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1. Introduction

The interplay between quantum theory and gravity remains a key challenge in physics. Despite
significant progress, a complete theory of quantum gravity that seamlessly integrates these two
foundational pillars is yet to be realized. Nevertheless, quantum field theory (QFT) in curved
spacetimes provides a consistent approach to studying quantum systems under the influence of
weak gravitational fields. This framework has proven invaluable for investigating phenomena
such as particle creation in expanding universes [1, 2] and Hawking radiation [3–5], offering
insights into how quantum effects manifest due to curved spacetime backgrounds.

A relevant question in the context of QFT in curved spacetimes is how spacetime curvature
influences the results of localized measurements of quantum fields. While the role of gravity
in the local behavior of correlations in QFT is very well understood through the Hadamard
condition [6–10], the field correlations do not immediately translate to the expected values of
field observables in a finite region of spacetime. Our goal in this paper is to explicitly connect
the well-understood effect of curvature on the two-point functions of quantum fields to the
physically accessible expected values of localized field operators.

To address this problem, we adopt the algebraic formulation of QFT, which provides a ver-
satile and rigorous description of localized observables in QFT. In this approach, a QFT con-
sists of an algebra of field operators, which are localized by compactly supported spacetime
smearing functions. Moreover, the shape of these smearing functions can be directly linked
to the localization of probes that interact with the field, and effectively implement measure-
ments [11–13]. In essence, the mathematically precise formulation of algebraic QFT can also
be seen as an operational formulation that explicitly identifies the observables that localized
probes have access to.

Within this framework, we can draw an analogy between localized field observables for a
real scalar quantum field in Minkowski spacetime and observables defined in a general curved
spacetime. This comparison can be done by using the same shape for the localization regions
in flat space and in curved space using Riemann normal coordinates (RNC), as those can be
understood as a continuous deformation of inertial Minkowski coordinates naturally suited
to describe the local effects of curvature. Together with curvature corrections given by the
Hadamard condition, we identify the leading-order effects of curvature on the expected value
of sufficiently localized observables of a real scalar quantum field. We then apply our results
to particle detector models, such as the widely used Unruh–DeWitt detectors [14, 15] and
compute the effect of curvature in the evolution of these local probes of QFT.

This manuscript is organized as follows. In section 2 we briefly review the axiomatic for-
mulation of QFT and how to understand quantum fluctuations in terms of expected values of
localized field observables. In section 3 we compute the effect of curvature on the expected
value of the squared field amplitude localized in a Gaussian spacetime region. Then, we dis-
cuss how to operationally access these expected values utilizing local probes of quantum fields
in section 4. Finally, we discuss the conclusions of our work in section 5.

2. QFT in curved spacetimes

In this section, we briefly review the algebraic formulation of the QFT for a scalar field and
set up the notations and conventions for the remainder of the manuscript. For a more complete
description, we refer the reader to [16–19].
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A minimally coupled real Klein–Gordon scalar field ϕ in a globally hyperbolic spacetime
M satisfies the following equation of motion

Pϕ =∇µ∇µϕ = 0, (1)

where∇µ denotes the covariant derivative arising from the Levi-Civita connection. The differ-
ential operator P defines the retarded and advanced Green’s functions GR(x,x ′) and GA(x,x ′)
through the equation

∇µ∇µGR/A (x,x
′) = δ (x,x ′) , (2)

where δ(x,x ′) is the covariant Dirac delta distribution in spacetime [20]. Solutions to the
homogeneous equation of motion can be obtained in terms of the causal propagator

E(x,x ′) = GR (x,x ′)−GA (x,x ′) . (3)

Indeed, for any real scalar function Λ(x), we have that

ϕ(x) =
ˆ

dV ′E(x,x ′)Λ(x ′) (4)

is a solution to the equation of motion, where dV is the spacetime volume element. The causal
propagator also plays a fundamental role in the commutation relations of the QFT.

The quantum theory for a real scalar field can be built from a linear mapping ϕ̂ that acts in
the space of smooth and compactly supported5 functions on the globally hyperbolic spacetime
M. Each compactly supported function Λ ∈ C∞

0 (Λ) is then assigned to a symbol ϕ̂(Λ). The
elements ϕ̂(Λ), together with an identity operator 1 are then used to generate a ∗-algebra
A(M) that satisfies the following conditions:

Hermiticity: (ϕ̂(Λ))† = ϕ̂(Λ∗), where † is the conjugation operation in A(M).
Field equation: ϕ̂(Λ) = 0 for Λ ∈ C∞

0 (M).
Canonical commutation relations:[

ϕ̂(Λ1) , ϕ̂(Λ2)
]
= iE(Λ1,Λ2) , for Λ1,Λ2 ∈ C∞

0 (M) .

The ∗-algebra A(M) corresponds to the algebra of observables of the theory.
The algebra elements of the form ϕ̂(Λ) can be understood as field operators smeared over

the region supported by the function Λ. That is, one can formally write

ϕ̂(Λ) =

ˆ
dVϕ̂(x)Λ(x) . (5)

Intuitively, the smeared field operators correspond to the effective field operator that one has
access to if one has access to the field in a spacetime region defined by the profile of Λ(x).
Physically, the profile ofΛ(x) is associatedwith the ‘shape of the probe’ used to extract inform-
ation about the field, as we will discuss in detail in section 4.

In AQFT, quantum states are C-linear functionals that map from the ∗-algebra A(M) to
the complex numbers: ω :A(M)→ C such that

5 Notice that although the standard formulation of AQFT utilizes compactly supported functions, more general spaces
of test functions can also be considered, such as Schwartz.
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ω (1) = 1,

ω
(
Â†Â

)
⩾ 0,∀Â ∈ A(M) . (6)

In essence, a state is defined as a normalized positive linear functional that maps observables
to their expected values:

〈Â〉ω := ω
(
Â
)
. (7)

In particular, the n-point functions of the field are defined as the distributions

W(Λ1, . . .,Λn) := ω
(
ϕ̂(Λ1) . . .ϕ̂(Λn)

)
, (8)

which contain information about the field correlations between the regions defined by the
profile of the functions Λ1, . . .,Λn. A state is then fully determined by the set of all its n-point
functions.

A particularly relevant type of state in the context of QFT are the so-called quasifree
states [16, 19], describing thermal states, most common choices of vacua and eigenstates of
the number operator (when it can be defined). Quasifree states are zero-mean Gaussian states,
so that the expected value of their odd-point functions vanish (in particular ω(ϕ̂(Λ)) = 0) and
their even-point functions are entirely determined by their two-point function

W(Λ1,Λ2) := ω
(
ϕ̂(Λ1) ϕ̂(Λ2)

)
=

ˆ
dVdV ′W(x,x ′)Λ1 (x)Λ2 (x ′) , (9)

where the other even-point functions can be obtained throughWick’s theorem [21]. The integ-
ral kernelW(x,x ′) in equation (9) is often referred to as theWightman function. TheWightman
function characterizes important aspects of a QFT including field correlations, the UV beha-
vior of the theory [6–8], as well as complete information about the background geometry of
spacetime [22–24].

Interestingly, if one has access to the quantum field in a quasifree state in a region defined
by the spacetime profile of a function Λ(x), the expected value of the corresponding localized
field operator ϕ̂(Λ) is zero. Intuitively, this implies that over many ‘measurements’, the results
obtained for the field amplitude average out to zero. The ‘measurement results’ would then be
entirely determined by the variance

〈∆ϕ̂(Λ)〉ω = 〈ϕ̂(Λ)2〉ω −〈ϕ̂(Λ)〉2ω = 〈ϕ̂(Λ)2〉ω, (10)

which also corresponds to the fluctuations of the field amplitude in the state ω in the spacetime
region defined by the profile of Λ(x). The operator ϕ̂(Λ)2 is indeed the simplest non-trivial
observable that can be accessed in the region defined by Λ(x). Our goal in this paper will be
to compute the leading order effect of curvature to the expected value 〈ϕ̂(Λ)2〉ω when Λ(x) is
a sufficiently small spacetime region.

Massless scalar field in Minkowski spacetime

To be able to find the effect of curvature in the expected value 〈ϕ̂(Λ)2〉ω, we first review explicit
results for theMinkowski vacuum. Let ϕ̂0(x) denote a real scalar field inMinkowski spacetime.
The symmetries of the spacetime single out a unique state ω0 that is invariant under Poincaré
transformations. As with any other quasifree state, the Minkowski vacuum is fully determined
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by its Wightman function W0(x,x ′) = ω0(ϕ̂0(x)ϕ̂0(x ′)). In inertial coordinates x= (t,x), the
Wightman function can be written as

W0 (x,x ′) = lim
ϵ→0+

1

4π2
(
−(t− t ′ − iϵ)2 +(x− x ′)

2
) . (11)

The necessity to add the regulator iϵ is a general feature of two-point functions in QFT, as
the Wightman function is in general divergent in the limit x ′ → x. This divergence does not
change the fact thatW(Λ1,Λ2) is finite for any smooth and sufficiently fast decaying functions
Λ1 and Λ2. As a rule of thumb, we will omit the regulator iϵ throughout the manuscript, taking
it into account when necessary for integration.

The Minkowski vacuum Wightman function can also be written in terms of a plane wave
expansion:

W0 (x,x ′) =
1

(2π)3

ˆ
d3k
2|k|

eik·(x−x ′), (12)

where k= (|k|,k) and k · x= ηµνkµxν , with ηµν = diag(−1,1,1,1) being theMinkowski met-
ric. Notice that equation (12) is valid in distributional form, and technically also requires regu-
larization with t− t ′ 7→ t− t ′ − iϵ, which selects the correct poles of the integrand in the com-
plex plane [25].

Having the global expression for the Wightman function of the Minkowski vacuum then
allows us to write 〈ϕ̂0(Λ)

2〉 explicitly as

〈ϕ̂0 (Λ)
2〉=

ˆ
d4xd4x ′W0 (x,x ′)Λ(x)Λ(x ′) , (13)

where the function Λ(x) defined the region of spacetime where one has access to the field. A
particularly versatile example is when we consider the expected value of the field observable
〈ϕ̂(Λ)2〉 in a region defined by the Gaussian test function

Λ(x) =
e−

t2

2T2

√
2πT

e−
x2

2σ2

(2πσ2)
3/2

, (14)

where T defines the effective temporal extension of Λ(x) and σ defines its spatial localization.
In the limit of σ,T→ 0, the function Λ(x) yields a Dirac delta, centered at the origin6. For
sufficiently small σ and T, the observable ϕ̂0(Λ)

2 then corresponds to the variance of the field
amplitude at the origin, when it is probed in a region of time and space extensions defined by
T and σ, respectively.

An advantage of considering Λ(x) as given in equation (12) is that we can compute
W0(Λ,Λ) explicitly. Indeed, using the plane wave expansion on equation (14), we can write
〈ϕ̂(Λ)2〉 in terms of an integral in momentum space, namely

〈ϕ̂0 (Λ)
2〉= 1

(2π)3

ˆ
d3k
2|k|

|Λ̃ (|k|,k) |2, (15)

where we define the spacetime Fourier transform

Λ̃ (|k|,k) :=
ˆ

d4xΛ(x)eik·x. (16)

6 Notice that due to Poincaré invariance of the Minkowski vacuum, a spacetime translation of the form Λ(x) 7→
Λ(x− x0) does not affect the expected value of the observable 〈ϕ̂0(Λ)2〉.
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For the specific choice of Λ(x) of equation (14), we obtain

〈ϕ̂0 (Λ)
2〉= 1

8π2 (σ2 +T2)
. (17)

The quantity above quantifies the fluctuations of the Minkowski vacuum when it is sampled
in a Gaussian spacetime region of time duration T and spatial duration σ. As expected, this
quantity is divergent in the limit σ,T→ 0 due to the standard UV divergences in QFT.

3. The effect of curvature on field observables

In this section, we will compute the effect of curvature on the expected value of an operator of
the form ϕ̂(Λ)2, where Λ(x) is a spacetime function, with support centered at an event z. We
consider the QFT for a massless scalar field ϕ̂(x) in a general globally hyperbolic spacetime
M, according to the construction reviewed in section 2.We assume the extension both in space
and time of the function Λ(x) to be characterized by a parameter ℓ with dimensions of length.
The expected value of ϕ̂(Λ)2 on a state ω can be written as

〈ϕ̂(Λ)2〉ω =

ˆ
d4xd4x ′√−g

√
−g ′W(x,x ′)Λ(x)Λ(x ′) , (18)

where we wrote the volume form explicitly in terms of the metric determinant
√
−g.

In principle, it is not trivial to compare quantum fluctuations in a curved background space-
time to the ones in Minkowski spacetime. This is mainly because of two reasons: (1) The
regions where the field is probed in Minkowski spacetime and in general spacetime cannot be
directly compared, as they are defined by functions in different manifolds and (2) The quantum
field theories are in principle entirely different, defined on different manifolds with different
equations of motion. Nevertheless, both of these issues can be bypassed by considering that
the spacetime region where Λ(x) is supported (controlled by the parameter ℓ) is sufficiently
small compared to the radius of curvature of the spacetime.

The issue of comparing the spacetime smearing functions in Minkowski spacetime and
in the general spacetime M in sufficiently small regions of spacetime can be addressed by
employing RNC centered at the event z at the center of the support of Λ(x). In essence, RNC
are an analogue to inertial coordinates in Minkowski spacetime, where the distance between
an event x with coordinates xa and the center of RNC, z, is given by ηabxaxb [20]. That is, if
the function Λ0(t,x) written in inertial coordinates in Minkowski spacetime has its maximum
at the origin, we can ‘import’ this function to M by considering the function Λ(x) defined by
Λ(xa) = Λ0(x0,x1,x2,x3) in RNC7. This ensures that the spacetime support of Λ(x) behaves in
the same way in which the support ofΛ0(x) behaves in Minkowski spacetime, in the following
sense. Given a region U in Minkowski spacetime, one can define its maximal geodesic size as

ℓU ≡ sup
x,x ′∈U

√
2|σ (x,x ′) |, (19)

corresponding to the maximal spacetime separation between any two events in U. Then, if
Λ0(x) is supported in a region that contains the origin, with maximal geodesic size ℓ in

7 Notice that the RNC centered at an event z are only defined in the normal neighborhood of z, so that Λ(xa) is
technically only defined in this region. If Λ0(t,x) is compactly supported within the domain of the RNC, then it can
be extended to a compactly supported function in M. If the function Λ0(x) does not have compact support (such as
the example in equation (14)), one effectively technically needs to add a hard-cutoff to its tails to define Λ(x) as a
compactly supported function in M.
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Minkowski, Λ(x) will be compactly supported in a subregion of M whose size is approxim-
ately ℓ, provided that ℓ is sufficiently small. An example is if the support of Λ0(x) is contained
in a Euclidean ball of radius ℓ/2 in Minkowski spacetime.

We can compare the Wightman function in a given curved spacetime with that of the
Minkowski vacuum by assuming that the state ω is quasifree and satisfies the so-called
Hadamard condition. The Hadamard condition is a statement about the local behavior of the
Wightman function and ensures the renormalization of the stress-energy tensor of a QFT [6–
10]. In essence, it states that when x ′ is in a normal neighborhood of x (which we assume to
be overlapping with the normal neighborhood of z), the Wightman function can be put in the
form

W(x,x ′) =
∆1/2 (x,x ′)

8π2σ (x,x ′)
+ v(x,x ′) ln

(
σ (x,x ′)

ℓ20

)
+w(x,x ′) , (20)

where σ(x,x ′) is Synge’s world function [20, 26] (corresponding to one half the squared
geodesic distance between x and x ′), ℓ0 is an arbitrary parameter with units of length8,∆(x,x ′)
is the Van-Vleck determinant [27]:

∆(x,x ′) =−det(−σαβ ′ (x,x ′))
√
−g

√
−g ′ , (21)

where we use the standard notation for the derivatives of Synge’s world function, σα = ∂ασ.
Finally, v(x,x ′), w(x,x ′) are functions that admit regular expansions as a function of σ(x,x ′),

v(x,x ′) =
∞∑
n=0

vn (x,x ′)(σ (x,x ′))
n
, (22)

w(x,x ′) =
∞∑
n=0

wn (x,x ′)(σ (x,x ′))
n
. (23)

Importantly, v(x,x ′) is entirely determined by the geometry of the background spacetime,
and w(x,x ′) encodes the information about the state ω. Notice that our assumption that
ℓ characterizes the effective size of the support of Λ(x) translates to the assumption that
σ(x,z),σ(x ′,z),σ(x,x ′) are all of order O(ℓ2) within the support of Λ(x).

To find the effect of curvature on an expected value of the form 〈ϕ̂(Λ)2〉ω, we will first
rewrite the Wightman functionW(x,x ′) in terms of an analogue expression for the Wightman
function in Minkowski spacetime, namely

Wσ (x,x ′) =
1

8π2σ (x,x ′)
, (24)

added to corrections of higher order in σ(x,x ′). This will allow us to expand the integral of
equation (18) in terms of ℓ using that |σ|≲ ℓ2 when smeared by Λ(x). FactoringW0(x,x ′), we
find

W(x,x ′) =
∆1/2

8π2σ
+ v0ln(σ/ℓ0)+w0 +O (σ lnσ) . (25)

8 Notice that the specific value of the parameter ℓ0 does not affect the divergence structure of the Wightman function,
as it can be incorporated into the state-dependent term w(x,x ′):

ℓ0 7→ ℓ ′0 ⇒ w
(
x,x ′) 7→ w

(
x,x ′)− 2ln

(
ℓ ′0/ℓ0

)
v
(
x,x ′) .

.
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We can now expand ∆(x,x ′), v(x,x ′), and w(x,x ′) in terms of Synge’s world function. The
Van-Vleck determinant admits the expansion [20]

∆(x,x ′) = 1+
1
6
Rαβ (x)σα (x,x ′)σβ (x,x ′)+O

(
σ2
)
. (26)

The vector σα also acts as an effective separation vector between the events x and x ′, cor-
responding to the initial vector of a geodesic that starts at x and reaches x ′ [20]. For a non-
conformally coupled Klein–Gordon equation, the coefficient v0(x,x ′) in equation (22) can
also be expanded as [28]

v0 (x,x ′) =
R(x)
12

+O (σ) . (27)

Combining these results, we can recast the Wightman function as

W(x,x ′) =Wσ (x,x ′)

(
1+

1
12
Rαβ (x)σασβ

)
+

1
12
R(x) ln

(
σ/ℓ20

)
+w0 (x,x ′)+O (σ lnσ) . (28)

Our goal is now to write the integral that defines 〈ϕ̂(Λ)〉ω in equation (18) in RNC, which will
also allow us to perform an expansion in ℓ, that is, an expansion in the effective size of the
region that localizes the observable ϕ̂(Λ)2. Essentially, for x,x ′ within this region, we have
σ(x,x ′) =O(ℓ2). The RNC centered at z consist of a local diffeomorphism that effectively
maps coordinates in the tangent space of z to its normal neighborhood. As a consequence,
given an orthonormal basis {eµ} of TzM, we can write the RNC of an event x in the normal
neighborhood of z as xa = σµ(z,x)(eµ)a. That is, in RNC, expressions of the form σa(z,x)
directly correspond to the coordinates of the event x. Furthermore, we can expand σ(x,x ′) in
RNC centered at z to leading order in ℓ as

σ (x,x ′)≈ 1
2
ηab (x− x ′)

a
(x− x ′)

b
+

1
6
Racbd (z)xaxbx ′cx ′d. (29)

We refer the reader to appendix B for a derivation of the expression above. From this
expression, it is straightforward to determine the expansions of the derivatives σa′(x,x ′)≡
∂a′σ(x,x ′) and σa(x,x ′)≡ ∂aσ(x,x ′), namely

σa
′
(x,x ′)≈ (x− x ′)

a
+

1
3
Rdcb

a (z)xdxbx ′d,

σa (x,x ′)≈ (x− x ′)
a
+

1
3
Racbd (z)xbx ′cx ′d. (30)

Combining the results above with the expansion of equation (28) we can write the leading
order behavior of the Wightman function in a neighborhood of the event z as

W(x,x ′)≈Wσ (x,x ′)

(
1+

1
12
Rab (z)(x− x ′)

a
(x− x ′)

b
)

+
1
12
R(z) ln

(
(x− x ′)2

2ℓ20

)
+w0 (x,x ′)+O (σ lnσ) , (31)

8
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where we denote (x− x ′)2 = ηab(x− x ′)a(x− x ′)b. The last step in our expansion of the
Wightman function will be to expand σ(x,x ′) in Wσ(x,x ′) in RNC centered at z. We have

Wσ (x,x ′) =
1

8π2σ (x,x ′)

=W0 (x,x ′)

(
1− 4π2

3
Racbdx

axbx ′cx ′dW0 (x,x ′)

)
+O

(
σ2
)
, (32)

where

W0 (x,x ′) =
1

4π2ηab (x− x ′)a (x− x ′)b
. (33)

Notice that the correction term proportional to xaxbx ′cx ′dW0(x,x ′) is of order ℓ2.
The last step to fully write the expected value 〈ϕ̂(Λ)2〉ω in RNC centered at z is to expand

the metric determinant
√
−g in RNC centered at z. The expansion reads [20]√

−g(x) = 1
∆(z,x)

= 1− 1
6
Rab (z)σa (z,x)σb (z,x)+O

(
ℓ3
)
. (34)

Using equations (31) and (34) in the integral expression of equation (18), we obtain

〈ϕ̂(Λ)2〉ω =〈ϕ̂0 (Λ)
2〉− 4π2

3
RabcdLabcd− 1

12
RabLab

+
1
12
RPln +ωΛ +O

(
ℓ2 lnℓ

)
, (35)

where

〈ϕ̂0 (Λ)
2〉=

ˆ
d4xd4x ′Λ(x)Λ(x ′)W0 (x,x ′) ,

Labcd =

ˆ
d4xd4x ′Λ(x)Λ(x ′)W2

0 (x,x
′)xaxdx ′

b
x ′
c
,

Lab =

ˆ
d4xd4x ′Λ(x)Λ(x ′)W0 (x,x ′)(x+ x ′)

a
(x+ x ′)

b
,

Pln =

ˆ
d4xd4x ′Λ(x)Λ(x ′) ln

(
(x− x ′)2

ℓ20

)
,

ωΛ =

ˆ
d4xd4x ′Λ(x)Λ(x ′)w0 (x,x ′) . (36)

Notice that the term 〈ϕ̂0(Λ)
2〉 corresponds to the exact same expression of the squared field

amplitude in theMinkowski vacuum (see equation (11)). The remaining terms in equation (35)
represent corrections to the squared field amplitude, up to order O(ℓ2 lnℓ). The coefficients
Labcd, Lab, and Pln are associated with corrections to the expected value due to the curvature
of spacetime, whereas the term ωΛ is associated to the local effect of the field state in the
expected value of the squared field amplitude over the region defined by the profile Λ(x).
Notice that one could also perform a multipole expansion of w0(x,x ′), obtaining a series in ℓ.

We can concretely evaluate equation (35) using the Gaussian spacetime smearing of
equation (14), written in RNC. In appendix A we compute the general expression of
equation (35), where the temporal and spatial profiles T and σ couple to different compon-
ents of the curvature tensors. For simplicity, here we assume that the temporal and spatial

9
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supports of the Gaussian are the same (T= σ = ℓ). The corrections due to the Riemann and
Ricci tensors then read:

−4π2

3
RabcdLabcd− 1

12
RabLab =−5R+ 3R00

576π2
. (37)

Picking ℓ0 = ℓ, we can also numerically evaluate Pln to get Pln ≈−0.84961. Notice that
other choices of ℓ0 would simply be absorbed by the state dependent term ω0. We find the
leading order corrections to the expected value of the squared field amplitude of a massless
field in a region of size ℓ to be given by:

〈ϕ̂(Λ)2〉ω =
1

16π2ℓ2
− 5R+ 3R00

576π2
+

1
12
RPln +ωΛ +O

(
ℓ2 lnℓ

)
. (38)

Notice that the term ωΛ is not entirely determined by the geometry of spacetime, and explicitly
depends on the local properties of the field state being probed. To leading order in the region
size ℓ, the field state contributes onlywith a constant correction. Also, notice that the expression
for 〈ϕ̂(Λ)2〉ω explicitly depends on the temporal direction chosen for the RNC. This is not
entirely unexpected, as even in Minkowski spacetime the very natural localizing function of
equation (14) is not Lorentz invariant.

4. Effective probes of quantum fields

In this section we will discuss how to physically access the smeared field operators of the form
ϕ̂(Λ), utilizing local probes in QFT. As we previously mentioned, the spacetime smearing
functions Λ(x) that define localized field observables can be associated with the localization
of probes that couple to the field. These probes are usually refereed to as particle detector
models [14, 15, 29], and they have been extensively used to provide an operational perspective
to localized operations in the context of QFT. In particular, particle detectors have been used
in the context of numerous relativistic quantum information protocols, such as entanglement
harvesting [30–42], quantum energy teleportation [43–46], quantum collect calling [47–50],
among others [51, 52].

The simplest and most often utilized particle detector model is the two-level Unruh–
DeWitt [14, 15] detector. It consists of a qubit that undergoes a timelike trajectory z(τ) and
interacts linearly with a quantum field ϕ̂(x). The detector’s free dynamics is prescribed by the
Hamiltonian

ĤD =Ωσ̂+σ̂−, (39)

which generates time evolution with respect to the time parameter τ . σ̂± are the su(2) raising
an lowering operators and Ω is the energy gap of the qubit system. The eigenstates of the
Hamiltonian then define the ground and excited state of the system, {|g〉, |e〉} by ĤD|g〉= 0
and ĤD|e〉=Ω|e〉. Using these states, we can write σ̂+ = |e〉〈g| and σ̂− = |g〉〈e|.

The interaction with the quantum field is prescribed by the interaction Hamiltonian dens-
ity [53, 54]

ĥI (x) = λΛ(x) µ̂(τ) ϕ̂(x) , (40)

where τ denotes the Fermi normal coordinate time associated to the trajectory z(τ) [20, 55],
µ̂(τ) = eiΩτ σ̂+ + eiΩτ σ̂− is the time evolved monopole operator of the detector in the interac-
tion picture, λ is a coupling constant, and Λ(x) is the so-called spacetime smearing function,
supported around the trajectory z(τ). Λ(x) defines the profile of the interaction in both space

10
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and time, and as we will see, it also defines the localization of the smeared field operators that
the detector can access.

To see how a two-level UDW detector obtains information about field operators localized
by Λ(x), we consider the process where the detector starts in its ground state and the quantum
field in a quasifree state ω before the interaction (in the causal past of the support of Λ(x)).
One can obtain the final state of the detector by applying the time evolution operator

ÛI = T exp

(
−i
ˆ

dVĥI (x)
)

(41)

to the detector-field initial state and tracing over the field’s degrees of freedom (for the explicit
calculation we refer the reader to [34, 39, 54]). The leading order excitation probability of the
detector then reads

L= λ2ω
(
ϕ̂
(
Λ−) ϕ̂(Λ+

))
= λ2

ˆ
dVdV ′Λ(x)Λ(x ′)e−iΩ(τ−τ ′)W(x,x ′) , (42)

where Λ±(x) = e±iΩτΛ(x) and W(x,x ′) is the Wightman function defined by the initial field
state ω. It is then clear that the detector obtains information about field operators smeared by
the function Λ(x), with the addition of the phase terms e±iΩτ . The phase terms make it so that
the integral of equation (42) samples frequencies of the correlation function that effectively
resonate with the detector’s energy gap.

Also notice that ifΩ= 0,Λ+(x) = Λ−(x) = Λ(x), and equation (42) becomes proportional
to 〈ϕ̂(Λ)〉ω. However, in this case L cannot be interpreted as an excitation probability, as
the detector does not have an energy gap. Gapless detectors have been studied in detail [56–
58], partially because their interaction with the field can be solved non-perturbatively, but
also for their ability to describe degenerate subsystems and UDW detectors in the limit where
all other relevant parameters are significantly larger than Ω.9 Setting Ω= 0, the interaction
Hamiltonian (40) reduces to

ĥI (x) = λΛ(x) µ̂ϕ̂(x) (43)

with µ̂= σ̂+ + σ̂−. The interaction Hamiltonian density in the expression above satisfies
[[ĥI(x), ĥI(x ′)], ĥI(x ′ ′)] = 0. This is the key fact that allows us to solve for the dynamics of
this model non-perturbatively using the Magnus expansion [59, 60]. The unitary time evolu-
tion operator for this gapless detector model can be written as

ÛI = e−iλµ̂ϕ̂(Λ). (44)

Assuming that the detector starts in an uncorrelated state with the field ρ̂0 = ρ̂D,0 ⊗ ρ̂ω, the final
state of the detector after tracing over the field’s degrees of freedom can be written as [56, 58]

ρ̂D = trϕ
(
Ûρ̂0Û

†
)

= e−ξ cosh(ξ) ρ̂D,0 + e−ξ sinh(ξ) µ̂ρ̂D,0µ̂, (45)

9 Specifically, for all parameters with units of length, ℓi, we must have Ωℓi � 1. In our case, the relevant parameters
are T and σ.
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where ξ = λ2W(Λ,Λ) = λ2〈ϕ̂(Λ)2〉ω. That is, the final state of a gapless detector is entirely
determined by the expected value of the squared field amplitude. In particular, using
equation (35) in our expression for the final state of the detector in (45), we can also find
the leading order corrections to the final state of the detector due to curvature in a region of
size ℓ, namely

ρ̂D = e−ξ0 cosh(ξ0)ρ̂D,0 + e−ξ0 sinh(ξ0)µ̂ρ̂D,0µ̂

+λ2R(Λ)(ρ̂D,0 + µ̂ρ̂D,0µ̂))+O(ℓ3), (46)

where

R(Λ) =−4π2

3
RabcdLabcd− Rab

12
Lab+

1
12
RPln +ω0PΛ, (47)

and the terms Labcd, Lab, Pln and PΛ are defined in equation (36). We then see that the cor-
rections for the expected value 〈ϕ̂(Λ)2〉ω in section 3 indeed yield the leading order effect of
curvature experienced by local probes10.

Finally, we briefly overview a special case of coupling of gapless detectors: the limit of
ultra rapid coupling (delta coupling) [61–65]. A delta coupled detector couples to the field
instantaneously in a spatial slice. It can be obtained as a particular case of a gapless detector
by picking a spacetime smearing function of the form

Λ(x) = δ (τ − τ0) f(ξ) , (48)

where τ again denotes the Fermi normal coordinate time coordinate of the trajectory z(τ) and
ξ denote the spatial Fermi normal coordinates. This type of Λ(x) gives rise to a smeared field
operator of the form

Ŷ( f) =
ˆ

d3ξ
√
−ḡf(ξ) ϕ̂(τ0,ξ) , (49)

where ḡ denotes the metric determinant in Fermi normal coordinates. The operator Ŷ( f) is
entirely localized in the surface τ = τ0. Albeit useful for describing fast interactions with a
quantum field, formally, the limit of ultra rapid coupling is unphysical, given that it prescribes
an infinitely strong interaction that is switched on instantaneously.

We remark that our expansions of section 3 cannot be directly applied to the case of delta
coupled detectors, as it is non trivial to write equation (48) in RNC. Indeed, in [63] a similar
expansion to that of section (3) was performed11, where the leading order effect of curvature in
the excitation probability of delta coupled detectors was obtained using Fermi normal coordin-
ates. The expansions of [63] include corrections to the excitation probability that depend on
the details of the trajectory z(τ), such as its acceleration and the shape of the local rest sur-
faces associated with it. These additional dependencies mainly arise from the effective redshift
factor relating the expression for

√
−g in Riemann and

√
−ḡ in Fermi normal coordinates.

10 Also notice that by replacingΛ(x)Λ(x ′) 7→ Λ−(x)Λ+(x) in the integrands of equation (36), we obtain the leading
order curvature corrections for ω(Λ−(x)Λ+(x ′)), and consequently, the leading order correction to the excitation
probability of a gapped particle detector in equation (42).
11 However, the expansion of equation (32) was not taken into account in [63].
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5. Conclusions

In this work, we have investigated the leading-order effects of spacetime curvature on the
expected value of localized quantum field observables, focusing on the squared field amp-
litude of a massless scalar field, which fully characterizes quasi-free states. By using RNC
and the Hadamard condition, we computed curvature corrections to the expected value of
these localized observables. Our approach relies on the fact that the algebraic formulation
of QFT rigorously defines localized field observables through spacetime smearing functions.
These functions have an operational interpretation, corresponding to the localization of phys-
ical probes used to implement local operations in the context of QFT.

Looking ahead, ourmethods can be extended tomore general observables and field theories,
such as vector or fermionic fields.Moreover, in principle, the correctionswe have derived could
be done to higher orders in curvature. Ultimately, the expansion in curvature of the Wightman
function of Hadamard states is a useful approach for studying the effect of curvature in local
operations in QFT.

Our results also provide the leading order correction to the measurement outcomes of
localized probes modelled by Unruh–DeWitt detectors. In particular, for gapless detectors,
we explicitly derived the leading-order curvature-induced changes to the detector’s final
state, showing how such probes can directly measure spacetime-induced corrections to field
fluctuations.

On the other hand, one can use these localized probes to measure field observables, and
then infer the geometry of spacetime from these statistics. This approach could enable a type
of quantumfield tomography, where one recovers information about the geometry of spacetime
by analyzing the quantum fluctuations measured by localized probes. Indeed, this concept has
been explored in [63], and in [22–24] it has been suggested that this approach could be used
to define an effective spacetime geometry in scales beyond those of general relativity.
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Appendix A. Explicit computation of the coefficients in the short distance limit

In this appendix, we explicitly evaluate the coefficientsLab andLabcd from equation (36) in the
short distance limit. To this end, we shall work with a Gaussian spacetime smearing prescribed
in RNC, namely

Λ(x) = Λ(t,x) =
e−

−t2

2T2

√
2πT

e−
|x|2

2σ2

(2πσ2)
3/2

, (A1)

where we employed the notation xa = (t,x) for the RNC system centered at z. For this specific
choice of spacetime smearing, the term 〈ϕ̂0(Λ)

2〉 was already computed in equation (17). To
evaluate the term Lab, observe that the integral defining this term can be split into the sum of
four integrals of the formˆ

d4xd4x ′Λeff
1 (x)Λeff

2 (x ′)W0 (x,x ′) , (A2)

where, in each one of the four cases, the effective smearings Λeff
1 (x) and Λeff

2 (x ′) incorporate
the factors xaxb, xax ′b, x ′axb, and x ′ax ′b, respectively. Thus, using the definition of the Fourier
transform, equation (16), one can reduce the evaluation of Lab to a sum of four integrals of the
form,

1

(2π)3

ˆ
d3k
2|k|

Λ̃eff
1 (|k|,k) Λ̃eff

2 (|k|,k)∗ . (A3)

Then, with straightforward calculations, we obtain

L00 =
T2

4π2 (T2 +σ2)
, (A4)

and

Lij =
σ2δij

4π2 (T2 +σ2)
, (A5)

with i, j = 1,2,3. The L0j components vanish.
Next, we evaluate the terms Labcd. First observe that

∂aW0 (x,x ′) =−8π2W2
0 (x,x

′)(x− x ′)
a
. (A6)

Using this fact, the term Labcd can be cast into

Labcd =

ˆ
d4xd4x ′Λ(x)Λ(x ′)W2

0 (x,x
′)(x− x ′)

a
xdx ′

b
x ′
c

+

ˆ
d4xd4x ′Λ(x)Λ(x ′)W2

0 (x,x
′)x ′

a
xdx ′

b
x ′
c
. (A7)

Now, the last term will vanish when contracted with Rabcd due to the symmetries of the
Riemann tensor. Thus, for our purposes, we only need to consider

L̃abcd
=

ˆ
d4xd4x ′Λ(x)Λ(x ′)W2

0 (x,x
′)(x− x ′)

a
xdx ′

b
x ′
c

=− 1
8π2

ˆ
d4xd4x ′Λ(x)Λ(x ′)∂aW0 (x,x ′)xdx ′

b
x ′
c
. (A8)
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Performing integration by parts, we can write

L̃abcd
=

1
8π2

(
Babcd+ δadAbc

)
, (A9)

where

Babcd =

ˆ
d4xd4x ′∂aΛ(x)Λ(x ′)W0 (x,x ′)x ′

b
x ′
c
xd, (A10)

and

Abc =

ˆ
d4xd4x ′Λ(x)Λ(x ′)W0 (x,x ′)x ′

b
x ′
c
. (A11)

Notice that equations equations (A10) and (A11) can be evaluated using the same method
we used to obtain the expression for Lab. That is, we can use equation (A3) with effective
spacetime smearings that will incorporate extra terms of xa and x ′b and, in the case of Λeff

1 (x),
might include the derivative smearing ∂aΛ(x). The results for the non-zero Aab terms are

A00 =
T2σ2

8π2 (T2 +σ2)
2 ,

Aij = δij
3T2σ2 + 2σ4

24π2 (T2 +σ2)
2 . (A12)

As for the Babcd terms, we only need to evaluate those whose contraction with the Riemann
tensor does not vanish trivially. The relevant non-zero terms for the choice of Λ(x) in
equation (A1) are the following:

B0i0j = δij
T2σ4

12π2 (T2 +σ2)
3 ,

Bi00j =−δij
T2σ2

(
2T2 +σ2

)
12π2 (T2 +σ2)

3 ,

B0ij0 = δij
σ4
(
2T2 +σ2

)
12π2 (T2 +σ2)

3 ,

Bijkl =−
σ2
[
δilδjk

(
15T4 + 20T2σ2 + 7σ4

)
+ 2σ4δikδjl

]
120π2 (T2 +σ2)

3 . (A13)

Thus, the effective coefficients L̃abcd which are needed to compute the curvature corrections
are given by

L̃0i0j
= δij

T2σ4

96π4 (T2 +σ2)
3 ,

L̃i00j
= δij

T2σ2
(
σ2 −T2

)
192π4 (T2 +σ2)

3 ,

L̃0ij0
= δij

3T4σ2 + 9T2σ4 + 4σ6

192π4 (T2 +σ2)
3 ,

L̃ijkl
=

δilδjk
(
5T2σ4 + 3σ6

)
− 2δikδjlσ6

960π4 (T2 +σ2)
3 . (A14)
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Using these results, we can finally evaluate the corrections in equation (35) due to the Riemann
and Ricci tensors. The first correction is

− 1
12
RabLab =−

T2R00 +σ2∑3
i=1Rii

48π2 (T2 +σ2)
, (A15)

whereas the coupling with the Riemann tensor yields

−4π2

3
RabcdLabcd =−4π2

3
RabcdL̃

abcd

=−4π2

3
R0i0j

(
L̃0i0j−L̃i00j−L̃0ij0

)
− 4π2

3
Rijij
(
L̃ijij−L̃ijji

)
=

σ2
(
T4 + 4T2σ2 + 2σ4

)
72π2 (T2 +σ2)

3

3∑
i=1

R0i0i

+
σ4

144π2 (T2 +σ2)
2

3∑
i,j=1

Rijij. (A16)

Now, recall that in equation (35) the components Rab and Rabcd are expressed in RNC and
evaluated at the origin z. Thus, the Minkowski metric is used to raise and lower indices, and
the following relations hold:

3∑
i=1

R0i0i = R00 (A17)

and
3∑

i,j=1

Rijij =
3∑

i=1

Rii+R00 = Rii+R00. (A18)

Therefore, for a Gaussian spacetime smearing prescribed in RNC, the corrections to
equation (35) due to the Ricci and Riemann tensors take the form

− 1
12
RabLab− 4π2

3
RabcdLabcd

=
−3T6 − 4T4σ2 + 6T2σ4 + 5σ6

144π2 (T2 +σ2)
3 R00

− 3T2σ2 + 2σ4

144π2 (T2 +σ2)
2R

i
i. (A19)

In particular, by setting σ = T one obtains

− 4π2

3
RabcdLabcd− 1

12
RabLab

=
2R00 − 5Rii

576π2
=−5R+ 3R00

576π2
. (A20)
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Appendix B. Expansion of the Synge’s world function in RNC

In this appendix, we expand the Synge’s world function in a RNC system centered at z to
establish the results of equation (29). For the sake of completeness, we start by recalling the
definition of the Synge’s world function:

σ (x,x ′) =
1
2
(λ2 −λ1)

ˆ λ2

λ1

dλ gµν (ξ (λ))v
µ (λ)vν (λ), (B1)

where ξ(λ) is a timelike geodesic connecting the points x= ξ(λ1) and x ′ = ξ(λ2), and v=
ξ̇(λ) is the vector field tangent to the trajectory.

We use Latin indices a,b,c, . . . to denote the components of tensors in the RNC system
centered at z. The expansion of the metric tensor up to second order in curvature then reads
[20]

gab (ξ (λ))≈ ηab (z)+
1
3
Racdb (z)ξ (λ)

c
ξ (λ)

d
. (B2)

Substituting equation (B2) in equation (B1), it follows that

σ (x,x ′)≈ 1
2
(λ2 −λ1)

2
+

1
6
Racdb (z)

ˆ λ2

λ1

dλ ξcξdvavb. (B3)

Next, we consider the expansion of the geodesic ξ(λ) using the RNC of the fixed point x,
namely

ξa (λ) = xa+λva0 +
1
2
Aaλ2 +O

(
λ3
)
, (B4)

where v0 = ξ̇(0). To determine the coefficients Aa, we use the approximation

Γabc ≈ Γabc (z)+ ∂dΓ
a
bc (z)x

d = ∂dΓ
a
bc (z)x

d (B5)

and the expansion for ξ(λ) into the geodesic equation,

dξa

dλ2
+Γabcξ̇

bξ̇c = 0. (B6)

Next, we solve it perturbatively in the parameter λ. In this way, one obtains

Aa =−∂dΓ
a
bc (z)x

dvb0v
c
0. (B7)

Now, because the point z is the centre of the RNC system, we can write

Rabcd (z) = ∂cΓ
a
bd (z)− ∂dΓ

a
bc (z) . (B8)

Combining this expression with the symmetries of the Riemann tensor, we get

∂bΓ
a
cd (z) =−1

3
(Racdb (z)+Radcb (z)) . (B9)

Then, the expansion of the geodesic ξ(λ) can be rewritten as

ξa (λ) = xa+λva0 +
1
3
vb0v

c
0x
dRabcd (z)λ

2 +O
(
λ3
)
. (B10)

At this point, recall that our goal is to write an expansion for σ(x,x ′) keeping only terms to
first order in the curvature. Thus, in equation (B10), we can effectively use the approximations
ξa ≈ xa+λva0 and va ≈ va0. Then, by plugging the resulting expansion into equation (B3), we
have

σ (x,x ′)≈ 1
2
(λ2 −λ1)

2
+

1
6
(λ2 −λ1)

2Racdbx
cxdva0v

b
0. (B11)
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Finally, notice that

(λ1 −λ2)
2
= ηab (x

′ − x)
a
(x ′ − x)

b
. (B12)

Moreover, we can approximate (λ2 −λ1)va0 ≈ x ′a− xa, where the curvature terms are being
neglected in order to avoid second order contributions in equation (B11). Therefore, our final
expansion for σ(x,x ′) to first order in the curvature reads

σ (x,x ′)≈ 1
2
ηab (x− x ′)

a
(x− x ′)

b
+

1
6
Racbd (z)xaxbx ′cx ′d. (B13)

The expansion for the derivatives, σa = ∂aσ and σa′ = ∂a′σ, are obtained straightforwardly.
Indeed, by taking the partial derivative of equation (B13) with respect to the coordinates xa,
we have

σa (x,x ′)≈ (x− x ′)a+
1
3
Racbd (z)xbx ′cx ′d. (B14)

Similarly,

σc′ (x,x ′)≈ (x− x ′)c+
1
3
Racbd (z)xaxbx ′d. (B15)
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