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Abstract This study examines Einstein’s field equations
in the context of general relativity, comparing five distinct
methodologies: (a) vanishing complexity, (b) embedding
class one or the Karmarkar condition, (c) conformally flat
spacetime, (d) conformal killing symmetry, and (e) the Kar-
markar scalar condition. The first four methods reveal a sig-
nificant connection between two metric potentials, while the
fifth method provides a coordinate-independent condition
expressed in terms of structural scalars. The paper provides a
comprehensive comparative analysis of a new exact solution
derived by assuming a common metric function and solving
the remaining metric functions through corresponding bridge
equations to evaluate their effectiveness and validity. Critical
parameters such as thermodynamic factors, causality condi-
tions, stability, and mass function analysis are investigated.

1 Introduction

Relativistic stellar structure is a field with a century-long
history that traces its origins back to Schwarzschild’s pivotal
findings in 1916. Schwarzschild unveiled both the universal
vacuum exterior solution and the initial interior [1] stellar
solution [2] with the aim of establishing a cohesive con-
nection between these solutions, effectively describing the
entirety of a star’s interior and exterior regions. For a con-
siderably long period, it was conventional to consider the
interior of stars as being composed of a perfect fluid, with
equal radial and tangential pressures.

The growing interest in anisotropic fluids, character-
ized by non-equal radial and tangential pressures, is well-
founded. Recent research has demonstrated that enforcing
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local isotropy is overly restrictive and can unduly limit the
modeling of self-gravitating objects. Moreover, local pres-
sure anisotropy can arise from a diverse range of physi-
cal phenomena commonly encountered in compact objects.
Therefore, it is of paramount importance to explore potential
methods for deriving exact solutions that describe anisotropic
fluid distributions. For an in-depth exploration of the ori-
gins and consequences of local anisotropy in astrophysical
objects, readers are encouraged to consult [3—11].

The pursuit of arigorous definition of complexity has been
a goal shared by many workers across various branches of
science. Among the numerous definitions proposed to date,
most have relied on concepts such as information and entropy.
They are built on the intuitive notion that complexity should
somehow quantify a fundamental characteristic of the struc-
tures within a system [12-29]. In a recent study [30,31], a
novel definition of complexity was introduced for spheri-
cally symmetric static self-gravitating fluids. This new con-
cept of complexity is rooted in the fundamental assumption
that a system’s lowest complexity corresponds to a fluid dis-
tribution that is homogeneous in terms of energy density and
exhibits isotropic pressure. Consequently, a complexity fac-
tor with a value of zero is assigned to such a distribution. The
candidate for measuring the degree of complexity that nat-
urally emerges from this assumption is a quantity denoted
as Yrp and referred to as the complexity factor. The pri-
mary motivation behind this proposal lies in the fact that the
scalar function Y7 r encompasses contributions from both the
inhomogeneity in energy density and the local anisotropy in
pressure. These contributions combine in a highly specific
manner, resulting in a vanishing value for Y7F in the case
of a homogeneous and locally isotropic fluid distribution.
Additionally, in the context of a charged fluid, this scalar
also accounts for the influence of electric charge. It’s worth
noting that the defined complexity factor not only vanishes
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for the simple configuration mentioned earlier but can also
become zero when the two terms in its definition, involv-
ing density inhomogeneity and anisotropic pressure, mutu-
ally cancel each other out. Therefore, a state of vanishing
complexity may correspond to a variety of distinct systems.
Complexity has been further expanded to include modified
gravity theories within the context of general relativity, as
demonstrated in various studies [32-50].

Numerous significant efforts have been made to investi-
gate the characteristics of physically plausible solutions that
describe relativistic compact objects in static, stationary, or
collapsing states. Currently known exact solutions have been
derived by introducing certain constraints. These constraints
may involve imposing symmetry conditions on the metric,
introducing coupled field equations, establishing meaning-
ful equations of state for the matter variables, or defining
specific algebraic properties of the Riemann tensor.

The primary objective of this paper is to provide a com-
prehensive and detailed comparative analysis of five distinct
approaches, as outlined in the abstract, that are commonly
utilized to obtain exact interior solutions to the Einstein field
equations (EFEs) in the context of spherically symmetric
fluid distributions. It is essential to note that such solutions
serve as the fundamental building blocks for modeling com-
pact objects. One of these approaches is rooted in the concept
of vanishing complexity, as recently defined in [30,31]. This
definition has proven to be an invaluable tool for investigat-
ing the structure of self-gravitating systems. Several authors
have obtained interior solutions for compact stars using the
vanishing complexity approach in diverse settings [51-73].

Another approach, known as the embedding class one
approach employing the Karmarkar condition [74], has also
been extensively utilized for discovering exact solutions for
fluid distributions [6]. The Karmarkar initial embedding
motivation transitions into a geometric method that gener-
ates matter configurations capable of representing compact
astrophysical objects. Its primary appeal lies in its ability to
ensure the embedding of a 4-dimensional Riemannian space
into a 5-dimensional Pseudo-Euclidean space. various work-
ers have obtained interior solutions for compact stars using
the embedding class one approach [4,75-88].

Conformally flat anisotropic spheres exhibit the intriguing
property of possessing a vanishing Weyl tensor [89], which
is also fruitful for finding exact solutions to the EFEs. This
property leads to a differential equation for the metric func-
tions A and v, which bears a similarity to the Karmarkar
condition or the isotropic case. Some solutions related to the
conformally flat approach can be found in [90-98].

The systematic utilization of spacetime symmetries is also
a valuable approach for tackling the field equations. An illus-
trative case of this is the utilization of conformal symme-
tries. Notably, conformal Killing vectors generate conserved
quantities along null geodesics, and the presence of confor-
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mal symmetry frequently places restrictions on the metric
functions, resulting in the discovery of novel exact solutions
for the field equations governing gravitating objects. Essen-
tially, the conformal Killing vector approach also results
in a bridge equation that connects metric potentials. Early
instances of relativistic systems featuring a conformal Killing
vector are exemplified by the models introduced by Herrera
and Ponce de Leon [99]. Additional works on this topic can
be found in [100-109]. In the realm of wormhole solutions,
recent research has highlighted the increased effectiveness of
employing conformal symmetry in their modeling [110,111].
For a comprehensive survey of various metrics that have been
used to study exact solutions of the Einstein field equations,
one can refer to [112].

The aforementioned approaches involve integrating bridge
equations between metric potentials into the three field equa-
tions. This integration provides the flexibility of selecting
a generating function to derive solutions, a key advantage
that allows the entire system to be created by choosing
a single metric potential. In contrast to the conventional
approach, which typically assumes two generating functions,
this method streamlines the process and offers the distinct
benefit of solving highly non-linear EFEs without requiring
an equation of state. To be considered physically realistic,
these models must satisfy various regularity, matching, and
stability conditions. The feasibility of each approach depends
on the selection of an appropriate seed metric potential func-
tion.

In [113], the authors introduced the Karmarkar scalar con-
dition, which is formulated in terms of the structure scalars
derived from the orthogonal decomposition of the Riemann
tensor. This technique establishes an algebraic relationship
among the physical variables rather than a differential equa-
tion involving the metric coefficients. Using the Karmarkar
scalar condition, they developed a method to determine all
attainable class I static spherical solutions for embedding, as
long as the energy density profile is known. In our analysis,
we thoroughly examine the physical behavior of all models.
We ensure that the standard physical requirements, necessary
for a star model to be considered physically admissible, are
met. Additionally, we conduct stability assessments to guar-
antee the stability of these models. Based on our findings,
we suggest that the vanishing complexity approach appears
to be a suitable method for obtaining exact solutions to the
Einstein field equations.

This paper is structured as follows: in Sect. 2, we begin
with a brief overview of the Einstein field equations. Sec-
tions 2.1 to 2.5 lay the groundwork for discussing the con-
formally flat condition, the complexity factor, the condition
of vanishing complexity, the embedding of class one space-
time satisfying the Karmarkar condition, and the conformally
killing vector approach along with Karmarkar scalar condi-
tion. Section 3 focuses on describing the boundary condi-
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tions. In Sect. 4, particularly in Sects. 4.1-4.5, we provide
a novel interior solution based on the previously mentioned
approaches and determine the arbitrary constants associated
with each approach. Sections 5-8 are dedicated to a com-
prehensive exploration of the physical characteristics of the
well-behaved solution. This includes a detailed analysis of
stability, red-shift profiles, the anisotropic parameter, energy
conditions, and various other standard physical parameters.
Finally, in Sect. 9, we provide a summary of our key findings
and offer a concise conclusion to the paper.

2 The system of Einstein field equations

The Einstein field equations (EFEs) are formulated by min-
imizing the Einstein-Hilbert (EH) action with respect to the
metric tensor. The EH action is defined as:

SEH=/J—_gd“x <LR+£m). (1)
167

In this equation: R represents the Ricci scalar invariant,
definedas R = g*"R ;. L, denotes the Lagrangian density
for matter fields. g is the determinant of the metric tensor,
given by g = det[g,]. The relationship between the matter
stress-energy tensor T, and the Lagrangian L,, is expressed
by the equation:

2 5(/—gLw
[—g  Sghn ’

The interior of a relativistic star is described by a
Schwarzschild-like line element given as:

@)

Ty =—

ds* = " Vdr* — M dr? — r?(d6* +sin’0de?),  (3)

where, ¢”") and ¢*") are arbitrary functions serving as the
metric potentials, which determine the geometry of the space-
time within the star.

To describe the anisotropic stellar fluid within this model,
the energy-momentum tensor 7}, is given by:

Ty = (pr + P)vuvy — Pe&uy + (Pr — P XuXn- @

In this context, the physical parameters p, p,, and p; cor-
respond to the energy density, radial pressure measured in
the direction of the spacelike vector, and transverse pressure
orthogonal to p,, respectively.

The EFEs for the metric (3) and the energy-momentum
tensor (4), using units where G = ¢ = 1, are given as follows:

l—e™™ MNe*

8mp = = + - (5
Ve 1—e?
Sﬂpr = r - 1’2 ) (6)
—2 20 2
87p; = eT <2v” 2 7” - 7) . %)

Here, (') represents differentiation with respect to the radial
coordinate r. By using (6) and (7), we can derive the
anisotropy measure as follows:

A= pi—pr. (3)
2.1 Conformally flat condition (CFC)

A spacetime is deemed conformally flat when its Weyl ten-
sor is null. The vanishing of the Weyl tensor signifies that the
spacetime lacks significant local gravitational tidal effects,
and it can be mathematically transformed, in a conformal
manner, into a flat spacetime. In spherically symmetric space-
times, where only one independent component of the Weyl
tensor exists, the conformally flat condition reduces to a sin-
gle equation given by [89]:

N4 V2 v Vo= 1 —e*
i, =0. 9
2 + 4 4 2r + r2 ©)
Following Herrera et al. [89] above equation reduces to

/ 1 r/2
Y 1= e, (10)
2 r r
with ¢? = —Cj.

Further integration of (10) leads to the following bridge
equation

2/2
¢” = c¢2r? cosh? < e—dr + Log(d)) , (1D)
r

where ¢ and d are constants of integration.
2.2 Vanishing complexity condition (VCC)

The criterion of the vanishing complexity factor was orig-
inally introduced by Herrera within the framework of gen-
eral relativity, as outlined in [30]. Herrera, in the wake of
Bel’s work [114], explored the following tensors (for further
insights see [115]):

Yaﬁ = Ray/% u” Ua»

1
Zap =" Rayps u” 1’ = 5 Naye R gy u?t”,
__ *px* y 8_1 €L p* y .0
Xop ="Rypsu” u =5 ey R*cpps u’ u®,

where * Ry, gs and *R;{y ps are the left and double dual ten-
sors. The orthogonal splitting of the Riemann tensor can be
expressed in terms of the tensors defined above, as discussed
in [115].

In the context of the physical variables, the explicit expres-
sions for these three tensors Yyg, Zyg and Xqpg were calcu-

lated in [30] as follows:

4
Yop = 510+ (pr + 2P0 hap + 47 Tap + Eap,
Zyg =0,
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8
Xop = ?phaﬂ + 4Ty — Egp.

Indeed, using the tensors X% and Y*P, Herrera defined
four scalar functions denoted as X7, X7rp, Yr, and Y7 p,
to express these tensors. Furthermore, a fifth scalar linked to
the tensor Z*? vanishes in the static case (kindly see [30])
and can be expressed as follows:

X1 = 8np, (12)
Xrp =4nTl — E (13)
Yr = 4n(p + 3p, — 210), (14)
Yrr =4nTl+ E. (15)

Here I1 = p, — pr = —A, where A is referred to as the local
anisotropy of pressure and is determined by sum of X7 r and
Y7 F. The expression of E is related to the electric part of the
Weyl Tensor, defined as

—A ” ’.7 / / _ oA
E = _eT<v//+v —2Av _ v:)L +2(1r2e )). (16)

The complexity factor Y7 for the system described by
(3)—(7) can be expressed as
4 (7 5 d
YTFZSJTH——3 y3Mdy.
> Jo dy
The condition Y7 = 0 serves as a criterion for vanishing
complexity. By utilizing the EFEs and the condition given in
(17), the expression of anisotropy is obtained as:

(7)

L (" 3dp(y)
=l SR
The expression in (18) can be treated as a non-local equation
of state that can be employed as a valid criterion for deter-
mining the physical parameters while solving the EFEs.

Substituting the expressions of EFEs into (17) yields the
vanishing factor Y7 as

V(A —rv)+2—=2r"

Yrr = 19
TF Iroh (19)

Further, the vanishing complexity condition becomes

VI[P = V) +2]1=2rv" =0. (20)

The above Eq. (20) can be represented as an exact differential
equation

d v—i—lo 2 lo 0
— = vV — = —logr | =0.
dr \2 TRV T o

On integrating the above equation, we get the following rela-
tion

v
2
It can also be rewritten as

A
+10gv’—§—logr:C1. (21)

VeV'? = Cyre?, (22)
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where C; and C; are constants.
The relation (22) between the metric potentials can further
be expressed as:

2
eV=<B+A[r\/e7dr>, (23)

where A and B are integration constants.

2.3 Embedding class I condition (ECC) or the Karmarkar
condition

When the Karmarkar condition, as outlined in [74], is ful-
filled, it allows for the embedding of a four-dimensional
curved space-time within a five-dimensional pseudo-Eucli
dean space. This condition is expressed as follows [116]:

Ro303R1212 — Ro101 R2323 — Ro313Ro212 = 0. (24)

This condition offers a geometrical framework for apply-
ing equations of state that establish the relationship between
radial and tangential pressures.

The metric (3) describes a spacetime that satisfies the Kar-
markar condition (24) can be written as

eV ((1/)2 + 21)//) e=h) _ oV ()»/ _ v/)

— (" =2)i? +vi(er —1) =2k (" = 1) =0.

In the static scenario, it gives rise to the following differ-
ential equation [117]:

zet
et —1°

"
2v ,
_/+U —
v

(25)

After integrating (25), the relationship between v and A
takes the form:

r 2
e”=<c+1)/ \/e)‘—ldr) . (26)
0
where C and D represent integration constants.

2.4 Conformally killing vector condition (CKVC)

We consider the interior of a star under conformal motion
through a non-static conformal killing vector as follows:

Legij = gijk€" + gui&h + gik%’fj = Vgij- (27)

Here, L represents the Lie derivative operator, & is the
four-vector along which the derivative is taken, ¥ is the con-
formal factor, and g;; are the metric potentials. It’s impor-
tant to note that when ¥ equals 0, the equation gives rise to
a Killing vector, while for iy as a constant, it represents a
homothetic vector. In a more general scenario, when 1 takes
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the form 1 (x, t), we obtain conformal vectors. This versa-
tile approach allows for a broader exploration of spacetime
geometry by utilizing conformal killing vectors.

In accordance with the work of Herrera et al. [100], we
assume that £ is non-static, while 1 remains static, as defined
by the following equations:

§=uat,r)d, + p(t,r)oy,
v=vy).

The set of Egs. (3) (27), (28), and (29) gives rise to the
following expressions for «, 8, ¥, and A:

(28)
(29)

1
o = Ag+ Skt, (30)
1
B = szre*W, 31)
¥ = Bre M2, (32)
v 2.2 M2
e' =Priexp| —2x%Q Tdr , (33)

where Ay, By, P and Q = B% are arbitrary constants. The

Eq. (33) represents the bridge equation between both the
metric potentials [109].

2.5 Karmarkar scalar condition

The coordinate dependence of the Karmarkar condition can
be circumvented within the tetrad framework by projecting
the Riemann tensor as shown below [113]:
RepuvVOV*SPS'R, 55, KY KOL°L?
—Ropun VOV KPKY R, 55, LY L°S°SP

~Ropuv VK" SPS"Rys5, VY LOK°LP = 0. (34)

Given the following equations under the assumption of spher-
ical symmetry:

Yo=4n(p +3P), Y1 =& —4nlly, Xo=87mp,

X, =—(& +4nl)) andZ = 4n F, 35)

the above system simplifies to a straightforward algebraic
scalar relation among several physical variables, given by:

YoX1 4+ (Xo + XY, = —327°. (36)

It’s worth noting that this scalar relation among the physi-
cal variables remains valid for any dynamic and dissipative
spherical matter distribution (see [113] for more details).

3 Boundary conditions
Most celestial objects are assumed to exist in a vacuum or

nearly vacuum spacetime. At the boundary between these
spacetimes, suitable matching conditions are assumed to

exist between the internal spacetime and external vacuum
region. In this scenario, the Schwarzschild spacetime pro-
vides an efficient exterior solution, i.e.,

2M dr?
ds? = —(1- =) ar + —5
r 1-2M/r

2 <d92 +sin%6 d¢2). (37)
Here, M is the total mass of the object. For the system to be
continuous over the boundary r = R, we use the Darmois-
Israel-boundary condition, which yields the following two
fundamental matching conditions [118,119]:

2_M V(R)

1— (38)

=e

1 2M
2 :

and other matching condition we have considered is given by
pr(R) =0. (40)

These conditions are used to calculate arbitrary constants
involved in the solution.

(39)

4 New interior solution through diverse approaches
4.1 Solution via conformally flat condition

To construct the model, we assume a new metric potential
grr = € specified by
b2
A
= 41
(b — ar2)2
Here, a and b are non-negative constants.

By substituting the value of e* from (41) into (11), we
derive the expression for ¢”, denoted as e"! for this specific
model, as follows:

2 (r? (d? — a) + b)’

Vi 42
‘ 4d2 (b —ar?) “2)

where ¢ and d are integrating constants.

By plugging in the metric potentials defined in (41) and
(42), we can compute the expressions for p1, p,, p;, and
At

a (6b — 5ar2)
pL= (43)
3a%r* (d* — a) + 4% (d* — a) + abr* (Ta — 8d°?)
Pr = b2 (2 (2 — a) + b) ’
(44)
) 5a%r* (d* — a) + 4b* (d* — a) + abr? (9a — 8d?)
n = >

b2 (r2 (d® — a) + b)
(45)
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= Pri- (46)

The expressions for mass (m2(r)), compactification (u(r)),
surface red-shift zy, (r) and gravitational red-shift z,, (r) are
as follows:

Al = Pn

_r 1 i ar? (ar2 — 2b) 47
m(”)—i( —e )——T, (47)
_ m(r) _ ar? (ar2 — Zb)
u(r) = = ) , (48)
_ 1 _ ar? 49
S0) = = = (49)
1 2
L) = 1= (50)
= e 2(r2(d2—a)+b)>

dz(b—arz)

It is important to note that the expressions for mass, com-
pactification, and surface red-shift values are identical to
those presented above for the next three approaches.

4.1.1 Evaluation of arbitrary constants

The expressions of the constants are derived from the bound-
ary conditions in (38-40) in conformally flat condition
approach as
bR — \/b2R5(R — 2M)
a= 25 (51)
VavR=2M,[~ (2b — 3aR2) (4b — 3aR2) (2b — aR?)

2,/=b2R (b — aR?)?

Cc

(52)

Ja/(4b —3aR?) (aR? — b)

- . (53)
V=3a2R4 + 8abR2 — 4b2

4.2 Solution via vanishing complexity condition

To construct the model, we adopt the same seed solution for
e’ as specified in (41). By substituting the value of ¢* into
(23), we derive the expression for ¢”, denoted as "2 for this
particular model, as follows:

2
Ablog (b — ar?
o <B_M> | 54
2a

where A and B are integrating constants.
Substituting the metric potentials given by (41) and (54),
the expressions of p2, pr,, pr, and A; can be calculated as

a (6b - 5ar2)
Pr=——"pr (55)
4Ab(b—ar?) 2
a <_ Ablog(h—arT)—2ap T4 —2b
Pry = (56)

b? '
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(a (b= ar)) (zr=mnea=ary )

P, = - : (57)
Ay = Pty = Pry- (58)
The equation for gravitational red-shift is derived as follows:
(o P Ny P S (59)
Ve 2(r2(d2—a)+b)>
d?(b—ar?)

4.2.1 Evaluation of arbitrary constants

The expressions for the constants are determined by utilizing
boundary conditions given in (38—40) under the vanishing
complexity condition approach. Specifically, the expression
for the constant a is provided in (51), while the expressions
for the remaining constants are calculated as follows:

a/R =2M <aR2 — 2b>

2,/b2R (b — aR?)*

A=

(60)

bR —2M ((aR2 - 2b) log (b - aRz) +4aR? — 4b)

4/b2R (b—aR?)?

B =

(61)

4.3 Solution via embedding class I condition

To generate the model, we utilize the identical seed solution
for ¢* as defined in (41). Upon substituting this value of e*
into (26), we can express e’ for this model as ¢ in the
following manner:

- D(V2b—ar? - Vo~ (L))

7 ,
(62)

e =|C

where C and D are integrating constants.
Substituting the metric potentials given by (41) and (62),
the expressions of p3, pr,, ps; and A3 can be calculated as

a (6b - 5ar2)
=T (63)
a2b — ar? (JEDhn/zb “ar + hz)
,  (64)

Prs = —
S (—D«/Zb —ar? + \JaC + \/EDhl)
a (b - ar?) (24/bD1V2b = ar” + hs)
pl3 =

Vb —ar? (D«/zb —ar? — JaC — JZDhl) ’
: (65)
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AS = Ptz — Pr3- (66)
where
V2b —ar?
hy = tanh~! [ X224 67)
Jb
hy = /aC~/2b — ar? + 3aDr* — 4bD (68)
hsy = 2/aC+/2b — ar? + 5aDr* — 8bD. (69)

The expression for gravitational red-shift is determined from
the equation:

2 (r) = —1. (70)

ev2
4.3.1 Evaluation of arbitrary constants:

The constants’ expressions are obtained by applying the
boundary conditions presented in (38—40) within the frame-
work of the embedding class I condition approach. To be
specific, the Eq. (51) defines the constant a, while the expres-
sions for the other constants are established as follows:

VI =R (VBhi(R) (2b — aR?) + V2b — aR? (3aR* — 4b))

C =
2R (b — aR?)*VaR? = 2b
(71)
1 _ Yav2M — RvaR® —2b 72

2VRy/ (b —aR?)?

4.4 Solution via conformally killing vector condition

To create the model, we employ the identical seed solution
for ¢* as provided in (41). By substituting the value of ¢* into
(33), we derive the expression for ¢”, denoted as e™ for this
specific model, as follows:

Q
e = P20 (b—ar?)” (73)
where P and Q are integrating constants.

Substituting the metric potentials given by (41) and (73),
the expressions of p4, pr,, pi, and A4 can be calculated as

a (6b — 5ar2)

pa= (74)
3a%r2  2a(Q—-3) 2-20

Pr= "7 St (75)
5% 2a(Q—3) (Q—1)?

P ==+ 5 T (76)

A4 = py — Pry- an

Gravitational red-shift is determined by the following
equation:

1
2y () = —= — —-L (78

ev4 = \/P2r2sz (b _ arz)Q

4.4.1 Evaluation of arbitrary constants

The expression for the constant a is described in (51), and the
other constants are calculated from the boundary conditions
(38-40) for conformally killing vector condition approach as
follows:

vR—-2M
P=—-—-——
R3/2
(3a2 R*—6abR%+2b2) (2log(R)—log (b—aR?))
x\ (b —aR?) 5 (o-ak?) log(o-ak?), (79)
0= (-2 s (80)
2 b aR?>—b '

4.5 Solution via the Karmarkar scalar condition

In [113], the authors established the following relation:

3 2
X = 3 X()V dr. (81)
r

The above equation shows that all metrics depend on a single

physical parameter, namely, the energy density (Xo).

a(6b75ar2)
b2

and the metric potential e = B2(r, t) in static case as

3a (2br3 — ars)
="

B*(r,0) = 12 __ ¥ 5. (83)
~ (b—ar?)

- X
The Eq. (83) matches with the assumed metric potential given
in (41).

By setting Xo = , we obtain the expressions X

(82)

5 Discussion on geometrical, physical variables and
stability analysis

We can assess the physical validity of solutions for a compact
stellar structure by examining various physical conditions,
considering the given parameter values ¢ = 0.302095 x
1072/km? and b = 0.9/km?. These parameter values are
associated with a compact star having a mass of 2.65M,
and a radius of R = 9.8 km. In the upcoming sections, we
will provide a comprehensive analysis of these conditions.
We now summarize the conditions that collectively ensure
that solutions to the EFEs in general relativity accurately
describe the behavior of relativistic objects, such as compact
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stars, and that these objects remain physically stable under
various perturbations and conditions.

5.1 Continuity of metrics

This condition ensures that the metric (description of space-
time) inside the star matches smoothly with the metric outside
the star at the stellar surface. This is important for maintain-
ing a consistent description of spacetime around the star.

5.2 Regularity conditions for stellar interior

The regularity conditions impose specific constraints on vari-
ous properties within the interior of the celestial object. These
conditions require that all metric potentials, density, and pres-
sures maintain non-negative and finite values throughout the
entire star. Moreover, at the center of the object, these metric
potentials must satisfy particular conditions: ¢ evaluated
at r = 0 should yield a finite value, and e~ evaluated
at r = 0 should equal 1. These constraints are essential to
ensure that the metric potentials adhere to the initial funda-
mental boundary conditions, as depicted for all four methods
in Fig. 1. Furthermore, pressures and density should decrease
monotonically from the center of the star towards its surface,
reflecting the typical behavior of stars. Additionally, at the
boundary of the star (its surface), the radial pressure (p;,)
should become zero. This condition ensures that the star’s
outer layers do not exert an inward force. Figure 2 illustrates
how radial (p,) and tangential ( p,) pressures vary with radial
distance (r) for the conformally flat Condition (CFC) and
vanishing complexity condition (VCC). Meanwhile, Fig.3
focuses on the same pressure variations but for the embed-
ding class I condition (ECC) and conformally killing vec-
tor condition (CKVC) approaches. Figure4 presents density
(p(r)) profile as a function of radial distance, providing a
comprehensive view of the models generated through all four
approaches.

5.3 Complexity factor

Figure5 illustrates the evolution of the complexity factor
within the context of the vanishing complexity condition
(VCO).

5.4 Zeldovich’s criterion and the finite central parameters

According to Zeldovich’s criterion, it is expected that the
physical parameters p, p,, and p; within the central region
of the celestial object remain non-negative and comply with
the condition specified in [120], which is represented as:

Pre/pe = 1. (84)
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The profiles presented in Fig.6 for the first two meth-
ods and Fig. 7 for the remaining two methods provide visual
confirmation that the CFC, VCC, and ECC models presented
in this study meet the requirements of Zeldovich’s criterion.
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However, the CKVC model fails to satisfy the criteria as p;/p
takes on negative values.

5.5 Bondi adiabatic index

In their work, Harrison et al. [121] and Zeldovich and
Novikov [122] streamlined Chandrasekhar’s stability condi-

r(km)

Fig. 7 Variations of £- and % with respect to r for the models gen-
erated through (iii) E&C [yellow color], and (iv) CKVC [blue color]
approaches

tion within the framework of radial perturbation theory. This
simplification results in a mass-central density relationship
given by

M(pe) o po "2, (85)

a relationship that is crucial for ensuring the presence of
a positive and non-vanishing characteristic frequency as
required for stability.

The relativistic adiabatic index, as provided by [123], is
given by:
__ p+prdp:

prodp’

According to Bondi [124], for a stable Newtonian sphere, it
is required that I' > 4/3. However, when considering the

presence of pressure anisotropy, this condition is modified
into a more generalized form, as described by [125]:

r

(86)

_ 4A, ,Ocprcr
3|p'relr  2Ipy |

> ﬂ + (87)
3

Here, A, and p, represent anisotropy and energy density
at the center in static equilibrium, respectively. The terms
enclosed in square brackets account for both anisotropic and
relativistic corrections, both of which have positive values.
These corrections contribute to an increased unstable range
of I, as discussed in [126]. In general, if I' > 4/3, the sys-
tem is considered stable under gravitational collapse. The
adiabatic index profiles for the first three approaches exhibit
stable and expected behavior, as visualized in Fig. 8. In con-
trast, the profile associated with the fourth approach, known
as the conformally killing vector condition (CKVC), shows
unexpected behavior.

5.6 Stability equilibrium conditions

The modified Tolman—Oppenheimer—Volkoff (TOV) equa-
tion, which describes an anisotropic fluid distribution, was
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originally formulated by [127] as follows:

v/ d 2A
Lo+ -2 2o, (88)
2 dr r
—_——— ) —— ——
Fg Fh Fa

In this equation, the symbols Fg, Fj, and F, represent the
gravitational, hydrostatic, and anisotropic forces, respec-
tively, that act upon the stellar object. The profiles presented
in Fig.9 for the first two approaches and in Fig. 10 for the
remaining two approaches provide a visual representation
of how the gravitational force F, dominates over both the
anisotropic force F, and the hydrostatic force F},. As aresult,
the system maintains static equilibrium, where the gravita-
tional force effectively counteracts the combined influence
of the anisotropic and hydrostatic forces.
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6 Red-shift profiles

In the realm of spherically symmetrical stellar structures,
we have computed the functions characterizing gravitational
red-shift (z¢(r)) and surface red-shift (z;(r)) for the stellar
system through all four approaches, as detailed in Sect. 3
above. We utilized the following expressions to derive these
values:

1
() =—=—-1

Ve

1
7s(r) = \/?u(r)

It is interesting to note that the gravitational red-shift (z,4 (1))
and the surface red-shift (z;(r)) for the compact object
exhibit contrasting behaviors with respect to the radial coor-
dinate (r). Specifically, as r increases, z¢ () decreases, while
75 (r) increases, as illustrated in Fig. 11. Simultaneously, both
the mass function m(r) and the parameter u(r) display an
increasing trend with r. The variations in mass (m(r)) and
compactification (u(r)) for the models generated through all
four approaches are depicted in Fig. 12.

(89)
—1. (90)

7 Anisotropic parameter insights

In physically relativistic models, a notable feature of the pres-
sure distribution within a compact star is the behavior of the
pressure anisotropy (A(r)). This behavior is characterized
by the fact that A(r) starts at zero at the center of the star,
denoted as A(0) = 0. As one progresses outward from the
center, A(r) gradually increases, eventually reaching a posi-
tive value as it approaches the stellar object’s boundary. This
phenomenon signifies that anisotropic pressure generates a
repulsive force within the compact star, owing to the presence
of a positive anisotropy constant. To visually represent this
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characteristic, Fig. 13 provides a graphical depiction of the
variation of A(r) across the entire stellar object. However,
it is important to recognize that this behavior is not consis-
tent when employing different methods. In the case of the
embedding class I condition (ECC), there are discontinuities
observed at specific points in the pressure anisotropy profile.
Also, in the conformally killing vector condition (CKVC)
method, the anisotropy does not exhibit the same behavior
within the specified range. Therefore, the consistency of this
behavior can vary depending on the specific method used for
modeling.

8 Energy conditions

To ensure the physical stability of a static model for the star’s
interior, it is imperative that the following energy conditions
are met: (i) The null energy condition (NEC): p — p, > 0, (ii)
The weak energy conditions: p — p, > 0, p > 0 (WEC,),
and p — p; > 0, p > 0 (WEC,), (iii) The strong energy

Fig. 13 Profiles of anisotropy (A (r)) with respect to r for the models
generated through (i) CFC [green color], (ii) VCC [pink color], and (iii)
ECC [yellow color] approaches
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Fig. 15 Variations of energy conditions with respect to r for the models
via (iii) ECC [yellow color], and (iv) CKVC [blue color] approaches

condition (SEC): p — p, —2p; > 0. The illustration in Fig. 14
pertains to the first two methods, while Fig. 15 corresponds
to the remaining two methods. These figures provide clear
evidence that all of these energy conditions are rigorously
satisfied within the confines of the compact star.
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8.1 Causality and Hererra cracking conditions

The Hererra cracking method, as described in [128,129], is
employed to assess the stability of anisotropic stars when
subjected to radial perturbations. The conditions for cracking
and causality are expressed as follows:

—1<v’ -1 <0, 91)

which can be further elaborated as:

dﬂ:dpr d_A:dpr d_Ad_r (92)
dp do  dp dp  dr dp’

2 5 dA dr

vr —_ vt = —Z% (93)

The profiles depicted in Fig. 16 for the first three methods and
Fig. 17 for the same three methods demonstrate that the radial
and tangential velocities meet the conditions 0 < v,z, vt2 <1
and —1 < v,2 - vr2 < 0 throughout the entire stellar object.
These conditions align with the causality requirement and
indicate potential stability for the model under examination.
However, it’s worth noting that the CKVC method does not
exhibit consistency with these values in either context.

8.2 Static stability criteria

In the context of non-rotating, spherically symmetric equilib-
rium stellar models, the static stability criteria specify that the
mass of compact stars should increase in response to small
radial pulsations in their central density. Mathematically, this
behavior is expressed by the following equation:

oM
9pc

> 0. 94)
These criteria ensure the static and stable nature of the

model. They were originally proposed independently by
[121,122] for stable stellar models. The total mass equation
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Fig. 17 Profiles of v? — v? with respect to r for the models generated
through (i) CFC [green color], (ii) VCC [pink color], and (iii) ECC
[yellow color] approaches
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Fig. 18 Variation of mass with central density for the models generated
through all four approaches

is given by:

aR? (aR2 — 2b)
M =m(R) = g 95)

The expression of mass concerning the central density
(a = l%) takes the form:

1
M(po) = —=5pcR? (pch - 12). (96)

Moreover,

aM R 1, )
_ ~_R ( R —12) 0, 97
e 72 72 \Pe ~ ©7)

demonstrating compliance with the static stability criterion
(94) for the solutions yielded by all four models in the interval
[0, 0.063] of p.. The variation in mass with central density
for models generated using all four approaches is depicted
in Fig. 18.
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Table 1 Physical parameter values for compact star of mass M = complexity condition (VCC), embedding class I condition (ECC) and
2.65M,radius R = 9.8 kmfora = 0.00302095/km? and b = 0.9/km? conformally killing vector condition (CKVC) approaches
of the solution obtained via conformally flat condition (CFC), vanishing

Approach I, Dr. (X 1034 dyne/cmz) e (X 104 g/cm3) Zr, Zr URp = %
CFC 4.76117 12.0621 3.69176 0.900225 0.47573 0.400805
vCC 5.66531 20.4434 3.69176 0.943947 0.47573 0.400805
ECC 6.40027 26.1094 3.69176 0.971233 0.47573 0.400805
CKVC 00 00 3.69176 5573.78 0.47573 0.400805

Table 2 Physical viability for compact star of mass M = 2.13M, Radius R = 9.8 and parameters a = 0.00232526/km? and b = 0.9/km?) of
the solution obtained via CFC, VCC, ECC and CKVC approaches

Conditions for physical acceptability of solutions for a compact star of Mass 2.13M,, Radius R = 9.8.
Radius R = 9.8 and parameters ¢ = 0.00232526/km? and b = 0.9/km?).

Criteria/conditions CFC vVCC ECC CKVC

Continuity of Satisfied Satisfied Satisfied Satisfied
internal and
external metrics at
r=R
Regularity Satisfied Satisfied Satisfied Satisfied
conditions (all
metric functions,
density, and
pressures must be
non-negative in

0<r<R)
pr and p; Physically Physically pr is not defined at some points in [9.577, R] Physically
acceptable acceptable acceptable
Anisotropy Satisfied Satisfied Not defined at some Not satisfied
(increasing points
tendency)
Causality condition Not satisfied as v? Satisfied Satisfied Not satisfied as v7,
negative v? greater than 1
Stability condition Satisfied Satisfied Satisfied Not satisfied
(Herrera cracking
condition)
Energy conditions Satisfied Satisfied Satisfied Satisfied
Static stability Satisfied Satisfied Satisfied Satisfied
criteria
Equilibrium Satisfied Satisfied Not satisfied as F, is not defined as some points  Satisfied
condition (TOV
equation)
Redshift Satisfied Satisfied Satisfied Satisfied
Bondi Adiabatic Satisfied Satisfied Satisfied Not satisfied
condition
9 Discussions and conclusions: key findings and stability conditions in the CFC and VCC models.
However, in the ECC model with the same parameter val-
The following findings and observations are derived from ues, while it meets all conditions except for the tangential
the above analysis: pressure (p; ), which is not defined at certain points within

the interval [9.5, R] as indicated in the Fig. 3. This failure
to define p; leads to non-compliance with the causality
condition, as both vr2 and v,2 exceed the value of 1, as
shown in the Fig.16. Additionally, the modified TOV

1. The compact star, with a mass of 2.65M and a radius of
R = 9.8 km, and parameter values a = 0.00232526 /km?
and b = 0.9/km?, satisfies all the physical, geometrical,
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equation is not satisfied due to the lack of definition for
anisotropy and anisotropic force at some points within the
interval [0, R], as illustrated in the Fig. 13. In the CKVC
model, there are issues with both p; and % taking neg-
ative values, resulting in a failure to meet the causality
condition, the Herrera cracking condition, and exhibit-
ing an increasing tendency of anisotropy. However, this
model fulfills all other physical and geometrical condi-
tions.

2. The profiles of Fig. 3 also exhibit that in the CKVC mod-
els the physical variables p,, p; take infinity at r = 0. In
the remaining three models (CFC, VCC and ECC) have
a finite central pressure and decreasing outward (Fig. 2).
For these three solutions, the ECC model provides higher
central density as compared to the VCC, CFC models
with the same central density, surface pressure, surface
redshift, compactification factor (Table 1).

3. The parameter ['(r) provides stability of the celestial
object. The central values of I'(r) explains the gravita-
tional collapsing behavior of the models. In the present
models, CFC has the lowest central adiabatic index
4.76117, whereas it becomes infinity for CKVC model
which provide an unstable solution. At the end, the ECC
class model is more stable one as compare to VCC, CFC
models (Table 1). In summary, the CFC and VCC mod-
els with the specified parameters satisfy all conditions,
while the ECC model encounters problems with tangen-
tial pressure, causality, and TOV equations. The CKVC
model presents issues with negative pressure values, fail-
ing to meet the causality and Herrera cracking conditions
while exhibiting an increasing anisotropy tendency, but it
adheres to all other physical and geometrical conditions.
The physical parameter values for the compact star, as
determined using all four approaches, are presented in
Table 1.

4. For the compact star with a mass of 2.13M, a radius
of R = 9.8 km, and parameters a = 0.00232526/km?
and b = 0.9/km?, the VCC model satisfies all physical,
geometrical, and stability conditions. However, the CFC
model fulfills all those conditions except the causality
condition, as the tangential sound speed v,2 is negative
(Fig. 19). For the same parameter values, the ECC model
meets all conditions, including the causality condition.
However, it has an issue where the physical variable p,
is not regular at some points in the interval [9.577, R].
Furthermore, it fails to satisfy the TOV equations as
anisotropy and anisotropic forces are not regular at cer-
tain points in the range [0, R]. In the CKVC model, both
the tangential pressure p; and the ratio £* take negative
values. This model also fails to meet the causality con-
dition, the Herrera cracking condition, and exhibits an
increasing tendency of anisotropy. Nevertheless, it satis-
fies all other physical and geometrical conditions. In sum-
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Fig. 19 Profiles of v? & v? with respect to r for the models generated
through (i) CFC [green color], (ii) VCC [pink color], and (iii) ECC
[yellow color] approaches for compact star of Mass M = 2.13Mg),
Radius R = 9.8

mary, the VCC model appears to be the most physically
consistent and stable among the models discussed, as it
satisfies all conditions without any specific issues men-
tioned. The CFC and ECC models have exhibited some
violations in their physical properties, while the CKVC
model seems to have significant issues with causality, sta-
bility, and anisotropy. Table 2 presents a format outlining
the criteria used to evaluate the physical viability of solu-
tions obtained through the examination of compact stars
via four distinct computational methodologies.

5. Upon conducting a graphical analysis for various com-
pact stars with a mass range from 2.55M¢ to 2.65M
and a fixed radius of R = 9.8 km, the CFC and VCC
satisfy all well-behaved conditions. However, the ECC
and CKVC models fail to satisfy the causality condition.
When the mass of the compact star below 2.55M,, the
tangential velocity in the CFC model becomes negative,
leading to a violation of the causality condition. Addi-
tionally, when the mass of the compact star is less than or
equal to 2.15M, the ECC model adheres to the causality
condition, but the CFC model fails to meet this require-
ment. An in-depth analysis of the matter type relevant to
all the solutions, offering detailed insights into M — R
curves by employing observed neutron star masses to
predict radii, can similarly be undertaken following the
methodology outlined in [73].

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: The current study
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is generated. The unique parametric space used in the article to produce
the plots is stated in the text.]
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