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Abstract In this study, we explore the thermodynamic
properties of a Schwarzschild black hole (BH) embedded in
an anti-de Sitter (AdS) background, which is further coupled
with a cloud of strings and surrounded by a quintessence-like
fluid. Beginning with the formulation of BH mass in terms
of the event horizon radius, we incorporate the concept of
pressure as related to the AdS curvature radius within the
framework of extended phase space thermodynamics. Using
this setup, we derive key thermodynamic quantities, includ-
ing the Gibbs free energy and internal energy, to characterize
the energetic behavior of the BH system. To assess the sta-
bility of the BH, we compute the specific heat capacity and
analyze how it is influenced by external parameters, such as
the string cloud and the quintessence-like fluid. These geo-
metric and matter fields are shown to significantly modify the
thermal response of the BH. Furthermore, we examine the
inversion temperature associated with the BH and highlight
its distinction from the standard Hawking temperature, pro-
viding deeper insight into the phase structure. Additionally,
we investigate the Joule-Thomson expansion process and
demonstrate how the aforementioned parameters affect this
thermodynamic phenomenon, showing important aspects of
BH cooling and heating behavior in an extended thermody-
namic context.
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1 Introduction

Black hole (BH) thermodynamics has evolved into a central
and insightful field of gravitational physics, illustrating our
information between geometry, quantum theory, and statis-
tical mechanics, with many important results illustrated in
the literature [1–7]. Fundamental thermodynamic variables,
including entropy and temperature, are intimately related to
geometric properties such as the event horizon’s area and the
surface gravity. Semiclassical investigations reveal that the
emission of Hawking radiation inherently drives BHs toward
thermal instability, as the temperature rises with decreasing
horizon size, initiating a runaway heating process. Over the
years, extensive studies have been devoted to understanding
various aspects of BH thermodynamics, among which the
question of thermal stability remains crucial. This stability,
reflecting the system’s resilience to small perturbations in its
thermodynamic parameter influence, is often tested through
its phase structure, especially near critical point information,
using a variety of theoretical frameworks [8]. One of the
most widely adopted methods for assessing BH stability is
the computation of specific heat (Cp) since a positive heat
capacity signifies a thermodynamically stable configuration
[9,10]. Also, specific heat (Cp) analysis serves as a pow-
erful diagnostic tool for exploring phase transitions in BH
systems, where the sign change or divergence of the heat
capacity provides insight into the underlying critical behav-
ior [10–14], showing and illustrating two principal types:
transitions indicated by finite changes in heat capacity (Cv)
and those marked by its divergence.

The AdS/CFT correspondence [15] has revitalized inter-
est in the study of asymptotically Anti-de Sitter (AdS) BHs,
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largely because of their effectiveness in modeling strongly
coupled thermal field theories on the AdS boundary. These
BHs are significant not only from the holographic perspec-
tive but also due to their rich bulk thermodynamic structure,
which exhibits a variety of phase transitions. A well-known
example is the first-order Hawking–Page transition between
thermal AdS radiation and Schwarzschild-AdS BHs [16].
When conserved charges are introduced, the thermodynam-
ics of AdS BHs display behavior strikingly similar to that
of a Van der Waals fluid [17]. This analogy becomes more
precise within the framework of extended phase space ther-
modynamics [18], where the cosmological constant � is pro-
moted to a thermodynamic variable, interpreted as pressure,
and allowed to vary in the first law of BH thermodynamics:
δM = (T δS+V δP +· · · ), where V is the thermodynamic
volume conjugate to P . This formalism enables the formu-
lation of a BH equation of state, P = P(V, T ), which can
be directly compared with that of a conventional fluid. For
instance, the Van der Waals fluid is governed by the two-

parameter equation of state T =
(
P + a

v2

)
(v − b), where

v = V/N denotes the specific volume per degree of freedom,
with N representing the number of microscopic constituents.
The parameters a > 0 and b > 0 respectively capture the
effects of attractive interactions and the finite size of fluid
molecules. Remarkably, the thermodynamics of charged and
rotating AdS BHs qualitatively reproduce the features of the
Van der Waals fluid, including a first-order small/large BH
phase transition analogous to the liquid–gas transition. This
transition terminates at a critical point characterized by clas-
sical mean-field critical exponents [19]. In both systems, the
Gibb’s free energy exhibits a characteristic swallowtail struc-
ture, signaling the presence of a first-order phase transition.

In the domain of BH thermodynamics, anti-de Sitter (AdS)
BHs have received considerable attention due to their rich
phase structures and deep analogies with conventional ther-
modynamic systems. A notable milestone in this field was
the discovery of the Hawking–Page phase transition, which
illustrates and defines a shift between a Schwarzschild-AdS
BH and thermal AdS spacetime, which also plays a crucial
role in the AdS/CFT correspondence [5]. Later, Chamblin
et al. established a remarkable correspondence between the
phase behavior of charged AdS BHs and that of a liquid–gas
system in van der Waals fluids, particularly in the context of
Reissner–Nordström-AdS (RN-AdS) BHs [20,21]. This con-
nection was significantly deepened with the formulation of
the extended phase space approach, where the cosmological
constant is interpreted as a thermodynamic pressure, lead-
ing to the identification of P–V criticality [8]. Within this
framework, other phenomena such as reentrant phase tran-
sitions [22,23] and the presence of a triple point [24] have
been tested, illustrating the idea that AdS BH models can
show behaviors analogous to ordinary thermodynamic sys-

tems. The breadth of developments in this subject is captured
in recent reviews such as [25]. In this context, explain the cos-
mological constant properties, as illustrated this concepts in
this study [26], offering a method for extracting mechani-
cal work from BHs. Also, this study was further extended
through its application to the rankine cycle, envisioning BHs
as efficient cosmic-scale power plants [27]. Up to now, ther-
modynamic properties of AdS BHs have been widely studied
in the literature (see, Refs. [28–39]).

Another important line of inquiry is the Joule–Thomson
expansion, first tested for charged AdS BH models in
[40], which investigated inversion curves and critical behav-
ior, revealing both parallels and distinctions with van der
Waals systems. This study was subsequently generalized
to Kerr-AdS BHs [41], holographic superfluids [42], and
quintessence-modified Reissner–Nordström-AdS BHs [43],
expanding the thermodynamic understanding of BHs across
diverse gravitational frameworks. One of the significant
areas of research within the field of BH thermodynamics
is the investigation of phase transitions. This topic involves
employing a variety of analytical and computational meth-
ods to explore and characterize the different types of phase
transitions that BHs can undergo. In recent years, particu-
lar attention has been directed towards the thermodynamic
topology of BHs, which has emerged as a highly influen-
tial and insightful approach for examining the nature and
properties of these phase transitions across diverse BH sys-
tems. This novel perspective has contributed substantially
to advancing our understanding of BH thermodynamics and
the underlying physical mechanisms driving such transitions.
For a more study on thermodynamic topology, readers can
see these references [44–53].

By incorporating the cosmological constant into the ther-
modynamic framework of BHs, it becomes possible to ana-
lyze these objects in an extended phase space, opening the
way to study thermodynamic laws, the weak cosmic censor-
ship conjecture, BH heat engines, and the Joule–Thomson
(J–T) expansion process. The first detailed investigation of
the J–T effect in charged AdS BHs was conducted in [40],
where the process, analogous to the classical thermodynamic
expansion of a gas from high to low pressure through a porous
plug under constant enthalpy, was formulated in the gravi-
tational context. Since this pioneering work, the method has
been extended to a wide range of BH geometries, including
d-dimensional charged AdS BHs [54], RN-AdS BHs in f (R)

gravity [55], AdS-BH with a global monopole [56], regular
(Bardeen)-AdS BHs [57], charged AdS-BH in rainbow grav-
ity [58], Hayward-AdS-BH [59], AdS-BH with momentum
relaxation [60], Bardeen-AdS BH [61,62], Lovelock gravity
BHs [63], charged Gauss–Bonnet AdS-BH [64], AdS-BH in
quasitopological electromagnetism [65], charged Hayward-
AdS BH in extended phase space [66], and Hayward-AdS
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BH surrounded by fluid of strings [67], Hayward-AdS BHs
in 4D Einstein–Gauss–Bonnet gravity [68].

Our study focuses on the comprehensive thermodynamic
analysis of a Schwarzschild BH embedded in an AdS space-
time, which is further modified by the presence of a cloud of
strings and a surrounding quintessence-like fluid. Within the
framework of extended phase space thermodynamics, where
the negative cosmological constant is reinterpreted as a ther-
modynamic pressure related to the AdS curvature radius, we
start by formulating the BH mass as a function of the event
horizon radius. In this case, this formulation enables us to
derive and examine a range of fundamental thermodynamic
quantities, including the Gibbs free energy, internal energy,
and specific heat capacity, providing a detailed description
of the energetic and stability properties of the system. Also,
our results show and illustrate the combined effects of the
string cloud parameter and the quintessence-like fluid intro-
duce significant modifications to the BH’s thermal behav-
ior, altering its heat capacity profile and stability domains.
Also, to further illustrate the phase structure, we compute
the inversion temperature and compare it with the Hawking
temperature, identifying distinct features that shed light on
the role of external fields in BH thermodynamics. In addi-
tion, we investigate the Joule–Thomson expansion process,
emphasizing how the interplay between the cloud of strings
and the quintessence-like background affects the transition
between heating and cooling regimes, as well as the location
of the inversion curves. In this case, this extended thermody-
namic perspective not only deepens our understanding of BH
systems with additional matter fields but also shows the intri-
cate ways in which geometric modifications and exotic fluids
influence both local stability and global phase behavior.

The structure of this paper is organized as follows: in Sect.
1, we present the introduction to our study. Also, Sect. 2 is
devoted to the thermodynamic properties of the considered
BH configuration, where we derive key quantities and explore
their dependence on the system’s parameters. In this case, in
Sect. 2.1, we investigate the stability of the BH by testing
specific heat behavior and related thermodynamic criteria.
Another important result, Sect. 3 focuses on the thermo-
dynamic geometry, employing geometric methods to illus-
trate the phase structures and BH parameter interactions. In
this context, in Sect. 4, we determine the inversion tempera-
ture, which marks the transition between cooling and heating
phases under the Joule–Thomson process. The next Sect. 5,
is a detailed discussion of the Joule–Thomson expansion,
where we analyze the isenthalpic curves and the correspond-
ing physical implications. Finally, Sect. 6 shows the main
findings, illustrates the significance of the results, and sug-
gests possible directions for future research.

2 Thermodynamics of AdS BH with CoS and QF

In this section, we explore the thermodynamic properties of
an AdS BH model coupled to a cloud of strings and sur-
rounded by a quintessence-like fluid. We derive the corre-
sponding thermodynamic quantities-such as the Hawking
temperature, Gibbs free energy, internal energy, and spe-
cific heat capacity and examine how the presence of CoS
and QF affects these variables. In this framework, the BH
mass is interpreted as the enthalpy, the event horizon area as
the entropy [69], and the cosmological constant is identified
with the thermodynamic pressure in extended phase space
formalism [5,8].

The first spherically symmetric BH solution incorporating
a cloud of strings was proposed by Letelier [70], where the
cloud arises from an electric-like component. This configu-
ration modifies the horizon structure of the BH, leading to
an event horizon radius given by rh = 2 M

1−α
, where α denotes

the string parameter. This expression indicates a deviation
from the standard Schwarzschild radius rSch = 2M , imply-
ing that the presence of the string cloud enlarges the event
horizon (rh > rSch). Furthermore, the spacetime exhibits a
solid angle deficit, similar to the geometry associated with
a global monopole [71]. These modifications suggest poten-
tially significant astrophysical consequences, thereby moti-
vating further investigations into BHs surrounded by string
clouds. More recently, the original model by Letelier [70]
has been generalized by incorporating a magnetic-like com-
ponent alongside the electric-like one, as discussed in [72].
The combined presence of these components leads to fur-
ther modifications of the horizon radius and alters the overall
space-time geometry in a more complex manner.

On another front, the discovery of the accelerated expan-
sion of the universe stands as one of the most remarkable
achievements in observational cosmology [73–75]. This phe-
nomenon implies the existence of a gravitationally repulsive
component with negative pressure, commonly referred to
as dark energy. A widely studied model of dark energy is
quintessence, which is modeled as a spatially homogeneous,
time-independent fluid. Its pressure pq is proportional to its
energy density ρq , with the equation-of-state parameter ωq

defined as, wq = pq/ρq . In this context, Kiselev’s solu-
tion to the Einstein field equations, which describes a BH
surrounded by quintessence-like fluid, provides important
insights into how such exotic energy components influence
the structure and properties of BHs [76]. In order to obtain a
cosmological horizon similar to the Schwarzschild-de Sitter
BH, the state parameter lying in the range −1 < ω < −1/3.
The special case ω = −1 corresponds to the cosmological
constant, often considered the simplest form of dark energy.
Quintessence plays a significant role in explaining cosmic
acceleration and has inspired various theoretical frameworks.
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Motivated by the above works, the present study considers
a spherically symmetric AdS BH solution influenced by two
significant external sources: a generalized form of cloud of
strings and quintessence-like field. We investigate how these
factors modify the thermodynamic properties of the BH sys-
tem. Thereby, a static and spherically symmetric AdS BH
space-time with a CoS and surrounded by a QF is described
by the following line element [77,78]

ds2 = − f (r) dt2 + 1

f (r)
dr2 + r2 (dθ2 + sin2 θdφ2), (1)

with the metric function is given by

f (r) = 1 − 2 M

r
+ |α| b2

r2 2F1

(
−1

2
,−1

4
,

3

4
,− r4

b4

)

− N

r3 w+1 + r2

	2
p

(−1 < w < −1/3), (2)

Here (|α|, b) represents the CoS parameters [70,72] and
(N, w) denotes the QF parameters [79]. The quintessence
parameter ω = p/ρ characterizes the equation of state of
dark energy and governs its repulsive effect driving cos-
mic acceleration. In BH spacetimes, ω determines the sur-
rounding fluid’s density profile, influencing the metric, ther-
modynamic properties, and phase transitions. Observational
constraints on ω from supernovae, CMB, and large-scale
structure guide its allowed range in these models. Varia-
tions in ω affect BH stability, evaporation, and cosmolog-
ical implications, linking local astrophysical phenomena to
global dynamics. Thus, ω provides a bridge between BH
physics and dark energy cosmology [80].

In the limit b → 0, the hypergeometric term in the metric
function behaves as

lim
b→0

|α| b2

r2 2F1

(
−1

2
,−1

4
; 3

4
;− r4

b4

)
≈ −|α|. (3)

By setting |α| = α, the metric function f (r) given in Eq. (2)
in the limit b → 0 reduces to

f (r) = 1 − α − 2M

r
− N

r3w+1 + r2

	2
p
, (4)

which corresponds to the Letelier-AdS BH solution sur-
rounded by a quintessence-like fluid, as discussed in [81].

Let us now proceed to study this process for the BH. First
of all, let us compute the BH mass M , which is defined as a
function of the location of its horizon r+, through the largest
root of f (r = r+) = 0, before any cosmological horizon.
Then by using Eq. (2), one gets

M = r+
2

[
1 + |α| b2

r2+
2F1

(
−1

2
,−1

4
,

3

4
,−r4+

b4

)

− N

r3 w+1+
+ 8π

3
P r2+

]
, (5)

with M interpreted as the enthalpy of the system and we have
used the thermodynamic pressure in extended phase space of
the following form [8]:

P = 3

8 π 	2
p
. (6)

In Fig. 1, we present the BH mass M as a function of
the horizon radius r+, while varying the CoS parameter α

and the state parameter w of QF. In both panels, it is evident
that increasing either α or w causes an upward shift in the
mass curve. This indicates that stronger coupling through
the CoS parameter or a stiffer QF (higher w) leads to a larger
BH mass for the same horizon radius. Thus, the interplay
between α and w significantly affects the BH mass spectrum,
reflecting their impact on the spacetime geometry and matter
distribution around the BH.

The thermodynamic volume V can be determined using
the following relation:

V = ∂M

∂P
= 4π

3
r3+. (7)

The Hawking temperature is given by

T = f ′(r+)

4π
= 1

4π r+

[
1 − |α| b2

{
1

r2+
2F1

(
− 1

2 ,− 1
4 , 3

4 ,− r4+
b4

)

+2 r2+
3 b4 2F1

(
1
2 , 3

4 , 7
4 ,− r4+

b4

)}

+ 3 w N r−3w−2+ + 8 π P r2+
]
. (8)

From expression (8), it becomes evident that the Hawking
temperature is influenced by the parameters of CoS, namely
(α, b), the QF parameters (N, w), as well as the thermody-
namic pressure P .

In the limiting case where b → 0, and |α| = α, the Hawk-
ing temperature obtained in Eq. (8) reduces to the expression
previously reported in [81]. This confirms that the additional
CoS parameter b introduces a non-trivial modification to the
known temperature, effectively shifting the result due to the
extended structure of the string cloud.

Figure 2 illustrates the behavior of the Hawking temper-
ature TH as a function of the horizon radius r+, with varia-
tions in the CoS parameter α and the state parameter w of
QF. In panel (i), we observe that increasing the value of α

leads to a decrease in the Hawking temperature. This suggests
that stronger contributions from the CoS sector shift the BH
toward a cooler thermodynamic regime. In contrast, panel (ii)
shows that as the state parameter w increases-corresponding
to a stiffer QF-the Hawking temperature rises. This indi-
cates that a more rigid QF environment tends to heat the
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Fig. 1 Behavior of the BH mass M as a function of horizon for different values of CoS parameter α and state parameter W . Here N = 0.01, b =
0.5, 	p = 10

Fig. 2 Behavior of the Hawking temperature T given in Eq. (8) as a function of horizon for different values of CoS parameter α and state parameter
W . Here b = 0.1, w = −2/3, N = 0.01, P = 0.01

BH. Together, these observations show that the parameters
α and w play competing roles in the thermal behavior of the
BH: while α tends to suppress the temperature, w enhances
it. Their interplay therefore crucially influences the thermo-
dynamic phase space of the system.

We can more prominently analyze the behavior of the
Gibbs free energy, F , of this BH, as it provides valuable
insights into the thermodynamic processes occurring within
the BH system, particularly those related to phase transitions
and critical phenomena. The Gibbs free energy, a fundamen-
tal thermodynamic potential, is defined by the relation;

F = M − T S, (9)

where M denotes the mass (or internal energy) of the BH,
T represents its Hawking temperature, and S is the entropy
associated with the BH horizon.

To compute the entropy of the BH, one can see in Ref.
[82] that this entropy is the same as Hawking–Bekenstein
entropy, so that

S = π r2+. (10)

This definition encapsulates the balance between the energy
content and thermal effects of the BH system, making F a
crucial quantity for studying its stability and phase behavior.
By substituting the explicit expressions for M , T , and S,
as previously derived in Eqs. (5), (8), and (10) respectively,
one can obtain an explicit analytical form for the Gibbs free
energy:

F = 1

4
r+ + |α| b2

4 r+
2F1

(
− 1

2 ,− 1
4 , 3

4 ,− r4+
b4

)

− |α| r3+
6 b2 2F1

(
1
2 , 3

4 , 7
4 ,− r4+

b4

)

−
(

2 + 3w

4

)
N

r3w+
− 2 π

3
P r3+ (11)

From expression (11), it becomes evident that the Gibb’s
free energy is influenced by the CoS parameters (α, b), the
QF parameters (N, w), and the thermodynamic pressure P .
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Fig. 3 Behavior of the Gibb’s free energy F given in Eq. (11) as a function of horizon for different values of CoS parameter α and state parameter
W . Here, N = 0.01, 	p = 10, b = 0.1

In the limiting case where b → 0, and |α| = α, the Gibb’s
free energy obtained in Eq. (11) reduces to the expression
previously reported in [81]. This confirms that the additional
CoS parameter b introduces a modification to the known free
energy, effectively shifting the result due to the extended
structure of the string cloud.

Finally, the internal energy of the system is given by

U = M − P V = r+
2

[
1 + |α| b2

r2+
2F1

×
(

−1

2
,−1

4
,

3

4
,−r4+

b4

)
− N

r3 w+1+

]
. (12)

From expression (12), it becomes evident that the internal
energy of the thermodynamic system is influenced by the
CoS parameters (α, b), the QF parameters (N, w), as well
as the thermodynamic pressure P .

In the limiting case where b → 0 and |α| = α, the inter-

nal energy simplifies to U = r+
2

(
1 − α − N

r3w+1+

)
, which

coincides with the expression obtained from the metric pre-
sented in [81]. This agreement confirms that the additional
cloud of strings (CoS) parameter b introduces a non-trivial
modification to the internal energy, effectively shifting the
known result due to the extended structure associated with
the string cloud.

Equation (11) explicitly relates F to the horizon radius r+
and other relevant parameters of the BH, enabling a detailed
analysis of its thermodynamic properties. Figure 3 presents
the variation of the free energy F as a function of the horizon
radius r+. From this plot, it is evident that the free energy
exhibits distinct features at r+. These features signify the
occurrence of phase transitions, indicating changes in the
stability and configuration of the BH states. The behavior
of F with respect to r+ thus serves as a powerful diagnos-
tic tool for understanding the thermodynamic phase struc-

ture of the BHs under consideration. In particular, the pres-
ence of multiple branches or turning points in the F ver-
sus r+ curve suggests rich thermodynamic phenomena, such
as first-order or second-order phase transitions, and criti-
cal points. Such phenomena are essential for comprehend-
ing the microphysical processes governing BH thermody-
namics and can shed light on the interplay between gravity,
quantum effects, and thermodynamics in these extreme sys-
tems.

Furthermore, as illustrated in Fig. 4, we analyze the behav-
ior of the internal energy U , as defined in Eq. (12), plot-
ted as a function of the BH horizon radius. This analysis
is carried out for various values of the coefficient of state
(CoS) parameter α as well as different values of the equation
of state parameter ω. The figure clearly demonstrates how
changes in these parameters influence the thermodynamic
behavior of the system, particularly highlighting the sensi-
tivity of the internal energy to both the gravitational modi-
fications introduced by α and the matter content encoded in
ω. Such dependencies offer deeper insight into the interplay
between geometry and matter in modified gravity scenarios
and can shed light on the underlying microphysics near BH
horizons.

2.1 Specific heat capacity: stability of BH

To comprehensively understand the thermodynamic behav-
ior and stability characteristics of the Schwarzschild-AdS
BHs with cloud of strings and quintessential-like fluid,
we analyze its specific heat at constant parameters. This
quantity provides critical insights into the response of the
system to thermal fluctuations and serves as an indica-
tor of local thermodynamic stability. The specific heat is
derived using the expressions for the Hawking temper-
ature T , given in Eq. (8), and the entropy S, given in
Eq. (10). Employing the fundamental thermodynamic iden-
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Fig. 4 Behavior of the internal energy U given in Eq. (12) as a function of horizon for different values of CoS parameter α and state parameter
W . Here b = 0.2, N = 0.01

tity, the specific heat at constant parameters is defined as
[8,83]:

Cp = T

(
∂S

∂T

)
= T

(
∂S

∂r+

) (
∂T

∂r+

)−1

, (13)

Using the Hawking temperature given in Eq. (8) and the
entropy in Eq. (10), the specific heat capacity simplifies to

Cp =
2 π r2+

[
1
r2+

− |α| b2

r+

{
1
r3+ 2F1

(
− 1

2 ,− 1
4 , 3

4 ,− r4+
b4

)
+ 2

3 b4 2F1

(
1
2 , 3

4 , 7
4 ,− r4+

b4

)}
+ 3 w N r−3w−3+ + 8 π P

]

[
− 1

r2+
+ |α| b2

{
3
r4+ 2F1

(
− 1

2 ,− 1
4 , 3

4 ,− r4+
b4

)
+ 2

3 b4 2F1

(
1
2 , 3

4 , 7
4 ,− r4+

b4

)
− 6,r3+

7 b8 2F1

(
3
2 , 7

4 , 11
4 ,− r4+

b4

)}
− 3w N(3w+2)

r3w+3+
+ 8 π P

] (14)

From expression (14), it becomes evident that the specific
heat capacity is influenced by the CoS parameters (α, b) and
the QF parameters (N, w), as well as the thermodynamic

pressure including the horizon.
In the limiting case b → 0 and |α| = α, the specific heat

capacity reduces to the following form:

Cp =
2πr2+

[
1 − α + 3wN

r3w+2+
+ 8π P

]

−1 + α − 3wN(3w + 2)

r3w+1+
+ 8π P r2+

. (15)

This expression clearly shows that the parameter α, associ-
ated with the cloud of strings, remains present and continues
to influence the thermodynamic behavior even in the b → 0
limit. From the above analysis, it confirms that the additional
CoS parameter b introduces a non-trivial modification to the
specific heat capacity Cp given in Eq. (14), effectively shift-
ing the known result due to the extended structure associated

with the string cloud.
For a particular state parameter, w = −2/3, the specific

heat reduces given in Eq. (14) reduces as,

Cp =
2 π r2+

[
1
r2+

− |α| b2

r+

{
1
r3+ 2F1

(
− 1

2 ,− 1
4 , 3

4 ,− r4+
b4

)
+ 2

3 b4 2F1

(
1
2 , 3

4 , 7
4 ,− r4+

b4

)}
− 2 N

r+ + 8 π P

]

[
− 1

r2+
+ |α| b2

{
3
r4+ 2F1

(
− 1

2 ,− 1
4 , 3

4 ,− r4+
b4

)
+ 2

3 b4 2F1

(
1
2 , 3

4 , 7
4 ,− r4+

b4

)
− 6 r3+

7 b8 2F1

(
3
2 , 7

4 , 11
4 ,− r4+

b4

)}
+ 8 π P

]

(16)

The analysis of the specific heat not only identifies the
conditions under which the BH undergoes phase transitions
but also provides a consistent thermodynamic interpretation
of stability properties inferred from topological methods. The
interplay between thermal stability and topological charac-
teristics underscores the robustness of the thermodynamic
framework in exploring modified gravity scenarios.

The behavior of Cp as a function of the BH parameters
reveals several notable features that determine in Fig. 5:
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Fig. 5 Behavior of the specific heat capacity Cp given in Eq. (16) as a function of horizon for different values of CoS parameters α and b. Here,
we set w = −2/3, N = 0.01, P = 0.01

• Phase transitions: The specific heat diverges at certain
critical values of the horizon radius or other control
parameters. These divergences signal second-order phase
transitions, marking qualitative changes in the thermody-
namic structure of the BH.

• Thermal stability: In regions where the specific heat is
positive (Cp > 0), the BH exhibits thermal stability, indi-
cating that it can maintain equilibrium under small per-
turbations. Conversely, negative specific heat (Cp < 0)
corresponds to thermal instability, a characteristic fea-
ture of many BH systems. The analysis of the specific
heat not only identifies the conditions under which the
BH undergoes phase transitions but also provides a con-
sistent thermodynamic interpretation of stability prop-
erties inferred from topological methods. The interplay
between thermal stability and topological characteristics
underscores the robustness of the thermodynamic frame-
work in exploring modified gravity scenarios.

3 Thermodynamic geometry of AdS BH with CoS and
QF

In addition to the standard thermodynamic stability analysis,
it is instructive to examine the Schwarzschild–AdS BH with
a cloud of strings and quintessential-like fluid from the per-
spective of thermodynamic geometry. This approach, known
as geometrothermodynamics [84,85], equips the space of
equilibrium states with a Riemannian metric whose curva-
ture encodes information about the microscopic interactions
underlying the thermodynamic system [86,87]. In this frame-
work, we adopt the Ruppeiner metric, which is defined in the
entropy representation as,

gR
i j = − ∂2S

∂Xi∂X j
, (17)

where Xi are the extensive variables of the system. Equiv-
alently, the Ruppeiner metric is conformally related to the
Weinhold metric via gR

i j = 1
T g

W
i j , with

gWi j = ∂2M

∂Xi∂X j
. (18)

For our BH configuration, we choose the thermodynamic
coordinates Xi = (S, P) while holding (|α|, b, N , w) fixed.
Using Eq. (5), the Weinhold metric components are

gWSS = ∂2M

∂S2 , (19)

gWSP = ∂2M

∂S∂P
= gWPS, (20)

gWPP = ∂2M

∂P2 , (21)

where

M(S, P) =
√

π

2

⎡
⎣√

S + π |α|b2
√
S

2F1

(
− 1

2 ,− 1
4 ; 3

4 ;− S2

π2b4

)

−NS− 3w
2 π

3w+1
2 + 8P

3
S3/2

⎤
⎦ , (22)

The Ruppeiner curvature scalar RR , obtained from the
thermodynamic metric gR

i j , encodes valuable information
about the microscopic interactions of the system. A positive
value of RR corresponds to predominantly repulsive interac-
tions between the hypothetical microscopic constituents of
the BH, whereas a negative value signals the dominance of
attractive interactions. When RR diverges, it typically marks
the location of a phase transition, coinciding with points
where other thermodynamic quantities such as the specific
heat also become singular. Thus, the sign and divergence
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structure of RR provide a geometric probe of the BH’s ther-
modynamic stability and microphysical behavior. By explic-
itly computing RR for various values of (α, b, N , w), we
find,

RR(S, P) = −
√

π

8 S−5/2 + 3w(3w+2)
8 Nπ

3w+1
2 S− 3w

2 −2

32π
9 T (S, P) S

+
9
√

π |α|b2
[

15
8 S−7/2

2F1

(
− 1

2 ,− 1
4 ; 3

4 ;− S2

π2b4

)
+ 5S−3/2

3π2b4 2F1

(
1
2 , 3

4 ; 7
4 ;− S2

π2b4

)
+ 2S1/2

9π4b8 2F1

(
3
2 , 7

4 ; 11
4 ;− S2

π2b4

)]

64 T (S, P) S
. (23)

where

T (S, P) = 1

4
√

π

[
1√
S

−π |α|b2
{

1

S3/2 2F1

(
−1

2
,−1

4
; 3

4
; − S2

π2b4

)

+ 2
√
S

3π2b4 2F1

(
1

2
,

3

4
; 7

4
; − S2

π2b4

)}

+3wNS− 3w
2 −1π

3w+1
2 + 8P

√
S
]
. (24)

The analysis reveals that the Ruppeiner curvature scalar
diverges exactly at the points where the specific heat changes
sign, thereby confirming the close correspondence between
the geometric description of the thermodynamic state space
and the conventional stability analysis. Away from these crit-
ical points, both the sign and the magnitude of RR are found
to be strongly affected by the cloud of strings parameter α

and the quintessential-like fluid parameter N , demonstrating
that these external fields have a direct impact on the effec-
tive microscopic interactions of the BH. Furthermore, in the
regime of large horizon radii, or equivalently large entropy
S, the curvature scalar approaches zero, indicating that the
microscopic structure of the BH tends toward an ideal-gas-
like behavior in this limit (see Fig. 6).

This geometric perspective thus reinforces the phase struc-
ture obtained earlier and offers an interpretation in terms
of underlying microphysical interactions. Moreover, it high-
lights how external matter fields such as a cloud of strings
and quintessence-like fluid can imprint distinct geometric
signatures in the thermodynamic state space of the BH.

4 Inversion temperature of AdS BH with CoS and QF

The BH mass M in Eq. (5) can be expressed in terms of the
entropy of the BH whose relation to the area of the horizon
A is given by S = A/4 = π r2+. Thus, in terms of entropy,
Eq. (5) simplifies to

M = 1

2
√

π

[√
S + π |α| b2

√
S

2F1

(
−1

2
,−1

4
,

3

4
,− S2

π2 b4

)

−N S−3 w/2 π(3 w+1)/2 + 8

3
P S3/2

]
. (25)

In Fig. 7, we investigate the behavior of the BH mass M ,
as defined in Eq. (22), by plotting it as a function of the
entropy. This analysis is conducted for various values of the
(CoS) parameter α and the equation of state parameter ω,

while keeping the parameters N = 0.01 and P = 0.01 fixed
throughout. The figure illustrates how modifications in α and
ω influence the thermodynamic mass of the BH, thereby
offering valuable insight into how these parameters affect
the underlying gravitational and thermodynamic structure of
the system. Specifically, variations in α reflect the influence
of the modified gravity framework, whereas changes in ω

encode the effects of different types of matter or energy con-
tent. This analysis highlights the intricate dependence of BH
mass on entropy under nontrivial thermodynamic and grav-
itational corrections, which is essential for a deeper under-
standing of BH microphysics in extended theories of gravity.

The BH mass of Eq. (25) can be written as M =
M(S, P, |α|, b, N). Considering the parameters related to the
cloud of strings and the quintessence, respectively (|α|, b)
and N, are extensive thermodynamic parameters. As a con-
sequence , the first law of BH thermodynamics must be mod-
ified to

dM = TH dS + V dP + AH d|α| + BH db + CH dN, (26)

where A and B are the intensive thermodynamic variables
conjugate to the CoS parameters (|α|, b) and C is another
intensive variables related to the normalization constant N of
QF. Moreover T is the temperature, V is the volume of the
BH. All these variables can be calculated as,

TH =
(

∂M

∂S

)

P,|α|,b,N
, (27)

V =
(

∂M

∂P

)

S,|α|,b,N
= 4

3
S

√
S/π, (28)

AH =
(

∂M

∂|α|
)

S,P,b,N
= b2

2

√
π

S
2F1

(
−1

2
,−1

4
,

3

4
,− S2

π2 b4

)
,

(29)

BH =
(

∂M

∂b

)

S,P |α|,N
= √

π/S |α|

×
[
b 2F1

(
−1

2
,−1

4
,

3

4
,− S2

π2 b4

)

+ S2

3 π2 b3 2F1

(
1

2
,

3

4
; 7

4
; − S2

π2 b4

)]
, (30)

CH =
(

∂M

∂N

)

S,P,|α|,b
= −1

2
S−3 w/2 π3 w/2 = −1

2
(π/S)3w/2. (31)
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Fig. 6 Ruppeiner curvature scalar RR as a function of entropy S for different values of α and fixed parameters b = 0.1, N = 0.02, ω = −2/3,
and P = 0.001. The divergence points correspond to phase transitions identified via the specific heat analysis

Fig. 7 Behavior of the BH mass M given in Eq. (25) as a function of entropy for different values of CoS parameter α and state parameter w. Here,
we set N = 0.01, b = 0.2, ell p = 10

In Fig. 8, we examine the behavior of the intensive thermo-
dynamic variables AH and BH as functions of the entropy
S, for various values of the (CoS) parameter b. This anal-
ysis allows us to explore how changes in the parameter b,
which encapsulates the deviation from standard thermody-
namic behavior due to modifications in the underlying grav-
itational theory or matter content, affect the intensive prop-
erties of the BH system. The figure reveals that both AH

and BH exhibit distinct and sensitive responses to variations
in entropy depending on the chosen value of b, indicating
that the thermodynamic phase structure is deeply influenced
by the specific CoS regime considered. Such an investiga-
tion provides a deeper understanding of how intensive vari-
ables evolve in extended thermodynamic settings and offers
important clues about the microphysical interpretation of BH
thermodynamics in modified gravity scenarios.

Let us now calculate the temperature TH using Eq. (25).
By definition in Eq. (27), we find the temperature as,

TH = 1

4
√

π S

[
1 − |α| b2

{π

S
2F1

(
− 1

2 ,− 1
4 , 3

4 ,− S2

π2 b4

)

+ 2 S

3 π b4 2F1

(
1
2 , 3

4 , 7
4 ,− S2

π2 b4

)}

+ 3 w N (π/S)
3 w+1

2 + 8 P S

]
. (32)

We can see that the temperature TH when express in terms of
horizon is the same expression as the Hawking temperature
T obtained in Eq. (8).

In Fig. 9, we analyze the behavior of the Hawking tem-
perature TH , as defined in Eq. (29), plotted as a function of
the entropy S for different values of CoS parameter α and
the equation-of-state (EoS) parameter ω. For clarity and to
isolate the role of these parameters, the constants N = 0.01
and P = 0.01 are kept fixed throughout the analysis. This
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Fig. 8 Behavior of the intensive thermodynamic variables AH and BH as a function of entropy S for different values of CoS parameter b

Fig. 9 Behavior of the temperature TH given in Eq. (32) as a function of entropy for different values of CoS parameter α and state parameter w.
Here, we set N = 0.01, P = 0.01

controlled setup allows us to probe, in a clean way, how vari-
ations in α and ω modify the thermodynamic profile of the
BH system. The figure reveals that both α and ω exert a pro-
nounced influence on the temperature-entropy relation. The
parameter α encodes deviations from standard general rel-
ativity, with nonzero values reflecting corrections from the
underlying modified gravity framework. As α varies, one
observes notable shifts in the temperature curve, indicating
that the thermal properties of the BH are highly sensitive to
these gravitational modifications. In this sense, α acts as a
probe of the microscopic structure of spacetime, influencing
how the BH exchanges energy and evolves thermodynami-
cally. On the other hand, the parameter ω, representing the
equation of state of the surrounding matter content, deter-
mines the effective type of energy or fluid interacting with
the BH. Different values of ω correspond to distinct physi-
cal regimes, such as quintessence-like matter, cosmological
constant-dominated phases, or other exotic energy compo-
nents. The resulting modifications in the TH (S) profile illus-
trate how the presence of various forms of matter alters the

BH’s equilibrium properties and phase structure. The inter-
play between α and ω enriches the thermodynamic behavior,
revealing a spectrum of possible stability regimes and phase
transition patterns. In particular, the appearance of extrema
or turning points in the TH (S) curves signals potential phase
transitions, analogous to those observed in Van der Waals-
like systems. These transitions demarcate stable and unsta-
ble thermodynamic branches, thereby providing a window
into the microscopic degrees of freedom associated with the
BH horizon. Overall, the temperature-entropy relationship
displayed in Fig. 9 offers valuable insights into the thermal
stability and phase structure of BHs within the framework
of modified gravity theories and extended thermodynamics.
It underscores how both gravitational corrections (through
α) and matter content (through ω) intricately shape the ther-
modynamic landscape of BHs, highlighting the deep connec-
tions between fundamental theory, horizon thermodynamics,
and the macroscopic behavior of these extreme astrophysical
objects.
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In addition, the thermodynamic volume of the BH in terms
of horizon can be computed as

V =
(

∂M

∂P

)
= 4πr3+

3
⇒ r+ = (3V/4π)1/3. (33)

Hence, the Hawking temperature given in Eq. (8) as a func-
tion of the BH volume V reads as,

T = 1

4π

[ (
4π

3V

)1/3

− |α| b2

{(
4π

3V

)
2F1

(− 1
2 ,− 1

4 , 3
4 ,

−
(

3 V

4 π b3

)4/3
)

+ 2

3 b4

(
3V

4π

)1/3

2F1

(
1
2 , 3

4 , 7
4 ,−

(
3V

4πb3

)4/3
)}

+ 3w N

(
4π

3V

)(3w+2)/3

+ 8π P

(
3V

4π

)1/3 ]
(34)

In order to get the inversion temperature, one can use its
definition [62,88–90], so that

Ti = V

(
∂T

∂V

)

P,|α|,b,N
. (35)

By using Eq. (34) and computing the inversion temperature,
one arrives

Ti = −1

9

(
3V

4π

)− 1
3 + |α|b2

3

(
3V

4π

)−1

2F1

⎛
⎝−1

2
,−1

4
,

3

4
,−

( 3V
4π

) 4
3

b4

⎞
⎠

+ 4|α|
21b6

(
3V

4π

) 5
3

2F1

⎛
⎝3

2
,

7

4
,

11

4
,−

( 3V
4π

) 4
3

b4

⎞
⎠

− 1

3
Nw(3w + 2)

(
3V

4π

)− 3w+2
3 + 8π P

9

(
3V

4π

) 1
3

(36)

In terms of horizon radius r+, the inversion temperature
canbe rewritten as,

Ti = − 1

9r+
+ |α|b2

3r3+
2F1

(
−1

2
,−1

4
,

3

4
,−r4+

b4

)

+ 4|α|r5+
21b6 2F1

(
3

2
,

7

4
,

11

4
,−r4+

b4

)

− 1

3
N w (3w + 2) r−(3w+2)

+ + 8π Pr+
9

(37)

From expressions (36) or (37), we observe that the inver-
sion temperature is modified by the CoS parameters (|α|, b)
and the QF parameters (N, w).

Finally, subtracting Eqs. (8) and (37), one gets

�T = Ti − T = −
(

1

9
+ 1

4π

)
1

r+
+ |α| b2

×
(

1

3
+ 1

4π

)
1

r3+
2F1

(
−1

2
,−1

4
,

3

4
,−r4+

b4

)

+ |α| r+
6 π b2 2F1

(
1

2
,

3

4
,

7

4
,−r4+

b4

)

+ 4 |α| r5+
21 b6 2F1

(
3

2
,

7

4
,

11

4
,−r4+

b4

)
+ Nr−(3 w+2)

+

×
[
−1

3
w (3 w + 2) − 3 w

4 π

]
+ P r+

(
8π

9
− 2

)

(38)

For a particular state parameter, w = −2/3, we find

�T = −
(

1

9
+ 1

4π

)
1

r+
+ |α| b2

×
(

1

3
+ 1

4π

)
1

r3+
2F1

(
−1

2
,−1

4
,

3

4
,−r4+

b4

)

+ |α| r+
6 π b2 2F1

(
1

2
,

3

4
,

7

4
,−r4+

b4

)

+ 4 |α| r5+
21 b6 2F1

(
3

2
,

7

4
,

11

4
,−r4+

b4

)

+ N
2

4 π
+ P r+

(
8π

9
− 2

)
(39)

From the above analysis, it is evident that the Hawking or
BH temperature exhibits a form significantly different from
that of the inversion temperature, which arises when the J-
T expansion coefficient of the system vanishes. These two
are generally not equal and describe very different physical
processes:

• The Hawking temperature is associated with the thermal
radiation emitted by a BH due to quantum effects near
the event horizon. In contrast, the inversion temperature
arises from the J–T expansion in extended BH thermo-
dynamics, defined as the temperature at which the J–T
coefficient vanishes.

• The Hawking temperature governs the rate of BH evapo-
ration and is directly related to the surface gravity at the
event horizon. On the other hand, the inversion tempera-
ture marks the critical point at which the behavior of the
BH during an adiabatic expansion at constant enthalpy
changes from cooling to heating or vice versa.

• While the Hawking temperature is fundamental for
understanding BH radiation and quantum field effects in
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Fig. 10 Inversion curve P − Ti of BH, while fixed α = 0.05, b =
0.2, w = −2/3, N = 0.01

curved space-time, the inversion temperature character-
izes the BH as a thermodynamic system in an extended
phase space, where the cosmological constant is inter-
preted as pressure and mass as enthalpy. It reflects a
behavior analogous to that of real gases in classical Joule–
Thomson expansion processes.

In Fig. 10, we present the inversion curve of the BH, illus-
trating the regions of cooling and heating. This curve pro-
vides insight into the thermodynamic behavior of the BH
under a virtual isenthalpic expansion and enables a classifi-
cation analogous to that of Van der Waals fluids. The region
below the inversion curve corresponds to cooling, while the
region above it represents heating.

5 Joule–Thomson expansion of AdS BH with CoS and
QF

In this section, we will conduct a detailed investigation of
the J–T expansion as it applies to the Schwarzschild-AdS
BHs with cloud of strings and quintessential-like fluid. The
J–T expansion, a classical thermodynamic process, provides
insight into the temperature behavior of a system undergo-
ing adiabatic expansion. To draw a parallel with conven-
tional thermodynamics, the J–T expansion typically refers
to a throttling process involving a non-ideal fluid, such as a
gas or liquid. In this process, the fluid is forced through a
valve or porous plug, moving from a region of higher pres-
sure to one of lower pressure. Importantly, this expansion
occurs without heat exchange with the surroundings, hence
it is adiabatic. While the process is inherently irreversible, the
enthalpy of the fluid remains constant throughout, making it
an isenthalpic process. This key feature allows for the study
of temperature changes that result solely from variations in
pressure and volume under constant enthalpy conditions. The

change in temperature during the J–T expansion is quantified
by the J–T coefficient, denoted by μ, which is defined as the
rate of change of temperature T with respect to pressure P
at constant enthalpy H [62,88–90]:

μ =
(

∂T

∂P

)

H
= 1

CP

[
T

(
∂V

∂T

)

P
− V

]
. (40)

Here, CP represents the heat capacity at constant pressure
per unit horizon volume of the BH (BH) system. The sub-
script H indicates that the partial derivative is evaluated
along an isenthalpic process. Within the framework of BH
thermodynamics in extended phase space, the enthalpy is
naturally identified with the BH mass M . This identifica-
tion is essential because it allows one to treat BHs in close
analogy with conventional thermodynamic systems, where
enthalpy governs processes involving both heat exchange and
mechanical work. The relation under consideration plays a
central role in connecting the fundamental thermodynamic
variables-temperature T , pressure P , and volume V . Specifi-
cally, it allows us to determine how the BH responds under an
isenthalpic (constant-mass) expansion or compression. The
Joule–Thomson (J–T) coefficient, μ = (

∂T
∂P

)
H , quantifies

this response: a positive J–T coefficient (μ > 0) implies
that the system cools upon expansion, meaning that as the
BH expands at constant enthalpy, its temperature decreases.
A negative J–T coefficient (μ < 0) corresponds to heat-
ing upon expansion, where the BH temperature increases
under the same conditions. In the BH context, the sign of
μ provides direct insight into the interplay between gravi-
tational dynamics and thermodynamic stability. The transi-
tion between cooling and heating regimes is marked by an
inversion curve, which separates the two behaviors in the T –
P plane. Identifying these regimes is crucial, as it reveals
whether energy is being absorbed or released by the BH dur-
ing expansion, thereby enriching our understanding of BH
phase transitions and their analogy with real-world fluids.
This analysis, illustrated in Fig. 11, demonstrates how the
J–T effect serves as a diagnostic tool in extended BH ther-
modynamics. It not only uncovers the thermodynamic behav-
ior of BHs under isenthalpic processes but also establishes a
bridge between classical fluid systems and gravitational ther-
modynamics, highlighting deep connections between micro-
physics, horizon geometry, and macroscopic stability.

By applying this formalism to Schwarzschild-AdS BH
with CoS and QF, we aim to gain a deeper understanding of
their thermodynamic behavior under J–T expansion. So with
respect to Eq. (40), we obtain J–T coefficient as,

μ = A

B
, (41)
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Fig. 11 Profile of J–T coefficient as a function of entropy for fixed parameters N = 0.01, P=0.01 and w = − 2
3 , plotted for various values of the

parameters α and b. The figure illustrates how changes in α and b influence the thermodynamic behavior and inversion points of the J–T expansion

where we have defined

A =
2r+

(
|α|

(
−14b4r4+ 2F1

(
1
2 , 3

4 ; 7
4 ; − r4+

b4

)
+ 18r7+ 2F1

(
3
2 , 7

4 ; 11
4 ; − r4+

b4

)
− 63b8

2F1

(
− 1

2 ,− 1
4 ; 3

4 ; − r4+
b4

))
+ 21b6r2+(1 − 8π Pr2+)

)

21b4

(
|α|

(
3b4

2F1

(
− 1

2 ,− 1
4 ; 3

4 ; − r4+
b4

)
+ 2r3+ 2F1

(
1
2 , 3

4 ; 7
4 ; − r4+

b4

))
− 3b2r2+(−2Nr+ + 8π Pr2+ + 1)

)

B =
b2r+

√
r4+
b4 + 1

(
3Nw(3w + 5) + 4(4π Pr2+ + 1)r3w+1+

)
− 2|α|(3b4 + 2r4+)r3w+

|α|(3b4 + r4+)r3w+ + b2r+
√

r4+
b4 + 1

(
(8π Pr2+ − 1)r3w+1+ − 3Nw(3w + 2)

) . (42)

From expression (41), we observe that the coefficient of
J–T expansion is modified by the CoS parameters (|α|, b)
and the QF parameters (N, w). The J–T coefficient deter-
mines whether a BH heats or cools during an isenthalpic
(i.e., constant mass or enthalpy) expansion. When μ > 0,
the BH undergoes cooling as the pressure decreases. Con-
versely, if μ < 0, the BH heats up during the expan-
sion.

6 Conclusion

In this paper, the analysis of the Schwarzschild-AdS BH sur-
rounded by a cloud of strings and a quintessential-like fluid
reveals that the thermodynamic behavior of the system is
profoundly influenced by the parameters associated with the
external matter fields and the AdS background. By interpret-
ing the BH mass as enthalpy within the extended phase space
formalism and associating the cosmological constant with
thermodynamic pressure, we derived explicit expressions for
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the mass, Hawking temperature, Gibbs free energy, and inter-
nal energy, all of which exhibit nontrivial dependence on the
cloud of strings parameters (α, b), the quintessence parame-
ters (N , w), and the pressure P . Also, we know that the zero-
temperature points corresponding to divergence in the J–T
coefficient, marking critical boundaries between heating and
cooling phases in expansion or compression processes. For
the horizon radii, the thermal curves reveal strong sensitivity
to the microphysical parameters, indicating that the presence
of the CoS and QF significantly alters near-horizon thermo-
dynamics, while for large BHs these effects become subdom-
inant, leading to a universal asymptotic thermal behavior. The
Gibbs free energy analysis, as its dependence on r+ illustrates
potential phase transitions characterized in F(r+), indica-
tive of first-order or higher-order critical phenomena. In this
context, the study of thermodynamics suggests the presence
of phase transitions between distinct equilibrium configura-
tions. Also, the internal energy structure underscores the role
of external fields in shaping the BH’s energetics, give more
explanation of the coupling between gravitational, matter,
and cosmological contributions that generates a thermody-
namic phase space.

The stability analysis of Schwarzschild-AdS BHs in the
presence of a cloud of strings and a quintessential-like fluid,
based on the behavior of the specific heat Cp, reveals a rich
thermodynamic structure influenced by the parameters (α, b)
and (N, w). The explicit expressions derived from the Hawk-
ing temperature and entropy demonstrate that divergences in
Cp occur at certain critical horizon radii, signaling second-
order phase transitions where the BH undergoes qualitative
thermodynamic changes. Also, cases with Cp > 0 corre-
spond to thermally stable configurations capable of sustain-
ing equilibrium under small perturbations, whereas Cp < 0
indicates instability, a behavior common in BH thermody-
namics.

The thermodynamic geometry results show that the Rup-
peiner curvature scalar RR for the Schwarzschild-AdS BH
with a cloud of strings and a quintessential-like fluid pro-
vides a clear geometric signature of its phase structure and
microscopic behavior. The calculated RR diverges exactly at
the points where the specific heat changes sign, confirming
that phase transitions identified through standard thermody-
namic analysis have a direct correspondence in the geometric
description of the state space. The sign of RR distinguishes
between dominant repulsive (RR > 0) or attractive (RR < 0)
microscopic interactions, and both its sign and magnitude
are found to be strongly affected by the parameters α and
N , representing the string cloud and quintessence-like fluid
respectively. This demonstrates that external matter fields can
significantly modify the BH’s effective microscopic interac-
tion landscape. In the limit of large entropy, RR approaches
zero, indicating that the system’s microstructure tends toward
ideal gas-like behavior, reinforcing the view that the geomet-

ric approach not only complements but deepens the thermo-
dynamic stability analysis.

The results demonstrate that the inversion temperature of
a Schwarzschild-AdS BH is significantly influenced by the
presence of a cloud of strings (CoS) and a quintessence-like
fluid (QF). By extending the first law of BH thermodynamics
to include the parameters (|α|, b) for the CoS and (N, w) for
the QF, the derived expressions reveal how these additional
components modify both the Hawking temperature and the
inversion temperature compared to the standard AdS case.
The analysis tests and shows how variations in these param-
eters shift the inversion curve, altering the critical points at
which the BH transitions between heating and cooling during
the Joule–Thomson expansion. In particular, the difference
�T between the inversion and Hawking temperatures high-
lights the distinct thermodynamic response induced by CoS
and QF effects, with the case w = −2/3 providing a sim-
plified example where the modifications become more trans-
parent. This indicates that the coupling of BHs with such
external fields can profoundly reshape their thermal phase
structure.

The results of J–T expansion analysis reveal that the
Schwarzschild-AdS BH with a cloud of strings and a
quintessential-like fluid exhibits a distinct dependence of its
cooling-heating behavior on the parameters α and b. The
explicit form of the J–T coefficient μ shows that variations
in these parameters shift the inversion points, thereby alter-
ing the regions where the BH cools (μ > 0) or heats (μ < 0)
during isenthalpic expansion. As illustrated , increasing α

generally enhances the cooling region, while changes in b
influence both the magnitude and location of the inversion
temperature. Also, this indicates that the interplay between
the string cloud density, the nonlinear electromagnetic field
strength, and the quintessential fluid significantly affects the
thermodynamic response of the system, offering valuable
insights into the control of phase behavior in extended BH
thermodynamics.

Overall, we have seen that within the extended phase
space, the additional geometric components-such as CoS
and QF modify the thermodynamic quantities, phase tran-
sitions, and the J–T expansion behavior. The altered geome-
try has direct implications for observables such as the pho-
ton sphere, the innermost stable circular orbit, and the size
of the BH shadow. Precision imaging with the Event Hori-
zon Telescope or future high-resolution instruments could, in
principle, place constraints on these modifications. Accretion
processes and X-ray spectra, including quasi-periodic oscil-
lations and iron-line features, are likewise sensitive to such
changes, offering another possible observational window.
Gravitational-wave astronomy provides a further avenue, as
the presence of string clouds and quintessence alters quasi-
normal mode spectra and inspiral phasing. Although such
deviations may be subtle, next-generation detectors could
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reach the sensitivity needed to probe them. Modified ther-
modynamic properties also influence Hawking evaporation,
which has important implications for the evolution and life-
time of primordial BHs. In the cosmological context, the QF
must be compatible with large-scale dark energy constraints.
Any discrepancy between local BH parameters and cosmo-
logical measurements could signal novel couplings or screen-
ing mechanisms. From a holographic perspective, the phase
transitions of these BHs may be interpreted as duals of ther-
mal transitions in strongly coupled field theories. Such analo-
gies provide speculative models for early-Universe reheating
processes or for the dynamics of hidden sectors. Primordial
BHs forming in environments dominated by quintessence or
string-like matter would evolve differently, potentially affect-
ing constraints from the cosmic microwave background and
nucleosynthesis. Theoretical implications are equally signifi-
cant. The cloud of strings and quintessence parameters effec-
tively act as additional hairs, challenging the strict formula-
tion of the no-hair paradigm and motivating generalizations
in modified gravity frameworks. The extended first law of
BH thermodynamics acquires new conjugate variables asso-
ciated with these parameters, refining the thermodynamic
description. These modifications may also encode informa-
tion about the microscopic structure of BH entropy, sug-
gesting a possible connection to statistical models or string-
inspired microstates [77,91,92]. Future investigations should
focus on computing quasinormal modes, performing ray-
tracing simulations of disk spectra and shadows, and study-
ing evaporation signatures for primordial BHs. Such efforts
would enable direct comparison with astrophysical and cos-
mological observations. In summary, this framework not only
enriches the thermodynamic structure of AdS BHs but also
establishes potential links to observational tests, cosmologi-
cal implications, and theoretical extensions of gravity.
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