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ABSTRACT

The virtual Compton corrections to muon pair pro-
duction are analyzed and compared with the Bethe-Heitler
cross section for symmetric pairs. The three corrections
studied are the peripheral, diffraction and "compound
state" processes. It is shown that the peripheral
processes will be the first to give significant correc-
tions as the photon energy and muon detection angle are
increased in future experiments. It is predicted that
mu-pair experiments should be interpretable as pure
Bethe-Heitler processes (and therefore valid tests of QED)
up to photon energies of 10 BeV and muon angles of 18°

in the lab system.
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I. INTRODUCTION

It has long been known' that the production of pairs of electrons or
muons with wide angular separations could serve as a probe for testing
guantum e€lectrodynamice at small distances. The object of the experiment
'is\to méasure processes in which a victual _lcatren or wuon is very far
off its mass shell so that deviations from QED which involve the fermion
propagator might be observed.

The standard experiment involves the diagrams of Fig. 1, and it has
been customary to observe the muons symmetrically about the forward direc-
tion in order to eliminate interference from the so-called Compton dia-
grams of the class indicated by Fig. 2.

It is of course extremely important to know that the effects of such
Compton diagrams are negligible if one is to be able to interpret experi-
mental deviations from the predictions of the Bethe-Heitler graphs as a
breakdown of QED. It is the purpose of this paper to examine the Compton
contributions in detail to try to set limits on how far these experiments
may be pushed.

Recent experiments2 at the Cambridge Electron Accelerator have used
photon energies (k) of nearly 5 BeV and muon angles of up to 6 = 10°
in the lab system. This gives a mass for the vi?tual muon of about 0.6
BeV. Experiments proposed3 for the Stanford Linear Accelerator will use
k = 10 BeV and 6 = 200, which lead to a muon mass of 2.1 BeV. OSame esti-

mates will be made of the Compton effects which will treat the energy and

angular ranges spanned by these two experiments.



The paper is organized as follows: In Sec. II the exact Bethe-Heitler
cross section is written down and certain kinematical and experimental
problems are discussed. In Sec. III the Compton contributions are esti-

mated, and in Sec. IV the conclusions are summarized.

II. BETHE-HEITLER CROSS SKCTICN

We have evaluated the cross section? from the graphs of Fig. 1 assuming
arbitrary energies and angles for the final muons. All muon mass terms
have been kept and recoil has been treated exactly. All of these contri-
butions are important for the experimentsgﬁe will consider. The follow-

ing invariant quantities are used:

o = (p,+p.)?
t = ¢®=(k-p_-p)%=(a-Qa)"
WE = (k+ Q)%= (p, +p_ +Q"°
v = 2(p,-p.) "k
w = 2(p,-p) P
where P =Q + Q' (the sum of the initial and final proton four-momenta) .

We denote by “TI%H] the invariant matrix element squared and averaged

over initial spins and summed over final spins.
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In the above equations :ﬁl and 5#2 are the cambination of Fl and

qu which were defined by Bjorken, Drell and Frautschi:®
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To obtain the symmetric amplitude from BEgs. (1) and (3) simply set
v =W = 0.
Using Eq. (1) and (3) and the representations given by Hand, Miller

and Wilson®

for the proton form factors, we have calculated the symmetric
Bethe-Heitler cross section for a range of energies and angles. The cross

section is

g _ Me® sin®6 o 1 (A + u? B) (6)
de de 46 d9 dp dp_ k2[M-2¢(1-cos 6)] LUx® ¢




where we have assumed that both muons are detected and resolved In energy
and angle. This has necessitated dividing out the bremsstrahlung spectrum
to get the cross section per equivalent guantum.

Although Fig. 3 gives a very accurate’ value for the symuetric Bethe-
Heitler cross secticn, it is possikle +hat this number could be misleading
when comparisons are made with Llhe Cumrpton contributions. Because any
experiment will have finite resolution in the six muon energy and angle
variables, the cross section of Eq. (6) must be integrated over these
variables. A few numerical examples have shown that the Bethe-Heitler
cross section and the ratio of Bethe-Heitler to Compton processes are fairly
sensitive to the resolution. We have not weorked out any examples because
a proper six-dimensional integration would take more computer time than is
presently at our disposal, but such integrations can easily be done as
particular experiments are designed.

Finally, it should be pointed out that we have assumed hydrogen as the
target as opposed to carbon which was used in the CEA experiment.2 Our
calculation will apply to experiments in which the momentum transfer to
the proton becomes quite large relative to its binding energy in carbon.
For these experiments coherence effects would be negligible and the pres-

ence of a carbon nucleus would be more of a nuisance than an aid.
ITI. COMPTON CORRECTZICHS

All of these processes involve the virtual Compton scattering of
a photon followed by the decay of the time-like photon into a u+—p—
palir. The three possible ways in which Fig. 2 can be broken up are
shown in Fig. 4. Figure Ya includes among others, the peripheral or

one-pion exchange processes and the diffraction or two-pion
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exchange processes. We will consider only these two contributions to

Fig. La.

In each of the graphs of Fig. 4 the virtual photon is coupled to a
vertex involving strongly interacting particles. We handle this situa-
tion in “he standard manner, assuming that tic ghoton communicates with

the vertex via the p, ©, and ¢ mesons.

A. Peripheral

In the peripheral case we get Fig. 5. In the spirit of the peripheral

approach we assume that the pion couples to the proton and y-p currents
as if it were real, and we expect this to be a good approximation for
mamentum transfers less than a few plon masses.

If we denote by [‘T 12] the matrix element of Fig. 5 summed and

per

averaged over spins, we obtain”

2 4
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If the experiment is performed at energies
the real mass of one of the resonances one
and a greater chance of seeing these peaks
This possibility is further analyzed in Sec
We now consider the ratio R

of the pe

Bethe-Heitler cross section. In Fig. 6, R
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and éngles which put o at
expects a strong enhancement
in the measured cross section.
. IV,

ripheral cross section toc the

is plotted for a wide range



of energies and angles. TFor very low momentum transfer +t, R becaes
small since Tper is proportional to t and TBH goes as t72, We
expect R 1o increase rapidly as t increases; in Fig. 6 we have
indicated the momentum transfers at which R passes through lO% for
four energies. From Fig. 6 we sce that an angle of 18° in the lab at a
phioton energy of 1C LV 1s poscible befor. Lae peripheral corrections
exceed 10%. This corresponds to the virtual muon having a mass of about
2.1 BeV.

We must now examine the validity of a peripheral approximation at these
energies and angles. We are assuming *lat the photoproduction of p mesons
is largely peripheral for momentum transfers less than about 0.45 (BeV/c)2
and photon energies greater than 3 BeV. We have also dropped the
intermediate state on the assumption that the ynw coupling is substan-
tially smaller than the ynp coupling. The data of Crouch’ et al. is

*
congistent with these assumptions when real p's are produced. As a

function of ¢ , the amplitude of Fig. 5 goes as ¢t for t fixed and
g large. This is true because the two propagators for the virtual p

and virtual 7y provide encugh powers of ¢ +to more than cancel the

energy dependence introduced by the gauge invariant coupling:7

€ g () K ()5 - ®

However, we must also consider the ¢ dependence of the form factor
at the pmny vertex. We have used the graphs of Fig. 7 to get a qualita-
tive estimate of the vertex function. The sum of the two graphs in Fig.
7 leads to a form factor which, after one subtraction is used to re-

2

normalize to one at o = mp and t = mﬁ , still increases logarithmically

*
See note added in proof, p. 1k,
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for large o or large t. Therefore, on the basis of these diagrams we
might expect the peripheral contribution to grow somewhat faster than it
does in Fig. 6. But again the ¢ and t dependences come from the
coupling at the pny vertex. If we could find some way to treat the

y =3z —pn vertex withovt counling *c vecter perticles, the energy
dependence would be more favorable. We conc¢lude that the contribution
of the pny vertex cannot be definitely determined but it seems safe
to say that at worst it introduces an extra log o or log t factor.

This will not have a very significant effect on our conclusions.

B. Diffraction

In discussing the diffraction contribution we need only consider the
process of photoproduction of o mesons. The subsequent "decay" of the
p into a photon and then a muon pair will lead to a common factor which
will multiply all p-production amplitudes.

The most recent data® on the photoproduction of p's 1is consistent
with one-pion exchange for t < 0.4 (BeV/c)® and ® > 1.4 BeV, but on
the other hand the experimenters have not been able to exclude diffraction
as a possible major contributor. We will handle diffraction in the same
way as Drell and ]Serman,8 i.e., replacing the top rung of the diffraction
graph for pion-nucleon scattering by the rung-shown in Fig. 8.

The result of this calculation is

56
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1
where as usual the mass of the final o is ¢2 and where the inter-

mediate « 1s on its mass shell as required by the diffraction approach.
The form of the =N diffraction cross section is taken fram the data of
Ting, Jones and Perl.®

Tbe ratio of the diffraction ocmpl-tuds ¢ the peripheral amplitude

given by

gt & 2
|| 2 L Zpny "xNN [t \ft -0 (10)
per 24 M2 m2 £ - m2
8] b1
can now be evaluated, and if one assumes that g =g and that
S 194 pay

it 1s found that the diffraction contribution 1s at most equal to the
peripheral contribution at essentially all the energies and angles of
interest. We feel, however, that this is probably an overestimate

because seems to be significantly smaller than gpTt7 6 ) and

Sy
the value of gpnm is an upper limit.® However, as the muon angles get
large and t begins to increase more rapidly, the exponential causes
the diffraction amplitude to fall behind the peripheral, and diffraction
is no problem at all at the larger muon angles.

Our conclusion is that, even if p producticn proceeds largely by
diffraction instead of one-pion exchange, our estimates of the energies

and angles at which the Bethe-Heitler terms dcminate are, at worst,

unchanged, and may possibly be conservative.



C. Direct S-Channel Processes

Another possible mechanism for @ production is the one illustrated
by Figs. Ub and 4e. The photon and proton form scme "compound state"
which decays to a p and proton. In a dispersion treatment one would
asstme that the effects of this ccampound state r~ould be approximated by

a set of poles at ©

he nucleon is
that the yp —0p matrix element satisfies an unsubtracted dispersion
relation and that this dispersion relation remains valid even when the
final p is taken far off its mass shell. If these assumptions are
made it is not difficult to prove that these reacnance contributions to
mu-pair production are completely negligible. However, iuv is very
difficult to justify these assumptions, and we have chosen to make another
argument which relies entirely on experimental observations.

Referring to the data of Ref. 9, in particular Fig. 2, we find a very
strong peaking of the p cross section in the forward direction. This
is most evident in the angular distribution of the recoil protons. If
compound states with reasonable angular momenta were contributing we
would expect to see ripples in the angular distribution and a backward
peak. Although such behavior cannot be ruled out, it seems safe to say
that it must contribute substantially less than 25% of the cross section.

We can obtain an overestimate of the contritution of compound states
to the differential cross section for p production in the forward
direction by making the following two assumptions:

(a) Compound states account for 25% of the total p production

cross section.

- 10 -



(p) The process proceeds through a single angular mcmentum
channel - say'& = 2, We choose this value of 2 because
it gives a large estimate for the ratio of the differ-
ential cross section in the forward direction to the total
cross section. In fact we have tle relation®’

a o+ 1
<'&%> = E; Teotal (1)

which holds in the center-of-mass system for any reaction

which goes via a single 4 channel.

We will assume = 7.5 ub for these campound processes12 in

Ytotal
the following calculation. This leads to

o

(a%) ~ 4 yp/sr (12)
°cM

in the center-of-mass system. Converting this to the lab system, we

find:

(®), -2 —" T () (2

=1
SIS cM ECM M+ klab (1-6p

where ECM is the center-of-mass energy of the initial proton (ECM = yM)
and Bp is the velocity of the final ¢ in the lab. Using standard
Lorentz transformation formulae and assuming that the p 1is highly

relativistic in both the lab and center-of-mass, we get:

- 11 -



which leads to:

[|T| 2]compou_nd ~ 32 2* (%)2 (%) (15)

for large k.

When Eq. (15) is cdﬁpared with Eq. (10) for various energies and
angles, it is found that for small mamentum transfers where the periphersal
cross section is small, the compound state contribution can be a factor
of three larger than the peripheral. But it cannot be big enough to be
seen over the Bethe-Heitler events. As t increases to the point where
the peripheral can be seen, the compound contribution, being independent
of 1, becomes negligibly small. Thus we conclude that contributions
from resonant. states are almost certainly negligible for all proposed

energy and angle regions.

IV. CONCLUSIONS

The results of the preceding analysis can be summed up as follows:
The ..*st troublescme Campton process is the peripheral, which will be-
come large enougt %o significantly affect the cross section at momentum
transfers of about O. = (BeV/c)2 when the incident photon has an energy
of 10 BeV. This estimate is based on the data of nefi. 9 and the assump-
tion that the peripheral model is valid up to the momentum transfers
mentioned. Any correction'. *o the peripheral model would probably take
the form of distorted incaming and outgoing waves due to initial and final
state interactions. These effects have been considered by Gottfried and

Jackson®® and Ross and Shaw'*; in general the effect is to reduce the

- 12 -



cross section below the value predicted by the peripheral model. The
reduction is greater at higher momentum transfers.

These effects, 1f present, will clearly cause our estimates of the
range of validity of the Bethe-Heitler formula to be too conservative.

If the produetica of o's gocs via a diffr:ciion mechanism or via
iﬁtermediate resonance states we have73hown that the effects will be less
than the peripheral. Therefore, in any event it seems reasonable to
conclude that one will be able to observe the pure Bethe-Heitler process
for values of the virtual muon mass in excess of 2 BeV. This will test
the limits of quantum electrodyramics to distances of the order of
0.3 x 1071% cm, which is a factor of five better than existing measurements.

In closing, we would like to discuss the possibility of observing
the P and ® resonances as bumps in the p-pair cross section.® If
Eq. (7) is analyzed it is found that the best chance for observing this
effect occurs at relatively low photon energies (3-U4 BeV) and relatively
large angles (11°-14°). If the p and ® are assumed to couple equally
at the yn vertex and if the resolution is sufficiently good, one can
get the peripheral contribution to about 30 or 40% of the Bethe-Heitler
contribution, which would make the bump just barely visible.

The most important assumption in the above is the equality of gpny
If, as seems to be the case,9

and g is reduced by a factor

ary © Carry
of the order of 10, then the  peak does not contribute appreciably and
the p peak is too broad and flat to produce a large enough enhancement.
This fact leads one to be pessimistic about observing the leptonic decays

of the p and @ in this manner. Only if a 5% experiment with narrow

resolution could be performed might one hope to see this effect.

- 13 -
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NOTE ADDED IN PROCF

After this paper was finished the author was informed by Dr. S. Drell
(Stanford Linear Accelerator Center) of-sase more recent data taken by
the C.E.A. Group which indicates that the following modifications must
be made in this argument:

1. The data for p-production seem to be less and less consistent
with a peripheral model and show very significant diffraction contribu-
tions(F. Pipkin, private communication). This does not change the
overall result of this paper, however, since this possibility is
already dealt with in Sec. III.B.

2. The production cross section for w-mesons now seems to be at
least 25% of that for p-production. If we let X equal the ratio
<gum7/gpﬁ7>’ then we can account for whatever  coupling is finally
determined by multiplying our valve for R in Fig. 6 by (1 +%)2.

[?ee also Eq. (7ﬂ . Finally, we must qualify our statement at the end
of Sec. IV to the effect that if the uamy coupling is indeed of the same
order as the pmy coupling, the chances of seeing the p,®» bumps in the

pu-pair spectrum are greatly enhanced.
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FIGURE CAPTIONS

"Bethe-Heitler" graphs for muon pair production.
General "Compton" graph.

Symmetric Bethe-Heitler crass section vs. lab angle of detected

- meson fo. various incident shoten eae=gi-s.

Breakdown of Fig. 2 into the S, t, u channels.

Peripheral production of mu-pairs.

Ratio of amplitude for peripheral production to amplitude for
Bethe-Heitler production vs, invarisnt mouwentum transfer.
Approximation to form factor at pny vertex.

Top rung of diffraction production graph.
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