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Two features of high-energy hadronic cascades have been long known to shielding spe-
cialists: (a) in a high-energy hadronic cascade in a given material (incident E 2 10 GeV),
the relative abundance and spectrum of each hadronic species responsible for most of the
energy deposition is independent of the energy or species of the incident hadron, and (b) be-
cause 7° production bleeds off more and more energy into the electromagnetic sector as the
energy of the incident hadron increases, the absolute level of this low-energy activity rises
less rapidly than the incident energy, and in fact rises very nearly as a power of the incident
energy. Both features are of great importance in hadron calorimetry, where it is the “uni-
versal spectrum” which makes possible the definition of an intrinsic e/h, and the increasing
fraction of the energy going into #%’s which leads to the energy dependence of e/m. We
present evidence for the “universal spectrum,” and use an induction argument and simula-
tion results to demonstrate that the low-energy activity scales as E™, with 0.80 £ m < 0.85.

1. Introduction

The number of secondaries in a high-energy hadron-induced cascade increases very
rapidly as the cascade evolves. In the first few generations 7’s are produced, “bleeding off ”
a substantial fraction of the energy into electromagnetic cascades. The cascade continues
until the final particles lose their energy by such processes as ionization, nuclear excitation,
spallation, and fission. Ionization and spallation losses by high-energy particles contribute
only negligibly to the total energy deposition, and it is fair to say that essentially all of the
energy deposition, activation, neutron yield, etc., are produced by low-energy particles.

The pivotal process in a hadronic cascade is the division of energy between the electro-
magnetic and hadronic sectors. Except through relatively infrequent process such as neutron
photoproduction, the energy carried by the 7%’s is not involved with subsequent hadronic
processes, and for the purposes of this paper is of concern only in that an average fraction Fo
of the energy disappears from the hadronic sector as the cascade develops. This logic is illus-
trated in Fig. 1. Note that Fo is the fraction of the energy carried by 7°'s in all generations;
we will later use f,o for the average energy fraction carried off by 7%’s in a single interaction.

The hadronic sector is defined as everything other than 7° production, that is, the
hadronic energy fraction F}, is defined as 1 — F,o. It includes energy lost through ionization
and spallation by high-energy hadrons, as well as all of the energy carried by hadrons below
the 70 threshold. It includes nuclear binding energy losses. The relatively small amount
of electromagnetic energy produced in such processes as (7n,<) reactions is also assigned to
the hadronic sector, since this energy fraction is proportional to the hadronic energy. For
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FIG. 1. Logic flow in a hadronic cascade. The energy in the hadronic sector is defined
as the energy not going into #° production, although a more detailed treatment would
exclude energy escaping from the front face of the absorber, energy escaping as neutrinos,
and energy deposited after a possible electronic gate. Other than for front-face losses, total
containment is assumed.

purposes of the “broad brush” treatment given here, we also include the small amount of
energy lost in the form of neutrinos, energy deposited outside of a possible electronic gate,
and hadronic loss from the front surface of a calorimeter or beam stop (“albedo losses”),
although such losses can be included without much additional complication.

For simplicity we also assume that the cascade is completely contained in a uniform
medium, where by “uniform” we mean “uniform over a neutron mean free path.” Examples
include concrete blocks, soil, and calorimeters consisting of alternating layers of absorber
and readout material.

We shall first examine the extent to which the relative abundance and spectrum of each
hadronic species is independent of the origin of the cascade, and then explore the energy
dependence of Fj.

2. The universal low-energy hadron spectrum

A small number of high-energy secondary particles (mostly pions) and spallation prod-
ucts are produced in the first collision of a high-energy primary hadron incident on a
calorimeter or other “beam stop.” The secondary 7%’s decay, and the other high-energy
hadrons undergo subsequent inelastic collisions. The number of interactions (“stars”) in-
creases rapidly as the particle energy degrades. Most of the activity, and in fact most of the
energy deposition, occurs at low energies, and to the extent that this is true, all information
about the origin of the cascade is lost. Although the level of activity varies with the energy
of the incident hadron, the energy distribution and relative importance of each hadronic
species is independent of incident species or energy.

The “universal spectrum” concept has been known for many years, mostly in connection
with radiation shielding problems [1]. The results of a MARS10 simulation are shown in
Figs. 2 and 3.* Fig. 2 shows neutron spectra (averaged over the cascade) produced by 10,

* The quantity d¢/dIn E = E d¢/dE is called the lethargy spectrum by radiation physicists, but
it is widely used to describe such quantities as differential cross sections when a logarithmic
scale on the horizontal axis is used. Its advantage is that if the vertical scale is linear, the area
under the curve is the integral of d¢/dE.
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FIG. 2. MARSI10 simulations of the neutron spectra in a lead beam stop for incident proton
energies of 10, 100, and 1000 GeV. Spectra are for all of the neutrons in the cascade. They
are normalized for relative agreement at low energies to emphasize the shape identity below
the beam energy cutoff.
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FIG. 3. MARS10 simulations of the neutron, proton, and pion spectra for 100 GeV incident

protons on lead. At low energies the charged particles are removed by ionization loss.
At high energies the neutrons and protons have similar spectra. In this case there is no
normalization. The relative numbers, particularly of neutrons, will be different in a different
material.
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FIG. 5. Hadronic energy loss by various mechanisms in cascades initiated by protons in
aluminum, as simulated with HETC. Energy deposits are given as fractions of the energy
not converted to 7%’s. Not shown is ionization energy loss by the incident proton, which is
constant at about 0.23 GeV; this amounts to 1.6% of the hadronic fraction at 20 GeV and
0.1% at 500 GeV.

20 and 500 GeV, in exchange for a decrease in the secondary proton energy deposit from
43% to 39% of the hadronic energy.

In hadron calorimetry, the sampling efficiencies are in general different for the elec-
tromagnetic and hadronic components of the deposited energy. These efficiencies (e and
h, respectively),* as obtained from CALORS89[6,7] simulations, are given in Table 1 for
four uniform calorimeter configurations with incident 7~ energies ranging from 25 to 227
GeV. The constancy of h for each configuration provides further evidence for the energy-
independence of the hadronic spectra. Since e is also constant (calorimeters normally have
linear response to electrons), the ratio e/h is also constant. Were it not for the “universal
spectrum,” an intrinsic e/h could not be defined.

Of course the “universal spectrum” theorem is not quite true. We have already dis-

cussed the change in the proton/pion ratio shown in Fig. 5. A higher-energy primary is
capable of producing more high-energy secondaries, but these contribute little to the total
energy deposition. Moreover, there are a variety of geometrical effects. The higher-energy

* Although it is the ratio of e and A which is usually encountered, it is useful to refer these
sampling fractions to the sampling fraction of the active medium for a minimum ionizing
particle. For example, suppose an ensemble of minimum ionizing particles lose 100 GeV in the
“2.54 cm Lead” calorimeter of Table 1. Since e = 0.60, we would expect a signal only 0.60 as
large from the cascade of a 100 GeV photon. In both cases, only a small fraction of the energy
is actually deposited in the readout layers, which in this case is plastic scintillator.
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100, and 1000 GeV protons striking solid lead, all normalized for relative agreement at low
energies [2]. Almost all of the particles have energies below 1 GeV, even for a 1 TeV incident
beam, and the shapes of the spectra (below cutoffs set by the incident beam energies) are
identical within the accuracies of the simulations. There may be some excess in the decade
just below the cutoff energy.

Fig. 3 shows spectra for the three main hadronic species, this time for an incident proton
energy of 100 GeV. As might be expected, the high-energy proton spectrum is about the
same as that of neutrons. At low energies the protons quickly lose energy by ionization.
They are nearly two orders of magnitude less important than neutrons at 100 MeV and
vanish rapidly as the energy decreases. Charged pions have a similar behavior, but they
are more abundant than nucleons at high energies. '

With proper transport to lower energies, the neutron spectrum shows a broad peak
with its maximum just below 1 MeV [3]. For example, Fig. 4 shows HETC88 simulations of
the neutron flux at 0.875 TeV and 20 TeV produced by beam-gas collisions in the Tevatron
tunnel [4,5]. The 20 TeV flux has been scaled downward for comparison of the spectral
shapes. Experimental measurements of the neutron spectrum at 900 GeV are in very good
agreement with the simulation results.
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FIG. 4. Neutron spectra at 875 GeV and 20 TeV in the Tevatron tunnel. The solid
histogram is an HETC/MORSE simulation at 875 GeV, and the dashed histogram is a
simulation at 20 TeV, normalized to emphasize the identity of the spectral shapes.

In Fig. 5 we show the various fractional contributions to energy in the hadronic sector,
this time simulated with HETC [6] for protons incident on an aluminum cylinder. To the
extent that the mix of low-energy hadronic components is independent of energy, each
component should be a constant. There is actually some energy dependence. The fraction
of hadronic energy deposited by secondary charged pions increases from 18% to 24% between



secondaries and spallation nucleons tend to concentrate nearer the axis and nearer the be-
ginning of the cascade. Only neutrons propagate to large radial distance from the shower
core, and low-energy neutrons (below ~150 MeV) have a flatter radial distribution than do
higher-energy components [8]. Such effects could be important in some situations, such as
activation near the cylindrical surface of a beam stop. However, in situations ranging from
shielding to calorimetry, there is a certain amount of averaging over the cascade geometry,
and the spatial variations tend to average out.

Table 1

CALORS9 [7] simulation values for ¢ and A for four calorimeter configurations. Each of
the identical cells in each configuration consists of a 100 cm x 100 cm absorber plate as
specified, followed by a 0.3 cm plate with the same transverse dimensions. In the two 2.54
cm plate configurations there are 68 cells. For the 1.90 cm configurations there are 92 cells
in the lead case and 90 cells in the iron case. The arbitrary normalizations of e and h are
chosen in this case relative to the sampling efficiency for minimum ionizing particles.

E.- (GeV) 2.54cmLead 1.90 cm Lead  2.54 cm Iron 1.90 cm Iron

e h e h e h e h
25 0.601 0.704 0.603 0.674 0.852 0.578 0.854 0.555
50 0.602 0.708 0.605 0.670 0.850 0.576 0.858 0.552
100 0.599 0.703 0.605 0.677 0.851 0.563 0.858 0.559
150 0.603 0.703 0.603 0.677 0.855 0.561 0.857 0.545
227 0.602 0.703 0.605 0.678 0.857 0.569 0.855, 0.543

Average 0.601 0.704 0.604 0.675 0.853 0.569 0.856 0.551

3. “Low-energy hadronic activity”

There are many measures of “low-energy hadronic activity,” all of which exhibit almost
the same dependence on incident hadron energy. These include:

1. Number of nuclear interactions (“stars”) produced in the absorber by hadrons whose
energy exceeds some threshold E;. Most such interactions are induced by hadrons
(usually neutrons) with energies not far above E;, and the comparatively few inter-
actions with E > E; contribute little to the total. This measure has the advantage of
being easily tallied by the transport code, and it is readily available. This and other
code-produced quantities are shown in Fig. 6; other examples are shown in Fig. 5.

2. The yield of a given radionuclide; e.g. ¥Mn in an iron absorber, ®Co in stainless
steel, or 2**Np in a uranium calorimeter [9].

3. The hadronic part of calorimeter response. The total response is a combination
of electromagnetic response (to the 7° decay photons) and to the predominately
low-energy hadronic activity, but these can be separated by analyzing the energy
dependence of the calorimeter’s response to incident hadrons.

4. Heuristic derivation of energy dependence

A simple induction argument may be used to obtain the energy dependence of the low-
energy hadronic activity. Let N(E) be one of the measures of this activity discussed above;
to fix ideas let it be the average number of nuclear stars produced by cascade particles

op)
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FIG. 6. Measures of hadronic activity simulated with FLUKA92 for protons incident on
an iron cylinder. Of particular importance is the number of nuclear interactions (stars)
produced by hadrons with energy above some cutoff, here 20 MeV and 50 MeV, and the
hadronic energy fraction (non-electromagnetic energy fraction). The former can be related
to radionuclide production, and the latter to calorimeter response. Note that the deposited
hadronic energy (non-EM energy) rather than total hadronic energy is plotted. The solid
lines have a slope of —0.15.

with energies above E; in a cascade initiated by a hadron with energy E (the hadron may
already be a secondary in a larger cascade). Now consider the activity N(nE) produced
by a hadron with energy nE, where n is a multiplier roughly identified with the average
multiplicity of high-energy secondaries (charged and neutral) produced in its first collision.
Unless it is a 79, a secondary with energy E; produces activity N(E;), and

NmE)y= > N(E), 1)

daughters(#x9)

where the sum is over secondary particles exclusive of #%’s. Now let us replace the correct
sum of activity contributions with the available energy fraction times an average contribu-
tion:

N(nE) = (1 - fw)n N(E) @
Here a fraction of the energy f,o is lost to the hadronic sector through #° production. (We
distinguish f,o, the fraction of the energy going into 7%’s in one collision, from F,o, the

energy fraction going into #%’s in all the generations of the cascade.) The cascade process
as we are modeling it here is shown schematically in Fig. 7.

Insofar as n and f,o can be treated as constants, the solution to this iterative equation

7 .
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FIG. 7. Schematic of cascade. It is assumed that in each generation the average energy of
the cascade particles decreases by a factor n and that an average fraction fyo of the energy
leaves the hadronic sector via #° production.
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FIG. 8. The average fraction of the energy entering the electromagnetic sector fyo as a
function of the average total multiplicity n for a single high-energy collision in a cascade for
fixed values of the power m, as given by Eq. (4). Estimates of m from the most dependable
simulations fall in the shaded region. One expects fyo < 1/3.

is a power law,

N(E)=KE™, (3)
with
1_m=‘“(1/§1-f"°)). @)

The other assumptions can be discussed most easily after examining the range of the
variables. For the choices fro = 1/3 and n = 20, we find m = 0.86. Halving the multiplicity
reduces m to 0.82, and if f,o = 1/4 rather than 1/3, m increases from 0.86 to 0.90. It
is difficult to find realistic parameters for which m falls outside the range 0.82 to 0.90.
Contours of fixed m are shown as functions of n and f,o in Fig. 8.

Equation (2) was obtained by assuming that the sum of activities produced by &k (=
(1 — fxo)n) particles with different energies E; could be replaced by k times the activity

oo



produced by one particle with the average energy E = (3, Ei)/k. Making use of the
power-law solution, we see that this is equivalent to

> EP ~kE™. (5)
k

However, if only one of the secondary particles carried all of the nonelectromagnetic energy,
the left side would be k™E™, which is smaller than the right side by a factor k™1, If
j particles divided the energy equally (j < k), then the factor would be (k/j)™~!. With
n =~ 10, the result would be about 30% smaller if only one particle carried all the energy, and
15% smaller if two particles divided the energy equally. A leading hadron tends to carry
off about half of the energy, and the fragmentation functions favor very unequal energy
division among the remaining cascade particles. As a result, our equal-energy assumption
probably overestimates the quantity on the right side of Eq. (1) by 10-20%—if we strictly
interpret n as the total multiplicity. In reality, the net effect of our approximation is to
reduce the multiplier n by 10-20%. It should be thought of as an energy scale factor between
generations rather than as a cascade particle multiplicity.

The remaining issues concern the effect of the energy dependence of n and fro, which
were implicitly assumed to be constant in the above development. The insensitivity of m
to either variable is evident from the above discussion or from Fig. 8. The multiplicity
increases only logarithmically with energy, so In n varies extremely slowly. Although a very
slow growth of m with energy is to be expected, the present data shows no conclusive
evidence for the increase. '

Similarly, In(1 — f,o) is insensitive to changes in fro over its expected range. If the
energy were all carried off by pions, then f,o would be 1/3 by isospin conservation. The
presence of secondary nucleons, #%’s from other sources (e.g. isobar decay), and leading
hadrons all tend to reduce fro, so 1/3 should be taken as an upper limit. Values near
1/3 are supported by the simulations. At low energies (10-20 GeV), where most of the x°
production should occur in the first collision, Fyo (7 production in all generations) is found
to be 30%-40%.

Finally, we have assumed that the products of a collision will themselves induce similar
collisions. This assumption will break down when the secondaries have energies below the

7% production threshold. The minimum incident energy for the validity of our argument
should thus be about 10 GeV.

It is useful to rephrase the logic: After each collision in a hadronic cascade, only (1— fro)
of the energy is available (on the average) for the next generation. This factor is applied
every time the energy increases by the multiplicity, which results in a power-law increase in
low-energy activity with increasing energy of the incident hadron. Stated differently, every
collision is very much like every other collision except for the energy scale. The very nature
of the process leads to a power-law-like behavior.

According to Eq. (3), the level of low-energy hadronic activity is proportional to E™.
We can fix the proportionality constant by a dimensional argument:
E, = Eo( E/Ep)™

= E(E/Ep)™! (6)

)



Here Ey is a scale energy which should correspond to the energy at which 7° production has
becomes important, or about 1 GeV. The average hadronic energy fraction F}, in a collision
is Ex/E, or

Fi=(1— Fyo) = (E/Eo)™™ . (1)

Understanding Eo as an effective 7° cutoff energy provides yet another way to obtain our
expression for m. The previous cascade generation was induced by hadrons with average
energy nkEy, etc., so if there were n, generations, E = n"9Ey, or E/Eg = n". In each
generation F}, is reduced by the factor (1 — fro), so

Fr=(1=fo)* = atm=Dns (8)

From the relationship (1 — fyo) = n{™~1) one immediately recovers Eq. (4).
5. Comparison with Monte Carlo simulation results

According to the above discussion, every measure of hadronic activity should scale as
the same power of the incident energy—at least in a given simulation. Such results are
shown in Fig. 6, where lines with slope m — 1 = —0.15 provide a good description for all of
the data.

A series of FLUKA [10] runs was used to investigate the details of the distribution of the
electromagnetic energy fraction on an event-by-event basis in a solid lead beam stop [11].
The behavior of the first moment of the distribution, plotted as 1 — F,o, is shown in Fig. 9.
A least-squares fit of Eq. (7) yields m = 0.87 and Ey = 0.76 GeV. There is a little evidence
for curvature, as might be expected from the slow increase of multiplicity with energy, but
this is not corroborated by other studies reported here.

Similar results are shown in Fig. 10 for two sandwich calorimeters simulated with
CALORS89[6,7] (these are two of the runs for which e and h are reported in Table 1.)
This time the best-fit power is somewhat smaller, about 0.83 for both lead and iron. The
difference appears to reflect 7° production differences between the two codes. In the lead
case Eg = 1.3 GeV, and for iron it is 0.7 GeV, reflecting a 5% smaller hadronic activity
(fewer neutrons) in iron than in lead.

A value of the power for higher energies from HETC/MORSE comparisons of the
expected neutron flux at the Tevatron and SSC, which were run at 20 TeV and 875 GeV [4).
The ratio of longitudinally integrated neutron fluxes was 14.0 for the direct flux and 13.7
with the inclusion of albedo flux, corresponding to m = 0.84 in both cases. This is in good
agreement with lower-energy HETC results, and argues that m does not decrease much
with increasing energy.

These and other simulation results are summarized in Table 2. The actual hadronic
fraction is fairly insensitive to the value of Ey, since it is always raised to a very small power
(1 — m = 0.13). Doubling Ey produces only an 9% change in Fj,. Moreover, m and E; are
highly correlated. For this reason we also list Fj, at 100 GeV, which is near the centroid
for the fits. The range of the power m given in Table 2 is 0.78 to 0.87. The lower value is
probably errant because of poor statistics at the highest-energy point, and the value 0.87
was obtained with an older version of FLUKA. In the context of the present studies, we
conclude 0.80 S m < 0.85.

10
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FIG. 9. The mean hadronic fraction Fj as simulated with FLUKAS86 for negative pions
incident on a lead target. The least squares fit of the function (E/Eo)™~? yields m = 0.87

and Fy = 0.74 GeV, shown by the solid curve. The dashed curve is from a preliminary
report, assuming m = 0.85 and Ep = 1.0 GeV [12].
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FIG. 10. The mean hadronic fraction F) as simulated with HETC89 for negative pions
incident on a sandwich calorimeter. Each 100 cm x 100 cm cell of the calorimeter consist
of 2.54 cm thick metal plate and 0.30 cm plastic scintillator. Other data from the same
runs are shown in Table 1.
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Table 2

Values of m and E; for the hadronic fraction Fj, = (E/Eo)""l. The variation of m shown in the
table is considered excessive, and is not yet understood. Because Ej is highly correlated with m,
the quantity Fj(100 GeV) = (100 GeV/Eq)™~! is also given.

Code  Material Incident Energy Power Scale Ey Fj at Comments
particle (GeV) m  (GeV) 100 GeV

FLUKA86 Lead =~ 10-1000 0.87 0.74 0.53 Cylinder

FLUKA92 Iron P 3-1000 0.80 * * Cylinder
FLUKA92 Iron T~ 3-1000 0.85 * * Cylinder
FLUKA92Aluminum =~ 3-1000 0.85 S Cylinder
HETC Lead T~  25-227 0.83 1.34 0.48 Hanging file calorimeter
HETC Iron T~ 26-227 0.83 0.71 0.43 Hanging file calorimeter

HETC Aluminum p 10-1000 0.81 1.54 0.45 Cylinder
HETC Concrete P 10-1000 0.78 2.05 0.43 Cylinder
HETC Tevatron p 875-20000 0.84 — — Full tunnel simulation

* Slope based on deposited hadronic energy, so Eq and F(100 GeV) are not available.

It should be emphasized that the division into hadronic and electromagnetic sectors is
complete when all particles have fallen below the 70 threshold, and all of the details of this
analysis can be learned without any particle transport below this threshold.

Further studies are needed to resolve (a) differences between materials, if any, (b) why
codes give such different results, and (c) whether m and Ey are sensitive to incident particle
species. These will be made before this paper is submitted for publication in a journal.
There is, in fact, a physical reason why the power might be different for incident protons
than for pions: A large fraction of the energy in a collision is carried by a leading particle,
which is a nucleon in the case of a nucleon collision and pion in the case of a pion collision.
If it is a pion, then 1/3 of the time it should emerge as a 7°, remove a large fraction of
the collision energy from the hadronic sector. In this case m should then be smaller, and
F,(100 GeV) should be smaller. In the two FLUKA92 studies summarized in Table 2, the
change in m is in the opposite direction, and the F}, curves cross.

6. Previous work

The power-law growth of hadronic activity is hardly a new idea. In shielding discussions
it is related to the source strength parameter in the Moyer model, which is related to
multiplication in cascades. Thomas and Stevenson credit the power law to Lindenbaum [13],
although it is not in the reference they cite {14). Lindenbaum suggests m = 0.5. Thomas
and Thomas use later studies to conclude m = 0.80 £ 0.10[15], and others have extended
the range of applicability to higher energies [16,17]. In any event, they do not go beyond the
confines of the Moyer model, and Thomas and Stevenson elsewhere assume that neutron
yield is proportional to incident energy to ensure an overestimate of hazard.

In a 1972 paper, O’Brien noted that the number of stars divided by the incident energy
could not be constant, but must decrease with increasing energy [18]. The curve he gives
in Fig. 1 corresponds to m = 0.84, and would have been recognized as a power law had he
used a logarithmic vertical axis. The lack of energy dependence in the Monte Carlo data
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shown in the figure reflects insufficient 7° production in the early transport codes. O’Brien
was aware of the Moyer model work at Lawrence Berkeley Laboratory, but evidently no
paper was published supporting the assertion that neutron production, for example, grew
as a power of the incident energy [19].

7. Discussion

We have made two points: (a) the concept of low-energy hadronic activity with little
memory of its origins is fundamental to studies of shielding, radioactivation, and calorimeter
response, and (b) the very nature of the cascade process is such that the level of the hadronic
activity scales very nearly as a power of the incident energy: Activity «c E™.

The exponent m seems to lie in the range 0.80 to 0.85, depending on the Monte Carlo
code used to study it and not depending strongly on the material in which the cascade
occurs. Since every collision is very much like every other collision, it is possible to obtain
an estimate of the exponent by means of an induction argument. The exponent is a function
of the average n° energy fraction and multiplicity of high-energy secondaries in a single
hadron-nucleus collision.

The hadronic energy fraction in a cascade, defined as the energy not transferred to the
electromagnetic sector by 7° production, is given by (E/Eg)™!, where Ey is a scale factor
close to 1 GeV. It is larger for lead than for iron, reflecting the fact that at a given incident
energy a larger fraction is lost to nuclear processes for heavier, less tightly bound nuclei.

The asymptotic behavior of the hadronic fraction cannot be overemphasized. Since the
exponent m is of necessity less than one, the hadronic fraction slowly approaches zero as
the energy increases. This feature is well known in cosmic-ray physics, where the energy
deposition in energetic air showers is predominantly electromagnetic. For calorimetry it
means that the asymptotic response to a pion is the same as that for an electron: e/ — 1,
and the hadronic response is asymptotically linear.
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