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Chapter 1

Introduction

Since the first detection of the cosmic microwave background (CMB) radiation in 1965,
cosmologist have established a standard model of cosmology, ACDM model, to describe the
structure of the universe. The model has been tested to a very high degree of precision
by a wide variety of observations, such as the CMB radiation precision measurements,
observations of large scale structure from the Sloan Digital Sky Survey and 2dF Galaxy
Redshift Survey, and distant Type Ia supernovae observations that suggest an accelerating
expansion of the universe. According to the current model the universe is spatially flat
and consists of 4% baryonic matter, 23% cold dark matter (CDM) and 73% dark energy
described by the cosmological constant A.

The homogeneity and isotropy of the observable universe is explained by an almost
exponentially expanding epoch of the early universe known as inflation. During the infla-
tionary period, Gaussian distributed quantum fluctuations in the gravitational field were
amplified to cosmological scales. The primordial perturbations created during inflation
leave an imprint on the CMB sky in the form of the observed cold and hot spots. These
gravitational fluctuations, in turn, produce the large scale structure, such as galaxies and
galaxy clusters. The CMB power spectrum measurements suggest that the fluctuations

are Gaussian and nearly scale-invariant as predicted by inflation.



The CMB anisotropy observations, such as the Wilkinson Microwave Anisotropy Probe
(WMAP) [33] and Planck [60] (satellites missions), and ACBAR [64] and PolarBear [41]
(ground based telescopes), can be used to estimate cosmological parameters accurately by
using sophisticated computer programs, such as CMBFAST [68] and CAMB [7].

The metric perturbations create quadrupole anisotropies in the CMB temperature
signal, which together with Thomson scattering produce a net linear polarization of the
observed CMB radiation. The polarization signal is described in terms of a combination of
scalar, F-mode, and pseudo-scalar, B-mode, fields. Observation of the CMB polarization
signal constrains cosmological parameters to a further precision. Furthermore, since the
gravitational shock waves created during inflation are the only cause of the primordial B-
modes, the measurement of the primordial B-mode spectrum, whose amplitude is a linear
function of the energy scale of the inflation, would provide the most direct observational
evidence for inflation. The observational projects, such as ground based observations
BICEP-II [31], QUIJOTE [66], QUIET [36] and and QUBIC [63], and balloon borne
experiments EBEX [65] and Spider [9], have been specifically aiming at obtaining a precise
measurement of this faint, yet to be observed primordial B-mode polarization signal.

Because B-modes are not produced by scalar perturbations, they are smaller than
FE-modes by more than an order of magnitude. Detection of such weak signals requires
excellent control of systematic effects. Since traditional imagers measure Stokes parame-
ters by differencing two orthogonal polarizations, mismatched beams and pointing errors
cause leakage from the much stronger temperature signal into the polarization signal, sig-
nificantly contaminating the much weaker B-modes. Interferometers, on the other hand,
directly measure the Stokes parameters without subtraction of the signals from different
detectors. Thus, mismatch in the beam patterns or differential pointing errors do not
cause contamination of the polarization by the temperature signal. Moreover, for finite
sky patches and pixellated maps, £ and B-modes mix into each other, causing major

contamination of B-modes by much stronger EF-modes. Since interferometric data live in



Fourier space, separation of ¥ and B-modes can be achieved more cleanly by interferom-
eters than imagers [58].

Interferometers have already been applied to the detection of the polarized CMB signal.
The first detection of polarization anisotropies in the CMB was achieved by the Degree
Angular Scale Interferometer (DASI) [35]. The Cosmic Background Imager (CBI) [55] and
the Very Small Array (VSA) [10] obtained detailed observations enabling them to extract
the F-mode polarization angular power spectrum up to £ ~ 600. Advancing techniques,
such as bolometric interferometry employed by the QUBIC experiment, provide promising
developments in detecting the long-sought B-mode polarization anisotropies yet to be
observed.

The basic assumption in analyzing the CMB signal is that the anisotropies are Gaus-
sian, so that the statistical information is completely contained in the angular power spec-
trum CYy. Since the brute force approach is computationally unfeasible, efficient methods,
such as maximum likelihood and Bayesian inference methods, have been investigated for
estimating the power spectrum. Since the observed CMB signal can be interpreted as a
single realization of a random process, CMB data is most suitably analyzed in a Bayesian,
rather than frequentist, approach.

Direct evaluation of the likelihood for the power spectrum of the CMB was possi-
ble for the early measurements, for which the signal to noise ratios were close to unity.
However, computational complexity of direct likelihood evaluation scales as (’)(ng), np
being the number of pixels, making it unfeasible for current and future high resolution
CMB observations. An iterative method of Bayesian sampling by a Markov Chain Monte
Carlo (MCMC) process, known as Gibbs sampling, was introduced by [25] and [76]. The
method was later applied to the Cosmic Background Explorer Satellite (COBE) data [76],
extended to high-resolution on the sphere [16], applied to analysis of the WMAP data
[4, 21, 56, 54, 13, 14], and generalized to include foreground removal [12, 15]. The Gibbs

sampling analysis of CMB polarization signal was introduced by [38]. The application of



Gibbs sampling to interferometric observations of the CMB temperature signal was ex-
amined by [71]. We extended the method to analysis of interferometric data of the CMB
polarization signal [28] as shown in Chapter 5.

In this chapter, we will introduce the standard model of cosmology, and discuss the
theory of inflation and its predictions. Then we will present the theoretical framework of
the fluctuations in the gravitational field. In Chapter 2 we will describe the nature of the
CMB radiation and introduce the major sources of the anisotropies in its temperature and
polarization signals. Then, we will describe how we can constrain cosmological parame-
ters through analysis of these anisotropies on the temperature and polarization angular
power spectra of the CMB. In Chapter 3 we will sketch the basic theoretical formalism
behind radio interferometers and discuss their advantages over imagers in observations of
the CMB polarization signal. The main categories of systematic effects in interferometric
observations and their analytical treatment will also be presented in Chapter 3. As one
of the main objectives of this thesis, the development of the method of Gibbs sampling
for interferometric data of the CMB polarization signal will be presented in Chapter 4
where the main advantages of the method of Gibbs sampling over the frequentist ap-
proaches, such as maximum likelihood method, will also be discussed. In Chapter 5 we
will present realistic simulations of systematic errors in interferometric observations of the
CMB polarization signal. The main results of the thesis is the assessment of the control
levels of the systematic effects in interferometric observations, which will be obtained by
analyzing the simulated data by both Gibbs sampling and maximum likelihood methods.
The systematic induced biases in power spectra and tensor-to-scalar ratio will also be
given in Chapter 5. Further directions, such as introducing a foreground removal method
within the Gibbs sampling analysis, and extending our Bayesian techniques for recovering
power spectra from 2-D sky maps to 3-D data sets of HI emission-line tomography, will
be discussed in Chapter 6. And finally, a summary of the results and conclusions of the

thesis will be presented in Chapter 7.



1.1 Friedmann-Lemaitre-Robertson-Walker Metric

The observable universe looks the same in all directions, which leads us to the assumption
that the universe is homogeneous and isotropic on large scales. Under this assumption,

the space-time metric takes a simple form:

dr?
1 — kr2

ds? = —dt® + a*(¢) +r2(df* + sin?0d¢?) | (1.1)

where (r, 0, ¢) are comoving coordinates and a(t) is the scale factor describing the dy-
namical expansion of the universe, in units where ¢ = 1. The dimensionless constant k
describes the curvature of the universe: k& > 0 corresponds to a closed, spherical uni-
verse; k = 0 corresponds to a flat, Euclidean universe; and k£ < 0 corresponds to an
open, hyperbolic universe. The scale factor is related to the cosmological redshift z as
a(t)/a(to) = (1 + 2)71, to being present time. We can approximate the content of the

universe as a non-viscous fluid whose energy-momentum tensor takes the form
T = p(t), T =0, T =gia 2(t)p(t), (1.2)

where p is the energy density and p is the pressure. The conservation equation for the

energy-momentum tensor, 77, = 0, gives the relation
p+3H(t)(p+p)=0. (1.3)

where H(t) = a(t)/a(t) is the Hubble parameter.
The first Friedmann equation can be derived by substituting the metric (1.1) into the

Einstein’s equations:

N\ 2
a 81G Ak
Z) =227 == 1.4
<a> 3 er3 a? (14)

The cosmological constant A can be interpreted as the vacuum energy density pyge =
A/87G. We can obtain the second Friedmann equation by using Eq. (1.3) and the time

derivative of Eq. (1.4):

a 4G

E:—T(P‘i‘?ﬁ?)a (1.5)



where we have included the cosmological constant into the total energy density p+ pyac —
p. As we can see from Eq. (1.5), the sign of (p + 3p) determines whether the universe
is accelerating (@ > 0) or decelerating (& < 0). The equations of state for cold matter
(pm = 0) and radiation (p, = p,/3) indicate that the expansion of universe containing
only matter and radiation would be slowed down by gravity. However, the pressure from
dark energy (pa = —pa) accelerates the expansion of the universe.

The evolution equation for Hubble parameter is determined from Eq. (1.4) [77]:
1
H(z) = Ho [Qa + Q1+ 2)* + Qu(1 4+ 2)* + Q. (1 + 2)Y] 2, (1.6)

where Hj is the present day Hubble parameter, p. = 3H02 /87G is the critical density, and
Q; = pi/perit are the present fractional densities of matter (i = m), radiation (¢ = r), and
dark energy (i = A). The fractional curvature density is given by Qi = —k/a®(to)H3 =
1—Qp — Q. — Qp. The sign of the curvature constant k is determined by whether the
present density is greater (k = +1) or less (k = —1) than the critical density for which
k = 0. Current observational data suggests that k£ = 0; i.e., the universe is spatially flat.

Since each fractional density has a different dependence on the scale factor, the equa-
tion of state of the universe changes with the expansion. The expansion of the universe,
the abundance of the light elements, and the observations of the CMB radiation suggest
that the universe evolved from a radiation dominated era into a matter dominated era
first, then finally into a dark energy dominated era.

In order to explain the observed homogeneity, isotropy, and the flatness of the universe,
cosmologists theorized that the early universe must have gone through an inflationary

phase.

1.2 Inflation

The Inflationary scenario can solve some of the classical cosmological problems, such

as the flatness problem, the horizon problem, and the magnetic monopoles problem, by



asserting that the early universe went through an exponential expansion for a short period
of time. It is possible that during the inflation, a small patch would have increased to the
cosmological scales. After the inflationary phase ended, the universe entered into a period

of "reheating” in which matter and radiation were created.

1.2.1 Flatness Problem

Measurements of the CMB anisotropies, together with Type Ia supernovae observations
and measurements of the ages of the oldest stars, strongly favor a spatially flat universe
[77], which imposes strong constraints on the initial conditions. Since the end of the
radiation dominated era at temperature 7' ~ 10K, the comoving Hubble radius (aH)~*

1/2.

has been growing as t/3 o T During the radiation dominated epoch it had been

growing as t'/2 oc T~!. Thus, the curvature density

I

|| = @) (1.7)

must have increased by a factor of 10'® since the time of nucleosynthesis at 7' = 10'°K
[77]. To account for the current observed spatial flatness, || in the early universe must
be close to zero to a great precision, a phenomenon that requires an explanation.
According to the inflationary scenario, during the inflation, the scale factor increased
H

as a ~ e, and the Hubble parameter H was nearly a constant, which would exponentially

decrease the curvature density over the time period of the inflation ¢;:
|| ~ e, (1.8)

solving the flatness problem.

1.2.2 Horizon Problem

At the time of last scattering (zr =~ 1100), the universe has already entered into the

matter dominated era, where the horizon size was approximately dg ~ H Y1 4 2p)73/2



- 0.2 MK =— o .2 MK

Figure 1.1: The anisotropies of the Cosmic microwave background as observed by Planck.
The image is taken from ESA and the Planck Collaboration webpage [50]

[77]. Since the distance from the last scattering surface to present is approximately dj, ~
Hy'(1 + z)~! [77], the regions on the observed sky, separated by an angle of order
dp/dp ~ (14 z1)~Y? ~ 1.6° could not have thermalized at the time of last scattering.
However, the nearly perfect isotropy of the observed CMB temperature field (Fig. 1.1)
indicates that the regions on the last scattering surface that were not causally connected
have nearly the same temperature, suggesting thermal equilibrium. This is known as the
horizon problem.

During the inflation, the size of the proper horizon increases as

dt

ok (1.9)

di(tr) = altr) /t !

where t, (possibly —oo [77]) and ¢; are the times of the beginning and the end of the

inflation, respectively. At the end of the inflation, the size of the horizon becomes

dp(ty) ~ %em@“—t*l (1.10)

Therefore, after a sufficiently long inflationary period, the horizon is pushed beyond the
comoving Hubble radius (a;H;)~! and the regions that were once in causal contact will

appear outside of the Hubble radius at the time of last scattering.



1.2.3 Magnetic Monopoles

According to Grand Unified Theories, a large number of stable magnetic monopoles must
be created during the spontaneous symmetry breaking at the end of the epoch of grand
unification. Their density must be on the order of nucleon density of the universe, yet, not
a single monopole has ever been observed. However, if the monopoles are created during
the inflation, their density will be exponentially decreased to a negligible fraction of the

matter density by the time of reheating.

1.2.4 Slow-roll Inflation

The exponential expansion of the early universe can be explained by introducing a spatially
homogeneous scalar field ¢(t), called the inflaton, which dominates the early universe.
Since the Hubble constant decreases very slowly as the inflaton slowly rolls down its large
and nearly flat potential V(¢), the scale parameter grows almost exponentially. The

inflaton action can be written as

5= [davigie= [ atev/l | 0000+ Vi) (111)

where g is the determinant of the Robertson-Walker metric. The density and the pressure

of inflaton is found by its energy-momentum tensor 7}, = 0,¢0,¢ — g, L:
1.,
p="To = —§¢ +V(e), (1.12a)
1.
p=-Tyu= —§¢2 —V(¢). (1.12b)

Slow roll occurs when the potential term is much larger than the kinetic term; i.e., V(¢) >
%g'bQ. Then, according to the first Friedman equation (1.4), the Hubble constant becomes

nearly constant, H ~ /87GV (¢)/3, and the equation of state becomes

p=V(¢)~ —p, (1.13)

which solves Eq. (1.5) for an exponentially growing scale parameter a(t) ~ et [77].

Inflation ends when the potential becomes smaller than the kinetic energy and the inflaton
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decays into ordinary matter, which is known as reheating.

The expectation value of the inflaton, ¢, given by the solution of the classical Euler-
Lagrange equation for the action (1.11), is responsible for the inflation. Whereas, the quan-
tum fluctuations §¢ around ¢.; generate perturbations on the homogeneous and isotropic

metric which is being inflated by ¢;.

1.3 Gravitational Fluctuations

The approximate homogeneity and isotropy of the observable universe can be described
by the Robertson-Walker metric. In reality, fluctuations in the gravitational field created
during inflation cause departures from homogeneity and isotropy. The analysis of these
metric perturbations is illuminating in understanding the observed fluctuations in the
cosmic microwave background and evolution of structure. Since the observable universe
is nearly homogeneous the actual metric can be treated as a first-order perturbation over

the Robertson-Walker metric [77]:
uv = gfy + h/u/ (1.14)

where ngW is the unperturbed Robertson-Walker metric and h,, = h,, is a small per-
turbation. The perturbation to the metric can be decomposed into scalar, divergenceless

vector, and divergenceless, traceless symmetric tensor parts [77]:

hoo = —E, (1.15a)
OF
hio = a [a ] (1.15b)
823 ao oC;

where V2F = a~'9;hi, VA + VB = a_28@'ajhij, 34 + V2B = a%h;;, and V3C; =
ailajhij — 0;[A + V2B]. The perturbations C;, G;, and D;; satisfy the conditions

oC; . 0G; —0 8Dij
oxt  Oxt 7 Ozt

=0, Dy=0. (1.16)
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With theses decompositions and using the Einstein equations and the conservation
equation for the energy-momentum tensor, the gravitational field perturbations fall into

three categories [77]:

1.3.1 Scalar (Density) Perturbations

The perturbations involving the scalars A, B, F, and F constitute the scalar modes.
They describe the perturbations in the density of the primordial plasma at last scattering
and they are the only type of perturbations that can lead to structure formation through
gravitational instability.

During the course of the evolution of cosmic fluctuations, the radiation temperature
and gravitational potential gradients create a quadrupole anisotropy that can be described

in terms of an effective temperature;
(AT/T)ess = AT/T + 0, (1.17)

where ¢ is the gravitational potential. These gradients cause a bulk flow from hot to cold
effective temperature. The local quadrupole moment caused by hot photons flowing into
cold regions is essential for creating a polarization pattern through Thomson scattering,

as discussed in the next chapter.

1.3.2 Vector (Vortical) Perturbations

The perturbations involving the divergenceless vectors C; and G; constitute the vector
modes which represent vortical motions of the plasma. Because of the Doppler shift, the
radiation fields at either side of the vortex exhibits opposing dipole patterns, creating a
quadrupole moment around the vortex. As before, the quadrupole anisotropy polarizes
the radiation through Thomson scattering. However, since the vortical modes are not

associated with density, they decay as 1/a? as the universe expands.
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1.3.3 Tensor (Radiative) Perturbations

The perturbations involving the traceless divergenceless tensor D;; constitute the tensor
modes which represent the wave equation for gravitational radiation. As the gravitational
waves distort the space in a quadrupole pattern a local quadrupole anisotropy is created
in the radiation temperature which in turn is converted into polarization by Thomson
scattering. We will examine these quadrupole anisotropies in detail when discussing the

CMB polarization in the next chapter.



Chapter 2

The Cosmic Microwave
Background

The observational evidence for the standard model of cosmology suggests that the early
universe consisted of a hot dense plasma, which is in thermal equilibrium with radiation
because of the rapid collisions of photons with baryonic matter. Since radiation in equilib-
rium with matter is described by the black body spectrum, at temperature T', the intensity

of the radiation at frequency v is given by the Planck’s law:

2hv? 1
? exp(hv/kgT)—1"

where h is the Planck’s constant and kg is the Boltzmann’s constant.

As the universe expanded, the matter cooled down and at the time of last scattering
around 380,000 years after the Big Bang, when the temperature of the universe was of
order 3,000 K, the radiation decoupled from matter; i.e., the mean free path of the photons
became on the order of the size of the universe. After decoupling, the radiation began a

free expansion retaining its black body spectrum with a redshifted temperature of

T =To(1 + 2). (2.2)

The existence of a cosmic black body radiation was already predicted in the late 1940s
[18, 1, 2, 19]. However, observational evidence did not come until A. Penzias and R.

Wilson’s famous discovery by a radio telescope in 1965 [59].

13
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Cosmic Microwave Background Spectrum from COBE
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Figure 2.1: Spectrum of the cosmic background radiation measured by the FIRAS ra-

diometer on COBE. The temperature of the black body radiation is found as 2.728 K [17].

Intensity in kiloJansky per steradian is plotted against the reciprocal wavelength cm™!.

The 1o uncertainties in both directions are shown by red error bars.

After the initial observation of a 3.5 K radiation at a wavelength 7.5 cm, further
measurements were made down to a wavelength of 3.2 cm. However, to established the
black body nature of the radiation, measurements had to be made at wavelengths shorter
than 0.3 cm, where the intensity of the radiation has its maximum. Since the earth’s
atmosphere becomes opaque at such short wavelengths, COBE was launched in 1989 [47].
The cosmic microwave background spectrum measured by the COBE (see Fig. 2.1) is the

most precise black body spectrum observed in nature [78].
2.1 Temperature Anisotropies

Although the CMB radiation is almost perfectly homogeneous and isotropic to a large
extent, the most important information about the evolution of the universe comes from
small departures from isotropy in its spectrum.

The statistical aspects of these anisotropies can be best understand by expanding the
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temperature fluctuation in spherical harmonic basis [77]:
. . . 1 .
AT(R) =T(n) —To = Z Zangem(n), Ty = o d*aT (7). (2.3)

The dipole anisotropy, arising from the earth’s motion relative to the Hubble flow, con-
tributes to the £ =1 and m = 0 terms.

Since according to the ACDM model the coefficients ay,, describe a pure Gaussian
random field, all the statistical information is contained in the angular power spectrum
Cy:

<agmaz,m/> = 001 Oppn C (2.4)

where a; = a¢ _,, and the average is to be taken over all the possible positions in the
universe from which the radiation could be observed. Since we can only observe the CMB
from a single position, namely the earth, the observed spectrum is actually averaged over

m instead of position:
1
obs __ 2 : *
Ce = 2[7_'_1 m ApmQpyy, - (25)

The mean square difference between the actual and the observed angular power spectra

is known as the cosmic variance.

()52

Since cosmic variance is more pronounced for small values of ¢, accuracy of Cp measure-
ments for small ¢ is limited.

On the other hand, towards the high ¢ values, the anisotropies in the CMB tempera-
ture are dominated by the Sunyaev-Zel’dovich effect [77] which is created by the scattering
of the CMB photons by energetic charged particles along the line of sight in intergalac-
tic space within galaxy clusters. Measurements of Cy for large £ are corrupted by such
foreground effects.

The cosmologically interesting contribution to the CMB spectrum come from the

so called primary anisotropies, which have their origin in the early universe. Primary



16

anisotropies arise from four main sources which are caused by the fluctuations in the
gravitational field [77]:

i) Sachs-Wolfe effect: Time independent perturbations in the gravitational poten-
tial at the surface of last scattering causes the photons undergo gravitational redshift or
blueshift. These perturbations also change the local rate of expansion, effectively changing
the observed temperature by a fractional amount according to Eq. (2.2). In Newtonian
approximation, the angular power spectrum due to the Sachs-Wolfe effect is found to be

[77]
2471Q?

5000+ 1) 2.7)

Cosw =

where @ is known as the quadrupole moment. SW effect is the first observed primary
CMB anisotropy detected by COBE [69], which revealed the value of quadrupole moment
as Q =184+ 0.7 uK for 2 < ¢ <40 .

ii) Integrated Sachs-Wolfe effect: Since the energy gained by photons falling into
a time dependent gravity well is not equal to the energy lost when climbing out of it,
the time dependent perturbations in the gravitational potential between the time of last
scattering (z = 1,090) and present cause fluctuations in the observed temperature of the
CMB radiation, which mainly affects the angular power spectrum for ¢ < 10 [77].

iii) Doppler effect: Fluctuations in the plasma velocity also create a temperature
anisotropy through Doppler shift. Since only compressional modes, for which the velocity
can be written as a gradient, survive the expansion, Doppler effect contribution in power
spectrum will be suppressed for small wave numbers corresponding to the multipole range
of £ < 100 [77].

iv) Intrinsic temperature fluctuations: Since the intrinsic temperature fluctua-
tions at the time of last scattering are driven by the perturbations in the plasma density,
their contribution is also suppressed for small wave numbers.

The temperature angular power spectrum for 10 < £ < 50 is dominated by Sachs-Wolfe
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effect [77], whereas anisotropies for ¢ > 50 are dominated by intrinsic perturbations in the
gravitational field.

The scalar perturbations introduced in section 1.3 can be simplified by choosing the
Newtonian gauge, where F' = B = 0 and, under the assumption of spatial homogeneity of

the fluctuations, £ = A. Writing A = —2¥, the perturbed metric becomes
goo = —(1+29), g5 =0, g5 =a’(1—2¥)dy, (2.8)

where the superscript s indicates scalar perturbations. The power spectrum of the scalar
perturbations
272

(TieWie) = (2m)°6° (k — k)5 Ps(k), (2.9)

where Wy is the Fourier component of ¥(x), can be approximated as a power law:
Py(k) = Ag k™1, (2.10)

where ng is the scalar spectral index. The fact that ng is slightly different from 1 indicates
the scale dependence of the scalar modes. To the extent that the primordial perturbations
are Gaussian, the power spectrum contains all the statistical information.

The primordial perturbations in the gravitational field create slightly denser regions in
the primordial plasma. Over time, dark matter accumulates at these regions, acting as a
source of gravitational attraction for baryonic matter. Before recombination, gravitational
attraction towards over-dense regions is countered by the outward pressure from photon-
baryon interactions creating pressure waves in the plasma traveling with a speed of ¢/ V3,
known as baryon acoustic oscillations. Decoupling relieves the pressure driven by the
photon-baryon interactions and the waves freeze out, imprinting shells of baryonic matter
at a characteristic length scale, called the sound horizon, on the surface of last scattering.
This produces a harmonic series of maxima and minima in the anisotropy power spectrum
[11]. The ratios of the positions of maxima and the ratios of the amplitudes depend only

on fractional baryon density Qyh2, Q,,h2, and n.
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Figure 2.2: The temperature angular power spectrum of the CMB from Planck, showing
seven acoustic peaks, that are fit by a six-parameter ACDM model. The shaded area
represents cosmic variance. The error bars include cosmic variance. The horizontal axis is
logarithmic up to £ = 50, and linear beyond. The vertical scale is Dy = £(¢ 4+ 1)Crr,/27
[60].

The actual size of the sound horizon is given by the distance the fundamental modes
travel until the time of last scattering. The position of the first peak of the scalar
anisotropy power spectrum, C’YSTK, determines the apparent size of the sound horizon,
which is related to the actual size by the spatial curvature and the distance to the last
scattering surface, given by the Hubble parameter. Therefore, assuming that the universe
is spatially flat, A can be determined from the measurements of C%T’é [77].

At around redshift z ~ 10, ultraviolet light from the first stars reionizes the neutral
hydrogen formed during recombination. Scattering of the CMB photons by the reionized
plasma diminishes the amplitude of C’fﬁT’Z by a factor exp(—2Treion), Where Tyeion is the
optical depth of the reionized plasma. Therefore, measurements of CYSJT’E can only deter-
mine the combination Agexp(—27,cion). Separate determination of the quantities Ag and
exp(—2Treion) requires measurements of gravitational lensing of the CMB [60].

The first acoustic peak was tentatively detected by MAT /TOCO [48] and the result was
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Parameter Best fit 68% limits
H, 67.11 67.44+1.4
Oph? 0.022068 002207 + 0.00033
0.2 0.12029 0.1196 + 0.0031
Qa 0.6825 0.686 4 0.020
O 0.3175 0.314 4 0.020
Age (Gyr)  13.819 13.813 +0.058
N 0.9624 0.9616 =+ 0.0094
Treion 0.0925 0.097 + 0.038
109 A, 2.215 2.23+0.16

Table 2.1: Values of some of the cosmological parameters for the six-parameter ACDM
model [61]. Results for the Planck temperature power spectrum data and 68% condence
limits are given.

confirmed by BOOMERanG [67] and MAXIMA [40]. Their results improved to a great
accuracy by WMAP [4]. The the most precise measurement of the CMB temperature
anisotropies to this day are made by the Planck satellite [60]. Some of the cosmological
parameters obtained from the temperature angular power spectrum of Fig. 2.2 are given
in Table 2.1, where 2. is the fractional dark matter density.

Although Fig. 2.2 matches remarkably well with the angular power spectrum of the
scalar modes, in reality, it also contains contribution from tensor modes. The power
spectrum of the tensor modes D;; is

(DiDic) = ()"~ K) 2Py k), (2.11)

where scale dependence is defined through the tensor spectral index, ng:
Pi(k) = Ay k™. (2.12)

The ratio of the tensor to scalar fluctuation amplitudes

(2.13)

depends on the energy scale of inflation: Ejj, fiation = 1.06 X 1016(0%)% GeV [24].
The tensor-to-scalar ratio r can, in principle, be obtained from temperature power

spectrum. However, as we can see from the theoretical plot in Fig. 2.3, tensor contribution
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Figure 2.3: The theoretical tensor temperature angular power spectrum ¢(¢ + 1)Cl.. /27
in uK2, vs. £ [77].

to the temperature anisotropies is strongest where the cosmic variance dominates, setting
a limit to the accuracy of the separation of tensor modes from scalar modes. Thus, the
actual detection of tensor-to-scalar ratio has to come directly from B-mode polarization

measurements. We will return to this in the following sections.
2.2 CMB Polarization

At the time of last scattering, temperature of the universe was low enough that photon-
baryon interaction could be described as Thomson scattering, which is the classical limit of
Compton scattering. In classical electromagnetism, the electric field of the incident wave
accelerates the charged particle in the direction of its oscillation. The dipole radiation
emitted by the particle is linearly polarized along the particle’s motion and the intensity
of the scattered radiation peaks in the direction normal to the direction of incident wave.

If the temperature of the radiation was isotropic, polarizations from incident waves
coming from orthogonal directions would balance and the scattered radiation would be

unpolarized. In order to produce a net polarization in the scattered radiation, the incident
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Figure 2.4: Linear polarization is generated by Thomson scattering of radiation in the
presence of quadrupole temperature anisotropy. Blue and red lines represent hot and cold
radiation, respectively [24].

field must have quadrupole temperature anisotropy (see Fig. 2.4.)

The quadrupole anisotropies are represented by Y,”,(6,¢) components in the spher-
ical harmonic expansion of the temperature field. The scalar, vector, and tensor modes
described in the previous chapter correspond to m = 0, m = £1, and m = +2 modes,

respectively.

2.2.1 E and B Modes

The electric field, £, of a radiation signal can be decomposed into orthogonal polarization
components, £, and £, in the plane normal to the wave vector k. The polarization field

is described by Stokes parameters I, Q, U, and V, defined by the coherence matriz S:

€.?) (€28 1 L+Q U, —iVy
o - [ 180) () 2 Cow
<£y£;:> <‘£y|2> UV + ZVV II/ - Qu
where the brackets represent the time averages [27, 26]. The Stokes parameter I =

(|€2]?) + (|€y|?) describes the total intensity of the signal.

The linear polarization state is described by the Stokes parameters ) and U which
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Figure 2.5: Example of positive parity E-mode and negative parity B-mode patterns [80].

form an object that transforms as a spin-2 field under a rotation by an angle :
Q+iU — Q +iU' = F?¥(Q £ iU). (2.15)

The Stokes parameter V describes the circular polarization state. However, we expect
that the CMB radiation is only linearly polarized; i.e., V = 0, since circular polarization
is not produced by Thomson scattering.

Because of its spin-2 nature, the polarization field cannot be expanded in ordinary
spherical harmonic basis. The harmonic expansion of the polarization field requires the

introduction of spin-2 spherical harmonics +2Y,™ [81]:

oo

¢
Q(n) £iU(n) = Z Z 12 om +2Y7"(1). (2.16)
(=2 m=—¢

Through the spin-2 harmonic coefficients, a positive parity real scalar field E and a neg-

ative parity real pseudo-scalar field B can be constructed (Fig. 2.5) :

00 V4

Ei) =" N apmY (1), apmm = —(02m + 02m)/2, (2.17a)
=2 m=—/
o) l

B(h) =Y > apmY"(R),  apem =1 (azm — a—2m)/2, (2.17b)
(=2 m=—¢

where a}ium =apy —m and a}‘izm = apy —m- This decomposition into £ and B modes
completely determines the polarization field on the sphere.
The statistical information about the polarization field is contained in the two-point

correlation functions. Since B type polarization is a negative parity field, there cannot
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Figure 2.6: Scalar and vector perturbations induce quadrupole anisotropies, £ = 2, with
m = 0 and m = %1, respectively [24].

be cross-correlation between B modes and temperature fluctuations or £ modes. Thus,
the statistical properties of the CMB fluctuations are characterized by four angular power

spectra:

(@ marem) = Cf T See (2.18a)
(@7 mamem) = Cf o0 b, (2.18b)
(05, mam,em) = CLF 640 b (2.18¢)
(05 emaB ) = CLP 800 S (2.18d)

2.2.2 Anisotropies in the CMB Polarization

As previous discussed, the quadrupole temperature anisotropy can be produced by scalar,
vector, and tensor fluctuations each having a distinct polarization pattern. We will con-
sider each case in this section.

Scalar perturbations represent fluctuations in the density of the primordial plasma
and they are the only source of structure formation. As shown in Fig. 2.6, the velocity
gradient of the plasma flowing from hot to cold effective temperature induces quadrupole

anisotropy because of the Doppler effect. Since density fluctuations are invariant under
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Figure 2.7: Tensor perturbations induce quadrupole anisotropies, ¢ = 2, with m = +£2
[24].

parity, scalar perturbations can only produce E mode polarizations.

Vector perturbations are generated by the vortical motions of the primordial plasma
and as shown in Fig. 2.6, quadrupole anisotropy is induced by Doppler effect from the
plasma motion. However, vector modes are damped by the expansion of the universe.

Tensor perturbations, generated by primordial gravity waves predicted by the inflation,
represent quadrupolar distortions in the space (Fig. 2.7), inducing gravitational shifts in
the radiation frequencies. Tensor fluctuations can produce both E type and B type
polarization pattern. The amplitude of the tensor B modes, which is proportional to the
amplitude of the gravitational waves, depends linearly on the tensor-to-scalar ratio, which
itself is a function of the energy scale of inflation.

The E modes and TE cross-correlation were first detected by DASI [35] and their
accuracies were greatly improved by WMAP [33]. The most remarkable results of E
mode observations have been the redshift z,. and the optical depth 7, of the reionization
of the intergalactic matter.

Since B type polarization is only generated by tensor modes, detection of primordial

B modes will be definite evidence for inflationary gravitational waves. Figure 2.8 shows
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Figure 2.8: CMB power spectra of temperature and £ modes compared with primordial
(tensor) and lensed B modes [23]. Shaded area is bounded by the maximum allowable
and minimum detectable levels of the primordial B type polarization.

upper and lower bounds of the detectable primordial B mode amplitude relative to the
amplitudes of temperature and £ mode spectra. Lensed B mode spectrum generated by
weak gravitational lensing of E modes is also shown. Detection of primordial B modes,
which are orders of magnitude fainter than F mode and temperature signals, will require

excellent control of systematics.



Chapter 3

Interferometers

Interferometers have been used in radio astronomy for high resolution observations since
the 1940s [74]. Angular resolution, A#, of a circular aperture is determined by Rayleigh

criterion as the angle of the first minimum of the Airy diffraction pattern:

A
Af =122, (3.1)

where A is the wavelength of the signal, and D is the diameter of the aperture. A single-
baseline interferometer, which consists of a pair of antennas separated by a baseline of
length |b|, can achieve the angular resolution of a single telescope with diameter |b| at
the expense of observed intensity [72, 74]. The technique of obtaining high resolution
observations by correlating signals from a collection of antennas is known as aperture
synthesis or synthesis imaging.

The interferometric data, called wisibilities, give Fourier components of the intensity
distribution of the observed object. Therefore, the power spectrum of the signal can be
directly obtained from visibilities, instead of analyzing the constructed image as in the
case of imagers. High accuracy measurements of CMB fluctuations have been obtained
by a number of ground based interferometers, such as VSA [10], DASI [35], and CBI [55].
The polarization of the CMB was first detected by DASI and the angular power spectrum
of the E mode polarization was first measured by the CBI.

In this chapter we will discuss the theory behind interferometric measurements and

26
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the relation between the power spectrum and visibilities. Then we will introduce the main
categories of systematic errors in interferometric observations and their effects on visibility

data.
3.1 Visibilities

Astronomical sources can be conceived of bright regions on a very large sphere of radius p,
called the celestial sphere. According to Huygen’s principle [72], the electric field, &€, (p),
distributed on the surface of the celestial sphere propagates to the observation point at r

as

/g 727rzu\p 'r|/cdS (3 2)
lp— | ’ '

where v is the frequency of the signal and dS = p?dfQ is the surface element on the celestial
sphere. The correlation between the electric fields received at positions ry and rs is given
by

cy(r1,r2) = (Ey(r1)Ej(r2)) - (3.3)

With the assumption that the astronomical signals are not spatially correlated; i.e.,
(Ev(p1)E(py)) ox d(p; — py), and ignoring the terms of order r/p, the correlation at

baseline b = r; — r9 can be written as
@@pi/b@e%mmw@ (3.4)

where s = p/|pl, and the observed intensity, I,,(s), is defined as I,,(s) = (|€,(p)[*) p*.

The correlation in Eq. (3.4) requires pointwise voltage measurements, which cannot
be achieved by antennas of finite size. The intensity received by a physical antenna is
weighted by a function, called the primary beam, which has its maximum at the pointing
center, sg, and falls rapidly to zero. For a circular antenna with diameter D, the beam

pattern becomes the Airy disk with full width at half maximum (FWHM) [72],

A
FWHM =1.027. (3.5)
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Figure 3.1: Single baseline interferometer with pointing center sy and baseline uy =
(U,’U,U)) [3]

The interferometer response is obtained by correlating the signal power received from each

antenna in bandwidth Awv:

vo+Av/2 )
ex(uy,sg) =R / e 2SN (uy )d b (3.6)

0—Av/2
where 1 is the observation frequency and uy = b/ is the baseline measured in wave-

lengths A. The complex visibility is defined as [72, 74]
V(uy) = / A(o)I\(o)e 2™ Q, (3.7)

where o = s — sg, and the beam pattern, A(o), is the product of the primary beams of
the antennas.

It is convenient to introduce an orthonormal coordinate system (u, v, w) with w lying
in the pointing direction sy (see Fig. 3.1). In these coordinates, the baseline is written as
uy) = (u,v,w). For an interferometer with coplanar baselines, each baseline traces out an
elliptic locus on the baseline plane because of the Earth’s rotation. The ensemble of these
elliptical loci, which is known as the interferometer pattern, represents the data points at
which the visibilities are sampled [72, 74].

Polarization measurements can be made by using a pair of orthogonal polarizers, linear

or circular, on each antenna. For linear polarizers, a visibility matrix, V, is constructed
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by correlating the components of the signal received by the antennas j and k:
(EjoEr) <ijEZy>

<EijZx> <EijZy>

where S is the coherence matrix defined in Eq. (2.14).

V(u) = _ / A(0)S (o)~ 27140, (3.9)

Circular polarizers measure the left circular, er,, and the right circular, eg, polarization
components of the signal, which are related to the linear polarization basis, e, and e,, by

a unitary transformation [5]:

€Rr ey 1 1 1 €,
= Teire = ﬁ . (3.9)
€L ey 1 — ey
In a circular basis, the coherence matrix, &, becomes:
Scirc = Tcirc S T;”lnc (310)

The main goal of the CMB observations is to characterize the temperature anisotropies
of the Stokes parameters. Small fluctuations in the total radiation intensity can be con-

verted into temperature fluctuations by differentiating the Planck equation (2.1):

_dILAT  2(kgTy)?  ate”

AN = F 7 = (g (e =172

AT, (3.11)

where © = he/AkpTy. Fluctuations in the polarization intensities can also be converted
into temperature fluctuations in a similar fashion. At a given observation wavelength, the
temperature visibilities are found by multiplying Eq. (3.8) by a constant factor. From

this point on, visibilities should be understood as temperature fluctuation visibilities.

3.1.1 Power Spectra from Visibility Correlations

The visibilities in CMB polarimetry, for which Stokes V = 0, can be written in terms of

spherical harmonic coefficients of the temperature and the polarization fluctuations:

Vp = / AT Ae 2™ 84 = Z ar emBems (3.12a)
m,l
Vo+iVy = /(AQ +iAU) Ae™ ™Y =) (ap m & i05,6m) Br,om, (3.12b)

m,l
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where
= /ng(s)A(a')e_Qm"'udQ, (3.13a)
Biopm = — / 1Y (8)A(e)e 2™ uqq), (3.13b)

Correlations of the visibilities of Eq. (3.12) are related to the angular power spectra, Eq.

(2.18), of the CMB fluctuations:
(IVr[*) ZCETZIBemF (3.142)
|VQ| ZCEEEZ*|5+2em+5 90m|? +ZCfBZ |Bioem — Boum|?®, (3.14b)
|VU| ZCfBZ*WHem‘Fﬁ 24m|2+ZCEEZ |B2,0m — B ng| (3.14c¢)

(Vrvg) = g o ; 5 Bem(Brztm + Bz )" (3.14d)

Because of the discrete nature of visibility sampling, these equations are, in fact, singular,
and the inversion to obtain power spectra is a highly non-trivial task. We will discuss

efficient power spectrum estimation methods in the next chapter.
3.1.2 Flat Sky Approximation
In an interferometric observation, the observed region usually subtends a small angle on

the celestial sphere. In such cases, the region can be approximated as a planar patch with

s- o ~ 0, and the visibilities given by Eq. (3.8) become convolutions in Fourier space:
= /S(k)A(k — 27u)d’k, (3.15)

where f(k) is the Fourier transform of f(o), and S = AT, AQ or AU. In a flat sky
approximation, the relation between E and B mode polarizations and Stokes ) and U

can be expressed in Fourier space:

~.
x
~q

(k) 10 0 (k)
Qk) [ =Us-| BEk) | =] 0 cos(2¢) —sin(20) Ex) |, (3.16)

U(k) B(k) 0 sin(2¢) cos(2¢) B(k)
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where ¢ is the angle between k and the z-axis of the uv-plane. Since the beam function A
in Eq. (3.15) is centered at k = 27u and decays rapidly to zero, the power spectra can be
treated as constant in the vicinity of the beam function corresponding to a multipole range
Al with the center value of ¢ = 27|u|. With these assumptions, for a baseline u pointing
in the z-direction, the correlations of Eq. (3.14), normalized by the beam pattern, can be

simplified as [29]

(Vr?) =37, (3.172)
(IVol?) = PP + CJF 2, (3.17b)
(IV?) = CfEs2 + P B2 (3.17¢)
(VrVg) = Gy e, (3.17d)

where ¢ and s” are normalized averages of cos"(¢) and sin™(¢) over the beam pattern:

_ f|/12(k—27ru)\251n (6)d*k

s = < , (3.18a)
[ 142(1) PP
__ [1A2(k — 27mu)[? cos™(¢)d%k
"= I |A2 Pk , (3.18b)
A? being the Fourier transform of the beam pattern squared, and b = [27ru — &L oy + ]

is the spectral band.
3.2 Systematic Effects in Interferometry

For polarimetric observations with low signal-to-noise ratios, such as B mode measure-
ments of the CMB polarization, interferometers offer many advantages over imagers. In
an imaging experiment, Stokes parameters are measured by differencing two orthogonally
polarized beams. Thus, any mismatch in the beam shapes and positions will induce false
polarization signals because of the temperature anisotropy. Interferometers, on the other
hand, measure Stokes parameters directly, inherently avoiding such leakage from tem-

perature to polarization signal. Interferometers with horn antennas have extremely low
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sidelobes and symmetric, nearly Gaussian beam patterns, which eliminates the contami-
nation that plagues imagers having different sidelobe responses for the two polarizations.
Moreover, having no reflections from optical surfaces, interferometers with horn antennas
do not suffer from cross-polar beam response as severely as imagers.

The systematic effects relevant to interferometric measurements of the CMB polar-
ization can be considered in two categories [5]: instrument errors that are introduced
within the detectors, and beam errors that vary across the sky. We shall discuss two
major types of instrument errors, namely antenna gain and antenna coupling errors. The
types of beam errors that we shall consider are beam shape, antenna pointing, and beam
cross-polarization errors.

Antenna gain is the increase in power output of the antenna relative to the received
signal. Taking arbitrary phases in the errors into account, gain can be represented by a
pair of complex factors, g1 and g9, one for each orthogonal polarization state. The cross-
polar response of a detector to the signal from orthogonal polarization is known as the
antenna coupling, which can also be represented by a pair of complex parameters, €; and
€2. Instrument errors can be modeled by the Jones matriz which multiplies the signal

matrix in Eq. (3.8). The Jones matrix, Jy, of the k'* antenna is given by

k k
o T (3.19)
eg 1+ g§
where g’f and g§ are the gain parameters, and e’f and 615 are the coupling parameters of
the k™" antenna.
The difference between the beam center of an antenna and the pointing center that
is intended to be observed is known as the pointing error and represented by the vector

6*. Beam shape error is defined as the departure of an antenna’s primary beam from the

ideal circular Gaussian beam pattern. Together with the pointing error, shape error can
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be modeled by an elliptic Gaussian function:

(02 — &%) cos Yy + (o — dy) sinepy,)?
Ak(a,(sk,ckawk) =exp {— 2a2(1 + C?)Q Yy }

(0 — 6) cospy, — (00 — &%) sinepy)?
AP 202(1 + §)? ’

(3.20)

where a is the radius of the ideal beam, ¢¥ and ¢¥ measure the deviations of the axes of
the elliptic beam from the ideal circular beam, and vy is the angle between the major
axis of the ellipse and the z-axis on the sky. Note that Cf and C§ incorporate beam size
errors, as well.

Beam cross-polarization, which is defined as any type of cross-polar antenna response
that has a beam pattern on the sky, can be described by a beam matrix Bg. Reflection
symmetry requires that B, must be diagonal along the z-axis since any coupling between
orthogonal polarization signals would change sign upon reflection [5]. For an arbitrary

direction, the beam matrix can be found by a rotation of this diagonal matrix [5]:

1+ tap(r)cos20  Lag(r)sin26
B = Ak(a, 6%, ¢F un) ’ ’ , (3.21)
tag(r)sin20 1 — Lay(r)cos26
where o = (r, 0) is written in polar coordinates. The cross-polar response ax(r) is expected

to be small near the beam center and can be modeled as

7"2

a(r) = P g (3.22)

This particular form of the cross-polarization occurs, with p, = a?/2, when the curved
sky patch is projected onto the plane [5], however, this effect is known and can be cor-
rected. The cross-polarization parameter p represents any residual systematics that is
not accounted for.

The systematic errors can be modeled by writing the visibility matrix for the antenna
pair j and k as

Vi = /Ak "H-S-H ' Alem?momkdq, (3.23)
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where A, = J;, - H- B, - H™! is the antenna pattern of the k' antenna. For linear

polarizers H is the identity matrix, I, for circular polarizers H = T ;.. of Eq. (3.9).

3.2.1 Biases in Power Spectra Induced by Systematics

The systematic effects on the power spectra can be described by the root-mean-square

difference between the observed spectrum, CX which is recovered from the data of an

actual’

experiment with systematic errors, and the ideal spectrum, C% e al’ which would have been

recovered from the data of an experiment with no systematic errors;

rms

1/2
ACXY - <(Cactual Czdeal) > ) (324)

where X,Y = {T, E, B}. Although the power spectra CT? and C*? vanish because of the
odd parity of the B modes, systematics may still induce biases for them. It is, therefore,

reasonable to include two more terms to Eq. (3.17) [29]:
VeV = CEB @ (3.25a)
(VoVir) = CEL (2 = 2), (3.25b)
for a baseline in x direction. The unbiased estimator for CXY = <C’X Y> is obtained as
CXY =yl . Nyy - v, (3.26)

where v = (V, Vg, Viy) is the vector of ideal visibilities with covariance M = <VVT>. The
explicit forms of the 3 x 3 matrices, Ny, involving s2, ¢2 and ¢ are given Appendix A.

Systematic effects on the visibilities can be described, to first order, by vyciyar = V40V,
which, according to Eq. (3.26), gives

ACXY =vi. Nxy -0v + ovi- Nxy - v. (327)
Combining v and év into a 6-dimensional vector w = (v, dv), we can write the first order
approximation as [5]
0 Nxy

ACYY =wl Nxy -w=w' w, (3.28)
Nxy 0
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where the covariance matrix of the vector w is defined as
My = <w . WT> . (3.29)

In order to find the mean squared value of ACXY | first we Cholesky decompose M, =
U - U, and perform a similarity transformation Ny = UT- N xy - U [5]. Then we
can write ACXY = w'T . Ny - W/, where w' = U~'w and (w'w'T) = I. Diagonalizing

vy = PT-A-P, we have

ACYY =ml-A-m =" \fml?, (3.30)

)

where m = P - w’ and m; are complex Gaussian univariate variables with zero mean, so

(Imi|?|m;]*) = 1+ 6;;. Therefore,
R 2
<<ACXY) > = 3" iy (mif2lmy)?)
i,J
2

= (Tr[A])* +Tr [(A)?].

Since Tr[A"] = Tr[(Nxy)"] = Tr[(N xy - My)"], we can write
(Aani)Q = (Tr N xy - My])> +Tr [(Nxy - My)?] . (3.32)

For a baseline pointing in an arbitrary direction, the analysis is done in a rotated

coordinate system:

1 0 0
Vie =R-v=1[ 0 cos2p sin2p |V, (3.33)
0 —sin2n cos2n
7 being the angle between u and the z-axis, where the matrices M and Nxy must be
transformed as M — R™!- M- R and Nxy — R™! - Nxy - R. The resulting expression

in Eq. (3.32) will, then, be averaged over 7.
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The root-mean-squared bias on a particular band power is, then, given as an expansion

in terms of ideal power spectra C’g)X Y,

(ACrms b) p%ms Z H?XY,I,JCI{CI;I (3.34)
1,J

where p is the parameter that characterizes the error, such as gain ¢, coupling €, or
cross-polarization p, and I,J = {TT,TE, EE, BB}. This expression is valid for a single
baseline. For a system with n; baselines in band b, AC’%YM must be normalized by 1/,/ns,
assuming there is no correlation between error parameters of different baselines. Analytical
estimations of the coefficients /1_2)(3,7 1.7 for various systematic errors are presented in the
Appendix A.
XY

The strength of the systematic effects can be quantified by a tolerance parameter «

defined by [53, 49|

XY
xy _AC

XY
Ostat

(3.35)

where oY, is the statistical 1-o error in XY -spectrum of the ideal experiment with no

stat

systematic errors.
The main interest in a B-mode experiment is the tensor-to-scalar ratio » which can be

estimated as [53]
_ Zb 87”CBB(CB C(b lens)/( stB;at)2
Zb(a CBB/Ub stat) ’

is the B-mode spectrum due to weak gravitational

(3.36)

where b denotes the power band, Cb Jons

lensing, and C’f B depends linearly on r through the amplitude of the primordial B-modes.

The tolerance parameter of r is given by «, = Ar/o,., where [53]

Zb (a C1BB/O-b stat)
Z:b(8 CBB/Ub stat) 7

—1/2
oy = <Z(a CyP o bsma) : (3.37D)

b

Ar = (3.37a)

For good control of systematics, the value of «, is required to stay below a determined

tolerance limit.



Chapter 4

Analysis Methods for the
Visibility Data

The visibility data from an interferometric observation of a polarized signal can be modeled
by pixellating the uv-plane and writing the data as a 3n, dimensional vector of visibilities
given by the linear equation:

d=Z (B-s+n), (4.1)
where n,, is the number of pixels, s is a vector of signal harmonic coefficients (af, ,af aB )
for each ¢ and m, B is a linear operator that involves with the beam harmonic coefficients

given by Eq. (3.13), and n is the Gaussian random instrumental noise. The noise covari-

ance for baselines u; and uy can be modeled as [79]

Ny = {(Z-0)(Z n)l) = NI\ (L N 775 (4.2)
kg = ik \nAAp ) \Aym) TR '

where T, is the system temperature, A is the observation wavelength, n? is the aperture
efficiency, Ap is the antenna area, A, is the bandwidth, 7 is the number of baselines with
the same baseline vector, and ¢ is the observation time. The interferometer pattern, Z,
is a diagonal matrix with elements taking the value of 1 at points where visibilities are
sampled and 0 everywhere else.

There are two dominant approaches to statistical inference from visibility data given
in Eq. (4.1): the frequentist approach, which focuses on the probability of obtaining the

data for a given hypothesis, and the Bayesian approach, which explores the probability of

37
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a hypothesis given the data. In this chapter we shall first present a frequentist method,
called the maximum likelihood method, for power spectra inference from the visibilities.
Then we will introduce the method of Gibbs sampling, a Bayesian method of simultaneous

inferences of power spectra and signal maps.

4.1 Maximum Likelihood Method

Maximum likelihood (ML) method treats the data set as one realization of a probabilistic
process with a known statistical model for power spectrum distribution. The method
provides estimates for the parameters of the model as the set of values that maximize the
likelihood function, L(Cy), which is given by the distribution P(d|Cy).

For computational efficiency, the total /-range can be divided into N spectral bands
of equal bin-width, A¢, in which ¢(¢ + 1)Cy is approximately constant, ¢(¢ + 1)Cp ~
ly(€y + 1)Cyp. Furthermore, since the maximum likelihood method does not recover the
observed signal, the data vector can be reduced to a 3ng dimensional vector dy, ng being
the total number of visibility samples, by taking only the sampled points [82, 29].

In an ideal experiment, the visibilities would be Gaussian random variables since both
the anisotropies in the observed CMB sky and the instrumental noise are assumed to
have Gaussian distributions with zero means. Although imperfections, such as incomplete
uv-coverage, finite beam size, and pixelation, slightly spoil the Gaussianity, the likelihood

of obtaining the data may still be assumed to be Gaussian with zero mean [22]:

1 1 _
£(C) = PAvICy) = Gy & {_Qdfv<cv N 1dv} o 43)

where Cy = <VVT> is the visibility covariance.
Evaluation of the likelihood function requires the determinant, |X|, of the covariance
matrix ¥ = Cy + N and calculation of the quadratic form dLEildV. The quadratic

form can be evaluated by solving

Y. x=dy, (4.4)
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with a preconditioned conjugate-gradient technique [22]. A computationally efficient

choice for the preconditioner is the sparse incomplete Cholesky decomposition:
P=L-D- L, (4.5)

where L is lower triangular with unit diagonals, and D is diagonal. Since the precon-
ditioner P gives an approximation to the covariance, the determinant can be estimated
as
| ~ [P| = |L||D|ILf| = DI. (4.6)
Maximization of the likelihood function can efficiently be achieved by Powell’s direc-
tional set algorithm, which maximizes iteratively by only function calls. Each spectral
bin is represented as an independent direction. At each iteration, a new set of directions
is determined and the function is maximized along each direction. Independent direction-
maximization is performed for each band-power parameter in turn, while fixing the others.
Typically, this process requires order O(ng) iterations to achieve the maximum-likelihood
solution. Although it is a very efficient maximization method, the major drawback is that
it does not produce confidence intervals. The statistical errors can be estimated by the

Taylor expansion of the likelihood around its maximum, é{b} [22]:

1 _
6(InL(Cyy)) = 50C,, -H(Cpy) - 6Cqy. (4.7)

where H;; = géilgcﬁj is the Hessian, and Cyy) is the n;, dimensional vector of band powers
Cy. The variance of statistical errors is given by the quadratic form (4.7) in the Gaussian

distribution:
(bC)*)y=—H),,. (4.8)

In general, evaluation of the Hessian requires O(nfl) operations for each element.

4.2 Method of Gibbs Sampling

Bayesian approach investigates the distribution of possible spectra for a given data set,

which is given by the posterior P(Cy|d). The relation to the maximum likelihood method
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can be shown by applying Bayes’ theorem to the posterior
P(Cyld) oc L(d|Cy) P(Cy), (4.9)

where the prior P(Cy) is the a priori distribution of the spectra. Traditionally, the poste-

rior is obtained by marginalizing the joint posterior density:
P(Cy|d) = / dsP(Cy,s|d), (4.10)

where s is the signal vector of Eq. (4.1). It is possible to evaluate the marginalization in-
tegral by assuming Gaussianity, however, computational complexity of the problem makes
it unfeasible, especially for high resolution data.

Instead of marginalizing the joint posterior, a computationally efficient algorithm can
be developed for obtaining samples from P(Cy,s|d) by employing the Gibbs sampling
method. Gibbs sampling is a Markov chain Monte Carlo process that generates simulta-
neous samples of signal s and spectra Cy from the joint distribution by an iterative fashion
[76, 25].

In interferometric observations of the CMB polarization, the signal covariance S =
(s- ST> becomes a block diagonal matrix with a 3 x 3 submatrix C; at each pixel ¢ [38]:

crT e orB
Ci=| crt cpe cEE |. (4.11)

C’Z_B C’IEB ijB
The Gibbs sampling method obtains samples, s and S, from the joint density P(S,s|d) by
successively sampling from the conditional distributions P(s|S,d) and P(S|s,d) o P(S|s).

Starting from an initial guess S, the sampling is done iteratively [38]:
st P(s| 8%, d), (4.12a)
Sl P(S | s*th). (4.12b)

After a “burn-in” phase, the stationary distribution of the Markov chain is reached and

the samples approximate to being samples from the sought-after joint distribution.
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For mathematical simplicity, it is instructive to introduce de-convolved map, m =

s + n,, through d = Z - B - m, where n, is the residual noise with covariance

N, = <n7~ . nT> - (B“ N1 B) - (4.13)

T

where we have used Z? = Z, and the inverses should be understood as pseudo-inverses.
Since the noise is Gaussian with zero mean, so is the residual noise. The conditional signal

distribution of Eq. (4.12a) can be found by using the Bayes’ theorem:
P(s|S,m) < P(m]|s, S)P(s|S), (4.14)

which can be written as [15]

P(mls, S)P(s|S) = exp {—;(m — )N m — s)} exp {—;sTSIS}

) (4.15)
x exp {—2(5 ~s)I(ST N (s - s)} ,
where we have defined the Wiener filtered mean signal
s= (S + NV N 'm. (4.16)

Sampling from the Gaussian (4.15) is achieved adding a fluctuation field &, a zero-
mean Gaussian field with covariance <£ . £T> = (S_1 + N~ 1)_1, to the mean field signal s.
Because of the computational difficulty of calculating the inverse matrix (S*1 + N, 1)71,

we define the transformed field x = (S + N, 1) £ [25]:
<X : XT> = (STh N <5 : 5T> ST+ N = (ST + N ). (4.17)

Samples for the transformed Gaussian field is obtained by drawing two independent Gaus-

sian zero-mean univariate fields wi and ws:
x =S 2w + Plwy, (4.18)

where PTP = N-! = BIN~!B from Eq. (4.13). An obvious choice for P is, therefore,
T

P = N1/2B. The sampled signal can be written as s = 8 + £. Since N 'm = BIN—!d,
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after rearranging Eq. (4.16), we reach the signal sampling equation:
(S’l + BTNle) s = BIN“ld + 2w, + BIN"V20,. (4.19)

Solution of the linear system (4.19) is the most computationally expensive step of
the Gibbs sampler. The computational complexity can be reduced by employing the
preconditioned conjugate gradients technique. A good choice for the preconditioner is the
inverse of the operator on the left hand side of Eq. (4.19), which can be computed in
(’)(nf;/ 2) operations [76]. In spherical harmonic basis, action of the powers of S on vectors
scales as (’)(nz%) [76]. Complexity is significantly reduced in flat sky approximation where
the spherical harmonic transforms replaced by FFTs, which scale as O(n,logn,).

To sample the power spectra, the last sampled signal s is used as an the input for
the posterior P(S|s). In Bayesian statistics, if an uninformative prior, such as Jeffrey’s
prior, is used, the marginal posterior distribution for the unknown covariance matrix of a
multivariate Gaussian process is given by the inverse Wishart distribution W(S, f) with

f degrees of freedom:

1 1
P(S[s) =W(S, f) x | | ——=—====exp (—TT‘{O'g . Ce_l}) , (4.20)
IZI /|C 21 +24 2
where we have defined
m=~{
Oy — Z ngszm (4.21)

m=—/{

with the three-vector sy, = (a%m,afm,afm). The uninformative prior is chosen to be

P(S) x [],|C¢| 79, where ¢ = 0 for a uniform prior, and ¢ = 1 for a Jeffrey’s prior [76].
To improve sampling efficiency we can define uniform bins, with width A/, in which
0(+1)Cy is nearly flat. Then oy is defined for bin b as [76]

m=/
oy = Z Z 00+ 1)S€mSZm (4.22)

Leb m=—1

Sampling from the inverse Wishart distribution W(S, f3) can be done by drawing fi, =

Ly — 4 + 2q vectors, L being the number of monopoles in the bin b, from a Gaussian
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distribution with covariance matrix O'b_l. The sample Cy is, then, given by the inverse of
the sum of outer products of these independently sampled vectors [76]. The actual power
spectrum coefficients are given by Cy = Cp/4(¢ + 1).

A powerful statistical tool, known as Gelman-Rubin (G-R) convergence diagnostic
[20], can be employed to determine that the stationary distribution of the Markov chain
has been reached. Given multiple instances of chains, convergence is reached when the
potential scale reduction factor, R, of the G-R statistic, determined by the ratio of the
variance within each chain to the variance among chains, assumes a value less than a
given tolerance (usually chosen to be 1.1) for each bin. A more detailed discussion on G-R

convergence diagnostic is given in Appendix B.



Chapter 5

Simulated Observations

In Section 3.2 we have presented analytical estimations for various systematic effects on
interferometers measurements of the CMB power spectrum. This approach is of course
only a first-order approximation for assessing systematics, since many important effects,
such as the configuration of the array, instrumental noise, the sampling variance due
to the finite beam size, and incomplete uv-coverage, are not taken into account. Any
actual experiment, therefore, will naturally require realistic simulations to examine how
systematic effects bias the power spectrum and, more importantly, tensor-to-scalar ratio
inferences. In this chapter, we shall first present simulated observations of the CMB
polarization signal by an ideal interferometer design and apply the analysis techniques
discussed in the previous chapter to obtain power spectra and signal inferences. Then
we will introduce various systematic errors in our interferometer design and present a
complete pipeline of simulations to assess the control levels for each systematic error.
The interferometer configuration is a close-packed square array of 400 antennas with
diameters of 7.89\. The observation frequency is 150 GHz with a 10-GHz bandwidth. This
configuration is similar to the QUBIC design [63]. With this frequency and antenna radius,
the minimum available multipole is £,,;, = 28. The baselines are uniformly rotated in the
uv-plane over a period of 12 hours while observing the same sky patch. The interferometer
pattern, Z, is constructed by placing a value of one at each pixel that coincides with a

baseline length during the observation period and zeros everywhere else. The antenna

44



45

Antenna Positions Interferometer Pattern, 150 GHz
160 T T T T T T T
0000000 ccccccccccoo e
00000 000O0OGCEOGNOGNOGNOGNOSNOSNOSNOSNOIOS
140 e0e00000000000000000 0]
0000000000000 000000 0
10 |@eeeeeeeececcccccccce]
0000000 ccccccccccoce
0000000 ecccccccccoc e
10 eeeececeeccccccccccc o
0000000 ccccccccccoce —
= gy|@®e®eecececcccccscooc o] <,
> 0000 00000OGCONOGNOGNOGNONOSNOSNOSNOSNOS >
0000000000000 00000 0
60 se0ee0ecceccccocccooo o
0000000000000 00000 0
4 |®®000000000000000000
00000000000 ccccccoo e
0000000 ccccccccccoce
2000000000000 0000000 0
0000000 ccccccccccooe
0000000000000 0000000

0 20 40 60 80 100 120 140 160
u

(a)

Figure 5.1: Positions of 20 x 20 close-packed array of antennas of radius 7.89\ (a), and
the interferometer pattern created over an observation period of 12 hours (b) [29].

positions and the resulting interferometer pattern is shown in Fig. 5.1.

Beam pattern of horn antennas with diameters of 7.89A can be modeled as a Gaus-
sian with peak value of unity and FWHM =~ 12°. With such a wide field of view, the
flat-sky approximation is clearly not valid. The observed sky should be simulated as a
spherical cap, and the visibilities must be constructed and analyzed in spherical harmonic
basis. Since we are not dealing with data from an actual observation, for the purpose
of analyzing the systematics, a computationally much less demanding, yet approximately
equivalent, set up may be simulated. Constructing the signal on a flat patch and working
in Fourier space would not significantly alter the effects of systematic errors. Any residual
systematic error that we want to investigate will induce approximately the same effect in
both spherical and flat sky simulations.

Another crucial point is that the polarization signal cannot be uniquely decomposed
into E and B parts on a cut sky. The non-uniqueness of the decomposition causes leakage
from the E mode into the much weaker B mode power spectrum [42]. Therefore, in
dealing with actual data from an observation with finite field of view, E and B modes

must be separated from each other. Since we want to analyze the systematic effects after
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the E-B separation is achieved, we can by-pass the mode mixing problem by constructing
the input signal maps on a flat sky patch with periodic boundary conditions. Because the
E-B decomposition is unique in this domain, the so-called E-B coupling problem does
not arise. A short discussion about F-B mode mixing is presented in Appendix C.

The input T,  and U maps are constructed over 30-degree square patches with 64
pixels per side. The size of the patch is chosen in such a way that the ideal beam pattern
drops to the value of 10~* at the edges of the patch, reducing the edge-effects caused by the
periodic boundary conditions of the fast Fourier transformations. The signal realizations
are generated as maps of Gaussian fluctuations with a covariance C; of Eq. (4.11) at each
pixel whose components are computed by CAMB [7] using the cosmological parameters
that are consistent with the 7-year results of WMAP [37, 34]; Qa = 0.27, Q5 = 0.73,
Q) = 0.045, and Hy = 70 km s~' Mpc~!. The tensor-to-scalar ratio is taken to be
r = 0.01. The angular resolution of the signal maps is 28 arcminutes, corresponding to a
maximum available multipole of £,,,, = 384.

Measuring the Stokes () visibilities in an experiment with linear polarizers requires
perfect cancellation of the much stronger temperature signal from the visibility matrix of
Eq. (2.14), which is unfeasible. Instead, in a linear experiment, the Stokes () visibilities are
obtained by measuring the Stokes U visibilities with 45° rotated polarizers since under
a 45° rotation U — —Q. However, measuring Vg and Vy from different observations
decreases the sensitivity. The problem does not arise in an experiment with circular
polarizer where the cancellations required for V;; measurements are not problematic since
@ ~ U. Hence, in a circular experiment, Vp and Vy; are measured simultaneously from
the same observation without sacrificing the sensitivity.

The noise at each pixel for the temperature data is simulated according to the total
observation time that all baselines spend in the pixel. The noise covariance for each
baseline is given by Eq. (4.2). The noise value is normalized by a constant to have an rms

noise level of 0.015uK per visibility.
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By adopting the flat-sky approximation the visibility covariances for maximum likeli-

hood method can be written as

Ciid (Ve (ws) Ve (u;)) L OXY utA2 1 gy i (w) (5.1)
, = ‘/S w; ‘/*, u; = / —— x W& ’ w). 5.1
ss i) Vs Uy ;:1 X;y: b ALz 2T W SS'XY
The window functions W g;g, yy are given by

. 27 5
Wiy () = [ diwssxsy Al = w) A"y = w). (5:2)

where S, 5" ={T,Q,U}, and X,Y = {T, E, B}. The only non-vanishing elements of wgx
are wrr = 1, wyp = sin2¢w, wyp = €c082¢w, WQE = €0s2¢w, and wop = —sin2¢y
[82, 29]. Since the window functions Wg{g, <y (|[w]) are independent of (4, the integrals
in Eq. (5.1) is only calculated once before evaluating the covariance matrices. Starting
with an appropriate initial guess, maximization of the likelihood function is achieved for
6 CMB power bands in around 20 CPU-hours. Assuming the likelihood function near its
peak can be well-approximated by a Gaussian, the confidence intervals for the derived
maximum-likelihood CMB power spectra are found by the inverse of the Hessian matrix
at the peak. This procedure requires about 30 CPU-mins for ~ 4000 visibilities.

In flat-sky approximation, the data (4.1) can be modeled with the linear operator
B=F-A-F'.U, (5.3)

where F represents the Fourier transformation, acting on the 3n, dimensional Fourier
space signal vector § = (... T, E;, B, .. .), and U is a block diagonal matrix with subma-

trices Uy, of Eq. (3.16) with ¢; being the angular polar coordinate of the ith pixel. The

signal sampling equation (4.19) can be rearranged, for s = x + &, as
(us—lw + f—lATfN—lfAf—l) x = FIATFN1d, (5.4)

(us—luT + f—lATfN—lfAf—l) € =US V2w, + FIATFN"2w,.  (5.4b)

We obtain numerical solutions for the Eq. (5.4) by the preconditioned conjugate

gradient method [62]. A good choice for the preconditioner is the inverse of the diagonal
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Figure 5.2: (a) Coverage of uv-plane for each bin A, = [¢}*" (%], Shown are the
percentages of pixels intersected by baseline vectors during the 12-hour observation period
in each bin. A pixel in Fourier space is said to be in bin b if its position vector u,;, satisfies
27|upiz| € Ap. (b) The percentage of uv-plane coverage versus the number of steps, after
the burn-in phase, required to reach convergence at each /-bin.

part of the operator [28]:

P! =Py + diagiUS™'UT}. (5.5)

The noise portion of the preconditioner, Py, can be written as [71]
Pyl = F(FINTY(F AP, (5.6)

where A is the Fourier transform of the beam pattern.
Signal covariance matrix is sampled by computing the unnormalized variance o in an

annulus of radius ¢, /2m:

oy =Y Li(li+1) ss] (5.7)
L;€b

where s; = (T}, E;, B;) is a three-vector at the i*" pixel. Assuming Jeffrey’s prior, the
number of degrees of freedom becomes f, = p, — 2, where p, is the number of pixels in
bin b.

We ran four independent Gibbs sampling chains, each chain having 3,000 iterations
of which the first 1,000 are discarded as the burn-in phase. The convergence is reached in

about 500 steps when the potential scale reduction factor of the G-R statistic becomes less
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than 1.1 for each bin, roughly in 30 CPU-hours. Figure 5.2 shows the uv-plane coverage
versus the number of steps, after burn-in, required to reach convergence for each bin.
We see that convergence time and wwv-plane coverage are weakly correlated. Incomplete
coverage leads to a larger correlation length for small power leading to a longer convergence

time. Therefore, low-coverage bins have larger effect on overall performance, as expected.
5.1 Power Spectra Inferences

The mean posterior power spectra, together with the associated uncertainties at each /-
bin, obtained by the methods of Gibbs Sampling (GS) and Maximum Likelihood (ML)
for the ideal experiment with linear polarizers, are shown in Fig. 5.3. The input power
spectra, which are used to construct the signal realization, and the spectra of the signal
realization are also shown in Fig. 5.3. Nearly all of our estimates fall within 1o of the
expected value [29].

Samples of power spectra produced by Gibbs sampling have highly non-Gaussian prob-
ability densities. As an example, we show marginalized posterior joint distributions of EF
and TE power spectra for various ¢-bins in Fig. 5.4. Although combining many modes
into each bin has an overall Gaussianizing effect, non-Gaussianity of the distributions is
still visible, especially at the bins with lower uv-coverage [28].

Gibbs sampling also provides higher-order statistical information such as the two-point
correlations between ¢-bins. Off-diagonal components of the correlation matrices for T'E,
EFE and BB power spectra are shown in Fig. 5.5. There is a slight correlation between
adjacent bins, which is the result of reduced Fourier space resolution caused by finite beam
width. The correlation is more pronounced at high ¢ and low signal-to-noise ratio, as seen
in BB correlation matrix of Fig. 5.5. Since the correlation matrices carry information
about data regions larger than bin sizes, the power spectra are oversampled, causing anti-
correlation between nearby bins. Since the power in a region is constraint by the data,

whenever a large value is sampled at a certain bin, values of samples from the other bins
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Figure 5.3: Mean posterior power spectra obtained by Gibbs Sampling (GS) for each /-
bin are shown in black. The power spectra estimations obtained by Maximum Likelihood
(ML) method are shown in blue. Dark and light grey indicate 1o and 20 uncertainties for
Gibbs sampling results, respectively. The binned power spectra of the signal realization
are shown in pink. Red lines are the input CMB power spectra obtained by CAMB for a

tensor-to-scalar ratio of r = 0.01 [29].
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are the results of having a finite beam width and a finite bin size, respectively. Correlations
are stronger towards lower signal-to-noise values (from T'E to BB) and towards higher
f-values.

in the same data region are reduced [28].
5.2 Signal Reconstruction

In addition to the power spectra, Gibbs sampler also provides inference for the observed
signal. Signal samples are constructed as constrained realizations by adding a fluctuation
map to the mean field (Wiener-filtered) map [28]. We compute Wiener-filtered maps by
solving Eq. (5.4a) for x. The Wiener filter provides the information content of the data
by filtering out the imperfections caused by finite beam, partial uv-plane coverage and
noise. To obtain a Gaussian random variate for the signal sampling we need to add a
fluctuation term with zero mean and the covariance of the conditional posterior, (S™% +
N-1)~! to the mean field map. The fluctuations obtained by solving Eq. (5.4b) provide
a random complement to the Wiener-filtered map such that their sum is an unbiased
signal sample consistent with the data and the current power spectrum. These artificially
created fluctuations average out after sufficient iterations leaving us with a reconstruction
of the input signal within the area of the primary beam, which we show in Fig. 5.6 as
the “Final Mean Reconstructed Signal”. For comparison, the “Input Signal” which is

constructed from the input power spectra shown in red in Fig. 5.3 is also shown.
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Figure 5.6: Signal maps. (a) The signal realization, which is constructed from the input
power spectra shown in red in Fig. 5.3, is used as the input map for the interferom-
eter simulation. (b) The final mean posterior map is the sum of solutions of Eq. 5.4;
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iterations. It provides the reconstruction of the noiseless input signal by the Gibbs sam-
pler within the area of the primary beam. The three rows show, from top to bottom,
temperature, Stokes @ and Stokes U parameters.
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FError Type Parameter RMS Value
Gain | Grms| 0.1
Coupling |€rms| 5x 1074
Pointing Orms 0.7°

Shape Grms 0.7°
Cross-polarization Hrms 5x 1074

Table 5.1: Root-mean-square values of the error parameters estimated to keep the value
of a less than 10% tolerance limit at » = 0.01 [29].

5.3 Systematic Effects on Power Spectra Inferences

Our interferometer design generates a large number of redundant baselines, ~ 10 baselines
per visibility, which can be used to employ a self-calibration technique to significantly
reduce the level of systematic errors [43, 30]. Assuming such a calibration has already
been made, in this section we shall determine the control levels of residual systematic
errors through a complete pipeline of realistic simulations.

In order to estimate the control levels of systematics, we ran preliminary simulations
guided by our analytical estimations for a tolerance limit of o, = 10% at r = 0.01. The

XY and

rms values of the parameters are given in the Table 5.1. To determine «
rigorously, we ran 30 realizations of each systematic error simulation for both linear and
circular experiments.

Figure 5.7 shows the mean values of a®Y for beam errors, averaged over 30 realiza-
tions. The results from ML and GS methods are in good agreement for both linear and
circular experiments. In all three cases a®B ~ 0.1 at low ¢, as expected. Although the
cross polarization has a much smaller error parameter, its effect on the power spectra is
comparable to the pointing and shape errors. The reason for this is the leakage from 17T
power into BB power that is caused by the off-diagonal elements of the beam pattern,

whereas the source of a®B for pointing and shape errors is the EE — BB leakage [29].

The mean values of aXY for instrumental errors are shown in Fig. 5.8. For gain and
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Figure 5.7: Beam errors. The values of aXY, averaged over 30 simulations, obtained by
both maximum likelihood (ML) method (triangles) and the method of Gibbs sampling
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lines, respectively [29].
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Figure 5.9: Panels show a’® (red) and a®? (blue). The values of XY, averaged over
30 simulations, obtained by both maximum likelihood (ML) method (triangles) and the
method of Gibbs sampling (GS) (solid dots) are shown for antenna gain with |gym,s| = 0.1,
antenna couplings with |e.,s| = 5 x 107*, pointing errors with d,,s ~ 0.7°, beam shape
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circular experiments are shown by solid and dashed lines, respectively [29].
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coupling errors, aXY is roughly at the 10% level. The main contribution for the o8

comes from the leakage from EFE power into BB power for gain errors. As in the case of
cross-polarization errors, despite having a much smaller parameter than gain, o?8 ~ 0.1
at low ¢ for antenna coupling errors because of TT' — BB leakage.

We simulated the systematics by turning on one error at a time. However, in a realistic
experiment, all systematic errors act together simultaneously, causing a larger effect on the
spectra. In order to see this combined effect we ran 30 realizations with all the systematic
errors discussed in previous sections turned on at once. The results are also shown in Fig.
5.8. As expected, the combined effect is almost twice as large as the individual cases.

Although, ideally, cross-correlation spectra CT2 and C*® vanish due to the negative
parity of the B modes, systematic effects induce biases for these cases, as well. The mean

values of a”® and P for each type of error are shown in Fig. 5.9.

5.4 Comparison to Analytical Estimations

XY are obtained from the quadrature difference of Eq. 3.32,

Analytical estimations for «
normalized by the number of baselines. In general oY has a polynomial dependence on
s2. For our interferometer configuration roughly s2 ~ 262.7/¢%. The explicit forms of the
unnormalized estimations are given in the Appendix A.

In general, our simulated results are larger than the estimations in all /-bins. This is
expected because our analytical estimations are only first order approximations where it
is also assumed that the errors associated with baselines are uncorrelated, making them
lower bounds for the estimations. In reality, there is a correlation between errors associated
with baselines having common antennas, a fact that is captured by our simulations. Upper
bounds for the estimations can be found by unrealistically assuming full correlation of
errors between baselines, where each baseline has the same error. For our interferometer

design, this corresponds to roughly 65 times larger values. We expect our results to fall

between uncorrelated and fully correlated estimations. In order to compare our results
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Figure 5.10: The bin-averaged ratios of the simulated and analytical systematic errors. In
each panel, the results from the simulations in both the linear and circular bases for 1T,
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and Gibbs-sampling methods in analysis of the simulated data, respectively [29].

XY

with the analytical ones, we consider the rms values of « averaging over the /-bins.

Figure 5.4 shows the ratios of a;XY, obtained by ML and GS methods to the estimated

S

XY

arms *

In most cases, both methods are in agreement with the analytical results within a

factor of 6.
5.5 Biases in Tensor-to-Scalar Ratio

The major goal of QUBIC-like experiments is to detect the signals of the primordial B-
modes, the magnitude of which is characterized by the tensor-to-scalar ratio r. In this
context, it is necessary to propagate the effects of systematic errors through r to assess
properly the systematic-induced biases in the primordial B-mode measurements.

The shape of the primordial BB power spectrum C’fp%m is insensitive to r but the

amplitude is directly proportional to r. We can straightforwardly convert the amplitude

BB
,prim C =1

of the systematic-induced false BB into the bias in r by writing CP5 in
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Figure 5.11: The simulated systematic-induced biases in the tensor-to-scalar ratio r (left)
and «, (right) for the same systematic errors as in Fig. 5.7 and 5.8. All the results derived
from the maximum-likelihood (gray) and Gibbs-sampling (black) analyses based on the
simulations in both the linear and circular bases are shown [29].

Eq. (3.36) and Eq. (3.37) where C']’szl is the CAMB calculated primordial BB power
spectrum at r = 1. The tensor-to-scalar ratios obtained from ideal linear experiment by
Gibbs sampling and maximum likelihood methods are found as rgg = 0.026 £+ 0.012 and
rarn = 0.006 £0.0095, respectively. A more conservative estimation for r can be obtained
without subtracting the lensed spectrum in Eq. (3.36) and by taking only the first bin
where the effect of lensing is the least; rlcegsed = 0.038+0.014 and ré\ejfed = 0.01964+0.011.

We vary each systematic error individually and also consider the cross contributions
between each error. In realistic observations, all different systematic errors are likely to
occur at the same time and we need to understand their combined effects well. We thus
evaluate such effects by simulating the systematic errors occurring simultaneously during
the observation. The individual and combined systematic-induced biases in r are illus-
trated in Fig. 5.11, evaluated by both the GS and ML methods based on the simulations
performed in the linear and circular bases. Both methods demonstrate good agreement,

within a factor of 2.5. Note that ML method consistently underestimates the biases. The

reason for that is that the Gaussianity assumption for the data distribution does not hold
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well because of the incomplete uv-coverage, pixelation, and, especially at low ¢-bins, the fi-
nite beam size, making the ML estimations for the statistical errors less reliable. Although
the mock visibility data are simulated based on only one realization of CMB anisotropy
fields, drawn from the power spectra with input BB for r = 0.01, the resulting false BB
band-powers for the different systematic errors are expected to be a good approximation
for other r values since the leading-order false B-modes are contaminated only by the
leakage of TT, TE and EFE power spectra, which are independent of 7.

The simulations show that, due to the leakage of T'T" signals into BB, even though
the cross-polarization and coupling errors are very small, e.g., fiyms = 5 x 1074 and
lerms| = 5 x 1074, the resulting biases in r are comparable to those induced by relatively
larger pointing, gain and shape errors. In addition, when increasing the cross-polarization
and coupling errors by a factor of 10, the simulations show that the resulting biases would
roughly increase by the same factor. As expected, the systematic errors are approximately
linearly proportional to their error parameters. We also find that the combined systematic
effects (referred to as “c” in Fig. 5.11) would increase the biases and their values are
consistent with the quadrature sum of the individual errors within 10%.

If we set up an allowable tolerance level of 10% on r, where r is assumed to be
r = 0.01, for QUBIC-like experiments the error parameters adopted as in Fig. 5.11 satisfy
this threshold when each systematic error occurs alone during observations. But if all the
systematic errors are present at the same time, on average, we require roughly 2 times
better systematic control on each error parameter for a linear experiment. Nevertheless,
the bias in r for a circular experiment, being around 15%, is still within the acceptable
level. Although the tolerance level for r is chosen to be «, = 0.1, our results can directly
apply to any other desired threshold level to the extent that the linear dependence of
systematic effects on error parameters is a good approximation for sufficiently small error

parameters.



Chapter 6

Further Directions

6.1 Foregrounds

The major systematic effect that we have not consider yet is the galactic and extragalactic
foreground signals which dominate the CMB polarization signal over a large part of the
sky. Ground based experiments choose to observe regions of the celestial sphere that are
relatively quiet in galactic foreground emission. An ideal observation location for such a
region is the South Pole where the observed sky includes some of the largest regions of
minimal Galactic foreground emission on the celestial sphere.

Main foreground contamination sources for the CMB polarization signal are the diffuse
galactic foregrounds: synchrotron, free-free, and dust emission, and extra galactic contam-
ination: the SZ effect, and point sources [73]. In order to extract unbiased cosmological
information, the foreground components must be successfully separated from the CMB
signal. The method of Gibbs sampling can be extended to include an efficient Bayesian
component separation technique through signal sampling for multifrequency observations
[15]. The data taken at frequency v can be written as, including the Stokes V' that could

be produced by some foreground signals, a 4n, dimensional vector:

ng
d,=A, <s + Z fj) +n, (6.1)
k=1

where s is the signal, which has the same spectrum at each frequency, ff is the kM

foreground component, n, is the noise and A, represents the beam convolution operator.

62
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The foreground components can be modeled as

Ci1
ny
f,=) fi=G,-c=G,-| : (6.2)
k=1
(o

where cy, is the 4n,, dimensional amplitude vector of the kt" foreground component and

G, is an 4n, x 4n,ny matrix:

.= (e .. al ) (63)
GF are defined as 4n, x 4n, diagonal matrices representing the frequency spectrum:

G* = diagonal { (@)}, i=1,..,np, and p={T,Q,UV}, (6.4)
where g? (v, ok (7)) is generally modeled as a power law g (v, a2 (i) = b2 (v)v°() [32], and
the spectral index of (7) has a different value at each line of sight for each polarization.

In terms of harmonic coefficients § = (... QT o OF o OB o W s - - .) and ¢ =

(... ,af}’gm,agzm, a%jm, a@jém, ...), the data can be written as
d,=B,-§+0,-¢+n,, (6.5)

where B, and ©, are block column matrices with submatrices B!, = (..., B, ¢, ...) and

65/ ( 611 Amo - ');
By 0 0 0
0 3B+ 8% m) 5B —B%m) O
By — 2\Da e 2,0 2\Pap 2,0 7 (6.62)
0 %(52 em = BY2m) %(ﬂg,ém +8%.m) 0
0 0 0 Bim
05 0 0 0
k 0 %(2062 ‘m + _29812771) 5(2662 m 20’5’2771) 0
Oy, tm = ., (6.6b)
0 %(29U€m _20U£m) %(29Uzm + 29Uzm) 0
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where /Bsy,zm are given by Eq. (3.13) for the beam pattern A,, and
kv m(s —2mio-u
Okt = [ Y00 A(0) 0. o) (6.78)
i29;’;,’eym = —/ﬂyem(f)Au(U)gZ(% ol (o))e 2o, (6.7b)

We define a block vector of amplitude coefficients x = (8, ¢) and a symbolic block vector
of matrices H, = (B, , ®,) such that the data can be written asd, = H,-x+n, = H,-p,,
where p, = (§+mn,, , ¢ ). To sample all components we write the joint amplitude

distribution as:

P@G,&|S, a,d) x P(d[x, 2)P(x|Z)

X exp {—; Z(dl, -H, x)'N;1(d, —H, - x)} exp {—;XTE—lx}

v

1 _ 1 .o
ocexp{—22(py—x)T.MV1.(py—x)} exp{—2xT2 1x}

(6.8)
where
B/N;'B, BIN;'®
M;'=H, N;'H, = v R (6.9)
OIN;'B, O©IN;'©,
and
S
> = <x XT> - , (6.10)

assuming the signal and the foregrounds are uncorrelated. As before, the Wiener filtered
signal can be written as p, = (X1 + > M;1)71 3" M; 1p,, and the sampling equation

becomes

_1
S, BIN;d, + S 2w, + 3, BIN, 2x 611)

(2—1 + iMj) x =
v

_1
Zl/ QLN;ldV + C_%wc + ZI/ @lNV 2X
where w = (ws,w.) and x are univariate Gaussian random fields. Eq. (6.11) represents

4(bmaz +1)*(ns + 1) linear equations which can be solved by applying the preconditioned

conjugate gradients method.
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Spectrum sampling is achieved by independently sampling the signal and foreground
covariances. Signal covariance is sampled exactly the same way as before. The foreground
covariance C is a block diagonal matrix with 4 x 4 submatrices

TT TTE 1TB 1TV
Ff FE Ff FE

ET TEE TEB TEV
Fé FZ FZ Pé

I, = : (6.12)
rpt rpE BB TpV

VT VE VB Vv
FZ Pé Fé FZ

where Ff Y is the XY power spectrum of the foreground signal. The foreground covariance
is sampled from an inverse Wishart distribution W(C, h) by drawing hy = Ly — 5 + 2q
vectors, Ly being the number of monopoles in the bin b, from a Gaussian distribution with
covariance matrix -y, ! where
m={
vy = Z Z 00+ 1)Cgmczm (6.13)
leb m=—/4
with the four-vector cy,, = (a?’gm, aJIZJ’ I aﬁ szKem)’ where a}/’em is the harmonic coef-
ficient of the Stokes V' parameter of the foreground signal. The uninformative prior is
chosen to be P(C) o [, |T'¢|7¢, where ¢ = 0 for a uniform prior, and ¢ = 1 for a Jeffrey’s
prior. The sample I'y is, then, given by the inverse of the sum of outer products of these
independently sampled vectors.
To complete the Gibbs sampling, we must add another step, namely the spectral
index sampling. Starting from initial guesses for spectral indices o and the component

covariances X, the sampling iterations become [15]

{5,e}"™! « P(5,¢,|%%, a’,d), (6.14a)
S« P(S|stth), (6.14b)
Ctl « p(Clet™), (6.14c)

aft  Plagls™, & {ap ), d). (6.14d)
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Sampling a?jl can be done directly from the conditional density by inversion sampling
method: r = Oa"' da P(als, ¢, {ag£i},d), where r is a random number drawn from the

uniform distribution U0, 1], and

2 o
v n

2
P(0lf.& {awsuhd) = £(0)P(a) = exp (—1 > |ttt > P(a), (615

o2 being the noise variance [15]. The prior P(«) can be chosen as Jeffrey’s prior:

P(a) x \/Foq = —<8261;;£>. (6.16)

Note that the consecutive samples of spectral indices are moderately correlated. In order
to reduce the correlation, the last step in each main Gibbs sampling loop (6.14) must be

iterated a few times.

6.2 21 cm HI Emission Line

Hyperfine transition line of the neutral hydrogen provides the only known probe to cosmic
dark ages, 200 2 z = 30, from recombination to reionization. Since it is a single frequency
radiation, redshift surveys can give three dimensional information about the evolution of
matter distribution in the universe. Redshifted 21 cm radiation can potentially provide
more precise measurements of cosmological parameters than either the CMB or galaxy
surveys, and put rigorous constraints on the properties of dark matter, dark energy [44, 51],
and non-Gaussianity from inflation [45].

Neutral hydrogen was reionized by the ultraviolet radiation emitted after the formation
of the first stars at z ~ 30. Observations of 21 cm emission line at the frequency of the
Epoch of Reionization (EoR) can provide valuable information about the formation of the
first stars.

After reionization, the residual neutral hydrogen accumulates on the density peaks
of the Baryon Acoustic Oscillations, given by the sound horizon at recombination, a
characteristic scale of ~150 Mpc, which is determined by the CMB observations to high

accuracy. Measurements of the 21 cm power spectrum over a range of redshifts establish
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the expansion history through the evolution of this standard ruler provided by BAO.
The measurement of the angle subtended by the ruler of length Ax(z) gives the angular

diameter distance d(z):

c 2 dY Ax(2)

dA(z):l—i—z o H(Z)  A¢

(6.17)

The redshift interval, Az, associated with Ax(z) determines the Hublle parameter:

B cAz
Ax(2)

H(z) : (6.18)

Precise measurements of the expansion rate of the universe over 0 < z < 3 can ascertain
the redshift evolution of the dark energy equation of state and provide further insight into
the nature of dark energy.

Several ground based interferometric observations of the 21 cm emission signal are
being developed, such as LEDA [39], MWA [52], PAPER [57], LOFAR [46], and CHIME
[8]. LEDA measures the sky-averaged 21 cm signal as a function of redshift, whereas the
others measure the power spectrum.

The Gibbs sampling method naturally extends to the 3D power spectrum inference
from interferometric data of 21 cm signal. Data can be written as an n,n. vector, where
n, is the number of redshift slices, and n, is the number of pixels in each slice. The

convolution operator B of Eq. (4.1) becomes
B=Fp A 3_5, (6.19)

where Fsp represents an n, X n, diagonal matrix with elements 2D Fourier transformation
operators Fap, A is a block diagonal matrix with n, x n, submatrices A, beam pattern
for the redshift z, and F3p represents the 3D Fourier transformation. The interferometer
pattern is represented by a block diagonal matrix, Z3p, with n, x n, submatrices Z..
In order to extract BAO information from the 3D power spectrum, the data should be
defined in terms of co-moving distances, in which case the field of view of the instrument

describes a truncated signal pyramid. Since a sufficiently small primary beam tapers the
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HI Power Spectrum
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Figure 6.1: 3D power spectrum result from Gibbs sampling analysis of data obtained by
a simulation of an interferometric observation of 1146 x 1146 x 561 Mpc? HI emission-
line signal block of resolution 64 pixels without foregrounds. The observation is sim-
ulated for an interferometer with complete uv-coverage and a maximum beam size of
FWHM, _g550717. = 5.3° observing the redshift range of 855-955 MHz with a signal-to-
noise ratio of 10. Mean posterior power spectra for each k-bin are shown in black. Dark
and light grey indicate 1 and 2 ¢ uncertainties, respectively. The binned power spectra of
the signal realization and the binned input power spectrum are shown in red and green,
respectively.

signal at the edges, we can embed the signal into a zero-padded cubic region. We have
generalized the CMB code to 3D 21 c¢m data and shown power spectrum inference for the
mock data obtained by a simulation of an interferometric observation of 1146 x 1146 x 561
Mpc?® HI emission-line signal block of resolution 642 pixels without foregrounds in Fig.
6.1. The observation is simulated for an interferometer with complete uv-coverage and
a maximum beam size of FWHM,, _gs53/17, = 5.3 degrees observing the redshift range of
855-955 MHz with a signal-to-noise ratio of 10.

This is, of course, only a first approach. Our analysis must be extended to include
realistic scan strategies covering areas much larger than a single primary beam where
individual pointings cannot be treated in the flat-sky approximation.

A major challenge in HI tomography is that the synchrotron foregrounds are expected
to be orders of magnitude stronger than the 21 cm signal. Any analysis method must,

therefore, include an efficient foreground removal technique. The component separation
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can be achieved by using the dissimilarities between the expected redshift dependent
behaviors of the signal and the foregrounds; the 21 cm spectrum varies abruptly with fre-
quency because of the cosmic structure whereas the foreground spectrum varies smoothly.
Our method must be extended to include a Bayesian inference technique to distinguish the
much weaker cosmic signal from the smoothly changing foreground components. Semi-
blind Bayesian foreground rejection methods can be promising approaches for such pro-

grams [70, 75].



Chapter 7

Conclusions

Observations of the CMB polarization signal can provide valuable information about the
early universe, in particular about the inflationary epoch, and place stringent constraints
on the cosmological parameters. In comparison to alternative methods of extracting power
spectra, such as maximum likelihood and pseudo-Cj estimators, which often scale as O(n?)
and O(n3/ 2) respectively, the method of Gibbs sampling has an advantage in dealing
with the demands of current and future high resolution cosmology observations because it
provides simultaneous inference of power spectrum and signal with O(ng/ 2) computational
complexity.

The detection of the primordial B-mode spectrum of the polarized CMB signal may
provide a probe of inflation. However, observation of such a faint signal requires excel-
lent control of systematic errors. Interferometry proves to be a promising approach for
overcoming such a challenge.

We have investigated the method of Gibbs sampling as applied to interferometric
polarimetry. The extension of Gibbs sampling to interferometric observations of polarized
signals has been successfully demonstrated. An example of signal reconstruction and
inference of CMB power spectra from a moderately large (n, = 64%) mock data set has
been provided. The validity of our technique in dealing with realistic interferometric data,
including an incomplete uv-plane coverage, finite beam size and baseline-dependent noise,

has been shown.

70
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We have developed a complete pipeline of simulations to diagnose the effects of sys-
tematic errors on the CMB polarization power spectra obtained by an interferometric
observation. We have simulated a realistic, QUBIC-like interferometer design with sys-
tematics that incorporate the effects of sky-rotation. We have analyzed the mock data
sets by both the maximum likelihood method and the method of Gibbs sampling. The
results from both methods have been found to be consistent with each other, as well as
with the analytical estimations within a factor of 6.

In order to assess the level at which systematic effects must be controlled, we chose
a tolerance level of o, = 0.1. This ensures that the instrument is sensitive enough to
detect the B-signal at » = 0.01 level. We saw that, for a QUBIC-like experiment, the
contamination of the tensor-to-scalar ratio at 7 = 0.01 does not exceed the 10% tolerance
level in the multipole range 28 < £ < 384 when the Gaussian-distributed systematic errors
are controlled with precisions of |gms| = 0.1 for antenna gain, |€.,,,s| = 5x 107 for antenna
coupling, 6,ms ~ 0.7° for pointing, (.ms =~ 0.7° for beam shape, and pyms = 5 x 1074
for beam cross-polarization when each error acts individually. However, in a realistic
experiment all the systematic errors are simultaneously present, in which case the tolerance
parameter of r roughly reaches the 20% level for the linear experiment and 15% for the
circular experiment. Although this suggests that better control of systematics would be
needed for a linear experiment, for a QUBIC-like experiment with circular polarizers, bias
in r induced by combined systematic errors would still be on the acceptable level when
the systematics are controlled with the given precisions.

Apart from the systematics presented in the work, we also ran simulations to analyze
the effects of uncertainties in the positions of the antennas. In order to have an effect on the
order of a8 = 0.1, we found that the uncertainty in the position of each antenna should
be on the order of 50% of the size of the uv-plane. Since such an error is unrealistically
large, we conclude that the effect of antenna position errors on power spectra is negligible

in an interferometric observation of the CMB polarization.
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We have shown that a QUBIC-like experiment has fairly manageable systematics,
which is essential for the detection of primordial B-modes. Since our interferometer design
has a large number of redundant baselines (approximately 10 baselines per visibility), as a
further improvement, a self-calibration technique can be employed to significantly reduce
the level of instrumental errors.

A major systematic effect in observations of the CMB signal is noncosmological fore-
grounds. Any analysis method must include a foreground removal strategy. We have
developed a Bayesian component separation technique built into the Gibbs sampler. The
technique should be implemented for interferometric observations and tested with simu-
lated data.

In dealing with the real data, our methods must be extended to spherical harmonic
basis to accommodate the curvature of the observed sky patch. Also, mixing of £ and B
modes caused by the incomplete sky coverage must be resolved.

HI tomography is one of the next frontiers of observational cosmology. Observations of
the redshifted 21 cm emission line of the hyperfine transition of neutral hydrogen can give
a detailed picture of the evolution of structure in the universe over a range of redshifts. We
have shown that the Gibbs sampling method naturally extends to the 3D power spectrum
inference from interferometric data of 21 cm signal. However, foreground signals are
generally orders of magnitude brighter than the cosmic signal and the relevant cosmological
information demands observations of large areas on the celestial sphere. Therefore, our
analysis must be extended to include efficient foreground separation methods and realistic
scan strategies covering large areas on the celestial sphere where the flat-sky approximation

is no longer valid.



Appendix A

Analytical Estimations of
Systematics-Induced Biases in
Power Spectra

Following [29], we obtain first order approximations for the Aéﬁfgg given, for a single

baseline, in Eq. (3.24). For a baseline lying on the z-axis, the matrices in Eq. (3.26) are

given as

100 010
1
Nrr=10 0 0 NTE:? 1 00
C
000 000
00 0
N2 271 .
NEE_[<CQ) —<82>] 0 2 0
0 0 —s2
(A1)
0 0 0
2 271
NBB:[<02) —<82>] 0 —s2 0
0 0 ¢
00 1 000
1
Nre=—10 0 0 Negp=———1| 0 0 1
2¢ (2 —s?)
100 010
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M M,
The covariance matrix (3.29) can be written in block-matrix form as M,, =
M M,
where
CTT OTEE CTBE
M= | CTFz COFPE2 4 OBBs2  CFB(2-s2) |- (A.2)
CTBz  CFB(2-s2) (CFFg24 OBB2
A.1 Gain Errors
n=5i+g%+a +o) 2=501-%+t9 —%) (A.3)

2 2

For instrumental errors we can write v = E - v, which gives M} = M - Ef and M, =

E-M-Ef.

A.1.1 Linear Basis

1 1 1

71:§(g?+g?), 'y2:§(g?—9§]), 73:§(g§2+92U), (A.4)
0G| Y3 0

E?i?;:ar = 0 v+ 0 (A5)

0 0 " =2

(ACEE)? = 8Re{m f(CTT)?

rms

(AGTE) = (6Refm? + S Re(ma}? — {Im{r)?)(C)?

1
+ (2Re{m}* + Z|’Y2|2)CTTCEE

(ACS)? = (8Re{m)}? + 4Re{72}?)(C*F)? (A-6)

rms

(ACED)? = Ry (CFE)?

rms

A 1 1
(ACTE)? = L(3Re{r}? — Im{n})(CTE)? + 1 (1al? + 8Re{m }2)CTTCPE

rms

(ACEE)? = Refra}(CFPP? + (1naf? + 2Re{1})CPECPE

rms



A.1.2 Circular Basis

(A
(A
(A
(A
(A

(A

~TT
Crms

~ATE
Crms

NEE
Crms

~BB
Orms

AT B
Crms

~EB
Orms

gain
circular

g1
= 0

0

)? =8Re{g1}*(CTT)?

g1

—1ig2

192

g1

)2 _ 6R€{g1}2(CTE)2 + 2R6{g1}2CTTCEE

)? = 8Re{g1 }2(CFE)?

)2 _ 2|92|2OEE(CBB _’_?C«EE)

3 1 1
)2 — (ilm{92}2 . 5R6{92}2)(61TE)2 + §|gz‘20TTCEE

)? = 2Im{g:}*(C*F)?

A.2 Coupling Errors

6125(6114-6124—6]1 +e)"), 6225(611—612—6{

A.2.1 Linear Basis

e,
U
)’ €2 = 7(61 — €1 )7 €3 =
2
0
coupling
linear €1 + €2

€1 — €2

0

€3 — €4

—€3 — €4

+e5)
(e — e
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(A7)

(A.8)

(A.10)

(A.11)
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(ACTT V2 = (3Re{e1}? — Im{e1}2)(CTE)? + | |2PCTTCEF

rms

(ACTEN2 — 2(Re{e1}? + Re{ea}?)(CTT)?

rms

(ACEE) 2(|€1’2+ ‘62|2)CTTCEE

rms

(ACEBY2 — 9(]e1? + |eo|>)CTTCPB 1 252(|ey |? + |eo|H)CTT CFF (A.12)

rms

(ACTB)2 — 2(Re{e1}? + Re{ex}?)(CTT)?

rms

1
(ACEB)? = (e * +|af?)CTT OB

rms

%(336{61}2 + 3Refer)? — Imfer)? — Im{es}?)(CTE)?

A.2.2 Circular Basis

0 e ey
i
Eqtm =1 e 0 0 (A.13)
ieg 0 O

(ACTT )2 = (3Re{e1}? — Im{e1}? + 2Im{ex}?)(CTE)?

rms
+ (‘61’2 + ’62‘2)CTTCEE

(ACTEN2 — (Refe1}? + Im{ea}>)((CTT)2 + (CTE)2 4 CTTCPE)

rms

(ACEE)? — (3Re{e1}? — Im{e1}? + 2Im{es}?)(CTE)?

+ (le1]? + [e2f*)CTTCFE (A.14)
(ACEE)? = (lex|* + |ea)CTT(CBE + s2CFF)

(ACT ) = (Re{er}? + Im{e2}?)(CTT)?

1
(ACHR)? = (|61!2+ lea*)CTTCEE + 2 (3Refer}?

rms

+ 3Im{ez}? — Im{e;}? — qu:{eg}z)(C'TE)2



A.3 Pointing Errors
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Defining 0%, as the deviation of the k' antenna’s pointing center, we can write, to the

first order,
A9(3) AX(5) = exp|— (5 — 06)? /207,
where § = (6t + 6ty)/20.
5V = —ic / K3 (K)[A2 (k — 2m0)]*[(k — 27w) - ]
1
<Vx(5v§;> =0 and <5VX(5V;> = 5(5}( . (sy) (va;> .
A.3.1 Linear Basis
1 1
01 = 5(562 +6u), 2= 5(5Q —du)
(ACTE)? = 1812 ()

ms

(AOTE )2 — %|51’2(CTE)2 + %(4’51’2 + ‘(52‘2)CTTCEE

ms

A 1
(ACEE )2 — (’51’2 + 5‘52|2)(CEE)2
(AGEEY =[5, CPP(CPP 1 92CPP) 4 L[5,PCPP(CPP 4 0PF)
(AGEE)? = I3 PCTT(0FP + 20PF) 4 |8, PCTT 0P

ms

A 1 — 1
(ACEE)? = 1181 FCPE(CPP + 2CFE) 4 (|5, (CFE)?

A.3.2 Circular Basis

02

I
e

A.4 Shape Errors

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

The product of two elliptic Gaussian beams can be written as a single elliptic Gaussian:

AJ(£) A (1) = exp @ C;?fig:;;lﬂ)? B (yczsglf;;)h;ﬁ)g |

(A.21)
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where 3 is the angle between the major axis of the resulting ellipse and the z-axis.

P

§Vs = —% d*kS(k)[(A3As)(k — 27u)]* (A.22)

where Ag(z,y) = 2?(¢7 cos® §+ ¢ sin? B) + (¢ cos® B+ (7 sin® §) +wy(¢F — () sin 26,

and Cf = a / 0. The only non-vanishing integrals in the covariance matrix are:
J
2A2)? 2A22 — Db
|JJA|: |yA|:Z7TO->
(A.23)

/A2332A2 /A2 (y2A2)*
2"
/(xQAZ 2A2 /|xyA2\2 %

1 1 1
=5+, & = %(cﬁ =6 G =5 ), o= 56T =) (a2
Averaging over [ we get

(Vx6V) = ¢ (Vx Vi) and (0VxdVy) = (2G5 + G ¢) (Ve V). (A.25)

A.4.1 Linear Basis

(AC)? = (10¢F, +2¢3,)(CTT)?
(ACTEY = (1¢t, + 3G +@,)(C)?

+ (B8 + 5+ Gy 33T
(ACH)? = (10G, +5¢E +2¢3, + (5 )(CPF)?

(ACED)? = (207 + (3_)s2(CFF)?
B (A.26)
+(12¢2, +12¢2 + 4¢3, + (3 )s2CPECBD
+ (10¢F, + B¢ + 2G5, + G)(CPF)?
1
(ACLE)? = ZC%_(CTE)Q +32¢ + G er”
1 1 _
+(3¢7, + fC%, +¢2 + fcg,)smTTcEE

(ACSE)? = ( C17 + C2f +52(3¢E, + G34))(CFF)?



A.4.2 Circular Basis

A.5 Cross-Polarization

The only non-vanishing integrals in the covariance matrix are:

/|f‘I22 = o2, /|A2p20052¢|2 =/|A2p25in2¢|2 — b

A.5.1 Linear Basis

o=

oI = ul%(Qcos&b—l— U sin 2¢),
o

(ACT)?

rms

(ACH)? =

rms

(AC)

rms

(ACHL)?

rms

(ACT)? =

rms

(ACHR)? =

rms

A.5.2 Circular Basis

Ht+ =

1 . .
S ), =

2
6Q = (1 + 2) 51 cos 26,

0U = (w1 — m);lsmw

2“% CTTCEE

1
5t + 1) (CTT)?
= 2(uf + p3)CTTCPE

= 2(ui + 13)CTT(CPP + 52CPF)

(1F + p3)(CTT)?

i—l[\:o\»—\

—(p} + p3)CTTCPE

[\

_ — )
2(# ©)
2

51 = iy 2 Qsin 29,
g
2 2

0Q = u+p—21 sin 2¢ + iu_%U cos 2¢,
o o

p?
0U = —ip——Q cos2¢
o
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(ACTT )2 = 2 CTT G BE

rms

A 1
(ACTE )2 _ :ui(CTT)Q

rms/) T Z
(ACEE) = (12077 — 242 CPF) P
(A.34)
(AéBB )2 — (MiCTT - QM%CEE)(CBB + ?CEE)

rms

A 1
(ACTB )2 — 7(,“’3-CTT . ZMQ_CEE)CTT

rms 4

A 1
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Appendix B

Gelman-Rubin Convergence
Diagnostic

Gelman-Rubin diagnostics monitor the convergence of Markov chain Monte Carlo (MCMC)
algorithms by comparing inferences made from several independently sampled sequences
with different starting points [20]. Multiple instances of chains are simulated in parallel
and first ny,, iterations of each chain are discarded for a burn-in phase. To determine
that the stationary distribution of the Markov chain is reached we can employ the Geweke
test, which compares the first and last 10% of the samples after the burn-in phase. If the
mean of the subsamples is still drifting, then a larger number of steps is required for the
burn-in phase.

After the burn-in phase, each chain is run for n samples and inferences of sample mean
and variance of each chain are made. If approximate convergence has been reached, these
independent inferences must be similar enough. Assuming that m instances of chains are
simulated, these m inferences are compared to the inference made for the entire collection
of mn samples. Denoting the i*" sample of the s chain by z,;, we can calculate the

between-sequence variance B/n, and the within-sequence variance W by

B/n=— ; (B.1a)
W = oy 1 ZZ Tyei — ,u,.g , (B.1b)
n:l =1

where ju,; is the mean of the ™ chain and p is the mean of the entire collection samples.
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2

An unbiased estimate of the true variance o“ can be made by a weighted average of

B and W:

1 1
no et
n mn

V=

B. (B.2)

The comparison of pooled posterior variance estimate V', and within-sequence variance is

given by the potential scale reduction factor:

R = \/g (B.3)

If R is close to unity inferences from independent chains are close enough to conclude
that the convergence is reached. A value of 1.1 < R < 1.2 is generally considered to be

an acceptable measure of convergence [20].



Appendix C

Mode Mixing

The spherical harmonics form a complete orthonormal basis on the whole sphere and
the polarization field can be uniquely decomposed into £ and B modes. However, on a
patch of cut sphere the £ — B decomposition is not unique [42, 6]. The non-uniqueness
of the decomposition causes a confusion of F and B signals. The net result appears as
the leakage of much stronger F mode signal into the B modes. The spherical harmonic

expansion of Eq. (2.17) and spin-2 harmonic expansion of Eq. (2.16) can be rearranged

as
QF tm = Z (aE,E’m’W+(€m)(Z’m’) + Z'CLB’g/m/W_(gm)(g/m/)), (C.1a)
2 ,m’
aB,im = Z (aBerm Wi em)(@m) — 1B 0m W_(em)(e'm?))s (C.1b)
o
where
1
Wetemy ey = 5 @Wiem) @) £ —2Wiem) @), (C.2a)
SW(Em)(Z’m’) = /SSYZTLS}/@/mldQ‘ (CQb)

Over the complete sphere S — S? and +2W(gm)(erm) become projection operators [42].
In order to separate the pure E and B mode signals, we write Eq. (C.1) in matrix

form as

E=W,E+iW_B, B=W,B-iW_E. (C.3)
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The components of W, B that correspond to very small eigenvalues of W, are poorly
determined by B. Since they represent polarization patterns whose support is outside
of the observed region, they generate ambiguous polarization modes. In order to remove
these components, we diagonalize W = Q_A'_DJ,_QE_ and define a truncated operator Q+
by removing the columns of Q4 corresponding to the eigenvalues <« 1 of W,.. Since Q4

is column orthogonal we have QE_Q.’. =1 and
~_1/2 41 & ~1/2 ~ A —1/2
D;'’Q\B~D/?Q|B -iD;*Q| W_E, (C.4)

where ]j+ is the corresponding truncated square diagonal matrix. The factor f);l/ 2@1
in Eq. (C.4) ensures that the projection operator is constructed from a reduced basis that
is complete and orthonormal over the patch S [42].

In order to remove the components of E that contaminate B, the range of f);lﬂQLW,
must be projected out through the singular value decomposition f):Ll/ 2QLW_ =UXVT,
The range can be projected out by including the truncated matrix U, which is constructed
by removing the columns of U corresponding to non-zero singular values, into the defini-

tion of the projection operator:
m=U'D;"?qQl. (C.5)

Therefore, the separated pure £ and B mode polarization signals become

Byu. — II. B — U'D./2Q| B ~ U'D/2Q! B, (C.64)
E,u — I1. E = U'D;Y/2QL E ~ U'D/?QL E. (C.6b)

The formalism discussed here applies to azimuthally symmetric patches on a sphere.
See [6] for a more general treatment of the decomposition of polarizations field into scalar

and pseudo-scalar modes on patches of a closed manifold.
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