circuits.
This means that there is no guarantee of an NIBP
in the non-unital case.

Recall Eq. (41). The effect of shifting @ by 63"
at a single location . = (I, m) in the circuit is that
in layer I, and only in this layer, we have two
different unitaries U/ (0?7[”), and correspondingly
two different orthogonal rotations Oljfn:

£ +
=Q, v_1+c,

Vim m

OF = MOFE,.  (70)

Note that prior to this location, i.e., for all I’ < I,
the bifurcation into the two paths labeled + has
not yet happened, which is why v;_1 does not
carry a =+ label.

5.2.1 No guarantee of an NIBP: an example

As a simple example that demonstrates why there
is no guarantee of an NIBP in the non-unital case,
assume that all A are unital except for the last
two, i.e., AV} is non-unital only for [ = L — 1 and
Il = L. Writing the last two coherence vectors
explicitly then gives:

vfnf = Qfm'vL_l + ¢y, (71a)

vro1=Qp 1vp 2 +ecp1, (71b)

and substituting Eq. (71b) into Eq. (71a) yields:
+,L

v = QfLEmQLfl’UL,Q + QfLEmCL,1 +ecp. (72)
The term QmeL_l'vL_g is identical to the terms
that appear in the unital case, so we know from
the proof of Theorem 2 that its norm is O (e*L);
therefore, for simplicity, let us neglect it entirely.
Subtracting then yields:

~L _ ,+L L + _
Vi =010, =V = ML(O7,, — Op,.)er—1.

(73a)

We know from Lemma 4 that 0 < |lcr—1|| < 1.
Thus, the vector (Of — O7, )er—1 has a non-
zero L-independent norm determined by the two

different rotations Ofm. Applying My, to it can
rescale its norm by, at most, a constant (L-
independent) factor. Thus, the argument leading
to the exponentially small upper bound on ||, |
in Eq. (63a) does not hold in this case. Instead,
we now have, from Eq. (59):

ac(0)
901m

’ = % 5% - h. (74)

It follows from standard Levy’s lemma-type ar-
guments that two randomly chosen unit vectors
in R have overlap ~ 1/v/D (see, e.g., Ref. [58]
for a variety of intuitive arguments). In our
case, there is no a priori relation between ﬁ%m
and h that would compel them to lie in some
joint smaller-dimensional subspace, and since the
Hamiltonian is K-local, the effective dimension
D of his Y1 (}) = O(n¥) as discussed in Sec-
tion 3.4. This polynomially small overlap is, how-
ever, determined by the circuit width n rather
than its depth L, so it will not be an NIBP as
per Definition 2. See Appendix H for a proof
sketch and simulation results. Of course, any cir-
cuit for which width and depth are related will
impose a barren plateau-type result via Eq. (74)
that does depend on L; this type of noise-free
barren plateau is the one first demonstrated in
Ref. [24].

5.2.2 No guarantee of an NIBP: general argument

We now show that the example above can be
generalized, in particular without assuming that
I = L. Specifically:

Theorem 3. Assume that a circuit described
by Eq. (40) contains any sequence of HS-
contractive non-unital maps {N; i: for which
maxi<;<i—1 0max(M;) € [0,u), where p €
(0,1/2], 1 > 3, and omax(M;) is the largest sin-
gular value of M;, the real rotation+dilation ma-
triz associated with the map N;. Assume in addi-
tion that the last maps {N;}L_, in the circuit are
all HS-contractive non-unital, L —1 = O(1) for
large L, and {omin(M;) > c}E,, where ¢ > 0 and
omin(M;) denotes the smallest singular value of
M;. The cost function of such a circuit does not
exhibit an NIBP.

Before we present the proof, we remark that
Theorem 1 concerns the behavior of the cost func-
tion in circuits deeper than logarithmic depth
(L € wllog(n)]), while Theorem 3 concerns the
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behavior of derivative of the cost function in the
last few layers of deep circuits (large L). The
class of deep circuits in Theorem 3 is included in
the class considered in Theorem 1 since deep cir-
cuits satisfy L € w[log(n)]. The concentration of
the cost function in Theorem 1 does not prevent
the non-concentration of the derivative in Theo-
rem 3. This is because the cost function in The-
orem 1 concentrates within a finite interval (the
NILS; see Section 4.2), which means that a pair of
cost functions C'(01) and C(02) for circuits of the
same depth L can have a finite difference. Using
PSRs, this allows for scenarios where the deriva-
tive of the cost function in Theorem 3 remains
finite, i.e., non-concentrated.

Proof. We start from Eq. (43). There is no addi-
tional bifurcation after the I’th layer, so that us-
ing Eq. (70), and the recursion given by Eq. (41)
again, we obtain for 1 < j < L —[:

i+ _

Vim = Ql—i—j cee Ql_,_l’vlj;’ll + dl+j (75&)
dipj = Qg Qpocipr + -
+ Qyjerj-1+ ey (75b)

Note that it follows from Eq. (17b) applied to
Egs. (43a) and (75a) that ||d;|| < 1 for all 1 <
J< L.

Combining Eqgs. (43) and (75) we obtain:

+,L
Vim
+,1
= QL"'QZ+1vlm +dy, (76&)
= Q- Y (v + )+ di (76b)
=Qp - Y [QF, (g Qg +diq) + ¢
+dg
(76¢)
=Qr--- QZ_HQ?;,LQZ—I vy (76d)
wE L
im
+Qr - 'Ql+19lj7:ndl*1 +Qp - -Ql+1CZ +dj, .
+,L fr

€im

S L — o+ L —L ~L _ _+.L —L
Let wy;, = w,,~ —w,,~ and €, =e;, =~ —e¢, .

Then, using Eq. (76):

~L JF;L 77L

_ N A
U, =0, — v, = Wi, + €. (77)

We will show that ﬁ)ll;n can be neglected but

~L . .
e;,, cannot. First:

Kz

= 19L - - Qi (), — )1 -+ Qv
(78a)

< Qe (), — ) Q1 - - Qu[[|wol|
(78b)

<1zl 1 €Y, — Qo -1l - - [|0]
(78¢)

< 2pL By 1 (78d)

where the second line follows by definition of the
operator norm, in the third line we used submul-
tiplicativity and ||vg|| < 1, and in the last line
we defined p; = || M| and used [|Q;} —Q; || =

[M(OF, — Oy and [[(Of,, — Oy, )| < 2 since
Offn are orthogonal and the eigenvalues of any

orthogonal matrix are all 1. We have p; < 1 by

Lemma 2 and Lemma 4. We may thus write
|, | <2p™, p<1, (79)

where p = ([T, p)"/*. Thus, |[w} | vanishes
exponentially in the circuit depth.

Next, let us consider élf;n. We can rewrite
Eq. (43c) for j =1—1 as:
-2 I'+1

diy=c1+ Y, [[ Qcr, 1>3, (80)
I=1i=l—1

where the order in the product reflects operator
ordering.

Next, we lower-bound ||d;_1||. As a simple ex-
ample for which ||d;_1|| is lower bounded by a
positive constant, consider the case where only
the last map is non-unital, and the rest are uni-
tal, i.e,, ¢—1 # 0 but {¢; = 0}5;21. Then
|ldi—1|| = |lei—1]l > 0. To make the argument
more general, we note that it follows from the
triangle inequality [|A + B| > ||| A|| — || B]|| that:

1 Akl = 1Al = 11 Al (81a)
k=1 k=2

> Al = 11> Akl > [ Aall = b,
k=2
(81b)

where b > || >";_5 Ag||. In the context of bound-
ing ||d;—1]|, we identify

U'+1 (=2
{Ag}r=2 = H Qiep .

i=l—1 =1
(82)

Al =C-1,
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Using the polar decomposition M; = V;S; with V;

o Tar s e

orthogonal and S; = 1/ M; M; positive semidefi
nite and symmetric, we have

[Qicl| = [ViSiOic| = [|S:Oic| (83)

< AutllOrell = Niallel,

where, using Lemma 4, A\;; = omax(M;) < 1 is

the largest singular value of M;, and ||| < 1.

The same calculation, pulling out one factor from
the left at a time, yields:

||HQ¢C|| < H)\z’,1||C||- (84)

Thus, letting

A= 1%?21}{—1 Ail, = 1§r{}2{—1 ler]l,  (85)
we have:
-2 l/+1 1—2 l/+1
IS IT Qerl <0 I el (86a)
U=1i=l-1 b e
-2 1-1 1—2 o
<S5 I reallerl <3 lep R
U'=1i=l'"+1 =1
(86D)
. 5 — At
SClT’l, 7’151_751\[7 1237
(86¢)

where in the first inequality in Eq. (86b) we in-
verted the order in the product since I’ +1 < [—1.
Using Eqgs. (80) to (82) we thus have:

-2 I'+1

Idiall > el = 1> T Querlll  (87a)
I'=1i=l-1

Z Hcl,1” — 5[7”1. (87b)

We defined ¢; so that ||¢;—1|| is included in the
maximum in Eq. (85). Therefore, if ¢ = ||¢;—1]|
and r; < 1, then the r.h.s. of Eq. (87b) is positive.
The condition r; < 1 holds for all X € [0,1/2). If,
instead, ¢ corresponds to maxj<y<;—1 ||ey|| with
' < 1—1, then we still have ||d;_1|| > 0, provided
r1 < |lei—1]]/&; this condition is satisfied for all
M\ € [0, ), where pu € (0,1/2) is found by solv-
ing the transcendental equation r; = ||¢;—1]|/¢
for A;. Thus, we may conclude that a sufficient
condition for ||d;—1|| > C, where C > 0 is a con-
stant, is that the circuit contains any sequence
of HS-contractive non-unital maps {A;}Z1 for

which maxi<;<i—1 O'max(Mi) € [O,M) and [ > 3,
where omax(M;) is the largest singular value of
M;, i.e., the largest eigenvalue of the dilation
S; = \/Ml-TMi corresponding to N;.

Next, from Eq. (76d) we need to consider
O dj—1 = M0 d;—1. The two vectors O dj_1
are separated by a distance d; = [(O} -
O,,,)di—1|| equal to the sum of the norms of the
orthogonal vectors to their projections onto d;_1,
ie.,

dy = 2]/dy_y || sin(6/2)

(O}, di—1) - (O, di—1)
lldi—1]I?

(88a)

cosf = (88b)

The remaining transformations prescribed by
Eq. (76d) are QL e 'QlJrle where Qz = MZOZ
and, using the polar decomposition again, M; =
V;S; with V; orthogonal and S5; = \/MJMZ-.
The orthogonal rotations preserve the norms
of Oif d;_1; the dilations {S;}~, shrink these
norms by at most the products of their small-
est singular values, opin(M;). Thus d; —
Omin (M) -+ - omin (ML )d;, and as a result:

€55l = Omin(M;) - -+ Ormin(ML)d; - (89)

The final step is to use Eqgs. (77) and (79) and
the triangle inequality to write

1051l = lwE, + efnll = l1ef ]| — @i, (90a)

> Umin(Ml) te Umin(ML>dl - 2pL- (90b)
Therefore, as long as

{omin(M;) > ¢}, and L—1€ 0O(1), (91)

then || || > C where ¢,C > 0 are both con-
stants. This is because 2p” is exponentially small
in L, and omin(M)) - - - omin(Mp)d; is a product
of O(1) positive constants, i.e., itself a posi-
tive constant. Thus, || | is lower bounded
by a positive constant for L sufficiently large:
L > log(a”d;/2)/log(p), where Kk = L —1 > 0 is
an O(1) constant and a = (I'IZ.L:lUmin(Mi))ﬁ >0
is another constant.

Reverting to Eq. (59), the fact that the lower
bound on || || is now a positive constant for any
[ such that L —I = O(1) then means that there is
no NIBP in the HS-contractive non-unital case.
As in the case of Eq. (74), the overlap in Eq. (59)
could still be exponentially small (Levy’s lemma),

but as argued above, this is not noise-induced.
O
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Theorem 3 assumes that opin(M;) > 0. How-
ever, there exist non-unital noise channels for
which owmin(M;) = 0, e.g., a composite of a bit-
flip or phase-flip channel with Kraus operators
{vpI,\/T=po} where 0 € {X,Y,Z}, at the
special symmetry point p = 1/2, followed by
an amplitude damping channel in Eq. (92); see
Appendix J. We next discuss the possibility of
NIBPs in such cases.

When opmin(M;) = 0, there is an in-principle
possibility of encountering NIBPs in circuits sub-
ject to non-unital noise. To see why the proof
of Theorem 3 does not hold in this case, note
that ||% || in Eq. (90b) is not lower bounded by
C > 0 if at least one of {omin(M;) > ¢}, is zero.
Hence, there is no guarantee that the circuit will
escape an NIBP since |9 || is not lower bounded
above zero.

However, the contraction of d; by omin(M;)
only happens when d; is aligned in specific direc-
tions such that the noise channel maps d; to the
zero vector. As the number of qubits in the circuit
grows, the dimension of d; grows exponentially,
making this scenario highly unlikely by a similar
argument to the one below Eq. (74), using the
standard Levy’s lemma. Hence, we expect that
NIBPs are avoided under non-unital noise even
for channels for which one or more oy (M;) = 0.

5.2.3 Example: amplitude-damping

As a physical example of a HS-contractive non-
unital map that prevents an NIBP, consider an
amplitude-damping map. It suffices to consider
the simple case of the amplitude-damping map
for a qubit coupled to a zero-temperature bath.
The Kraus operators are

Ko = [0)0] + VT=pl1X1],  K; = y/Bloy1],

(92)
where p is the probability of relaxation from the
excited state |1) to the ground state |0) [59]. We
find, using Eq. (14), that ¢ = (0,0,p) and M =
diag(y/T — p, /T —p,1 — p), so that omax(M) =
V1 —pand opin(M) = 1—p. Thus, according to
Theorem 3, for any p € [3/4+¢,1—¢]ande > 0, a
sequence of L such amplitude-damping maps act-
ing independently on each qubit of a noisy VQA
circuit will prevent the cost function of such a

circuit from exhibiting an NIBP.

6 Simulations

We performed numerical simulations employing
the Qiskit framework [60] to ascertain the ground
state energy of specific Hamiltonian under the
influence of depolarizing (unital) and amplitude-
damping (HS-contractive non-unital) noise. The
single-qubit depolarizing map is defined as:

p a, o
N(p) =0 =plp+3 > %o (93
ac{zr,y,z}

where p is the probability of the error. The single-
qubit Kraus operators of the amplitude-damping
map are given in Eq. (92).

The simulation was conducted utilizing three-
qubit VQAs incorporating the TwoLocal ansatz,
composed of RY(0) = exp(—ifc¥/2) rotation
gates and CNOTSs in a linear entanglement config-
uration, where qubit ¢ is entangled with qubit i+1
Vi along a chain, with open boundary conditions.
The optimization procedure was performed using
the Stochastic Perturbation Simulated Annealing
(SPSA) algorithm [61] as the classical optimizer,
constrained by a maximum iteration limit of 200
(maxiter=200). The multi-qubit noise map em-
ployed in the simulation was constructed from a
composition of n one-qubit noise maps, which are
HS-contractive for both of the examples we used
to represent unital and non-unital maps.

We employ a stochastic procedure to gener-
ate a set of 50 sparse three-qubit Hamiltoni-
ans. These Hamiltonians are structured as H =
D iy iin i NirinisTiy @ Oiy @ 044, With the constraint
that each element oi; is drawn from the set
oY, 0%, 0% and interactions are restricted to be
two-local, i.e., there is at least one o;; that is
0. The magnitude of h; i, is uniformly sam-
pled from [0,1) and later normalized such that
|H||2 = 1. The Hamiltonian for the main simula-
tion was restricted to a maximum of three qubits
to reduce the effect of non-noise-induced forms of
BP.

In the simulation to demonstrate other types
of BP that are not NIBP, we performed similar
simulations using 50 randomly generated n-body
Hamiltonians H,, with 2 < n < 9. We con-
structed these Hamiltonians so that each has a
zero ground state energy and is at most two-local.
These Hamiltonians are represented in the format
H, =3 ,hioi, ® --- ® 0y,, where oi; belong to
the set 0g, 04,0, and © = (i1,...,10n).
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The pseudo-code to generate random n-qubit
Hamiltonians in this simulation is given in Algo-
rithm 1.

1: procedure GENERATING A 2-LOCAL
HAMILTONIAN

2: Requirement: Hy =0

3: Randomly generate a 2-local
Hamiltonian H of n qubits such that
|Hs = 1.

4: Find its ground state Hy.

5: Rescale the energy of H to have Hy =0

by subtracting the ground state energy.

6: Renormalize H such that ||H||2 = 1.

Algorithm 1: Generating Hamiltonians for
simulations

6.1 Demonstration of Theorem 2 and 3

NIBP refers to the phenomenon where the mag-
nitude of the cost function’s gradient with respect
to control angles diminishes exponentially in the
number of layers [Eq. (64)]. Our analysis demon-
strates this characteristic to be consistently appli-
cable solely within the unital noise scenario (The-
orem 2). Conversely, in the case of HS-contractive
non-unital noise, the magnitude of the gradient
need not necessarily experience exponential sup-
pression as a function of the number of layers
(Theorem 3). We now present simulation results
that support these results.

Fig. 1 illustrates the magnitude of the cost
function gradient (on a logarithmic scale) as a
function of layers of the VQAs. Mean val-
ues (variances) are plotted in the top (bottom)
two plots. Plots on the left (right) correspond
to VQAs under depolarizing noise (amplitude-
damping noise), both with a noise probability of
p = 0.3. We specifically present three angles cor-
responding to the initial, middle, and final layers
of the VQA to emphasize their distinct behav-
iors. Additionally, the dot-dashed black line, de-
noted as r!, is in proportion to the bound derived
in Eq. (64) for the unital case. The solid black
line is the numerical average over the three angles
shown.

Under unital, depolarizing noise (upper and
lower left), both the mean and variance of the
gradient magnitude exhibit an exponential de-
cay with an increasing number of layers. The
error bars displayed in the upper plots represent

e P
= _ e X
T 4 Y 3
g 7 03) 5 S
=
O
Q -
o +
151 —< average -101 AD (p=10.3) $ ;
10 20 30 10 20 30
-10 ! 4= first -5 M
% L 4 mid
= * last -12 +
8-20 . ¢
2 o . AD (p=0.3) *
S 4| DP (0 =03) | )
)
10 20 30 10 20 30

l l

Figure 1: Mean and variance (log;, scale) of the magni-
tude of the cost function gradient for depolarizing (left)
and amplitude-damping (right) maps with noise proba-
bility p = 0.3 as a function of layers. Error bars in the
upper plots represent the range between the maximum
and minimum values.

the range between the maximum and minimum
values. This suggests that all simulated mean
values remain within the predicted bound. The
observed behavior remains consistent irrespective
of the specific layer within the VQA from which
these angles were selected. The theoretical up-
per bound (dot-dashed line) is rather loose but
consistent with the numerical results.

Under amplitude-damping noise (upper and
lower right), distinct behaviors are observed
among the three angles. The mean value of the
magnitude of the gradient increases as the an-
gle approaches the end of the VQA. The angle
selected from the final layer consistently demon-
strates a nearly constant gradient magnitude and
violates the bound in Eq. (64), consistent with
Theorem 3 and as anticipated in our theoretical
analysis that angles within the terminal layers of
the VQA circuit under HS-contractive non-unital
noise may evade the NIBP.

Fig. 2 depicts an alternative view of Eq. (64),
where the magnitude of the gradient is plotted
as a function of the noise probability. The total
number of layers in the VQA is fixed at L = 20.
The noise probability is varied from p = 0 to
p = 0.5, corresponding to decreasing the param-
eter r in Eq. (64). The behavior seen in Fig. 2 is
similar to Fig. 1, where the magnitude of the gra-
dient fully respects the derived bound only under
depolarizing noise.

By fixing the noise probability and varying
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Figure 2: Mean and variance (log;, scale) of the magni-
tude of the cost function gradient for depolarizing (left)
and amplitude-damping (right) maps as a function of
noise probability p in a VQA with 20 layers. Error bars
in the upper plots represent the range between the max-
imum and minimum values.

the number of layers (Fig. 1) or fixing the num-
ber of layers and varying the noise probability
(Fig. 2), our simulations consistently demonstrate
that Eq. (64) is well-respected in VQAs under
unital noise and violated in VQAs under HS-
contractive non-unital noise. This observation
aligns with our theoretical predictions in Theo-
rem 2 and Theorem 3. For a numerical exami-
nation of the standard (noise-free) BP, see Ap-
pendix H.

6.2 Cost function behavior

Our results indicate that unital noise is subject
to both NIBP and other forms of BP, and that,
conversely, HS-contractive non-unital noise may
potentially evade NIBP despite experiencing a
comparable degree of other BPs. The primary
question within the framework of VQA pertains
to its efficacy in determining the ground state of
a specific Hamiltonian. Consequently, in prac-
tical applications where the presence of noise is
inevitable, the central concern revolves around
identifying the type of noise that is comparatively
less detrimental.

To address this question, we determined the fi-
nal cost function obtained by VQA circuits when
subjected to unital and HS-contractive non-unital
noise maps. The result displayed in Fig. 3 was
achieved through the training of circuits responsi-
ble for generating the results illustrated in Figs. 1

Lo =3 0] n=5
g ’"”I’%’I”I’i’ilj’”I’"I’"I’"t"}"{ ZII;;;A; x i
05 &7 0.5 2
=t Iy .
& ¥ booop II
AD|| | [ Tr(H)/d
0.01* 0.015
0.0 0.2 0.4 0.0 0.2 0.4
- 1.0 n=" 1ol ™7 9
g T L
— ry
205 £ 0.5 %
= T Py
0.01* 0.0
0.0 0.2 0.4 0.0 0.2 0.4
p p

Figure 3: Final cost function averaged over 50 ran-
dom n-qubit Hamiltonians with zero ground state energy
under depolarizing (red up-triangles) and amplitude-
damping (yellow down-triangles) maps as a function of
noise probability p using VQA with L = 5 layers. The
solid black line at zero denotes the true minimum of the
Hamiltonians used in this simulation. The error bars are
the standard deviation of the final cost. The dashed
black line is the predicted NILS value in the large circuit
depth limit in the unital case, Eq. (53).

and 2, showing the average of the instances for
n-qubit Hamiltonians for n = 3,5,7, and 9 as a
function of noise probability p.

The most obvious result from these simulations
is that noise has a rapidly increasing, strongly
detrimental effect: the final cost function rises
rapidly from its optimal value of zero as soon as
noise is introduced, whether unital or non-unital.
Note that additionally, even at p = 0, the final
cost is greater than zero for n > 5 in our simula-
tions, suggesting the effect of BPs.

The difference between unital and non-unital
noise is small within the low-noise regime. The
non-unital case exhibits a slightly better per-
formance for small p, until reaching a crossover
point typically observed within the range of p =
0.15 — 0.3 (depending on n). However, a no-
table divergence in their behavior becomes evi-
dent as the probability of noise increases. In the
case of depolarizing noise, the cost function flat-
tens out at approximately p = 0.2, whereas the
cost function continues to rise when subjected
to amplitude-damping noise, accelerating around
p = 0.3. This observation seems consistent with
our NILS result, where the cost function concen-
trates on a fixed point that is noise-independent
in the unital case but noise-dependent in the HS-
contractive non-unital case [Eq. (48¢)|. Indeed,
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the final cost function value precisely matches the
theoretically predicted Tr(H)/d in the unital case
[Eq. (53)].

Note that the theoretical prediction is con-
cerned with the large L limit, not large p. How-
ever, while the simulations in Fig. 3 are for fixed
L =5, increasing p at fixed L is tantamount to
increasing L at fixed p, as is clear from Eq. (48a),
where the factor ¢ is responsible for the NILS,
and ¢ is the contractivity factor, which is, of
course, monotonic in p.

Another measure of noisy circuit quality is
trainability: the variance of the cost function gra-
dient should vanish no faster than Q(1/poly(n))
[26]. Eq. (90b) implies that this is the case when
L —1 = O(log(n)); see Appendix I for details.
It may appear that this implies an advantage
for non-unital noise over unital noise. However,
being trainable only implies the potential to be
trained, and does not guarantee that the circuit
can, in practice, be trained to achieve the global
minimum. This is illustrated in Fig. 3, where the
final cost does not converge to zero for p > 0 due
to the NILS.

7 Conclusions

This work expands the study of NIBPs to incor-
porate arbitrary unital and HS-contractive non-
unital noise. Using a generalization of the param-
eter shift rule that includes noise, we have derived
upper bounds for the scaling of the magnitude of
the cost function gradient with respect to circuit
width n, circuit depth L, and noise strength. In
the unital case, we have shown that the onset
of an NIBP occurs already for circuits of loga-
rithmic depth (Theorem 2). In contrast, in the
HS-contractive non-unital case, we have shown
that VQA circuits need not necessarily exhibit
an NIBP. This is true, in particular, when a con-
stant number of final layers in a VQA circuit are
subject to HS-contractive non-unital noise (The-
orem 3).

We found that both unital and HS-contractive
non-unital circuits exhibit a phenomenon we call
a noise-induced limit set (NILS), whereby the
cost function concentrates on a fixed value for
circuits of greater than logarithmic depth. In
the unital case, this is given by the expectation
value of the problem Hamiltonian with respect
to the fully mixed state [Eq. (53)], but in the

HS-contractive non-unital case, the fixed value is
determined by the parameters of the noise map
as well [Eq. (48c)].

Our results are validated with numerical sim-
ulations for the depolarizing and amplitude-
damping maps. Interesting open questions we
do not address here are whether HS-contractive
(|M|| < 1) or non-HS-contractive (||M]| > 1)
non-unital noise maps appear more often in prac-
tical scenarios, how to characterize them accord-
ing to a given set of Kraus operators, and what
the measure of HS-contractive non-unital maps is
in the space of all non-unital maps.

Overall, our work shows that NIBPs present
a significant challenge for VQAs, even after mit-
igation of the standard (noiseless) BP problem.
A combination of error suppression, mitigation,
and correction methods will be necessary to re-
alize the promise of VQAs, just as is the case
for other quantum algorithms running on noisy
quantum computers.

Note added. After this work was posted to
the arXiv a related work appeared that addresses
non-unital maps and barren plateaus [62]. The
non-unital maps considered in this work are n-
qubit tensor-products maps of n one-qubit non-
unital channels. Our results hold for any n-qubit
non-unital HS-contractive maps (||M|| < 1), re-
gardless of whether the map is a tensor-product
of one-qubit channels.
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A Proof of Eq. (12)

Using the purity condition P = Trp? < 1 in Eq. (10), we also have

1 2
12P:Trl(dI+F~v>] (94a)
R 1
=2+ > T(ERvw; =5+ |o]”, (94b)
ij=1

ie., [[v]| =P —1/d, and Eq. (12) follows.

B Proof of Egs. (13) and (14)

Using p' = N(p) = 3, KoapK], and the expansion p = 21 + 3, v;F;, we have the following series of
implications:

;I+;v§Fi = ;Ka(;l+;viE)Kl (95a)
;vm = % %: K. K] + %: v Ko F K] — %I (95b)

Z Vi Te(FjF;) = % S Tr(Fj KoK + Z v Tr(F; Ko FK)) (95¢)
v =ci+ Y M. (95d)

Egs. (13) and (14) now follows from Eq. (95).

C Proof of Lemma 1

Recall that the p-norm is defined in Eq. (8). The matrix Holder inequality states that for 1 < a,b < oo
and 1+ 3 =1163, 64] :
(A, B) < [ AllalIBllo- (96)

An important special case for our purposes is a = b = 2, i.e.:
(A,B) < \/(A,A)(B, B), (97)

which is just the Cauchy-Schwarz inequality for matrices.
Any linear map ¥ : B(H) + B(H) on operators X € B(H) can be written as ¥(X) = >, Eo X E'f,
where {E,, E.,} € B(H). Its Hermitian conjugate

(TH(X),Y) = (X, ¥(Y)), (98)

can be written explicitly as UT(X) =Y, El X E', [65].

Therefore, if N' = {K,} is a unital CPTP map, then so is N'T. The reason is that if A is unital
then N(X) =3, Ko XK and 3, K K}, = 3, Kl K, = I. Thus NT(X) = 3, Kl XK, has Kraus
operators {L, = K]}, and it immediately follows that >, LI L, = 3, Lo L}, = I, i.e., also N is a
unital CPTP map. We can now prove Lemma 1.

Proof. Consider p € By (H) and let P = Tr(p?) = (p, p) denote its purity. The purity P’ of p(1) =
N(p) = NO(p) can be written as:

PO = (p, pM) = (N (p), N(p)) = {p, NTIN (p))) (99a)
= (pj/\/’(l)(p» 7 (99b)
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where in the third equality we used Eq. (98). Here, N1) = N (Oto A7) is the composition of two CPTP
maps, so NV is itself a CPTP map. Thus p® = N (p) is a quantum state [i.e., p® € B, (H)].

Define ¥n > 1 a sequence of quantum maps N1 = N o N purities P = (p(™) p()  and
states p("t1) = A (p). Then, using the Cauchy-Schwarz inequality for n > 1:

P — (N (), D () = (o, N () (100a)
< <p, P>1/2<P(n+1),P(n+l)>1/2 (100b)
_ pi/2(plnDyy2 (100¢)

Expanding this recursion, we obtain:
P(l) S P1/2P1/4..'P1/2n(P(TL+1))1/2n . (101)

The purity is lower bounded by that of the fully mixed state I/d, where d = dimH: P(I/d) =
Tr[(I/d)?] = 1/d. Therefore Vn,d we have 1/d < P"*D < 1 and hence lim,_,o(PM™H1)1/2" = 1,
Thus, upon taking the limit n — oo of Eq. (101) we obtain:

P =PV <plia?"=p. (102)

Equality in Eq. (100b) holds for all p iff N (p) = pV¥n, i.e., N®) = Z, which means that in particular,
after setting n = 1, NOTo A0 = 7, 5o that by definition N = A must be a unitary superoperator:
N(p) =U(p) = UpUT, where U is unitary. O

D Contractivity in the sense of [57]

In Section 2.5, we define the contractivity of a map in terms of the Hilbert-Schmidt norm. This is
different from [57], whose contractivity definition and results we briefly summarize here.

A map N between metric spaces A and B is strictly contractive iff there exists r < 1s.t. VA, B e A
we have dg(NV(A),N(B)) < rd4(A, B), where d is a distance function. If the above definition is
satisfied with 7 = 1 then the map N is called “non-expansive”.

Let M,, be the space of n x n matrices, ||[N|lp—p = supaen, [N (A)]p/]|Allp the induced p-norm,
and [|A]|, (as usual) the Schatten p-norm of A. A positive trace-preserving map N : M,, — M,
is contractive when ||[N|,—, < 1. For a non-unital map with n = n’, NV is always non-contractive,
Le., |IM|lp—p > 1 [57]. The crucial difference from our case (and the main reason that this result
does not contradict ours) is that M,, is allowed to contain the 0 matrix (in addition, N need not be
completely positive), which is, of course, different from the space of valid quantum states. Indeed, the
proof of the non-contractivity of non-unital maps is essentially to take A = 0 and B = I; since N is
trace-preserving, Tr(N(B)) = Tr(B) = n and if N(B) # I its norm must be larger than B’s.

E Proofs of Lemma 4 and Lemma 5

E.1 Proof of Lemma 4

Proof. To prove Eq. (17a) note that, by definition, non-unital maps do not preserve I, i.e., they do
not preserve the maximally mixed state given by the coherence vector v = 0. The transformation
0 — MO + ¢ = ¢ must be non-zero. Hence, ¢ # 0.

To prove Eq. (17b), note that

V|| = [[Mv+c| < /1 —-1/d Vv s.t. ||v]] <4/1-1/d, (103)
where we used Eq. (12). This must hold in particular for the maximally mixed state, i.e., when v = 0.

Hence, ||c|| < 1/4/1—1/d.
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Figure 4: Magnitude and variance of the gradient of the cost functions for depolarizing (red) and amplitude-damping
(orange) maps as a function of the number of qubits for noise probabilities p = 0.1, 0.2, and 0.3 in the left, middle,
and right plots, respectively. Error bars in the top row represent the range of the values.

Since N is HS-contractive, Eq. (17¢) follows directly from Lemma 3.
To prove Eq. (17d), recall the operator norm of M is its maximum singular value:

Mwv
Omax(M) = ||M|| = sup I I (104)

v0 V]|

We use the definition in Eq. (104) and write 1 > ||M]|| > ||Mwv]||/||v]|,Yv # 0, which implies that
[Mv|| < [lv]|, Vv # 0. O

E.2 Proof of Lemma 5

To prove that a single-qubit non-unital map is always HS-contractive, we will show that it satisfies
||M|| < 1 and use Lemma 3 to complete the proof.

Proof. Let vjs be a coherence vector satisfying | M|| = ||Mwoa||/||var||. Without loss of generality we
can assume v corresponds to a pure state: if it does not, we can normalize it so that [|[vy| = 1/v/2.
We will prove the claim by contradiction and assume that ||M| > 1, which implies |Mwvyl| =
| M||||var]] > 1/v/2. Without loss of generality, let (Mwvys) - ¢ > 0 (replace vy by —wvys otherwise).
This implies that |[Mwvys +ec|| > ||[Mwy]| > 1/v/2. However, Mwv s + ¢ is a valid quantum state which
has ||Mwy + ¢|| < 1/v/2. Hence, by contradiction, |[M]| < 1.

Using Lemma 3, |[M]| < 1 implies that the channel is HS-contractive. Hence, any single-qubit
non-unital map is always HS-contractive. O

Note that while for d = 2 positivity is captured entirely by the condition ||v|| < 1/4/2, a condition
on ||v|| alone is insufficient to ensure positivity for d > 2; additional constraints must be satisfied (see,
e.g., Ref. [66, Eqgs. (23) & (24)]). Since ||vas]| < 4/1 — 1/d is not the only condition for v, to represent
a valid state, a coherence vector vy, such that ||vas]| = /1 — 1/d could yield an invalid state that is
non-positive. This invalidates the proof for general d. Hence, the proof above holds only for d = 2.
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F Proof of Eq. (34)

Using Eq. (20c), the noisy cost function is:

C'(6) = LAV, 7)
= 0G4 STV )7
Using Eq. (22), we now have:
R kg P AV (6,)(( 7))
S+ 3 (6.0

oCc(0 1 o
= pj ( )+*Zka1"(H€k),
26, 2

where &, = g — py, and ﬁki =V'(0,)Uy (£5) (p). Thus,

+5 Zpk(u h|.

k#]

80

‘8(7(9) < prw
= FPj(p)

00,

This directly yields the bound on the gradient given in Eq. (34).

G Proof of Eq. (50)

Proof. Let us reproduce Eq. (49b) for convenience:

dr, = pf_l@lcl +p§_2@202 +- 4+ pr-19r_1cr-1 +cr.

(105a)
(105b)

(106a)

(106b)

(106¢)

(107)

Rotating a vector does not change its norm, i.e., [|©;¢;|| = ||¢i||. Recall that ||¢;|| < 1/y/1 —1/d from

Lemma 4. Thus, using p = max; p; and 0 < p; < 1, Vi:

ldr|| = ”plLfl@lcl + - +pr-19r_1c-1 +cr (108a)
< |pt 01| + -+ Ipr—1©9r-1cr-1| + |leL]] (108b)
<|p"'erell + -+ [pOr—rcral + e (108c)
<"+ p 1) max e (1084)
<Py i4p4+l)—o 108e
<(p pH1) = 7d (108e)
1—ph 1
= . 108f
1-p 1-1/d ( )
Using the triangle inequality, we have
L - h| < ||dLl[[R]]

_1-ph Rl _ 1 |n (109)

~1-p/1-1/d ~ 1-p/1-1/d
which is Eq. (50). O
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H Dependence on circuit width

In Eq. (74), we considered the overlap of two randomly chosen D-dimensional vectors, which suggests
that the gradient of the cost function scales as 1/ v/D. This phenomenon was initially discussed in
Ref. |24] and is the original (noise-free) barren plateau (BP). To rederive it, we follow the approach of
Ref. [67].

Consider two normalized D-dimensional vectors v and h, and choose each component of h uniformly
from the surface of a normalized D-Ball, i.e., ||v|| = ||h|| = 1. Without loss of generality, we can
construct h such that its elements h; are chosen randomly from {—1,1}/v/D, for i € [1,D]. The
expectation value of the inner product of v and h is E[v - h] = E[}; v;h;] = 0. The variance of their
inner product is o2[v - h] = E[Y; ; vihjvshs] — Elv - h]* = %, vvjE[hshj] = 3,07 /D = 1/D. The
second to last equality uses h? = 1/D and E[h;h;] = 0 for i # j.

2

The Chernoff bound states that Pr(|X| > €) < exp(—ﬁ). Applying this bound to Eq. (74), we

have Pr (2 ‘%L(i)‘ > e) = Pr(jv - h| > €) < e P, Substituting ¢ = 1/v/D, we obtain Pr(|v - h| >
1/v/D) < 1/e, ensuring that it is likely that |v - h| stays below 1/v/D.

Note that since our n-qubit VQA Hamiltonian is 2-local, the effective dimension D of h is Z%:l (Z) =
(n? +n)/2 as discussed below Eq. (74). Thus, this result can be interpreted as stating that the cost
function gradient scale as the inverse of the number of qubits (circuit width).

Next, we examine whether this dependence on circuit width can be observed in numerical simulations
of the same type as discussed in Section 6. We again employ a set of 50 randomly chosen n-qubit
Hamiltonians, with 2 < n < 9. As stated in Algorithm 1, we set ||H||2 = 1; this ensures that ||h| <1,
i.e., does not grow with the effective dimension D of h. Fig. 4 shows the result of the simulation.
The two types of noise we simulated exhibit similar patterns, with amplitude-damping having a larger
gradient magnitude and variance. Our simulation results exhibit a discernible trend along the dashed-
dotted gray line denoted as ||h||/v/D. The magnitude of the gradient (top row) appears to approach the
scaling 1/1/(n? + n)/2 as the noise probability increases. We emphasize that this does not constitute
an upper bound for the magnitude; rather, it represents an expected value obtained through averaging
over a large number of randomly generated vectors.

| Trainability of HS-contractive non-unital circuits

We will refer to a circuit as trainable when the variance of its cost function gradient vanishes no faster
than Q(1/poly(n)) [26].
Using Eq. (90b) and letting ¢ = min;c(; 1) omin(M;) > 0, we write

195 > ¢, (110)

where p = (I,m), d; is a constant [recall the argument between Eqs. (87b) and (88)], and 0 < ¢ < 1
due to M; being HS-contractive. We dropped the term 2p’ in Eq. (90b) since it becomes negligible in
the large L limit. We can rewrite Eq. (59) as

1.
10,0 = §|v5 - h (111a)
Lo
= 50,1kl cos()] (111b)
> gt e (111c)

Here € = d;||h||| cos(#)| and cos(f) = (i)ﬁ . h)/||i7ﬁH||h|| is the BP factor unrelated to noise, i.e., the
overlap between two normalized, D-dimensional, random vectors that stays below 1/ VD as argued in
Appendix H. The difference is that the norm of 'bﬁ now scales down as g%, so there is an additional
noise-induced effect.
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To account for the variance of the cost function gradient, we reinterpret Eq. (111) as a statement
about an ensemble of random quantum circuits following the ansatz of the form in Eq. (1), so that
|0,C| becomes a random variable. Then, recalling Chebyshev’s inequality

Pr(]0,C| > ¢) < Var([saf(?]’ (112)
we can use Eq. (111) to write
Var[9,C] > ¢?L-De. (113)
Therefore, to satisfy the trainability condition Var[0,C] > Q(1/poly(n)) we require
L —1=0(og(n)). (114)

Theorem 3 states that a circuit for which the last O(1) layers are HS-contractive non-unital does not
suffer from an NIBP. This is true also for the last O(log(n)) layers since Eq. (90b) is still 1/poly(n)-small
in this case. This implies that the cost function within the last O(log(n)) HS-contractive non-unital
layers is trainable, in qualitative agreement with Ref. [62], who used a different layer-independent
constant.

J Example of non-unital channel outside Theorem 3

We expand on the example of a non-unital channel with opax(M) > 0 and opmin(M) = 0, which was
mentioned below the proof of Theorem 3. This kind of channel is expected to avoid NIBPs using a
Levy’s lemma-type argument.

Consider a composite of a bit flip (BF) channel followed by an amplitude damping (AD) channel.
The Kraus operators of an AD channel are given in Eq. (92), while those of a BF channel are

Kozﬂl, Klz\/l—pX, (115)

where 1 — p is the probability that a bit flip occurs. We can also find, using Eq. (14), that ¢ = 0 (as
is true for all unital channels) and M = diag(1,2p — 1,2p — 1). When p = 1/2, we have opmax(M) =1
and omin (M) = 0.
Recall that a composition ®(p) = Wa(¥;(p)) of two CP maps ¥1(p) = 3, JapJl, and Wy(p) =
g KppK} is:
®(p) = > LypLi, (116)
v

where v = (o, 8) and L, = KgJ, are the Kraus operators of the composite channel.
Using ¥ as a BF channel with p =1/2 and ¥y as an AD channel in Eq. (92), we can construct L.

" (Ve 0 (0 v
00 0 T—py/2) "~ 1o o

Lo 0 V2N o _ (VP2 0
C=\va=pz 0 ) T T 0 o)

This set of Kraus operators corresponds to M = diag(1/T — p,0,0) and ¢ = (0,0, p). We have composed
a non-unital channel with oyax(M) = /1 — p and oy (M) = 0.

Alternatively, we can derive this using the transformation of the coherence vector v, by a BF channel
with p = 1/2 followed by an AD channel:

(117)

v — MapMgpr(v) + cap

118
= Mv + ¢, (118)

where M = MapMpr and ¢ = cap as expected.
Using Z in place of X in Eq. (115) to first construct a dephasing channel with p = 1/2 would also
yield omin (M) = 0, as would other unital channels at special values of their parameters.
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