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Abstract

In hybrid circuit quantum electrodynamics (QED) architectures containing both ancilla qubits
and bosonic modes, a controlled beam splitter (cBS) gate is a powerful resource. It can be used to
create (up to a controlled-parity operation) an ancilla-controlled SWAP gate acting on two
bosonic modes. This is the essential element required to execute the ‘swap test’ for purity, prepare
quantum non-Gaussian entanglement and directly measure nonlinear functionals of quantum
states. It also constitutes an important gate for hybrid discrete/continuous-variable quantum
computation. We propose a new realization of a hybrid cSSWAP utilizing ‘Kerr-cat’
qubits—anharmonic oscillators subject to strong two-photon driving. The Kerr-cat is used to
generate a controlled-phase beam splitter operation. When combined with an ordinary beam
splitter one obtains a ¢cBS and from this a cSWAP. The strongly biased error channel for the
Kerr-cat has phase flips which dominate over bit flips. This yields important benefits for the
cSWAP gate which becomes non-destructive and transparent to the dominate error. Our proposal
is straightforward to implement and, based on currently existing experimental parameters, should
achieve cBS gates with high fidelities comparable to current ordinary beam-splitter operations
available in circuit QED.

1. Introduction

In this work we propose a new scheme for realizing a hybrid discrete/continuous-variable controlled-SWAP
(or Fredkin) gate which, conditioned on the quantum state of an ancilla qubit C, applies a beam splitter
(BS) operation that can be used to swap the quantum states of two bosonic modes A and B

(a— —b,b — +a). A key advantage of our approach is that it utilizes a Kerr-cat qubit [1-3] both as a
noise-biased control ancilla and as the driven non-linear element that creates the linear beam-splitter. This
innovation renders the gate error-transparent to the dominant error channel (ancilla dephasing associated
with excitation loss) so that ancilla errors do not propagate into the data modes. In addition, we predict that
this new protocol yields a gate time that can be substantially shorter than the existing circuit QED protocol
for cSSWAP [4].

In the most general context, the pair of systems {A, B} could be either discrete variable (qubits) or
continuous variable (bosonic modes) [5]. In the discrete variable context, the cSWAP is a non-Clifford gate
(a member of the second level of the Clifford hierarchy) with important applications for universal quantum
computation, including machine learning [6—8]. In the continuous variable context, cSSWAP is a
non-Gaussian resource. For both discrete and continuous variable systems cSWAP is very useful for routing
quantum information through a quantum-controlled switching network to create a quantum random
access memory [9—15], and, in general, for state preparation of quantum non-Gaussian entanglement
[16, 17]. cSSWAP permits measurement of the SWAP operator via phase kickback onto the ancilla. This in
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Figure 1. (a) Standard circuit symbol for the controlled SWAP (cSWAP) gate. (b) Mach—Zehnder interferometer circuit for
realization of cSWAP between two bosonic modes. BS and BS™! are 50:50 BS unitaries. The ancilla is a transmon qubit that
applies a controlled parity unitary, shifting the phase in one arm of the interferometer by 7 if the ancilla is in [1). (¢) The new
cSWAP circuit proposed in this work. Here the ancilla is a Kerr-cat qubit. The first gate, cPBS, is a controlled-phase beam splitter
which produces BS if the ancilla is in |0) and BS™! if the ancilla is in |1). (d) Representation of the gate shown in (c) as a single
¢BS unitary which applies the identity if the ancilla is in |0) and applies a SWAP if the ancilla is in |1). Changing the duration of
the BS and cPBS gates allows creation of general ¢cBS operations of which cSWAP is a special case (up to a controlled-parity on
one of the modes).

turn considerably simplifies protocols for stabilization of quantum computations [18-20], state purification
[21] and cooling [22] and enables carrying out the ‘swap test’ for the purity of a quantum state [23, 24],
computing the Renyi entropy [25] or the overlap of two different quantum states for quantum
fingerprinting [26] and other verification purposes [4, 23, 27], and a variety of related tasks [28—34].

Non-deterministic cSWAP gates have been achieved in photonic systems [35—37] and deterministic
cSWAP of bosonic modes controlled by a qubit has been achieved in superconducting circuits [4] and in
ion traps [38, 39]. Deterministic cSSWAP is a key element in circuits used in the experimental realization of
exponential SWAP (eSWAP) gates [4]. Lau and Plenio [40] have shown that eSWAP can be used for
universal computation using bosonic modes. The Lau and Plenio scheme offers the important feature that
different (error correctable) bosonic encodings can be used without changing the universal instruction set
architecture, since SWAP and eSWAP are agnostic to the contents of the bosonic modes being swapped.

For qubits, the gate set {cSWAP, CNOT, Hadamard} is equivalent to {Toffoli, Hadamard} which is
universal [41]. For both discrete and continuous variables, cCSWAP finds powerful application in
modularizing quantum computation [38] and can be used to turn an arbitrary unknown unitary into a
controlled unitary [42].

We focus here on the hybrid circuit QED architecture [43—45] which contains both discrete-variable
(DV) components (e.g., transmon [46—49] or Kerr-cat qubits [1-3]) and continuous-variable (CV)
components containing bosonic modes (e.g., microwave [4, 50—52] or mechanical resonators [53—64]). In
such a hybrid architecture one can have gates such as cSWAP acting purely within the DV sector or acting
on the CV sector but controlled by the DV sector. An open challenge in the field is to develop cSWAP acting
entirely within the CV sector (i.e. controlled by the state of a logical qubit encoded in an oscillator).

In circuit QED, a deterministic cSSWAP gate between two microwave resonator modes was achieved by
Gao et al [4] using a scheme based on the differential dispersive shift of two cavities coupled to the same
transmon qubit. Another scheme that could in principle be used is the ‘temporal Mach—Zehnder
interferometer’ circuit shown in figure 1(b). In this scheme, the modes being swapped are bosonic modes
stored in microwave cavities but the control mode C is a transmon qubit. The control mode is used to apply
a controlled-parity gate (cPHASE gate with phase ) which does nothing if C is in state |0) but shifts the
phase difference between the two arms of the interferometer by 7 if C is in state |1). The interference
between the two paths of the interferometer then results in IDENTITY or SWAP, conditioned on the state of
C. An extension of this interferometric scheme was used by Gao et al [4] to achieve an eSWAP gate.

In this work we propose a new interferometric scheme for cSWAP in which the controlled phase is
applied, not to one of the bosonic modes in the interferometer, but rather to one of the BSs as shown in
figure 1(c). When such a controlled-phase beam splitter (cPBS) is combined with an ordinary BS, the result
is a controlled beam splitter (¢cBS) Hamiltonian, turned on and off by the state of C. Appropriately choosing
the duration of this gate yields cSSWAP. The ¢BS Hamiltonian would also be useful in realizing simulation of
non-trivial quantum Hamiltonian models involving spins (or fermions) coupled to bosons.

We propose to realize a cPBS through use of the Kerr-cat qubit, a DV component that, unlike previous
transmon implementations, features a highly-biased noise channel (in which bit flips require overcoming a
large barrier and thus are much rarer than phase flips which are associated with energy damping) [1-3, 65].
Furthermore, unlike ordinary DV qubits, the Kerr-cat has an underlying continuous rotation symmetry
which allows one to escape a no-go theorem that otherwise prevents creation of a cNOT gate that preserves
the noise bias [3]. These two features significantly improve error-correction thresholds for circuits
constructed from Kerr-cats [65, 66].
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It was shown in reference [2] that the Kerr-cat qubit could be used as a fault-tolerant error syndrome
detector for a variety of codes. For the Gottesman—Kitaev—Preskill (GKP) bosonic codes this is realized in
the form of ancilla-controlled oscillator displacements [51]

Bat —p*a
D(B) = #Pe =7l (1)

where 3 is a complex number representing the dimensionless displacement in phase space and Z is the Pauli
operator of the Kerr-cat qubit. As we will demonstrate, an appropriately driven Kerr-cat qubit can also yield
an effective beam-splitter Hamiltonian between two bosonic modes a and b of the form

Hys = iaZ[A(t)a'b — N (t)*ab'], (2)

where A(#) is the complex envelope amplitude of a special pump tone, and £« is the (assumed real)
amplitude of the spontaneous coherent state | + «) formed by the Kerr cat. This has opposite sign in the
two standard basis states (eigenstates of Z) of the qubit, and thereby controls the phase of the BS. We will
show that the physical origin of the cPBS Hamiltonian (2) is the four-wave mixing among the two cavity
modes, the spontaneous oscillation of the Kerr-cat qubit and the pump tone.

The unitary evolution operator of the system over the interval in which the BS (2) is turned on is given
(for the case that A(¢) is real) by

Ue(9) = et#et=l, (3)
where

0= a/dt/\(t), (4)

and throughout the paper, unless otherwise stated, we are working in a rotating frame (interaction picture)
in which both of the bare oscillator frequencies (which are different from each other in the lab frame) are
zero. For § = 7 /2 we have a (conditional phase) 50:50 BS and for § = 7 we have (up to a phase) a SWAP
gate that sends

a— —b (5)
b— +a. (6)

By combining this 50:50 cPBS with an ordinary balanced (50:50) BS

U(6) = el (7)
we obtain a cSWAP gate
CSWAP = U (g) U, (—g) — e FU-Zllalbatl) (8)

which yields the identity for Z = +1 and SWAP (up to the phase mentioned above) for Z = —1.

Notice that because a bit flip reverses the phase of the BS Hamiltonian, a bit flip error during the gate
reduces 6 below its intended value. Thus if performing a cSWAP on (say) two error-correctable bosonic
code words, an ancilla bit flip will lead to logical errors and (possibly) leakage errors out of the bosonic code
space. As a simple example of the latter, consider an (uncorrectable) bosonic encoding that represents
logical 0 by 0 bosons and logical 1 by one boson. Ideally

cSWAP[¢ [0) + 1 [1)][11) = [co [0) — 1 [1)]]11), 9)

where the term in square brackets denotes the state of the ancilla. However, an ancilla bit-flip error caused
by dissipation will change the BS ratio, leading, via the Hong—Ou Mandel effect [67], to leakage out of the
code space

[11) — n|11) + p—=[]02) + [20)], (10)

1
V2
where the coefficients 7, 1 depend on the precise time within the gate duration at which the ancilla error
occurs.

Conversely, U(0) is error-transparent with respect to phase flips since [U.(6), Z] = 0. These facts
suggest that the use of a highly noise-biased ancilla could be beneficial. The fact that the Kerr-cat qubit
exponentially suppresses bit flips at the cost of only a modest linear increase in phase flips [1-3] is therefore
an important feature.

While this paper is focused on using the Kerr-cat qubit in a hybrid CV-DV architecture as an ancilla for
controlling the quantum states of microwave resonators, the ideas presented here can also be applied to a
DV architecture solely based on Kerr-cat qubits. Reference [3] shows how to create a bias-preserving ZZ(0)
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gate between Kerr cats. The ideas we present here would permit a bias-preserving ZZZ(6) gate among three
Kerr cat qubits, each having different frequencies.

The error-transparency of the present gate construction to the dominant error source of the Kerr-cat
ancilla enables the realization of an (almost) nondestructive measurement of the SWAP operator or
equivalently, the exchange symmetry between multi-qubit or photonic systems. This is because the
dominant phase-flip error in the ancilla which applies the conditional-SWAP, can only cause a
misidentification of the exchange symmetry of the states, and cannot change or destroy the states being
swapped [68]. This is unlike the case of a controlled-SWAP operation with an ancilla suffering from bit-flip
errors since this type of error results in destructive back action on the bosonic states. This is because a
bit-flip error in the middle of the SWAP leads to an incomplete swap of the two modes. A nondestructive
measurement of the SWAP operator considerably simplifies protocols for stabilization of quantum
computations [18—20], state purification [21] and cooling [22]. Note that, a measurement of the SWAP
operator is also useful for SWAP tests to measure the distinguishability of two input states [4]. However, in
this case a destructive SWAP measurement suffices as fresh input states are fed into the protocol. A
non-destructive SWAP measurement is highly desirable when the post-measurement states are required for
subsequent operations in the algorithm and cannot be simply discarded.

2. Controlled-beam splitter with a Kerr-cat ancilla

2.1. The cBS Hamiltonian
The full Hamiltonian of the system (in the lab frame) consisting of a driven SNAIL device coupled to two
cavity fields is

H = Hpeds + Hsnat + Harives (11a)

Hpelds = wad a + wpb'b + ga(aTc +cfa) + gb(ch +c'p), (11b)
Hsnar = wee'c + g3(ch + ¢ + ga(cf + )%, (11¢)
Harive = Z(e_iwkt excl 4 e €c). (11d)

k

The Hamiltonian Hgeqs describes the evolution of the fields (annihilation operators a, b and frequencies
wq,p) coupled to the SNAIL (annihilation operator c) at rates 8. Next, the Hamiltonian Hgyay describes
the SNAIL with frequency w, and cubic and quartic nonlinearities g; ,. Finally, the Hamiltonian Hgrive
describes driving of the SNAIL with tones at frequencies wy and with amplitudes .

The third- and fourth-order nonlinearities in the Hamiltonian Hsnagy, create three- and four-wave
mixing processes in the system [65, 69]. With suitable driving frequencies, these processes can be used to
generate specific interactions between the fields and the SNAIL with processes relevant for the cBS gate
shown schematically in figure 2. First, driving the three-wave mixer with the coupling strength g at
frequency w; = 2w, (panel (a)) leads to two-photon driving of the SNAIL which, in combination with the
Kerr nonlinearity (stemming from the quartic nonlinearity of the SNAIL), creates and stabilizes the Kerr-cat
qubit [65],

Hey = —Kc2 + ec? + €. (12)

The Hamiltonian H,, has two degenerate ground states, the cat states |C+) = N1 (]a) + |—a)), with

a = /€/K, where |+a) are coherent states, and N, are the normalization constants. The two cat states are
orthogonal and can be used to encode a qubit. The Bloch sphere used here is shown in figure 3. The
computational states [0) , |1) are taken to be superpositions of the two cat states (|C;.) +[|C_))/V2 ~ |+a),
where the approximations holds for large |a|. The strength of the Kerr nonlinearity K and of the
two-photon drive € are related to the strength of the pump and the nonlinearity g, as described in
appendix A.

To create a BS between the cavity fields a and b with a phase that depends on the state of the Kerr-cat
qubit, we employ a four-wave mixing process (coupling rate g,) where one of the two pumps is provided by
the spontaneous oscillation of the Kerr cat itself at frequency w.. We set the frequency of the second pump
to be w, = w, — wy + w, (see also figure 2(b)) which, as described in appendix A, gives rise to the cPBS
Hamiltonian (again in the rotating frame)

Hepps = —Cra'bet — Cl*abfc (13)

at a rate ;. To see how this Hamiltonian gives rise to a BS with a phase controlled by the Kerr cat, we
consider the Kerr cat in a mean-field approximation, (c) = (c') = +a. In this approximation (valid for
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Figure 2. (a) Three-wave mixing process to create the two-photon driving that realizes the Kerr-cat logical space,

Span{|C. ), |C_)}. Wigner function of the even-parity cat state is shown. (b) cPBS created via four-wave mixing using a single
external pump plus a pump supplied by the internal oscillation state of the Kerr-cat. (c) BS coupling between frequencies w, and
wy, created via driving the three-wave mixing at frequency A = w, — wy,. Note that this process is independent of the internal
state of the Kerr-cat. (d) For the cat qubit in the logical state |0) (the coherent state |a)), the 50:50 cPBS and BS interactions
interfere destructively and no swapping takes place. (e) 50:50 BS and 50:50 cPBS with the cat qubit in the logical state |1) (the
coherent state |[—«)) combine to perform a swap between the cavity fields a and b.

C) —1C)
V2

=1

Figure 3. Illustration of the Bloch sphere. The cat states [C.) = Ny (|a) & |—a)) are aligned along the X-axis of the Bloch
sphere. Here, A, are the normalization constants. The superpositions (|C1) = |C_))/v/2 = |£a) are aligned along the Z-axis
(where the approximations hold for large |r|). The |+) eigenstates have definite photon number parity and thus single photon
loss (or gain) acts (primarily) as a Pauli Z error that causes dephasing which flips |+) to |—) and vice versa (and similarly for

| £1)).

moderately large amplitudes, o 2> V/3), the cPBS Hamiltonian becomes

Hyp = :FClozaTb:FC;‘aabT, (14)
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with the —(+) sign corresponding to the Kerr-cat qubit state |0)(|1)). This Hamiltonian transforms the
cavity fields according to

a(t) = cos(Cot)ag + 1 sin(Cot)el %% by, (15a)
b(t) = isin((ot)e 9+ ag 4 cos((ot)bo, (15b)

where we separated the beam-splitter rate into its amplitude and phase F(;a = (j €!?* and we denote the
initial states of the fields by ay, by.

Since the phases acquired by the fields during the cPBS interaction differ by m, ¢, = ¢_ + 7, the two
processes (corresponding to the Kerr-cat qubit in one of the logical states |0),|1)) are Hermitian conjugates
(and thus inverses) of each other. We can therefore turn the cPBS into a ¢BS by using an additional
beam-splitter interaction which can be engineered by pumping a three-wave mixing process at frequency
A = w, — wy (figure 2(c)) or, alternatively, using four-wave mixing with two drive tones at frequencies ws 4
satisfying ws — wy = w, — wy [4, 70] (see also appendix C for discussion of alternative driving schemes).
We thus obtain the beam-splitter Hamiltonian

Hps = Ga'b + ab, (16)

where the phase of the interaction constant ¢, can be controlled by the phase of the pump field. When we
set the phases of the interactions and gate times t; , such that ¢,at; = (,t, (where 1, is the total time of the
cPBS and BS interaction, respectively), the BS and cPBS cancel each other for the qubit state |0) (see

figure 2(d)). On the other hand, for the cat in the state |1), the fields are transformed as (see also

figure 2(e))

a(t) = cos(2C aty)ag — i sin(2¢; oty )el®+ by, (17a)
b(t) = —i sin(2C oty e P+ ay + cos(2¢ aty ) by. (17b)

These transformations give the cBS gate. We can engineer any (controlled) splitting ratio between the cavity
fields by fixing the drive times for the cPBS and BS couplings; for a full swap between the cavities, both
cPBS and BS are 50:50 BSs (with either the same or opposite phases).

The final interaction, which is always present and limits the gate fidelity, is the cross-Kerr interaction
between the SNAIL and the cavity fields (see appendix A),

Hi = —(xaa'a + xpb'b)c'c, (18)

which introduces a frequency shift on the cavity fields proportional to the number of photons in the SNAIL
or, equivalently, a frequency shift on the SNAIL proportional to the total number of photons in the two
cavity fields. To minimize its effect, we compensate the mean-field part of the cross-Kerr interaction by
suitably shifting the frequency of the rotating frame and all drives as described in appendix B. The
cross-Kerr Hamiltonian then becomes

Hx = —x(a'a+b'b — N)(c'c — |a]), (19)

where N = (afa + b'b) is the mean photon number of the two cavity fields and |«|? is the average
occupation of the cat; we also assumed that the two cavity fields have the same cross-Kerr interaction,
Xa = Xp = X-

Together, all these interactions give rise to the total effective Hamiltonian

H = Hey + Hepps + Hps + Hex

= —Kc?Z + ec? 4+ ¢
(20)
— Ga'bc’ — Cablc+ Ga'b + Gabf

—x(a'a+b'b— N)(cfe — laf?).

In the cPBS and BS interactions, the coefficients (; , are now time-dependent to account for switching the
interactions on and off in accordance with the interferometric scheme in figure 1(c).

The model described by equation (20) neglects the effects of counter-rotating terms. The role of these
terms is twofold: first, they lead to renormalization of system parameters such as mode frequencies or Kerr
nonlinearity of the SNAIL. While precise modelling of these effects is possible [71, 72], the renormalization
does not change the underlying physics; in addition, such effects are automatically compensated for during
careful experimental calibration. Crucially, it has been shown [73] that any tunnelling in the Kerr-cat ancilla
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Table 1. Comparison of the system parameters used in our simulations with the experiments of Gao et al [4], Grimm et al [65] and
Eickbusch et al [80]. Empty rows indicate that the given parameter has not been used in the corresponding experiment.

References [4, 67] Reference [65] Reference [80] This work
Kerr/(2m) 71.25 MHz 6.7 MHz 96.5 MHz 6.7 MHz
Xap/ 2T0) 370, 300 kHz 200-250 kHz 33 kHz 600 kHz
Lo/ Dap 0.036, 0.032 0.086—-0.097 0.0092 0.15
&1n ~0.2,0.4 0.15-0.16 0.2
o ~V3 V3
tswap ~10 ps 1.2 us

induced by these renormalizations remains exponentially suppressed and therefore the noise bias is
preserved. Second, the counter-rotating terms can introduce new resonant terms in the Hamiltonian
through higher-order nonlinearities (i.e., beyond the Kerr effect), leading to, for example, ionization of the
nonlinear device [74, 75]. However, these effects are generally relevant only for strong pump powers where
Stark shifts can bring multi-photon transitions into resonance. We assume here operation below such pump
powers and so neglect them in our analysis.

2.2. Noise bias in controlled beam splitter

It has been shown that if noise causes only small displacements of states in phase space then the
noise-channel of the Kerr cat is biased so that bit-flip errors are strongly suppressed compared to phase-flip
errors [1-3]. Under such a reasonable assumption about practical environmental noise, the probability of a
non-dephasing or bit-flip type error decreases exponentially with the size of the cat |a|?, while the
probability of a phase-flip error increases polynomially with the cat size. When the dominant source of
noise is single-photon loss, the rate of phase-flip error scales as O(|«r|?) while the cBS gate time (for fixed ()
scales as O(1/|«|). Thus, the probability of a phase-flip error increases only linearly with |«|. In principle,
the external pump amplitude (required to activate the cPBS) and hence ¢ , is limited by the energy gap of
the Kerr-cat qubit which itself increases with |« |*. Thus, it may even be possible to reduce the phase-flip
error probability by going to larger amplitude cat. In summary, the strong bias available along with the
relatively low probability of phase-flip errors makes the Kerr-cat a promising candidate for mediating a ¢BS
operation between two oscillator modes.

Two-photon dissipation can be added to help stabilize the Kerr-cat against leakage errors. This
dissipation cools the Kerr-cat back into the logical manifold if a leakage error occurs [3] and cat states can
also be stabilized purely by two-photon dissipation without using the Kerr effect [76, 77]. Two-photon
dissipation commutes with the photon number parity operator and hence does not cause dephasing errors.
Recently a ‘colored cat qubit’ [78] that is stabilized by single-photon dissipation has been proposed, but we
have not included this possibility in our simulations.

The dissipative dynamics discussed above are modelled by the master equation

p = —ilH, p] + (1 + N)Dl[clp + £ND[c']p + D[] p, (21)

with Hamiltonian (20). Here D[o]p = opo! — %o*op — % po'o is the Lindblad superoperator, N, is the
thermal population of the Kerr cat mode, and &, k; are the single- and two-photon dissipation rates of the
ancilla. The single-photon loss and gain of the SNAIL mode (the first two Lindblad superoperators) stem
from interactions with the intrinsic reservoir and explain well the experimental observations [65]. We
include in addition two-photon dissipation (the last Lindblad superoperator) to help stabilize the Kerr-cat
qubit as described above. For all our calculations we find that infidelities are dominated by ancilla errors
(caused by damping and dephasing) and we neglect the intrinsic damping of the bosonic modes which is
small in comparison. Because of the coupling of the bosonic modes to the ancilla, they suffer an additional
‘inverse Purcell’ damping [79] (gi/A;)*x = 0.0225k (see table 1) which we also neglect.

We have simulated the time evolution of the full system during the ¢BS gate (see appendix D for details)
and plotted the results in figure 4. The simulations are done with Fock encoding where the logical cavity
states are [0;) = |0) and |1;) = |1), and with binomial encoding where |0;) = (|0) + |4))/+/2 and
[1L) = |2), where |n) are the Fock states. The two cavity fields start in the logical state [0 11) and the
Kerr-cat qubit in one of the logical qubit states |0), |1), |£). First, the cavity population (panel (a); shown
for Fock encoding only) clearly shows that the combination of cPBS and BS interactions leads to the desired
¢BS interaction: the population of the mode A increases from zero to half a photon during the cPBS,
regardless of the state of the ancilla. The subsequent BS interaction then brings the population either to
unity (for the ancilla in the state |1)) or back to zero (for ancilla state |0)), clearly showing the different
phase acquired by the cavity fields during the c¢PBS interaction for the two ancilla states. Since the total
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Figure 4. Numerical simulation of the ¢BS circuit. (a) Cavity populations (with Fock encoding), the Kerr cat (b) phase rotation,
(¢) bit-flip probability, and (d) leakage. The cavity fields start from the state [0.1; ). For Fock encoding, |[0.) = |0) and |1.) = |1),
and for binomial encoding, [0,) = (|0) + |4))/v/2 and |1;) = |2). The various initial states of the Kerr-cat qubit are indicated in
the plot legends. In the simulations, the cPBS and BS interactions are applied sequentially starting with the cPBS coupling. The
time when we switch from the cPBS coupling to the BS coupling is indicated by the first vertical dashed line. The second dashed
vertical line is when the BS coupling is turned off. The experimentally realistic parameters [65] (see also table 1) we used for the
simulation are o = /3, x/K=0.09,(,/K=0.018 e im/2) ¢, = ¢, (we chose this value arbitrarily so that both cPBS and BS
gate durations are equal), N = 1,4 (for Fock and binomial encoding, respectively, to compensate the mean-field Stark shift),

N, = 0.06, k/K = 2.0 x 107*, and ,/K = 8.0 x 1072. The inset in panel (b) shows detail of the quasi-stationary expectation
value (X) of the ancilla qubit for long times and shares the x axis with the main figure. The blue and yellow curves in panels (c)
and (d) show the bit-flip and leakage probabilities in the absence of thermal population (N, = 0), illustrating that for the Fock
encoding these errors are dominated by thermal noise.

population of the two cavities remains constant during the interaction, the population of the cavity mode B
moves in the opposite direction.

The partial swap of the cavity fields during the cPBS interaction imparts back action on the ancilla
which is shown in panel (b). Swapping photons between the two cavity fields leads to Z rotation of the
ancilla by an amount that depends on the number of photons and direction of swapping. Starting in one of
the eigenstates of the Pauli X operator |4), the cat qubit becomes entangled with the cavity fields after the
cPBS interaction, bringing the expectation of the Pauli X operator to zero. With binomial encoding, more
photons are swapped between the cavity modes, leading to faster oscillations of the ancilla X operator
during the cPBS gate. In addition to this deterministic rotation, the system suffers from phase errors caused
by photon loss and gain. Limited validity of the mean-field approximation (which we used to explain the
dynamics but not in numerical simulations) results in a slight under- or over-rotation of the state which can
be seen in the inset of figure 4(b) where the phase rotation after the cPBS is not exactly 0.

Finally, photon gain processes in the Kerr cat (associated with the action of the creation operator ') lead
to bit flips and leakage which are plotted in figures 4(c) and (d). The bit flip probability increases steadily
over time and is largely unaffected by the gate operation. Leakage out of the qubit subspace, on the other
hand, has nontrivial dynamics during the cPBS interaction and then reaches a steady state set by the
competition between photon gain D[c!]p and two-photon dissipation D[c?]p. The fast oscillations in the
leakage are caused by the sudden switching of the cPBS interaction and can be reduced by shaping the
pumps to a more adiabatic profile. The overall higher leakage rate compared to the steady state is caused by
the cPBS Hamiltonian itself, specifically the term a be! which can take the Kerr cat out of the qubit subspace
whenever a photon is swapped from mode B to mode A. For Fock encoding, bit-flip and leakage errors are
dominated by thermal noise (see the solid red and dashed blue lines). The increased error rates for binomial
encoding are caused by the cross-Kerr coupling (equation (19)) which cannot be fully compensated since
the initial state is a Fock-state superposition (see appendix E for more details of the effects of the cross-Kerr
coupling on the binomial qubits). Since the bit-flip and leakage errors are the same for both logical states of
the ancilla, we expect them to be the same for all possible ancilla states as well.

To get a complete picture of the gate performance, we characterize it with quantum process tomography.
We use Fock encoding in the cavities to define qubits. That is, the logical states of the cavity are simply the
two lowest boson number states: |0.) = |n = 0),|1L) = |n = 1). We simulate the evolution of all
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Figure5. (a) Qubit errors (dephasing Z, non-dephasing non-Z, and leakage) and (b) gate fidelity as a function of the cat size o’
Drop in fidelity for o = 2 is associated with non-Z errors induced by the cross-Kerr coupling term in equation (20). The blue
triangles in (b) show the gate fidelity based on the modified noise transfer matrix in which the ancilla Z errors are factored out.
System parameters are the same as in figure 4.

—

three-qubit Pauli operators of the whole system, P = (I, L 15, [, LX3, |, Y3, . . ., Z1Z,73)", where I; is the
identity and the operators act, in turn, on the cavity mode a, mode b, and the Kerr cat. With these results,
we can then formulate the Pauli transfer matrix R of the three-qubit system. Leakage out of the qubit
subspace (corresponding to excitations of the Kerr cat out of the ground state manifold and bunching of
photons in the cavities) is quantified as the deviation of the R element of the Pauli transfer matrix from
the ideal value of one p;.,, = 1 — Ry,1.

The Pauli transfer matrix we obtain can be expressed as a product of the ideal Pauli transfer matrix
(obtained from the evolution governed by the qubit-subspace Hamiltonian
Hy = ixoz(h — 7Z3)(X1 X, + Y1 Y,) without dissipation) and a noise transfer matrix, R = RpjseRiq- From
the noise transfer matrix, we then evaluate the gate fidelity as F = (Tr[Ryoise] + d)/ (d* + d), where d = 2"
and n = 3 is the number of qubits [81], and the noise process matrix X,oic [82]. The elements of the noise
process matrix describe the dephasing and non-dephasing errors of the gate. The total dephasing error is
calculated by adding up all the diagonal elements of the process matrix that have only Pauli Z or I
components (not including I; [,I3). The non dephasing error is calculated by adding up the rest of the
diagonal terms (i.e., elements containing at least one X or Y Pauli operator).

We plot the three types of error—dephasing (Z), non-dephasing (non-Z), and leakage—against the cat
size in figure 5(a). As the cat size « increases, the energy gap between the cat states |C1) and the rest of the
cat space increases. This reduces the leakage from the Kerr-cat qubit subspace; at the same time, the
increased height of the barrier in the double-well potential of the Kerr-cat Hamiltonian also suppresses
tunnelling between the two logical states, leading to exponential reduction of bit-flip errors as well. In
addition, the ancilla dephasing errors increase due to the growing excitation loss rate x«?, becoming the
dominant source of error for moderately sized cats. This increase is, however, sublinear in o as larger cat
size also leads to a faster cBS gate. For large cat sizes, the fidelity decreases owing to the stronger ancilla
dephasing but remains above 95% for realistic cat sizes, o < 7 (see figure 5(b)).

For small cat sizes, the leakage and non-dephasing errors are further enhanced by the cross-Kerr
interaction between the cavity fields and the Kerr-cat qubit. This large contribution can be attributed to the
different photon numbers of the logical states |0, 1) which are not exactly equal to the coherent states |£a).
The cross-Kerr coupling then gives rise to a transition element (1|(cfc — a?)|0) = —a? csch(2a) which, for
the cavities initially in the state |00) or |[11) (for which the mean-field compensation does not fully cancel
the cross-Kerr coupling) gives rise to bit flip probability (from time-dependent perturbation theory)
x>t csch?(2a2)£. For o? = 2, this gives a bit-flip probability (for the two cavity input states) of about 10%
which is consistent with the overall non-Z error probability (averaged over all possible input states) of about
4.5% (without cross-Kerr interaction, the non-Z error probability is two orders of magnitude smaller). This
error quickly drops with the cat size—for a* = 7, the bit-flip probability due to the cross-Kerr interaction
is about 2.7 x 107, which is negligible in the total non-Z error probability of 1.3 x 10~°.

As discussed in the introduction, an advantage of the Kerr cat is that these ancilla phase-flip errors do
not propagate back into the cavities. Because of that, it is useful to look at a measure of the fidelity that
factors out the ancilla Z errors. This is done with a modified noise transfer matrix, R = Rpoise Ri1zRiq, Where
we separate the ancilla Z errors from the rest of the noise. Here Ry = I ® I ® diag{1,1 — 2p,1 — 2p, 1},
where p = ra’t is the ancilla phase flip probability and ¢ is the gate time. The fidelity is then evaluated
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Figure 6. Cavity photon bunching as a function of the cat size 2. For the asymmetric cPBS we have used the Hamiltonian in
equations (13) and (22) for the symmetric cPBS. In the truncated Kerr cat simulations, we have included only the two lowest
eigenstates of the Kerr cat (corresponding to the qubit logical subpace), removing leakage errors; the full Kerr cat simulations
include also the higher states. Unless otherwise noted in the legend, we used N = 2, which fully compensates the cross-Kerr
interaction between the ancilla and cavity fields. Parameters are the same as in figure 4 except, for symmetric cPBS

¢,/K = 0.009e /2, ¢, = 2¢, in order to keep the gate time the same as for asymmetric cPBS.

using the noise transfer matrix Ryoise. The modified fidelity increases with the cat size and for larger cat sizes
is above 99% (see figure 5(b)). For o> = 7 the value is 99.3% compared to the fidelity (including Z errors)
of 95.3% which shows that the largest contribution to gate infidelity is indeed from ancilla Z errors for
which the gate is transparent.

2.3. Photon bunching due to ancilla errors

Experimental process tomography of the three-qubit gate would be extremely ineffective, especially if one
were to estimate the rare bit-flip and leakage errors. An easier way to estimate these errors is by evaluating
photon bunching based on the following argument: phase-flip errors only change the overall phase of a
state but not the splitting ratio which is set by the length of the cPBS and BS gates. Bit flips, on the other
hand, change the splitting ratio of the cPBS gate—in the extreme case where the bit flip occurs exactly in
the middle of the cPBS gate, both halves cancel each other and only the deterministic BS is applied. When
starting with one photon in each cavity and performing a full swap by the ¢BS gate, such an error would
therefore lead to the two photons bunching with certainty in one of the cavity modes which can be
measured with a photon-number or parity measurement.

We simulate this effect by initializing the cavity modes in the state |11) and evaluating the unwanted
population of the two-photon states in each of the cavity modes, |20) and |02) as shown in figure 6. When
considering only bit-flip errors and disregarding leakage (which can be achieved by using only the two qubit
levels of the Kerr cat in the simulations) the probability of populating the two-photon states reduces
exponentially with the cat size in agreement with the reduced probability of bit flips. With leakage included,
however, the two-photon population is much larger and decreases much more slowly with %, In a deep
double-well potential of the Kerr cat, leakage errors can increase bunching in two ways: by modifying the
beam-splitter rate (causing under- or over-rotation of the swap) or by increased tunnelling owing to the
reduced potential barrier in the excited state compared to the ground state. Nevertheless, for the moderate
sizes we consider here, this simple picture breaks down as only the ground state manifold is located within
the double well and the excited states lie above it.

The undesired photon bunching can be further reduced by symmetrizing the cPBS Hamiltonian as the
Hamiltonian in equation (20) is asymmetric in the cPBS interaction. The operators ¢ and ¢' are not exactly
equivalent to the Pauli Z operators in the Kerr cat qubit basis but each include a small Pauli Y component as
well [3]. In addition, equation (20) introduces leakage when swapping photons from cavity b to cavity a but
not in the opposite direction. Changing the cPBS Hamiltonian to

Hepps = —(a'b + ab") (¢ + ¢e) (22)

removes both problems. First, since within the logical subspace ¢ + d=2azis diagonal [3], we remove
systematic bit-flip errors, reducing the corresponding bunching (cf magenta squares and blue circles in

figure 6). Second, it symmetrizes leakage errors, leading to equal populations of the states |20) and |02).
This symmetrization can be achieved with an additional drive applied to the device at frequency w, — A
which resonantly enhances the terms a'bc + h.c. in four-wave mixing. Although such an addition is, in

principle, possible, it brings the risk of increased absorption heating of the chip, leading to more errors.
Moreover, the benefit it provides seems relatively minor when leakage is considered (cf yellow diamonds
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and green triangles in figure 6). It is therefore more practical to aim for the asymmetric cPBS Hamiltonian
(20) in near-future experiments.

In the simulations of figure 6, we start from the cavity state |11) and can therefore fully cancel the
cross-Kerr term from equation (19) by setting the average photon number to N = 2. To study the effects of
the cross-Kerr term, we have done additional simulations where the cross-Kerr term is included by setting
N =1 (red stars in figure 6), corresponding to the process tomography simulations in figure 5. The
cross-Kerr term increases the bunching by an order of magnitude for the smallest cat size a* = 2. The total
reduction of bunching between o> = 2 and 6 is roughly two orders of magnitude which is the same as the
reduction of total bit-flip and leakage errors in figure 5 where the cross-Kerr is also not fully cancelled.

3. Conclusions

We have presented a new interferometric method for creation of a circuit-QED beam-splitter operation
between two bosonic modes that is controlled by the state of a Kerr-cat ancilla qubit. Application of an
appropriate drive tone to the Kerr-cat induces a beam-splitter Hamiltonian whose phase depends on the
internal state of the Kerr-cat. Combining this conditional phase beam-splitter with an unconditional
beam-splitter yields either identity or SWAP (up to a phase in one mode) of the two bosonic modes
depending on the internal state of the Kerr-cat.

A positive feature of our method is that the strong noise bias of the Kerr-cat makes the operation error
transparent with respect to the dominant ancilla faults and thereby permits a (nearly) nondestructive
measurement of the SWAP operator. This in turn considerably simplifies protocols for stabilization of
quantum computations [18—20], state purification [21] and cooling [22].

Naively, one might expect that the low anharmonicity in the bare SNAIL [83] (see table 1) used to
realize the Kerr-cat ancilla [65] could make the four-wave mixing smaller and the gate relatively slow in
comparison with existing cSSWAP protocols with transmons [4, 67]. However, the anharmonicity of the
Kerr-cat (the gap to states outside the code space) increases with the strength of the pump driving the
SNAIL and can be considerably larger than the bare/un-pumped SNAIL’s anharmonicity. Current
experiments have already demonstrated single-qubit Kerr-cat operations [65] that are as fast as transmon
gates, even though the bare anharmonicity of the SNAIL used to realize the Kerr-cat is 5-10 times smaller
than that of a typical transmon anharmonicity. Additionally, the gate speed is directly proportional to the
size of the cat since the cat amplitude provides one of the four waves being mixed and this ‘internal pump’
is substantially larger than can be typically achieved with external pumping. Thus, a large amplitude
Kerr-cat can, in principle, be faster than existing transmon-based cSWAP protocols. In the transmon case, a
full swap has been performed in t ~ 10 s [4]. In comparison, we predict for the SNAIL setup described
here that the gate time (for the sequential gate), using the Kerr nonlinearity K/(27) = 6.7 MHz from
reference [65], is t = 1.2 ps. In our simulations we have set the cPBS and deterministic BS gate times equal
for simplicity. By setting the gate times independently, we could increase the BS drive amplitude and
decrease the gate time slightly. Another possibility for a shorter gate time is simultaneous driving described
in appendix C. With these, the gate time could be halved (if certain complications discussed in appendix C
are addressed).

Several complex experimental factors can limit the maximum pump amplitude allowed before our
theoretical analysis breaks down. Predicting this parameter limit requires complex system modelling [70]
that is beyond the scope of the present work. Finally, we note that while the first generation of Kerr-cat
experiments has demonstrated the predicted ancilla bit-flip lifetime enhancement [65], a new generation of
experiments with still larger cats has found even greater lifetime enhancement [84]. Based on the parameter
values we have assumed, the fidelity of our cSSWAP gate is primarily limited by dephasing errors of the
Kerr-cat ancilla associated with single excitation loss/gain and by the residual cross-Kerr interaction
between the bosonic modes and the Kerr-cat. These facts suggest directions for future improvements in the
design.

Based on recent progress in realizing Kerr-cat qubits [65], our proposal is experimentally feasible,
requiring only a single additional drive tone (alternative driving schemes are discussed in appendix C). No
additional non-linear elements are needed as the Kerr-cat qubit itself supplies the non-linear element and
state-dependent ‘internal pump tone’. Kerr-cat ancillas have already been used to create state-dependent
displacements of a single bosonic mode [65]. The next step needed to create the circuit described here is a
single Kerr-cat coupled to two bosonic modes. With these straightforward extensions of existing
experimental devices, our proposal offers great potential for implementing error transparent swap
operations with a broad range of applications.
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Appendix A. Derivation of the effective Hamiltonian

The derivation of the effective Hamiltonian (20) follows the process from reference [65]: we start from the
initial Hamiltonian

H = Hieds + Hsnat + Harives (Ala)

Hiaas = waoaao + wiobibo + galabeo + chao) + u(bheo + chbo), (Alb)

Hsnan = wc,ocf)c() + g3(C(J§ + )’ + g4(C$ + ), (Alc)

Herive = Z(e*w €xch + € €icy), (A1d)
k

which is identical to equation (11) except we use the subscripts 0 to remind us that it is expressed in terms
of bare operators and frequencies. Through a series of transformations, we will change into a frame where
the operators are dressed by the various interactions and driving fields.

First, we dress the operators by the interactions between the SNAIL and the cavity fields. We introduce
the dressed operators ay, by, ¢; via ag = a1 — (g,/Aa)c1, by = by — (g,/Ap)cr, and ¢ = ¢ + (g,/As)ay
+ (g,/Ap)by, where A, = w,0 — wep and Ay = wpg — weo. In terms of these dressed operators, the
Hamiltonian can be expressed as

2 2 2 2
H= waaial —l—wbbJ{bl —|—ch161 — i—: (i”u + i”b) (aJ{cl + alci[) — i—bb (i”u + i”b) (bJ{cl + bch)

a b a&b a&sh
n (wc,oi—ui—b n gAgu + gAgb ) (@lby + ab)) + (] + 1)+ a(f +£)* (A2)

+ Z(efiwkt Ek,flT + eiwkt Gzﬁ),
k

where we introduced the dressed frequencies w, = W + 282/ Ag + weog2 /AL, wy = Wi + 287/ Ay
+ WeogE A}y We = Wep — 282/ Ay — 28 | Ap + wagZ /AL + wiog? / A}, and the operator
fi=ca+(g/Adar + (g,/Ap)b.

Next, we perform the displacement transformation a; = a, + > ax e
Defining the dressed driving fields

k! and similar for b; and ¢;.

&a €k

a = — > A3
Sak Ay wp — wy (a3)
&b €k
= = , A4
So Ay wr — wp (A4)
€k
Sk = , (A5)
Wk — We
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we are left with the Hamiltonian

2
H = waala, + wpblb, + wecle, + gf® + guf* — S (iﬂ + i_>

_ & (&
Ab<Aa+A>

t
azcz—l—azg Eope

C; E ga,k e*iwkt
k

ble, +b Zé},k e WK 4 C;Zﬁb,k ei’”ktl (A6)
x

8a &b 8a8b gugb —iw —iw
+ (UJcoA A, + A, Ab ) a;bz + a; Ek Eppe K+ b; Ek Eare “H| + h,
where
f—Cz+—i” ﬂz+—A by + E Ekerre K + h.c., (A7a)
La § 44
off = —Ca —_— ck- A7b
Ekeft Aaf,k+Ab€h,k+€,k (A7b)

As a final step, we move to the rotating frame with respect to the free Hamiltonian
Hy =’ a2a2 + whbT b, + ' czcz Assuming all the frequencies wy, wj, w,, and wi to be different, the only
possible non-rotating terms in the Hamiltonian are

H = (w, —wha'a+ (wy — wp)b'b + (w, — w)cle + gf* + gf* + hc,, (A8)

where we have dropped the subscript 2 from the creation and annihilation operators for simplicity.
Regardless of the drive frequencies, the four-wave mixing term f* always gives the non-rotating terms

¢ gt 2
6g4(cJr2 2 4 2cfe) + 6g4 A (a?a® + 2a'a) + 6g4 4 b (b2B? + 2bTD) + 12g4%(2afacfc +a'a+cfe)

a

(A9)
+ 12g4 (szbc c+bb+cle) + 12g4 iﬂa i’b (2atab’b + afa + b'b). :
Including only the terms up to second order in g,/ A, and setting the frequencies
Wl = wa + 1284(8a/A0)? (1 + ZZI£C,k2> , (A10a)
k
w), = wy, + 1285/ Ap)? (1 + ZZ&,klZ) , (A10b)
k
Wl =we+ 12gs |1+ (/A + (9/Ap)* + ZZK},kIZ] , (A10¢)
k
we obtain the free Hamiltonian
Ho = 6gic2c + 24, (Aﬁa acte + i’ bibct ) (A11)

which is always present independent of the driving tones. In addition to this, the resonances between the
drives and the frequencies of the three modes can create additional three- and four-wave mixing terms via
the last two terms in equation (A8).

To implement the cBS gate with a Kerr-cat ancilla, we need three driving tones: the first one at the
frequency w; = 2w! introduces two-photon driving of the SNAIL via three-wave mixing,

Hy = 3g3(&reec’ + §T,effC2)- (A12)

The cPBS is implemented with a drive at the frequency w, = w. + A, where A = w/, — wj, which
introduces the four-wave mixing term

Hepps = —4K§—“ i—i(gz,effaT bel + € pablo), (A13)
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where K = —6g,. Finally, the deterministic BS is implemented with a drive at the frequency ws = A via
three-wave mixing,

a &b %
Hys = 685 5= 8- (&.malb + €5 ab). (A14)
a 2S\b
The total Hamiltonian is then

2
H = Hy + H, + Hopps + Hps = —Kc2& — 4K (%d

a

2
a+ %lﬁb> cle+ 3¢5 (Eretrc™ + & eir?)
(A15)

- 4K— o (52 ea bet + & effabfc) + 6g3

ALA, (53 eiralb + &, «ab!).

A A
Defining € = 3g,&, ¢, (2 = 683 8- Lg\—bbfg,eff, and (; = 4K 3 g—bbgz,eff, the terms are the same as in
equation (20).

Appendix B. Mean-field compensation of cross-Kerr interactions

The interaction term
Hu = —(xaa'a + xpb'b)clc, (B1)

where y; = 4Kg?/A?, describes cross-Kerr interaction between the SNAIL and the cavity fields. Since the
SNAIL is used to create a Kerr-cat qubit, its photon number is centered around |c|?, which can be
subtracted from the cross-Kerr interaction by suitable frequency change. By changing the rotating frame
frequencies for the fields as w, — w), — xa|a|?, w}, — w; — xp|a|?, we get the cross-Kerr term

Hu = —(xaa'a + xpb'b)(cTc — |a]*). (B2)

Similarly, we subtract the average population of the cavity fields, with the change of rotating frequency of
the SNAIL w — w! — xaN, — XsNp. This results in the cross-Kerr term

Hi = —[xa(a'a — No) + x5 (b'b — Np)1(c'c — |af?), (B3)

where N, and N;, are the average photon populations of the fields. If x, = x;, = X, we end up with the
mean-field compensated cross-Kerr interaction

Hx = —x(a'a+b'b — N)(c'c — |a]), (B4)

where N = N, + Nj, is the total average population of the fields.

Appendix C. Alternative driving schemes

There are many three- and four-wave mixing processes available to engineer the desired interactions. Often,
this versatility serves as an advantage—we can, for example, choose whether to pump two-photon driving
using a single pump tone at frequency 2w, (three-wave mixing) or two pumps whose frequencies add up to
2w, (four-wave mixing). Some of these processes, however, provide important limitations on the quality of
target interactions.

This issue can be well illustrated by considering if it is possible to speed up the cBS gate by
simultaneously driving the cPBS and BS interactions. In this situation (the driving frequencies are shown
schematically in figure 7) there are two additional resonances w, — w3 — w, = 0 and
wi — wy + w3 — we = 0 which introduce linear driving of the SNAIL mode. These terms do not appear in
the sequential scheme discussed in the main text since they require drives at both frequencies w, and w3 to
be present at the same time. The total Hamiltonian then reads

H=—Kc? +ec? + €' — x(a'a+ b'b — N)(clc — |a]?) — i fb [a'b(4K &y esic’ — 6435 cfr)

+ ab' (4K ¢ — 6885.e5r) | + 683(E5 erSaeiiC + 0.t eec’) (C1)
— AR (&} i,efi&hei€ + 1,65 ciCoeiC)s

where the last two terms show the linear drive on the SNAIL.

These additional linear drive terms cause Z rotation of the ancilla Kerr-cat qubit and extra leakage out of
the qubit subspace via the terms containing c. These effects can be seen in figure 8 where we plot the
expectation value of the Pauli X operator and bit flip and leakage errors of the Kerr-cat qubit. The fast
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Figure 7. Different driving schemes. The drive at frequency w; = 2w, is used to generate the Kerr cat using three-wave mixing as
in panel (a) of figure 2. (a) Sequential driving where first the cPBS coupling is generated using 4-wave mixing with a drive at
frequency w, = w, + A as in panel (c) of figure 2 where A = w, — w,,. After that we switch to a drive at frequency w; = A
which creates the BS coupling as a three-wave mixing term. (b) Simultaneous driving where both the drives at w, and wj are
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Figure 8. Numerical simulation of alternative driving schemes for the cBS. (a) Phase rotation, (b) bit-flip probability, and (c)
leakage of the Kerr-cat qubit. The curves for sequential cPBS and BS coupling are the same as in figure 4, the simultaneous lines
are calculated with both the cPBS and BS drives on simultaneously using Hamiltonian (C1), and the simultaneous with
cancellation are the same except without the linear terms in the last two lines in Hamiltonian (C1). For the simultaneous scheme,
we have the same parameters as in figure 4 except for ¢, /K = 0.009 ¢ /2 and (, = ¢, o which ensures that the total gate time is
the same as in the sequential case. For the linear term, we have used the value —0.037Ka(c' + ¢), calculated using g, /K = 3.0.
First vertical dashed line indicates the time when the cPBS coupling is switched off and the BS coupling is switched on in the
sequential case. The second vertical dashed line is when all the coupling are turned off in the sequential and simultaneous cases.

oscillations of the Pauli X operator are slowly reduced as the back action from the cPBS interaction rotates
the Kerr cat to a state where it is insensitive to these driving terms. This deterministic rotation can, in
principle, be taken into account in designing the gate but the strength of the linear drive gives rise to
significant increase in leakage and bit flip errors as well. In addition, the bit-flip probability rises
approximately linearly in time, indicating a constant rate of errors, whereas the leakage probability is
quasi-stationary, reflecting the competition between the leakage rate and two-photon cooling. The small
dependence of the bit-flip rate on the ancilla state for the simultaneous protocol seen in the upper two
curves in panel (b) is a result of the uncancelled linear drive on the ancilla (last two lines in equation (C1)).
For the other two protocols, the bit-flip probability is independent of the ancilla state.

The errors introduced by this linear term in the Hamiltonian can be compensated by an additional drive
at the SNAIL resonance with the appropriate amplitude and phase. Such a pump tone would, however,
contribute to absorption heating of the SNAIL device and to possible multiphoton transitions which are not
captured by our simple effective model. These issues could be partially avoided by using two SNAIL
devices—one, serving as the cat-qubit ancilla, would be used to engineer the cPBS interaction while the
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Figure 9. Leakage convergence of the Kerr cat simulations computed with different truncations of the Kerr-cat Hilbert space
sizes of n = 14, 16, 18 (in the Fock basis). The black dashed line is obtained with the Kerr cat in the diagonal basis where only
eight states in the cat Hilbert space are needed. The cavities are initially in the Fock state [01). The time when we switch from the
cPBS coupling to the BS coupling is indicated by the first vertical dashed line. The second dashed vertical line is when the BS
coupling is turned off. The parameters are the same as in figure 4.

other would only provide the BS coupling. In this setting, interference between the different drives would be
avoided at the cost of increasing the experimental complexity since both SNAIL devices would need to be
coupled to both cavity fields and independently calibrated and controlled.

Removing the linear term from the Hamiltonian (within our effective model, by the additional linear
drive on the SNAIL or by using two SNAIL devices) results in errors comparable to the sequential scheme
discussed in the main text as is also shown in figure 8. Cancellation of the linear terms would then enable us
to shorten the gate time by increasing the drive strengths. Detailed analysis of the resulting error budget
would then require us to go beyond the effective model used in this manuscript to analyze in detail the
effects of multiphoton transitions and counterrotating terms in the full initial Hamiltonian.

Finally, we note that there are other possible driving schemes that would result in the required cPBS and
BS couplings using, for example, four-wave mixing for the BS interaction. However, all these alternative
approaches introduce similar linear terms in the Kerr-cat Hamiltonian when the cPBS and BS interactions
are switched on simultaneously. The above discussion thus applies to all of them.

Appendix D. Numerical simulations

In numerical simulations, we work with Kerr cats with real amplitude, a € R. Since we include two-photon
damping to help stabilize the Kerr cat in the qubit subspace, we therefore need to slightly modify the
amplitude and phase of the two-photon drive. The no-jump part of the two-photon dissipation can be
thought of as an additional non-Hermitian term in the Kerr-cat Hamiltonian, —ir,c2¢? /2, changing the cat
amplitude to a = /¢/(K + ik, /2). In order to keep the cat amplitude real, we adjust the two-photon drive
&, at frequency w; such that e = o?\/K2 + k2/4¢'?, where ¢ = tan™ [, /(4K)].

We perform numerical simulations of the system in Python using the software package QuTiP [85]. The
calculations are done in the eigenbasis of the Kerr cat instead of its Fock basis to make the simulations
faster. The low-lying states in the inverted double-well potential of the Kerr cat are approximately given by
the displaced Fock states |n(+a)) = D(+a) |n), where D(«) = exp(act — a*c) is the displacement operator
[2]. In simulations, we numerically diagonalize the Hamiltonian Hgj,g = —Kct? + ect? + e* and
transform the operators ¢ and ¢! in this new basis. To ensure that the two-photon dissipation is correctly
taken into account, the amplitude of the two-photon drive in Hyj,g is set such that € /K = €/(K + i,/2).

This approach allows us to work with a much smaller Hilbert space for the Kerr-cat ancilla. This effect
can be seen in figure 9 where we plot the leakage error of the ancilla for different Hilbert space sizes with
the Fock encoding (solid lines). We need to include at least 18 Fock states in the ancilla to obtain the correct
leakage error; in the diagonal basis, only the first eight states are sufficient to get the same result (dashed
black line). This difference between the Fock and diagonal bases is even more striking for larger cat sizes: we
estimate that about 40 Fock states would be needed to simulate a Kerr cat with o> = 7 photons while only
the first 12 states in the diagonal basis are sufficient.
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Figure 10. Numerical simulation of the cavity state populations using binomial encoding. (a) Populations of different Fock
states of the cavities and (b) population of the ideal logical binomial states [0,) = (|0) + [4))/v/2 and [1.) = |2). In the
simulation the cavities start from state |0; 1) and are swapped to state |10y ). During the gate operation, also other states are
populated (e.g., |11) when swapping the initial Fock state [02)) which we do not show; the total populations in the plots therefore
do not add up to unity. System parameters are the same as in figure 4 with the cross-Kerr compensation N = 4.

Appendix E. Cross-Kerr coupling in binomial encoding

We have simulated the gate operation using binomial encoding for the cavities. In this encoding the logical
states are |01) = (]0) + |4))/+/2 and |11) = |2). The average photon number in each cavity is 2 but the state
|0p) is a superposition state. This means that, unlike in the case of Fock encoding, the mean-field
compensation of the cross-Kerr interaction, N = 4, only compensates its leading contribution but does not
fully cancel the cross-Kerr interaction between the Kerr-cat ancilla and the cavity fields. The analysis of the
nonzero cross-Kerr coupling on the ancilla qubit is included in the main text in figure 4; here, we investigate
its effect on the binomial qubits encoded in the two cavity modes.

Despite the cross-Kerr interaction with the ancilla, the cavity states are well preserved under the cBS gate
as shown in figure 10. Panel (a) shows the population of the Fock states constituting the binomial qubits,
demonstrating that the initial states |02) and |42) are converted to the states |20) and |24) with high
fidelity—leakage out of the computational subspace for each cavity mode is only about 0.5%. In panel (b),
we plot the population of the logical binomial qubit states [01), |1.0) during the gate operation. Unlike
the population of individual Fock states in panel (a), the population of the logical qubit states takes into
account the phase between the vacuum and four-photon state in the |01) state. The fidelity of the final
swapped state with the ideal logical state [1;.0r) is 95%, showing that the loss of fidelity is mainly due to the
dephasing of the superposition state |0;) and not leakage out of the computational subspace.
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