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Abstract: This paper presents a new model-independent constraint on the Hubble con-
stant (Hp) by anchoring relative distances from Type Ia supernovae (SNe la) observations
to absolute distance measurements from time-delay strong Gravitational Lensing (SGL)
systems. The approach only uses the validity of the cosmic distance duality relation
(CDDR) to derive constraints on Hy. By using Gaussian Process (GP) regression to recon-
struct the unanchored luminosity distance from the Pantheon+ compilation to match the
time-delay angular diameter distance at the redshift of the lenses, one yields a value of
Hy = 75.57 £ 4.415 km/s/Mpc at a 68% confidence level. The result aligns well with the lo-
cal estimate from Cepheid variables within the 1o confidence region, indicating consistency
with late-universe probes.

Keywords: Hubble constant; time-delay distances; Type la supernovae

1. Introduction

The best way to interpret the nature of cosmology is through a theoretical framework
that incorporates the coexistence of Cold Dark Matter (CDM) and Dark Energy (DE) in the
absence of geometrical curvature. CDM is non-relativistic, while DE, characterized by the
constant A, is responsible for the current expansion phase. This framework is known as
the flat ACDM model. It effectively describes the structure and evolution of the universe,
owing to its relative simplicity and capability to predict the current expansion phase [1,2].
However, this model faces several issues widely discussed within the scientific community,
raising concerns about its reliability. The most significant issue is known as the Hubble
constant tension (or simply Hy-tension), which refers to a notable disagreement between
independent early (global) and late (local) time measurements of Hy. Local measurements
use methods like the distance ladder, which extends to Type Ia Supernovae (SNe Ia) [3-5],
calibrated through geometric distances, Cepheid variables, the tip of the red giant branch
(TRGB) [6,7], and using gravitational wave (GW) measurements [8]. In contrast, global
measurements rely on the assumption of a standard cosmological model and encompass
observations of large-scale structures, such as Baryon Acoustic Oscillations [9,10] and the
so-called Cosmic Microwave Background (CMB) [11]. Currently, the Hy tension between
these measurements ranges from 4 to 6 ¢. Several researchers have proposed alternative
theories and methods to address this tension, but a solution has yet to be found (see [12-16]
for reviews).

Hy-tension has also prompted new questions regarding the foundations of basic cos-
mological principles [17]. Numerous proposals have been put forth to address this tension,
but their impact seems to diminish with every new set of data released [14,18]. One
approach to resolving Hy-tension involves exploring various parametric models of the
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supernova absolute magnitude, expressed as Mg = Mjp(z). For example, a recent study
from [19] investigates the reliability of Mp using non-parametric reconstruction techniques.
In this context, the degeneracy between Hy and M is transformed into a degeneracy
between Mp and the sound horizon at the drag epoch ;. Through Bayesian analysis and
considering BAO measurements, the authors evaluated different phenomenological models
and found no strong preference for any specific model. In another study from [20], the au-
thors also examined Mp through a class of models that propose gravitational transitions at
low redshifts (z; < 0.1) as a solution to the Hubble tension. By using the complete CMB
temperature anisotropy spectrum data, along with BAO and Pantheon SNe Ia datasets,
the authors found significant statistical advantages in addressing the Hubble tension with
this class of models compared with smooth H(z) deformation models (wCDM, CPL, and
PEDE) (see [21,22] for more information and the references therein).

A powerful technique known as strong lensing time-delay cosmography (TDC) pro-
vides a direct measurement of Hy that does not rely on the local distance ladder or methods
anchored to sound horizon physics [23-25]. Recent advancements in photometric precision
have led to the discovery of many multiply imaged quasars and supernovae [26-28], along
with improved time-delay measurements [29,30]. The Hy lenses in the COSMOGRAIL Well-
spring (HOLICOW) collaboration recently reported a value of Hy = 73.2 +1.75 km/s/Mpc
achieving a precision of 2.4% [31]. This precision was refined to 2% by incorporating blind
measurements [32]. The collaboration achieved a high accuracy by modeling lens galaxies
with either a power law or a combined stars and dark matter mass profile. When these
assumptions were relaxed, the precision decreased to 8%, consistent with the results from
both Planck and SHOES [33].

The model-independent determination of Hy is particularly significant. Recently,
a method called the inverse distance ladder has been proposed [34,35], where the basic
idea behind this method is to anchor the relative distances from Type la supernovae (SNe
Ia) with the absolute distance measurements from other cosmological methods. Following
this proposal, several works have been published (see [36—40] and the references therein).
For instance, by combining the Pantheon sample with measurements from galaxy clusters
(GCs) under minimal cosmological assumptions, the authors in [41] reported a value of
Hy = 67.22 +£6.07 km/s/Mpc at 1o confidence level, with an error of approximately 9%.
Using two galaxy cluster gas mass fraction measurement samples, Type Ia supernovae
luminosity distances, and the validity of the cosmic distance duality relation, the authors
from [42] provided an estimate of Hp, which is also independent of any specific cosmo-
logical framework. Their joint analysis yielded Hy = 73.4 & 5.95 km/s/Mpc at a 68%
confidence level. Moreover, in Ref. [43], the authors present a novel method for construct-
ing the inverse distance ladder by linking local astrophysical measurements to the CMB.
They employed CDDR, ensuring their results remain independent of any specific parame-
terization of the luminosity-distance relation and cosmological model. By incorporating the
latest data of SNe Ia, baryon acoustic oscillations (BAOs), and CMB, the authors achieved
a consistently low value for the parameter gg. They identified a notable inconsistency
between constraints obtained from angular-only BAO measurements and those derived
from anisotropic BAO measurements.

This paper aims to constrain the Hubble constant in a cosmological model-independent
way by anchoring relative luminosity distances from SNe la with time-delay angular
diameter distances of strong lensing systems. To accomplish this, one uses the most
extensive compiled dataset of SNe Ia to date, known as Pantheon+ [44], and two datasets
of two-image time-delay lensing systems [31,45]. This paper is organized as follows:
Section 2 introduces the methodology employed and the datasets used to perform the
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statistical analyses. The findings regarding the constraints on Hy are addressed in Section 3,
followed by the final remarks in Section 4.

2. Materials and Methods

The primary method for constraining the Hubble constant is based on the effectiveness
of the cosmic distance duality relation (CDDR), which is expressed as D = (1 +z)2D4(z).
In this equation, D] represents the luminosity distance, D4 denotes the angular diameter
distance, and z is the redshift. This relationship holds when the number of photons is
conserved along null geodesics in a Riemannian spacetime between the observer and the
source. Recent technological advancements have provided numerous observational data
that enable a detailed examination of any potential deviations from the CDDR. However,
no strong statistical evidence for such deviations has been identified up to this moment
(see [46-51] and the references therein). The broad applicability of this relation emphasizes
its fundamental significance in observational cosmology, and any violation of it could
indicate new physics or systematic errors in the observational data [52,53]. Following the
philosophical approach outlined in [54], one can express CDDR further as

e 1 ®°SNe (Z) 1)
"7 (14272 Da(®)
where @N¢(z) = [HyDp(z)]5N¢ represents the unanchored luminosity distance. This

relationship highlights the potential for deriving estimates of Hy if one has measurements
of both the unanchored luminosity distance and the angular diameter distance at the same
redshift z. Furthermore, this relationship is based on the assumption that the validity of
CDDR is equivalent to the idea that all distance probes consistently trace cosmic expansion.
If this assumption were invalid, the value of Hy from Equation (1) would not remain
constant; instead, it would exhibit an unphysical trend with redshift. It highlights the role
of Hp not only as an absolute distance scale but also as a factor that exposes inconsistencies
among distance probes.

This paper takes the @5N¢(z) reconstruction of the expansion history from SNe Ia
and anchors them with the gravitational lensing time delay angular diameter distances to
determine Hy with great accuracy. Further details will be provided in the following sections.

2.1. Time-Delay Angular Diameter Distance—DfSAL (21, 25)

The time delay between multiple images of strongly lensed quasars has been used
to infer Hy severely [31,33,55,56]. As photons travel along null geodesics and originate
from a distance source, they take distinct optical paths and must pass through different
gravitational potentials [23,57,58]. In general, the lensing time delay between any two
images is determined by the geometry of the universe and the gravitational field of the
lensing galaxy, which is expressed through the following relation:

_ (+2)DaDa 1l 2 20 5
AT = : Da |2 O—B)"—Y()|, )
where AT represents the time-delay; § and f are the angular positions of the image and the
source, respectively; and ¥ is the lens effective gravitational potential. For a two-image
lens system (A and B) with the SIS mass profile describing the lens mass, it is possible to
obtain the following:
(1+21) Da,Da,

At = AT(A) - AT(B) = == D, (6% — 63]. 3)
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Defining the quantity (1 + z;) nglsAs = D,SSAL,}(ZI/ zs) as the time-delay angular diame-

ter distance, or simply the time-delay distance, one obtains:

D A D A 2cAt
DSoh(z1,25) = (14 2) == = : (4)
A,At( S) ( ) DA,S (9124 _ 9%)

where Ds, = Dx(z) is the angular diameter distance (ADD) from observer to lens,

Dy, = D(zs) is the ADD from the observer to the source, and D4, = Da(z,zs) is the
ADD from the lens to the source.

The use of time delay of SGL systems presents a significant advantage: their properties
remain unaffected by dust absorption or changes in the source. Moreover, the foundational
assumptions behind the Singular Isothermal Sphere (SIS) or the Singular Isothermal El-
lipsoid (SIE) models are valuable in gravitational lensing studies. They must provide a
sufficiently accurate first-order approximation of the mean properties of galaxies relevant to
statistical lensing. For the two-image time-delay lensing systems supported by Equation (4),
one utilizes a dataset compiled by [45]. It comprises 12 data points based on the Singular
Isothermal Sphere (SIS) mass profile. However, while the selection of the SIS/SIE model is
essential, it is important to note that this is not the most efficient way to ensure an accurate
mass profile. Research from [59] has shown that the presence of background matter tends
to increase the image separations produced by lensing galaxies, a finding supported by ray-
tracing simulations in Cold Dark Matter (CDM) models'. Another research work indicated
that the richer environments of early-type galaxies may host a higher ratio of dwarf to giant
galaxies than those found in the field [60]. However, in Ref. [61] it has shown that this effect
nearly counteracts the influence of background matter, making the distribution of image
separations largely independent of the environment. Furthermore, it has been predicted
that lenses in groups exhibit a mean image separation of approximately 0.2 arcseconds
smaller than those found in the field. According to [62], all the aforementioned factors
can significantly influence the separation of images, potentially affecting the estimation of
D?&Lt(zl, zs) by as much as 20%.

In addition, this paper also considers seven well-studied strong gravitational lensing
(SGL) systems that have precise time-delay measurements between the lensed images,
where the dataset is released by the HOLiCOW collaboration?. The redshifts of both the
lenses and the sources, and the time-delay distances and angular diameter distances to
the lenses for these systems are presented in Tables 1 and 2 of [31]. It is important to note
that the observational quantity D%X‘t (21,25) is determined solely by the lens model and is
independent of the cosmological model [63].

2.2. The Unanchored Luminosity Distances-@5N°(z)

As mentioned before, observations of Type la supernovae can also provide the unan-
chored luminosity distance @N¢(z) (see details in [54]). These distances are derived from
the apparent magnitude of SNe Ia using the following relation:

my(z) = 5log,,[@°N(z)] — 5ap, (5)

where m;, represents the apparent magnitude. The parameter ap is the intercept of the
SNe Ia magnitude-redshift relation. In the low-redshift limit, it is approximately given by
log cz — 0.2mY, but for an arbitrary expansion history and z > 0, it is defined by Equation (5)
from Ref. [3]. The parameter m refers to the maximum-light apparent x-band brightness of
an SNe Ia at the time of B-band peak, which is corrected to the fiducial color and luminosity,
and is measured from the set of SNe la independent of any absolute scale (luminosity
or distance). Using a Hubble diagram that includes up to 281 SNe Ia with a light-curve



Universe 2025, 11, 89

50f11

fitter employed to determine individual values of m) (see Figure 8 in Ref. [3]), along
with the current acceleration qp = —0.55 and prior deceleration jy = 1, both measured
through high-redshift SNe Ia independent of CMB or BAO [64,65], the authors found
ap = 0.71273 £ 0.00176 with the uncertainty in go contributing 0.1% uncertainty. Therefore,
combining the peak SNe Ia magnitudes with the intercept of their Hubble diagram in the
relation mgli + 5ap (or Equation (5)), it provides a measure of distance independent of the
choice of light-curve fitter, fiducial source, and measurement filter. However, it is important
to stress that a5 has minimal model dependence on the choice of expansion rate form®.
This paper uses the largest compiled dataset of SNe Ia, known as Pantheon+ [44]*,
to obtain the unanchored luminosity distances. This dataset contains 1701 light curves from
1550 different SNe Ia in a redshift range of 0.001 < z < 2.261. For this paper’s purposes, it
is necessary to transform the apparent magnitudes of that sample into a set of unanchored
luminosity distances, taking into account the relationship defined in Equation (5):

@SNG(Z) _ 10(mb(z)+5a3)/5 — 1071153/5, (6)

where mj,(z) = mj(z) + 5ap. To estimate the @N¢(z) uncertainties, including their corre-
lations, the covariance matrix of the apparent magnitudes (statistics + systematics) and
the ap error are taken into consideration®. It provides a more comprehensive statistical
treatment of the data and improves the robustness of the resulting Hy constraint. Thus,
the covariance matrix of 1 is as follows:

Cov(m}) = Cov(my) + (504,)*1, )

where I is the n-order square matrix, whose components are all equal to 1 and n = 1701.
Note that all quantities in bold represent vectors or matrices.

The covariance of the luminosity distances is calculated using the matrix transforma-
tion relation:

J@SNe J@SNe T

SN

Cov(©N) — ( ot )Cov(m{,)(ami> , 8)

where ag)j,\le is the partial derivative matrix of the unanchored luminosity distance vector
b

O©5N¢ regarding the vector m). Furthermore, it is well known that errors in redshift mea-
surements for SNe la are negligible. Thus, no error bars are assigned to the variable z in
this paper, so that it is continuously varied in all Gaussian Processes conducted across the
entire sample data [41].

This paper utilizes the 2.7 Python Machine Learning GaPP® code to perform the
Gaussian Process (GP) regression [66] on Type Ia supernovae. The GaPP code is widely
recognized for its effectiveness in machine learning tasks and for being user-friendly and
powerful. The trained network provided by the GaPP code aims to forecast the unanchored
luminosity distance at distinct z. For this purpose, a prior mean function and a covariance
function are selected, which quantifiy the correlation between the dependent variable values
of the reconstruction and are characterized by a set of hyperparameters [67]. In general, zero
is chosen as the prior mean function to prevent biased results, and it employs a Gaussian
kernel as the covariance between two data points separated by a redshift distance of z — 2/,
which is given by the following relation:

k(z,7') = o? exp(—(Z_Z/)2>, )

where ¢ and I represent the hyperparameters related to the variation of the estimated
function and its smoothing scale, respectively. From a Bayesian perspective, optimizing
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these hyperparameters typically provides a good approximation and can be computed
much faster than other methods. Therefore, for the unanchored luminosity distances, one
maximizes the logarithm of the marginal likelihood

1 B
InLone = —50%[k(z2) + Cone] ' (O7)"
—% In|k(z, z) + Conel — % In27, (10)

where z is the vector of redshift measurements of the Pantheon+ data, k(z, z) is the
covariance matrix used to describe the data as a GP and its elements are calculated with
Equation (9), Csne is the covariance matrix of the data obtained by Equation (8), and n, is
the number of data points.

As shown on the left panel of Figure 1, the reconstruction of SNe Ia using GP shows
strong results at low redshifts. However, as the redshift increases, the uncertainties rise
significantly due to the poor quality of data in that region. It is important to note that most
kernels discussed in the literature tend to agree within the uncertainties of their predicted
mean values [68-72]. Thus, more data could improve future analyses, particularly SNe Ia
observations at higher redshifts, as higher redshift reconstructions currently exhibit much
more significant errors.

x10°
. 6000
< o
§ 1.0 é
= =,
= 5 4000
= < ~
~os ) g } o |
> 2000 s
[
0.0 ! ‘ ‘
05 1.0 15 210 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
z 2

Figure 1. (Left): The GP reconstruction of ©(z) = HyDp(z) using the SNe Ia Pantheon+ compila-
tion [44]. (Right): The 15 selected DISL\GALt (z1,25) data points according to z; from [31,45].

3. Results

In order to determine Hj, we consider a spatially flat universe to obtain the angular
diameter distance between the lens and the source: Dy, = Dy, — }12 Dy, [36,37,39],
where Ds, = Da(z;), Do, = Da(zs), and Da,, = Da(z;,zs). Combining this with
Equations (1) and (4), it is possible to obtain the expression of unanchored time-delay dis-
tance (HODISJ?]Aet (z,2s) = R%N€(z}, z4)) based on the pair of unanchored luminosity distances

from SNe Ia, given by the following:

O°Ne(z))

@SNe(Z[) °

RSNe(Zl,ZS) —
(1+z)-(1 +ZS)@ST\(ZS)

(11)

From Equation (11), it is possible to calculate/simulate relative time delay distances based
on SNe Ia observations to match each time-delay distance measurement (DISSALt(ZleS))
presented in Section 2.1. However, not all systems have the corresponding pair of unan-
chored luminosity distances. This is owing to the fact that the source redshift of some lens
systems exceeds the redshift of the SNe Ia sample. Excluding these systems, only 15 out
of 19 time-delay distances are evaluated here, with redshift ranges 0.26 < zI < 0.83 and
0.654 < zs < 2.033 (see Right Panel of Figure 1).

Markov Chain Monte Carlo (MCMC) methods are used in this paper to estimate
the posterior probability distribution function (pdf) of the free parameter supported by



Universe 2025, 11, 89

7 of 11

the emcee MCMC sampler [73]. To perform the plot, the GetDist Python package [74] is
required. Thus, the following )(2 function is evaluated:

RSNe(zy, z4) RNe(zy, z) '
2 d L SGL —1 ol SGL
X = (HOS — D (21 zs)> Ch, (HOS — D (21, Zs)) , (12

where R5N¢(z;, z5) and D55k, (2, zs) are the data vectors supported by Equations (11)
and (4), respectively, and Hj is the free parameter. The quantity C;Iol is the inverse of the
covariance matrix and it is given by Cy, = Cgsne + CD%;ALt, where CD?SALt is the diagonal

matrix” of D5k (2, zs) and Cpswe is obtained by using the matrix transformation relation

regarding z; and z;.
The pdf is proportional to the product between the likelihood and prior (P(Hj)),
thatis,
P(Hy|Data) o £(Data|Hp) x P(Hp). (13)

In this analysis, one assumes a flat prior: Hy = [50, 100] km/s/Mpc.

It is possible to obtain the following result at 68% c.l. (see Figure 2): Hy = 75.57 +
4.415 km/s/Mpc, with an additional uncertainty oint =~ 15%. This additional error accounts
for potential random deviations from the simple isothermal sphere model and is necessary
to achieve a reduced chi-squared value of approximately 1. For comparison, the best-fit
estimates from Riess et al., 2020 (blue dashed vertical line) [4], and Planck Collaboration,
2018 (grey dashed vertical line) [11], on Hy with their respective 1o regions are also shown
in the Figure 2. As may be seen, the results presented here indicate good agreement with
late-universe observations within 1o c.l., and the early-universe has a marginal agreement
within the 20 c.l. of the estimates. As the next generation of telescopes improves the size
and precision of the available datasets, the methodology outlined here will greatly enhance
the constraints on the Hubble constant in a model-independent manner.

)
3 lo
]
=
A / 20
T J T T T
60 70 80 90

Hy

Figure 2. The posterior probability distribution function for the free parameter Hy, with a best-fit
value of 75.57 & 4.415 km/s/Mpc at the 1¢ confidence level. The grey and blue vertical dashed lines
represent the estimates from Planck [11] and Riess [4], respectively, along with their corresponding 1o
confidence regions. The light green horizontal dashed lines indicate the 1o and 20 confidence levels.

4. Conclusions

This paper presents a method for calculating the Hubble constant (Hp) without relying
on any specific cosmological model. The approach focuses solely on the validity of the
cosmic distance duality relation, which indicates that if one has measurements of the
unanchored luminosity distance (®(z)°N¢) and the angular diameter distance (D 4(z))
at the same redshift (z), it is possible to obtain the value of Hy. It utilizes observations
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Notes

= W N

of Type Ia supernovae from Pantheon+ compilation to obtain ®N¢(z) and anchor with
time-delay angular diameter distance measurements from Strong Gravitational Lensing.
The analysis yielded Hy = 75.57 +4.415 km/s/Mpc at a 68% confidence level. As shown
in Figure 2, the results presented here align well with the local estimate from Riess et al.
(2022) [4] within the 10 confidence region, indicating consistency with late-universe probes.
Compared with the Planck Collaboration estimate, it has a marginal agreement within 2¢
c.l. of this paper’s estimate. This shows that a random error could flop either way, not
always in the direction Planck “wants”.

The next generation of telescopes, including the Euclid mission, the Nancy Grace
Roman Space Telescope, and the Vera C. Rubin Observatory, will significantly increase the
size of the available datasets. The James Webb Space Telescope will also contribute to these
efforts [75]. As a result, the statistical and systematic uncertainties in strong gravitational
lensing systems will decrease. Additionally, more observations of Type Ia supernovae at
higher reshifts will become available, allowing the methodology outlined here to enhance
the constraints on the Hubble constant in a model-independent manner.
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This effect is relatively small.

Available online http://www.hOlicow.org accessed on 1 December 2024.

The SHOES team [4] recently reviewed these assumptions and found no signs of inconsistency with [3].

Such a sample has a significant increase compared with the original Pantheon sample, particularly at lower redshifts, and the full

data releases are publicly available online https://pantheonplusshOes.github.io/, accessed on 1 January 2025.

If it is known that the covariance matrix is not diagonal, but we decide to set the off-diagonal elements to zero, it will provide

the fitter inaccurate uncertainty estimates. It could alter the conclusions drawn from the fit. Ignoring correlations may lead to

underestimating the analysis’s precision or affect the best-fit parameters’ central values.

Available online https://github.com/carlosandrepaes/GaPP, accessed on 1 December 2024.

7 The DISQGALt(zl, zs) uncertainties are not correlated.
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