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We discuss recent developments on computing a light-cone parton distribution from the
large momentum limit of the hadronic matrix element of a space-like correlator, and
present the one-loop matching condition connecting these two quantities. The matching
condition is useful for extracting the former quantity from the latter, which is calculable
on the lattice.
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1. Introduction

Parton distribution functions are crucial quantities characterizing the internal struc-
ture of hadrons, and play an important role in describing high energy scattering

∗Speaker.
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experiments involving hadrons. Although much effort has been devoted to extract-
ing parton distributions from various experimental data,1–6 the computation of
parton distributions from the underlying theory of strong interactions, quantum
chromodynamics (QCD), has been a difficult task, due to their non-perturbative
nature. Given the success of lattice QCD on studying non-perturbative phenomena
in QCD, one may wonder whether it can be used to compute the parton distribu-
tions. However, the parton distributions are defined in terms of non-local light-cone
correlators, which are time-dependent and intrinsically Minkowskian, and therefore
cannot be readily computed on the lattice.

Recently, it was shown that the light-cone gluon helicity contribution to the pro-
ton spin can be obtained as the large momentum limit of the proton matrix element
of a time-independent correlator.7 As the matrix element of the time-independent
correlator is calculable on the lattice, this opens up a new possibility of comput-
ing the light-cone gluon helicity contribution to proton spin using lattice QCD. A
similar strategy also applies to parton distributions and other quantities defined
on the light-cone,8–15 where they can be obtained as the large momentum limit
of the hadronic matrix element of suitable space-like correlators. Let us take the
unpolarized quark distribution as an example. The light-cone unpolarized quark
distribution can be obtained from the large momentum limit of the following matrix
element8

q̃(x, Λ, P z) =
∫ ∞

−∞

dz

4π
eizkz 〈P |ψ(0, 0⊥, z)γz exp

(
−ig

∫ z

0

dz′Az(0, 0⊥, z′)
)

ψ(0)|P 〉 ,

(1)
which may be called a quasi quark distribution. In the quasi quark distribution, the
quark fields are separated along the spatial z-axis instead of being separated along
the light-cone, x = kz/P z is the longitudinal momentum fraction, |P 〉 is the nucleon
state with four-momentum Pµ = (P 0, 0, 0, P z), and Λ is the momentum cut-off to
regulate potential UV divergences. Using the standard operator product expansion,
the above quasi quark distribution can be shown to approach the light-cone one
up to power suppressed corrections in the large nucleon momentum limit.8 The
operator appearing in Eq. (1) is time-independent, its matrix element can therefore
be simulated on a lattice for any P z � 1/a ∼ Λ, where a is the lattice spacing. The
result is not the light-cone distribution extracted from the experimental data, q(x, µ)
(scheme-dependent, usually in the MS scheme and µ indicates the renormalization
scale), but one can recover the latter from the former by a matching condition of
the following type8, 10

q̃(x, Λ, P z) =
∫

dy

|y|Z
(

x

y
,

Λ
P z

,
µ

P z

)
q(y, µ) + O (

M2/(P z)2
)

(2)

for a large P z, where we have limited ourselves to the so-called non-singlet quantities
such as up minus down flavors, so that the gluon contribution can be ignored. The
correction terms are in power of M/P z, where M is a QCD scale such as the hadron
mass. The difference between q̃ and q is that the former is for finite but large

1660053-2

In
t. 

J.
 M

od
. P

hy
s.

 C
on

f.
 S

er
. 2

01
6.

40
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 G

E
R

M
A

N
 E

L
E

C
T

R
O

N
 S

Y
N

C
H

R
O

T
R

O
N

 o
n 

02
/0

8/
21

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



February 18, 2016 15:22 WSPC/CRC 9.75 x 6.5 1660053

Parton Distribution Functions and One-Loop Matching

momentum while the latter is for infinite momentum, thus the IR behavior of the
distribution should not change when moving from one frame to the other, and the
matching factor Z captures only the UV behavior and is thus entirely perturbative.
One can also view the above equation as a factorization of the quasi distribution
into the light-cone distribution and a hard coefficient.

In the following, we show that a matching condition of the type in Eq. (2) can
indeed be constructed, and present the one-loop matching factors connecting the
quasi and the light-cone unpolarized quark distribution in the non-singlet case.

2. One-Loop Correction and Factorization for Unpolarized Quark
Distribution

The one-loop computation for the non-singlet quark distribution is similar to QED
since the non-Abelian property does not enter in the non-singlet case. At tree-level,
the quasi distribution yields the same result as the light-cone one

q̃(0)(x) = q(0)(x) = δ(1 − x) . (3)

The one-loop calculation can in principle be carried out in any gauge since the result
is gauge invariant. A convenient choice is the axial gauge Az = 0, since in this gauge
the gauge link in Eq. (1) becomes unity, and the relevant Feynman diagrams also
become very simple, as shown in Fig. 1. The non-local operator is depicted as a
dashed line.

The one-loop diagrams generate the following result

q̃(x, Λ, P z) = (1 + Z̃
(1)
F (Λ, P z))δ(x − 1) + q̃(1)(x, Λ, P z) + · · · , (4)

where we have included the tree-level result, q̃(1)(x, Λ, P z) comes from the gluon-
exchange diagram, and Z̃

(1)
F (Λ, P z) comes from the self energy diagram.

In the finite momentum frame, the one-loop diagrams yield the following result
for the quasi-distribution at a fixed x

q̃(1)(x, Λ, P z)

=
αSCF

2π




1+x2

1−x ln x
x−1 + 1 + Λ

(1−x)2P z , x > 1 ,

1+x2

1−x ln (P z)2

m2 + 1+x2

1−x ln 4x
1−x − 4x

1−x + 1 + Λ
(1−x)2P z , 0 < x < 1 ,

1+x2

1−x ln x−1
x − 1 + Λ

(1−x)2P z , x < 0 ,

(5)

k

p

k

p

k

p

p

Fig. 1. One-loop corrections to quasi quark distribution.
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and

Z̃
(1)
F (Λ, P z) =

αSCF

2π

×
∫

dy




− 1+y2

1−y ln y
y−1 − 1 − Λ

(1−y)2P z , y > 1 ,

− 1+y2

1−y ln (P z)2

m2 − 1+y2

1−y ln 4y
1−y + 4y2

1−y + 1 − Λ
(1−y)2P z , 0 < y < 1 ,

− 1+y2

1−y ln y−1
y + 1 − Λ

(1−y)2P z , y < 0 ,

(6)

where we have introduced a quark mass m to regularize the collinear divergences.
One can easily check vector current conservation

∫ ∞
−∞ dx q̃(x, Λ, P z) = 1 from the

above results. It is interesting to note that the results do not vanish in the regions
x > 1 and x < 0. The physics behind this is transparent: when the parent particle
has a finite momentum P z, the constituent parton can have momentum larger than
P z, and even negative. This is very different from the infinite momentum frame
result, where the momentum fraction is restricted to −1 < x < 1 (At one-loop
level, one has just 0 < x < 1 in a quark target, but there are contributions for
−1 < x < 0 at two-loop level). Moreover, there is no logarithmic UV divergence
in q̃(1). Instead there is a logarithmic dependence on P z in the region 0 < x < 1.
This logarithmic dependence can be transformed into the renormalization scale
dependence of the light-cone quark distribution by the matching condition that will
be presented below. Also note that the soft divergences in the above results cancel,
but the collinear divergences remain.

With the same regularization, one can calculate the light-cone quark distribution
by taking the limit P z → ∞ before UV regularization. This leads to the following
result

q(x, Λ) = (1 + Z
(1)
F (Λ) + . . . )δ(x − 1) + q(1)(x, Λ) + · · · (7)

with

q(1)(x, Λ) =
αSCF

2π

{
0 , x > 1 or x < 0 ,
1+x2

1−x ln Λ2

m2 − 1+x2

1−x ln (1 − x)2 − 2x
1−x , 0 < x < 1 ,

(8)

and

Z
(1)
F (Λ) =

αSCF

2π

∫
dy

{
0 , y > 1 or y < 0 ,

− 1+y2

1−y ln Λ2

m2 + 1+y2

1−y ln (1 − y)2 + 2y
1−y , 0 < y < 1 ,

(9)

where the integrand of Z
(1)
F (Λ) is exactly opposite to that of q(1)(x, Λ), indicating

the quark number conservation at one-loop. If dimensional regularization is used for
the UV divergence, the results q(1)(x, µ) and Z

(1)
F (µ) (with µ the renormalization

scale) are slightly different, and can be obtained from the above ones by making
the replacement ln Λ2 → 1/εUV −γE +ln 4πµ2. This result agrees with that derived
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from the light-cone definition of quark distribution. Note that the collinear or mass
singularity is the same as in the quasi quark distribution. This shows that at one-
loop level the quasi quark distribution captures all the collinear physics in the
infinite momentum frame.

With the above results, we can construct a matching condition connecting the
two distributions as

q̃(x, Λ, P z) =
∫ 1

−1

dy

|y|Z
(

x

y
,

Λ
P z

,
µ

P z

)
q(y, µ) + O (

M2/(P z)2
)

(10)

in the large P z limit, where the integration range is determined by the support of
the quark distribution q(y) on the light cone, the momentum fraction x is defined
in the finite momentum frame. We define the light-cone distribution q(y, µ) in the
MS scheme.

The matching factor Z has a perturbative expansion in αs

Z

(
ξ,

Λ
P z

,
µ

P z

)
= δ(ξ − 1) +

αs

2π
Z(1)

(
ξ,

Λ
P z

,
µ

P z

)
+ · · · (11)

and for ξ > 1, one obtains

Z(1)(ξ)/CF =
(

1 + ξ2

1 − ξ

)
ln

ξ

ξ − 1
+ 1 +

1
(1 − ξ)2

Λ
P z

, (12)

whereas for 0 < ξ < 1

Z(1)(ξ)/CF =
(

1 + ξ2

1 − ξ

)
ln

(P z)2

µ2
+

(
1 + ξ2

1 − ξ

)
ln

[
4ξ(1 − ξ)

]− 2ξ

1 − ξ
+1+

Λ
(1− ξ)2P z

,

(13)
and for ξ < 0

Z(1)(ξ)/CF =
(

1 + ξ2

1 − ξ

)
ln

ξ − 1
ξ

− 1 +
Λ

(1 − ξ)2P z
. (14)

Near ξ = 1, one has an additional term coming from the self energy correction

Z(1)(ξ) = δZ(1)(2π/αs)δ(ξ − 1) (15)

with

δZ(1) =
αSCF

2π

∫
dy

×




− 1+y2

1−y ln y
y−1 − 1 − Λ

(1−y)2P z , y > 1 ,

− 1+y2

1−y ln (P z)2

µ2 − 1+y2

1−y ln
[
4y(1 − y)

]
+ 2y(2y−1)

1−y + 1 − Λ
(1−y)2P z , 0 < y < 1,

− 1+y2

1−y ln y−1
y + 1 − Λ

(1−y)2P z , y < 0 ,

(16)

which provides a prescription for the singularity at ξ = 1. The large logarithmic
dependence on P z in q̃(x, Λ, P z) has been transformed into the renormalization
scale dependence through the above matching condition.
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Up to now, we have considered only the quark contribution. One can start with
an antiquark to do the one-loop calculation. In this case, one also has a contribution
to q̃(x, Λ, P z) from q̄(x). However, the antiquark distribution has the property

q̄(x) = −q(−x) , (17)

which is related to quark distribution at negative x. Also the Z factor has the same
property. After including both quark and antiquark contribution, the factorization
Eq. (10) still applies, but now the quantities on the r.h.s. include also the antiquark
contribution reflected by the negative y region.

3. Conclusion

We discussed recent developments on computing parton distributions from their
quasi counterparts, and presented the one-loop matching condition for the unpo-
larized non-singlet quark distribution. This matching condition connects the quasi
quark distribution calculable on the lattice to the light-cone quark distribution mea-
surable in experiments, thereby allows an extraction of the latter from the former.
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