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In this paper we demonstrate that Boltzmann's H-theorem does not necessarily hold in the context
of theories of gravity with nonminimally coupled matter fields. We find sufficient conditions for the
violation of Boltzmann's H-theorem and derive an expression for the evolution of Boltzmann’'s H in
terms of the nonminimal coupling function, valid in the case of a collisionless gas in a homogeneous and
isotropic Friedmann-Lemaitre-Robertson-Walker universe. We highlight the implications of this result for

the evolution of the entropy of the matter fields, briefly discussing the role played by collisions between
particles whenever they are relevant. We also suggest a possible link between the high entropy of the
Universe and the weakness of gravity in the context of these theories.
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1. Introduction

General relativity has been extremely successful in describing
the gravitational interaction from cosmological scales down to the
sub-millimeter scale [1]. However, this success comes at the price
of having to postulate an exotic dark energy component (dubbed
dark energy), violating the weak energy condition, in order to ex-
plain the observed acceleration of the Universe [2-4]. A similar
component, albeit with a much larger energy density, is also re-
quired for primordial inflation to occur, providing a solution to
some of the most fundamental problems of the standard cosmo-
logical model (see, for example, [5] and references therein).

The search for extensions of general relativity which can more
naturally explain the early and late dynamics of the Universe is an
extremely active area of research. Broad classes of modified theo-
ries of gravity incorporate the possibility of a nonminimal coupling
(NMC) between geometry and matter [6-14]. In these theories
the energy-momentum tensor is not usually covariantly conserved,
which results in the non-geodesic motion of point particles (the
same applies to solitonic particles with fixed rest mass and struc-
ture, independently of the details of their composition [15,16]).
The resulting forces are dependent on the individual linear mo-
mentum of the particles, and provide an extra contribution to their
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linear momentum evolution. This contribution is not only respon-
sible for the tight cosmic microwave background and primordial
nucleosynthesis constraints on the strength of the NMC coupling
between the gravitational and matter fields [17], but can also have
profound implications for the evolution of the Universe, particu-
larly at early times, which we shall explore in the present paper.

In the late nineteenth century Boltzmann developed, almost
single-handedly, the foundations of modern statistical mechanics.
One of his major contributions, Boltzmann’s H-theorem, implies
that, under rather general conditions, the entropy of a closed sys-
tem is a non-decreasing function of time [18]. In a recent work
[19] it has been claimed that Boltzmann’s H-theorem is preserved
in the context of NMC theories of gravity. In this paper we shall
demonstrate that this is not necessarily the case by determining
the evolution of the phase-space particle distribution function un-
der the momentum-dependent forces associated to the NMC to
gravity. We shall also investigate the impact of a NMC between
the gravitational and matter fields on the evolution of the entropy
and energy densities of the early Universe, suggesting a possible
link between the high entropy of the Universe and the weakness
of gravity.

The outline of this paper is as follows. In Sec. 2 we briefly
describe the simplest possible theory allowing for a NMC cou-
pling between the gravitational and the matter fields. In Sec. 3 we
compute the momentum-dependent forces on point-particles as-
sociated with the NMC to gravity. In Sec. 4 we consider the phase
space continuity equation in the context of NMC gravity in the ab-
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sence of particle collisions and study its implications for the evolu-
tion of Boltzmann’s H in a homogeneous and isotropic Friedmann-
Lemaitre-Robertson-Walker (FLRW) background. We also provide
sufficient conditions for the violation of Boltzmann’s H-theorem. In
Sec. 5 we consider the evolution of the entropy of the universe in
NMC gravity, exploiting the relationship between Boltzmann’s H-
theorem and the second law of thermodynamics, briefly discussing
the impact of particle collisions. The connection between the evo-
lution of the entropy of the Universe and the strength of gravity is
also explored in Sec. 5. Finally, we conclude in section 6.

Throughout this paper we use units such that 165G =c =k =
h =1, where G is Newton’s gravitational constant, c is the value
of the speed of light in vacuum, kg is the Boltzmann constant
and h is the Planck constant. We also adopt the metric signa-
ture (—, +, +, +). The Einstein summation convention will be used
whenever a Greek or a Latin index variable appears twice in a sin-
gle term, once in an upper (superscript) position and once in a
lower (subscript) position. Greek and Latin indices take the values
0,---,3 and 1, ..., 3, respectively.

2. Nonminimally coupled gravity

Consider a theory with a NMC between gravity and matter de-
scribed by the action

s=/d4x¢—_glR + FR)Lm] | (1)

where g is the determinant of the metric, £, is the Lagrangian
of the matter fields, and F > 0 is a function of the Ricci scalar
R. Note that general relativity is recovered if F(R) = 1. Also, the
generalization from £ =R + F(R)Ly to L= F1(R) + F2(R) Ly, is
straightforward — the former is considered in the present paper
for simplicity (this choice does not affect our main results). As-
suming a Levi-Civita connection, the equations of motion for the
gravitational field are given by

1
(1+ F L) G = S FTH 4 A (F L)
1
- ERJf’ﬁmg’“’, (2)

where g, are the components of the metric, G* = R*¥ — %g“”R
and RV are, respectively, the components of the Einstein and
Ricci tensors, A*Y = VIAVY — gtv0, O = VH*V,, V), is the co-
variant derivative with respect to the space-time coordinates x*
and a prime represents a derivative with respect to R. The energy-
momentum tensor of the matter fields may be computed as
pov_ 23/ Elw) 5
\/—_g 38
Taking the covariant derivative of Eq. (2) and using the Bianchi
identities one obtains

J_—/
V, THY = ?(glwﬂm —THY)V,R. (4)
Equation (4) implies that the energy-momentum tensor is, in gen-
eral, not covariantly conserved. In the following section we shall
discuss the implications of this result for point particles.

3. 4-force on point particles

In this section we shall compute the 4-force on a point particle
associated to the NMC to gravity. Consider the action

S:—/drm (5)

of a single point particle with energy-momentum tensor
m
THY = —/dr utuVst(x® — €9 (1)), (6)
v—E

where §4(x° — £°(1)) denotes the four-dimensional Dirac delta
function, £° (t) represents the particle wordline, T is the proper
time, ut* are the components of the particle 4-velocity (u*u, =
—1), and m is the proper particle mass. If one considers its trace
T =T""g,, and integrates over the whole of space-time, one ob-
tains

/d4xJTgT=—/d4xdrm84 (x° —£°(D)

:—/drm. (7

This can immediately be identified as the action for a single mas-
sive particle and, therefore, it implies that

Lyn=T= dt 84 (x° — €9 (1)) (8)

m
v—E
is the particle Lagrangian. Note that the particle Lagrangian given
in Eq. (8) may be obtained from the action for a solitonic parti-
cle, with fixed rest mass and structure, and negligible self-induced
gravitational field, independently of its constitution [16] (see also
[20,21]). The covariant derivative of the energy-momentum tensor
may be written as
m
V, TH = = dr (Vyuh)u’s*(x — €7 (1)). 9)
Hence, Eq. (4) becomes

0o=_"m_ / T84 — €9 (1))
~ 7w

dut F
X (F + Fgﬁuc{uﬂ =+ ?hMUV\)R> , (]O)

where h*Y = gtV + uMuV is the projection operator. The equation
of motion of a point particle is then given by

dul* F
IL:;'—TJFrgﬂu“uﬁ:—?thvR, (11)
where
]:/
' =mat = —m?h“”V,,R (12)

is the momentum-dependent 4-force on a particle associated to
the NMC to gravity and a* is the corresponding 4-acceleration (see
[22] for an analogous calculation in the context of growing neu-
trino models where the neutrino mass is non-minimally coupled
to a dark energy scalar field).

3.1. A note on the 4-acceleration of a fluid element

If the particles are part of a fluid, then the 4-acceleration of
the individual particles does not, in general, coincide with the 4-
acceleration of the fluid element to which they belong. This may
be shown explicitly by considering a perfect fluid with energy-
momentum tensor

THY = (p + p)UHUY + pgh", (13)

where p and p are respectively the proper energy density and
pressure of the perfect fluid and U# are the components of its
4-velocity. The 4-acceleration equation of a perfect fluid element
is given by [9,11]
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dut
wo "
Ufuid) = g7 T epUeU’
1 v
= m [?(Lm[ﬂuidj —pP)VuR — Vup:| hﬁ]‘;ld] , (14)

where Lpyfuiq) is the Lagragian of the perfect fluid and hffb]‘:“ aq=

gtV + UHUY is the corresponding projection operator. Hence, not
only the 4-velocity of the fluid U is in general very different from
the velocity 4-velocity u of the individual particles at any point on
the fluid, but the same is also true in the case of the 4-acceleration
(this point has been overlooked in [19]).

Moreover, Eq. (14) shows that the 4-acceleration of a per-
fect fluid element has an explicit dependence on its on-shell La-
grangian. The appropriate on-shell Lagrangian in the case of an
ideal gas is Lmfideal gas) = T = —p + 3p [15,16] — see [23] for a
detailed discussion of the appropriateness of the use of different
Lagrangians to describe various components of the cosmic energy
budget, including a discussion of the reasons why the on-shell La-
grangians Lmfluid) = p and Liyauia) = —p of Brown’s work on the
action functionals for relativistic perfect fluids [24] (see also Schutz
[25]) should not in general be used in the case of an ideal gas with
a NMC to gravity, the exception being Lmjausy) = —p-. In fact, in
the case of dust (p = 0) the 4-velocity is the same for all the par-
ticles, thus implying that the 4-acceleration of the fluid is equal
to the 4-acceleration of the particles. Hence, by considering the
4-acceleration of dust one may again recover the result given in
Eq. (11) for the 4-acceleration of the individual particles:

L F'
;4 m[dust] nv
a [dust] 0 h [dust] ViR
.F,
=~ hR. (15)

In the case of a photon gas (with p = p/3), the appropriate
on-shell Lagrangian in Eq. (14) would be identically equal to zero
(Lmphoton gas = T = —p + 3p = 0). This is not surprising since the
electromagnetic Lagrangian,

1
EEM:—ZF“"F,“,, (16)

vanishes on-shell for electromagnetic waves in vacuum.

4. Boltzmann’s H-theorem

The standard collisionless Boltzmann’s equation, given in
Minkowski space by
df _of
i +dt Vf+F Vif=0, (17)
expresses the constancy in time of a six-dimensional phase space
volume element Vg containing a fixed set of particles in the ab-
sence of particle collisions. Here, t is the physical time, the six-
dimensional phase space is composed of the six positions and
momentum coordinates (7, p) of the particles, F = dp/dt is the
3-force on the particles (assumed to be independent of p), and
f(t,7,p)Vs is the number of particles in the six-dimensional in-
finitesimal phase space volume element Vs = d°rd3p. However,
in the presence of a NMC to gravity F can depend on p and,
therefore, Vs is in general no longer conserved. In this case, phase-
space continuity, expressing particle number conservation in six-
dimensional phase space in the absence of collisions,

af dr =
s (1) e (0F) =0 e

should be used rather than Eq. (17). Here, 7 and p are independent
variables, thus implying V: - p = 0. Note that no assumption has
been made regarding the relativistic or non-relativistic nature of
the particles (Eq. (18) applies in both regimes).

In a flat homogeneous and isotropic universe, described by the
FLRW metric, the line element is given by

ds? = —dt? + dr - df = —dt*> + a®(t)dg - dg, (19)

where a(t) is the scale factor and ¢ are comoving cartesian coor-
dinates. In this case, the Ricci scalar is a function of cosmic time
alone [R = R(t)] and the i0 components of the projection oper-
ator may be written as hi® = y2vi, where y = u® =dt/dtr and
vi =ul/y are the components of the 3-velocity. Therefore, Eq. (12)
implies that the momentum-dependent 3-force on the particles is
given by

Fi=d_19i=f_i_dlna l-=_<dlna+£’d_R> i
ey dt .  Fdt
dina dInF\ ;
:_(T+T)p
__din@h md(f“r) pi. (20)

This in turn implies that p' o (Fa)~!, so that

Ve=d’rd®p « F3, (21)

where we have taken into account that d3r = a3d3q. Eq. (21) ex-
plicitly shows that in the presence of a NMC to gravity the phase
space volume is, in general, no longer incompressible.

In a homogeneous and isotropic universe

d?_daq_i_ dg _dlna, 5
at del % T Td
_dlna_ P

a i i 22)

where m is the rest mass of the particles, thus implying that

Vs d—F —3d—ma (23)
" \at) T dt

Substituting Egs. (20) and (23) into the phase space continuity
equation — note that Eq. (18) remains valid in a FLRW background
— and taking into account that in a homogeneous universe f is
independent of 7 [f = f(t, p)], one obtains

0= 1 fv.. <dﬁ>+F Vif +fV;-F

ot dt

_of afdn@rp) ; . dinF

of _ 2o _3 . 24
=% apa PV (24)

Note that Eq. (24) does not include collision terms and, therefore,
it only applies in the case of collisionless fluids. For example, after
neutrino decoupling non-gravitational neutrino interactions may
in general be neglected and, consequently, Eq. (24) may be used
to determine the evolution of the neutrino phase space distribu-
tion function for as long as the Universe remains approximately
homogeneous and isotropic (the same applying to photons after
recombination, although to a lesser extent). We shall defer to the
following section a discussion of the impact of collisions in situa-
tions where they might be relevant.

Let us start by explicitly verifying the conservation of the
number of particles N inside a constant comoving spatial vol-
ume Vg defined by [d*r =a3 [d3q=0d’Vy (N= [d®rd®pf =
a Vo[ f d*p)
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dN  _dl 2
o3 naN+3Vq/d3 3

dt d a
_gdn@r)
dt
af din(@aF) ;
3 3 i
1% =0. 2
+a q/d Poi—ar P =° (25)

Here, we have used Eq. (24) in order to evaluate 9 f/dt and per-
formed the momentum integral by parts.
Let us now consider Boltzmann’s H defined by

H:/d3rd3pflnf:a3Vq/d3pflnf. (26)

Taking the derivative of H with respect to the physical time and

using Eq. (25) one obtains
dH dina of
— =3 H+aVy | @®p(1+1Inf)—
dt a e q/ paA+InS5
dl 0
_3ﬂ(H N)+a Vq/d3pa—{lnf, (27)

where again [d*r=a3 [d®q=a?V, and N is the number of par-
ticles inside V4. Using Eq. (24), the integral which appears in the
last term of Eq. (27) may be written as

I=/d3p%lnf=11+lz, (28)
where

I1=3@Vy™! dlgtFH (29)
12_/d3 (af dl“d(af) f) Inf. (30)

Integrating I, by parts one obtains

/d3 f—[l fdln(af) ,}

_1dIn(@F) af din(aF) ;
=3V, 17H—/d3 ———p
@Vo) dt Popi ™ dr
dln(aF
=3(a3vq)—1%(1v H). 31)
Summing the various contributions, Eq. (27) finally becomes
dH dinF
— =3——-N. 32
dt dt (32)

In general relativity F is equal to unity and, therefore, Boltz-
mann’s H is a constant in the absence of particle collisions. How-
ever, Eq. (32) implies that this is no longer true in the context of
NMC theories of gravity. In this case, the evolution of Boltzmann’s
H is directly coupled to the evolution of the universe. Boltzmann’s
H may either increase or decrease, depending on whether F is a
growing or a decaying function of time, respectively. This provides
an explicit demonstration that Boltzmann’s H-theorem — which
states that dH/dt <0 — may not hold in the context of NMC the-
ories of gravity.

4.1. An alternative derivation

Here we provide an alternative derivation of Eq. (32) (one of the
main results of this paper). Consider two instants of time t4 and
tg, with ag = 1. According to Eq. (20), in the absence of collisions,
P o (aF)~!. Therefore, assuming that the number of particles is
conserved, Eq. (21) implies that

s _ f(ts, Fap/(apFp)) Vea <f3>3
fa f(ta.p) Ve \Fa

Hence,

Hy :aqufd3p3fs In f
=aqu/d3pA(FA/(anB))3fB In fp
= Vq/d3pAfA In (fA(]:B/]:A)3>

:qud3pAfA]an +31n(f5/]:A)qud3PAfA
=Hp+3(In(Fp) —In(Fa))N. (34)

If t4 and tp are sufficiently close, one can write tg —ts =dt, Hg —
Ha =dH, and In(Fp) — In(Fx) =dIn(F). Then, diving Eq. (34) by
dt one obtains Eq. (32). This alternative derivation shows, perhaps
even more explicitly, how the growth or decay of the magnitude
of the linear momentum of the particles associated to the NMC to
gravity may contribute, respectively, to a decrease or an increase
of Boltzmann’s H.

5. Entropy

Consider a fluid of N distinguishable point particles with Gibbs’
and Boltzmann'’s entropies given respectively by

SG = —/PN In PNd3r1d3p1 --«d3rNd3pN (35)
Sp :—NfPlnPd3rd3p, (36)

where Py (1, p1.....7n. PN, t) and P (7, p,t) are, respectively, the
N-particle probability density function in 6N-dimensional phase
space and the single particle probability density function in 6-
dimensional phase space. P and Py are related by

P, p.t)= [ PndPrad®py - - dPryd®py (37)

These two definitions of the entropy have been shown to coincide
only if

N
Py (F1. B ... 7w, not) =] [ P (7o Bint) (38)
i=1

or, equivalently, if particle correlations can be neglected, as hap-
pens for an ideal gas [18]. In this case S = S¢ = Sp (otherwise
Sc < Sp [18]).

Consider a fixed comoving volume V, containing N particles.
Close to equilibrium f (7, p,t) = NP (, p,t) holds to an excellent
approximation and, therefore

H=—-Sg+NInN. (39)

Again, assuming that the particle number N is fixed, Eq. (32) im-
plies that

dSg  dH  _dInF
d — dt dt
Hence, the entropy S in a FLRW homogeneous and isotropic uni-
verse may decrease with cosmic time, as long as F grows with
time. This shows that the second law of thermodynamics does not
generally hold in the context of modified theories of gravity with
a NMC between the gravitational and the matter fields (see also
[26,27]). Note that the entropy can never become negative since

N. (40)
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the number of states is always larger than or equal to unity — in
the S — O limit all particles would condensate into a macroscopic
zero-momentum state (in this limit the constant N point particle
assumption would no longer be valid).

5.1. The collision term

Adding a two-particle elastic scattering term to Eq. (18) re-
sults, under the assumption of molecular chaos, in a non-negative
contribution to the entropy increase with cosmic time — this con-
tribution vanishes for systems in thermodynamic equilibrium. This
result holds independently of the NMC coupling to gravity, as ac-
knowledged in [19] where the standard calculation of the impact
of the collision term has been performed without taking into ac-
count the momentum-dependent forces on the particles due to the
NMC to gravity. However, as demonstrated in Secs. 3 and 4, these
momentum-dependent forces may be associated to a further de-
crease of the magnitude of the linear momentum of the particles
(if F grows with time) contributing to the growth of Boltzmann’s
H (or, equivalently, to a decrease of the entropy). The existence of
particle collisions, although extremely relevant in most cases, does
not change this conclusion.

If the particles are non-relativistic, and assuming thermody-
namic equilibrium, f(p,t) follows a Maxwell-Boltzmann distribu-
tion. In a FLRW homogeneous and isotropic universe with a NMC
to gravity the non-relativistic equilibrium distribution is main-
tained even if particle collisions are switched off at some later
time, since the velocity of the individual particles would simply
evolve as v « (aF)~! in the absence of collisions (see Eq. (20))
— the temperature, in the case of non-relativistic particles, would
evolve as 7 o v2 o (aF)~2.

Using Eqgs. (4) and (13), it is simple to show that the density of
a perfect fluid in a FLRW background satisfies

dp dinF

380 (4 p) = — Lo + )
dt dr pP+DP)= m[fluid] T L dt

If the fluid is an ideal gas of relativistic particles (with p = p/3),
each satisfying equation of motion for a point particle derived
in Eq. (11) (except, eventually, at quasi-instantaneous scattering
events), then its on-shell Lagrangian vanishes (Lpuida) =T =
—p + 3p =0), thus implying that

dp dln(a*F)
dt dt

The corresponding solution is given by p oca=4F~1. If the par-
ticles are indistinguishable, have a negligible chemical potential
and are in thermodynamic equilibrium then p o« 7%. Hence, 7
a~1F~1/4 so that the particle number density n and the en-
tropy density s evolve as n(7) o« s(7) o T2 o a=3F~3/4, This
implies that both the number of particles N and the entropy S
in a fixed comoving volume are not conserved — they evolve as
N o S oxna® o« F~3/4 (see [17,26] for more details).

Unless F is a constant, the equilibrium distribution of the pho-
tons cannot be maintained after the Universe becomes transparent
at a redshift z ~ 103, given that the number of photons of the
cosmic background radiation is essentially conserved after that.
Hence, a direct identification of Boltzmann's H with the entropy
should not be made in this case. The requirement that the result-
ing spectral distortions be compatible with observations has been
used to put stringent limits on the evolution of F after recombi-
nation [16].

(41)

p=0. (42)

5.2. The strength of gravity

Existing cosmic microwave background and primordial nucle-
osynthesis constraints restrict the NMC theory of gravity studied in

the present paper (or its most obvious generalization) to be very
close to General Relativity (F = 1) at late times [16,17]. Prior to
big bang nucleosynthesis the dynamics of F is much less con-
strained on observational grounds, but it is reasonable to expect
that the cosmological principle and the existence of stable parti-
cles — assumed throughout this work — would still hold (at least
after primordial inflation). This requires the avoidance of patho-
logical instabilities, such as the Dolgov-Kawasaki instability, which,
in the case of the action given in Eq. (1), implies that 'Ly >0
[28,29].

Consider a scenario, free from pathological instabilities, in
which the function F was much larger at early times than at
late times (here, early and late refer to times much before and
after primordial nucleosynthesis, respectively). In this scenario, the
present value of Newton’s gravitational constant is the result of
a dynamical process associated to the decrease of F, perhaps by
many orders of magnitude, from early to late times. More im-
portantly, the high entropy of the Universe and the weakness of
gravity would be interrelated in this scenario.

6. Conclusions

In this paper we have demonstrated that a violation of Boltz-
mann’s H-theorem may occur in a homogeneous and isotropic
FLRW universe whenever the NMC coupling function F is a grow-
ing function of the cosmic time. In order to show this, we started
by computing the 4-acceleration of the point particles associated
to the NMC to gravity. We then used the phase space conti-
nuity equation, expressing particle number conservation in six-
dimensional phase space in the absence of collisions, to derive an
expression for the evolution of Boltzmann’s H as a function of F
(we also provided an alternative derivation of this relation). We
have demonstrated that Boltzmann’s H may either increase or de-
crease, depending on whether the NMC coupling function F is a
growing or a decaying function of cosmic time, respectively.

We have considered the implications of this result for the evo-
lution of the entropy of the matter fields, briefly discussing the
role of collisions between the particles. We have confirmed that
the second law of thermodynamics, in its standard form, does not
generally hold in the presence of a NMC between matter and ge-
ometry — in a FLRW universe, the sign of the entropy variation
in NMC gravity is coupled to the evolution of the Ricci scalar and,
therefore, to the dynamics of the universe as whole. We have also
highlighted the connection between the entropy of the universe
and the strength of gravity in theories with a nonminimal matter-
geometry coupling, showing, in particular, that the high entropy
of the Universe and the weakness of gravity at the present time
may be interrelated. These results suggest the need for a gener-
alization of the second law of thermodynamics, accounting for a
gravitational entropy contribution [30-32], in the context of these
theories.

In deriving our results we have considered a homogeneous and
isotropic universe described by the FLRW metric. We have also
assumed that particles are stable, with fixed mass and structure
(except, eventually, at almost instantaneous events associated with
particle scattering). The FLRW metric is essentially Minkowskian
on microscopic scales and, therefore, the possibility of particle cre-
ation/decay associated to the geometry-matter coupling has not
been accounted for in our analysis. Still, it is possible that sig-
nificant microscopic perturbations to the gravitational field could
be responsible for irreversible thermodynamical processes, such
as particle creation or decay (this has first been investigated in
[30,33,34], and later applied to the study of NMC theories of grav-
ity [35,36]). Such possibility, accounted for phenomenologically in
[27], further highlights the impact of the NMC to gravity on fluid
thermodynamics.
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