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1 Introduction

In this paper, we obtain new black hole and black string solutions in the string background
obtained in [1]. The string background has the product topology A3 × S3 × X4, where S3

denotes a unit three-sphere and X4 is a compact four dimensional manifold. Examples of
X4 include the Calabi-Yau manifolds T 4 and K3. The spacetime A3 interpolates between
AdS3 in the infrared and a (an asymptotically) linear dilaton spacetime IR × S1 × IR in the
ultraviolet. The world-sheet conformal field theory on A3 is an exact marginal current bilinear
deformation of the world-sheet theory on AdS3. In the boundary theory the deformation is
equivalent to a deformation by an irrelevant operator of (left and right) scaling dimensions
(2, 2), see [1, 2] and references therein. The resulting deformed theory is thus non-conformal
and dual to string theory on A3 (times the internal product manifold M7 := S3 × X4).

In the boundary theory the deformation coupling γ̂ has mass dimension −2. The coupling
can have either signs. In the case it is negative the deformation washes the holographic
boundary away to infinity. On the other hand, in the case it is positive, in general it moves
the boundary into the bulk. In Anti-de Sitter (AdS) spacetime moving the boundary into
the bulk generates at onset a curvature singularity. For more and thorough discussions
see [1]. Therefore, we will make in our following discussions a distinction between positive
and negative coupling. Also since products of conformal field theories (CFTs) are still CFTs,
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we will simply ignore the (world-sheet) CFT on the internal manifold M7. Therefore, M7
is unaffected throughout our discussion.

The string background A3 contains the Kalb-Ramond field. The field has only one
independent component. At asymptotic infinity in general the component is a non-zero
constant. We can freely set the constant to any arbitrary value using the gauge ambiguity.
As we will show later in the paper, the usual gauge ambiguity in the definition of the Kalb-
Ramond field or the constant value that its (independent) component takes at the boundary,
i.e. at radial infinity, has a non-trivial consequence. In particular, it allows for black hole
solutions (of Einstein-scalar gravity) with negative ADM (Arnowitt-Deser-Misner) masses.1

In three spacetime dimensions the Hodge dual of the Kalb-Ramond field is a (pseudo-
)scalar which is identified as an axion field [6]. Its value at infinity gives an additional
parameter to describe the solutions.2 The solutions we find are asymptotically flat (in the
string frame) and they are exact solutions of classical string theory.

The new black string solutions are parametrized by their masses, angular momenta and
axion charges. The axion charge is the value of the (pseudo-)scalar at the boundary or spatial
infinity. In general it is determined by the electric flux in the world-volume of the black
string. We show that the axion charge is given only in terms of the deformation coupling. In
particular it does not depend on the horizons (radii). The uncharged solutions, i.e., those
black string solutions with zero axion charge, are also black hole solutions of Einstein-scalar
gravity. We also obtain other new black hole solutions of Einstein-scalar gravity by applying
duality transformation on the new charged black string solutions.3 We show that their
angular momenta are given by the dual black strings axion charges and thus do not depend
on the horizons. We also show that the masses of a class of the black hole solutions can
be made negative by changing (in the dual black strings) the value of the (component of
the) Kalb-Ramond field at radial infinity.

The uncharged black strings have only a single horizon. They contain a curvature
singularity with the structure of a ring. In the case the deformation coupling is negative
the singularity is enclosed inside the event horizon.4 Otherwise, i.e., for positive coupling,
the singularity is beyond the event horizon. The charged black strings, on the other hand,
possess two horizons. We show that depending on the ratio of the two horizons radii the
solutions may or may not contain a curvature singularity. The singularity has the structure

1In a situation in which the metric (in the Einstein frame) is not asymptotically flat and/or the cosmological
constant is not zero the usual ADM mass formula does not directly apply. In such a situation, the adapted or
analogous ADM mass [3], however, is still given by the usual ADM expression except that now the reference
metric is not flat and the lapse function is not unity. It equals the asymptotic value at radial infinity of the
Brown-York (quasi-local) mass [4]. In this paper, we follow the Brown-York approach [5] and simply call the
Brown-York mass at radial infinity the physical or ADM mass. See appendix C for a review on the Brown-York
energy and mass.

2T-duality relates it to angular momentum.
3See appendix B for a review of the duality transformation.
4This particular class of solutions, i.e., the class of solutions characterized by zero axion charge and negative

coupling (of −1), is already known in the literature [7]. It is obtained by directly solving the Einstein field
equations with a minimally coupled scalar field. However, here we simply obtain it using duality and coordinate
transformations from global AdS3. Moreover, thus, we show that they are exact in classical string theory. We
will discuss it in more detail later in the paper.
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of a ring. In the case the deformation coupling is negative the singularity is at or enclosed
inside the inner horizon.5 Otherwise, it is at or beyond the outer horizon. The new black
hole solutions that we obtain by applying duality transformation have only a single horizon.
They contain a curvature singularity. The singularity is enclosed inside the event horizon. To
end, the black hole solutions that we will discuss, including those characterized by positive
coupling, have only a single horizon and a ring singularity. The event horizon divides the
spacetime into two regions. The interior region contains the singularity and the exterior region
contains the rest of the spacetime. This will be our definition of interior and exterior. In the
case the coupling is positive the ring singularity cannot be contracted to the (coordinate)
origin without crossing the horizon(s).

The paper is organized as follows. In section 2 we review the rotating BTZ black
hole [8, 9]. In section 3 we obtain the new (dilaton) black hole and black string solutions. In
section 4 we further discuss the new black hole solutions. They are (black hole) solutions of
a minimally coupled Einstein-scalar gravity theory. We in particular compute their ADM
masses and angular momenta. In section 5 we summarize the main results and discuss future
research directions. We also give, in section 5, novel black hole solutions with a ring curvature
singularity in between their inner and outer horizons.

In appendix A we review a parameterization of AdS3 that in particular is better suited
in relation to BTZ black hole. In appendix B we review T-duality, also known as target-space
duality. We use the T-duality transformation in section 3. In appendix C we review the
Brown-York quasi-local energy and mass. In appendix D we review the Kruskal approach.
We use it to remove the coordinate singularities of the solutions we study in the paper and
to obtain their Penrose diagrams.

2 BTZ black hole

Unlike in higher dimensional gravity, in three dimensional gravity, the Riemann curvature
tensor is determined completely by the Einstein tensor or equivalently the energy momentum
tensor of the matter content.6 Therefore, in the absence of matter the only solution is
(locally) flat spacetime. However, in the case the cosmological constant is non-zero and
negative, it has black hole solution [8, 9]. The solution is referred to as BTZ black hole. It is
a solution of Einstein equations in three spacetime dimensions with negative cosmological
constant and without matter or fields.

The BTZ black hole is related to global AdS3 (i.e., the universal cover of the SU(1, 1) ∼=
SL(2, IR) group manifold,) by a global coordinate transformation. AdS3 (which here always
denotes the infinitely-sheeted universal covering space of SU(1, 1) ∼= SL(2, IR)) is described
in global coordinates by the metric

ds2 = l2(dθ2 − cosh2θdφ2 + sinh2θdψ2), (2.1)

where l is the radius of curvature and it is related to the (negative) cosmological constant
Λ. ψ is an angle variable and it has period 2π. The time coordinate φ takes its values in

5The inner (event) horizon is also referred to as Cauchy horizon.
6The Weyl curvature tensor is also identically zero. Thus, there are no physical excitations or propagating

gravitons.
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IR and thus it is not compact. The radial coordinate θ takes its values in [0,∞). We next
discuss the coordinate transformation and obtain the BTZ black hole from AdS3.

We first make the coordinate redefinition

r = lsinhθ. (2.2)

The metric (2.1) becomes7

ds2 = dr2

r2

l2 + 1
−
(
r2 + l2

)
dφ2 + r2dψ2. (2.5)

We next make the coordinate transformation [9–11]8

φ = iφ, φ = −
(
ρ−
l2
t− ρ+

l
ω

)
,

ψ = iψ, ψ = −
(
ρ+
l2
t− ρ−

l
ω

)
, (2.6)

where t, ω ∈ IR, and extend the domain of r to all the real numbers, i.e., r = r ∈ IR, see (A.5).
We define, since we are in particular interested in the region exterior to the black hole
horizons, the new coordinate ρ as

r2 = l2
(
ρ2 − ρ2

+
ρ2

+ − ρ2
−

)
, (2.7)

where ρ ≥ ρ+ > ρ−.9 In our convention the coordinates ρ and t have mass dimension
−1. Using both the GL(2) transformation (2.6) and the change of variable (2.7) in (2.5)
we get the metric

ds2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
−

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
l2ρ2 dt2 + ρ2

(
dω − ρ+ρ−

lρ2 dt

)2
,

= l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
−

(ρ2 − ρ2
+ − ρ2

−)
l2

dt2 − 2ρ+ρ−
l

dtdω + ρ2dω2. (2.8)

7Another commonly used coordinate system is the Poincaré coordinate system. The Poincaré coordinates
cover only half of the AdS space. In Poincaré coordinates the metric is given by

ds2 = l2

z2

(
dz2 − dt2 + dx2) , (2.3)

where z ≥ 0, t, x ∈ IR. The metric (2.3) can be obtained from (2.5) by making the change of variables

r2

l2
= (2x)2 + (z2 − t2 + x2 − 1)2

(2z)2 ,

tanφ = 2t
z2 − t2 + x2 + 1 ,

tanψ = −2x
z2 − t2 + x2 − 1 . (2.4)

8The complex number i is related to a change of basis or coordinate patch, see appendix A and [12, 13].
9The case ρ− = ρ+ in general requires a separate special treatment. However, the correct solution can be

obtained by taking limit. We give the solution later in the section.
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The metric is invariant under ρ → −ρ. The BTZ black hole metric is obtained after identifying
ω periodically. In the metric (2.8) we now identify ω with period 2π, i.e., ω ∼ ω + 2π. This
in turn implies (φ, ψ) ∼ (φ+ 2πρ+/l, ψ + 2πρ−/l). Now ρ is a radial coordinate, i.e. ρ ≥ 0.
Therefore, BTZ black hole can be viewed as a quotient space of AdS3. Thus, locally it is
isometric to AdS3. Furthermore, the scalar curvature is constant. It is given by10

R = − 6
l2

= 6 · Λ, Λ = − 1
l2
, (2.10)

where Λ is the cosmological constant. Asymptotically, the BTZ black hole approaches
(without identifications) AdS3 spacetime.

The solution has two horizons. It has an event horizon at ρ+ and an inner horizon at ρ−.
There is no curvature singularity inside the inner horizon. The spacetime region,

ρ2
+ < ρ2 < ρ2

+ + ρ2
−, (2.11)

in which the Killing vector field (∂t)µ = (1, 0, 0) := δµt is space-like defines an ergosphere.11

The BTZ black hole metric (2.8) satisfies the vacuum Einstein equations in (2 + 1)
spacetime dimensions,

Gab := Rab − 1
2Rgab = −Λgab = 1

l2
gab. (2.12)

In an asymptotically flat spacetime the total mass (which equals the total energy since
the lapse is one) is unambiguously defined. It is given by the ADM mass. The mass in
AdS and more generally in non-flat metrics is given by the usual ADM expression except
that now the reference metric is not flat and the lapse is not one [3, 4]. It equals the
Brown-York quasi-local mass [5] at radial infinity. The Brown-York mass is measured by a
static observer. The angular momentum is given similarly by the Brown-York quasi-local
angular momentum at radial infinity. It agrees with the Komar angular momentum [14],
here adapted for (2 + 1) dimensions.

The angular momentum and (analogous) ADM mass of the BTZ solution are given by12

J = 2ρ+ρ−
l

, M =
ρ2

+ + ρ2
−

l2
. (2.13)

In terms of M and J the BTZ (black hole) metric is

ds2 = l2ρ2dρ2

(ρ4 − l2Mρ2 + l2J2

4 )
−

(ρ4 − l2Mρ2 + l2J2

4 )
l2ρ2 dt2 + ρ2

(
dω − J

2ρ2dt

)2
. (2.14)

10In AdSd the scalar curvature and cosmological constant are given by

R = −d(d− 1)
l2

, Λ = − (d− 1)(d− 2)
2l2 . (2.9)

11The analytically extended BTZ metric is obtained by replacing ρ with iρ or simply by setting ρ2 = r ∈ IR.
It contains closed time-like curves and thus usually it is not considered. r = 0 is a causal singularity. More on
this later in next the section.

12In our convention, the mass M is dimensionless. We set Newton’s gravitational constant GN to 1/8 (in
units of length). The angular momentum J has mass dimension −1. For BTZ black hole the usual Komar
mass formula adapted for (2 + 1) dimensions gives a divergent answer.
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Thus, it is described by two parameters, its mass M and angular momentum J . We will
obtain M and J later in the paper following the Brown-York approach. In order for the
solution to describe a black hole or for a horizon to exist we assume

M > 0, |J | ≤ Ml. (2.15)

It is with these conditions that the BTZ metric contains black hole solutions.
We note that (M,J) = (−1, 0) is the AdS3 metric (2.5). It is separated from the massless

BTZ solution, i.e., (M,J) = (0, 0), or the continuous black hole spectrum, by a mass unit.
The solutions with −1 < M < 0, J = 0 have naked conical singularity at the origin ρ = 0.
For small ρ the metric is

ds2 = dρ̃2 − dτ2 −Mρ̃2dω2, ρ =
√

−Mρ̃, τ =
√

−Mt. (2.16)

Thus, it describes point particle sources with negative cosmological constant [15, 16].13 The
zero mass black hole is identified in (1, 1) AdS supergravity [18] as the Ramond sector ground
state. Global AdS3 is identified as the Neveu-Schwarz sector ground state.

In the next section we obtain a new family of rotating black hole and black string solutions
by applying to A3, since in the infrared the spacetime A3 is well described by AdS3, the
same GL(2) transformation. We explain this in the next section.

3 Rotating black hole and black string solutions

3.1 New black string solutions

We now consider the string background A3 obtained in [1]. A3 contains the metric gµν , the
Kalb-Ramond field Bµν and the dilaton field Φ. The string metric gµν is given by

ds2 = gabdx
adxb,

= l2(dθ2 − e2ϕcosh2θdφ2 + e2ϕsinh2θdψ2), (3.1)

where

e−2ϕ = 1 + γ2 − 2γcosh(2θ), (3.2)

and γ is a dimensionless parameter. It is related to the deformation coupling γ̂ in the dual
boundary field theory by γ̂ = γR2 (up to a constant factor) here R is the conformal radius of
the boundary cylinder on which the undeformed CFT is defined.14 The two form B is given by

B = B01dφ ∧ dψ, B01 = −1
2 l

2e2ϕ(γ − cosh(2θ)). (3.3)

The dilaton Φ is given by

e2Φ = g2
s |e2ϕ| = g2

s

|1 + γ2 − 2γcosh(2θ)| , (3.4)

13See [17] for numerical solutions of static non-singular vortices in AdS3 that are not BTZ black holes.
14The conformal boundary of AdS3 (i.e., the universal cover) is a time-like cylinder IR × S1. As usual in

AdS, we take R = 1 in string units.
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where gs is the string coupling at γ = 0. Note the absolute value sign is necessary in the
case γ is positive to ensure the dilaton is real everywhere. More on this momentarily. The
Kalb-Ramond field strength H is given by

H = dB,

= l2(1 − γ2)sinh(2θ)e4ϕdφ ∧ dψ ∧ dθ. (3.5)

The time coordinate φ takes its value in IR. The radial coordinates θ takes its value (in
the case γ ≤ 0) in IR+, i.e. 0 ≤ θ < ∞. The angular variable ψ is periodic. It has period
2π(1 − γ) to ensure that there is no conical singularity at θ = 0. The deformation coupling
γ takes the values in the range

−1 ≤ γ ≤ 1. (3.6)

Other values of γ can be mapped onto the interval (3.6) by rescaling the coordinates and
the string coupling at γ = 0, i.e., gs. The transformation rules under γ → 1/γ are φ → φ/γ,
ψ → −ψ/γ and g2

s → g2
s/γ

2 (see appendix E in [1]). The metric, the three form antisymmetric
tensor and dilaton are invariant by these transformations.

In a moment, we replace θ using a change of variable by a function of a new coordinate
ρ. When γ > 0, the range of the radial coordinate ρ is restricted so that the argument of the
absolute value (3.4) is always positive. Therefore, in this paper one may simply ignore the
absolute value sign. For a detailed discussion on the range of θ when γ > 0, see [1].

AdS3 (with Kalb-Ramond two form) is an exact solution to (classical) string theory, i.e.,
there are no α′ = l2s corrections to AdS3. ls is the string length. The solution A3 is related
to AdS3 by (abelian) T-dualities and coordinate shift (see [1] for details), and thus it is exact
in α′. However, it is perturbative in gs [19]. In general, an abelian T-duality maps an exact
solution of string theory into an exact one (see, e.g., [20]). However, in the case the solution
is an effective one, abelian T-duality can generate α′ corrections [21]. Later in the section we
give previously known α′ exact (black string) solutions as special cases of our results.

On the world-sheet the deformation corresponds to an exact marginal deformation (see,
e.g., [1]). More on this in a future work.

In the low energy (super)gravity theory the metric, three form flux and dilaton are
governed by the action

S = 1
2κ2

∫
d3x

√
−ge−2Φ̃

[
R+ 4

(
∇Φ̃

)2
− 1

12H
2 − 2Λ

]
, (3.7)

where xµ = (x0, x1, x2) = (φ,ψ, θ) and

eΦ̃ = eΦ

gs
,

1
2κ2 = 1

2κ2
0g

2
s

= 1
16πGN

, Λ = − 2
l2
, (3.8)

where GN is the gravitational coupling in three spacetime dimensions. The equations of
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motion that follow from the low energy (super)gravity action are

Rµν + 2∇µ∇νΦ̃ − 1
4HµρσH

ρσ
ν = 0,

∇ρ
(
e−2Φ̃Hµνρ

)
= 0,

R+ 4∇2Φ̃ − 4
(
∇Φ̃

)2
− 1

12H
2 − 2Λ = 0, (3.9)

where R = gµνRµν is the (string frame) Ricci scalar.
For γ = 0, A3 is AdS3. Assuming γ is non-zero, for small θ, i.e. sinhθ ≪ 1, the

metric (3.1) describes AdS3 and for large θ, i.e. sinhθ ≫ 1, the metric is asymptotically
flat. In what follows we simply apply the same GL(2) transformation to obtain black hole
and black string solutions in A3.

We now first make the coordinate redefinition

r = lsinhθ. (3.10)

Using this the fields gµν , Bµν and Φ become

ds2 = dr2

r2

l2 + 1
− e2ϕ

(
r2 + l2

)
dφ2 + e2ϕr2dψ2,

B = B01dφ ∧ dψ, B01 = −1
2 l

2e2ϕ
(
γ − 1 − 2r

2

l2

)
,

e2Φ = g2
s |e2ϕ|, (3.11)

where

e−2ϕ = (1 − γ)2 − 4γ r
2

l2
. (3.12)

We next make the coordinate transformation,

φ = −i
(
ρ−
l2
t− ρ+

l
x

)
,

ψ = −i
(
ρ+
l2
t− ρ−

l
x

)
, (3.13)

and the change of variable

r2 = l2
(
ρ2 − ρ2

+
ρ2

+ − ρ2
−

)
. (3.14)

The GL(2) transformation (3.13) and the coordinate redefinition (3.14) give the black
string solution described by the metric gµν , Kalb-Ramond field Bµν and dilaton field Φ

– 8 –



J
H
E
P
0
8
(
2
0
2
5
)
1
3
5

which are given by

ds2 = gµνdx
µdxν

= l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
− e2ϕ (ρ2 − ρ2

+)(ρ2 − ρ2
−)

l2ρ2 dt2 + e2ϕρ2
(
dx− ρ+ρ−

lρ2 dt

)2
,

= l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
− e2ϕ (ρ2 − ρ2

+ − ρ2
−)

l2
dt2 − 2e2ϕ ρ+ρ−

l
dxdt+ e2ϕρ2dx2,

B = Btxdt ∧ dx, Btx = 1
2e

2ϕ
(
ρ2

+ − ρ2
−

l

)[
γ − 1 − 2

(
ρ2 − ρ2

+
ρ2

+ − ρ2
−

)]
,

e2Φ = g2
s |e2ϕ|, (3.15)

where

e−2ϕ = (1 − γ)2 − 4γ
(
ρ2 − ρ2

+
ρ2

+ − ρ2
−

)
,

=
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2

ρ2
+ − ρ2

−
. (3.16)

We will shortly explain why we refer to the solution as black string. The time coordinate
t takes its value in IR. We will in general assume x is an angle coordinate. ρ is a radial
coordinate. We will also in general assume, unless stated otherwise, that ρ− < ρ+. The
periodicity of x is chosen so that there is no conical singularity at the origin. The black string
solution is invariant under the combined transformations ρ± → ρ∓ and γ → −γ. Therefore,
positive γ solutions can be obtained from negative γ solutions by simply making the changes
ρ± → ρ∓. We note that at ρ = ∞ the B field, i.e., Btx, is constant. We can adjust the
constant using the gauge freedom. This has, as we will show in the next section, a non-trivial
consequence. In particular, the constant enters into physical observables.

The three form flux is

H = dB,

= Htxρdt ∧ dx ∧ dρ, (3.17)

where

Htxρ = ∂Btx
∂ρ

,

= −2(1 − γ2)
l

·
(ρ2

+ − ρ2
−)2ρ[

ρ2
+(1 + γ)2 − ρ2

−(1 − γ)2 − 4γρ2]2 ,
= −2(1 − γ2)

l
· e4ϕ · ρ = 2(1 − γ2)

l
·
(
g

ρ

)
, (3.18)

where g is the determinant of the string metric gµν .
The black string solutions carry the axion charge (per unit length) Q given by the value

of the pseudo-scalar or axion field e−2Φ⋆H at the boundary or spatial infinity. It follows
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from the (super)gravity equations of motion, i.e., ∇ρ(e−2ΦHµνρ) = 0, that the axion is a
constant and therefore Q is simply given by

Q = e−2Φ⋆H = 2
(

1 − γ2

lg2
s

)
, (3.19)

where the Hodge dual ⋆ is taken with respect to the three dimensional metric (3.15). We have
used εtxρ = +1 where εtxρ is the totally antisymmetric tensor. We have also assumed, for a
reason that will be clear in a moment, −1 ≤ γ ≤ 0.15 We note that the charge Q depends
only on γ. In particular, it does not depend on ρ+ and ρ−.

We can always put the solution (3.15), for γ ̸= 0, into the form

ds2 = L−2(ρ)dρ2 −N2(ρ)dt̂2 +
(ρ2

+ − ρ2
−)

4|γ|

(
dx̂+ Zdt̂

)2
,

B = B
t̂x̂
dt̂ ∧ dx̂, B

t̂x̂
=
(
ρ2

+ − ρ2
−

2l

)
·
[

ρ2
+(1 + γ) + ρ2

−(1 − γ) − 2ρ2

ρ2
+(1 + γ)2 − ρ2

−(1 − γ)2 − 4γρ2

]
,

e2Φ = g2
s

∣∣∣∣∣ ρ2
+ − ρ2

−
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2

∣∣∣∣∣ , (3.20)

by unwrapping x and applying a coordinate transformation. The metric components, i.e.,
L, N and Z, are

L2 =
(ρ2 − ρ2

−)(ρ2 − ρ2
+)

l2ρ2 ,

N2 =
4|γ|(ρ2

+ − ρ2
−)

l2
·

(ρ2 − ρ2
−)(ρ2 − ρ2

+)
[ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2]2

,

Z =
(
γ

|γ|

)
·
(

1 − γ2

l

)
·
[

ρ2
+ − ρ2

−
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2

]
. (3.21)

For γ < 0, the new and old coordinates are related by the Lorentz boost t = t̂cosh(ξ) +
lx̂sinh(ξ), lx = lx̂cosh(ξ) + t̂sinh(ξ), where ξ = (1/2) · ln{|γ| · [(ρ+ + ρ−)/(ρ+ − ρ−)]}. Alter-
natively, we can take ξ = (1/2) · ln{(1/|γ|) · [(ρ+ + ρ−)/(ρ+ − ρ−)]}. The latter choice only
changes Z → −Z. Note the B field is invariant under the boost. Thus, also the axion charge
Q is invariant. For γ > 0, the coordinates are instead related by the (general) coordinate
transformation lx = −t̂cosh(ξ) + lx̂sinh(ξ), t = lx̂cosh(ξ) − t̂sinh(ξ), where ξ is as given
above.16 Also for γ > 0, the latter choice for ξ only changes Z → −Z. The B field, also for
γ > 0, is invariant under the (general) coordinate transformation.

The black hole solution (3.20) extends (or winds around) and, for non-constant Z,
also rotates along the (compact) x̂ direction. For this reason, therefore, we refer to the

15In general, for γ ≤ 0, the charge is Q = e−2Φ⋆H = 2
∣∣∣ 1−γ2

lg2
s

∣∣∣. The solutions (labelled by the triplet
(ρ−, ρ+; γ)) are invariant under γ → 1/γ. Thus, Q is invariant under γ → 1/γ. This is in particular self-evident
because of the absolute value sign.

16Note the (general) coordinate transformation, for positive γ, is not a Lorentz (boost) transformation. It is
a combination of a Lorentz boost and a spatial-temporal rotation (of π/2). We obtain the boost transformation
by making a spacetime rotation, i.e., the replacements x̂ → t̂/l, t̂ → −lx̂. See [1] for a closely related discussion.
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solution (3.15) as rotating black string. When Z is a constant, we simply redefine x̂ as
x̂ → x̂−Zt̂ to effectively set Z to zero. Therefore, for Z = 0 (or, more generally, for constant
Z), the black hole is a trivial bundle over (the (redefined) spatial dimension) x̂ and, it is
commonly referred to as simply black string. Note that a black string does not always
necessarily contain a black hole factor. That is, the fiber may not describe or solve a black
hole solution. However, in a boosted and/or rotated frame or in a different coordinate system
or dual frame it could describe a black hole. A simple example is the solution at γ = −1. At
γ = −1, we note that Z = 0. The solution has the product form M2 × IR. The factor M2
does not describe a black hole in two dimensions. However, as we momentarily show, we can
define a new coordinate system in which the solution contains a two dimensional black hole
factor. Also, on a related note, a product spacetime of a black hole solution and a line IR or
a circle S1 does not always necessarily solve the string theory equations of motion and thus,
it does not always necessarily describe or lead to a black string solution [22].

The solution (3.20) is related to the black string solution [23]. However, the relation is
not direct. We explain this now. We first introduce (assuming γ ̸= 0) the new coordinate ρ̂,

4|γ|ρ̂2 = −4γρ2 +
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2

]
. (3.22)

Note that by shifting (and/or analytically continuing) ρ2, we are effectively fixing or setting
|γ| to be equal to (ρ+ − ρ−)/(ρ+ + ρ−). This will become more clear below and later in the
section. In terms of the new coordinates (t̂, x̂, ρ̂) the solution (3.20) takes the form17

ds2 = l2ρ̂2dρ̂2

(ρ̂2 − ρ̂2
−)(ρ̂2 − ρ̂2

+)
−

ρ̂2
+

(1 + |γ|)2

[
(ρ̂2 − ρ̂2

+)(ρ̂2 − ρ̂2
−)

l2ρ̂4

]
dt̂2

+
ρ̂2

+

(1 + |γ|)2

[
dx̂+

(
γ

|γ|

)
ρ̂−ρ̂+
lρ̂2 dt̂

]2
,

B = B
t̂x̂
dt̂ ∧ dx̂, B

t̂x̂
=
( |γ|
γ

)
· 1

(1 + |γ|)2 ·
ρ̂2

+
l

·
[
1 − ρ̂+ρ̂−

ρ̂2

]
,

e2Φ = g2
s

(1 + |γ|)2

(
ρ̂2

+
ρ̂2

)
, (3.23)

where ρ̂+ and ρ̂− are given in terms of ρ+, ρ− and γ,

ρ̂2
+ = (1 + |γ|)2

4|γ|
(ρ2

+ − ρ2
−), ρ̂2

− = (1 − |γ|)2

4|γ|
(ρ2

+ − ρ2
−). (3.24)

Note we have effectively avoided the need for the absolute value sign in (3.4) when γ > 0
by shifting ρ (3.22), or equivalently, by restricting ρ to the region ρ < ρ+. We have also
shrunk/moved the curvature singularity to the origin. Moreover, we can eliminate the explicit
dependence of (3.23) on γ by rescaling the coordinates (t̂, x̂) and the string coupling gs.
Therefore, the dependence on γ is implicit. To obtain this implicit dependence, we take a

17We are using ξ = (1/2) · ln{|γ| · [(ρ+ + ρ−)/(ρ+ − ρ−)]}. We can also write the metric, two form and
dilaton in a more symmetric way by noting ρ̂2

+/(1 + |γ|)2 = (ρ̂+ρ̂−)/(1 − γ2).
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closer look at (3.24). We find that the relations (3.24) imply the constraint18

ρ̂−
ρ̂+

= 1 − |γ|
1 + |γ|

:= µ, |γ| = ρ̂+ − ρ̂−
ρ̂+ + ρ̂−

. (3.26)

Thus, the ratio ρ̂−/ρ̂+ is fixed by γ. Therefore, the number of independent parameters is
two. Furthermore, we note that 0 ≤ µ < 1. In particular, at γ = −1, we have µ = 0, i.e.,
ρ̂− = 0. Therefore, in the new coordinates, the solution at γ = −1 has the product form
M2 × IR where M2 is now a two dimensional black hole [24, 25]. Note that (for negative
γ) the black string (3.15), upon setting γ to (ρ− − ρ+)/(ρ− + ρ+), is (3.23).19 This will be
shown later in the section. Also later in the section, we will explicitly show, after applying a
Lorentz boost, that (3.23) simplifies to the non-rotating black string solution [23].

Therefore, to summarize, we obtain the two parameter family of solutions [23] from (3.15)
by first fixing γ to the particular value (ρ− −ρ+)/(ρ− +ρ+) and then applying a Lorentz boost.
To the best of my knowledge the black string solution (labelled by the triplet (ρ−, ρ+; γ)) (3.15)
has not been reported elsewhere in the literature.

Note at γ = 0 the metric (3.15) describes BTZ black hole and it allows a non-zero
Kalb-Ramond field strength H [26].20 The BTZ black hole solution (2.8) now with Φ = 0
and B = Btxdt ∧ dx where Btx = −

[
ρ2 − (ρ2

+ + ρ2
−)/2

]
/l, i.e., the solution (3.15) at γ = 0,

is dual to the charged black string solution [26],21 see also [23, 27–30] and [31]. We next
consider different cases of the black string solution described by (3.15). We begin with the
case where γ is negative.22

18Upon rescaling the coordinates (t̂, x̂) by appropriate constants and redefining ρ, the solution (3.23) becomes

ds2 = l2

4

[
dr2

(r − r−)(r − r+) − (r − r−)(r − r+)
r2 dτ2 +

(
dχ+

√
r−r+

r
dτ

)2
]
,

B = Bτχdτ ∧ dχ, Bτχ = l2

4

[
1 −

√
r−r+

r

]
,

Φ = 1
2 ln

(√
r−r+

r

)
+ ι, ι = 1

2 ln
(

g2
s

1 − γ2

)
,

r−

r+
=
(

1 − |γ|
1 + |γ|

)2

= µ2, 0 ≤ µ < 1. (3.25)

The scalar curvature is R = 2
l2r2 [2(r+ + r−)r − 7r+r−]. Thus, it is singular at the origin r = 0. Note that

the distinction between positive and negative γ is washed out. We also note that the metric, two form and
dilaton are invariant under r± → r∓. The coupling |γ| determines the ratio r−/r+.

19For positive γ, we simply make the changes ρ± → ρ∓ after setting γ to (ρ− − ρ+)/(ρ− + ρ+) in (3.15).
This gives the same result (3.23), see the discussion below (3.16). Alternatively, in (3.15), we first rotate
x → t/l, t → −lx and fix γ to (ρ+ − ρ−)/(ρ+ + ρ−), and finally shift ρ2 → −ρ2 + ρ2

+ + ρ2
− to get (3.23).

20Therefore, one may as well prefer to refer to the solutions (labelled by the triplet (ρ−, ρ+; γ)) (3.15) as
deformed black holes.

21In the appropriate gauge and with the appropriate coordinate changes.
22The naively (analytically) extended solution, which is obtained by simply replacing ρ by iρ̃ or ρ2 by r ∈ IR,

in general contains closed time-like curves. Furthermore, the metric and its inverse are not regular everywhere.
Thus, we will not consider it. In the Penrose diagrams below we also do not include the regions which contain
closed time-like curves.

– 12 –



J
H
E
P
0
8
(
2
0
2
5
)
1
3
5

3.1.1 Negative coupling

In this case we consider −1 < γ < 0. The scalar curvature is finite provided the ratio

ρ−
ρ+

< µ := 1 + γ

1 − γ
. (3.27)

Thus, in the case 0 < ρ−/ρ+ < µ we have rotating black string solutions with inner and outer
horizons but no curvature singularity.23 The solutions are exact solutions of classical string
theory since they are related to A3 primarily by coordinate transformations. ρ− denotes
the inner horizon and ρ+ denotes the outer horizon. The period of the angle x is chosen
to avoid a conical singularity at the origin. We identify

x ∼ x+ 2π
√
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2

ρ2
+ − ρ2

−
. (3.28)

The global structure of the solutions which satisfy the inequality (3.27) is described using
Penrose diagram in figure 1. The solutions are axially symmetric. Therefore, we set the
(shifted) angular coordinate (in each patch) to a particular value, see appendix D for details.
Thus, a point in the diagram represents a circle in spacetime, i.e. the orbit of the axial
symmetry. The diagram extends infinitely in both vertical directions.

The Penrose diagram for the special case ρ− = 0 and γ ̸= −1 is given in figure 2.
In the cases the condition (3.27) is not satisfied the scalar curvature is divergent at

ρ = ρ0 where

ρ0 = 1
2

√
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2

γ
. (3.29)

We note that at γ = −1 we have ρ0 = ρ−. Thus, at γ = −1 the inner horizon becomes singular
and the black string solution has only one horizon, i.e., the event horizon. Since ρ− < ρ+, the
curvature singularity is enclosed inside the event horizon. In general, for negative values of
γ and ρ−/ρ+ ≥ µ, i.e., −1 ≤ γ ≤ (ρ− − ρ+)/(ρ− + ρ+), we have 0 ≤ ρ0 ≤ ρ−. ρ0 = 0 when
γ = (ρ− − ρ+)/(ρ− + ρ+). Thus, the singularity is at or enclosed inside the inner horizon.

We now consider the special cases ρ0 = 0 and ρ0 = ρ−. We first consider the case
ρ0 = 0. In this case we have

γ = ρ− − ρ+
ρ− + ρ+

, ρ+ > ρ−. (3.30)

The black string solution (3.15) reduces to

ds2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
−

ρ2
+

(1 − γ)2
(ρ2 − ρ2

+)(ρ2 − ρ2
−)

l2ρ4 dt2 +
ρ2

+
(1 − γ)2

(
dx− ρ+ρ−

lρ2 dt

)2
,

B = Btxdt ∧ dx, Btx = − 1
(1 − γ)2

ρ2
+
l

(
1 − ρ+ρ−

ρ2

)
, Q = 2

(
1 − γ2

lg2
s

)
,

e2Φ = g2
s |e2ϕ| = g2

s

(1 − γ)2

(
ρ2

+
ρ2

)
. (3.31)

23For ρ− = 0 and γ ̸= −1, the black string does not rotate but still it has no singularity.
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Figure 1. The plot depicts the global structure of the black string solutions with ρ− < µ · ρ+, where
µ = (1 + γ)/(1 − γ),−1 < γ < 0. The shifted angular coordinate is fixed in each of the patches
to a particular value. ρ± represent horizons. The solutions have no singularity. Null geodesics are
represented by straight lines at π/4 radians. In region II ρ is time-like. For ρ− = 0 and γ ̸= −1, we
do not have region II and ρ is time-like in the region 0 < ρ < ρ+.

I
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Figure 2. The plot depicts the global structure of the black string solutions with ρ− = 0 and γ ̸= −1.
ρ is time-like in the region 0 < ρ < ρ+. The solutions have no curvature singularity.
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We first note that (3.31) is the same as (3.23). The Ricci scalar is singular at the origin.24 We
also note that both the dilaton and Kalb-Ramond fields are singular at the origin. We will
discuss this family of solutions further later in the section. We in particular show that they
are related indirectly to the solutions discussed in [23]. The global structure of the solutions
for which 0 ≤ ρ0 < ρ− is described using Penrose diagram in figure 3. The diagram is
obtained in the same way as the example in appendix D. In the diagram we set, in each patch,
the (shifted) angular coordinate to a particular value since any other value is equivalent and
related by axial symmetry. Therefore, a point in the diagram represents a circle in spacetime.

Now consider the case ρ0 = ρ−, i.e., γ = −1. The black string solution (3.15) reduces
at γ = −1 to

ds2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
− 1

4
(ρ2 − ρ2

+)(ρ2
+ − ρ2

−)
l2ρ2 dt2 + 1

4
ρ2(ρ2

+ − ρ2
−)

ρ2 − ρ2
−

(
dx− ρ+ρ−

lρ2 dt

)2
,

Btx = −1
4

(
ρ2

+ − ρ2
−

l

)
= const., Q = 0,

e2Φ = g2
s |e2ϕ|, e−2ϕ = 4

(
ρ2 − ρ2

−
ρ2

+ − ρ2
−

)
. (3.35)

24Thus, here x need not be periodic (with a definite period to avoid a conical singularity). Although we
assumed ρ+ > ρ−, i.e. γ ̸= 0, to arrive at the solution, also here the (extremal) limit ρ+ → ρ− is mathematically
well-defined and gives a non-trivial solution. In this limit, after an appropriate change of coordinates, we
obtain

ds2 =
(
l2

4

)[
dr2

(r − r0)2 − dτ2
(

1 − r0

r

)2
+
(
dχ− r0

r
dτ
)2
]
,

B = Bτχdτ ∧ dχ, Bτχ = −
(
l2

4

)[
1 − r0

r

]
,

e2Φ = g2
s

(
r0

r

)
, (3.32)

where r0 = ρ2
+ = ρ2

−. The scalar curvature is R = [2(4r − 7r0)r0] /(l2r2). Thus, r = r0 is not a curvature
singularity. It is a double-degenerate Killing horizon. Note the extremal limit of the rotating BTZ black hole
is distinct. Setting γ = 0 and ρ+ = ρ− in (3.15), we find the extremal BTZ black hole solution

ds2 =
(
l2

4

)[
dr2

(r − r0)2 − r
(

1 − r0

r

)2
dτ2 + r

(
dχ− r0

r
dτ
)2
]
,

B = Bτχdτ ∧ dχ, Bτχ = −
(
l2

4

)
(r − r0) ,

e2Φ = g2
s = const., (3.33)

where r = ρ2, τ = 2t/l2 and χ = 2x/l. Alternatively, by first making the change of variables (see, e.g., [9, 13])

z =
√

2r0

r2 − r2
0
er0(χ−τ)/2,

t = 1
2

(
er0(χ−τ) + r0

r2 − r2
0

− τ

2 − χ

2

)
,

x = 1
2

(
er0(χ−τ) − r0

r2 − r2
0

+ τ

2 + χ

2

)
, (3.34)

in (2.3) and then finally introducing r by the relation r2 = r we obtain the extremal BTZ black hole metric.
The solutions (3.32) and (3.33) are related indirectly. This will be discussed later. For convenience (of
comparison) we give their Penrose diagrams also later. We do not discuss the solution (3.32) further here.
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Figure 3. Plot (a) depicts the global structure of the black string solutions with ρ− ≥ µ · ρ+, where
µ = (1 + γ)/(1 − γ),−1 < γ < 0. ρ± represent horizons. The solutions have a singularity at ρ = ρ0.
ρ0 is represented by the zigzag lines. In general 0 ≤ ρ0 < ρ−. The singularity is time-like. For ρ0 = 0,
the maximally extended solution has no closed time-like curves. Therefore, for ρ0 = 0, the diagram
can be extended behind ρ = ρ0 = 0. See plot (b).

The scalar curvature is given by

R = 4
l2

(
ρ2

+ − ρ2
−

ρ2 − ρ2
−

)
. (3.36)

Note the B field, i.e. Btx, is a non-zero constant. In general, using the gauge freedom we
can set B to zero. Thus, the solution describes a rotating dilaton black hole. This particular
solution is already known in the literature [7]. It is obtained by directly solving the Einstein
field equations with a minimally coupled scalar field. The novelty here, however, is that we
simply obtained it using duality and coordinate transformations from global AdS3 [1]. Thus,
in turn, we further showed that it is exact in classical string theory. More on this black hole
solution in the next section. The global structure of the solutions is described using Penrose
diagram in figure 4. Each point represents a circle in spacetime.
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Figure 4. The plot depicts the global structure of the black hole solutions with γ = −1. ρ+ represents
the event horizon. The solutions have a space-like singularity at ρ = ρ−. ρ− is represented by zigzag
lines.

We note that in the case γ = −1 and ρ− = 0 the solution (3.15) (or either (3.31) or (3.35)
with ρ− = 0) simplifies to

ds2 = l2dρ2

(ρ2 − ρ2
+)

−
ρ2

+(ρ2 − ρ2
+)

4l2ρ2 dt2 + 1
4ρ

2
+dx

2,

B = Btxdt ∧ dx, Btx = −1
4
ρ2

+
l

= const., Q = 0,

e2Φ = g2
s

4

(
ρ2

+
ρ2

)
. (3.37)

The curvature singularity is at the origin. This solution in the gauge in which B = 0 is
dual to the non-rotating BTZ black hole with a non-vanishing B [26].25 It is also related
indirectly to [23], see [27]. It is the product of the two dimensional black hole [24, 25]
with S1. To see this define

ρ

ρ+
= coshθ ≥ 1. (3.38)

The metric (3.37) becomes

ds2 = l2(dθ2 − tanh2 θdτ2 + dψ2), (3.39)

where

τ := ρ+
2l t, ψ := ρ+

2 x. (3.40)

The dilaton is

e−2Φ = 4
g2
s

cosh2θ. (3.41)

25As we will show later in the paper, for a general gauge, it is also equivalent to a non-rotating black hole in
a spacetime with non-vanishing angular velocity at radial infinity and no B field.
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The scalar curvature is

R = 4
l2

sech2θ. (3.42)

The analytic continuation τ → iτ and identification τ ∼ τ + 2π give a metric which describes
a manifold with the topology of a semi-cigar times a circle.

Before we turn to the positive coupling case in the next subsubsection, we discuss the
extremal limit of (3.15). To take the limit, we first need to rescale the coordinates (t, x) and
the string coupling gs. We introduce the rescaled variables

t =
√
ρ2

+ − ρ2
−t, x =

√
ρ2

+ − ρ2
−x, gs =

√
ρ2

+ − ρ2
−gs. (3.43)

Upon using (3.43), the black string (3.15) becomes

ds2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
− e2ϕ (ρ2 − ρ2

+)(ρ2 − ρ2
−)

l2ρ2 dt
2 + e2ϕρ2

(
dx− ρ+ρ−

lρ2 dt

)2
,

B = Btxdt ∧ dx, Btx = 1
2l ·

[
ρ2

+(1 + γ) + ρ2
−(1 − γ) − 2ρ2

ρ2
+(1 + γ)2 − ρ2

−(1 − γ)2 − 4γρ2

]
,

e2Φ = g2
s|e2ϕ|, e−2ϕ = ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2. (3.44)

We now set ρ− = ρ+ = ρ0. This gives, after an appropriate change of variables, the
extremal solution

ds2 = l2

4

[
dr2(

1 − r0
r

)2
r2

−
(

1 − r0
r

)
dτ2 + 1(

1 − r0
r

) (dχ− r0
r
dτ

)2
]
,

−2Φ = ln(|r − r0|) + const. . (3.45)

Using the gauge ambiguity, we have here fixed the B field to zero. We note that the extremal
solution does not depend on γ. Furthermore, in the string frame, it has no curvature
singularity. We will come back to the solution (3.45) later in the section. More importantly,
we show that it is related indirectly to the extremal solutions (3.32) and (3.33). We also
give its Penrose diagram.

In figure 5 we give an illustration of the parameter space representing all the solutions
discussed above. We also summarized the different cases.

3.1.2 Positive coupling

In the case 0 < γ ≤ 1 the scalar curvature is always divergent at ρ = ρ0 (3.29), see the zero
of e−2Φ (3.16). For γ arbitrarily close to zero and positive, the metric describes BTZ black
hole with a ring singularity at ρ0 = ∞. Therefore, from the onset the deformation develops
curvature singularity at the boundary [1]. In general for positive γ, ρ0 ≥ ρ+. Thus, the
singularity is either at or beyond the outer horizon. Therefore, it cannot be continuously
contracted or deformed to the origin without crossing the horizon(s). Since we are assuming
that x is compact, the solution has closed time-like curves behind the singularity in the
interior region, i.e., ρ > ρ0.

We should mention that ρ = 0 is a causal singularity. It is similar to the causal singularity
in BTZ black hole. To understand its origin it is convenient to consider the maximal extension
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Figure 5. The plot depicts the parameter space of the solutions. The horizontal axis labels γ. The
vertical axis labels the ratio ρ−/ρ+. In general, a point in the parameter space represents a one
parameter family of solutions. The purple curve is given by the relation ρ−/ρ+ = µ(γ) = (1+γ)/(1−γ).
It separates the light yellow and light gray regions. It represents the solutions (3.31). Upon a Lorentz
boost, they reduce to the solutions [23]. This will be discussed later in the section. The light yellow
region including its boundaries, but excluding the purple curve, represents the solutions that satisfy
the condition ρ−/ρ+ < µ, and thus contain no curvature singularity. The light gray region including
its boundaries, but excluding the dashed orange line, represents the solutions that do not satisfy
the condition ρ−/ρ+ < µ, and thus contain curvature singularity at or enclosed inside their inner
horizons. The blue line at γ = 0 represents the rotating BTZ black holes (2.8). The red point, i.e.,
(γ, ρ−) = (0, 0), represents the non-rotating BTZ black holes. The black line at γ = −1 represents the
black hole solutions (3.36). The pink point, i.e., (γ, ρ−) = (−1, 0) represents the non-rotating black
holes (3.37). All the non-rotating solutions lie on the brown line, i.e., ρ− = 0. The line interpolates
between the solutions at (0, 0) and (−1, 0). The extremal solutions (3.45), which have constant
B fields, are represented by the dashed line, i.e. (γ, ρ−/ρ+) = (γ, 1). They are independent of γ.
Thus, the dashed line should be viewed as a single point. The solutions can be obtained, e.g., by
following the black line. The curve ρ−/ρ+ = −γ also leads to the same result. The black point, i.e.
(γ, ρ−/ρ+) = (0, 1), is special. It can be reached either from the bulk, e.g., via the purple curve or
along the boundary via the blue line. The extremal limit along the blue line gives the extremal BTZ
black hole solutions (3.33), and thus the dilaton is constant. The extremal limit along the purple curve
gives the extremal solutions (3.32), and thus both the dilaton and B fields are non-trivial. However,
the solutions (3.33) and (3.32) are related indirectly to (3.45). This will be discussed later in the
section. Thus, a further reason for viewing the dashed line as a single point.

of the BTZ black hole (2.8). The BTZ solution can be analytically extended behind ρ = 0
using the change of variable ρ2 = r ∈ IR.26 For the rotating (J ̸= 0, i.e., r− ̸= 0) BTZ
solution, the surface r = 0 is time-like, i.e., at the surface r = 0 the inverse metric component
grr > 0. For J = 0, it is null, i.e., grr = 0 at r = 0. However, we in particular note that
the region r < 0 contains closed time-like curves. Therefore, for J ̸= 0, time-like geodesics
can leave and reenter the region 0 < r < r− [32, 33]. Thus, the extension allows closed

26For J ̸= 0, i.e., r− = ρ2
− ̸= 0, the metric and its inverse are regular in the region r ≤ 0.
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Figure 6. The plot depicts the global structure of the black string solutions with 0 < γ < 1. ρ±
represent the horizons. ρ = 0 is a causal singularity. It is similar to the causal singularity in BTZ
black hole. The solutions have a time-like singularity at ρ = ρ0. ρ0 is represented by zigzag lines. For
arbitrarily small positive γ, the singularity is at arbitrarily large ρ = ρ0. For ρ− = 0 and γ ̸= 1, we do
not have region II and ρ is time-like in the region 0 < ρ < ρ+.

time-like curves to pass through the points in 0 < r < r−. For J = 0, time-like geodesics
can leave but cannot reenter the region 0 < r < r− since time-like curves can only cross
null surface in one direction. For J = 0, all time-like geodesics cross over into the region
r < 0. Therefore, to avoid the development of closed time-like curves in the region 0 < r < r−
we simply discard the region r < 0. Thus, this in turn forces casual curves to (abruptly)
terminate at r = 0. It is in this sense r = 0 is a causal singularity. The causal singularity
prevents causality violation. However, in general, such (causal) singularity is not expected
to be physical since it simply ends all casual curves although the fields are regular or there
is no a physical barrier or obstruction. Unless there is, perhaps in the quantum theory, a
more physical mechanism which prevents formation of closed time-like curves, we do not
expect the solution to be physical. Its status is not clear.

The Penrose diagram for ρ0 > ρ+ is given in figure 6.
The Penrose diagram for the special case ρ− = 0 and γ ̸= 1 is given in figure 7.
We note that at γ = 1 we have ρ0 = ρ+ and the black string solution (3.15) reduces to

ds2 = l2ρ2dρ2

(ρ2
+ − ρ2)(ρ2

− − ρ2)
−

(ρ2
+ − ρ2

−)(ρ2
− − ρ2)dt2

4l2ρ2 +
(ρ2

+ − ρ2
−)ρ2

4(ρ2
+ − ρ2)

(
dx− ρ−ρ+

lρ2 dt

)2
,

B = Btxdt ∧ dx, Btx =
ρ2

+ − ρ2
−

4l = const., Q = 0,

e2Φ = g2
s |e2ϕ|, e−2ϕ = 4

(
ρ2

+ − ρ2

ρ2
+ − ρ2

−

)
. (3.46)
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Figure 7. The plot depicts the global structure of the black string solutions with ρ− = 0 and γ ̸= 1.
ρ is time-like in the region 0 < ρ < ρ+. The solutions have a time-like singularity at ρ = ρ0. ρ0 is
represented by zigzag lines. ρ = 0 is a causal singularity.
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Figure 8. The plot depicts the global structure of the black string solution with γ = 1. ρ− represents
the horizon. ρ = 0 is a causal singularity. The solution has a space-like singularity at ρ0 = ρ+. ρ0 is
represented by zigzag lines.

The scalar curvature is

R = 4
l2

(
ρ2

+ − ρ2
−

ρ2 − ρ2
+

)
. (3.47)

Thus, for an observer residing in the spacetime region ρ < ρ−, i.e., the exterior region, the
solution (3.46) has a singularity at ρ = ρ0 = ρ+ beyond the horizon, i.e., ρ0 > ρ−. Thus, in
view of this observer, (3.46) describes a black hole. Since x is compact, the solution contains
closed time-likes curve in the region ρ > ρ0 = ρ+. Thus, they are located in the interior
region. We note that the B field, i.e. Btx, is a non-zero constant. We can fix the B field to
zero using the gauge freedom. The Penrose diagram is given in figure 8.

In this paper, we will mainly focus on the black string solutions with negative γ. In what
follows, we apply duality transformation on the black string solutions described by (3.15) to
obtain other black hole solutions. See appendix B for a review of the duality transformation.
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3.2 New black hole solutions

We first boost the black string solutions (3.15) along the x direction. To this end, we unwrap
the coordinate x and write

t = t̂cosh(α) + lx̂sinh(α),
lx = lx̂cosh(α) + t̂sinh(α), (3.48)

where α is given by

tanh(2α) = 2ρ+ρ−
ρ2

+ + ρ2
−
. (3.49)

The black string solutions now take the form

dŝ2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
− l−2e2ϕ(ρ2 − ρ2

+)dt̂2 + e2ϕ(ρ2 − ρ2
−)dx̂2,

B = B
t̂x̂
dt̂ ∧ dx̂,

B
t̂x̂

= 1
2e

2ϕ
(
ρ2

+ − ρ2
−

l

)[
γ − 1 − 2

(
ρ2 − ρ2

+
ρ2

+ − ρ2
−

)]
,

= 1
2l e

2ϕ
[
ρ2

+(1 + γ) + ρ2
−(1 − γ) − 2ρ2

]
,

e2Φ = g2
s |e2ϕ|, (3.50)

where

e−2ϕ =
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2

ρ2
+ − ρ2

−
. (3.51)

We in particular note that there is no cross term in the metric. Therefore, in the case x̂
is periodic they describe non-rotating black strings.27

Before we proceed further, we consider the special case in which

γ = ρ− − ρ+
ρ− + ρ+

, ρ+ > ρ−. (3.52)

The black string solutions (3.50) reduce to

dŝ2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
−

ρ2
+

l2(1 − γ)2

(
1 −

ρ2
+
ρ2

)
dt̂2 +

ρ2
+

(1 − γ)2

(
1 −

ρ2
−
ρ2

)
dx̂2,

B = B
t̂x̂
dt̂ ∧ dx̂, B

t̂x̂
=

ρ2
+

l(1 − γ)2

(
ρ−ρ+
ρ2 − 1

)
,

e2Φ = g2
s |e2ϕ| = g2

s

(1 − γ)2
ρ2

+
ρ2 . (3.53)

27At γ = 0, the dilaton is constant and the metric is (equivalent or related to) the non-rotating BTZ black
hole. ρ = ρ− is a causal singularity. That is, in the case x̂ is periodic, there are closed time-like curves in the
region 0 ≤ ρ < ρ−. At γ = −1, the coefficient of dx̂2 equals

(
ρ2

+ − ρ2
−
)
/4, i.e., it is a constant. One may as

well prefer to refer to the solutions (3.50) as deformed black holes.

– 22 –



J
H
E
P
0
8
(
2
0
2
5
)
1
3
5

These particular non-rotating solutions are already known in the literature and they are
first obtained in [23]. They are exact solutions of classical string theory. This family of
solutions is related to (3.31), thus also to (3.23), by the Lorentz boost (3.48). Note γ takes
the special value (3.52), see also (3.30) and (3.26). To put them into the form given in [23]
we introduce the new coordinates

ρ+
l(1 − γ) t̂ = l

2τ,
ρ+

(1 − γ) x̂ = l

2χ, ρ2 = r. (3.54)

This gives [23]

ds2 = l2

4

[
dr2

r2 (1 − r+
r

) (
1 − r−

r

) −
(

1 − r+
r

)
dτ2 +

(
1 − r−

r

)
dχ2

]
,

B = Bτχdτ ∧ dχ, Bτχ = l2

4

(√
r−r+

r
− 1

)
,

−2Φ = ln
( |r|
r+

)
+ const., r−

r+
=
(1 + γ

1 − γ

)2
= µ2, 0 ≤ µ < 1, (3.55)

where r± = ρ2
±. The coupling γ determines the ratio µ, or vice versa. Therefore, the

number of independent parameters is two which we can choose to be r− and γ. Note
Φthere = −2Φhere.28 Note also in general χ need not be periodic (with a definite period) and
r can take negative values. However here we will assume, for simplicity, χ is compact and
r is positive. The Ricci scalar R is singular at r = 0 and it is finite at r = r±. It is given
by R = 2(2r(r− + r+) − 7r−r+)/(lr)2. We note that inside the event horizon, i.e., in the
region 0 < r < r+, the coordinate τ is everywhere space-like. We also note that χ becomes
time-like in the region 0 < r < r−. We will not discuss (3.55) further here. We refer to [23]
for more details and a comprehensive discussion.

We first note that for γ ̸= 0 the B field, i.e. its component B
t̂x̂

(3.50), is a constant at
ρ = ∞. In general, we can use the gauge ambiguity in defining B to set the constant at infinity
to any arbitrary value. An equivalent Kalb-Ramond field, i.e., that gives the same H = dB, is

B̃
t̂x̂

= B
t̂x̂

+
λ(ρ2

+ − ρ2
−)

2l , (3.56)

= 1
2l e

2ϕ
[
ρ2

+(1 + λ+ γ(1 + 2λ) + λγ2) + ρ2
−(1 − λ− γ(1 − 2λ) − λγ2) − 2ρ2(1+ 2λγ)

]
.

Under γ → 1/γ, λ transforms as λ → −γ(1 + γλ) so that not only H but B̃ is also invariant.
We next periodically identify x̂ and perform T-duality. This gives (in units where α′ = 1)

the dilaton black hole solution described by the metric and dilaton,

ds̃2 = gρρdρ
2 + 1

gx̂x̂
(dx̃− B̃

t̂x̂
dt̂)2 + g

t̂̂t
dt̂2,

= l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
−

(ρ2
+ − ρ2

−)(ρ2 − ρ2
+)

l2
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2]dt̂2

+
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2

(ρ2
+ − ρ2

−)(ρ2 − ρ2
−)

]

·
{
dx̃−

(ρ2
+−ρ2

−)
[
ρ2

+(1+γ)(1+λ(1+γ)) + ρ2
−(1−γ)(1−λ(1−γ)) − 2ρ2(1+2λγ)

]
2l
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2] dt̂

}2

,

28The constant is const. = ln
[
(1 − γ)2/g2

s

]
. It is invariant under γ → 1/γ. We could also write the dilaton

in a more symmetric way as −2Φ = ln(|r|/√r+r−) + ln
[
(1 − γ2)/g2

s

]
.
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= l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)

−
(ρ2

+ − ρ2
−)(4λ(1 + γλ)ρ2 + ρ2

−(1 − (1 − γ)λ)2 − ρ2
+(1 + (1 + γ)λ)2)

4l2(ρ2 − ρ2
−)

dt̂2

− 2
ρ2

−(1 − γ)(1 − (1 − γ)λ) + ρ2
+(1 + γ)(1 + (1 + γ)λ) − 2(1 + 2γλ)ρ2

2l(ρ2 − ρ2
−)

dx̃dt̂

+
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2

(ρ2
+ − ρ2

−)(ρ2 − ρ2
−)

dx̃2,

e−2Φ̃ = |g−2
s (ρ2 − ρ2

−)|, (3.57)

where x̃ is the dual coordinate. Under γ → 1/γ, x̃ → −x̃/γ and t̂ → t̂/γ. We note that the
B̃ field, and thus in turn the gauge parameter λ, enters into the coefficient of the cross term
dt̂dx̃. The solution is invariant under γ → 1/γ because λ transforms as λ → −γ(1 + γλ).

The time component of the metric, i.e. the coefficient of dt̂2, is positive outside the
horizon except for 0 < λ < −1/γ. Therefore, a static observer with four-velocity tangent
to (∂

t̂
)µ cannot exist for λ ≤ 0 and λ ≥ −1/γ. Thus, the solution can have ergosphere of

finite extent in ρ only for 0 < λ < −1/γ. Otherwise, the ergosphere extends to ρ = ∞.29

We denote the zero of the time component of the metric by ρs. ρs depends on λ and it is
invariant under λ → (λ− 1)/γ. At λ∗ = 1/(1 −γ), ρs = ρ+. Therefore, except for λ = λ∗, the
ergosphere constitutes the region ρ+ < ρ < ρs. For λ = λ∗ the ergosphere is not present. In
what follows, we will assume 0 < λ < −1/γ since most black holes of interest (are expected
to) exhibit ergospheres of finite extents. However, note that a black hole can exist without
a static observer (with velocity along ∂

t̂
), see e.g., [34].

The scalar curvature is given by

R =
4(ρ2

+ − ρ2
−)

l2(ρ2 − ρ2
−)
. (3.58)

Thus, the black hole solutions (labelled by the quartet (ρ−, ρ+; γ;λ)) have a curvature
singularity enclosed inside their event horizons. We specially note that R does not depend
on the coupling γ. In particular for λ = −1/(2γ) and γ = (ρ− − ρ+)/(ρ− + ρ+) the solution
can be put using the coordinates (3.54) into the form

ds̃2 = l2

4

[
dr2(

1 − r+
r

) (
1 − r−

r

)
r2 −

(
1 − r+

r

)
dτ2 + 1(

1 − r−
r

) (dχ−
√
r−r+

r
dτ

)2]
,

−2Φ̃ = ln(|r − r−|) + const., (3.59)

where r± = ρ2
± and const. = −2 ln gs. Note (3.59) is the black hole solution (3.35) in the gauge

B = 0. After rescaling (t, x; gs) by suitable constants and applying the change of variable

29For the Killing field Kω = ∂̂
t

+
(
ρ2

+−ρ2
−

2l

)
ω∂

x̃
in the case ω < λ < ω − 1/γ the ergosphere is finite in

extent. Otherwise, i.e., for λ ≤ ω or λ ≥ ω−1/γ it extends to infinity. In general, the concept of an ergosphere,
and its location, is observer dependent, see [34] for more discussion on this. Given λ ̸= λ⋆, there is no choice
of ω such that Kω is time-like everywhere outside the horizon. Thus, any observer will see an ergosphere. At
λ = λ⋆ = ω + [1/(1 − γ)] the ergosphere coincides with the Killing horizon. We here chose, without loss of
generality and for later convenience, ω = 0.
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ρ2 = r in (3.35), we get (3.59). In the (extremal) limit r+ → r− := r0, (3.59) simplifies to

ds̃2 = l2

4

[
dr2(

1 − r0
r

)2
r2

−
(

1 − r0
r

)
dτ2 + 1(

1 − r0
r

) (dχ− r0
r
dτ

)2
]
,

−2Φ̃ = ln(|r − r0|) + const.. (3.60)

This is identical to the result we found in (3.45). Therefore, (3.32) is related to (3.45) through
the Lorentz boost (3.48) and T-duality. We also note that, after setting λ and γ to zero
in (3.57), taking the extremal limit ρ+ → ρ− := ρ0 and then finally shifting x̃ → x̃+ (ρ2

0/l)t̂
give (3.60). Thus, similarly, (3.33) is related indirectly to (3.45). The Penrose diagrams
of (3.32) and (3.33) are given in figure 9.

We further note from (3.58) that in the extremal limit the string frame Ricci scalar
R = 0. The Kretschmann scalar can also be shown to be zero. However, we also note that
the dilaton diverges at r = r0. Therefore, near r = r0 the string coupling is large. In fact,
in the Einstein frame, the scalar curvature depends on r and it is singular at r = r0. It is
given by R = −8g4

s/(l2(r − r0)2). Thus, in the Einstein frame, the solution (3.60) describes
a naked singularity.30 The geometry that the string metric (3.60) describes, for r > r0 and
constant τ , looks like a funnel. Thus, the strings get stretched more and more as r gets
closer and closer to r0. Note in general χ need not be periodic with a definite period. The
Penrose diagrams for (3.45) (or (3.60)) in the string and Einstein frames are given in figure 10.
We leave a further study of the (intriguing) solution (3.45) (or (3.60)) to a future work. In
this paper we in general assume ρ+ > ρ−.

We note that in the case γ = −1 the black hole solution (3.57) reduces to

ds̃2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
−

(ρ2
+ − ρ2

−)(ρ2 − ρ2
+)dt̂2

4l2(ρ2 − ρ2
−)

+ 4
(ρ2

+ − ρ2
−)

[
dx̃+

(ρ2
+ − ρ2

−)(1 − 2λ)
4l dt̂

]2

,

e−2Φ̃ = |g−2
s (ρ2 − ρ2

−)|. (3.62)

We note that for ρ− = 0 it is equivalent to the solution (3.37) in the sense both have a horizon
at ρ+ and a singularity at ρ = ρ− = 0. However, here the black hole is in a spacetime with
non-zero angular velocity at radial infinity and no B field.

The black hole solutions given in (3.57) are described by the four parameters ρ−, ρ+,
γ and λ. Thus, in general they are not identical. To the best of my knowledge the black
hole solutions (3.57) have not been reported elsewhere in the literature. We next find the
(analogous) ADM masses and angular momenta of the solutions (3.35) and (3.57). The ADM

30The solution in the Einstein frame is

ds̃2 = 1
4 · k

g4
s

·
[
dr2 − r2

(
1 − r0

r

)3
dτ2 + r2

(
1 − r0

r

)(
dχ− r0

r
dτ
)2
]
,

−2Φ̃ = ln(|r − r0|) − 2 ln gs, g2
s = 8πGN

κ2
0

, k = l2

l2s
, ls ∝ lp. (3.61)

lp is Planck length.
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Figure 9. Plot (a) depicts the global structure of the extremal BTZ solution (3.33). r = 0 is a causal
singularity. Plot (b) depicts the global structure of the extremal black string solution (3.32). The
solution has a time-like singularity at r = 0. It is represented by the zigzag line.
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Figure 10. Plot (a) depicts the global structure of the extremal black string solution in the string
frame. r0 is a dilaton singularity. It is represented by the thick double lines. Plot (b) depicts the global
structure of the extremal black string solution in the Einstein frame. The solution has a time-like
singularity at r = r0. r0 is represented by the zigzag line.

masses are given in a similar way as in the BTZ black hole by the asymptotic values of the
Brown-York quasi-local masses at radial infinity. The angular momenta are given by the
Brown-York quasi-local angular momenta which (as we momentarily show) are independent
of ρ and thus are constant.
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4 Dilatonic rotating black hole solutions

In this section we consider the black hole solutions (3.35) and (3.57). They are exact solutions
of classical string theory, i.e., they have exact world-sheet CFT descriptions. The reason is
essentially because we found them by applying T-dualities and coordinate transformations
on AdS3. More on the deformed CFTs in a future work. The solutions are again given below
for convenience. The rotating black hole solution (3.35) is given by

ds2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
− 1

4
(ρ2 − ρ2

+)(ρ2
+ − ρ2

−)
l2ρ2 dt2 + 1

4
ρ2(ρ2

+ − ρ2
−)

ρ2 − ρ2
−

(
dx− ρ+ρ−

lρ2 dt

)2
,

= l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
− 1

4l2
(ρ2

+ − ρ2
−)(ρ2 − ρ2

+ − ρ2
−)

ρ2 − ρ2
−

dt2 − 1
2l
ρ+ρ−(ρ2

+ − ρ2
−)

ρ2 − ρ2
−

dxdt

+ 1
4
ρ2(ρ2

+ − ρ2
−)

ρ2 − ρ2
−

dx2,

e−2Φ = g−2
s

∣∣∣e−2ϕ
∣∣∣ , e−2ϕ = 4

(
ρ2 − ρ2

−
ρ2

+ − ρ2
−

)
. (4.1)

The rotating black hole solution (3.57) is given by

ds̃2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
−

(ρ2
+ − ρ2

−)(ρ2 − ρ2
+)

l2
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2]dt̂2

+
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2

(ρ2
+ − ρ2

−)(ρ2 − ρ2
−)

]

·
{
dx̃−

(ρ2
+−ρ2

−)
[
ρ2

+(1+γ)(1+λ(1+γ)) + ρ2
−(1−γ)(1−λ(1−γ)) − 2ρ2(1+2λγ)

]
2l
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2] dt̂

}2

,

e−2Φ̃ = g−2
s

∣∣∣e−2ϕ
∣∣∣ , e−2ϕ = (ρ2 − ρ2

−). (4.2)

The parameter λ is constrained to lie within 0 < λ < −1/γ so the ergosphere of the solution
is finite in extent. In other words, we only consider the values of λ which permit static
observes. The static observers move along the integral curve of ∂

t̂
.

The scalar curvature in both cases is given by

R = 4
l2

(
ρ2

+ − ρ2
−

ρ2 − ρ2
−

)
. (4.3)

Thus, the inner horizon disappears and becomes singular. This is related to the inner horizon
in BTZ being unstable [35]. However, it is important to note, as we saw earlier, that the outer
horizon can also instead be singular and thus unstable upon coupling the theory to matter.
Note also, however, the singularity now is in the interior region, see the case γ = 1 (3.46).
We hope to study this phenomenon or scenario further in the future.

The solution (4.2) has similar Penrose diagram to that of (4.1). It is depicted in figure 4.
The solutions solve the (low energy) (super)gravity action [36]. In string frame it is

simply given by setting H = 0 in (3.7),

S = 1
2κ2

∫
d3x

√
−ge−2ϕ

[
R+ 4(∇ϕ)2 − 2Λ

]
. (4.4)
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The equations of motion are

Rµν + 2∇µ∇νϕ = 0,
R+ 4∇2ϕ− 4(∇ϕ)2 − 2Λ = 0. (4.5)

In the Einstein frame the low energy action is

S = 1
2κ2

∫
d3x

√
−g̃

[
R̃− 4(∇̃ϕ)2 − V (ϕ)

]
, V (ϕ) = 2Λe4ϕ, (4.6)

where g̃ab is the metric in the Einstein frame and it is given by

g̃ab = e−4ϕgab. (4.7)

Note under the conformal rescaling g̃ab = e2αgab the scalar curvature is not invariant. It
transforms to

R̃ = e−2α
[
R− 2(d− 1)∇2α− (d− 2)(d− 1)(∇α)2

]
. (4.8)

Thus, for α = −2ϕ and d = 3 we find (using (4.2) and (4.3))

R̃ = e4ϕ
[
R− 4∇2α− 2(∇α)2

]
,

= − 4
l2

[
ρ2

+ − ρ2
− + 2(ρ2 − ρ2

−)
]

(ρ2 − ρ2
−)3 . (4.9)

The equations of motion that we get from varying the action (4.6) are

R̃ab = 4∇̃aϕ∇̃bϕ+ g̃abV (ϕ),

∇̃2ϕ = 1
8
∂V (ϕ)
∂ϕ

. (4.10)

The first equation is the Einstein equations for the metric

G̃ab := R̃ab − 1
2 g̃abR̃ = κ2T̃ab, (4.11)

where the energy-momentum tensor is

κ2T̃ab = 4∇̃aϕ∇̃bϕ− 2g̃ab(∇̃ϕ)2 − 1
2 g̃abV (ϕ). (4.12)

To compute the (analogous) ADM masses and (Komar) angular momenta we need the
metrics in the Einstein frame.

In the Einstein frame, the string (frame) solution (4.1), is given by

ds2 = 16l2

(ρ2
+ − ρ2

−)2
ρ2(ρ2 − ρ2

−)
(ρ2 − ρ2

+)
dρ2 − 4

l2(ρ2
+ − ρ2

−)
(ρ2 − ρ2

−)(ρ2 − ρ2
+ − ρ2

−)dt2

−
8ρ+ρ−(ρ2 − ρ2

−)
l(ρ2

+ − ρ2
−)

dtdx+
4ρ2(ρ2 − ρ2

−)
(ρ2

+ − ρ2
−)

dx2,

= 16l2

(ρ2
+ − ρ2

−)2
ρ2(ρ2 − ρ2

−)
(ρ2 − ρ2

+)
dρ2 − 4

l2(ρ2
+ − ρ2

−)
(ρ2 − ρ2

+)(ρ2 − ρ2
−)2

ρ2 dt2

+
4ρ2(ρ2 − ρ2

−)
(ρ2

+ − ρ2
−)

(
dx− ρ+ρ−

lρ2 dt

)2
,

e−2Φ =
∣∣∣∣∣4g−2

s

(
ρ2 − ρ2

−
ρ2

+ − ρ2
−

)∣∣∣∣∣ . (4.13)
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We can write the black hole solution (4.13) into the form

ds̃2 = L−2(r)dr2 −N2(r)dt2 + r2 (dθ + Zdt)2 ,

e−2Φ̃ = |g−2
s f(r)|, (4.14)

where r is given by the equation

ρ2 = 1
2

(
ρ2

− +
√
ρ4

− + r2(ρ2
+ − ρ2

−)
)
, (4.15)

and θ = x. The singularity is at r = 0 and the horizon is at r = 2ρ+. The metric components
and dilaton, i.e., N,L,Z and f , are some known functions of r.

Similarly, the string frame solution (4.2), is given in the Einstein frame by

ds̃2 = −
(ρ2 − ρ2

−)2(ρ2
+ − ρ2

−)(ρ2 − ρ2
+)

l2
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2]dt2 +

l2(ρ2 − ρ2
−)ρ2

(ρ2 − ρ2
+)

dρ2

+
(
ρ2 − ρ2

−
ρ2

+ − ρ2
−

)[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2

]

·
{
dx−

(ρ2
+−ρ2

−)
[
ρ2

+(1+γ)(1+λ(1+γ)) + ρ2
−(1−γ)(1−λ(1−γ)) − 2ρ2(1+2λγ)

]
2l
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2] dt

}2

,

e−2Φ̃ = |g−2
s (ρ2 − ρ2

−)|. (4.16)

For later convenience, we set here x̃ = x and t̂ = t. We can also write the black hole
solution (4.16) into the form (4.14). Here r is given by the equation

ρ2 = ρ2
− − 1

8γ

[√
(ρ2

+ − ρ2
−)2(1 + γ)4 − 16γ(ρ2

+ − ρ2
−)r2 − (ρ2

+ − ρ2
−)(1 + γ)2

]
, (4.17)

and θ = x. The singularity is at r = 0 and the horizon is at r = (1 − γ)
√
ρ2

+ − ρ2
−. The

metric components and dilaton, i.e. N,L,Z and f , are some other known functions of r.
The black hole solution (4.13), as we mentioned in the previous section, is already known

in the literature and was first obtained earlier in [7]. The authors [7] studied the minimally
coupled Einstein-scalar gravity in three spacetime dimensions with the scalar in an exponential
potential. The solution (4.13) belongs to the family of black hole solutions obtained in [7].
In [7] it corresponds (using their notation) to the case N = 1. To write (4.13) in the form
given in [7] we need to make the change of coordinate

r2ν = 4
(
ρ2 − ρ2

−
ρ2

+ − ρ2
−

)
, ν = 1

4 . (4.18)

We now use the Einstein frame metrics to obtain the ADM masses and angular momenta
of the rotating black hole solutions (4.13) and (4.16). We follow the Brown-York quasi-
local approach [5]. We have reviewed the approach and summarized relevant formulae in
appendix C. Note that the dilaton is minimally coupled to gravity, see the action (4.6). It also
only depends on ρ. Thus, it does not contribute to the ADM mass and angular momentum.
See eq. (C.17) in the appendix and the discussion in the paragraph following it.
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For a (2 + 1) stationary and axisymmetric spacetime of the form [37]

ds2 = −N2dt2 + 1
L2dr

2 +K2(Zdt+ dϕ)2, (4.19)

the quasi-local energy E, angular momentum j and mass m are given by (with κ2 = π

in some length unit)31

j = LZ ′K3

N
,

E = 2(ε− LK ′),
m = NE − jZ, (4.21)

where ε determines the zero of the energy. It is given by ε = LK ′ for a particular solution.
Primes denote derivatives with respect to r. j agrees with the usual Komar angular momentum
formula (adapted for (2 + 1) dimensions). For the derivation of (4.21) and review see the
appendix. See also, e.g., [7, 37–39].

The angular momentum J and (analogous) ADM mass M are then given by

J = lim
r→∞

j(r),

M = lim
r→∞

m(r). (4.22)

It is important to keep in mind that the mass m is measured by the static observer whose four-
velocity is uµ(1) = δµt = (1, 0, 0), i.e., tangent to the static Killing field ξµ = (∂t)µ. The energy
E is measured by the stationary observer whose four-velocity is uµ(2) = (1/N)δµt − (Z/N)δµϕ .32

Its world-line is perpendicular to the t = constant space-like hyper-surface. Thus, the energy
and mass are equal only when the shift Z = 0 and the lapse N = 1.

In what follows we use (4.22) to obtain the angular momentum and ADM mass of the
black hole solutions. We begin with the BTZ black hole. This helps to clarify the main
points and illustrate the approach.

31Under the constant rescalings lτ = 2δ · t, χ = 2δ · ϕ, the quantities j, E and m change as

j → j

(2δ)2 , E → E

2δ , m → l

(2δ)2 ·m. (4.20)

32Note in general uµ(2) gives, in the large r limit, the Kodama field [40, 41]. The Kodama vector field is
given by

k = kt∂t + kϕ∂ϕ,

kt = 1
N
LK′,

kϕ = − Z

N
LK′ + 1

2K2 · LK
3Z′

N
,

= − Z

N
LK′ + j

2K2 . (4.23)

In general, the Kodama field is not a Killing field. At large r it is proportional to Nuµ(2) = (∂t)µ − Z(∂ϕ)µ.
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For the rotating BTZ black hole (2.8) we have

N =

√
(ρ2 − ρ2

+)(ρ2 − ρ2
−)

l2ρ2 ,

L = N,

K = ρ,

Z = −ρ+ρ−
lρ2 ,

Λ = − 1
l2
. (4.24)

We obtain the quasi-local angular momentum j

j = 2ρ+ρ−
l

. (4.25)

Thus, the (Komar) angular momentum J = j. The quasi-local energy is

E = −2

√
ρ2

l2
+ J2

4ρ2 −
ρ2

+ + ρ2
−

l2
+ 2ε, ρ ≥ ρ+. (4.26)

A particular solution to Einstein field equations is global AdS3 (2.5) or the conformally
flat spacetime

ds2 = l2dρ2

ρ2 − ρ2

l2
dφ2 + ρ2dψ2,

Λ = − 1
l2
. (4.27)

This solution i.e., (4.27), gives ε =
√

−Λρ2. The particular solution is chosen such that
at constant time or φ it asymptotically coincides or merges at large ρ smoothly with the
solution (2.8) [3, 4]. Thus, the quasi-local mass m is given by33

m = −2
(
ρ2

l2
+ J2

4ρ2 −
ρ2

+ + ρ2
−

l2

)
+ 2

√
ρ2

l2

√
ρ2

l2
+ J2

4ρ2 −
ρ2

+ + ρ2
−

l2
+ J2

2ρ2 . (4.28)

The (analogous) ADM mass is then

M = m(ρ → ∞) =
ρ2

+ + ρ2
−

l2
. (4.29)

Note the quasi-local mass m depends on ε, i.e., the reference background. Different ε gives
different m. The global AdS3 (2.5), for instance, gives ε =

√
−Λρ2 + 1. However, the ADM

mass M is independent of the reference solution or regularization and it is finite.

33Note here the boundary Bt is at large ρ, see appendix C. Thus, in the expressions for m and E, ρ is
assumed to be large. The same applies for the quasi-local masses and energies that appear below. Here they
serve as intermediate results.
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We now consider the black hole metric (4.13). The (analogous) ADM mass and (Komar)
angular momentum are obtained in [7], however, for convenience and completeness we obtain
them here again. We have

N =
√

4
l2(ρ2

+ − ρ2
−)

(ρ2 − ρ2
+)(ρ2 − ρ2

−)2

ρ2 ,

L =
√

(ρ2
+ − ρ2

−)2

16l2
(ρ2 − ρ2

+)
ρ2(ρ2 − ρ2

−)
,

K =
√

4ρ2(ρ2 − ρ2
−)

(ρ2
+ − ρ2

−)
,

Z = −ρ+ρ−
lρ2 . (4.30)

The quasi-local angular momentum is given by

j = LZ ′K3

N
,

= 2ρ+ρ−
l

. (4.31)

Thus, the (Komar) angular momentum is

J = 2ρ+ρ−
l

. (4.32)

The quasi-local energy is given by

E = 2(ε− LK ′),

= 2ε−

√
ρ2

+ − ρ2
−

l

(
2ρ2 − ρ2

−
ρ2 − ρ2

−

)√
1 −

ρ2
+
ρ2 . (4.33)

A particular solution to the Einstein field equations is

ds̃2 = 16l2

(ρ2
+ − ρ2

−)2 ρ
2dρ2 − 4

l2(ρ2
+ − ρ2

−)
ρ4dt2 + 4

(ρ2
+ − ρ2

−)
ρ4dx2,

e−2ϕ = 4
(ρ2

+ − ρ2
−)
ρ2,

Λ = − 2
l2
. (4.34)

We find

ε = LK ′ =

√
ρ2

+ − ρ2
−

l
. (4.35)

Thus, the quasi-local energy is

E =

√
ρ2

+ − ρ2
−

l

2 −
(

2ρ2 − ρ2
−

ρ2 − ρ2
−

)√
1 −

ρ2
+
ρ2

 , ρ > ρ+. (4.36)
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The quasi-local mass is given by

m = NE − jZ,

=
2ρ2

−
l2

−
4(ρ2 − ρ2

+)
l2

+
4(ρ2 − ρ2

−)
√
ρ2 − ρ2

+

l2ρ2 . (4.37)

The (analogous) ADM mass is then given by

M = m(ρ → ∞) =
2(ρ2

+ − ρ2
−)

l2
. (4.38)

Similarly, for the black hole solutions (4.16) we find that the angular momenta are given by

J = 2
(

1 − γ2

l

)
= Q

gs
, −1 ≤ γ ≤ 0. (4.39)

A particular solution to the Einstein field equations is

ds̃2 =
(ρ2

+ − ρ2
−)ρ4

4γl2 dt2 −
(

4γρ4

ρ2
+ − ρ2

−

)(
dx−

(ρ2
+ − ρ2

−)(1 + 2λγ)
4lγ dt

)2

+ l2ρ2dρ2,

e−2ϕ = ρ2,

Λ = − 2
l2
. (4.40)

It gives (assuming γ ̸= 0)

ε = LK ′ = 4
l

√
−γ

ρ2
+ − ρ2

−
. (4.41)

The (analogous) ADM masses are given by

M = 2
(
ρ2

+ − ρ2
−

l2

)[
1 + (1 − γ2)(1 + 2γλ)

4γ

]
, −1 ≤ γ < 0,

= 2
(
ρ2

+ − ρ2
−

l2

)
+ 2(1 − γ2)

l
B̃tx(ρ = ∞), −1 ≤ γ ≤ 0, (4.42)

where

B̃tx(ρ → ∞) =
{ (ρ2

+−ρ2
−)(1+2λγ)
4γl +

(
ρ2

+−ρ2
−

4ρ

)2(1−γ2

lγ2

)
+ O(1/ρ4), γ ̸= 0,

−ρ2

l + O(ρ0), γ = 0.
(4.43)

Thus, we must choose −1/2γ ≤ λ < −1/γ for the (analogous) ADM mass to be positive
irrespective of the values of γ. Therefore, we must either require the Kalb-Ramond field
in (3.15) to go to zero at the boundary or else we have to allow black hole solutions with
negative (analogous) ADM masses.

At λ = −1/2γ we note that the Kalb-Ramond field is zero at infinity. The ADM mass
and angular momentum are34

M = 2
(
ρ2

+ − ρ2
−

l2

)
, J = 2

(
1 − γ2

l

)
= Q. (4.44)

34Here we set κ2
0 = π (in some length unit) and gs = 1, see (3.8).
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In the regime 0 < λ < −1/2γ the second term in the square bracket (4.42) is negative and
thus allows having negative ADM masses. In the cases in which

0 < λ < − 1
2γ

(
1 + 4γ

1 − γ2

)
, 2 −

√
5 < γ < 0, (4.45)

the corresponding black hole solutions have negative masses. Note this implies for −1 ≤ γ ≤
2 −

√
5 the mass is positive for any value of λ that interests us, i.e., 0 < λ < −1/γ.

A solution with a non-zero asymptotic Kalb-Ramond field is thus equivalent to a solution
with no Kalb-Ramond field and non-zero rotation at asymptotic infinity. In particular, there
is dragging, usually known as the Lense-Thirring effect, at infinity, i.e., Z(r = ∞) ̸= 0. Thus,
locally zero angular momentum observers (ZAMOs) [42, 43] located at asymptotic infinity
rotate with a non-zero constant angular velocity Ω = Z(r = ∞).

Although non-zero Ω can certainly lower (and raise) the mass, see e.g. the general
expression (C.27) of the mass in the appendix, it does not always result in negative mass
solutions. A simple example is the BTZ solution with non-zero rotation at asymptotic infinity.
To allow rotation at infinity we shift Z in (4.24) by a non-zero constant. We denote the
constant by λ and make the change

Z → Z + λ

l
. (4.46)

For the ergosphere to be of finite extent we restrict λ to the region

|λ| < 1. (4.47)

The ergosphere is the region ρ+ < ρ < ρs, where ρs =
√
ρ2

+ +
(
ρ+λ− ρ−

)2
/
(
1 − λ

2). The
ADM mass is given by

M = 1
l2

(ρ2
+ + ρ2

− − 2λρ+ρ−), −1 < λ < 1. (4.48)

Thus, we note that the mass is always positive for all λ in the interval (−1, 1). The angular
momentum does not change and it is still given by (4.25).

The BTZ solution with non-zero rotation λ at infinity is (or should be viewed as) the
usual BTZ solution in a constant Kalb-Ramond field background.

5 Discussion

In this paper we obtained new black hole and black string solutions in the string background
A3 described by the metric gµν , Kalb-Ramond field Bµν and dilaton Φ,

ds2 = gµνdx
µdxν = l2(dθ2 − e2ϕcosh2θdφ2 + e2ϕsinh2θdψ2),

B = B01dφ ∧ dψ, B01 = −1
2 l

2e2ϕ(γ − cosh(2θ)),

e2Φ = g2
s |e2ϕ|, (5.1)
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where

e−2ϕ = 1 + γ2 − 2γcosh(2θ). (5.2)

The coupling γ takes its value in the range [−1, 1]. The spacetime A3 (5.1) interpolates
between AdS3 and (asymptotically) flat spacetime IR × S1 × IR. It is obtained by applying a
sequence of α′ exact transformations on AdS3 [1]. In [1] the deformation is interpreted in
general as moving holographic boundaries. The spacetime A3 is free of curvature singularity
when γ is negative. Thus, our discussion has been restricted mainly to the case −1 ≤ γ ≤ 0.
For positive γ the deformation generates a curvature singularity from the onset [1].

The black string solutions are described by (3.15) which we again write below for conve-
nience. They are obtained from A3 by applying the simple coordinate transformation (3.13)
(and making the change of variable (3.14)). They carry the axion charge per unit length
Q (3.19). The black string solutions (labelled by the quartet (ρ−, ρ+; γ;λ)) are

ds2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
− e2ϕ (ρ2 − ρ2

+)(ρ2 − ρ2
−)

l2ρ2 dt2 + e2ϕρ2
(
dx− ρ+ρ−

lρ2 dt

)2
,

B = Btxdt ∧ dx,

Btx = 1
2l e

2ϕ
[
ρ2

+(1 + λ+ γ(1 + 2λ) + λγ2) + ρ2
−(1 − λ− γ(1 − 2λ) − λγ2) − 2ρ2(1 + 2λγ)

]
,

Q = e−2Φ⋆H = 2
∣∣∣∣∣1 − γ2

lg2
s

∣∣∣∣∣ ,
e2Φ = g2

s |e2ϕ|, (5.3)

where

e−2ϕ =
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2

ρ2
+ − ρ2

−
. (5.4)

λ is an arbitrary constant which determines the value of the B field, i.e. Btx, at ρ = ∞. It
does not enter in H. However, it has a non-trivial implication.35

The black string solution (5.3) has inner and outer horizons. This is also a general
feature of rotating black holes. The inner horizon is at ρ = ρ− and the outer horizon is at
ρ = ρ+. In this paper, we have in general assumed, unless stated otherwise, x is compact and
ρ is positive. In the case there is no curvature singularity we identify x so that there is no
conical singularity. Its period does not depend on the gauge parameter λ. To the best of my
knowledge the black string solutions (5.3) have not been reported elsewhere in the literature.

For positive γ, i.e., 0 < γ ≤ 1, the solution has a ring curvature singularity at ρ = ρ0 ≥
ρ+ (4.1). Therefore, the ring singularity cannot be continuously contracted or deformed to
the origin without crossing the horizon(s). For γ = 1 the outer horizon becomes singular,
see (3.46). The singularity is behind the horizon in the interior region, i.e., ρ0 > ρ−. Note
the interior region is defined in the usual way as the part of the spacetime that contains the
singularity. See the Penrose diagrams in figure 6, figure 7 and figure 8.

35The black string solution is invariant under the combined transformations ρ± → ρ∓, γ → −γ and λ → −λ.
Therefore, positive γ solutions can be obtained from negative γ solutions by simply making the changes
ρ± → ρ∓ and λ → −λ.
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For negative γ, i.e., −1 ≤ γ < 0, the solution has no singularity if the condition (3.27),

ρ−
ρ+

< µ = 1 + γ

1 − γ
, (5.5)

is satisfied. If the above condition is not met, then the solution has a singularity at ρ = ρ0 ≤
ρ− (4.1). At γ = −1, (5.3) reduces to the black hole solution (3.35)

ds2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
− 1

4
(ρ2 − ρ2

+)(ρ2
+ − ρ2

−)
l2ρ2 dt2 + 1

4
ρ2(ρ2

+ − ρ2
−)

ρ2 − ρ2
−

(
dx− ρ+ρ−

lρ2 dt

)2
,

e2Φ = g2
s

4

∣∣∣∣∣ρ2
+ − ρ2

−
ρ2 − ρ2

−

∣∣∣∣∣ . (5.6)

It has a curvature singularity at ρ = ρ− and an event horizon at ρ = ρ+. Thus, the singularity
is enclosed inside the horizon. Its (analogous) ADM mass and angular momentum are
given by (4.32), (4.38),

M =
2(ρ2

+ − ρ2
−)

l2
, J = 2ρ+ρ−

l
. (5.7)

See the Penrose diagrams in figure 1, figure 2, figure 3 and figure 4. See also the parameter
space figure 5 representing and summarizing all the negative γ solutions.

It follows from the cases γ = ±1 that both inner and outer horizons can be unstable
upon coupling rotating black holes to matter. See below also for a novel case in which a
ring singularity forms in between the inner and outer horizons.

In section 3, we Lorentz boosted the black string solution (5.3) along the x direction
with a specific rapidity (3.49),

tanh(2α) = 2ρ+ρ−
ρ2

+ + ρ2
−
. (5.8)

The Kalb-Ramond field is invariant under the Lorentz boost. The resulting metric however
now has no cross term and thus is static, see (3.50). We subsequently applied T-duality
transformation along the x̂ direction. This resulted in the black hole solution (3.57),

ds̃2 = l2ρ2dρ2

(ρ2 − ρ2
+)(ρ2 − ρ2

−)
−

(ρ2
+ − ρ2

−)(ρ2 − ρ2
+)

l2
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2]dt̂2

+
[
ρ2

+(1 + γ)2 − ρ2
−(1 − γ)2 − 4γρ2

(ρ2
+ − ρ2

−)(ρ2 − ρ2
−)

]

·
{
dx̃−

(ρ2
+−ρ2

−)
[
ρ2

+(1+γ)(1+λ(1+γ)) + ρ2
−(1−γ)(1−λ(1−γ)) − 2ρ2(1+2λγ)

]
2l
[
ρ2

+(1+γ)2 − ρ2
−(1 − γ)2 − 4γρ2] dt̂

}2

,

e−2Φ̃ = |g−2
s (ρ2 − ρ2

−)|, −1 ≤ γ ≤ 0, 0 < λ < −1/γ. (5.9)

To the best of my knowledge this black hole solution has not been reported elsewhere in
the literature. The black hole solution has a singularity at ρ = ρ− and an event horizon
at ρ = ρ+. See the Penrose diagram in figure 4. Its (analogous) ADM mass and angular
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momentum are given (with gs = 1 and in units in which κ2 = π and α′ = 1) by (4.39), (4.42)

M = 2
(
ρ2

+ − ρ2
−

l2

)[
1 + (1 − γ2)(1 + 2γλ)

4γ

]
, −1 ≤ γ < 0,

= 2
(
ρ2

+ − ρ2
−

l2

)
+Q · Ω, −1 ≤ γ ≤ 0,

J = 2
(

1 − γ2

l

)
= Q, −1 ≤ γ ≤ 0, (5.10)

where Ω is the angular velocity at infinity (4.43)

Ω = B̃tx(ρ = ∞). (5.11)

We note that the black hole depends on the gauge parameter λ. In particular we can have
black holes with negative masses (4.45). The mass is positive if we choose −1/2γ ≤ λ < −1/γ.
Note in the case of BTZ solutions, those solutions with negative masses do not correspond
to black holes, see (2.15) and (2.16). We also note that the deformation slows down the
rotation [1]. That is, the norm of J decreases as we increase the norm of γ. The axion charge
(per unit length) Q of the black string (with gs = 1) equals the angular momentum J of
the black hole. This is consistent with the work [27].

At γ = −1 we note that J = 0 and the mass M is independent of the gauge parameter λ.
M is determined only by the radii ρ+ and ρ−. At λ = −1/2γ, the angular velocity at infinity
is zero, i.e., Ω = 0. In this case the ADM mass and angular momentum reduce to (4.44)

M = 2
(
ρ2

+ − ρ2
−

l2

)
, J = 2

(
1 − γ2

l

)
= Q. (5.12)

In this paper we also noted that a solution with a non-zero asymptotic Kalb-Ramond field
is equivalent to a solution with no Kalb-Ramond field and non-zero rotation at asymptotic
infinity. In general, non-zero rotation allows negative mass solutions.

In an upcoming work we study the thermodynamics and partition functions of the black
hole and black string solutions. We also study the causal structure of the solutions in detail.

In this paper we mainly presented black hole and black string solutions. In a future work
we hope to study in greater detail the marginal operator that generates the deformation
on the world-sheet.

We also hope to study other string solutions by gluing those solutions of positive γ

with negative γ. We give below an example which is obtained by gluing (3.35) and (3.46).
It is convenient to introduce first the parameters 0 < ρ− < ρ+ = ρ− < ρ+. We define
δ = (ρ+ − ρ−)/ρ−. We assume ρ+ <

√
2ρ−. We furthermore assume ρ− =

√
2ρ2

− − ρ2
+.

For ρ ≤ ρ+ = ρ−, the solution is given by

ds2 = l2ρ2dρ2

(ρ2
+−ρ2)(ρ2

−−ρ2)
−

(ρ2
+ − ρ2

−)(ρ2
− − ρ2)dt2

4l2ρ2 +
(ρ2

+ − ρ2
−)ρ2

4(ρ2
+ − ρ2)

[
dx− 1

l

(
δ +

ρ+ρ−
ρ2

)
dt

]2
,

Btx =
ρ2

+ − ρ2
−

4l = const., Q = 0,

e2Φ = g2
s

4

(
ρ2

+ − ρ2
−

ρ2
+ − ρ2

)
. (5.13)
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For ρ ≥ ρ+ = ρ−, the solution is given by

ds2 = l2ρ2dρ2

(ρ2−ρ2
+)(ρ2−ρ2

−)
− 1

4
(ρ2 − ρ2

+)(ρ2
+ − ρ2

−)
l2ρ2 dt2 + 1

4
ρ2(ρ2

+ − ρ2
−)

ρ2 − ρ2
−

(
dx− ρ+ρ−

lρ2 dt

)2
,

Btx = −
(
ρ2

+ − ρ2
−

4l

)
= const., Q = 0,

e2Φ = g2
s

4

(
ρ2

+ − ρ2
−

ρ2 − ρ2
−

)
. (5.14)

The scalar curvature of the solution (which is described by (5.13) and (5.14)) is R = −4ξ2 ·(
ρ2

+/l
2) ·

(
1/|ρ2 − ρ2

−|
)
, where ξ2 = 1 − (ρ−/ρ+)2. The Kretschmann scalar is K = R2.36

Thus, the solution has the peculiar feature that it contains a ring curvature singularity at
ρ = ρ+ = ρ− in between the inner and outer horizons. The inner horizon is at ρ = ρ−. The
outer horizon is at ρ = ρ+. Note they are not related by sign reflection, i.e. ρ− ̸= −ρ+. The
Kalb-Ramond field is a constant (field). It can be fixed to zero. The Penrose diagram of the
solution is given in figure 11. It is obtained by combining figure 4 and figure 8.

Note that usually the diagram ends at either side of ρ = ρ+ = ρ−, however here, since
there are no closed time-like curves, the diagram extends outward to infinity and inward to
zero. Therefore, the maximal extension simply extends infinitely in both vertical directions.

We expect the black hole solution (described by (5.13) and (5.14)) to have a generalization
to (3 + 1) dimensions with similar feature. That is, with a curvature singularity in between
the inner and outer horizons. We hope to study the corrections in gs and their roles in
resolving the singularity in a future work. In relation to spacetime singularity, we also would
like to better understand the solution (3.45) (or (3.60)),

ds̃2 = l2

4

[
dr2(

1 − r0
r

)2
r2

−
(

1 − r0
r

)
dτ2 + 1(

1 − r0
r

) (dχ− r0
r
dτ

)2
]
,

−2Φ̃ = ln(|r − r0|) + const.. (5.15)

Its Ricci scalar (in the string frame) is identically zero.
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A Invariant metric on AdS3

The (invariant) metric of the Lie algebra su(1, 1) ∼= sl(2, IR) is given by the Killing form
ds2 = tr

(
g−1dgg−1dg

)
(up to a constant factor), where g−1dg is the (left invariant) Maurer-

Cartan one form and g is SU(1, 1) ∼= SL(2, R) group element.
A convenient choice of basis for su(1, 1) is a1 = −1

2σ1, a2 = −1
2σ2, a3 = i

2σ3, where σ1,
σ2 and σ3 are the Pauli spin matrices. They are given by

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A.1)

36In general, the equality K = R2 is true only in special cases.
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The solution has a singularity at ρ = ρ− = ρ+. It is represented by the zigzag lines. ρ = 0 is a causal
singularity. That is, the maximal analytic extension behind the surface ρ = 0 contains closed time-like
curves.

We parametrize (using the Cartan decomposition) the group element g ∈ SU(1, 1) as

g(θ, φ, ψ) = e(φ+ψ)a3e2θa1e(φ−ψ)a3 ,

= ei(
φ+ψ

2 )σ3e−θσ1ei(
φ−ψ

2 )σ3 ,

=
(

eiφcoshθ −eiψsinhθ
−e−iψsinhθ e−iφcoshθ

)
, (A.2)

here 0 ≤ θ < ∞, 0 ≤ φ < 2π, 0 ≤ ψ < 2π. This choice gives the invariant metric

ds2 = dθ2 − cosh2θdφ2 + sinh2θdψ2. (A.3)

On the universal cover φ ∈ IR.
However, as we see in section 2, it is the real form of the Lie algebra su(1, 1) (i.e., now

the field is IR however the basis can be complex) or simply the Lie algebra sl(2, R) which is
in particular relevant for our discussion in relation to the exterior region of the BTZ black
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hole. Therefore, we obtain below the metric using sl(2, IR). A convenient choice of basis is
b1 = −1

2σ1, b2 = i
2σ2, b3 = −1

2σ3. The analogous parametrization is

g(θ, φ, ψ) = e(φ+ψ)b3e2θb1e(φ−ψ)b3 ,

= e
−
(
φ+ψ

2

)
σ3
e−θσ1e

−
(
φ−ψ

2

)
σ3
,

=
(
e−φcoshθ −e−ψsinhθ
−eψsinhθ eφcoshθ

)
, (A.4)

here θ ∈ IR, φ ∈ IR, ψ ∈ IR. In this choice the (invariant) metric is given by

ds2 = dθ
2 + cosh2θdφ2 − sinh2θdψ

2
. (A.5)

The metric (A.5) can be equivalently obtained from (A.3) formally by the analytic continuation

φ = iφ, ψ = iψ. (A.6)

We simple replace θ with θ ∈ IR.

B Bosonic T-duality

We briefly review T-duality in Type II bosonic string theory. See [44–47] for detailed
discussions. See also appendix A in [1].

Consider the world-sheet sigma model action

S :=
∫
d2zL, L = ∂XmΣmn(X)∂Xn, Σmn := Gmn +Bmn, (B.1)

where Gmn = Gnm are the components of the metric G and Bmn = −Bmn are the components
of the Kalb-Ramond two-form B. z = τ+σ and z = τ−σ are the world-sheet coordinates. We
omitted a term linear in the dilaton field. The dilaton Φ enters at the quantum level [48, 49].

We assume the background fields Gmn, Bmn and Φ are independent of X1. Thus, the
transformation

X1 → X1 + c, (B.2)

is a symmetry of the action, where c is a constant. Therefore, we can couple the theory to a
gauge field Aa on the world-sheet. The gauged Lagrangian density is

L = ∂XmΣmn∂X
n + ∂XmΣm1A+AΣ1n∂X

n +AΣ11A+ χ(∂A− ∂A), (B.3)

where the field χ is a Lagrange multiplier.
We assume X1 is periodic, i.e., at fixed world-sheet time it parametrizes a circle, and

is compact. Thus, the symmetry (B.2) is a global U(1) (zero-form) symmetry. We fix the
gauge by assuming X1 = const.. This gives

S =
∫
d2zL, L = ∂Xm̂Σm̂n̂∂X

n̂ + ∂Xm̂Σm̂1A+AΣ1n̂∂X
n̂ +AΣ11A+ χ(∂A− ∂A),

(B.4)
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where m̂ takes all values of m except m = 1. Integrating out the field χ, i.e., eliminating
it using its equation of motion, gives back (B.1). In general a one form on S1 is not exact.
However, since X1 is compact and thus it winds around in either directions integer times, we
can still write the gauge potential on S1 as the gradient of a compact scalar A = ∂χ1, A = ∂χ1

and make the identification χ1 ∼ X1. This will get us back to the original action.
If we instead perform integration by parts, it leads to

S′ =
∫
d2zL′, L′ = ∂Xm̂Σm̂n̂∂X

n̂ +AΣ11A−
(
∂χ− ∂Xm̂Σm̂1

)
A+A

(
Σ1n̂∂X

n̂ + ∂χ
)
.

(B.5)

Integrating out the gauge fields A and A using their equations of motion gives the T-dual
Lagrangian density

L′ = ∂Xm̂σm̂n̂∂X
n̂ + ∂χσχm̂∂X

m̂ + ∂Xm̂σm̂χ∂χ+ ∂χσχχ∂χ, (B.6)

where

σχχ = 1
Σ11

, σχm̂ =
Σ1m̂
Σ11

, σn̂χ = −
Σn̂1
Σ11

, σm̂n̂ = Σm̂n̂ −
Σm̂1Σ1n̂

Σ11
. (B.7)

The Jacobian factor introduced in the path integral measure by the change of variables leads
to a shift of the dilaton. The new dilaton ϕ is

ϕ = Φ − 1
2 log (Σ11) , Σ11 = G11. (B.8)

The new background fields are arranged as

σm̂n̂ = gm̂n̂ + bm̂n̂, gm̂n̂ = gn̂m̂, bm̂n̂ = −bn̂m̂, (B.9)

and similar expressions for σχn̂, σn̂χ, σχχ. Thus, the components of the new metric g and
two-form b field are given in terms of Gmn and Bmn by the relations

gχχ = 1
G11

, gχm̂ =
B1m̂
G11

, gn̂χ = −
Bn̂1
G11

, gm̂n̂ = Gm̂n̂ − 1
G11

(
Gm̂1G1n̂ +Bm̂1B1n̂

)
,

(B.10)

and

bχm̂ =
G1m̂
G11

, bn̂χ = −
Gn̂1
G11

, bm̂n̂ = Bm̂n̂ − 1
G11

(
Gm̂1B1n̂ +Bm̂1G1n̂

)
. (B.11)

The relations (B.8), (B.10) and (B.11) are also known as the Buscher rules. From the
world-sheet perspective, T-duality is an exact equivalence of CFTs.

C The Brown-York quasi-local energy and mass

In this appendix we review the Brown-York quasi-local energy and mass [5]. We primarily
follow the work [5], but see also [4] for a related insightful discussion. We specialize the
discussion for definiteness to (2 + 1) dimensions. We furthermore restrict ourselves to axially
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symmetric stationary solutions. Therefore, we can directly use the formulae in section 4
of the paper.

The Brown-York definition of energy and mass is based on the Hamilton-Jacobi formula-
tion of general relativity. It requires foliating the spacetime into a one-parameter family of
space-like hyper-surfaces and thus requires defining a time direction. It also requires adding
the Gibbons-Hawking-York (GHY) boundary term to the usual action for the gravitational
field [50, 51]. The boundary term ensures that only the metric is fixed at the boundary. It
avoids the need to fix the first derivatives of the metric.

The general metric (relevant for our purpose) is of the form

ds2 = −A2dt2 + 1
B2dr

2 + C2(dθ + Zdt)2, (C.1)

where A,B,C and Z are functions of only the radial coordinate r. The coordinate θ is
an angle variable and it has 2π periodicity. The spacetime contains no inner boundaries.
It can have event horizons [4].37 We assume the metric is minimally coupled to a scalar.
Therefore, the scalar action contains no derivatives of the metric. We also assume the
scalar depends only on r.

Let uµ denote the future pointing time-like unit normal to the t = constant two-space
denoted by Σt. t labels the two-spaces Σt and it defines the time direction or coordinate.
This particular slicing is the usual ADM slicing of spacetime [53]. We denote the (intrinsic)
metric on Σt by hij .38 We denote the boundary of Σt by Bt. The world-line or history of Bt
is denoted 2B. Let nµ is the outward pointing space-like unit normal to the two-boundary
2B. For simplicity, we assume on the time-like boundary 2B that nµuµ|2B = 0. That is, the
surface Σt meets the boundary 2B orthogonally. This is not however essential or necessary
for the analysis below [54]. This is in part because we are ultimately interested in the case
2B is at radial infinity where the spacetime (C.1) is (conformally) flat. We denote the metric
on 2B by γij . We denote the metric on Bt which is the intersection of 2B and Σt by σij .

The time-like and space-like normal vector fields are

uµ = −Aδtµ, uµ = gµνuν = 1
A
δµt − Z

A
δµθ ,

nµ = 1
B
δrµ, nµ = gµνnν = Bδµr . (C.2)

37In the case the spacetime contains other null boundaries we include appropriate terms in the action
functional that contribute on these boundaries. This will not concern us in this paper. We refer to [52] and
references therein for such cases.

38For convenience, here and below we use lower latin letters i = t, r, θ to denote the intrinsic metrics and we
use greek letters µ = t, r, θ to denote the induced metrics.
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The induced metrics are

hµν = gµν + uµuν ,

= gµν +A2δtµδ
t
ν ,

γµν = gµν − nµnν ,

= gµν − 1
B2 δ

r
µδ
r
ν ,

σµν = gµν + uµuν − nµnν ,

= gµν +A2δtµδ
t
ν − 1

B2 δ
r
µδ
r
ν . (C.3)

The extrinsic curvature to the surface Σt is

Kµν = −hαµ∇αuν ,

= C2Z(∂rZ)
2A (δtνδrµ + δtµδ

r
ν) + 1

2AC
2(∂rZ)(δθνδrµ + δθµδ

r
ν),

= C2Z(∂rZ)
A

δt(νδ
r
µ) + 1

A
C2(∂rZ)δθ(νδ

r
µ). (C.4)

The extrinsic curvature to the boundary 2B is

Θµν = − γαµ∇αnν ,

= −BC [C(∂rZ) + 2Z(∂rC)] δt(µδ
θ
ν) −BC(∂rC)δθµδθν

+B
[
A(∂rA) − C2Z(∂rZ) − Z2C(∂rC)

]
δtµδ

t
ν . (C.5)

The extrinsic curvature to the boundary Bt is

kµν = −σαµ∇αnν ,

= −BC(∂rC)δθµδθν − Z2BC(∂rC)δtµδtν − 2ZBC(∂rC)δθ(µδ
t
ν),

= σαµσ
β
νΘαβ . (C.6)

The trace k is

k = σµνkµν = −BC(∂rC)σθθ = −B(∂rC)
C

. (C.7)

We denote the canonical momenta on 2B conjugate to γij by πij . The momenta πij

contain no scalar contribution since the scalar field is coupled to gravity minimally. Thus,
they are purely gravitational. The gravitational canonical momenta are given by

πij = − 1
2κ2

√
−γ

(
Θγij − Θij

)
, (C.8)

where Θij = γµi γ
ν
j Θµν and Θ = gµνΘµν = γijΘij is the trace. In general, πij defines a total

energy-momentum tensor on the surface 2B. The surface energy-momentum tensor τij is

τ ij := 2√
−γ

δSon−shell
δγij

= 2√
−γ

πij , (C.9)
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where Son−shell is the on-shell action functional. It satisfies the momentum constraints

Diτ
ij = −Tµνnµγjν ≡ −Tnj , (C.10)

where Tµν is the matter energy-momentum tensor and Di is the covariant derivative compatible
with the metric γij , i.e., Diγ

jk = 0. It is defined by projecting ∇µ onto 2B, i.e., Di = γλi ∇λ.
The proper surface energy density ε is

ε ≡ uiujτ
ij = 1

κ2k,

= 1
κ2 · −B(∂rC)

C
. (C.11)

The proper surface momentum density ji is

jk ≡ −σkiujτ ij = 1
κ2σ

i
kn

jKij ,

= BC2(∂rZ)
2κ2A

(
δθk + Zδtk

)
. (C.12)

For a minimally coupled scalar ϕ with action (4.6) the energy momentum tensor is
given by (4.12),

κ2Tµν = 4∇µϕ∇νϕ− 2gµν (∇ϕ)2 − 1
2gµνV (ϕ). (C.13)

Thus, the projection onto 2B is

Tnj = Tµνnµγ
j
ν ,

= 1
B

(
T rtδjt + T rθδjθ

)
. (C.14)

We have (since γjr = 0)

T rt = B2

N2 (−Trt + ZTrθ) ,

T rϕ = B2

N2

[
ZTrt +

(
A2

C2 − Z2
)
Trθ

]
. (C.15)

In the case the scalar ϕ is a function of only r, which is the case in this paper, and the
metric is of the form (C.1), we have

Trt = 0, Trθ = 0. (C.16)

Therefore,

Tnj = 0. (C.17)

Let ξi denote a Killing vector field associated with an isometry of the boundary two-
metric γij . Thus, it solves

D(iξj) = 0. (C.18)
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In the case Tni = 0 (or Tniξi = 0) on the surface 2B, which is the case in this paper
(see (C.17)), it follows from (C.10) that the quantity,

Qξ(Bt) = −
∮

Σt ∩ 2B
dθ

√
σ
(
uiτ

ijξj
)

=
∮

Σt ∩ 2B
dθ

√
σ
(
εui + ji

)
ξi, (C.19)

is conserved, i.e., Qξ(Bt0) − Qξ(Bt1) = −
∫

2B d
2x

√
−γTniξi = 0.

We now give the conserved charges in terms of the components of the metric. The energy
associated with the Killing field ξi = ui = γµi uµ,39 is given by

E = −Qui =
∮
Bt
dθ

√
σε = −2π

κ2B∂rC. (C.20)

It is important to note that the energy equals the Hamiltonian only if the angular velocity Z

at radial infinity or boundary Bt is zero (assuming jθ ̸= 0) and the lapse A is unity.40 The
angular momentum associated with the Killing field ξi = (∂θ)i = δiθ is

j = Q(∂θ)i =
∮
Bt
dθ

√
σjθ = π

κ2
BC3∂rZ

A
. (C.21)

The mass associated with the Killing field ξi = (∂t)i = δit is given by

m = −Q(∂t)i = −
∮
Bt
dθ

√
σ(εut + jt) = AE − Zj. (C.22)

Note the mass corresponds as in asymptotically flat spacetimes to the Hamiltonian.
In gravity theories physical quantities such as energy are defined only with respect to

a reference. Thus, we must specify a reference spacetime M0(g0, ϕ0; Λ), where g0 denotes
the metric and ϕ0 collectively denotes the matter fields on M0. Λ is a possible cosmological
constant.

The reference spacetime M0(g0, ϕ0; Λ) is a particular solution to Einstein equations. It
is chosen such that the deviations or fluctuations

hµν := gµν − (g0)µν ,
χ := ϕ− ϕ0, (C.23)

vanish smoothly at the boundary Bt [3]. Note Bt is the boundary of the t = constant
spacetime slice. In the case M(g, ϕ; Λ) is asymptotically flat spacetime, the reference
spacetime M0(g0, ϕ0; Λ) is usually taken to be the Minkowski spacetime. In the paper in all
the cases we study the reference metrics are conformally flat spacetimes.

We take a reference metric g0 of the form

ds2
0 = −A2

0dt
2 + 1

B2
0
dr2 + C2

0 (dθ + Z0dt)2. (C.24)

We will assume A0, B0, C0 and Z0 are functions of only r. The scalar field depends only on r

and it is coupled to the metric minimally. At the boundary Bt, hµν = 0 and χ = 0 (C.23).
39Note D(iξj) = γλ(i∇λγ

µ
j)uµ = 0.

40The Hamiltonian upon using the equations of motion is simply a boundary term [55]. It is given by
H =

∮
Bt
dθ

√
σ (Aε− Zjθ).
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That is, A(r⋆) = A0(r⋆), B(r⋆) = B0(r⋆), C(r⋆) = C0(r⋆), Z(r⋆) = Z0(r⋆) and ϕ(r⋆) = ϕ0(r⋆),
where r⋆ is the location of Bt.

The reference metrics g0 that we consider in this paper have Z0 = constant. Accordingly,
since ∂rZ0 = 0, the (quasi-local) angular momentum remains unchanged. It is still given
by (C.21). The (quasi-local) energy is given by41

E = 2π
κ2 (B0∂rC0 −B∂rC) . (C.25)

We implicitly assume the limit r → r⋆ exists. The (quasi-local) mass is

m = AE − Zj,

= π

κ2

[
2A (B0∂rC0 −B∂rC) − ZBC3∂rZ

A

]
. (C.26)

The angular momentum and (analogous or physical) ADM mass are defined by taking
r to infinity or sending Bt to infinity [3, 4]

J = lim
r→∞

j(r),

M = lim
r→∞

m(r). (C.27)

In section 4 of the paper we set κ2 = π (in some length unit) for simplicity. This is equivalent
to 8GN = 1 (in some length unit).

D Kruskal coordinates

The metrics which we study in this paper are in general of the form ds2 = ∆2dŝ2, where the
factor ∆2 is (manifestly) positive and regular everywhere.42 The line element dŝ2 is of two
types. One type has the form (see, e.g., (3.15) (with (3.27)) and (4.13))

dŝ2 = ∆−2f−1dρ2 − fdt2 + ρ2(dϕ+ gdt)2, (D.1)

and the other has (in general with different f, g and ∆) the form (see, e.g., (3.20), (3.31)
and (3.62))

dŝ2 = ∆−2f−1dρ2 − fdt2 + (dϕ+ gdt)2. (D.2)

The functions f, g and ∆ depend only on ρ. ϕ is an angular coordinate. The function f

has either one or two simple zeros or poles. The scalar curvature is finite at the zero(s).
At large ρ both are conformally flat. Thus, each of their Penrose diagrams is similar at
large ρ to that of a flat spacetime.

Around each zero we can introduce a coordinate patch to smoothly (or, by abuse of
language, analytically) continue the metric. We now show how to continue the metric (D.1)
across the zero(s). The analysis is identical for (D.2). We follow [56] and [9].

41In general it is quasi-local in the sense that it is local only on the (hyper-)surface Σt, i.e., the t = constant
spacetime slice. It follows, in (2 + 1) dimensions, it is defined as a local quantity.

42Except at a curvature singularity.
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We show that around a zero of f which we denote by ρ0 the metric (D.1) can be put
into the form

dŝ2 = Ω2
(
du2 − dv2

)
+ ρ2(dφ+ (g − g0)dt)2, φ = ϕ+ g0t, (D.3)

where t = t(u, v) and g0 = g(ρ0). The factor Ω2(u, v) is regular at the zero. Thus, (D.3) is a
continuation of (D.1) across the surface ρ = ρ0. In terms of u(ρ, t) and v(ρ, t) light cones at
the zero are lines with slope ±1. We show (D.3) by finding u(t, ρ) and v(t, ρ).

By comparing (D.1) and (D.3) we find

Ω2(u2
ρ − v2

ρ) = ∆−2f−1,

Ω2(u2
t − v2

t ) = −f,
uρut − vρvt = 0, (D.4)

where uρ = ∂u/∂ρ, ut = ∂u/∂t. Similar notations apply for v. We eliminate Ω and find
a relation for ut(vt) and vρ(uρ). We first take a ratio of the first two equations, and then
use the last equation to simplify it. The result is

u2
t − v2

t

u2
ρ − v2

ρ

= −u2
t

v2
ρ

= −f2∆2. (D.5)

Thus,

ut = f∆vρ, vt = f∆uρ. (D.6)

We now introduce a new radial coordinate ρ⋆, defined by

dρ⋆ = f−1∆−1dρ. (D.7)

In terms of t and (the tortoise coordinate) ρ⋆, the equations (D.6) become

ut = vρ⋆ , vt = uρ⋆ . (D.8)

The general solution of these equations is

u = h+(ρ⋆ + t) + h−(ρ⋆ − t), v = h+(ρ⋆ + t) − h−(ρ⋆ − t), (D.9)

where h± are arbitrary functions of (the Eddington-Finkelstein coordinates) ρ⋆ ± t. We
take the Kruskal ansatz,

h± = A±e
κ(ρ⋆±t), (D.10)

where A± and κ are constants. This gives the factor

Ω2 = − f

u2
t − v2

t

= f

4A+A−κ2 e
−2κρ⋆ . (D.11)

κ is chosen such that Ω2 is regular, i.e. non-singular, at the zero of f and on the patch
around it. Since the zero or pole is simple, the constant κ exists. The Kruskal coordinates
are now given by (with A = A− = A+)

u = 2Aeκρ⋆cosh(κt), v = 2Aeκρ⋆sinh(κt). (D.12)
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Without loss of generality we can take A = ±1. The inverse transformations are

ρ⋆ = 1
2κ ln

(
u2 − v2

4A2

)
, t = 1

2κ tanh−1
( 2uv
u2 + v2

)
. (D.13)

Penrose coordinates (U, V ) are given by the usual relations

u+ v = tan
(
U + V

2

)
, u− v = tan

(
U − V

2

)
. (D.14)

In a situation where there are more then one zero, the analysis involves introducing
several patches, one for each zero. Overlapping regions are identified. The maximal extension
requires including and gluing together infinite copies of the patches.

We now give an example to illustrate the procedure. We consider the case (3.27). We
find it convenient to define

λ = ρ−
ρ+
, c2

1 = 2l2

ρ2
+(1 + µ)

√
µ2 − λ2

1 − λ2 , c2
2 = 1 − µ2

µ2 − λ2 , x = ρ

ρ+
, x⋆ = ρ⋆

ρ+
, (D.15)

where µ = (1 + γ)/(1 − γ) (see (3.27)). Note 0 < λ < µ < 1. In our notation

f =
ρ2

+
l2

· (x2 − 1)(x2 − λ2)
x2 , ∆−1 =

ρ2
+
l2
c2

1

√
1 + c2

2x
2, g = − λ

lx2 . (D.16)

The solution to the equation (D.7) (for all x) is

x⋆ = − c2
1

2(1 − λ2)



−
√

1 + c2
2 ln(|1 − x2|) + λ

√
1 + λ2c2

2 ln(|λ2 − x2|)

−2|c2|(1 − λ2) ln
(

1 + 2c2
2x

2 + 2|c2|x
√

1 + c2
2x

2
)

+
√

1 + c2
2 ln

(
1 + (1 + 2c2

2)x2 + 2
√

1 + c2
2

√
1 + c2

2x
2x

)
−λ
√

1 + λ2c2
2 ln

(
λ2 + (1 + 2λ2c2

2)x2 + 2λ
√

1 + λ2c2
2

√
1 + c2

2x
2x

)


,

= |c2|c2
1 ln

(
1 + 2c2

2x
2 + 2|c2|x

√
1 + c2

2x
2
)

+ 1
2ρ+


1
κ1

ln(|1 − x2|) + 1
κ2

ln(|λ2 − x2|)

− 1
κ1

ln
(

1 + (1 + 2c2
2)x2 + 2

√
1 + c2

2

√
1 + c2

2x
2x

)
− 1
κ2

ln
(
λ2 + (1 + 2λ2c2

2)x2 + 2λ
√

1 + λ2c2
2

√
1 + c2

2x
2x

)
 , (D.17)

where κ1 and κ2 are given by

κ1 = 1
ρ+

· 1 − λ2

c2
1

√
1 + c2

2

, κ2 = − 1
ρ+

· 1 − λ2

λc2
1

√
1 + λ2c2

2

,
κ2
κ1

= − 1
λµ

< −1. (D.18)

Without loss of generality we can take c2 to be positive.
There are two zeros. In the patch around x = 1 we must take κ = κ1 so that the factor

Ω2 is regular at and around x = 1. We denote this patch by K1. It covers the region x > λ.
Note on K1 the constant g0 = −λ/l. In the patch around x = λ however we must take
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Figure 12. The plots depict the Penrose diagrams of the regions I, II and III. Each point represents
a circle or the orbit of the isometry ∂φ. Straight lines at π/4 radians represent null lines. We used the
values λ = 0.3, µ = 0.5, A = 1/2, ρ+ = 1 (in string units), l = 1 (in string units). For A = −1/2 we
simply flips U → −U . Plot a) is the Penrose diagram for III. x = 0 is mapped to the vertical line
U = π/2. Plot b) is the Penrose diagram for II. It is obtained using K2. The lines u = ±v at x = λ

are mapped to the lines U = ±V . x = 1 is mapped to U ± V = π. Plot c) is the Penrose diagram for
I. Null lines at x = 1 are mapped to U = ±V . x = ∞ is mapped to U ± V = π.

κ = κ2. This ensures that Ω2 is non-singular at x = λ. We denote the patch that covers
the region 0 < x < 1 by K2. On K2 the constant g0 = −1/(lλ). In the overlapping region
λ < x < 1 we identify K1 and K2. We denote the overlap by K0.

In the large x limit we get x⋆ = 2|c2|c2
1 ln x+ h(c1, c2, λ).43 The function h in particular

satisfies h(c1, 0, λ) = 0. In the large x limit and at constant φ the metric (D.3) up to an
overall positive factor equals du2 − dv2 + [λ2/(u2 − v2)](udv − vdu)2. Therefore, outgoing
and ingoing radial null lines end on future and past null infinities, respectively.

Penrose diagrams for the regions III = {(x, t)|0 < x ≤ λ, t ∈ IR}, II = {(x, t)|λ <

x < 1, t ∈ IR} and I = {(x, t)|1 ≤ x < ∞, t ∈ IR} are given in figure 12. The Penrose
diagram for the domain III is obtained using K2. Similarly, the Penrose diagram for I is
obtained using K1. The Penrose diagram for II can be obtained using K0 or either K1 or
K2. Here the Penrose diagram for II is obtained using K2. The Penrose diagram of the
whole spacetime is obtained by appropriately gluing together these diagrams. The resulting
diagram is given in figure 1 in section 3.
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Code Availability Statement. This article has no associated code or the code will not
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43The BTZ solution is obtained by setting µ = 1, i.e., c2 = 0. For c2 = 0, in the large x limit, we instead
obtain x⋆ = −c2

1/x+ O(x−3).
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