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1 Introduction

Consider semiclassical gravity, which we define as a quantum field theory on a curved back-
ground coupled to gravity in a perturbative G expansion. We can regard this as an effective
theory of an underlying, fundamental, quantum gravity theory. As an effective theory, its
predictions cannot always be trusted because sometimes they receive large corrections from
non-perturbative effects. The anti de Sitter / conformal field theory (AdS/CFT) correspon-
dence offers a path towards computing these effects: given an operator in the semiclassical
AdS gravity theory, we reconstruct it in the CFT and evaluate it there. Unfortunately, doing
this with the necessary precision is not yet possible in general, because we do not understand
these reconstruction maps precisely enough.

Recently, a precise reconstruction map [1] was proposed in Jackiw-Teitelboim (JT)
gravity [2, 3]. Our goal is to review this reconstruction map, describe some of its features —
both desirable and (from our perspective) perhaps undesirable — and then propose a modified
version without the ‘undesirable’ features. We then use this new reconstruction map to learn
things about non-perturbative quantum gravity and the dynamics of quantum wormholes on
long time scales, using techniques from quantum ergodicity theory [4].

1.1 Summary of previous work

JT gravity [2, 3] is a 1+1 dimensional theory of gravity defined by the action

Syt = So/d2a:\/—gR + /d2a:\/—g<I>(R + 2) + (boundary terms) (1.1)

In this number of dimensions, the first term is topological, and a larger parameter Sy serves to
suppress contributions from non-trivial spacetime topologies to a path integral computation.
Consider the theory at Sy — oo, which we will call JT,. All solutions in this theory have the
same topology of two asymptotic boundaries connected by a wormhole behind the horizon of
two black holes. The only dynamical degree of freedom is the length of this wormhole [5].
Quantized JT is equivalent to a particle moving in one dimension with an exponential
potential: it has a Hilbert space Hp and Hamiltonian Hy given by

Ho =L*R), Hy= —%aﬁ +2¢7* (1.2)

where z is the wormhole length [5]. This Hamiltonian has eigenstates |E), for E > 0,
with wavefunctions

bi() = (2| By = 4K, gp(4e~"/?) (13)
where these K are modified Bessel functions, with inner product

S(E—E'

Bl =" 4B w(B) ) Bl = o, (1.4
0

where we have defined the density of states

po(E) = 4%2 sinh(27V2E). (1.5)



We regard JT as our semiclassical gravity theory, with Sy — oo analogous to Gy — 0 in
higher dimensions. Note in particular the continuous-energy spectrum.

At finite Sy, the topology can fluctuate. When computing with the path integral, we
must sum over different topologies [6, 7]. This theory has a known dual description as a
random matrix model [7], where each matrix can be regarded as a Hamiltonian in a Hilbert
space H, with discrete spectrum F, Es, . .. with typical spacing AE ~ e~ and leading order
density of states e”0pg(E). The gravitational path integral calculates averaged quantities
over this ensemble of random matrix theories.

Now consider a single draw H from this ensemble. We will follow [1] and consider JT o,
as an effective description of that fundamental theory. We can then ask how the predictions
of JT, are corrected in the fundamental theory. In particular, let us consider the wormhole
length starting in the Hartle-Hawking state

e PE2E,) (1.6)

where Z(f3) is the partition function. JT predicts (x(t)) grows linearly forever in ¢. What
does the fundamental theory predict? This question has a long history [1, 8-10], and some
general comments can be made. First, we should expect that the true length matches the
prediction of the effective theory for a while — any short experiment shouldn’t be able to
resolve the energy differences. However, eternal growth can’t happen for any reasonable
choice of #: in the fundamental theory, |3) has non-negligible support on a finite ¢® number
of energy eigenstates, where S is the thermal entropy of the state. Assuming the matrix
elements (E,|Z|E,,) are finite, the length must eventually stop growing. In fact, it is expected
to plateau (rather than, say, to coherently decrease in length back to its starting size), with
small fluctuations around the plateau value for extremely long times after the Heisenberg
time, ty ~ e,

That said, it is one thing to know JT is wrong at late times, and another thing to
actually compute the finite Sy corrections. Explicit computation of these non-perturbative
corrections was a major goal of [1]. The first hurdle they encountered is to find an answer
to the following question:

Given a JTo state 1)), and operator o, what are the corresponding state and

operator in the fundamental theory?

The starting point of [1] is to define a holographic map*
V:Ho—H (1.7)

which takes as input a state in JT,, and outputs the “corresponding” state in the fundamental
theory. This map is deduced by studying the non-perturbative corrections to the inner product
that appear when Sy is finite. At infinite Sy, two length eigenstates have inner product

(z]a')y = 6(x —2') . (1.8)

'The presentation of these ideas in [1] is slightly different, but the physics is equivalent.



At finite Sy, [1] argues that the inner product is modified to

(z]z') = e ZQSE : (1.9)

This modification can be understood as follows. Starting with the JT, inner product, insert
the identity in the energy basis, and then simply restrict the integral over all energies to a
sum over the energies in the fundamental theory,

(ala')y = [ AE po(ENop(@)p (o SOZ¢E = () . (110)

This modified inner product can be quite different, and in general is non-zero when x # z’.
This defines the holographic map V as the linear map satisfying

(z|') = (x|VTV]2'), . (1.11)

Technically, this V is still ambiguous under V' — UV for any unitary U. We follow [1]
and fix this ambiguity by choosing V to be the one satisfying both (1.11) and which is
equivariant under time evolution:

VHy=HV. (1.12)

We then write the holographic map as

Vz)y = e 5/ quE (1.13)

One could worry that this map is ill-defined because it involves evaluating functions of
continuous energy at specific discrete values. We will illustrate with a toy model in section 2
that this can be justified.

So far, we have a map V on states. This induces a pullback on operators

V*: L(H) = L(Ho), (1.14)

defined by (|[V*(0)|1b), = (b|VIOV|¢), for all [1b), € Ho, which implies V*(O) = VIOV.
However, V' is not an isometry, and thus it does not automatically define a reconstruction map

R*: L(Ho) — L(H) . (1.15)

Any reconstruction map we define will require extra input. In [1], it was proposed that
we should define

R*(0) =VoOVT. (1.16)

This map has some nice properties. One is just that it is a natural R* to write down, if
all that’s known is V. Moreover, the authors of [1] used this R* to reconstruct a version of
the wormhole length operator, and found the desired qualitative behavior: linear growth
for a time e° followed by a plateau.



However, this map (1.16) also has some undesirable properties (in our view). One is that
it does not reconstruct simple operators in a nice way. In particular, there are normalization
ambiguities that arise even with the identity operator, which we would like to avoid. Consider

the reconstruction of the identity 1o = [*°_ dz |z), (z],
R*(1,) = / dz |2) (2], (1.17)
where we write |z) := V |z),. But then
oo
(x| R*(1o)|x) = / da’ [(z]a")]* = oo, (1.18)

because |(x|2')| is generally O(e~°0). This demonstrates R*(1) is not the properly normalized
identity operator because again (z|z') =~ d, ,» + O(e™). Similarly, R*(x) is ill defined, as
are the reconstructions of many other simple operators. The authors of [1] pointed this out,
and proposed that we simply ignore the operators with bad reconstructions, or use regulated
versions for the ones like  whose physics is important to us.

Another recent paper [11] describes a regularization for the length operator based on
restricting the path integral to a microcanonical window. Our predictions will be similar
but inequivalent.

1.2 Summary of our results

Our point of view is that a good reconstruction map R* should satisfy a certain compatibility
condition with the holographic map V, which we summarize as follows.? Let S be some
subset of states in Hg, which are morally the “good, semiclassical” states that the effective
description should be a valid description of. Let Kg be the analog for operators, i.e. the
subset of B(Hy) that we wish to regard as “good and semiclassical”. Presumably Kg should
include the operators that preserve S, like the identity.

Roughly speaking, we say that R* satisfies the compatibility condition if for a given
V and any |¢) € S and O € Kg,

W VIR (O)V [¢) =~ (| O |¢) . (1.19)

This morally says that R*(O) must “act the same” as O on semiclassical states. If R* does
not satisfy this condition, that means there are some semiclassical operators that R* cannot
be trusted to reconstruct, raising the question of why we should trust it in the first place.

The reconstruction map (1.16) from [1] does not satisfy this compatibility condition. One
natural set of semiclassical states S are the Hartle-Hawking state and short time evolutions of
it. The inner product between these states is approximately preserved by V (the corrections

2We focus here on linear reconstruction maps, even though in general holographic systems the reconstruction
maps can be non-linear because the holographic map is non-isometric [12, 13]. This restriction is acceptable
in this setting of pure JT, without matter, as long as we only demand the reconstructions work on a restricted
set of states that we call semiclassical. We return to JT with matter in section 6.3.



from higher topologies are very small), so we would expect R*(1p) ~ 1, but as we saw
in (1.18) this is not the case.

We will define a reconstruction map R* that does satisfy this compatibility condition with
V. As a warmup, in section 2 we study a particle on a line as an “effective description” for a
particle on a long interval of length L. The analogs of the holographic and reconstruction
maps will be intuitive and related in a particular way, different from (1.16). In a nutshell,
the map V will filter the Fourier modes k € R (on the entire real line) down to k € mL=1ZT
(well defined on an interval), with some mild spreading to ensure normalizability. The reason
why this is a nice way to “truncate” the continuous spectrum of the line down to an interval
is because: (7) it is easy to make V nearly-equivariant with time-evolution, and (i) wave
packets whose extent is small compared to the interval are clearly well-described by either
the effective line theory, or the fundamental interval theory, at early times. This gives us a
way to crisply define operators in the fundamental theory by comparing them, in suitable
regimes, to effective theory ones.

This will guide us in section 3 when we return to JT and construct an R* satisfying the
compatibility condition for a reasonable set of a states S. The strategy will heuristically
mirror the reconstruction map from the line to the interval. As inspiration for this, first
notice that the JT4 density of states (1.5) is not an absolute density of states (there are
formally infinitely many eigenstates of H on the line). We expect that the absolute density
of states of the fundamental theory takes the form

p(E) ~ eSOpO(E); (1.20)

J dEp(FE) counts the actual number of energy levels in any energy window. In what follows

So

we neglect corrections to (1.20) in e™”°. Indeed, going back to our analogy of a particle

on the line, we similarly have that

m
pinterval(E> = Lpline(E) = L\/ ﬁ (121>

where the last step assumes H = p?/2m for a particle on the line. It is very tempting to
interpret finite €% as analogous to finite L. We will argue that this analogy is indeed the
most natural one, in that it allows us to make quantitative and unambiguous predictions
for the fundamental quantum gravity theory, without detailed knowledge of microscopics.
More precisely, we will show that this known density of states together with the compatibility
condition (1.19) largely fixes a reasonable reconstruction map. This reconstruction map
will not be completely unique, but what we leave unfixed appears important only for the
lowest few energy levels.

In section 4 we use this reconstruction map to study the length of the wormhole at
long times. An unexpected analogy between quantum JT gravity and quantum ergodicity
theory [4] is useful, and allows us to make new quantitative predictions about non-perturbative
quantum gravity. Firstly, we find that the average wormhole length (x(t)) is not monotonically
increasing in time: at times t ~ tg ~ 5P (x(t)) grows above its late-time value before
decreasing back. This is in tantalizing agreement with an independent recent calculation [14],
to which we will compare our results in section 6.2. An explicit numerical calculation of the
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(a) The probability distribution p(x) of worm- (b) Non-monotonicity in the expectation value
hole lengths at different times, indicating a slow (z(t)) of the wormhole length.
spread of wavepackets.

Figure 1. Numerical illustration of the dynamics of the wormhole length x as a function of the
time ¢ in a microcanonical state with minimum energy F..i,, associated with a Heisenberg time
ti(Emin) ~ exp(S(Fmin)). The slow spread of wavepackets up to late times and non-monotonicity
in the expectation value of length are clear hallmarks of ergodic dynamics due to random matrix
statistics in the fundamental theory. See section 4.3 for numerical details.

wormhole dynamics, describing both the quantum wave function and the averaged wormhole
length, is depicted in figure 1. Secondly, we predict the magnitude of quantum fluctuations
in wormhole length, finding that

Az ~ max <A$(O), Tsat €XP [— <tH>2]> (1.22)

t

at short times; here Axz(0) is the initial uncertainty in position and xg,y is the late time
expectation value of length. This is a clear prediction of our formalism, and a consequence
of the random matrix statistics of the fundamental JT Hamiltonian [7]. Thirdly, we predict
the late time asymptotics of the time-evolved Hartle-Hawking state (1.6): crudely speaking,
the probability that the length is measured to lie in the interval [z, z + dz] is

1 I5] z \?

This wave function is quite heavy-tailed, implying substantial fluctuations in the wormhole
length at late times.

In section 5 we study the reconstruction of the velocity operator, which measures the
growth rate of the wormhole length. In section 6 we discuss the implications of these results.

2 “Reconstruction map” of a free particle

In this section we introduce, in a simple example, a “correct” reconstruction map for a toy
model. There are three takeaways:

1. It is familiar that a quantum theory with a continuous spectrum can be an effective
description of a fundamental theory with a discrete spectrum.



2. The relationship between these theories can be codified by two maps,

‘Z : Het — Hrund (21)
R L(Heff) — L(Hfund)
which respectively identify states and operators in the two theories.

3. The “reconstruction” map R* is not generally given by R*(O) = VOVT.

These lessons are important for us because in section 3 we work to construct an appropriate
R* for JT gravity, which will not be given by simply conjugating by V.

2.1 The line as an effective description

Imagine we have a free particle of mass m on a finite interval, with Hilbert space
Hine = L2 ([0, L]) , (2.2)

and infinite potential walls at 0 and L. Say we are mainly interested in a state supported
near x = L/2, dying off very quickly relative to L, such as (schematically)

—>

r =0 =L (2.3)
To a good approximation, for short enough times, the particle won’t notice the finite length,

and we can describe the physics of this state using an effective theory as a state of a free

particle on an infinite line, with Hilbert space
Hime = L2 (R) , (2.4)

mapping the interval state (2.3) to the line state

—
’{p)line - < /\ _>

(2.5)

Intuitively, this is a good effective description because we can identify the |z) states and
the & operators in the two systems, and then the expectation values match (for a while):
(Z))ipe = (Z);,- Note that the effective description has a continuous spectrum while that
of the fundamental theory is discrete, analogous to the relationship between semiclassical
JT and the dual quantum theory.

While intuitive, this effective theory functions differently than many other effective
descriptions. The regime of validity is not “low energies”, but instead related to the complexity
of the operation in question. For example, the description becomes invalid under operations
that probe energy differences of order 1/L or smaller.



2.2 Codifying the relationship with V and R*
We can formally describe the relationship between these two theories by defining two maps,

Ve Hline — Hint

(2.6)
R : L(Hiine) = L(Hint)

which identify their states and operators respectively. Properly defined, these maps will make

it clear how to use the effective description, including determining its regime of validity. In

analogy to JT, we will refer to V' as the holographic map and R* as the reconstruction map.
The starting point is to notice that there is a natural map

R : Hint — Hiine

L
Dny o — \/?/d:c sin (nmE) |z) &1)
: int Z T line

0

which takes a wave function on the interval and maps it to the same on the line, vanishing
outside z € [0, L].
The reconstruction map R* is naturally defined as the pullback of this R,

R*(0) = RTOR (2.8)

for O € L(Hiine). This gives satisfying reconstructions, for example for the identity, Hamil-
tonian, position, and momentum,

R*(Liine) = R'R = L ,

R*(Hiie) = R Hiine R = Hint , 29)
R*(21ine) = R'2jine R = Ting , .
R*(Ptine) = R'pline R = Pins -

The map V can be constructed as follows. V' will identify states in the effective and
fundamental theories, so it is reasonable that it should invert the natural identification
given by R. Hence we demand

VR =1y . (2.10)

However, this does not fully specify V, because the image of R does not include all of
Hiine- We still have to decide how V' acts on wave functions supported outside = € [0, L].
One option is to simply annihilate the part of the state outside that range, but this has
the undesirable property that V' would not commute with time evolution. A more useful
choice is to define V to satisfy

V Hiine = HintV' . (2.11)

This is nice for two reasons. Primarily, it allows the effective description to be a useful descrip-
tion of the fundamental dynamics; we don’t lose anything by time evolving in the effective



description. Secondarily, this is a key property satisfied by the holographic map (1.13) in JT
gravity, so (2.11) ensures we are studying an effective theory analogous to semiclassical JT.

The condition (2.11) ensures V' acts diagonally in the energy eigenbasis. This creates
a subtlety: energy eigenstates are true elements of Hi,s, but technically not of Hine. To
construct a well-defined V', we will proceed by using e-approximate eigenstates, and demanding
only that (2.10) and (2.11) hold in the € — 0 limit.

Consider the states

1E.e)1ine = Ei /OO dz e e’/ sin(vV2mEzx) |z)),. - (2.12)
(27‘()4 —o0

These are approximately normalized states of approximately definite energy, with both
approximations improving quickly as ¢ — 0. We could analogously define states |cp ).
which replace the sine with cosine, and together these states for £ > 0 would span Hiipe-

We define V; : Hine — Hint as

L

(2m)

‘/5 = Z ’n>int <8En,€‘line ’ (213)

n

0

where E, are the eigenvalues of Hj,. It is straightforward to show this satisfies condi-
tions (2.10) and (2.11) with error O(g). Moreover, V. preserves the normalization of wave
functions supported entirely in x € [0, L], up to terms that vanish as ¢ — 0. We can make
¢ as small as we want, so we will drop ¢ going forward, imagining that we are working
in the ¢ — 0 limit.?

With these maps V and R* in hand, we have formalized the sense in which the particle
on a line is an effective description of the particle on the interval. Given some operator and
state on the line, these maps tell us what we are supposed to compare to on the interval.
They also allow us to determine the regime of validity of the effective description. We say
it is valid for a given state |¢)) € Hjne and observable O € L(Hjipe) if

(W|OlY) ~ (Y|VIR*(O)Ve|) (2.14)

to within some desired accuracy. For relatively localized line wave functions (x) and
simple operators like Zjne, (2.14) will hold. However, (2.14) will be badly violated for more
complicated operators, like the time evolved position operator x(t)je for very large t. For
such cases, the correct answer is computed by the right hand side of (2.14); the left hand
side is no longer a reliable approximation. This is analogous to JT, in which semiclassical
JT fails to compute the correct wormhole length at long times, but we can still compute the
correct length by correctly reconstructing the state with V' and the operator with R*.

2.3 Lessons for JT

The point of this interval/line example was to have a system that we understood completely,
whose V' and R* were intuitive. That way we can study how these V and R* are related,
and extract lessons for what R* might be in JT.

3For some states, lim._,o Vz |¢) will not converge. We regard those |¢) as outside the regime of validity of
the effective theory.

,10,



Recall that one idea, from [1], is
R;(0) := V.0V . (2.15)

This is very different from the R* we constructed in section 2.1. For example,

2 T /
R} (2ine) = Z 1) (1] 7 / dz z sin <nl7jx> sin (Tm) e v/ (2.16)

n,n’

which is not equal to iy, and in fact has vanishing matrix elements. This is a general
problem with Rj: it tends to output vanishing or divergent matrix elements, unless the
operator is finely tuned. At any rate, it doesn’t give the intuitively correct reconstruction
in this line/interval example. We conclude that conjugation by the holographic map V is
not in general the right way to reconstruct operators.

Starting in the next section, we apply this lesson to JT. We will regard the difficulties
with (2.15) in JT as a sign that it is not the correct reconstruction map and we will look
for another.

Note a crucial difference between JT and this line/interval example. In JT, we are
starting by knowing V' and would like to deduce R*. This is trickier than the converse,
because V' can be straightforwardly determined from R via (2.10) and (2.11). We’ll have
to figure out the appropriate R* by different means.

3 Finding R* for JT gravity

Returning to JT gravity, we have a holographic map V : Ho — H given by [1]
o0
Viz)g =e™23" o, () | Ei) (3.1)
i=0

which tells us how to identify states in the effective and fundamental theories. The reconstruc-
tion map R* : L(Ho) — L(H) will tell us how to identify operators. In section 2 we argued that
in fact we should not in general take R*(O) = VOV, even though such a map seems natural.

In this section we will build another reconstruction map. This problem is more challenging
than the warmup from section 2, because here we start with V and try to build R*, rather
than the other way around. We do this following one guiding principle:

Given a semiclassical state and semiclassical operator, the reconstruction of that
operator should match the semiclassical answer to as good an approrimation as
possible, at short times.

As a consequence, we will also find that the reconstruction closely matches the semiclassical

answer all the way to time scales ¢/ V'S, nearly the Heisenberg time.*

4We expect (but do not prove) that this guiding principle implies that, in generic cases, the dynamics of
reconstructed operator remains close to its semiclassical dynamics for the longest possible time, relative to
other possible reconstructions of that operator.

— 11 —



Let us start to make this more precise. By definition, the reconstruction of an operator
O on a state |¢) has error ¢ if

IR*(O)V ) =VO[p)|| <e. (3.2)

Because V' is diagonal in the energy basis [1], it follows that the effective theory Hamiltonian
Hy is perfectly reconstructed by the fundamental theory Hamiltonian H on all states, which
encourages us to define R* to satisfy

R*(Hy)=H . (3.3)

This does not yet fully specify R*. To further constrain it we would like to decide how it
acts on the conjugate to Hy, called the “time-shift” operator §, which satisfies

etfotge=tHot — 5 4 ¢ (3.4)

Unfortunately, this runs into two complications. One [5] is that ¢ is technically not a well-
defined self-adjoint operator because Hj is bounded below, but let us initially proceed as
though it were, to illustrate the idea. Another is that in the fundamental theory, H has
an irregular random matrix spectrum, and therefore cannot generate perfect shifts of an
orthonormal basis of d-eigenstates. We will have to address these issues by forming an
approzimate conjugate relationship between H and R*(d) that upholds our guiding principle,
using tools from quantum ergodicity [4]. The rest of this section will explain how to do
this more carefully.

We want to decide what operator in the fundamental theory should be R*(d). A priori
there are many options, but our guiding principle instructs us to look for an operator that
minimizes the reconstruction error on semiclassical states. For definiteness, let us consider
|1y € Hp to be the Hartle-Hawking state projected onto a microcanonical window of width
AE ~ O(1), and let [(t)) := e~ ot |¢)). We will regard these |¢(t)) as our semiclassical
states, at least for ¢ small compared to the Heisenberg time. We would like to find an operator
R*(9) in the fundamental theory that satisfies

[R*(O)V [(t)) = Vo)l <e (3.5)

for as small an € as possible at short times ¢. It is helpful to phrase this purely in terms of
properties that must be satisfied by the operator R*(d). This comes out to be

ethRf{/[C(é)e*th ~ Rye(0) +t, (3.6)

where Rf;~(6) is the operator R*(J) projected into the microcanonical energy window, and
with the approximation as good as possible for small t. We will argue this essentially fixes
Ry (8), and furthermore that we can effectively stitch these together for each microcanonical
window to construct the full R*(§). The action of R* on a general operator A we then
define roughly by writing A in terms of Hy and § and then replacing each Hy and § with
their reconstructions.

To make this more rigorous, we first need to discuss an operator pair other than (Hy, J)
that is more easily defined. However, we would still like them to play the same roles, with
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one operator related to time evolution, so that we can apply our guiding principle as above.
A straightforward way to do this is to introduce action-angle variables (N, 6) and then define
R* by its action on those.

We begin in section 3.1 with classical JT gravity, showing how to define suitable action-
angle variables that when quantized lead to action and angle operators in the effective
theory. In section 3.2, we construct action and angle operators in the fundamental theory. In
section 3.3 we explain that our guiding principle is best upheld by a particular identification
of the action and angle operators in the effective and fundamental theories, and we also
explain how this defines the reconstruction map. This R* will not be fully unique, but we
will argue that any R* satisfying the guiding principle will be close to this one. In section 3.4
we apply this to the length operator x to obtain an explicit reconstructed operator, which
we study in later sections.

3.1 Action-angle variables in the effective theory

We start with classical JT gravity, to define “action” and “angle” variables that will be useful
for defining a reconstruction map following our guiding principle.

As reviewed in the introduction and derived in [5], the phase space of classical JT gravity
is R? with canonical symplectic form

w=dpAdz (3.7)

and Hamiltonian function

p2
H="3 427" (3.8)

Classically, trajectories corresponding to an incoming particle from z = oo with p < 0,
bouncing off the “soft wall” exponential at i, = log(2/E), and then traveling to the right:
as t — oo, for some constant offset tg,

z(t) = V2E(t — ty). (3.9)

All time-independent classical Hamiltonian systems on a two-dimensional phase space
are (locally) integrable. We can then look for “action-angle” variables where the integrability
is manifest, and H only depends on the momentum (action) variable. This has been achieved
in [5]. Define the canonical variables

P :=\/p? +4e-7, (3.10a)
> Vp?+4e T —p

X :=—x—2log 5 ,

(3.10b)

where we note that X > 0 when p > 0. This P is (up to a constant) just ¢y, the dilaton
value at the black hole horizon. Similarly, X should be identified (up to a constant) with
oénd, where 0 is the time-shift operator across the two boundaries of the wormhole. Now the
phase space is Ry x R with coordinates P > 0, symplectic form

w=dP AdX, (3.11)
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and Hamiltonian

P2
H=—. (3.12)
2
The inverse transformation is
p = Ptanh Ex (3.13a)
2 cosh & X
z =2log T (3.13b)

Classical trajectories that are incoming from x = +oo with p < 0 have X - —00, while
the outgoing trajectory with p > 0 has X — +oo.

In a system with closed orbits, the action-angle variables (]5, X ) would be uniquely
defined by the periodicity requirement X ~ X + 27. In classical JT gravity, we do not
have closed orbits. This means that there is an ambiguity in the action-angle variables.
An alternative choice

P:=F (3.14a)

-3

X =

: 3.14b
F'(P) ( )
also has the same symplectic form and phase space, so long as F'(P) is monotonically increasing
(all canonical transformations must be invertible). The Hamiltonian is now

H= %F (P)? . (3.15)

The effective theory JT,, comes from imposing the canonical commutation relations
[,p] = 1. We will define action and angle operators P and X by their classical relationship
to x,p and promoting x,p to operators:

"= Pz.9) (3.16)
There are operator ordering ambiguities to worry about, but we will argue later that they lead
to only small differences in the questions we study. Note here we temporarily wrote hats for
clarity, but from now on will go back to not using them; unless explicitly indicated otherwise,
(P, X) will henceforth refer to quantum operators acting on the effective Hilbert space Hy.

At the level of the effective theory, we stress that there is no reason to prefer one (X, P)
action-angle pair over any other. But, when we build a reconstruction map in section 3.3,
we will explain why there is a preferred choice of F in (3.15) that correctly reproduces the
spectrum of the fundamental theory.

3.2 Action-angle operators in the fundamental theory

Our goal is to define the reconstructions R*(P) and R*(X) of the action and angle operators.
Before doing this, it will help to introduce a kind of action N and angle 6 operators in the
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fundamental theory. We will see in section 3.3 that our guiding principle is best upheld by
identifying a particular pair of these as the reconstructions of P and X.

Crucially, these fundamental theory action and angle operators must have different
properties than their effective theory counterparts. P and X both had continuous, unbounded
spectra (except P > 0). In the fundamental theory, the action operator N will have a discrete
spectrum because the Hamiltonian does. Notably though, we will explicitly construct it to
have a regular integer spectrum like the harmonic oscillator in place of a random matrix
spectrum. This will allow us to introduce a periodic variable § with which IV has a natural
conjugate relationship, and in fact it will be better defined to deal with e* instead of
directly. This reconstruction of unbounded X with bounded # will underlie the late time
features that show up in the fundamental theory.

To build the operators, consider the fundamental theory’s countably infinite Hilbert space

H =12 ({|0),]1),]2),...}), (3.17)

where these basis states are arbitrary, so far not related in any particular way to the eigenbasis
of the Hamiltonian H. We define action and angle operators respectively as

N|n) = nln), (3.18a)
etln) = n£1) (3.18b)

We will also call N the “number operator” and e the raising/lowering operators. Here
|—1) = 0 is a null vector. Note this implies

[N,e—iﬂ . (3.19)
which is similar to the harmonic oscillator algebra, however here ee™¢ £ N (where el =
(e79)T). Also note that since N is not directly given in terms of et  the formula for the
raising and lowering operators are modified from the textbook form for the harmonic oscillator.
Note too that [e!,e™] # 0 because e’e19]0) = 0.

We emphasize again that we have not yet related the |n) basis to the energy eigenbasis
|E,). Different relationships define different pairs of operators N,e*?. We have left this
unfixed so that we can determine which choice best upholds our guiding principle. That
is, in the next section we will consider reconstructing P and X roughly as N and 6, and
then ask which particular V and § make the reconstruction error the smallest at early times.
We will claim (and argue in appendix A) that the answer is to line up the bases of N and
H, identifying |n) = |E,).

Let us comment on why we have defined e*?

instead of 6 directly. While naively we would
have liked to define a conjugate “angle” operator 6 satisfying 6 € (—m, 7| and [N, 0] = —i,
unfortunately that periodicity and N > 0 imply such a 8 would not be a well-defined self-
adjoint operator on H. Defining e is a suitable workaround which would imply the canonical
commutator if § were well-defined, and does correctly account for the periodicity [15, 16].

In the absence of a well-defined 6 operator, it is not possible to define eigenstates of ¢ in
any direct sense. For example, it was noted in [15, 16] that cos @ and sin 6 are well-defined

non-commuting operators, when given by the conventional linear combinations of e*?, so
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they cannot share an eigenbasis of f-states. So instead, we treat the angle variable with
the following strategy. As with the harmonic oscillator, the lowering operator e~ admits
(non-normalizable) eigenstates § with respective eigenvalues e ¢, § € (—x, 7], which form

an overcomplete set of coherent states:
0 .
10) = > e n). (3.20)
n=0

For this family of states, N acts like a generator of translations, where the addition of
f-values is modulo 27:

e N|9) = |0 + 6y). (3.21)

3.3 Defining the reconstruction map

We now propose a reconstruction map, which we argue best upholds our guiding principle.
(The full technical argument can be found in appendix A.) Loosely speaking, the idea is to
define R*(P) = N and R*(e'X) = €. We emphasize that these are maps between operators:
(P, X)) act on the effective Hilbert space Hg, while (IV,0) act on the fundamental Hilbert
space H. This itself is somewhat too quick though, because it does not fully specify how
a general function f(X) is to be reconstructed.

We really define R* as follows. Consider a general effective theory operator written
as a function A(X,P). Let Ay(Xa, Pq) be the classical variable corresponding to this
operator (here, we introduce subscripts - to differentiate classical variables from effective and
fundamental operators). Define the classical function flcl(kcl, P,) via the Fourier transform

~ 1 7 i
ACl(kClu Pcl) = % / d)(cle kc}XClAcl(Xclu Pcl) ) (322)

and then, after promoting P, to the fundamental theory operator N but retaining k. as
a classical variable, define the reconstruction map on quantum operators A(X, P) in the
effective theory as

R* (A(X,P)) = i %{eikdg,ﬁ(kd,N)}. (3.23)

keo=—00

Here, fI(kCl, N) is a well-defined operator in the fundamental theory via the replacement
P, — N if, e.g., ﬁcl(kcl, P,) is defined through a power series in P, as it only involves the
single operator N and therefore no commutation ambiguities. What we have done is to define
the reconstruction map via the Fourier transform, truncating the range of X from (—o0, c0)
to [—m,m). Note that this reconstruction map is linear, because the Fourier transform is
linear. While this map is not an algebra homomorphism, it is approximately one on very
high-energy states: see appendix B.

Two comments on why we choose to consider this map. One, it allows us to define
reconstruction with this specification that R*(e'X) = €. Two, we truncate the range of X
in preparation for replacing X with 6, otherwise it would over count.
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Figure 2. A cartoon of the modification of phase space suggested by our proposed reconstruction

map, which truncates the range of X from (—o0,00) to [—m, 7). In (z,p) coordinates, this deletes the

S(E)

red region, which consists of wormholes long compared to e . The boundary conditions we place at

these new walls can be understood as gluing the remaining phase space in the way depicted, making
the paths cyclic.

To finish defining the reconstruction map, we need to specify exactly which N, e'? to use,
i.e. specify how the basis |n) relates to the energy eigenbasis |E,). We argue in appendix A that
there is a “best choice”: align the bases |n) = |E,). We show that with this choice, our guiding
principle is best upheld. This brings along a number of nice features, such as R*(Hy) = H.5

Let us comment further on the physical picture that comes from this reconstruction.
We might think of the truncation of X as a particular modification of phase space, where
the region of large X is excised and the remaining portion glued together, which makes the
paths in phase space cyclic, as in figure 2.

This cut-and-glued picture of phase space illustrates an important idea underlying this
reconstruction map, why it makes sense for JT gravity but not all single particle quantum
systems. The original paths in phase space were not closed, hence there were no “ordinary”
action-angle variables; we had the freedom to redefine the action-angle variables, as in (3.14).
This allowed us to find action-angle variables P, X whose dynamics closely match those of
N, 0 in the fundamental theory (at short times).

For comparison, the same strategy would not have been available if the effective theory
had been the harmonic oscillator. Even though we could have defined action-angle variables,
their dynamics would not have matched any action-angle operators in the fundamental theory.
And there would have been no freedom to look for alternative action-angle variables that
would have matched more closely, in part because the density of states grows so much faster
than that of the harmonic oscillator.

50ne could make other choices, e.g. N’ = UAnNULn, where Ua,, is a block diagonal permutation matrix
mixing |n) states within a window of size An. At short times, the predictions of this theory would be close to
semiclassical predictions, but not as close as with our reconstruction. This permuted theory would have very
different dynamics at late times, however.
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As an exercise, we can build an approximate time shift operator  in the fundamental
Hilbert space. Using (A.1b) in appendix A, we can show that the fundamental theory
variables § and € should be related by:

i (=" [p(En) + p(Em)]

n,m=0:
n#m

In)(m| . (3.24)

T

5= (o), 6} =

Notice that § essentially reduces to a rescaled version of # within narrow energy windows
as required. The results of [4] (see appendix A) then imply 0 is as close as possible to an
observable whose shifts are generated by H at early times.

3.4 Explicit reconstruction of the length operator

We now use this reconstruction map on a specific example, the wormhole length operator
x. First, we must carry out the classical canonical transformations to deduce x in terms of
P, X. Then we replace P with N and ¢'X with e!’. Using (3.13b), (3.14) we find

2 cosh 2F,(N)

z(N,0) = QIOgW

(3.25)
To get a usable approximation for x, we need to plug in a specific form for F' and then write
this operator in terms of its matrix elements in the energy basis. For this reason it will be
convenient to write the operator in terms of the Hamiltonian H.

To obtain an explicit form for F', we proceed as follows. Using (3.15) and R*(P) = N,
we can write the fundamental Hamiltonian as

H = %F(N)Q, (3.26)

where the discrete spectrum of N enforces

F(n) = V2E,, (3.27)

with E,, the fundamental theory spectrum {F,}. In theory this determines a lot about F'
(though not completely). In practice, we will want to be more explicit. At first this seems
difficult, because this F' would need to be some function fitting infinitely many random values
of E,. However, for the calculations we want to do, it will suffice to define F' coarsely. While
fluctuations in F, vs. E,11 are drastic from one draw of the ensemble to the next, the overall
shape of the distribution hardly fluctuates, and is what’s responsible for the qualitative
features we study. A sufficient coarse definition can be built using the leading order average
density of states (1.5). Let N(E) denote the number of eigenstates < E; then

E
2F cosh(2nv2FE sinh(27v2FE
— So/dEl PO(E/) — eSo (277()3 ) —eSO ((27T)4 )

2Ee27r\/ﬁ

2772 (3.28)
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with p(E) given by (1.20). For a random matrix [17]

Var[N(E)] .
ENE] < N(E)™V4, (3.29)

implying that for N(E) > 1 (as we will always have for the semiclassical states of interest
in this paper), the function F' is universal up to extremely small (< =5/ 4) fluctuations.
Because we need

N(B)=F' (V2E), (3.30)

comparing (3.28) with (3.30) we deduce that

N

1 N 1 N 1
F(N)%%[logeso—log (%IOge&)>+”'] %%logeﬁ. (3.31)

For future reference, we also remark that the choice of F is (up to the statistical fluctuations
in E,) related to the density of states p(F) via

50 po(E) = e5(E) F(N(E));’(N(E)) _ @;/(N). (3.32)
Therefore, we can write the fundamental theory Hamiltonian as
H = EF(N)Q ~ L (log N>2. (3.33)
2 872 eSo
Returning to the length operator, we use (3.31) to get
z(N,0) =~ V2Hp(H)|6| — log(2H) + - - - (3.34)

To find the matrix elements, it is useful to rewrite |6|, defined assuming that 6 € (—mx, x|,

as the operator :

D=t =5 Xl = Y E Iy (3.35)
n=0 n,m=0:
n#m
This gives®
g\/2Enp(En) — log(2E,) n=m
(n|R*(z)|m) ~ . V2Enp(Ep) + v 2Emp(Enm) : (3.36)
((=1) -1) 2 —m)? n#m

SAs an aside, we remark that this length operator R*(z) does not satisfy the off-diagonal eigenstate
thermalization hypothesis [18], conventionally expected for “physical” observables in a theory with a random

—S(E)/2 relative to the

matrix spectrum. In particular, off-diagonal matrix elements are not suppressed by e
diagonal elements in the energy eigenbasis, especially near the diagonal. This is partly due to the simple
action-angle dynamics of the effective theory, and implies that the expectation value of length does not settle
down to a saturation value in special initial states supported on a small number of energy levels (unlike the

“larger” initial states of section 4, in which the length does saturate).
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Let us comment on how this is related to the length operators in previous work. The
authors of [1, 9] made explicit predictions for the matrix elements of the length operator,
at least for n # m:

—e % (27r)?
(E, — Ey,) sinh(n[\/2E,, — v2E,;]) sinh(7[\2E,, + 2E,))

B —e™%(21)2\/2E,  2Eup(En)
~ 27(E, — Ep)?sinh(2nv2E,)  2m(n —m)?’

(n|R*(z)|m) =

(3.37)

In the second line, we have approximated that 1 < |m —n| < n, we have further neglected the
tiny fluctuations in E,, that encode random matrix statistics, and we have lastly invoked (3.32).
Comparing to (3.36), we see that there is a quantitative similarity in the scaling of the matrix
elements. A technical difference is that (3.36) vanishes between inequivalent energy eigenstates
with m — n an even number, while (3.37) does not.

Note that this reconstruction R*(z) is not unique. For one thing, we have used an
approximation for F', which ignores many subtle features of the spectrum. Many equally
valid approximations could be made. However, these differences are small and do not affect
the qualitative behavior of (R*(z)(t)).

Another non-uniqueness comes from the choice of operator ordering between the non-
commuting N and 6. But this difference is also small, at least when evaluated in high
energy states. Given two different choices of operator orderings in the reconstruction, R*(z)
vs. Ri.(x), notice that

(B*(2)) = (Riew(®)) ~ [(IN,OD] 1
(R*(2)) TN (N)

(3.38)

In this equation, we have used the explicit form of (3.25) to estimate the importance of operator
ordering ambiguities. Notice that for a wave packet of dominant energy F, (3.28) implies that

(N) ~ VEeSE), (3.39)

Therefore, the operator ordering ambiguities when going from (N, 0) to (x,p) are not of
physical interest to us.

We also comment on a conceptual point regarding the relationship between R* and V.
Our guiding principle ensures that states of the form (3.1) are fairly narrow wavepackets in
the eigenbasis of R*(x) for semiclassical values of x, and therefore have expectation values
and fluctuations consistent with an eigenstate of the latter to leading order. The crucial
requirement for this is that ¢, (x) has a slowly varying phase factor as a function of n,
which holds for x < e°. Such slowly varying phase factors are also seen for time-evolved
semiclassical states well before the Heisenberg time scale, which indeed remain fairly localized
in R*(z) due to the slow spreading of wavepackets discussed in section 4.1. However, we do
not expect or require that V|z)o is precisely an eigenstate of R*(x), only that it is localized
to near the z-eigenvalue of the latter if z < e%. In essence, we are trading off a precise
eigenvalue-eigenstate relationship between R* and V in favor of a guiding principle that
allows us to carefully compute nonperturbative quantum dynamics in the fundamental theory.

Lastly, for brevity we will often write x instead of R*(x) when it is clear that the operator
acts on the fundamental Hilbert space (e.g. in figure 1).
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4 Wormhole dynamics

Having built a reconstruction map R* and written down an explicit form for the reconstructed
wormhole length R*(x), we are ready to study the dynamics of wormhole length in the
fundamental theory.

4.1 Microcanonical state
We begin by considering wormhole dynamics in the following microcanonical state:

1 No+d—1

) == N n;:\fo n), (4.1)

where |n) are the energy eigenstates of the fundamental Hilbert space (3.17). We assume that
d < Ny, such that En,1q ~ ENn,, and this state is supported in a narrow energy window of size

d -5
AFE ~ ol ~de ", (4.2)
This state appears identical to the states used to develop the theory of quantum ergodicity [4],
which we will use below.
In what follows, it will often be easiest to discuss the “rescaled wormhole length” operator
9, defined in (3.35), and the reader should keep in mind that, following (3.25), we can
approximate

H)\/2H -9 —1og(2H) + - - - . (4.3)

The discussion that follows is accurate provided that Ny is large, and the density of states
is approximately constant in this energy window:

Ologp(E) AE
0E VE

which ensures that x and ¢ are essentially proportional.

AFE -

<1, (4.4)

We now can generalize [4] to deduce critical features of the probability distribution of
z in the time-evolved microcanonical state

No+d—1

[ (t)) f > e lp). (4.5)

n=Np0

The details rely heavily on the level statistics of the fundamental theory, and we defer
the derivations of the following results to appendix A. At ¢t = 0, [¢(0)) is an approximate
eigenvector of ¥ with (1(0)[9](0)) ~ d=1. If |4(t)) is an approximate eigenstate of ¥ at
later times, it should be close to a state of the form

5 1 d—1
16) := fze—ll"uv 0+ 1). (4.6)

Notice that within the microcanonical window of interest, the discrete set § = 2rm/d with
m € {0,1,...,d — 1} form a complete basis. To be even more quantitative, since we have
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found approximate quantum action-angle variables, we expect that |¢(¢)) should be close
to the state |A(t) = 2nt/ty), where

ty = 2mp(E) = 215 (4.7)
is the Heisenberg time, which is the period of a classical angle variable with (quantized)

density of states p(E). We consider the “persistence amplitudes”

. 19 t
a(t) = 1B (0] = ‘dzexp 2ming. (1)
=0

which measure the closeness of the actual quantum wave function to a sharply peaked wave
function following the classical trajectory. We have defined A;, which measures spectral

fluctuations:
_(Ei—FEo,
s (BB ) 4
with p
AF = —— 4.10
o(E) (4.10)

denoting the width of the energy window.
A short calculation using CUE random matrix statistics (see appendix A.2) reveals that

2
2(t) ~ exp [ logd%] . (4.11)
gz

It follows that the wavefunction remains in a microcanonical “coherent” state |9(t)) with
overwhelming probability for ¢ < ti/A (for RMT statistics, this time scale is ty/v/Ind). This
means that the wavepacket remains localized to within AY ~ 1/d of the classical trajectory
9~(t) until this time, but spreads sharply thereafter, to A ~ 1 by t ~ tgr. The results discussed
thus far are a mild extension of earlier work [4].

We can now extend these results and be even more quantitative about the actual shape
of the wave function as it begins to sharply spread near t ~ ty. In appendix A.3, we find
(using arguments based on the self-similarity of random matrix statistics) that the width

of the wave packet is

d-! t < tp/vlogd
AD(t) ~ Q¢ exp|—(tu/cat)?]  tu/Viogd <t <ty - (4.12)
1 t 2ty

where ¢ 2 are O(1) constants. Remembering (4.3), we notice that the semiclassical wave
packet can grow all the way to wormhole length z ~ e° V2E/S before spreading due to
quantum fluctuations!

The quantitative way that the wave function spreads into an incoherent sum over many
different wormhole lengths is also very intriguing. In appendix A.4, we predict that (for
e¥ < T < exple’], at which time we encounter quantum recurrences [19, 20])

/T f; {(ﬁ(t)) _ ﬂ ~0. (4.13)
0
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This means that on average, the wormhole has a specific length at very late times, but
the wave function explores longer wormholes than average for a noticeable amount of time.
What actually happens is that for ¢ ~ 7, the wormhole actually overshoots its final length,
before bouncing back: see figure 1. This is a non-trivial prediction of our formalism. We
note an intriguing similarity with predictions of [14], which we will discuss further in the
concluding section.

Let us also briefly comment on the difference between our approach and a recent work [21],
which proposed to account for the discrete spectrum of JT gravity by simply modifying the
exponential potential of (3.8) with a wall at large z, whose growth is chosen to match the
spectrum. In this approach, the wormhole growth will begin to deviate from its classical
value at times t ~ e — rather than t ~ ¢5(%) /\/S(E) — which is incompatible with our
fundamental postulate.

4.2 Hartle-Hawking state
Now we discuss the Hartle-Hawking state in (1.6). Its probability distribution as a function
of energy is given by

—p(E)e PE, (4.14)

which is normalized to 1. For the JT density of states, we recall that p(E) = po(E)e™ with
po(E) x sinh(27v/2FE) given in (1.5). In the high temperature regime § < 1, the distribution
P(FE) is approximately a Gaussian

s 2 s 3
P(E(B) + 6E) = Z(lﬁ)exp [S(ﬁ) - (ZE ,/E(Qﬁ)g + 58E %Jr] (4.15)

with a peak at

E(B) ~ 2n°T? (4.16)
where T" = 1/, and standard deviation
op(8) ~ 2rT3% < E(B). (4.17)

Here,
S (B) = loglZ(B)P(B(B))] = S + 27°T — log (87°

N———

. (4.18)

We emphasize the distinction between the microcanonical entropy S(E) = log p(E), which
depends solely on the density of states, and the thermal entropy Sy, (f). This discrepancy
has interesting consequences we will shortly discuss.

Based on intuition from statistical mechanics, one might expect that for 7' > 1, the Hartle-
Hawking state behaves very similarly to a microcanonical state. However, this is not true.
In the discussion of section 4.1, we had assumed (4.4), i.e. AE < EY/2. Comparing (4.16)
and (4.17), we see that for the Hartle-Hawking state, AE ~ E%%. Therefore we must
consider the Hartle-Hawking state to be a superposition of many (> E'/* ~ T%/2) different
microcanonical windows.
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A rather tedious (but direct) computation in appendix C confirms that the length
operator x, whose matrix elements are given in (3.36), is “close enough” to diagonal that
one can indeed split apart the wave function into many different microcanonical windows,
each of which can essentially by treated “independently”. More explicitly,

TR > Pie,.e+sE)12P B, E16E)
energy window
~ > P pismV2ESEOITEEYP L b s, (4.19)

energy window

where P(g gys5p) is a projector into a microcanonical state with width 6 F' < V'E obeying (4.4).
This also implies that we can borrow many of the technical results from section 4.1 to deduce
the late-time dynamics of the Hartle-Hawking state.

Importantly, however, the Hartle-Hawking state is a superposition of many distinct
microcanonical windows with different E. This means that some of the breakdown of
semiclassical dynamics in this state is simply due to the fact that there is a very broad
distribution of Heisenberg times:

tn(E(8) + 6E) = 2np(E(B) 4 0E) ~ 2meS(EB))+AE (4.20)

Recalling that 6E ~ o ~ 873/2, we see a large relative spread in ty, of order eﬁ, between
different typical microcanonical windows, even though the value of the energy FE itself
hardly varies.

Here, let us focus on a few drastic consequences of this large spread, leaving the derivation
to appendix D. First, for very late times

t > ty(E)eOSE), (4.21)

after nearly all microcanonical windows have reached their Heisenberg time, the probability
to measure a length x is approximately given by

3277/2 8 2
~ — = {log (64m2e ™50 : 4.22

P@) ~ &7 (5 Tog (64n7e—507) &P { 82 {1og (64n%0a) } } (4.22)
This is an extremely heavy-tailed distribution, which has drastic implications. For example,
if we compute (z9), for each different value of ¢, the expectation value is dominated by
a different part of the distribution P(z), namely a different energy window in the Hartle-
Hawking state near

Ey(B) = (¢ + 1)*E(p). (4.23)

Taking ¢ = 1, we see that (z) is actually dominated by a very small fraction of the wave
function, and therefore will not saturate to its final value until well after the Heisenberg
time tg(E(B)) associated to the typical energy of the Hartle-Hawking state. Indeed the
rather stringent inequality (4.21) comes from this observation: to truly capture the full
distribution (4.22) requires evolving the wave function for an extraordinarily long time, such
that even the microcanonical windows containing an exponentially small fraction of the
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high-energy states have had time to saturate. The atypical microcanonical windows are thus
qualitatively important in capturing wormhole dynamics in the Hartle-Hawking state. In
appendix D, we further discuss the nature of the “bump and spread” in the Hartle-Hawking
state, which is still present, but is less pronounced than in a microcanonical window.

4.3 Numerical simulations

For numerical simulations, we generate a spectrum with the JT density of states given by (1.5)
and CUE level correlations, by using (3.28) and (3.30) to “fold” a CUE spectrum (which has
a uniform density of states on [0,27)) to have the JT density of states. First, we define a
smooth folding function F for an “averaged” spectrum via a variant of (3.30):

E[N(E) =F '(V2E). (4.24)
For a CUE spectrum of D levels with eigenphases ¢,, € [0,27), we have the approximate
relation:

D
n~ —¢n+0(VInD). (4.25)

This suggests that a reasonable strategy to introduce fluctuations into F(n) is to directly
replace n in the above expression with Dy, /27. Owing to the smoothness of F(n), the
local CUE correlations between the ¢, are preserved by this transformation. This gives
the energy levels:

B, = iPn)?=1F (D“””)Q. (4.26)
2 27
We note that a similar strategy may be used to generate a Poisson spectrum with the JT
density of states, which we illustrate in appendix E to highlight the lack of a bump and a
much faster spread of wavepackets compared to random matrix statistics.

Due to numerical limitations, our simulations necessarily truncate the spectrum to a
finite number of levels D(= 5000). For the 2 operator, we use a close approximation to (3.36):

Tnumerics = % {\/ﬁp(E), 19} - IOg(2E)7 (427)

in which ¥ is defined by the matrix elements (3.35), but truncate this expression to the
subspace spanned by the D lowest energy levels in the spectrum.

To observe the dynamics of the spread and bump in an initial state [1(0)), we respectively
plot the distribution of the state in the z-eigenbasis {z), 7?;01 (where x,, are the eigenvalues of
the = operator) at different times and the mean value (x(t)). For the former, to more accurately
represent the continuum limit, we directly plot a discretized probability density function in x,

P(on) = ——— Nl (B, (4.28)
Tn+1 In

against the eigenvalues z,,.

Finally, for the initial state itself, we will illustrate two choices: the Hartle-Hawking state
in (1.6) with a specific value of 3, truncated to D levels, as well as a microcanonical state in
the interval [E(f),3E(S)] supported over d energy levels near the peak of the Hartle-Hawking
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Figure 3. Wormhole dynamics as a function of time in the Hartle-Hawking state with § = 9.
Compared to the microcanonical state in figure 1, p(z) shows the emergence of a long-tailed distribution
due to the thermal spread of velocities, as well as a more spread out bump (see appendix D).

distribution. Consequently, both states should show similar behavior in the “most probable”
regions of their respective distributions, but the Hartle-Hawking state should show a larger
spread in velocities and positions. Here, it is important to emphasize a limitation of our finite
size numerics: due to the small number of energy levels D and the exponentially growing
density of states, we cannot simultaneously ensure that d is large for the microcanonical state
and that p(F) remains approximately constant (i.e., satisfies (4.4)) over its support. We
have prioritized the former, and our “microcanonical state” is supported on d = 595 energy
levels, but p(3E(f)) is several times larger than p(E(3)). This is still a much narrower spread
than the Hartle-Hawking state (in particular, the microcanonical state lacks a long tail),
and our numerical results still effectively illustrate the qualitative differences in wormhole
dynamics between the two initial states that originate in the significantly larger energy
spread of the Hartle-Hawking state.

A related issue, again due to the exponentially growing density of states, is that the
spectrum is truncated to rather low energies ' < Ep, and we should choose high values of 3
so that E() < Ep. In particular, we have chosen § = 9. This means that our numerics
cannot be used to directly verify some of our specific quantitative predictions based on the
high-temperature § — 0 expansion in (4.15), such as the saturation value of (x(¢)). The
Hartle-Hawking state, in particular, also sees significant contributions from low energies
FE ~ 0, and has the portion of its exponential tail that would stretch to £ > Ep in the full JT
spectrum cut off. However these effects are not significant in the microcanonical state, due to
not being supported on the E < E(f3) and E > 3E(3) parts of the spectrum. Nevertheless,
all the important qualitative features described above, such as the wide distribution of
velocities in the Hartle-Hawking state, slow spread due to CUE statistics, and the bump in
(x(t)), are all clearly visible for both initial states even with a truncated energy spectrum,
as seen in figures 1 and 3.

In contrast to [11], our reconstruction map suggests that the wormhole length is sharply
defined all the way up to t ~ e/ V/S. Our result is a consequence of our guiding principle
that semiclassical dynamics should be as accurate as possible at short times.
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5 Velocity operator
Finally, we describe the eigenvalues of the velocity operator
v =i[H, 7] (5.1)

characterizing the growth of the wormhole as a function of time.

First, notice that so long as x is a real Hermitian operator, v is antisymmetric and
imaginary (thus Hermitian). As v is antisymmetric, any eigenvalue A has a partner eigenvalue
—\; since it is Hermitian, these eigenvalues are real. We deduce that when measuring the
velocity operator v in a typical state, as one would expect to find at times ¢t > e, we have a
50% chance of measuring v < 0 and a 50% chance of measuring v > 0.

One can wonder whether a stronger statement can be made. Perhaps the probability to
measure v ~ v/2F is itself about 50%, as is the probability to measure v = —v/2F (see e.g.
discussion in [1]). A heauristic argument for this is that a general state of approximate energy
F can be written as a superposition of Hartle-Hawking states evolved for times approximately
within ¢ € [—e° (E) S (E)]. Semiclassically these states are all either shrinking with velocity
—V/2E or growing with velocity v2E. The question is: how well does the reconstructed
velocity operator match this semiclassical answer? This is a quantitative prediction that we
can address. For simplicity, let us focus on the microcanonical state discussed in section 4.1.

Since we have seen that these microcanonical wormholes follow a semiclassical trajec-
tory (3.9) extremely closely for times 1 < t < ¢%/+/S, we might expect that the wormhole
velocity will be measured to have almost the same value during this time window where (z(t)) is
steadily increasing. And indeed from the generalized Heisenberg uncertainty principle we have

AHAz > %Av, (5.2)

with uncertainty

Az? = (p(1)[2[H(t)) — (W (H)]alv(1))?, (5.3)

e.g., measured in a semiclassical time-evolving state. Our theory of the wave function v (z,t)
ensures that Az ~ 1 for t < e° / VS , while in a microcanonical window we have

AH ~ de™5. (5.4)

This implies that for early times, the probability to measure v ~ v/2F is close to 1.
What happens at later times? Once the wave function has completely delocalized, the

Heisenberg uncertainty principle allows for large velocity fluctuations, as Az ~ v/2EeS. Tt is

easiest to probe what happens at late times by considering the following simple calculation:

) T 1 Notd—1
Th—{%oTo/dt <w(t) ‘U2‘¢(t)> =3 n;% <n‘v2‘n>
1 Notd—1
=2 2 Y (Bu— Bn)l(mlzin)?
n=No m#n
~ 1 m—n 2[m =1+ Al
2 3 (Ut (5:5)
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where in the last line we have defined
Apn = (B — Ep)p(E) — (m —n). (5.6)

and used that in the microcanonical window, p(FE) is effectively constant. A,,, capture the
fluctuations in the spectrum away from a perfectly rigid (and semiclassical) spectrum. In a
typical member of the JT ensemble, we can therefore estimate

T 2
Tlinéoé/dt () [v?] () ~ 2 1+k % ;W > 2F. (5.7)
, 13

Therefore the long-time fluctuations in v? are larger than 2E by an O(1) constant. To
check that this is not coming entirely from a very small probability of measuring a very
large velocity, we can similarly estimate

T

Jim [ (o) [of] w0)
0

Z (k=14 Apgrnt) [l + Ay ’

_16(2E)?
- (k —1)212

B D

k=0,+2,%4,...

(5.8)

™

l==£1,%3,...

The right hand side of this equation does not diverge with d since |A,, 11, | < k for nearly
all (n,m) at large m, and the sum over I converges absolutely. This finite value of (v*)
implies that the distribution of velocities decays at least as fast as a power law for large
v?, implying a vanishing probability of measuring velocities that diverge with d. Moreover,
although we did not obtain analytical results for (v*) in terms of the distributions of A,
making the crude assumption that A, ,, and A,/ ,, are uncorrelated if {n,m} # {n’,m'},

we still find that (v*) — (v2)? is not small:

16(2E)? 5 E[An ) — E[A2 )
[8 '

() = (v*)? ~ (5.9)

4
T —f1 43
These results imply that the probability distribution of v at a typical late time has an
O(1) spread around +v2E. We deduce that the distribution of v? cannot be too sharply

peaked at 2F.

6 Outlook

We have proposed an explicit reconstruction map for pure JT gravity, with the bulk/effective
theory given by JT gravity at Sy — oo [5] and the boundary/fundamental theory given by a
single draw of the matrix model dual [7]. As a case study, we wrote down an explicit proposal
for the wormhole length operator in the dual theory and studied its behavior as a function
of time in (initially semiclassical) states of interest in quantum gravity.
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6.1 How unique are the predictions of our reconstruction map?

Our reconstruction was proposed based on the postulate that semiclassical gravity is an
excellent approximation to the fundamental theory when acting on good semiclassical states,
specifically the Hartle-Hawking state (or its microcanonical version) and small time evolutions
of it. It follows that any other reconstruction map that also satisfies this postulate will
be close to ours at short times.

What about long times? The reason reconstruction maps are interesting is because they
allow us to make predictions that do not match the semiclassical answer. To what extent
should we trust those predictions from our map, e.g. for the length at times ¢ 2 ti? One
could worry that tiny differences in the reconstruction map could keep the error small at
early times but accumulate to very different answers at late times. Perhaps different choices
of map all satisfy our postulate but give wildly different answers.

Where our reconstruction map may be most faulty is at large = ~ e°. Intuitively, the
“cut-and-glue” prescription of figure 2 may not be accurate. Quantitatively, the matrix
elements of R*(z) may differ from one reconstruction map to the next, even if they all
reproduce semiclassical dynamics for the wormhole on times ¢t < ty1. Nevertheless, we have
some optimism that our key predictions are insensitive to the details of R*. As an explicit
example, suppose that we modify (3.36) by

R (@) = Riy(w) = 5 {VaHp(H), 9(0)} (6.1)

for some function g() = ¥+ - - whose Taylor expansion matches the semiclassical expectations
at short times, but differs at long times. The arguments of appendix A generalize to this case,
and we still find that (a1 (t)) (using obvious abbreviated notation) overshoots its late time
value, and that the wave function exhibits an explosive growth in fluctuations just before the
Heisenberg time. An explicit example replaces (3.36) with a formula much closer to [9]:

g\/TEnp(En) ~ 210g(2E,)  n=m
(nlRaw(2)lm) =  * V2Enp(Ey) + V2Emp(Epm)

27r(n —m)?

(6.2)

n;ém.

We have determined these matrix elements according to certain consistency conditions. The
off-diagonal elements for large (n — m) must have the same average (over some range of
(n —m)) as those of R*(z) to reproduce the correct semiclassical dynamics of the velocity
v(t), which is responsible for the (—1) prefactor above. The diagonal elements are chosen to
ensure that z,5;(0) ~ 0 in e.g. the microcanonical or Hartle-Hawking states. Moreover, to
satisfy the guiding principle of section 3, the off-diagonal matrix elements reduce to functions
of (n —m) in microcanonical windows, rather than e.g. (E, — E,,) as in [1, 9].7

The alternate length operator x4 (¢) exhibits extremely similar dynamics to that observed
in figure 1: see figure 4. This happens because R’} (x) (in microcanonical windows) is still an
even function of (n — m); it simply arises from a different choice of g(¥) in (6.1).

In this context, we also comment on an interesting open problem. The effective theory,
due to the Sy — oo limit, corresponds entirely to the leading cylinder (single wormhole)

"This discrepancy is rather small due to the spectral rigidity, once |m —n|>1.

— 29 —



(Xan(t))

3000} (Xan(t))
2500¢ 2000
2000 1500
1500¢
1000
1000¢
500 500
‘ ‘ ‘ -t/ t(Emin t/ ty(4E
0 10 20 30 40"/ tErin) 0 1 2 3 a4 5!/WAEE)
(a) Microcanonical state. (b) Hartle-Hawking state.

Figure 4. Bump in (z,51(¢)), given (6.2), which is qualitatively similar to the behavior of (z(t))
shown in figures 1 and 3.

topology in the gravitational path integral. However, the fundamental theory involves a
sum over topologies, but our construction only identifies abstract operators acting on the
fundamental Hilbert space without a direct geometric interpretation. In other words, we have
argued that R*(x) corresponds to the wormhole length in the leading topology at short times,
but it would be nice to have a more explicit understanding of which geometric quantities
it corresponds to in the full nonperturbative path integral. A full understanding should
resolve the ambiguities highlighted here.

6.2 Complexity = volume?

The key outcome of our construction is that the reconstructed length operator could be
studied in detail using the theory of quantum ergodicity [4]. This allowed us to leverage
many known results from random matrix theory to make clear predictions for the dynamics
of wormholes before and after the Heisenberg time. The most striking of these predictions are
a non-monotonic growth in the averaged wormhole length operator, along with heavy-tailed
moments of the length operator in the Hartle-Hawking states. As we have emphasized above,
we believe that this prediction is generic and is not sensitive to particular assumptions in
our reconstruction procedure.

What are the implications for the “complexity = volume” conjecture [8]? Often “com-
plexity” is assumed to mean circuit complexity, the minimal number of gates needed to
prepare the state from some reference state. It is unclear that this conjecture for circuit
complexity is consistent with the non-monotonic growth.

That said, it is very intriguing to compare our result to an independent result which
has recently appeared in the literature [14] regarding a different notion of complexity. These
authors pointed out that the “spread complexity” [22] of a thermofield double state exhibits
a similar non-monotonic dependence in time as our (x(t)) — we believe that the origin
of this phenomena is analogous to what we have shown: the wormhole shrinks at ¢t ~ ¢y
because of level repulsion in the spectrum of the fundamental theory. The authors of [14]
have proposed that spread complexity describes the length operator in quantum gravity;
see also [23]. We have arguably “derived” a closely related equivalence between wormhole
length and quantum ergodicity in our formalism. A clear advantage, in our view, of our
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approach to defining the length operator is that the spread complexity is based on a notion
of Krylov complexity [24, 25] which is sensitive to initial states; our approach defines the
length operator independently of the initial state.

Interestingly, these results have implications for the non-gravitational physics of quantum
many-body systems. We have shown, with very reasonable assumptions, that ergodic dynamics
in the fundamental (matrix) theory drives the dynamics of observables in JT gravity such as
the wormhole length over the Heisenberg timescale ¢ty ~ exp(S(E)). In turn, the “complexity
= volume” conjecture [8] posits a relation between the length operator, together with a possibly
larger class of gravitational observables with nontrivial dynamics over this timescale [26], and
the growth of the (e.g., spread) complexity of a state in the fundamental theory over the
same timescale. This suggests that ergodicity may be the physical mechanism driving the
dynamics of non-gravitational observables such as complexity in the fundamental theory over
the Heisenberg timescale, which may be of relevance in suitable classes of quantum systems.

In short, for JT gravity, our calculations arguably reduce the “complexity = volume”
conjecture to a non-gravitational conjecture that “complexity = ergodicity”. It may be
possible to explicitly resolve this conjecture in future work.

6.3 The linearity of R* and adding matter

A peculiar feature of our reconstruction map is that it is linear. It is well-known that a
linear reconstruction map R* cannot be good if V' is non-isometric, i.e. it cannot satisfy
R*(O)V |¢p) ~ VO |[¢) to a good approximation for all [¢)) and even just simple O [13, 27].
Here we evade the issue because we do not demand the reconstruction is good on all states.
We only demand it on states that we call “semiclassical”. For example, we do not require
it works on highly entangled states like [ dx |z), |z)p, where R is some auxiliary reference
system and perhaps the integral runs over some finite range of x. This state is intuitively
non-semiclassical, because R has decohered the wormhole length into a incoherent mixture of
very high (non-semiclassical) precision. It is these kinds of highly entangled states that easily
lead to issues with linear reconstruction maps in non-isometric codes [13, 27].

This situation will be harder once matter is included [1, 28-30]. Then it will be possible
to highly entangle the matter with a reference system while keeping the state “semiclassical”.
For this reason, once matter is included, we expect a linear reconstruction map will have
to be abandoned.
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A Quantum dynamical ergodicity

This appendix contains a review of technical details of the theory of quantum dynamical
ergodicity [4], which play a crucial role in our choice of reconstruction R* and ultimate
predictions for wormhole dynamics.
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A.1 Microcanonical wavepackets and quantum ergodicity

Here we provide a more formal discussion of quantum ergodicity [4] within microcanonical
windows, and justify how our reconstructing map satisfies the guiding principle in section 3. At
an intuitive level, the goal of this subsection is to associate the time-shift operator § with the
basis of discrete Fourier transforms of the energy eigenstates |E,) in narrow energy windows,
owing to the expected conjugate relationship between (F,d) that is represented in standard
quantum mechanics by Fourier transforms. This will end up implying that the Hamiltonian
H acts as close as possible to a translation of §, and in this way satisfies our guiding principle.

Such an association may be formulated exactly for perfectly regular spectra such as in
the harmonic oscillator. But in the case of JT gravity, because the E, have an irregular
and bounded spectrum, we cannot expect that any Hermitian operator J generates exact
time-translations, as emphasized in the main text. Such a conjugate relationship requires
precise action-angle variables, such as (V, ) defined in the main text, whose analogues in
the classical phase space are given by the expressions (from (3.26) and (3.27)):

H,

Na= [ "dE p(E). (A.la)
0
o dcl
O = () , (A.1b)

where p(F) is the (averaged) density of states. Here, we use the notation A to indicate that
a variable A is classical, rather than in the (quantum) effective or fundamental theories.

Still, we might hope for (H, ) to effectively function as a good action-angle pair at short
times in sufficiently narrow energy windows. More explicitly, consider some narrow range of
energies [Epmc, Fme + AE] such that the averaged density of states is constant,

p(Emc + AE) ~ p(Enc), (A.2)

which we will call a “microcanonical” energy window. Here, we might hope that a pair (H,0)
is “close” to the “ideal” action-angle pair (N, #) up to rescaling:

N =~ Hp(Ey.) + const. , (A.3a)
1

0 ~ . A.3b

p(Emc) ( )

Therefore, N is fully capable of generating time shifts via the relation between 6 and §.
Clearly, (A.3a) cannot be exact on all time scales, due to the irregular spectrum we have
just mentioned.

Nevertheless, let us see if we can make sense of (A.3) at early times t < 1/p(Emc).
Explicitly, we will look for the optimal reconstruction of (N, #) in terms of the energy eigenbasis
in a microcanonical window of d consecutive eigenstates of N, with n € [Ny, Ng + d — 1]
and II; denoting the projector onto this subspace:

No+d—1

M= Y In)nl (A4)

n=Ng
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We introduce finite-dimensional angle coherent states in this subspace as projections of the
fundamental angle states in (3.20):

No+d—1

Z ey, (A.5)

n= No
which satisfy the overcompleteness relation:

27

/5 del 16)(6] = (A.6)

0

In contrast to the fundamental angle coherent states |0), these states are normalizable. Among

these coherent states, any regularly spaced subset of d states forms an orthonormal basis:®

~ o 1 41
1CL(61)) = |0 = 0, + 2nk/d) = fz emind1 g=2mink/d) )y (A7)

These basis states can be regarded as forming an “eigenbasis” of the angle variable § within
the microcanonical window,? although such a notion cannot be extrapolated to the full
infinite dimensional Hilbert space H in (3.17). In the full Hilbert space, the microcanonical
angle states have the wavefunctions:

<9/‘§> — eiNo(e/_g)(sd 9/ — é (A8)
2r )’

where
_ L dil eZﬂinf 1 Sln(ﬂ-gd) e17r£ (d— 1)’ (A9)
Va sin(r€)
which has period 1 in £. Thus, for large d, the wavepackets in (A.8) are localized to within
A ~ 1/d of @ = 6. Such wavepackets are illustrated in figure 5.

Given that the spectrum of NN is fixed in the fundamental theory, our freedom to
reconstruct (N, ) is represented by unitary transformations |§) — Uy|@) and N — UgN U;,
where U, acts nontrivially only within the microcanonical window, reducing to identity for
all states outside this subspace. Then for all \9~> and any small 6§y (typically, smaller than
27 /d, including the 6y — 0 limit for finite d), our criterion is that the optimal choice of
(N, 0) must satisfy:

(0 + 0| exp (—iH p(Eume)0o) |0)| is maximized over all |d) — Uyd). (A.10)

Imposing (A.10) for small 6y implies [4] the following constraints:

8The numerics in figures 6, 7 and 8 implicitly use such a finite basis in discrete steps of time rather than
the continuum of coherent states.

9A generic observable A(0) reconstructed as in (A.45), when projected onto the microcanonical window, has
eigenstates highly localized in 6, and we expect that there is a sufficiently close operator for which the |Cy(61))
are exact eigenstates. For example, |Co(61)) is an exact eigenstate with eigenvalue 1 for the microcanonical
projection of the operator A(6) for which a(8) = §(6 — 61).
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Figure 5. Probability disributions |('|6)|? for the wavepackets in (A.8) for different values of
—m <0 <7in @ € (—m ], with d = 60. These wavepackets become increasingly localized as d — oo,
and always contain a complete orthonormal basis for any finite d. The Np-dependent oscillations in
the phase of the wavepackets are not visible in this plot of probability density, but will be visible in
the real and imaginary parts.

1. N is an exactly conserved quantity within the microcanonical window:
[Na, Hq] = 0, (A.11)
where Ny = [I;N1l; and Hy = II;HII,.

2. The eigenvalues of H within the microcanonical window are arranged in ascending

order of n:
No+d—1

Hy= Y Euln)(n|, with E,41 > E,. (A.12)
n=Ng

Strictly within the microcanonical window, this implies that any set of the |Cy(61))
form the best possible eigenbasis for the time-shift operator §, being the orthonormal basis
on which H acts closest to a shift operation. For example, we could consider an optimal
reconstruction IlgdoptIl4 of the time shift operator in our microcanonical window,'? whose
eigenbasis is precisely |C(—m)):

d—1 _
Mol = 3 "D (1,0 O~ (Cul ) (A13)
k=0

However, our primary task here is to reconstruct a global operator § that is as close as
possible to these optimal microcanonical operators dqp¢ in every microcanonical window,

19The operator opt formally depends on the choices Ny and d, but we suppress this to simplify the notation.
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without knowledge of Ny or d directly. To do so precisely is a technically challenging problem
that we will not claim to solve. Instead, we will be content with observing that for a
reconstruction of the form (3.24),

Hdéﬂd ~ Hdéoptl'[d (A14>

in all high-energy microcanonical windows, where this approximation should improve as
d — oo. Indeed, notice that

2mp(Eme o wik(m—n wi(m—n )™ " p(Eme
(T gbopiTlgln) = 222Eme) § amiktmon/atnigmnyy, _ D" 0Fme) -y 15

= - %(eQWi(mfn)/d _ 1)

In the above expression, both m and n are taken within the microcanonical window. Taylor
expanding in the limit of large d, we observe that the largest matrix elements of § (which
have |m — n| < §) are quantitatively in agreement with (3.24).

For other (suboptimal) choices (N’,6’), the long-time dynamics of § would generally be
drastically different even to leading order. However, any global reconstruction of the above
form continues to be sensitive to the optimal microcanonical dynamics of 6 identified by
our physical principle at all times, to within some resolution Af < 1 determined by the
approximation in (A.14). We note that in an entirely analogous manner, our guiding principle
ensures that the length operator essentially reduces to the absolute value of the angle variable
|f] in microcanonical windows, via the expression in (3.34).

A.2 Comparing quantum and classical angle dynamics

Here, we will review some properties of the persistence amplitude z(t¢) in (4.8), which measures
the “closeness” of the quantum dynamics of the angle coherent states to classical action-angle
dynamics, from [4]. Its behavior may be succinctly summarized as follows. In the case of
random matrix statistics, the angle coherent states follow classical dynamics extremely closely
up to a time that is almost as large as the Heisenberg time, being smaller only by a low
power-law in the entropy, exp(S(FE))/\/S(E); this will lead to the “slow wavepacket spread”
phenomenon in section A.3. These states also retain some noticeable memory of classical
dynamics for at least half the period of the angle variable both forward and backward in
time, which is similar (though not identical) to the bump phenomenon to be discussed in
section A.4. However, with Poisson statistics, strong deviations from classical dynamics
are observed at the exponentially smaller time scale exp(S(E)/2), thereby being quite far
from either of these features.

In generic spectra, the A, defined in (4.9) follow a Gaussian distribution. This is
particularly true to a high degree of accuracy for RMT statistics [31], and is also a reasonable
approximation for Poisson statistics. In this case, the persistence amplitude behaves as
a Gaussian in time:

2
z(t) = exp [—2W2A2:I2{ +0(d™1/?), (A.16)
with
A?i=d Y A2 (A.17)
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near ¥ = ).

Figure 6. Plot of the persistence probability z2(t) of the classical trajectory from eq. (4.8), against
the classical value of 9(t) corresponding to 8(t) = 2t/ty at different values of time, for CUE and
Poisson statistics in a microcanonical window with d = 1024. Horizontal bars indicate the smallest
symmetric region around é(t) in which there is a 0.9 probability of measuring 6. The growth of these
bars indicates the spreading of the wavepacket at different values of 4(t).

being a measure of spectral rigidity [32, 33] within the microcanonical window.
We note that |§(t)) retains some imprint of the classical angle variable as long as
z(t) > cd~'/? for any large constant ¢ (as d — oc). To trace out a full classical cycle (i.e.,

a half-cycle each way in time) before losing this imprint, we need z(&ty/2) > cd~/?

, and
to avoid periodicity, we need z(%ty) < cd~'/2 (possibly up to logarithmic factors). These

two conditions suggest

1,4)
A® e L log d, A.18
12 108 (A.18)
which is the precise range of spectral rigidity for RMT statistics [32-34]. Specifically, for the
circular unitary ensemble (CUE), whose eigenvalue statistics is expected for JT gravity, and
for Poisson statistics representing a generic non-ergodic system, we have

1
Adip ~ ) logd, (A.19a)
A%’oisson ~d. (A19b)

We quote these results to later contrast the behavior of CUE (ergodic and aperiodic) and
Poisson (non-ergodic, and still aperiodic) to isolate the role of spectral statistics in wormhole
dynamics. The case of CUE statistics was quoted in (4.11).

A.3 Early time dynamics from spectral self-similarity

Both RMT and Poisson spectra show a degree of self-similarity: if one selects any subset of
ds consecutive energy levels from such spectra, they continue to show the respective RMT or
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Poisson behavior in statistical measures such as the distribution of A,, and spectral rigidity
(with d replaced by ds). They also retain the same Heisenberg time ¢ as the full spectrum.
We can use this property to quantitatively derive how an initial coherent state |§(0)) spreads
in 6 as a function of time. In particular, we will substantiate our claim that the spread
of the coherent state is parametrically slower with random matrix statistics (as expected
for JT gravity) than for a Poisson spectrum.

At an intuitive level, our argument proceeds as follows: within a smaller microcanonical
window of d, levels, each coherent state |), has an angular resolution of A ~ 27/d,, as
there are d, basis states spanning 6 € [—m, 7). By (A.16), an initial coherent state |§(0))
in the full d-level window retains a substantial overlap with some ds-level coherent state
in each smaller window until a time ¢ ~ ty/A(ds) (where A(ds) is given by (A.19) with
d — ds), after which it spreads out to multiple states. At a given time ¢, this spreading is
seen for a choice of ds ~ A~!(ty/t), which corresponds to the initial state spreading beyond
an angular resolution of A ~ 2r/A~!(ty/t). This gives a quantitative estimate of the
spreading of the wavepacket in time. Now, we will proceed with the formal derivation of
this estimate, eventually arriving at (A.41).

For simplicity in the argument that follows, we suppose that ds < d and that d/d; is an
integer. For coherent states |§3> s in a smaller region of the spectrum, given by the analogue
of (A.5) for ds consecutive energy levels from n = ng to n = ng + ds — 1,

1 ns+ds—1

N Z e~ in=na)0| By, (A.20)

|‘§>s =

the overlap with the microcanonical coherent states |#) over d levels is

— 1 Metdsml o 5 s 60— 0.
<9|05>s _ \/j Z emﬁe—l(n—ns)es — emseéds ( o ) ) (A21)

These are wavepackets localized to within a width of A ~ 1 /ds around 0 = és. More
concretely, the probability that a measurement of the microcanonical angle operator 6 (as
constructed in terms of one of the eigenbases in (A.7))!! gives an outcome in the interval
0 e [éo, 0o + Aé] is given by the expectation value of the projector

(6o, A0) = >~ [Ck(60))(Ck(B0)l- (A.22)
k:
0<k<(§24

Then, the width A = )\, /ds of a symmetric interval around 0, within which one has a
probability 1 — k of measuring 0, can be determined according to

[P<§e [és—A“ ésﬁﬁ] in |§s>8> :s<§8 H<és—z”,és+2“)‘§s>

ds’ ds
=1— k. (A.23)

"¥or the microcanonical 6 operator, the existence of a complete orthonormal eigenbasis (A.7) allows us
to reconstruct all functions of 8 as traditional commuting operators, including projectors whose expectation
values give measurement probabilities, without the complications associated with the global 6 variable in
section 3.3.
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As ds — oo, the expectation value of this projector can be approximated by an integral that
becomes independent of ds to leading order, using (A.21), giving a relation between x and A:

Si(2mA.)  cos(2mAg) —1  1—k
™ 212\, 2

A
/dy sinc?(my) = (A.24)
0

For small k, we get \x ~ 1/k up to oscillatory (but monotonic) factors.
Conversely, by splitting the full energy window into different consecutive sets of d;
levels, we can write

~ d indiz &
10) ~ ’/E > e g, = 0),. (A.25)

First, let us consider the time-evolving state |fs(t))s in each such subspace, such that
05(0) = 6(0). We have seen that this remains peaked at the classical value for long times:
it overlaps with the classical state |0(t))s with probability z2(t), given by (A.16) with
A — A(dy) (due to self-similarity), where 0¢(t) = 0,(0) + 27t /ty.

Combining these observations with the discussion following (A.21), in each |0,(t)), the
probability of measuring 6 in the interval 0 (t) £ A /(2d,) is guaranteed to remain relatively
large at early times. Quantitatively, measuring 0 in a restricted window of dy states, we
want to determine the range of early times over which the probability P(---) of measuring
a value close to the classical expectation value is

P (é c [éd(t) - 2 Ga(t) + ﬂ in yés(t»s) 1 (A.26)

for some small € > 0. To calculate the time window 0 < t < ¢, in which this is accurate,

6(2))s =0 (2 (la(®) + /1 = (02 (). (A1)

with the overall phase a(t) unimportant and henceforth ignored, and |6¢(¢)*)s denoting the

notice that

orthogonal part of the state (normalized). If @) denotes the projector (A.22) corresponding
to the desired range of 6 in (A.26) at the time ¢, we have for real-valued «, S3:

el t)|Q‘9~C1(t )s = ot =1—k, (A.28a)
) 1Ql0a () )s =5 < 1, (A.28h)
<af, (A.28¢)

where the first line follows from (A.23), with the next two lines being general properties
of projectors. Therefore,

BIQIA))s > 25(t)20? — 20B25(0)y/1 — 212 + (1 = 24(1)?) B2 (A.29)

Here, the left hand side is identical to the left hand side of (A.26). For sufficiently large
persistence amplitude,

zs(t)% > = (A.30)
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the above expression attains its minimum among all possible values of g at § = 1. In
this regime, we can write:

2
BOIQIB). = (2 OVT =R~ 1= 2(02) | (A31)
which increases monotonically with z4(¢) as long as (A.30) is satisfied.
Now, suppose that 0 < k£ < 1/2; and that

1
T+k

25(t) > 2z 1= (A.32)

Choosing

2 2/ — 2
621—<Z,€\/1—/€—1/1—z%> S e S (A.33)

1+ &k

which can be inverted to determine the appropriate value of k < 1/2 for a given value of
0 < e <1, we get that (A.26) holds in the regime where (A.32) holds, which by (A.16)
occurs for t < t, with

= b lo L
©4rA(dy) 1w

tw (A.34)
The crucial point is that for a sufficiently small but O(1) choice of x, the wave function
restricted to ds states will be sharply peaked in € before time ty/A.

We now want to combine each window of ds states back together to reproduce the
full microcanonical wave function. We claim that — for the most part — each smaller
microcanonical window can be studied independently (for a more careful demonstration of
such a microcanonical decomposition for the wormhole length operator, see appendix C). To
see this, let us write an arbitrary wave function on the entire d-dimensional microcanonical
Hilbert space

[Y) = ch|ws> (A.35)

s

as a sum of contributions in each smaller window s, with (is]|¢s) = 1. For two different
windows s # s, we have

(s T(Bo, A)|or) = D~ (1hal0)(B]thgr) (s 7700, (A.36)
osis 130

Due to the rapidly oscillating factor of ng — ns = mds (an integer multiple of ds), we expect
that (approximating the sum by an integral as in (A.24))
ds - AG 1

~ ~ m
/ < 1 ~Y - .
<¢5’H<907 AG)WS > ~ Smc 2 mds - Af (A 37)

where the last scaling expression on the right hand side assumes that Af > d;!l. Hence,
if we are only interested in an angular resolution large compared to d; !, it makes sense to

-39 —



-
— CUE
Poisson
2n/dV? ¢ 2
----- mexp(—c1/t°)
----- 7TC2T2

d'? dn2

Figure 7. Log-Log plot of the size Af(t) of the smallest symmetric region around 6 (t) in which
there is a probability of greater than 1 — e = 0.95 of measuring 0, for CUE and Poisson statistics, as
a function of the normalized time 7 = td/ty. These are respectively compared with the analytical
estimates above by plotting functions of the form eq. (A.41a) and eq. (A.41b) with constants ¢; and
co chosen by hand. These are for a microcanonical window with d = 1024; see also figure 6 for another
illustration of the spread.

decompose a larger microcanonical wave function into a sum over smaller microcanonical
wave functions, each over d; levels.

Of course, this decomposition clearly fails to be sensitive to the width of |¢) for any
choice of ds < d at time ¢t = 0, where we know that the spread in 0 scales as d~', which is
smaller than d;!. So we should choose ds “dynamically” as a function of ¢, making ds as
small as possible, while still ensuring that (A.37) is small, thus ensuring that interference
effects between different windows are unimportant for an angular resolution Af comparable
to the actual width of |¢)). Suppose that if we measured # on the full microcanonical wave
function, we saw that

P (é € [éd(t) — A;t),éd(t) + Aé(t)} in |§(t))> >1—e (A.38)

for € related to x as in (A.33). From (A.26), so long as t < t,
ds- NG < N (A.39)

We should choose ds(t) such that (A.39) is approximately saturated. This occurs when ¢, ~ t.
From (A.33) we see that we should choose

ds = A1

—1
47t Ogl-i-/i

2: TN ] , (A.40)

where A™1 is the inverse of the spectral rigidity function (A.17).
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For CUE and Poisson statistics, (A.19a) and (A.19b) imply that

2
do(t) ™ ~ e(t))CUE < Xexp l—vt;g] : (A.41a)
dy(t)™! ~ AB(1) < ué. (A.41b)

. ~Y
Poisson tH

where A, i, are O(1) constants. The drastic distinction between the two cases is illustrated
in figure 7. Therefore, we obtain (4.12) from (A.41a).

A.4 A bump at late times

There is one final feature of the dynamics of the angle variable that deserves attention. Notice
that in figure 6, there is a brief period near t ~ tyy where it appears that the system is more
likely to be found close to 6 = 7, relative to § = 0. For t > ty the dynamics is completely
out of phase and non-classical, with (|d|) = /4. We now show that there is a “bump” — or
non-monotonic t-dependence — in expectation values of observables of the form (A(8(t))),
which is a universal consequence of level repulsion in RMT spectra indicating an “ergodic”
exploration of the entire domain of the angle variable 6 € [—, ).

Intuitively, this is because the time integral of the deviation of any such expectation
value from its long-time saturation value is determined by the density of level spacings in
the spectrum near 0, due to the standard Fourier relationship between energy and time.
Consequently, if level repulsion (vanishing density of spacings near 0) is present in the
spectrum, these deviations must “equally” explore either side of the saturation value so that
they cancel each other out to make the time integral vanish. This is directly responsible for
the bump feature. In the absence of level repulsion, these deviations need not exactly cancel
each other out over time, leading to the absence of a prominent bump.

To detect this feature analytically, it is useful to look at a coarse-grained measure of
ergodicity (see appendix B of [35]) by taking the Fourier components of a state |fy(t)) along
6. This metric is sensitive to level statistics: for integer r > 0,

40 ir(@-d0)
2rd—1

1
d
= (1 — ;) / dS, P (S,)etSrt, (A.42)

where S, = E,, — E,, denotes the r-th nearest neighbor level spacings (numbering d — r
in a set of d consecutive levels) and P(")(S,) is their probability distribution [32]. An
analogous expression is obtained for r < 0. In the large d limit, and upon taking 6y — 0
as is appropriate for our application, this implies

j ~ (r)
(cos [rB0)] ), / ds, PU)(S,) cos(S,1). (A.43)
The observable cos[rf(t)] partitions the circle § € [0, 27) into r regions where it is positive

and another r regions where it is negative, such that both kinds of regions have the same
length. For “coarse-grained” ergodicity, we want HN(t) to “equally” explore both types of
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regions over time, which means the expectation value (cos[r(t)]) 3(0)=o Should integrate to
zero.'2 Note that we eventually expect 6 to become uniformly distributed as ¢t — oo in all
generic spectra without degeneracies, so a time average of such observables (as in conventional
ergodicity) will always decay to zero; a time integral is therefore a more appropriate quantity
to probe “coarse-grained ergodicity”.

These time integrals are given by

T a _

/ = (cos [rB(0)] ),y %P(T)(ST 4 0/tn). (A.44)

Here, t11 is introduced to fix the time scale of interest and make the integral dimensionless,
which is important when taking limits such as d — co. We write S, — 0/t rather than
S, = 0 to suggest that we want to take S, — 0 over the scale of tﬁl, rather than precisely
zero (for which the right hand side will be zero for all nondegenerate spectra);'® in what
follows, we will simply call this P()(0).

In parallel with (A.42), it is convenient to write observables that depend only on the angle
variable 6 in terms of the microcanonical coherent states (note that this form is consistent

with our global reconstruction map (3.23)):

AW = [ S5 @10/

d—1 - d0~ _ _ B
:ngio [ = a(0)e 1m0 1ny (). (A.45)

Now we specialize to an observable A(9(t)) that depends on the angle variable only through
9 = || (i.e., is invariant under § — —@) — such as the reconstruction of the wormhole
length operator (N, #) in (3.25) (where the N-dependence can be dropped in micrcanonical

windows, see also appendix C). If A(¢) remains sufficiently smooth as d — oo, it can be
written as a Fourier series that retains only even combinations of the terms in (A.45):

o0
A@D()) = ap+ Y arcos [rd(1)] (A.46)
r=1
Here, ag is the microcanonical expectation value of the observable, which is the value to
which it will saturate at long times (if the spectrum is nondegenerate). From (A.44), the
time integral of the difference between the observable and this saturation value is:

o dt ~ 00 ;
/0 E [(A(’ﬂ(t)»é(o)zo — (IU} = . TZ::I aTP( )(0) (A47)

121t is perhaps more natural to consider a coarse-grained version of ergodicity in terms of Walsh-Hadamard
functions (which take the values +1 and —1 on these same intervals) rather than cosines, but these will involve
more complicated combinations of level spacings so we stick with cosines. But our conclusions will turn out to
be similar in either case.

13To make this more precise, we really mean the result one would get by integrating the right hand side of
eq. (A.43) from ¢t = 0 to t = Atu, and then taking the limit A — oo after d — oo, while keeping ¢y fixed.
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Over these scales, both CUE and Poisson spectra have P>1(0) = 0, but differ [32]
for r = 1. While a CUE spectrum has complete level repulsion with P(l)(O) = 0, a Poisson
spectrum lacks nearest-neighbor level repulsion and has P™M)(0) > 0. It follows that every
observable (A(9(t))) must oscillate “equally” around its saturation value for a CUE spectrum
(such as in JT gravity), indicating “coarse-grained ergodicity”, but this can not happen
universally for all such observables given a Poisson spectrum.'* This constitutes a coarse-
grained form of ergodic quantum dynamics, in which level repulsion in the spectrum leads to
observables “equally” exploring both sides of their long-time saturation value.

For more intuition, let us focus on the observable cos[d(t)] (i.e. a, = d,1 in (A.47)),
which is > 0 when 6(t) is closer to the initial state § = 0, and < 0 when it is closer to
the “diametrically opposite” value 0 ~ . If (cos 9) < 0, it suggests that the system has a
larger probability of ¢ > m/2 than ¥ < 7/2 (although mathematically this is not guaranteed).
Using the nearest-neighbor level spacing statistics for CUE and Poisson distributions in
the d — oo limit:

(1) gy tH32 <5tH>2 _4 (StH)Q
Poop(S) =53\ 5 ) ep—— (5 ) |- (A.48a)
Ploon(S) = %e_sm/ o (A.48D)

we find very different quantitative behaviors in (cos [¢(t)]) for CUE vs. Poisson level statistics.
If the system has CUE statistics, then

oo 00 = (1 ) % am
H

At t = 0, this starts of at 1, but crosses over to negative values at t = ty+/(2/73) ~ 0.254ty —
just a little higher than the time ¢ = t51/4 when the classical trajectory would cross 0=rm /4.
Subsequently, it reaches a maximum negative value of —2e~3/2 ~ —0.446 at t ~ 0.440ty, after
which it gradually decays to 0. Thus, cos(é) captures a coarse grained variant of ergodicity
in which the initial wavepacket at @ = 0 manages to explore the “opposite side” near 6 = 7
before truly randomizing over the full range of angles. This is illustrated in figure 8.

In contrast, if we have Poisson level statistics:

(cos 606)])

While this again starts off at 1 at ¢ = 0, it never decays to negative values, and always

2
~2 ot
Poisson t12_1 + 472¢2

(A.50)

remains positive. Thus, even in this coarse grained sense, the dynamics of the wavepacket
under a Poisson spectrum remains close to the initial state at & = 0 and does not shift
towards the opposite side with 6 = 7.

"We also note that a largely complementary argument in [36], originally for suitably averaged return
probabilities over shorter timescales, can be applied to our case to show that if all the P<T)(S) attain a
maximum away from S = 0, irrespective of level repulsion at S = 0, then [A(A(t)) — ao] cannot be everywhere
positive or everywhere negative in t. However, such an argument does not estimate the magnitude of this
effect, e.g., whether [A(6(t)) — ao] explores both sides equally, which would not be the case in the absence of
level repulsion.
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Figure 8. Illustration of “coarse-grained ergodicity” via the late-time bump feature for the observables

cos(f) and ¢ for microcanonical windows of d = 1024 levels with CUE statistics, and its absence with
Poisson statistics, as a function of the normalized time 7 = td/ty.

As discussed in section 4, (A.47) leads to a robust bump in the expectation value of the
wormhole length operator (z(t)), which equally explores either side of its late-time saturation
value. Our calculations show that this bump is a clear and universal signature of level
repulsion, a key property of random matrix spectra, in quantum ergodicity.

B Non-uniqueness of R* in JT gravity

Recall that € and e do not commute due to their action on the ground state |0). As
such, there is a slight ambiguity in how to reconstruct operators, which we can highlight by
showing that the reconstruction map is not an exact algebra homomorphism: R*(AB) #
R*(A)R*(B). Nevertheless, we will see that it is a very good approzimate homomorphism
on high-energy states.

Suppose that we have already obtained the classical canonical transformation from (x, p)
to (N, 0), and suppose that we are given two observables A(N,6) and B(N,6) which do not
depend on N. Given the Fourier transforms of each function, we see from (3.23) that

R*(A) = mz_jw; {An(), e} (B.1a)
R*(B) = mioo; [Bu(N), e}, (B.1b)
R*(AB) = m:i)o; {Cu(N), e}, (B.1c)
where the Fourier cocfficients
Con(N) = k_i Ak (N)By(N). (B2)
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Let’s now compare the operators R*(A)R*(B) and R*(AB) by acting with both operators
on the state |n):

RARB =7 Y [Aw (ot mi+ma)+ Ay, (04 mo)

mi,mo=—00

“[Bmy(n) + By (1 + m2)[0n+my>00n4+my+mg>0ln +m1 +ma), (B.3a)
1 o0
R'(AB)In) = 3 > [Amy (n 4 mi 4 mg) B, (n + my + my)

mi,ma=—00

+ Aml (n)Bmz (n)]5n+m1+m220\n +mq + m2>- (B.3b)

Clearly there are two simple differences between the two expressions: (1) the first sum has
the Fourier coefficients A,,, and By,, evaluated at distinct values of n, and (2) the fact that
|0) is the ground state puts an extra constraint on the first sum.

Happily, if the Fourier coefficients A,,, and B,, decay relatively quickly with m, i.e. the
functions of # are reasonably smooth, and n > 1, these discrepancies will be negligible in
practice when acting on high-energy states, including semiclassical states. We remind the
reader that these states have the form:

|¢> - ch’n>a (B.4)

where the distribution of |c,|? is peaked (and has most of its weight) at n ~ e® > 1. Then,
as long as A,,(n) and By,(n) are slowly varying with n (which we expect to be the case at
large n for most reconstructed observables of physical interest), we have A,,, (n+ dn)B,,(n+
on') ~ Am,(n)Bnm,(n), due to which

RY(A)R*(B)[¢) = R*(AB)[), (B.5)

by (B.3). However, for low-energy states, the ground state cutoffs such as d,,4m,>0 in (B.3)
play a more important role, and we are no longer guaranteed that e.g. A,,(n) is slowly
varying with n, making the two actions different in general. As long as we can neglect the
ground state truncation of the Hilbert space and have smooth coefficients A,,(n), the algebra

homomorphism is essentially exact up to operator ordering ambiguities, which are ~ e 09,

For example, the length operator has coefficients A,,(n) that are smooth in n but

2 .
, meaning

fluctuate only in m, and its matrix elements (3.36) decay such that (0|z|n) ~ n~
that discrepancies in operator reconstruction will be suppressed by factors of e~90) relative
to the expectation value of the operator.

Finally, the approximate algebra homomorphism also holds at late times; the late-
time deviations from semiclassical dynamics are entirely due to the discrete fundamental
Hilbert space and its implications for the expectation values of observables, including A
and B separately or either reconstruction of the product AB. It is not clear to us that this

approximate homomorphism would hold for the prescription chosen in [1, 9].
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C Microcanonical approximations to length operators

Here, we will show that for physically relevant states such as the Hartle-Hawking state, it
is safe to replace the full length operator, approximated here by

_ % [VaEp(E), 9}, (C.1)

with a “microcanonical” length operator xy,. (C.4) that is block diagonal with respect to
some choice of microcanonical energy windows, and directly expressed in terms of the angle
variable in each such window.

Let II, project onto a Hilbert space H, spanned by d consecutive energy levels from E,.
to Ey44—1, each such set of levels constituting a microcanonical window, such that " II,. = 1.
The index r = (m — 1)d represents the “base index” of the m-th microcanonical window in
the energy spectrum. In practice, we will be interested in a subset of these microcanonical
windows spanning some interval [Epin, Fmax|; let R be the set of values of the base index
r corresponding to this interval.

While we are interested in the regime where d is very large, we also assume that the
density of states scales suitably so as to satisfy

V2E i 10(Evii) = V2Ep(E;) < /2B, p(E,), for all 0 < k < d, (C.2)

for some small constant €, as long as E, > En,. In other words, the energy-dependent pref-
actor v2Ep(FE) in z, which increases monotonically with energy, doesn’t increase significantly
relative to its “base value” within each microcanonical window with a minimum energy of at
least FEnin. It is correspondingly convenient to introduce the operator

_rerfl r+d— lmp ) \/ﬁp(Er)
D I W T e IR

that measures the relative variation of the prefactor within the window.

Now, we define the microcanonical length operator,
Tme 1= Z V2E.p(E.)Y,, (C4)
reR

where 9, represents the absolute value of the angle variable within each microcanonical
window, whose eigenstates are the |C}(0)) in each microcanonical window with eigenvalues
0| (where § € (—m, 7)), ie.

! {27rk om(d — k)

9, = g::omm il d} 1Cr (0)){Cir(0)], (C.5)

where
‘Ck,r( ) f Z _27rmk/d|E7“+n> (CG)

Let Hme(Vme) be the set of states that are supported Oon Uy consecutive microcanonical
windows spanning [Emin, Fmax] and are unbiased in each window:

d—1
|¢> = Z ﬁz ei¢T+n’Er+n>a (C?)
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where p, = (Y|IL|¢)). Then, we will show that = can be replaced by . for the Hartle-
Hawking state in 3 stages:

1. The microcanonical length operator x,. and the operator

Thlock = Y, V/2E,p(E,)ILIIL,, (C.8)

reR

which is the direct block diagonal restriction of z to microcanonical windows, approach
each other as d — oo for any state in Hme(Vme):

co logd

max |<w|(xm0 — Tblock |¢ | < v 2Emaxp max (CQ)

[¢) €Hme(Vme) d
Here, co is an O(1) constant as d — oo.
2. x and Zpjock have almost the same expectation values for states in He(Vme):

mcC(1 + €)logd
max  [(¢[(2 — Tblock) V)| £ V2Emaxp(Emax) |c2€ + Vel 7 ©)log , (C.10)

W}> eHmc (Vmc)

where ¢, ¢o are O(1) constants as d — co.
3. The Hartle-Hawking state has a large overlap with a state in Hme(Vme)-

Combining (C.9) and (C.10) we obtain

C4Vmc log d

max || (2 — Zme) V)| < V2Emaxp(Emax) e3¢ + —————— |, (C.11)
I"/J>6Hmc(l’mc) d
for appropriate constants cg and c4.
For the first statement, let us consider the matrix elements of zy,. and Tpoex within a
microcanonical Hilbert space H,. We have, for n,m € [r,r + d):

(Enlmel Br) = V2B p(Ey)(Enldy B, (C.12)
From (C.5), we have the matrix elements:

— 2rk 27(d —k —omiln—m
(Fnlds| B Z e

k_
T
5 for n = m,

(1 + (—1)m—n (C.13)
— d(Q sin2( (mlnﬂ)), for n # m.

For xpjock, we recall that ¥ has the matrix elements [from (3.36)]:

s

=, forn =m

<En‘19|Em> = i(l _ (_l)m—n) (C.14)

Tm—n)? for n £ m.



Intuitively, we note that the difference between the matrix elements of ¥, and ¥ within H,
must generally be small, as the off-diagonal elements in (C.14) are comparable to (C.13) for
large d (when |m — n| < d), or both are negligibly small (when d ~ |m —n| < d(1 — ¢)).
The difference between the matrix elements is only significant for |m — n| ~ d, which occurs
when m = r + d and n = r or vice-versa; however, these are a negligibly small fraction of
matrix elements, and should hardly contribute to expectation values in the unbiased states
in Hme(Vme). Formally, we have for n # m:

{Buld, | Bn) — (Bl 9] B} = (17:(751__1)5;n) mez (1,”5%) _ 1] L)

while this difference vanishes for n = m. For an unbiased state 1)) € Huye(Vme) (C.7), this

gives (using the triangle inequality for the expression in terms of matrix elements, and
that 1 — (=1)™ " < 2):

2 . r+d—1 1

|<w’(797“ - HrﬁHT)W}H = :d Z (m — TL)2 lSinCQ (mfnﬂ_) - 1‘|

n,m=r
n#m

:@dfd—!m
wd

=0 9

A

2 Lin@(lﬂq/d) - 1} : (C.16)

In the second line, we have set ¢ = m — n, used the evenness of the sum in ¢, and noted
that sinc?(0) = 1 by definition to allow ¢ = 0. Introducing the variable ¢ = q/d, we can
write the sum in the above expression as:

=liq - lg/d| 1 N 1-(1/d) 1 |¢| 1
qz;)d (¢/d)? [sincZ(m}/d) - 1} N/o de £2 [sian(wf) N 1} : (C.17)

This integral diverges as logd near £ ~ 1, so we conclude that for some O(1) constant cg,

SRy

= d (q/d)? LiucQ(wq/d

= 1} < %log d, (C.18)

which gives

prcologd
[(](9y — TLOTLL ) [3h)| < OT- (C.19)
For the difference between the operators themselves, the triangle inequality gives:
(Yl (Tme — Tblock) [¥)] < Z V2E.p(Ey) [(](Fy — LT [9)] . (C.20)

Using (C.19) with /2E,p(E;) < V2Emaxp(Emax) and Y, p, = 1, we get (C.9).
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To show the second statement and (C.10), we note that 2 can be massaged into the
following form [recall 7, was defined in (C.3)]:

= % 3" [V2Ep(E)IL,0 + 9V2Ep(E)I,]
= 3 VB (40 + 911,14 )
_ % Z V2Ep(Ey) [(1 + n)TL 0Tl + TLa0TL, (1 4+ 1,)]
= Thlock + = Z\/ﬁp ), LT, }

+ = Z > V2Ep(Ey) (1 + n)TL0TL,y + 911, (1 + n,)] - (C.21)
T orl#r

For a given state [¢), the triangle inequality then gives

2F,

[{¢[(2 = Zbioa)[¥)] <{ r) ([0, 11911, |¢>‘

+ 1> > V2Ep(E) (] (1+ m)HrﬂHw\w)‘} : (C.22)

TorlZr

The first term measures the error in replacing the energy dependent prefactor with the
base value v/2E,p(E,) in each microcanonical block, while the second term largely measures
interference between the different blocks.

We note that both of these contributions consist of terms of the form:

M, = (¥[(C + n)ILVIL [4), (C.23)

where ¢ € {0,1}; in addition, ¢ = 0 when r = r/. When [¢) is given by an unbiased state
n (C.7), this becomes

r+d—17r"+d—1
\/prpr
My = 2 Z (C + e (B))e Em =) (B, 0] ). (C.24)

When r # 7" in M, ,, i.e. for the interference contributions to (C.22), only the off-diagonal
matrix elements of X (C.14) are relevant. In this case, we get

r+d—17"+d—1 _
\/prpr ipm gy (L= (1)
My sy = — Y3 (€ (B Nl Gl 0 B PO P

n=r m=r' Tr(m—n)2

Using the triangle inequality to replace each term with its magnitude, together with n,(E,) < e,
(m+n)>(m-—n)and 2 >1—(—1)""", we get the bound:

r+d—17r"+d—1
rPr! 1
My | < (HE Vp LSS > - (C.26)

n=r m=r’/
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On the right hand side, we have a double sum of positive terms over d values of each of
m and n, which approaches a double integral as d — oco. For sufficiently large d, it follows
that we can bound the sum by a multiple ¢, > 1 of this integral (where x corresponds
to n/d and y to m/d):

r+d—17r"+d—1 (r—1)/d+1 (r'=1)/d+1 1
d2 nz; mZ; )2 r/d ' /d Y (z —y)?
(r—1")?

= ¢y log (C.27)

(r—=r"4+d-1)(r—-r—d+1)

When |r — 7| = d, the second line gives a constant times log d; for |r — 7/| > d, the second
line is at most a constant. In either case, the sum is less than (7¢/2)logd for some constant
c¢. On the whole, we obtain the bound:

(C + 6)C\/ Dr Dy IOg d

|M7“7ér’| < d (0.28)
For r = r', we have
r+d—1 r+d—1 m—n
_Dr ™ i(omegpny (L = (=1)™7")
My =2 W(Ea)) {5~ enen) 2220 ) 2
; ;<c+n< N5 m; o (C.29)
m#n

The inner sum over m converges as each term is ~ 1/m? (i.e. the magnitude of each term
is bounded by the terms of a convergent series), and its magnitude cannot exceed some
constant ¢; > 0 (say) for any value of n. The outer sum over n then adds up d finite terms,
contributing an O(d) factor that cancels out the 1/d prefactor. On the whole, again using the
triangle inequality, 7, (Fy,) < €, as well as ( =0 when r = 7/ in (C.22), we get the inequality

‘Mrr| < preca, (C.30)

for some constant cs.
Substituting these bounds on M, s in (C.22), and noting that they hold for any unbiased
state of the form in (C.7), we get

€ +Drr log d
max (] — uoa )] < 3 VIB(E) | precy + 3 LEDVERII0BL (g

|w>€Hmc(Vmc) 7‘/757‘ d

As these states are supported on vy, microcanonical windows with > . p, = 1, we also
have Y. \/Pr < /Vme; using these inequalities in (C.31), together with 2E,p(E,) <
V2Emaxp(Emax), we get (C.10).

Finally, to show that the Hartle-Hawking state (1.6) can be approximated by a micro-
canonical state in Hme(Vme), we define its (normalized) microcanonical approximation as
(recalling that the r-th microcanonical window has d levels):

Bine) 1= ———= Y de PF/2, (C.32)

ch ('8 reR
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Normalization (Bme|Bme) = 1 then gives

Zme(B) = de PPr, (C.33)
reR

The overlap between these two states is given by:

_ 1 $ o BB, )2
(BuclB)l =~z 2 2

reR k=0

— Z(P) L - e BErikoB(Eryr—Er)/2 Z(b)
N\ 2D 20 2, Ny O

The last inequality follows from noting that E,,; > E,.

Now focusing on Zp(3), we can rewrite (C.33) as:
d—1
ZuelB) = 2(8) + 32 3 e Pk @ Er ) 1) (€39
reR k=0

We expect that the microcanonical windows are such that
P Erya-1-Er) _ 1 ~ €s, (C.36)

for some small eg > 0 (note that the density of states is monotonically increasing with energy,
so if this can be established for the d lowest levels in [Fiin, Fmax], we should expect it to
be the case for [almost| all energy levels throughout the spectrum, especially given spectral
rigidity, as successive sets of d levels span increasingly narrower energy ranges). We get

Zme(P) < Z(B)(1 + €p), (C.37)

which implies

1

\/1+65.

As we discuss in section 4.2, most of the probability of the Hartle-Hawking state can be

[(Brmel B)| > (C.38)

found in a finite (8-dependent) energy range, which we choose to be [Enin, Emax|, we can
truncate the support of |Bmc) to this range and normalize this truncated version so that it
formally belongs to Hme(Vme)- But it is also the case that to accurately capture expectation
values such as (x?), the choice of microcanonical windows that must be accounted for is
rather different: see appendix D.

D Dynamics of the Hartle-Hawking state

This appendix contains explicit calculations for the dynamics of the Hartle-Hawking state.
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D.1 Probability distribution of wormhole lengths

Here we present the derivation of (4.22) and (4.23), starting with the former. Recall that the
length operator is approximated well by its truncation to microcanonical windows in (4.19).
In each window, () ~ /2 at late times. Let

l‘sat(E) = \/ﬁp(E) : (Dl)

T
2

denote the average value of x at late times, in a microcanonical window centered around F.
Since we know the distribution of energy F in the Hartle-Hawking state is given by (4.14),
we wish to invert this relation to find a distribution of zg,. Introducing the function Ws(z)
via the following property (for y > 0):!%

we get the expression

where

e ™50 = 327%e % (D.4)
is introduced for future convenience. We also note the approximation
Ws(z) =logz (2> 1) (D.5)

which will prove useful later. Combining (4.14) with (D.3), we obtain the following distribution

of saturation values:

P (1) = 5= P(E(za)
< W (efgoxsat) exp {—S%Wf (efgoxsat)}
= 87

- 2W, (e*g:oxsat) 2
Z(B) |1+ W (e_soxsat) 1+ {}

~ Z8(7,;’) exp [_8‘;2 {log (eg"xsat) }2] , (D.6)

for large gt > €50, The distribution of x itself at extremely long times (after almost all of the

distribution saturates) can be modeled by a uniform probability 1/(2zst) in @ € [0, 224t for
each microcanonical window with respective saturation length xg,t. This gives the following

15197, (2) reduces to the Lambert product logarithm function Wy(z) for large argument (ye¥ = z <= y =
Wo(z) for y > 0).
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late-time probability distribution of z > e%:

o0
Pu(x;t — 00) = dzsat Lsat(xsat)
z/2 2Zsat

- 28(;) /1:;/2) d(In Tgat) exp l—giz {m (e—%xsat) ﬂ

= 8 2—7Te1rc in e_gox
- S5 o e (o)

which leads to (4.22) in the main text at large z.

We now calculate the moments (z9) with respect to this late time distribution, which
we see is approximately Gaussian in logx. Observe that (dropping algebraic factors in
logx) we find

0o

<eqloga:> o / (asdlogas) eq10gm—6(10g(2e_§0:p))2/87r2

N /dlogJ;e—ﬁ(log(Ze’gOx)—(q+1)47r2T)2/87r2e(q+1)227r2T—(q+1)10g(2e’§0)

—00

o ola+ )22 T~ (g 1) log(2e=50) (D.8)

From the middle line above, together with (D.1) and (1.5), we can deduce the typical energy
of the microcanonical windows which dominate (z?) to be given by (4.23). Notice that
even the average wormhole length, ¢ = 1, is dominated by completely atypical parts of the
Hartle-Hawking state, with Fy—1 — Eg—¢ ~ T 2> op. More generally, each higher moment is
dominated by a completely different (and even more atypical) part of the Hartle-Hawking state.

D.2 Early time dynamics

Now, let us discuss the evolution of the Hartle-Hawking state at earlier times. The clas-
sical solution of Hamilton’s equations, (3.9), implies that the classical trajectory has ap-
proximately the same velocity in nearly all microcanonical windows which make up the
Hartle-Hawking state:

xcl(t;E(ﬁ)JréE)z( 2E(5)>t for t< Stu(E). (D.9)

Focusing on times

t <ty = explS(E(8)) — cBou(B)] (D.10)

for some large O(1) constant ¢, (D.9) applies to the bulk of the microcanonical windows
in the energy distribution P(E). From (A.41a), we can estimate the spread Az in the

wave function as

Az(t; E(B) + 6E) ~ \/2E(8)e5 FBN+BEAG(1)
2S(E(B))+2B80E
~ \[2E(B)eSEONHAE oy [_et?] (D.11)
Y
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Taking 0E ~ —cop for a large O(1) constant ¢, we deduce that for ¢ < tfj, the vast
majority of the Hartle-Hawking state consists of microcanonical windows which form nearly
perfect semiclassical wave packets. Therefore, the overall wave function will be quite tightly
concentrated around the semiclassical value.

For t > tj;, typical microcanonical windows in the Hartle-Hawking state reach their
Heisenberg time, and so the wave function will begin to explosively spread over many different
wormhole lengths. However, we note that the exponentially small fraction of the Hartle-
Hawking state in energy windows with E > E(f3) remain sharply peaked, following their
semiclassical trajectory. We can use this intuition to estimate the probability distribution
P(x,t) for distances z > /2Ey(t)t, where Ey(t) is the energy scale at which we have
currently reached the Heisenberg time, which we find by solving (4.7):

1 2
Eu(t) ~ M' (D.12)
872
So for © 2 \/2Eyu(t)t we expect
p(E)eiﬁE T onx/t—Bz2/2t2
Pla.t) ~ [dEsa - V2EY) s B , (D.13)
while for < \/2Eu(t)t we expect P(z,t) is approximately given by (4.22).
Finally, we expect that
T
[ (G0 = ) =0 (.14
J tn(Eg=1) st ' '

In other words in the Hartle-Hawking state, the average value of (x(t)) must “overshoot” its
late time value. This will occur so long as the large time 7' > ty(Ey—1 + cog) for a large O(1)
constant ¢, to ensure that (as discussed above) all microcanonical windows that dominate
the average value of x — which are atypical in the overall Hartle-Hawking state — have
reached their Heisenberg time. For these dominant microcanonical windows, the Heisenberg
times are of the same order of magnitude for O(1) values of 3, which means that level
repulsion continues to be a dominant effect in the spectral statistics despite the exponentially
varying density of states. Indeed, (D.14) follows from an identical argument to (A.47) applied
to each of the microcanonical windows of interest. However, because each microcanonical
window is saturating at a very different Heisenberg time (though with comparable orders of
magnitude), as per the discussion around (4.20), the bump will not appear as dramatic as in
a microcanonical state; rather, (z(t)) will asymptote to (Zg,) much more slowly.

E Wormbhole dynamics with Poisson statistics

Here, we contrast the numerics in section 4.3, for JT gravity with the expected RMT spectral
statistics, with a quantum system with the same density of states and operators, but with
Poisson statistics in the energy spectrum. Our results in this appendix further demonstrate
that the slow wavepacket spread and nonmonotonic wormhole length dynamics in figures 1
and 3 are clear consequences of the random matrix spectrum in the fundamental theory. In
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p(x)

0.04 t= 1. t(Emin)
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(a) Rapid spread of wavepackets in terms of p(z). (b) Lack of a distinct non-monotonic feature in
(x(t))-

Figure 9. Wormhole dynamics with Poisson statistics in the microcanonical state. In contrast to
figure 1 with random matrix statistics, the wavepacket spreads rapidly in z, and there is no clear
bump at late times in (z(t)).
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(a) Extremely fast spread of wavepackets in (b) Lack of a distinct non-monotonic feature in

terms of p(x). (z(t)).

Figure 10. Wormhole dynamics with Poisson statistics in the Hartle-Hawking state. Here, the
wavepacket spread is extremely rapid, due to a combination of non-ergodicity from Poisson statistics
(as in figure 9), and a thermal distribution of velocities in the initial state (as in figure 3). The lack of
a clear non-monotonic bump is once again evident.

addition, Poisson statistics also emulates (to an extent) a suboptimal reconstruction of length
operators, for example in terms of action-angle variables with randomly permuted energy
levels as described in footnote 5, illustrating the key role played by our guiding principle
in section 3 for the presence of these features.

At a technical level, we can simulate this system by following the procedure of section 4.3
except with the CUE eigenphases ¢, replaced by a uniform, random (and sorted) distribution
of points in [0, 27). With Poisson statistics, we expect the initial state to spread out rapidly
to the point of exhibiting no clear imprints of the classical dynamics near the Heisenberg time
scale due to a lack of spectral rigidity, and the absence of a bump in (z(t)) (more precisely,
the absence of an “equal” exploration of values below and above the saturation value) due to
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a lack of nearest-neighbor level repulsion. This is illustrated in figures 9 and 10, respectively

for a microcanonical state and a Hartle-Hawking state.
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